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8 Supplementary Material

8.1 Proof of Theorem (Il

First, note that the update of the Proximal Point (PP) method for the bilinear problem (Assumption [1) can be
written as

Xk+1 = Xk — 1BYyg+1, (16)
Yit1 =Yk + 1B Xpq1. (17)
We can simplify the above iterations and write them as an explicit algorithm as follows:
xp1 = (I+7°BBT) ™" (x; — 1By%), (18)
Vi1 = I+7°B'B) " (v + 7B xp). (19)

Let us define the symmetric matrices Q, = (I+7?BBT)~! and Q, = (I+7?B"B)~!. Based on these definitions,
and the expressions in and we can show that the sum ||xs41]|? + ||yx+1]|? can be written as
k1 [® + [yeral® = 1Quxk ]| + 7?1 QuByw | + [ Quyll* +7°1Q,B x|
— 2% Q. By, + 20y} Q,B x5 (20)
To simplify the expression in we first prove the following lemma which is also useful in the rest of proofs.

Lemma 1. The matrices B € R>*? Q, = (I+7°BB")7!, and Q, = (I + n*BTB)~! satisfy the following
properties:

Q.B =BQ,, (21)
Q,B' =B'Q,. (22)

Proof. Let B=UAV T be the singular value decomposition of B. Here U and V are orthonormal matrices and
A is a diagonal matrix with the eigenvalues of B as the diagonal entries. Then, we have:

Q.B=(I1+7*UAV' VAU )" lUAVT
= (U@M*A* +T0)UT)'UAVT
=U@A* +D)'UTUAVT
=UmA* + 1) 'AVT (23)
Here we used the property that UTU = VTV = I. Now, we simplify the other side to get:
BQ, =UAV ' (I+7°VAU ' UAV')™!
=UAV (V(?A? +T)VT)!
=UAV V@A +T)7 VT
=UARPA*+ D)7 VT (24)

Now, since U(7?A? +I)"'A?’VT = UA(7?A +I)"'V, the claim in follows. Using a similar argument we
can also prove the equality in . O

Using the result in Lemma [T we can show that
x; Q:Byr = x; BQuyx =y QB 'y, (25)
where the second equality holds as a'b = bTa. Hence, the expression in can be simplified as

s+ lynsal® = 1Quxk|® + 7| QuByxl” + 1Quyx* +77(1QyB " xul|*. (26)
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We simplify equation as follows. Consider the term involving x;. We have

1Quxk |+ 771QyB T x1]|? = x} Q%xi + n*x) BQ?B xy,

=% (Q; +7"BQB )x; (27)
Now we use Lemma [I] to simplify as follows
1Qaxl® +n°l1Q,B xxll* = x[ (Q2 + "BQ;BT )x
=x, (Q} +7°BQ,B"Q.)x
=x (Q2 + ’BB'Q,Q,)x)
=x;, (I+7°BB")Qx;
=x; (I+7”BB") 'xy, (28)

where the last equality follows by replacing Q, by its definition. The same simplification follows for the terms
invovling y; which leads to the expression

1Qyyxl® +7°1|QuByl* = yi T+ 7°B'B) 'yy. (29)

Substitute ||Q.xx||? + 7?(|QyB "xx||? and ||Q,y«|* + n?[|Q.Byx|* in with the expressions in and (29),
respectively, to obtain

s |* + ynsal® = x0T+ 7°BBT) " 'xp +yi (T+7°B'B) 'yy. (30)

Now, using the expression in and the fact that Apin (BTB) = Apin(BB?) we can write

1
a2+ I3l < (1 ) (el + D) (31)

and the claim in Theorem [I] follows.
8.2 Proof of Theorem [2]
The update of PP method can be written as

Xit1 = Xk — NV f (Kt 1, Yit1),
Vi1 = Yi +0Vy f(Xpy1, Yet1)- (32)

Consider the function ¢; : R™ — R defined as
1 2
Gyin (X) = f(X, Vhy1) + %HX —xi|" (33)

It is easy to check that ¢y is pa + % strongly convex, and it also can be verified that xj1 = argmin, ¢¢(x).
Hence, using strong convexity of ¢¢, for any x € R™, we have

1 1
s ()= s i) = 3 (1o + )= s (34)

where we used the fact that Vey, , (xx4+1) = 0. Replace ¢y, ., (x) and ¢y, ., (Xp4+1) with their definition in
and further set x = x* to obtain

. 1 1 o1 L, 1
J& yer1) = f(Xps1, Yrr1) = 5 (Mw + 77) [[xp41 — x> — %ka —x*|*+ ?n||xk+1 — x|

[\

vV
DN | =

1 * (12 1 * (|12
um—i—) Xp+1 — X — —||lxE — X%, 35
(1 + 3 Yl = xI2 = o= (35)
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Once again, consider the function:
1 2
bxpr (V) = —f(Xi1,y) + %Hy -yl (36)
It is pyy + % strongly convex and is minimized at yiy1. Therefore, for any y € R™, we have

1 1
G (V) = Ppis (Fy1) > 3 (uy + n) ly = yrs1l? (37)

since Voy, ., (Yr+1) = 0. Replace ¢x, ., (y) and ¢x,_, (Yr+1) with their definitions and further set y = y* to
obtain

1 1 1 1
_ AT . - _*12 _*12 _ 2
FOtt, Yhr) = f(Xu1,¥7) 2 5 (uy + n)|}’k+1 Yl 7277HYI<; yIm+ *277Hyzf+1 el
1 1 , 1 )
= = —v*I? - =lys —y*|* 38
= (uy + n)lYkJrl vl 277Hy/c vl (38)

The saddle point property implies that the optimal solution set (x*,y*) satisfies the following inequalities for any
x € R™ and y € R™:

fxy) < f(x5y7) < flxy7). (39)
In particular, by setting (x,¥) = (Xk+1,Yk+1) We obtain that
FE i) < FXT YY) < f(Xp41,¥7)- (40)

Now, considering , by adding and subtracting f(x*,y*) we can write

OO yke) = FOEY7) + (YY) = F(Rket1, Vi)

1

1 1
> - - oo ¥|2 & _*|2 41
> 3 (e 2 Yl 1 = ()

Regroup the terms to obtain
f(X*ayk+1) - f(X*ay*)
1 1 * (12 1 * (12 * *
> 5\ Ha Jr; (EISSIED o %ka =x7 = f(xTYT) + f(Xkt 1, Yet1)- (42)

By using the inequality in we can write

2(% + 77) %1 — x*||? — %ka —x*[]? = f(x*,y") + f(Xpt1, Yis1) <0 (43)

Similarly, considering , we can write
fXet1, Y1) — F(xT ) + F(xX5y7) — f(Xk41,¥7)
1 1 1
> - - _uF12 _w*12 44
> 3 (1t ) Iy =¥ = v =51, (a)
and, therefore,

1

1 . 1 . -
3 (s 2 )y =3I = 5ol =¥ = ok ) + 1657 <0, (45)

Add equations and , and use the definition @ = min{s,, p1, } to obtain

3 (ot 1) (I =+ Iy =5712) = o (I =P + v =P (16)
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Regrouping the terms and using the definition r = ||x — x*||? + ||yx — y*||* leads to

1 1\ !
The1 < — | p+ — Tk
n n
1
= Tk, 47
o (a7)

and the proof is complete.

8.3 Proof of Proposition

We start from the Proximal Point (PP) dynamics and show that an O(n?) approximation of this dynamics leads
to OGDA. The PP updates are as follows

X1 = Xk — NV f (X = NV (Kbt 1, Yir1), Vi + 1Vy [ (Xkt 1, Yit1))
Xp4+1 = X — vaf(xk =NV f Xkt 1, Yht1): Vi + 0Vy f(Xpy1, Yk+1))

By writing the Taylor’s expansion of Vy f, we obtain

Vi (% =V f (X1, Ye+1)s Vi + 0V f(Xk41, YE41))
= V[ (X, ¥&) + Vo f (%5, ¥8) X — 1V f (k1 Yi1) — X
+ Vay f (X, Ye) [y + 1Vy f(Xps1, Yrr1) — Y| +0(n)
= Vi f (Xt ¥k) = Vo f Xk Vi) Ve f (X415 Yi41)
+ N Vxy f %k, Yi) Vy f (X415 Y1) +0(n). (48)

Using this expression, we have

Xp1 = X — NV f Xk Yi) + 1° Ve f (%0, i) Ve f (Xt 15 Yoo 1)
— 1 Vy f Xk, Y) Vy f (Xk41, Yit1) + 0(n?) (49)

On adding and subtracting the term nVy f (X%, ¥%), we get

Xp41 = Xk — 20V f (Xk5 Yi) + 1 (0 Vo (X, Y1) Ve (Rk41, Yrt1) + Ve (X6, Yi)
— NVxy f Xk Y1) Vo f (Xt 1, Y1) + 0(0°) (50)

Note that from the Taylors expansion of Vyx f, Vxf and the PP updates, we have
Vi (X Vi) = Vi f (%61, Yk-1) + OM), Vs f (Xpt1, Yi41) = Vi f (%05 1) + O(n) (51)
which leads to
1V o f (%8 Y1) Vacf Rk 415 Y1) = 1 Vo0 f (%=1, Y1) Ve f (X1, y1) + O(1%) (52)
Again, from the Taylor’s expansion of Vyy f, V, f and the PP updates, we have
Viyf Xk ¥k) = Vy [ (X6-1,¥6-1) + OM), Vyf(Xit1,¥e+1) = Vy f Xk, yi) + O1n) (53)
which implies that
NV ey [ %k Y1) Vi f (Rb1, Y1) = 1V g [ (Xk—1, Y1) Vy [ (X8, &) + O(0?) (54)
Making the approximations of Equations and in Equation yields

X1 = Xk — 20V f (%0 Vi) + 1 (0 Voo f (Ki—1, Yi—1) Ve (X1, Yie) + Vi f (Xke, Y1)
— NVsy f(Xk—1, Yk—1)Vy f(Xk, i) + O(0?)) + o(n?) (55)
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We also know that

Vaf (Xe-1, Y1) + O%) = Vs f (Xi—1, Yi—1) Vocf (X0 Y&) + Vi f (X5, y&)
- nvxyf(xk—layk—l)vyf(xkvYk) + 0(772)

Making this substitution back in Equation , we get

Xi1 = X — 20V f (X1, ¥&) + 1V f (Xk—1,¥5-1) + O(7%)) + o(n?)
= xp, — 20V f (Xi, Yi) + NV f (X—1, Yi—1) + 0(n?) (56)

which is equivalent to the OGDA update plus an additional error term of order o(n?). The same analysis can be
done for the dual updates as well to obtain

i1 = Y+ 20Vy f(xe, ¥i) = 1V f (-1, Ye-1) + 0(n%). (57)
This shows that the OGDA updates and the PP updates differ by o(n?).
8.4 Proof of Theorem [3]

We define the following symmetric matrices

E,=I1-7BB" — (I+7°BB")™!,
E,=1-7"B'B- (I1+7*B'B)".

We rewrite the properties of E; and E, which are

4 T 2
B B, < T tmxB B (58)
1- 772 V )‘r2nax(BTB)
E,B = BE, (59)
E,B' =B'E, (60)

Recall that the update of OGDA for the bilinear problem can be written as

X1 = Xk — 2nByr + 1Byg-1,
Yk+1 = Xk + 277BTXk + nBTxk_l.
The update for the variable x can be written as an approximate variant of the PP update as follows
Xkp+1 = (I + UzBBT)il(Xk — nByk)
- [(xk — 2nByy + nByk,l) — ((I + nQBBT)*l(xk — nByk))]
= (I+7*BB") "' (xx —1Byx)
— [(—nByk +1Byr_1 +7°BB x; — BB By}) + E,(xx — nByk)] (61)

Therefore, the error between the OGDA and Proximal updates for the variable x is given by
(—nByk + nByk_1 +7°BB x; — BB By;) + E4(x, — nBys) (62)

We first derive an upper bound for the term in the first parentheses (—nBy +nByr_1 +7°BB"x; —7°BB Byy,).
Using the OGDA update, we have:

—nByr +1Byr_1 = —nB(yr — yr-1)
= —nB(QUBTxk_l — T]BTXk_Q) (63)
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Therefore, we can write

(—1Byk + nBys—1 + 7”BBx; — n°BB ' Byy,)
= (=2°BB'x;_1 + ”"BB ' x;_5 + BB ' x;, — BB Byy,)
= (””BBx; —"BB"x;_1 — BB x;_1 + n”BB'x;_5 — 1°BB Byy)

Once again, using the OGDA updates for (x; — xx—1) and (Xj—1 — Xg—2), we have

(7"BB"x; —”BB %1 — BB x4 _1 + 7°BB ' x;_» — BB Byy)
= (—27"BB' Byx_1 + 37°BB " By;_» — BB By;_5 — BB Byy)
= —"BB ' B(yk + 2yk—1 — 3Yk—2 + Y_1)

(64)

Therefore, considering the expressions in and the error between the updates of OGDA and PP for the

variable x can be written as

(Xk — 217Byk + nByk_l) — ((I + ’/]2:BBT)71(X]C — T]Byk))
= E,(xx — nByx) — 7°BB B(y) +2yx—1 — 3yx—2 + Y£-3)

(65)

We apply the same argument for the update of the variable y. Combining these results we obtain that the update

of OGDA can be written as

Xpp1 = (I+7°BBT) " L(xx — nBy#) + Eo(x — 7By%)
—1°BBB(yi + 2y5-1 — 3Yh—2 + Yi—_3)

Yie1 = I+ 7°B B) " (yr +nB xx) + Ey(yi + 1B xy)
+7°B BB (x 4 2x5—1 — 3Xp—2 + Xp—3)

(66)

As in the proof of Theorem we define Q, = (I+7?BBT)~! and Q, = (I+7*B"B)~!. Then, we can show that

[xk41]1* < (cx — nByx) " Q2 (xk — nBy#)
+ | Ba(xk — nByx) — 1°BB" B(yk + 2y5-1 — 3yk—2 + yis) |
+2(xx, — 1By#) ' Qo (Ex(x — nByk)
—1°BB"B(yk + 2yk—1 — 3yk—2 + Yr—3))

Iyrs1l? < (ve + BT xi) " Q2 (yr + 1B xy)
+ |Ey (yr + nB'xz) + 7’ BTBBT (x + 21 — 3xp—2 + X4—3)||”
+2(yx + 1B x1) " Qy (Ey(yr + 1B xx)
+7°B BB (x + 2x4-1 — 3Xp_2 + Xp—3))

On summing the two sides, we have:

%kt 2”4 [y l?

< (xx —nByx) ' Q2(xk —1By%) + (yx + 1B x1) " Q) (yx + 7B xz)

+ [|Ex(xk — 1By&) — BB B(yk + 2yx—1 — 3yr—2 + yr—3)|>

+ [|Ey (yr + nB xz) + 7’ BTBBT (x) + 2xp—1 — 3%4—2 + xp_3) |

+2(xx — 1By#) ' Qo (Ex(x, — nBy%) — 1°BB By + 2y5—1 — 3yk—2 + Yi-3))
+2(yi + 7B %) TQy (Ey (v + 7B xx) + n°B BB (x + 2xj_1 — 3Xk_2 + Xj_3))
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Define 74, = ||x||? + ||y&/|>. We have:
Tog1 < max x; (Q. + 2E2 4+ 27°BBTE2 + 30n°(BB")® + 2Q,E
ic{k,k—1,k—2,k—3}
+27°BQ,E,B" —20°B"BB'Q,)x; +y, (Q, + 2E;
+27’BB'E; 4+ 30n°(BB")? + 2Q,E, + 27°BQ,E,B'

—20°B"BB'Q,)y; (69)
And for n = Wﬁ.
s <1€{/€ T2k 3} {XT(I a %UQBBT+£772BBT)Xi i (1= %772BTB + in2BTB)yi
< (1 - 8010/<> max{rk, Tk—1,Tk—2,Tk—3} (70)

8.5 Proof of Theorem [4]

We define z = [x;y] and F(z) = [Vxf(x,y); —Vy f(x,¥)]. Note that Assumption (3| gives us ||[F(z1) — F(z2)| <
2L||z1 — z2||. The OGDA updates can be compactly written as:

Zpt1 = 2 — 20F(2zk) + nF(zk-1) (71)

We write the update in terms of the Proximal Point method with an error e = n(F(zgs1) — 2F(zx) + F(zk—1))
as follows:

Zt1 = 2k — NF(241) + € (72)
On rearranging Equation and using the fact that F(z*) = 0, where z* = [x*;y*], we get:
N(F(zr41) — F(2")) = 2 — 2k1 + 0(F(2r41) — F(2r)) —n(F(zr) — F(26-1)) (73)
On squaring Equation and using Young’s inequality, we get:
1| F(2r41) — F(2*)|* < 3llzir — zil® + 30 (L)% ||zi41 — 21c]|* + 30° (2L)° |1z, — 231 (74)

Now, using strong convexity, and substituting n = 1/8L, we get:

2
s
@szﬂ

The following part of the proof is inspired by the result of Theorem 1 of |Gidel et al.|(2019). For OGDA iterates,
we have:

—2"|* < 4max{||zer1 — 2?20 — 21} (75)

z — n(F(zr) — F(2k-1)) = zr—1 — n(F(2p-1) — F(zp-2)) — nF(2x) (76)
On subtracting z* from both sides and squaring, we have:

|z, — n(F(z1) — F(zx-1)) — 2"

= |lzi—1 — n(F(zg-1) = F(21-2)) — 2*[|* + 0°|| F(z)]|”
= 2n(F(2zk), zk—1 — 0(F(2k-1) — F(zk—2)) — 2")

= lze—1 = 0(F(z-1) — F(z1-2)) — 2"[|” = 20(F (z1), 24 — 2")
— 2(nF (zx),nF (21-1)) + n*|| F (z1,) ||

= [|lzr—1 — n(F(zx-1) — F(zr—2)) — 2"||” — 20(F(21), 2% — 2")
+ 0P| F(zx) = F(ze-1)|> = n?(|F (z1-1))?

< 2w = (F(zx—1) = F(z-2)) — 2*[|* = 20(F (2), 23, — 2*)
+ 17 (2L)* |2k — zi | — n?(| F(za—1)|? (77)
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However, since:
(F(z1) 20 —2") > pllzi — 2" (78)

and using Young’s inequality we have
1 *
2 = 2°* < Sllzi1 = n(F(2k) = Flzr-2)) = 2"[* = [nF (zx-1)]* (79)

Substituting Equations and in Equation , we have:
wi (71 = (P (ai1) = Flor-2)) — "> = 202 | F(ze 1))
< zno1 — n(F(zr1) — Flzp-2)) — 22 — |2k — n(F () — Flz)) — 2"
+1°(2L)? |1z — ze—1[|* — 0P| F (zr-1) | (80)
which on rearranging gives:
|z — n(F(2r) — F(zr-1)) — 2|
< (1= ) |7kms — n(F(z51) — Flz2)) — 2|2 + L) l1zk — 2 |
— (1 = 2np)|| F(zx—1)|? (81)
However, for the OGDA iterates:
2 — 21| = P F o1 + Flzi ) — Flzi_o)?
< 20%|| F(zp—1||* + 20°|| F (2-1) — F(zp—2)|”
< 20%|| F(zp—1)||* + 20 (2L)* || ze—1 — zi—2||? (82)
which can be written as:
12— 2|2 < 402 F (2|2 + 402 (L2 201 — 22| — |17k — 20 | (83)
Substituting Equation in Equation , we get:
21— n(F(2x) = Flzx1)) — 2|2 + 02 Ll 1zi — 2o |
< (1= )21 — 0(F(zx 1) — F_)) — 2| + 4 L) 2y — 2o
—1*(1 = 2np — 4 (2L)*) || F (z4—1) |* (84)

For n < 1/8L, we have: 1 — 2nu — 4n*(2L)? > 0 and therefore, can ignore the last term, which gives us (for
n < 1/8L)

121, — 0(F(zk) = Flz1-1)) — 2"|* +1°(2L)? | 24 — 21 |?
< (1= np)llze—1 = n(F(zr-1) = F(z1—2)) — 2"||° + 40" (2L)" ||z -1 — 22> (85)
since n < 1/8L, we have (1 —nu) > 4n*(2L)?, which gives:
1z — 0(F(zk) — Fzr-1)) — 2"|* +1°(2L)* |24 — 21 |*

< (1= ) (s = n(F(zrr) = Flz2)) — 2°12 + 02 QLY |24 — 2 a1?) (86)
which gives us:
121 —1(F(2z1) — F(z1,-1)) = 2"|> + 0*(2L)? |11, — 211 ||* < (1 = np)* (|20 — 2*]%) (87)
in particular, for n = 8%:
2 A% * |2
Iz =22 < 64 (1= 22) (20 — 2°I%) (88)
Substituting Equation back in Equation , we get:
k
lzes =27 < (1= £7) x (16384k2)|20 —2°)%) (89)

On defining 7o = 16384x2||z¢ — z*||2, we have:

* (12 /.t k ~
|zrt1 — z%||° < 1—8—L 7o. (90)
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8.6 Proof of Theorem [l
The generalized OGDA method for bilinear problems is given by:

Xpt1 = Xk — (o + B)Byr + SByr—1
Yit+1 =Yk + (a+ 3)Byr — BByr—1

We compare this with the Proximal Point (PP) method with stepsize a.. The proof follows long the exact same
lines as the proof of Theorem [3]

We define the following symmetric matrices

E,=1-0°BB" — (I+a’BB")7!,
E,=1-aB'B- (I+a’B'B)"..

We rewrite the properties of E; and E, which are

4 ’ BTB 2
1B, B, | < 0 Amx(B B _ (91)
N1 e/ B B
E,B = BE, (92)
E,B'=B'E, (93)

Therefore, the error between the OGDA and Proximal updates for the variable x is given by

(—BByi + BByi_1 + BB x;, — BB By},) + E,(x; — aByy) (94)
We first derive an upper bound for the term in the first parentheses (— By +Byr_1+a’BBTx; —a’BB T Byy).
Using the generalized OGDA update, we have:

—BBy + Byr-1 = —BB(yr — yr-1)
= —BB((a+ B)B xx_1 — B x_2) (95)

Therefore, we can write

(-=BByy + Byi-1 + a’BB'x; — o®BB ' Byy)
= (o®BB'x;, — afBBx;_1 — BB "x;_1 + BB 'x;,_3 — «° BB Byy,)

Once again, using the generalized OGDA updates for (x; — xx—1) and (xx—1 — Xg—_2), we have

(BB 'x;, — oS BB x;_1 — BB x;_1 + °BB " x;_3 — BB Byy)
=a(a— ﬁ)BBTxk —af(a+ B)BBTBYkﬂ +af’BB " By,_»
+ 8*(a+ B) BB Byi_» — 3°BB By, _3 — «’BB Byy,
=a(a - B)BBx; — aB(a+ )BB 'By,_1 + f%(2a + 5)BB By, _»
— °BB'By;_3 — BB By, (96)

Therefore, considering the expressions in and the error between the updates of OGDA and PP for the
variable x can be written as

(x — (a4 B)Byy + fByj—1) — (I+o®BB") " (x1 — aByy))
= E,(x; — aBy) + a(a — )BBx; — af(a + ) BB By,_;
+ $*(2a + B)BB' By;_» — 3°BB ' By,_3 — «° BB ' By;, (97)
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Now, the convergence proof follows along the same lines as the proof of Theorem [3| We set n = max{a, 8}, and
we need the additional assumption:

o — 8] < O(n*/a) (98)
due to the presence of the term a(a — 3)BBxy, Let
a— Ko’ <p<a (99)

On making these substitutions, we get the same result as Theorem [3]

8.7 Proof of Proposition
The Extragradient updates can be written as
X1 = X — NV f(Xk = DV f(Xis Y1), Yk + 1Vy f (X, Yi))
Yi+1 =Yk +0Vy f(Xe = 0V f Xk, YE), Yk + 0Vy f (XK, Vi)
By writing the Taylor’s expansion of Vi f we obtain that
vxf (Xk - nvxf(xk, yk)v Yi + vaf(xka Yk))
= Vi f (Xk, ¥5) + Ve f (b, YE) Xk — NV f (Xks Vi) — X4

+ Vg f (%6, yu) [ye + nVy f(Xe, yi) = yi] + o(n)
= fo(Xk,Yk) - nvxxf(xkvyk)vxf(xkayk) + nvxyf(xka}’k)vyf(XMYk) + 0(77) (100)

Use this expression to write
Xp+1 = Xk — NV f (Xi, ¥i) + 17 Ve f (X, Y1) Vo f (X1 Y1)
— 1 Vy f (%1 y1) Vy (X0, y) + (7). (101)
By following the same argument for y we obtain

Yi+1 = Yi + 0V f (Xe, &) + 1° Vyy f (X6, Y£) Vy f (X, Y1)
— Vs f (X, ¥i) Vo f (Xk, Y1) + 0(1?) (102)

Now we find a second order approximation for the Proximal Point Method. Note that the update of the proximal
point method for variable x can be written as

Xit1 = X — NV f (Xpt1, Yit1)

= Xk — NV f (X6 = NV f (Xht 1, Yr11), Yi + 1Vy f (Xkt1, Yi11)) (103)

where in the second equality we replaced xx41 and y41 in the gradient with their updates. Hence, using Taylor’s
series we can show that

X1 = Xk — NVl %k, Y1) + 77 Vaoc (X6, i) Vaef (Kb 41, Y1)
— 0 Viaey f (X6, V) Vy f (Kb 41, Yrr1) + 0(n?)
= Xk = NV (Xk Y&) + 17 Vo] (K15 ) Ve f (X8, Vi)
= 0*Viy [ (%0, Y1) Vy [ (X8, Y5) + 0(7°), (104)

where in the second equality we used the fact that Vi f(Xk41, Yet1) = Vi f (Xk, Y&)+O(n) and Vy f (Xp41, Yit1) =
Vy f(xXg, y&) + O(n). Similarly, we find the approximation of the update of y which leads to
Yit1 =Yk + 0V f Xk, Yi) + 17 Vyy f (% Y) Vy f (%k5 i)
- 772vxyf(xk» yk)VXf(xkv Yk) + 0(772)' (105)

Comparing the expressions in (101]) and (102]) with the ones in (104)) and ((105)) implies that the difference between
the updates of PP and EG is at most o(n?) and this completes the proof.
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8.8 Proof of Theorem

Define the following symmetric error matrices
E,=1-7"BB' - (I1+#’BB")"!, E,=1-7B'B-(I1+’B'B)"! (106)

which are useful to characterize the difference between the updates of EG and PP for a bilinear problem. Note
that we can bound the norms of E; and E, as

B || < 5/ Max(BBT) +17°/ A5, (BBT) +

max max

4)\max BBT 2
= ( ) , (107)
1 =72/ Aax(BBT)
and similarly
4 TR)2
T} AIn X(B B)
”Ey” < ) = . (108)
L=7?/Aax(B'B)
Since )\max(BTB) = )\max(BBT), we have:
4 TR)2
1" Amax(B " B)
B, B, < —omex BB (109)
1 - /’7 )‘max(B B)

Also, from Lemma in the proof of Theorem [I} and the definitions of the error matrices in (106)) it can be verified
that

E,B =BE, (110)

E,B'=B'E, (111)

Moreover, using the definitions of E, and E, in (L06), the EG updates can be written as

xp11 = I+ 7"BBT) " (x4 — nByy) — 7°BBT By}, + E, (xi — nByy), (112)
Vitr = T+ 7" BTB) Hyr + 7B x;) + n°B BB x; + E, (yx + 1B x5). (113)

As in the proof of Theorem we define Q, = (I+7’BB")~! and Q, = (I+7?B"B)~!. Using these definitions
we can show that
%41l = (xk — nBy&) ' Qi (xk — nByx) +1°y, B'BB'BB' By,
+ (xx — nByx) "E2(xx — 7Byy) + 2(x, — 1By%) ' E.Qu(xx — nByy)
— 2n(xx — nByy) 'E,BB' By, — 27y, B'BB' Q. (x), — nBy) (114)
yrs1ll?> = (ve + B %) " Q) (v + nB " xx) + n°x, BBTBB'BB " x;, + (y&
+ 1B x) "Bl (yi + 1B xx) 4+ 2(yx + 1B xx) TE,Qy (yr + 1B xz)
+20°(yx + 1B 'x;) "E,B'BB " x;, + 21°x, BB'BQ,(y) + nB %) (115)
Now before adding the two sides of the expressions in and te that some of the cross terms in
and cancel out. For instance, using Lemma [1| and Equations ((110)) and we can show that
—n*x} E,BB' By, + °x) BB'BE,y; = —1°x) BE,B' By, + °x, BB'BE,y;
= —°x] BB E, By, + 7°x, BB' BE,y;
= —n’x, BB'BE,y; + n°x, BB'BE,y;
=0
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By using similar arguments it can be shown that summing two sides of the expressions in (114]) and (115]) leads to

%kr1 I” + [[yreall?
= x4 Q7xi, + 7%y B QIByy + n°y) (B'B)’yi +x; Eix), + 1’y B'E;Bys
+ 2x; E,Q.x; + 27°y} B'E,Q,By;, + 20"y B'BE,B' By, + 211"y, B'BQ,B" By,
+¥i Q2yi +1*x. BQ2B x; + %] (BBT)’x, + y, E2y; + 7°x, BEZB %,
+ 2y, E,Q,yr + 20°x. BE,Q,B " x;, + 21*x) BB'E,BB"x; + 21"x) BB'Q,BB "x;
=xj, Quxi + 7°y; (B'B)’yi + x| E2x; + 1y, B'E2Byx
+ 2% E,x;. + 2n'y/ BTBE,B ' By, + 21"y B'BQ,B By,
+ i Quyrk +1°x) (BB )’x + yi Eyi + 7°x BEZB ' x;
+ 2y, Eyyi + 2n*x, BB'E, BB "x;, + 21"x, BB' Q,BB "x; (116)
where in the second equality we used the simplifications
xp Q2xi, + 7°x BQB 'x, = x| Qixx + 7°x) Q2 BB Quxy, = x| Quxy,
yi Qlyr + 0’y BTQ2By, = yi Qiyr + 7°yi Q2B BQuyr = yi Qv (117)

as well as
xp EoQuxi, + n°x BE,Q,B "x; = x] E;Qux;, + 7°x] E; QBB x;, = x] E;x;
vi EyQuyr + n°y, B'E.Q.Byi =y, E,Quyx + n°yi E,Q,B By, =y, E,y (118)
Define 74, = ||x||? + ||y&/|>. We have:
Tht1 <
X, (Qq + 2B, + E2 +7°(BB")* + "BE.B" +2¢'"BB'E,BB" + 2'"BB' Q,BB")x;
+y.(Qy+2E,+E>+1°B'B)*+7’B'E2B +2)"B'BE,B'B + 2/"B'BQ,B ' B)y;, (119)

Choosin =— 1 __  we have:
§N=3 2Amax(BTB)’

1 1 1 1
e < xp (1 — 5772BBT + EUQBBT)X]C +yi(I— 5nzBTB + Zn2BTB)yk

< (1 - 235) T (120)

8.9 Proof of Theorem [T

Define z = [x;y]| and F(z) = [Vxf(x,y); —Vyf(x,y)]. Note that Assumption 3| gives us ||[F(z1) — F(z2)|| <
2L||z; — z2||. The EG updates can be compactly written as:

Zir1 = Zk — NE (Zhg1/2) (121)

where

Zk+1/2 =Z) — ’I]F(Zk) (122)

We write the update in terms of the Proximal Point method with an error e, = n(F(2zpy1) — F(2zr+1/2)) as
follows:

Zp+1 = 2k — NF(2k41) + €k (123)
On squaring and simplifying this expression, we have:

lzkr1 —2°|* = llz — 2°|1* = ||zesr — zal* — 20(F (2041) + €x) " (2041 — 27) (124)
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where z* = [x*;y*] (Note that r = ||z, — z*||?). We simplify the right hand side of Equation (124) as follows-

lzk — 2*)1* = |1 Zks1 — 201> — 20(F (2ks1) + €1) " (241 — 27)
117 = llzhsr — z&l® = 20(F (241/2)) " (2141 — 27)
= |lzx — 21> — 20(F(2r11/2)) " (Zhs1 — 2°) = |1Zhs1 — Zugrjz + Zuogryz — 2l

= [|lzx — Z*”2 - Qn(F(Zk+1/2))T(Zk+1 —z

= |lze — 2

*

*

) —
— 2(Zk41 — Zry1/2) | (Zrtr/2 — Zk)
= ||z — Z*”2 - 277(F(Zk+1/2))T(Zk+1 —z") —

—20(F(2k)) " (Z41/2 — Zkt1)

Zk+1 — Zk+1/2H2 - HZk+1/2 - Zlc||2

lZk1 — Zig1y2ll” = |1Zos1/2 — 2kl

(125)

The following part of the proof is inspired by the result of Theorem 1 of |Gidel et al.| (2019). We simplify the

inner products and give a lower bound using strong convexity as follows:

2(F(zr41/2)) " (21 — 2°) + 20(F(21) " (214172 — Zrg1)
= 20(F(2112)) (212 — 2°) + 20(F (21) — F(Zp41/2)) | (Zrs1/2 — Zhs1)
> 2npllzrg 12 — 27| — AnLl|zk — Zry1 2| Zrs1/2 — Zraal

since F(z*) = 0. Now, using Young’s inequality, we have:

QU(F(ZkH/z))T(ZkH —z") + QW(F(Zk))T(ZkH/z — Zp11)

> 2npl|zgg1/2 — 27|12 = (07 L2 |21 — 2y g2 + 1Zkg1/2 — 2Zisa )
Substituting the above inequality in Equation , we have:
Zk+1 — 2°|° < |z — 2" = 2npllziga — 2°I1° + (40° L% = 1) ||z — zgr o
Since ||zg11/2 — 2*[|* < 2|z — 2*||? + 2||Z411/2 — zi||?, we have:
12141 —2°* < (1= )|z — 2°|1° + (40°L? + 20 — 1) |24 — 2Zgs o

For n = 1/8L, we have 4n>L? + 2nu — 1 < 1 (since p < L), which gives:

* 1 *
fosss =21 < (1= o ) o = 2P

where Kk = £.

=~

(126)

(127)

(128)

(129)

(130)
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