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This supplementary document presents the full proofs of technical results presented in the main text. It also
provides the details of our configurations for numerical experiments in Section [5]

A Convergence Analysis

We note that the original idea of using hybrid estimators has been proposed in our working paper (Tran-Dinh
et al., 2019b). In this work, we have extended this idea as well as the proof techniques for stochastic optimization
in Tran-Dinh et al.| (2019b) into reinforcement learning settings. We now provide the full analysis of Algorithm
and We first prove a key property of our new hybrid estimator for the policy gradient V.J(6). Then, we
provide the proof of Theorem and Corollary

A.1 Proof of Lemma [4.1; Bound on the Variance of the Hybrid SPG Estimator
Part of this proof comes from the proof of Lemma 1 in Tran-Dinh et al.| (2019b). Let E; 5[] := Er 7~p,, [-] be
the total expectation. Using the independence of 7 and 7, taking the total expectation on , we obtain
Es g [v)] = Bvi—1+B[VI(Or) — VI(Or—1)] + (1= B)VI(0:)
= Vj(gt) + ﬁ [Utfl — VJ((‘)t,l] s
which is the same as ().
To prove (), we first define u; := BZ g(710;) and Auy := uy — V.J(0;). We have

1Aw|? = B[ Avi—1 | + &z + (1= B2 Aw® + B2V (0r-1) = VI (0:)]?

> Ag(r]oy)

TEB:

42 Z (Aviy) YT [AG(7|60:)] + 282 (Avi_1) T [V I (0,—1) — VI (6y)]

+2B(1 — ﬁ)(Avt_l) [uy — VJ(6:)] + wzﬂst [Ag(7]00)] T (Auy)

Y (Ag(Tl0) TV I (6m1) = VI(6)] +28(1 — B)(Au) [V (Bp—1) — VI(6,)].
Taking the total expectation and note that Eglue] = Esonpy, [w] = VJ(0;) and Eg [[lue — VJ(6,)]%]
B2 . B l9(716e) = Elg(7101)] ] = %, we get
B (A0l = #Aval? + faBs [, Aatrion]| + (1 - 07Es 1w
=BV I (6:-1) = VI (0)||?
< Plavalt+ 2D B (10l I2] ~ BIVI0) - VIO (10)
+ (1_?20_2

< BlAval?+ 557 B [1Ag(rlen ] + 450

where the first inequality comes from the triangle inequality then we ignore the non-negative terms to arrive at
the second inequality.

Additionally, Lemma 6.1 in Xu et al.| (2019a)) shows that

Var [w(r]0, 0p1)] < Cuo |6 = Opa|”, (11)
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where C,, := H(2HG? + M)(W +1).
Using we have

Es [|Ag(rl0)I] =B [lg(rl6) — w(r10s, 6-1)g(r1601) ]
Es (11 = (7160, 00-1)]g(71601) + (9(7160) — g(rl6r-1)]]

B
g 11 = w(rlor, 8- Dlg(rl0n-1) 1] + B [lg(r160) — g(rl6r-1)]?]

<E
® ., 9 9 9
< C2Eg (|11 = w(rl60, 001 *] + L2 116, — 6,1

() C2Var [w(7|0;, 0,—1)] + L2 |6, — Or1l”

< (C2C, + L2) [0 — 0,

where Ly := H]\é(ij)‘bl), C, = %, and b is a baseline reward. Here, (x) comes from Lemma and (xx)

is from Lemma 1 in Cortes et al.|(2010).

Plugging the last estimate into yields

B*(C5C, + L7)
B

||9t — 9t_1||2 + (1 — ﬁ)20'2, (12)

Es 5 [”AUtHQ] < B2 Avg—a|]? + 5

which is (6), where C := Cng + Lg. O

A.2 Proof of Lemma [4.2} Key Estimate of Algorithm

Similar to the proof of Lemma 5 in [Tran-Dinh et al.| (2019b)) , from the update in Algorithm [, we have

O = (1 — )0 + 'y§t+1, which leads to 0;41 — 0; = v(0:41 — 0¢). Combining this expression and the L-
smoothness of J(6) in Lemma we have

JOr1) > T(0) + [VIO)] Orer = 0) = 5[0 = 00 (13)
= J(0) + VIO Orr —600) = 5711041 — 6,1
From the convexity of ), we have
Q(0:41) < (1 - 0)Q(0) + aQ(Brs1) < Q0) + aVQ(Brin) " (Brsr — 04), (14)

where VQ(§t+1) is a subgradient of @ at §t+1-

By the optimality condition of @H = proan(Qt -+ nvt), we can show that VQ(@H) = vy — %(é\tﬂ —6) for some
VQ(@H) € 8Q(§t+1) where 0Q) is the subdifferential of Q at §t+1. Plugging this into , we get

Q1) < Q(6:) + v/ (Bryr — 0;) %n% — 0,2, (15)
Subtracting from , we obtain
F(041) > F(0) +a[VJ(0) = il (B = 00) + (5 = £8°) 1811 — 64
= F(0) = afo, = VO] Brer =00 + (5 = 28 ) 141 — 0.
Using the fact that

[oe = VIO (Brrr = 0) = S llve = VIO) | + 316041 — 00
— 3w = VI(0:) — (Ber1 — 0],



A Hybrid Stochastic Policy Gradient Algorithm for Reinforcement Learning

and ignoring the non-negative term 3|lv, — V.J(6;) — (By1 — 0,)]12, we can rewrite as

Q@ a Lo? a\ -
F01) 2 P00 — 319700 — ol + (& = 5 = ) 1 - 0.

Taking the total expectation over the entire history F;y1, we obtain

BF(0) > BFO)] - SE[I970) - ul] + (S - 25 - Ve[l -0 (D

From the definition of the gradient mapping , we have
MG (00) || = [[prox, o (0r +nVJ(0:)) — b4
Applying the triangle inequality, we can derive

Gy @Il < 10e+1 = 00l + [prox,q(6: + 1V I (6:)) = b |

= 1641 — 64| + [prox, o (0 +nVJ(0;)) — prox,q (0 + nu) ||

< lBesr = 6u]| + mlloe = VI (6,)]).
Taking the full expectation over the entire history F;y; yields

WE (G (00 < 28 i1 — 00]12] + 20°E [l — VI (6)]17].
Multiply this inequality by —5 and add to , we arrive at
2
E[F(0i1)] 2 E[F(0,)] + E[[1G,(0)1P] — § (1+20%) E [[log — VI(6,)]?]
+3 (% — La — 3) E {||9t+1 - 9t||2} ;

which can be rewritten as

E[F(8:+1)) 2 E[F(6)] + Z°E [6,(6)117] — §E [Jve — VI (6)]%] + $E [ 181 - 60l1?]
where £ := a(1+2n?) and ¢ := « (% — Lo — 3) which is exactly . (]

A.3 Proof of Theorem Key Bound on the Gradient Mapping

Firstly, using the identity 6y, — 0; = 7(/9\“1 — 6,), taking the total expectation over the entire history F;y1, we
can rewrite @ as

- 2
E (o1 = VIO < B%E [loe = VIO)N?] + Z2E (10041 - 6.)2] + L5250 )
18
Yol ~ _3)2
= B [loe — VIOIP] + LG (1641 — 00l?] + S22

Multiply by —g for some k > 0, then add to (@, we have

E[F(0y41)] — £E [[[ves1 — VI (0e11)]1?]
E [F(8,)) = "5 (o = VIO)IP] + 2E (16,00 2] + § (¢ = “255) E [|180s1 - 60

Kk(1—B2%)o>
T 2B

E[F(0:)] - 5E [llor = VIO)I*] + 2B 16, (8)]12] — E=G=2UE [|lo, - 9.7(8,)]1]

27~ 2 ~ K(1—4%)o”
3 (0 ) E I - 0] - o055

v
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Let us define F/(6;) := E[F(6;)] — 5E [|lv; — VJ(6441)]|?]. Then, the last inequality can be written as

F(Oir1) > F(0:) + S2E [|1G,(00)]2) — E=20=UE [|lo, — V.I(6,)]|2]

k(1—B2)0? kB2C a2 o <19)
e (=L LA A U
Suppose that 7, «, § are chosen such that
2 27
o La—3> 530 >0 and a(l+29%) < k(1 - 57%). (20)
kB2Ca? ) L . . o
Then, we have ¢ > 5 and ¢ < k(1 — 8?). By ignoring the non-negative terms in , we can rewrite it as
= k(1 — B%)o?
>F - S A
F(0i1) 2 F(0) + 5 |16, 001 - ==
Summing the above inequality for ¢t =0, --- ,m, we obtain
2 2y 2
— N2 =m 2 k(m+1)(1— %o
F(Om1) 2 F(00) + ZME [, (6117] - o : (21)
Rearranging terms and multiply both sides by . . becomes
m a2 o K+ 1)(1 = f2)o?
Do EIG0@I7] < 5 Fmin) = F(00)] + =55 2 (22)
Note that
— K 9 Ko?
F(6o) = F(00) — 5E [lvo — VI (80)[1] > F(6o) — IN

and F(Opms1) = F(Om+1) — 5E [|vms1 — VI (Om1)[|?] < F(Oms1). Using these estimate in (22)), we obtain

m 2 ko?  k(m+1)(1 - p%)o?
>, ElIG6IP] < o [F(Om+1) — F(60)] + PaN T Pl
2 (m + 1)ko? 1 (1-p5?)
e [FO) — P+ T | BT
Multiplying both sides by #H’ we have
1 2 Ko? 1 (1-5%
S E NG 601] £ s FOn) - Ft + S | s e S )

—1__ VB — . D 1< B <
Now we choose 3 :=1 Wiy so that the right-hand side of is minimized. Note that if 1 < B < N(m+1),
then g € [0,1).

Let us choose 7 := 4+ - < % which means ¢ := % — La — 3 = 1. We can satisfy the first condition of by

choosing 0 < « < B =

Besides, the second condition in holds if 0 < a < Kﬁr_zg’j) Since we have n < % which leads to 1 + 2n% < %

and using 1 — 32 >1—-8= Wﬁnl/? we derive the condition for o as
2V B
0cac_28VB
3vN(m+1)

Therefore, the overall condition for « is given as

0<a§min{ B 2:vVB }

xC’ 3v/N(m+1)
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1/4
If we choose k := \/3[1\73(%1)], then we can update o as
2

B éﬁBS/4
~ V3O[N(m + 1)]/4

(24)

Using 1 < B < N(m+ 1), we can bound a < ¢,/ % then we can choose ¢ € (O, 1/ ;’g} so that v € (0,1].

With all the choices of 8, n, a, and k above, if we let the output Or be selected uniformly at random from
{6:};",, then we have

E (16,0017 = =3 & 16,001
V3O N1/4 352 (25)

< e ABm L F(Om41) — F(60)] + BN T D)

Note that n = ﬁ and since @ < 1 we have n% < (4+4L)2. Plugging these into , we obtain
~ 1 m
E (16, 0)1F] = —5>"" B [16,(6)]°]
(4+ L)>2V3CONYV4 70 7o 3(4+ L)%0?

S SevaBm + i L Omer) = PO ey (26)

- (4+ L)>V3CONY4 P~ F (o) + 3(4+ L)%

= 46v/2[B(m + 1)/ T ABN(m A ]V
where we use the fact that F(0,,4+1) < F™*. O

A.4 Proof of Corollary Trajectory Complexity Bound of Algorithm [I] and Algorithm

If we fix a batch size B € N, and choose N := éo®/3 [B(m + 1)]1/3 for some ¢ > 0, is equivalent to

- 4+ L)2V3CeE /4g2/3 —(0) 3(4+ L)20%/3
E or)?| < ( —F(9

[”g”( T)H T 4eV2[B(m+1)]2/3 [ ( )} 4¢1/2[B(m 4 1))?/3
|+ L)2v3cet | —(0) 3(4 + L)? 52/3
= 46\/5 |:F _F(e )] + 451/2 [B(m+1)]2/3

\11002/3
~ [Bm+ 1)/
where we define
|+ 1L)2v3cet g, —(0) 3(4+ L)?
U, : s [F —F(@ )} + S (27)

o2/
[B(m+1)]2/3

3/2
Temil= Yo J—0<1>.

Therefore, for any € > 0, to guarantee E {Hgn(éT)HQ} < €2, we need = £2 which leads to the total

number of iterations

Be3 &3
The total number of proximal operations prox,, is also O (E%) In addition, the total number of trajectories is

S 2V
at most N +2B(m +1) — Go8/3 [B(m+1)]1/3+ 6;)0
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This proves our the complexity of Algorithm

Next, let us denote the superscript (*) when the current stage is s for s = 0,--- ,.S — 1. Note that from the first
inequality of (26), for any stage s =0,...,5 — 1, the following holds

1 ) (44 L)2V3CN/* ) ) 3(4+ L)%0?
T 2B (16O < e [FOR) — PO + gy

1
Summing for s =0,---,.5 — 1 and multiply both sides by g yields

S—1 m 2 ~nrl/4 2 2
1 (s) (4+L)*V/3CNY/ (8-1) (0) 3(4+L)%0
SWH)ZSZO Zt:O]E [”gn(et )HQ} S 1VABm DS {F(Gm“ ) = Flbo )} t ABNm+ D] 77S

(4+L)2\/5N1/4 _ (0) 3(4+L)%0?
< sevatboaoprs [F1 O] + e

(28)

9(5—1))

where we use F'(0,,,,’) < I'* again.

If we also fix a batch size B € Ny and choose N := éo®/3 [B(m + 1)]1/3 for some & > 0, and select A7 uniformly
random from {Qt(s)}fzéy’ff > then, similar to (A-4), can be written as

BI6,00)1P] = gy S v 19001

_ (44 L)*V30ea?s [ B F(e(o))} 3(4+ L)%0?/3
= 46V2[B(m + 1)]2/38 0 4¢1/2[B(m +1)]2/38
(4+ L)2V30e /4 ¢ 0 34+ L)? o?/3
- p {F B F(Qé ))} + =1/2 2/3
4672 4¢ [B(m + 1)]2/38
\1/002/3

= BB(m+ )P
where we use ¥q defined in and § <3
Therefore, to guarantee E [Hgn (67)] } g2 for any £ > 0, we need % = &2 which leads to the total

number of iterations

\113/20 1
T=Sm+1)= §E3 0(63>

The total number of proximal operations prox, is also O (%). In addition, the total number of trajectories is

t t 20
b oS S[N+2B(m+1)] =8 [008/3 [B(m +1)]"/* + 530‘7}
_ | apsa 0 Po1/3 | 2Wo0
€ e3
1 1 1
=0(-+—=|=0(—=], forany S > 1.
e &3 e3
Hence, we obtain the conclusion of Corollary .1} O

B Configurations of Algorithms in Section

Let us describe in detail the configuration of our experiments in Section We set 8 := 0.99 for HSPGA
and a = 0.99 for ProxHSPGA in all experiments. To choose the learning rate, we conduct a grid search
over different choices. For Acrobot-v1, Cart pole-vO, and Mountain Car-v0 environments, we use the grid
containing {0.0005, 0.001, 0.0025, 0.005,0.0075,0.01}. Meanwhile, we use {0.0005,0.00075,0.001,0.0025,0.005}
for the remaining environments. The snapshot batch-sizes are also chosen from {10, 25, 50,100} while the mini-
batch sizes are selected from {3, 5, 10, 15,20, 25}. More details about the selected parameters for each experiment
are shown in Table
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Table 2: The configuration of different algorithms on discrete and continuous control environments

. . Policy Discount | Trajectory | Minibatch | Snapshot | Learning Epoch
Environment Algorithm ) ]
Network Factor v | Length H Size Batchsize Rate Length m
GPOMDP 10 1073
CartPole-v0 SVRPG 4x8x2 0.99 200 10 25 5x 1073 3
HSPGA 5 25 5x 1073 3
GPOMDP 10 2.5 x 1073
Acrobot-v1 SVRPG 6x16 x 3 0.999 500 5 10 5x 1073 3
HSPGA 3 10 5x 1073 3
GPOMDP 25 5x 1073
MoutainCar-v0 SVRPG 2x8x1 0.999 1000 10 50 7.5 x 1073 3
HSPGA 5 50 7.5 %1073 3
GPOMDP 20 7.5 x 1074
RoboschoollnvertedPendulum-v1 SVRPG 5x16 x 1 0.999 1000 10 50 1070 3
HSPGA 5 50 1073 3
ProxHSPGA 5 50 1073 3
GPOMDP 50 5x 1074
Swimmer-v2 SVRPG §x32x32x2 | 099 500 5 50 5 107 >
HSPGA 5 50 5x107% 3
ProxHSPGA 5 50 5x 1074 3
GPOMDP 50 5x 1074
Hopper-v2 SVRPG 11x32x32%3 | 099 500 > 50 5x 1072 3
HSPGA 5 50 5x107* 3
ProxHSPGA 5 50 5x 1074 3
GPOMDP 50 5x 1074
Walker2d-v2 SVRPG 17 x 32 %x32%x6 0.99 500 o 50 5x 107 3
HSPGA 5 50 5x107* 3
ProxHSPGA 5 50 5x 1074 3

C Additional Numerical Results

Due to space limit in the main text, we show here another evidence on the effect of regularizers to policy
optimization problems by carrying out an additional example on other continuous control tasks in Mujoco. The
results are presented in Figure [f]
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Figure 5: The performance of 4 algorithms on the composite vs. the non-composite settings using several Mujoco
environments.

Again, Figure[§still reveals the benefit of adding a regularizer, which potentially gains more reward than without
using regularizer. We believe that the choice of regularizer is also critical and may lead to different performance.
We refer to (Liu et all|2019) for more evidence of using regularizers in reinforcement learning.



