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A  SUPPLEMENTAL DOCUMENT

A.1 Proof of Lemma 1

Let X* be the (t—1) mod K + 1th selected contextinround [t/ K1, i.e., X! =z w/[fj] and let Y be its outcome,

(t 1) mod K+1

ie, Yt = r(acw/KK]1 ). Assume that the sequence of random variables X', Y1, X2 Y2 ... are defined over some
(t 1) mod K+1

probability space (Q, F,P) consistent with the assumptions made in the paper. Let Fo = {0, 2} and
Fr=o(X . XUTE vyl yht>o.
F = (F3)i2, is a filtration of F. We have that E[Y!|F_1] = pu(X?).

Fix a node z, ;. Let 6" be the indicator variable that represents the event that X* is in the cell associated with node zy, ;
after x, ; was created (this also counts the times when X tisin X h,i after xj, ; is expanded into children nodes). When
0% = 1, we say that Zh,i 1s observed. Let Zp = 0 and

t

Zi= 3 (u(X7) — Y7y .

j=1
Note that Z; is F;-measurable. Moreover, X* and 6* are all F;_-measurable while Y is not. Thus, we have

t—1

E[Z|Fi_1] =E {(M(Xt) - Yt)et‘]-}_l} + E[;(M(Xj) — Y9 ]-'t_l]
= (WX") = E[Y'|F_1])0" +ti —Y9)§!

= (WX") = (X)) + Z; 4
=Zy_1.

This shows that (Z;)$2, is an F-adapted martingale.
Let

.’Ehl 29‘7

We define a sequence of random stopping times when the arms associated with nodes xj, ; were observed: T; = min{l :
CY(xp ;) = j}. Note that {T; = t} is JF;_1-measurable for all ¢ and (7}) is an increasing sequence of stopping times,
ie,1 <Ty <Tp < ..., hence it holds that T; > j. Our next aim is to apply Doob’s optional skipping theorem ( [Doob,
1953], Theorem 2.3). As its application requires T, < Ty < ... < oo, we assume that after 7' there are infinitely many
rounds in which all contexts in everyone of them arrive in x}, ; (this ensures that arms with contexts in x, ; are observed
infinitely often). Note that this technical assumption has no effect on our model as it happens after our horizon of interest.
Let Z; = Zr,;. Then, by Doob’s optional skipping theorem (Z ) is a martingale w.r.t. (Fr;).

Let (Ht, I*) represent the level and the index of the leaf node that contains X t. We denote by X7 = X7 the jth arm
pulled in the region corresponding to x_ ; and Yi = YT, Letn = Ct(:z:h,i). Note that when zp, ; € L!, we have
CEU(xy,;) = C(xy,;) and 69 = I((H7, I7) = (h,i)). We have

|22 ulay) = rla, DI, 1) = ()| > V2108 T s € £

K
| DD tula,) = (@, DUCHL 1) = (b, )| = V2nlog T wn s € £ =1} 3)

k



Contextual Combinatorial Volatile Multi-armed Bandit with Adaptive Discretization

Kt l

Kt 2
< ZQexp <_2( ﬂllogT)) )

!
=2KT -T 4 =2KT73 5)

. f%xp (_2<W>2)

where (3) follows from the law of total probability and for (4) we use the Azuma-Hoeffding inequality for martingale
differences noting that the outcomes lie in the unit interval. Therefore, with probability at least 1 — 2K T3 we have

> Do) — e, D(HL ) = (i) < /2nTog T

j=1k=1

Next, by Definition 1 and Assumption 1, when H((Hff, IJ) (h,i)) = 1, we have that /L(:czj) — p(mp,;) < v1ph since the
context lives in X7, ;. Consequently, by using the triangle inequality, it follows that ’

t K

>3 0w ~ UL 1) = ()|

Jj=1k=1

< | 200 (a,) =l DU 1) = ()| + | D2 D (e = aCan DUHL 1) = (k)
j=1k=1 j=1k=1

< +v2nlogT —l—m}lp

Dividing both sides by n, we obtain

| (i) — plan,i)] < (@) +vip”

Note that until round 7°, the maximal number of possible new node activations is K'T" and therefore for the above event to
hold simultaneously for all nodes at all times, we take the union bound over all nodes and over all times. From this, we

obtain

]P’{Vt < T, Vap,; € L' |0t (zh,) — plzn)| < Hany) + vlph} >1-—2K?771.

A.2 Proof of Lemma 2

The following inequalities hold:

9" (@n,i) = b (zn,) + vip" (6)
< A (p(ana)) + ¢ p(ang) + oip" T 0" (7
< u(p(@n.)) + 267 (p(ani) + 200" + 01 p" ®)
< (u(@n) — vip" V) + 50 p" =D g ph 9
< (i) + 5o p Y vy ph (10)

< p(zn) + (5Nvy fva + 1)vy p" (11)
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where the inequality in (7) follows from the definition of b*(z}, ;), while (8) follows from Lemma 1. The inequality in (9)
follows from the fact that p(xy, ;) must have been expanded, thus we must have had ¢!~ (p(z, ;)) < vip"~ ). For the
inequality in (10) we use Assumption 1 for the means of nodes and the fact that xj, ; and p(x}, ;) lie in the cell associated
with p(z ;,1) Lastly, the inequality in (11) follows from the triangle inequality. By Definition 1, the cell X},_; ; is expanded
into N disjoint cells of diameter less than vlph, forany 1 <: < N"=1 therefore vgph’l < Nvlph.

Finally, solving c¢T (zy, ;) = v1p" gives CT (21, ;) = 2log T/(v1p")?. Thus, we must have

2logT-‘ 2logT 2logT +vi  2logT + 2log(V evt) _ 2log(Tws)
(vip")? | = (vip")? 7 (v1ph)? (vip")? (vi1p")?

2
where v3 = Ve'i. |

CT(zp,) < {

A.3 Proof of Lemma 3
First, note that we have N (v /v2) > 1 (since N > 2 and va < 1 < v1). Now, for a context z!, € X ;, the index of its
base arm is

gt(x?m) = gt(xh,i) + N(Ul/’Uz)Ulph .

We now have on event F

9" (xh,) = g (xn) + N(v1/va)v1p"
— bt(xh,,;) + o p + N(vl/vg)vlph
= min{2" " (wn) + ¢ wna), 47 (P(ens) + T (p(@n,) +vip" VY oip" 4 N (v fvg)orp"

We have two cases. If the minimum is 2*~!(z, ;) + ¢~ (z},;), then we have

(' (@n,i) + N ang) +o1p" + N (v fv)oip
A @) + ¢ wn) + 200"

pw(zn) + v1p"
7

()

since event F holds, N (v1/v2) > 1, and also by Assumption 1 and Definition 1.

g'(z},)

%

AV,

If the minimum is '~ (p(2p.:)) + ¢t~ (p(wh,i)) + v1p" Y, then we have

IV
T E T T O™

S p(eng)) + () +vip" Y + N(vy fv2)vpl + i p"
p(xh.i)) + N(v1 /vg)v1p" + v p"
p(@n)) +oip" "

g'(x7,)

Y

xp) +vorp"

i
Th,)

(
(
(
(

(AVARIYS

since N (v1 /v2)v1p" > v1p" " and |u(p(an,i)) — plwn,i)| < vip"~" u
A4  Proof of Lemma 4
Let g(x%:) = [g'(x!,)]mes+ be the vector of indices of base arms in S*. Then we have:

u(g(@se)) > - u(g@g) = a-ulg(@s.)) > a u(p(@s..))

where G* := argmax se stu(g(xy)). The first inequality holds because we choose S* by the a-approximation oracle; the
second inequality follows from the definition of G?; the third inequality follows from Lemma 3 and Assumption 3, since
g(zt)) > u(zt,), for all m € S**. Letting A(S*) be the approximate optimality gap of S*, we now have
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A(S8") = a - opt(p) — u(p(xs:))

< u(g(@s:)) — u(p(zs:)) (12)

<B- Y lg'(al,) - plal,)l (13)
meSt

<B- Z 9" (@5 7 )+ N (v Jva)vr ptm — (e o )+ g 50 ) — (e, (14)
meSt

<B- Z |gt(xﬁgn,2;n) - l‘(xﬁgn;;n” + Ulph:"’ + N(UI/UQ)UlphZ” (15)
meS?t

<B-: Z (6Nwvy /vy + 2)vlp7’:" (16)
mest

< BK(6Nvy /vy + 2)v; p"® (17)

where (12) follows from the above argument; (13) follows from the Lipschitz continuity of the expected reward function;
in (14) we have added and subtracted the true mean of the context The e (which represents a node), and than used the
triangle inequality; in (15) we have used the Lipschitz continuity for the expected outcomes and Definition 1, in the sense
that any two contexts in the same cell are at most a diameter away from each other; (16) follows from Lemma 2 and (17)
follows from the way we have defined h(t). |

A.5 Proof of Lemma 5

By Definition 2 we have that

i sy OB (X [l 57))

<D
>0 log(r—1) B

therefore, since D; > D, there exists (D1 ) such that for all » < r(D;) we have

log(M(X5, I13.7) _ )
og(r) !

and thus, for all » < r(D;), we have
M |-l r) < e P

If r(D1) > va, then we let @ = 1 and we are done. If r(D;) < vg, then we have to show that the result holds for all
r(D1) < r < vq. First, by the definition of the r-packing number, we have that

M(XE, [l ) < M, (|-l 7(Dy))

since |X| < |X|and r > r(Dy). Thus, for all » € [r(D1),ve], we can say that

Dy
U —
7,%1 M(X, |||y, 7(D1)) < Qr~"1

MXz5, [y ,7) <
for Q@ = max{1, M(X, ||y, 7(D1)) - v3"}. =

A.6 Proof of Theorem 1

*

By Lemma 4, at any given round ¢, the algorithm only selects contexts from (BK (6 Nv; /vy +2)v1 p"®) u, au? . )-optimal
sets. Note that for all h, we have |X},| = N” by Definition 1. Furthermore, we select only contexts from sets of the form

AUy
XBK(GNvl/v2+2)v1ph'(t)’ for all ¢t > 1. From Lemma 4, we have that

K

Ra(T) < 3 " B(6Nvy fvs + 2)v1p™s < 3" BK(6Nvy fvs + 2)v1p" " .
t<T k=1 t<T
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Note that in each round, we consider the contribution that comes from the highest leaf node in the tree (i.e., the leaf node
with the smallest i) associated with the selected super arm. In order to obtain sublinear regret, we express the summation
in terms of the levels of the tree. In order to do that, we observe that we may have h(t) = h(¢') for ¢t # ¢'. That is for
several reasons. First, we have up to N h(®) nodes in a certain level, but the learner does not select contexts associated to all
those nodes, only the BK (6 Nv; /vs + 2)v1 p"(M-optimal ones. But since we want to define a notion of regret that captures
volatility of the base arms and structure of the expected reward function, we may think that the learner selects contexts

Uy . . .. .
from the set X B (6Nv1 fva+2)1 ph(D)> as given in Definition 2. Second, the learner may select a node several times, up to gy,

times by Lemma 2, until it is expanded. Using this approach, we will consider splitting the regret into two sums.

We fix a positive integer H. We will first bound the regret coming from rounds ¢ such that h(t) < H, which we will denote
by RL(T), and the rounds ¢ such that h(t) > H by R2(T). We have

Ro(T) < RL(T) + R2(T) .

We bound R} (T) first. Letting D = D“(f,au}y;,) be the (f,u,ouf,;,)-optimality dimension, where f(r) =

min min

BK(6Nwvy/ve + 2)(v1/v2)r, then for any Dq > D, there exists ) > 0 (by Lemma 5), for which we have

RL(T):= Y BK(6Nvi /vy +2)(v1/va)v2p""

t<T:
h(t)<H
H-1
= I(h(t) = h)BK (6N vy /vy + 2)(v1 /v2)vap” (18)
h=0 t<T
H-1 )
< | X N Xg?g‘(‘g“Nm/w+2)(U1/U2)02ph| - BK(6Nwvy/va + 2)(vl/v2)v2ph - qn (19)
h=0
H-1 .
<> MG i) (on foayonpn |-lla s v20") - BE(6Nvy fvz 4 2) (01 /v2)vap” - an (20)
h=0
H-1
_ 2log (T
< Q - (v2p™) DlBK(GNvl/vg+2)(v1/v2)v2ph-% 21)
Pt (v1p")
H-1
(02)"P1 2log (Tvs)
= BK (6N 2 .
2 Q ( 1)1/’02 + ) v ph(D1+1)
UQ_D1 = 1
= 2QBK(6NU1 /'()2 + 2) " 10g (T’Ug) };0 m
—Di 1 _ (,—1\H(D1+1)
vy t1—(pY)
<2QBK(6N 2 -log (T’
>~ Q ( Ul/UQ"‘ ) 1 (l_pfl) Og( U3)
—-D;
< 2QBK (6Nv /vy +2) - (22_1 3 pHD1HD 100 (Ty) . (22)
L _

For (19) we argue as follows. We have expressed the summation in terms of levels of the tree. For a certain level h, in

T rounds, the learner may have selected up to |[X, N X ;}?(lngl o242 (01 /1}2)U2ph\ nodes (following an argument similar
to the proof of Lemma 4, it can be verified that the active leaf nodes associated with the cells that contain the selected
contexts, i.e., ¢f,, m € St are also in (BK(6Nvy /vy + 2)v1 p"®) u, au?,; )-optimal sets), and any of them up to gy,
times. Any of these nodes contributes to the regret with a maximum amount of BK (6 Nvy /va +2)(v1 /v2)v2p". Summing
over all levels, we are sure that the expected cumulative regret cannot exceed this number. (20) follows from the definition
of vop"-packing number and the fact that any two nodes in A}, are at least vyp” apart; in (21) we use Lemma 5, since

vap™ < v, for any h > 0, and the fact that g, < 2log(Tv3)/(v1p")? in ACC-UCB.
Next, we bound R2(T).

R%(T) := Z BEK(6Nwvy/vg + 2)(v1/v2)v2ph(t)

t<T:
h(t)>H
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< TKB(6Nvy /vg + 2)vip™ . (23)
From (22) and (23), we define
C = 2QBK (6Nv; Jvs + 2)i
o T (=)
and
CQ = KB(GN”Ul/’UQ + 2)’[)1 .
We have that
R, (T) < C1p~HPrH D 1og(Twg) + Cop™'T .
If we let
- log T — log(log(Tv3))
(D1 + 2)log(1/p)
so that (equivalently) we have
T
oo log T — log(log(T'v3)) log(m) B 1 o < T )
(D1 +2)log(1/p)  (Dr +2)log(1/p) (D1 +2) /% \log (Tws)

| T e
% (1og <Tv3>> ’

1 1
_ T b1+2 log (Twz)\ P1+2
H H
= — d = ——= .
’ <1og <Tvs>) ner ( T

then we would obtain

And thus, substituting in the bounds we get:

R,(T) < C1P7H(D1+1) log(Tvs) + OQpHT
T Dt log(Tvs) i
o og(Tv3) \ 1
=C1 | 7 -log(T Cy- | =22 T
1 (log(Tv3)> og(Tvz) + Co ( T )
D
= C1 TP - (log(Twg))' ™ 7% + Cy - TV 7072 - (log(Tg)) 7272
= Cy - T P07 - (log(Tv3)) P17 + Cy - T~ Pi72 - (log(T'w)) 7172

A.7 Proof of Theorem 2

Let |X| = II. The r-packing number of any subset X of X’ cannot exceed II. Let f(r) = BK(6Nw;y /vy +2)(v1 /v2)r and
Kk = aup,,. Let

min*

P(f7u7’€) = llmsélpM(X;(r)’ H'HZ’T)
r—

be the largest possible r-packing number depending on on f, u and . Note that the r-packing number of a set cannot
exceed its cardinality, and thus, we have that P(f,u, k) < II. Therefore,

10g(M(Xf( ) {25 7))
Du — 1. T
(f, k) i sup og(r—1)
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. log IT
<limsup ———~
r—0 10g(7"_ )
=0.
For this case, Lemma 5 implies that for any € > 0, there exists some positive constant Q(e) > 0 such that we have

M(Xf(r)v ”HQ 7T) <Qr°.

Since M (X7, [l ,7) < P(f, u, k), we can let Q@ = P(f,u, x). Now, using the same approach as in Theorem 1, we fix
an H, the value of which we will determine later, and first consider the contribution to the regret of levels h < H. We have

R(ly(T) = Z BK(GNU1/U2 + 2)(1}1/1}2)U2ph(t)
t<T:
h(t)<H

H-1
<D MG sty fonyoapns 12 020" - BE(6Nv1 03+ 2)(v1 /02)v2p" - g
h=0

o

-1
2log (T
< Y P(f,u, k) - (vap") " BE (6N /vy + 2)(v1/v2)vap" - M
— (vip")
< 2P(f,u, k) BK(6Nvy /vy + 2)% p~HED) 1og(Ty)
(1=
= C3(e)p D log(Tw3) .
For R2(T'), we have
RA(T):= > BK(6Nvi/vs+ 2)(v1/va)vp" "
t<T:
h(t)>H
< TKB(6Nv; /vy + 2)v1p
= C4pHT .

Again, we define H as,

_ logT — log(log(Tv3))
(e +2)log(1/p)

and obtain the following bound by summing up R. (T) and R2(T):

1

Ro(T) < Cy(e) - TV =77 - (log(Tws)) 7% + Cy - T' =77 - (log(Tws)) 7= .

A.8 Proof of Theorem 3
Fix an ordered partition I' € P(w([T])). Note that

I I

Ra(T) =) oD optu") = Y u(u(@)) | =D Ran(TY)
A=1

A=1 teTy teTy

where R, (7) denotes the total regret incurred in rounds in 7,

For any A < ||, we can define a permutation } : 7" — [T1], such that ¢ (t}?) = 4, for any i € [T} ], where ¢} is an
element of the ordered set 7j\F = {tl;1 ey tl;* }. Thus, abusing the terminology, we can solve the bandit subproblems with
T} rounds, for each natural A < |T|.
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From Lemma 4 we have:

K
Raa(TH) < 37 37" B(6Nwy fvg + 2)v1 pk
teTy k=1

< Z BEK(6Nwy/vs + 2)U1ph(t) .
teTy

We use an approach that is similar to the proof of Theorem 1. Fix a positive integer H f whose value will be determined
later. Let

RLATY) = ). BK(6Nuvi /vy +2)v1p""
teTL :h(t)<HY
and
R,\(TX):== Y BK(6Nvi/vy+2)vip"") .
teTY h(t)>Hy

We first bound R}X’ \(T}). Following steps analogous to (19)-(22) in the proof of Theorem 1, it can be shown that there

exists some Q% > 0 (that depends only on X, u, s, au’; (T', \) and ¢ but not explicitly on T') such that for DY > D} we
have

Roa(TX) < C5(A.T) - p INDAFD) og(Twg)
where

r
UQ_D*

Cs(\,T) :=2Q  KB(6N +2) =
5( ) A ( /Ul/,v2 )Ul(l/ 1)
For R?X,A<T)1\—‘)’ we have

R2\(TY) < G- p™ - 1Y
where

06 = KB(GNUl/’UQ +2)’U1 .

Now let us define H} analogously with Theorem 1, in order to obtain sublinear regret:

T = log Ty — log(log(Tw3))
(DX + 2)log(1/p)

Substituting HY, we obtain the following.

Rax(T) < Cs(A\,T)p~ IXPA4D 10g(Twg) 4+ Cop™> T
1

1_1“7 % 1_+ - T 5
< Cs(AD) - (T3) A7 - (log(Tws)) P37 + Co - (Ty) PA** - (log(Tws)) A+

Finally, by summing over all A < |T'|, we obtain
|
R, (T) = Z Ra,A(T)l:)
A=1
|

— - - g
<y (%(M) A(T) TP (log(Twg) A7 + G- (1]) ' P <log(Tv3)>Dx+2>
A=1

IT|

<> o ((Tf)l‘Dil“ ~ aog(Tvg))DEl”) .
A=1
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A.9 Proof of Corollary 1

Fix £ € (0,1). Let T¢ = {x(1),...,n(T — |T¢])}, where 7 is the permutation defined in Section 4.4. The idea is to
bound separately the regret coming from the rounds in 7% and those in [T] — 7. First we consider 7¢. From Lemma 4
we have:

Ro(T%) ==« Z opt(u') — Z u(p(xh)) < Z BK (6N vy /vy + 2)uap"®
teTs teTs teTs

Using the result of Theorem 3 the above argument can be bounded as

Ro(T*) < C5(§) - T' P72 - (log(T'vy)) P& + C - T P72 - (log(T'vg)) P

where
vy D)
o(l/p—1)

Here, Q(&) > 0 is a constant that depends on X, u, y, au’ ;. () and ¢ but not explicitly on 7'. On the other hand, the regret
incurred in round in [T] — 7 is upper bounded by cwu?,, T¢. The final result follows from summing these two bounds
and taking the infimum. |

Cs(€) == 2Q(¢)K B(6Nwy /vy + 2)

A.10 Proof of Example 1
We have
Al={zeX:r—u(u(r)) <ce}

={zedx:(1—|27[3) — (1 - |l=ll3) < ce}
= (e Xl < ce)
—fre X 0—all} < ((c)/")"}
={zeX:0—zl, < (c)"/}.

1/a

This set is an |[|-||,-ball with center at 0 and radius (ce)'/*. What we want to know is, for a fixed ¢, how many disjoint
||-||,-balls of radius e can fit inside of it (so that we can estimate its e-packing number). Thus, we have

1/a D
]\4(;(;7 ||||2 ,r) < <(C€)1> — CD/a(E—l)(l—l/a)D )

€

This together with Lemma 5 implies that D < (1 — 1/a)D for a > 1. |
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A.11 Table of Notation

Table 2: Notation.

Symbol Meaning

(X1l The metric space of contexts (D-dimensional)

M The set of available base arms in round ¢

St {S c M":|S| = K}, the set of available super arms in round ¢

at, Context of base arm m € M" in round ¢

X! {20 bmert

r(xl) (Random) outcome of base arm m € M" in round ¢

w(z) Expected outcome of a base arm with context x

w (@) lmeme

xl [zl,,..., % ], K-tuple of contexts of base arms that are in super arm S € &
u(-) Reward function

opt(u) maxscsu(p(al)

St Super arm selected by the learner in round ¢

S argmax ¢ gu(p(xl)), the optimal super arm in round ¢

Thi The ith node in the Ath level of the tree of partitions

Xhi The cell associated to node z;, ;

X, {@p;, 1<i < N"}

M, |, ,7) The r-packing number of (X, |-[|,)

Xii The (f(r), u, x)-optimal set

D(f, k) The (f, u, k)-optimality dimension

g' () The index of node xy,; at time ¢

g'(xl) The index of base arm m € M in round ¢

Q@ () The sample mean of the outcomes of the selected base arms in cell X}, ; by round ¢
C'xp,) The number of times a base arm with context in X}, ; was selected by round ¢
Mxpy) The confidence radius of cell X, ; in round ¢

(HL 1Y) (h,i) index of the active leaf node associated with the kth selected base arm (s}) in round ¢
(ht it ) (h, %) index of the active leaf node associated with base arm m € M’ in round ¢
L The set of active leaf nodes in round ¢

N The set of available active leaf nodes in round ¢

P! The set of active leaf nodes selected by the algorithm in round ¢




