Distributionally Robust Bayesian Quadrature Optimization:
Supplementary

APPENDIX A

In this appendix, we provide a detailed proof of Theo-
rem 2 in the main text about a sublinear bound on the
Bayesian regret of the DRBQO algorithm. For simplic-
ity, we focus on the case where the decision space X
and the distributional uncertainty set P, , are finite.
The results can be extended to infinite sets using the
discretization trick as in Srinivas et al. [2010].

Notations and conventions. Unless explicitly spec-
ified otherwise, we denote a conditional distribution
P(.|z) € Py, VYo € X by P,ie., PP, ,xX. Recal
the definition of the quadrature functional in the main
text as

o(f2.P) = / P(uwlz) f(z, w)dw,

for any + € X and P € P,, x X. Let z* €
argmax,. y minpep, , Ep)[f(z,w)], and P*(.|z) =
argminpep,  Epy[f(z,w)],Vz € X. Since f is
a stochastic process (a GP in our case), z* and
P* are also random variables. The DRBQO algo-
rithm 7PRBRO maps at a time step t the history
Hy = (z1,w1, Py, ...,24—1,wi—1, Pr—1) to a new de-
cision (x4, wy) € X x S, and conditional distribu-
tion P, € Py, x X as presented in line 2-3 of Al-
gorithm 1 in the main text. The practical imple-
mentation of Algorithm 1 samples (a¢, P;) as fol-
lows: x; € arg max, ¢ y minpep, , Epe) [fi(z,w)], and
Pi(.|z) = argminpep,  Ep) [f+(x,w)], Vo € X where
f; is a function sample of f at time ¢ from its posterior
GP.

Lemma 1. For any sequence of deterministic functions
{Ui : X x P, x X = R|t € N},

BayesRegret(T, nPEBRO)

= EZ [Ut(l't,Pt) _g(fvxhpt)]

“
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for all T € N.
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Proof. Given H;, TPRBRO samples (z;, P;) according
to the probability they are optimal, i.e., (x4, P;) ~

Pr(xz*, P*|H;). Thus, conditioned on Hy, (z*, P*) and
(z¢, P;) are identically distributed. As a result, given
a deterministic function U;, we have E[U;(z*, P*)] =
E[Ui(z, P;)]. Therefore,

Elg(f,z*, P*) — g(f, 2, P)]
=E[E[g(f, 2", P*) — g(f, 2, P)] | Ht]
= E[E[Ui(zt, ) — (2, P)] | He]
+E[E[g(f, 2", P*) — Up(z™, P)] | Hy]
= E [U(xe, Pt) — g(f, 21, Pr)]
+Eg(f, 2", P*) = Up(z™, P)].

Lemma 2. Let X ~ N (p,0?).

1. For all B > 0, we have

Pr{|X — u| > pY%c} < e P2,

2. If n <0, then

ag —u?

e 202,
V2T

E[max{X,0}] =

3. For all a < b, we have

p(a) — p(b)
EX|la< X <b]=p—o> "2,
[' | o) — o(0)
where p(x) and ¢(x) denote the density function
and cumulative distribution function of X, respec-
tively.

Proof. The results are simple properties of normal dis-
tributions. O

Lemma 3. Given H;,¥t € N, let of(x,w) :=

Ci(z,w;x,w) be the variance of f(x,w). Then, for
all P, all x and for w* = argmax,cg o7(z,w), we
have

ot (x, P) = Varlg(f,z, P)|Hi] < of (z,w").



Distributionally Robust Bayesian Quadrature Optimization: Supplementary

Proof. It follows from a simple property of posterior
covariance that

oi(z, P) Z P(w|z)P(w'|z)Cy(z, w; x, w'")
w,w’

< Z P(w|z)P(w'|z)Cy(z, w; z,w)

< Y P(wl)Py(w'[2)o7_ (z, w")

= oZ(z,w").

O

Lemma 4. If Uy(z, P) = p—1(x, P) + /Bior—1(x, P)
where

e P) = [ Plulo) (o w)do,

U?—l(xvp) =
//C’t_l(x,w;x,w’)P(w|x)P(w’\x)dwdw’,

and By = 2log

2
EADIXNPnp| +1)\|//%|P”’p| , then

T
EZ[g(f,x*,P*) - Ut(.’II*,P*)] < 17
t=1
for all T € N.

Proof. The trick is to concentrate on the non-negative
terms of the expectation. These non-negative terms
can be bounded due to the specific choice of upper
confidence bound U;.

Note that for any deterministic conditional dis-
tribution P € P, x X, we have g(f,z,P) ~
N(,LLt_l(.T,P),O'tQ_l(JC,P)), i'e'7 g(f,x,P) 7Ut(fE,P) ~
N(—v/Bioi—1(x, P),02_1(x, P)). It thus follows from
Lemma 2.2 that:

E[max{g(f,x,P) - Ut(xap)aOHHt]

- Ut\l/(%m exp(_Tﬂt)
O't_l(I,P) 1

= < .
(2 + DIX[[Prp| = (2 + D[ X[[Pn|

The final inequality above follows from Lemma 3 and
from the assumption that oo(x, w) < 1,Vz,w, i.e.,

or—1(z, P) < op_1(z,w*) < op(z,w”) <1,
Ct—l(xaw;x7w)'

*
where w* = argmax,,

Therefore, we have

T

EZ[g(fv x*’P*) - Ut($*7p*)]

t=1

E[max{g(f,x", P*) — U(z*, P*),0}| H|

\MH

ZZ > Elmax{g(f,z, P) — Uy(x, P),0}]

t=1x€X PEPy,,
o0
<) Z CES i
= 2
t=12€X PEPy, (#2+1) |X||P””|

O

Lemma 5. Given the definition of the maximum in-
formation gain yr as in Srinivas et al. [2010], we have

T
Z Ui xtvpt -

(fa Lty Pt)}

< \/ﬂ7+B)\/ﬂ+2W

(1+2p)n(1+072)7"
| X[ Pr,p

(1 +T2)[X][|Pn,p|
V2r ’

+2\/T’yT(1 +o072)"tlog
for all T € N.

Proof. Now we bound the first term

T
L= IEZ [Ut(xe, Pr) — g(f, e, Pr)]

T
=EY E[J(x, Hy)|zy, Hy),

where

J(xg, Hy) = E[Ui(4, Pr) — g(f, 21, Pr)|[Hy, 4]

While the second term of the Bayesian regret of DR-
BQO can be bounded as in Lemma 4 by adopting the
techniques from Russo and Roy [2014], bounding L
in DRBQO is non-trivial. This is because P;(.|z) is
also a random process on the simplex given H;. Thus,
g(f, x, Py)|Hy does not follow a GP as in the standard
Quadrature formulae. In addition, we do not have
a closed form of E[g(f, x¢, P;)|Ht]. We overcome this
difficulty by decomposing J into several terms that
can be bounded more easily and leveraging the mild
assumptions of f in the problem setup.

Given (Hy, x;), we are interested in bounding J(z, Hy).
The main idea for bounding this term is that we decom-
pose the range R of the random variable f(z;,w), Vw



into three disjoint sets:
Ap(w) =

{ v 00) = s 0] < Vioroa ()}

Bt (U}) =

{f(xt,w) pre—1(ze, w) —

> \/Eatl(%w)},

Ci(w) =
{fanu

for allw € Q. Note that A;(w)UB(w)UCi(w) = R, Yw.
We also denote A;(w) = R\ As(w) = B(w)UCy(w), Vw.

Since f is bounded on A;, there exists P} such that

P (.|z) = argmax{U;(x, P) — g(f,z, P)|f € A},

PEPn,,
forall z € X.

Using the equation above, we decompose J(xt, H;) as

J(xy, He) = E[Us(z4, P)
= EfGAt [Ut<
+ ]EfEAt [Ut(.’Et, Pt)

—g(f,we, Py)|Hy, 24
.'L't,Pt) - g(fa Tt, Pt)|Hta mt}
—g(f, ¢, Py)|Hy, 4]

< Efea Uz, PY) — g(f, e, P)|Hy, 4]
+ Erea, [Ui(@e, P) — g(f, me, P)|Hy, 4]
= E[Ut('rh Pt*) - g(f? Tt, Pt*)lHta-rt]
+ ]Efe,it [Ut(xh Pt) - g(fu T, Pt)|Ht7xt]
- EfeAt [Ut(xtv Pt*) - g(fv T, Pt*)|Ht7xt]
=J1 + Jo + Js,
where
J1 = E[Ut(xm Pt*) - g(f» xt»Pt*”Ht;xt]a
Jo = EfeAt [Ue(zt, Pr) — g(fy e, Pr)|Hy, 4],

Js =Epea,l9(f, 20, P7) — Up(we, Py) [ Hy, 4]

It follows from Lemma 3 and from the selection of
wy for the highest posterior variance in the DRBQO
algorithm (Algorithm 1 in the main text) that for all
P, we have

W' |2)Cy_q (w4, w; g, W)

ZPw|az

w,w’

Ut 1 xt’

S O'tZ—I(xty wt)-

)

p—1(we,w) — f(2,w) < — ﬁtat—1(l‘t,w)},

Note that given (Hy,zt), w; is deterministic.

For Ji, we have

J1 = E[Us(ze, BY) — g(f, w0, PY) | Hy, 4]

(
(

= Ui(ze, P)) — E[g(f, ¢, ") | Hy, 4]
= Up(ws, Pf) — e 1($t,Pt*)
*\/>Ut (e, P,

Brot— 1($t,wt)

For Js, we have

= Efeﬁt Ui, Py) — g(f, ¢, P)|Hy, 4]
= Efg,at[ ﬁto'tfl(-rn Pt)|Ht; xt}

+Efen, Y Po(w)(pe—1(xs,w) = f @y, w)|Hy, ]
+Efec, Y Po(w) (-1 (e, w) — f(zr,w)|Hy, 2]
<Ere,[VBior (e, wy)]

+ EfGBt [Z Pt(w)(,utfﬂmtv w) - f(xt’ w)lHt’ xt]
< \/E%—l(iﬂtawt)efﬁt/z

+Eren, Y P(w) (-1 (e, w) — f (g, w)|Hy, 2]

Broe—1 (x4, wt)e_ﬁt/Q

L Ejes, \/Zwtl(xt,w) — fnw)2 Y PP (w)
< Bior_i1 (@, wp)e P/

1+2
+]Ef€Bt\/Z Ht—1 xtv f(xta ))2 P

n
<V Bror—1 (e, we)e —hi/2

+4/ ! —ZQpEfeBt Z(,utfl@jtaw) = f(zt,w))

w

—B,/2
=/ Bror—1(z, wi)e Be/

[1+2
pz Mt 1 $t7

=/ Bror—1(z, wi)e —he/2

142
+ \/72 o2 (ay, w)k(zy, w)
/2 12PN 2
<V Bror—1(zy, we)e LV Zontfl(atvw)

w
<V Bior—1 (i, w)e P2 4

= Efep,[f(21,w)])

n(1+2p)o7_y (ap, we),
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where

P, (24, w) — \/Eat_l(xt,w)) <1
Dty (21, w) = Bror—1(z,w)) ~

and p(.) and ¢(.) denote the density function and the
cumulative distribution function of the Gaussian dis-
tribution N (ps—1 (x4, w), 07 (z¢,w)),Vw. Here, the
third inequality follows from the Cauchy-Schwartz in-
equality; the fourth inequality follows from the bound
of the x? ball on the distributions in it; the fifth inequal-
ity follows from that fact that ps— (z,w) — f(x,w) >
VBioi—1(z,w) > 0; and the final equation follows from
Lemma 2.3.

k(zy, w) ==

For Js, we have

Js =Bt a,[9(f, 20, PF) — Uy, )| He,y 74
=Eea,l9(f, o0, PP)[Hy, 2] + Epe g, [ Ui, )]
= EfeAJ—Ut(ftth*)]

:Efe,it[_/it (w4, P, \/>0't 1z, P,
< EfeAt[*Mt—l(%Pt*)]

= EfeAt[B]

< Be H/2

Here, the second equation follows from the prop-
erty that E,c g [f(ze,w)] = 0 since f(zy,w) ~
N (-1 (zg,w), 021 (24, w)), Vw, and Ay(w) is a sym-
metric region in R with respect to (but not includ-
ing) the line = py—1 (24, w), Yw; the first inequality
follows the non-negativity of the posterior variance
o1—1(xe, P;); the second inequality follows from that
the posterior mean p;—1(z,w) of a GP is in the RKHS
associated with kernel k of the GP, thus is bounded
above by B by the mild assumption in the problem
setup; and the final inequality follows from Lemma 2.1.

Combining these results, we can finally bound the first
term of the Bayesian regret of DRBQO,

T
L =1 E[J(x;, Hy)|z:, Hy]

t=1
T T

< EZ Btat—l(iﬂt,wt) +EZB€_6‘/2
t=1 =1

T
+E Z V Bror—1 (x4, wt)e_Bt/Q
=1
T
FES VAl T 20007 (a0, w)
=1

<EVTBr

T
20371(9%“%)
t=1

+ (B +/Br) ;—14—# X P

++/n(1+ 2p)]EZUt271(ata wy)
=1

(vBr + B)V2r
X[ P,

<\TBrv2(1 +0-2) "1y +
n(l+2p)2(1+07%) 9,

where 7 is the maximum information gain defined in
Srinivas et al. [2010], and we also use the following
inequality of the maximum information gain

T

203—1(1%, we) < 2(1+07%)
t=1

O

Theorem 2 is a direct consequence of Lemma 1, Lemma
4 and Lemma 5.

Upper bounds on the information gain. For com-
pleteness, we include here the upper bounds for the
information gains yr which are derived from Srinivas
et al. [2010]:

Information gain
O(dlogT)

O((log )™ 1)
O(THFHD/RvHddF1)) og T)

Kernel type
Linear

Squared exponential
Matérn with v > 1

where d € N is the dimension of the search domain.

APPENDIX B.1

In this appendix, we provide derivation details of Propo-
sition 1 in the main text.

Consider the constrained optimization problem
n
min il;. 1
Ln ;pz i (1)

This is a convex optimization problem which forms the
Lagrangian:

1 - sz

ZCipi, (2)
i=1
where p € R", A >0, 7 € R, and ¢ € R’}.

The KKT



conditions for the primal problem (1) are:

Li+Xnpi—1)+n—¢=0V1<i<n (3)
A(2p+1—nlpl3) =0 @
n|lpl3 < 2p+1 (5)
A>0 6) 2

S pi=1 (7
=1

Gpi =0,vV1<i<n
¢ >0,vl <i<n.

—~
co
=
=

—~

o

=
<

We can see that the strong duality holds because the
primal problem in (1) satisfies the Slater’s condition;
therefore the KKT conditions are the necessary and *°
sufficient conditions for the primal optimal solution. It **
follows from Equations (3), (8), and (9) that: 12

© o

Anpi (_lz - 77)+ = max{—l,» -, O}a (10)

which, combined with Equation (7), implies that:

nA = Z<_li =)+ (11)

From Equation (11), we have:

— ZiGA lz —nA
Al ’

where A = {i : [; + 7 < 0}. Note that |A] > 1 be-
cause otherwise p; = 0,V1 < i < n which contradicts
Equation (7). We then plug Equation (12) and (10)
into Equation (5) to solve for A. Note that ||p||3 is
decreasing in A, thus we can bisect to find the optimal
A within its bound. We can easily obtain a bound on
A from Equation (5):

n
_lmln + Zi:l lz _Zmin + lmaa:
where lmz’n = minlgign li, and lmaac = IMaXji<i<n li.

n= (12)

0 < X <max
- { V1i+2p—-1 Vv1+2p

The optimal distribution arg min,ep S pil; is not
constant, but rather a function of [. Thus, its gradients
with respect to some parameter ¥ must be computed
from those of [. This becomes straightforward when
we have solved (p;, A\,n) in terms of [ as in the results
above:

op; _ —1 (22N 1 ol; o

20 = e (=l =g+ ax (=5 — 57)
on __ ol; oA

|A|£ =—Yies of ~ "oy

opi _
>iespizy =0.
APPENDIX B.2
In this appendix, we present the details of the bisec-

tion search in Algorithm 2 for computing the p-robust
distributions for line 3 of Algorithm 1 in the main text.

Algorithm 2: Bisection search

Input: p(\) computed in Proposition 1 in the
main text, e > 0

A _ —lmm+2?=1li —lmintlmaes
maz = Max Jit2o—1  ° Jit2p

A= )\mzn

while A\, — Amin > € do

A= %()\maz + )\min) 5

if n|[p(\)]|3 > 2p + 1 then
‘ )\min =A

end

else
‘ Am,(m? =A

end

end
Output: A, p(})

APPENDIX B.3

For the details of derivation for posterior sampling
(a.k.a Thompson sampling), see Appendix A of
Hernéndez-Lobato et al. [2014].

APPENDIX C

In this appendix, we provide some more experimental
results of DRBQO on synthetic and real-world prob-
lems.
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Figure 6: The performance of DRBQO and the base-
lines on the expected reformulation of various synthetic
functions. Here we use n = 10 and the best p values
are calculated with p = 1.0. DRBQO achieves higher
p-robust values than the BQO baselines in almost all

the tested functions.
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Synthetic functions. The task in this experiment
is to maximize E,en0,1)[f (7, w)] where f is a stan-
dard synthetic function such as Beale, Eggholder, Hart-
mann and Levy, z is normalized to the unit cube
and f(z,w) := f(xz + w). The performance met-
ric used in this experiment is the p-robust values
minpep, , Ep[f(z,w)]. Here we use n = 10 and
p = 1.0. We repeat the experiment 30 times and report
the average mean and the 96% confidence interval for
each evaluation metric. The result is presented in Fig-
ure 6. The result shows that DRBQO achieves higher
p-robust values than the baseline methods in all these
functions except that in EggHolder function, DRBQO
is compatable with BQO-EI but outperforms the other
algorithms.

Cross-validation hyperparameter tuning for
SVM. We use glass and connectionist bench classi-
fication datasets from UCI machine learning repository.
I The glass dataset contains 214 samples describing
glass properties in 10 features. The task associated
with the glass dataset is to classify an example into one
of 7 classes. The connectionist bench dataset contains
208 samples each of which has 60 attributes. The task
in the connectionist bench dataset is to classify whether
sonar signals bounced off a metal cylinder or a roughly
cylindrical rock. Each of the datasets is split into the
training and test sets with the ratio of 80 : 20. The
training set is further split into n = 5 folds for this
experiment.

SVM/glass SVM/ConnectionistBench
>
1=
o
3
1o
o
©
8 0.551 — BQO-EI 0.65 —— BQO-EI
0.50 —— BQO-TS 0.60 —— BQO-TS
MTBO MTBO
0.45 — DRBQO(p=0.1) | 55 —— DRBQO(p =0.1)
0 50 100 0 20 40 60
Iteration (t) Iteration (t)

Figure 7: The test classification accuracy of SVM on
glass and connectionist bench dataset tuned by DR-
BQO and the BQO baselines. In this example, we use
n=>5.

Support vector machine (SVM) is a simple machine
learning algorithm for classification problems. SVMs
with RBF kernels have two hyperparameters: the mis-
classification trade-off C' and the RBF hyperparameter
7. We tuned these two hyperparameters in this exam-
ple.

"http://archive.ics.uci.edu/ml

The performance metric for this experiment is the clas-
sification accuracy of SVM in the test set. We repeat
the experiment 30 times and report the average mean
and the 96% confidence interval for each evaluation
metric. The result is presented in Figure 7. In this
example, DRBQO outperforms the baselines.

Appendix D: Further discussion

In this appendix, we provide further discussion of our
proposed framework suggested by our anonymous re-
viewers during the review phase.

Selection of p in DRBQO. p is a problem-dependent
hyperparameter and depends on the variance of f(x,w)
along w. Intuitively the higher the variance, more
conservative we would like to be by setting the larger
p value in the range of [0, (n — 1)/2]. If there is no
prior knowledge of the variance, we can heuristically
perform grid search for p in [0, (n —1)/2].

Other potential applications of our proposed
framework. Our work considers the problem of learn-
ing to optimize under uncertain contexts where the
context distribution itself is misspecified due to lim-
ited data. In particular, our proposed method can be
applied to any problem where apart from the main
inputs (i.e., optimization variables z), an additional
factor (i.e., w) also affects the function output but this
additional factor is not under our control. We list two
specific applications here:

e As the first application, we are considering our
method for alloy design where alloying element
powders are slightly impure (in practice it is hard
to find 100% pure element powder). The intended
mixture composition of various elements is  while
the impurities are w in our formulation. It is only
possible to obtain a limited set of samples of the
impurity values through measuring the exact alloy
composition via X-ray or optical spectroscopy as
the impurity measuring process is expensive. In
this scenario, our proposed method aims to find
an alloy composition that has the highest strength
while being distributionally robust to impurities.

e Another example is robust control in reinforcement
learning where our goal is to learn a policy (i.e., x)
that is both optimal and robust to the unknown en-
vironment variables (i.e., w) e.g. some unobserved
state features determined randomly by the envi-
ronment (e.g., [Paul et al., 2018]). Here f(z,w)
is the goodness of policy z for an environment
variable w. Measuring f(z,w) for a given policy
x is computationally expensive. While current
works assume knowledge of the true environment
distribution Py(w), it is typically unknown except



a few of its samples that are obtained via previous
catastrophic experiences with the environment.

Extensions to other divergence measures be-
yond Y2 divergence. We have focused on x2? di-
vergence mainly for simplicity. Our algorithmic and
theoretical results can be potentially extended to f-
divergence (including x2, KL and Hellinger) that re-
quires the involved distribution to have the same sup-
port as the nominal distribution P. Regarding the
algorithmic extension for f-divergence, since f in f-
divergence is convex, the surrogate DRO still reduces
to convenient KKT conditions (as the strong duality
still holds). Regarding the theoretical extension for f-
divergence, the sublinear convergence rate in Theorem
2 remains valid because in our analysis the distribution-
dependent term ), p? is always bounded above by 1
(though in the case of x? divergence, this bound can
be tighter as shown in our proof of Theorem 2). The
current form of our framework cannot however be ex-
tended to divergences that are defined for distributions
of continuous support such as Wasserstein because our
analysis relies on the assumption of finite support for
the distributional uncertainty set. This assumption
is however very mild in practice because if one of the
involved distributions is not discrete, computing the
Wasserstein distance becomes intractable even with
the simplest scenario where one distribution is uniform
while the other is discrete with two atoms. In practice,
we can usually avoid this intractability by discretizing
the support via discrete distributions for the distri-
butional uncertainty set, and thus can leverage our
analytical insights.

Discussion of the derived Bayesian regret
bound of DRBQO. The Bayesian bound of DR-
BQO in Theorem 2 of our main paper is of order
/Tyrlog((1+T?)|X||Pp,,|) which matches the stan-
dard upper bounds (up to an extra log constant
log [P,,,,|) established in Russo and Roy [2014] and
Srinivas et al. [2010]. The extra log constant in our
bound accounts for an additional decision space Py ,
for the context distribution in our problem. To our
knowledge, the standard bound above is one of the
best known upper bounds for GP optimization (e.g.,
Scarlett et al. [2017] establishes a lower bound for GP
optimization suggesting that the standard bound above
is near-optimal (w.r.t. the established lower bound) for
the square exponential kernel).
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