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Supplementary Material

A Notation
Let £:(8) £ ((yila] B) and £(8) £ [((yi|z{ B), -+ L(yalznB)] "
B Background material on Gaussian random variables, vectors and matrices

In this section, we review a few important results regarding the functions of Gaussian matrices and Gaussian
vectors that are used in our examples. The first result is about the moments of the inverse of the minimum
eigenvalue of a Wishart matrix.

Lemma 1. (Lemma 19 of [Xu et al., 2019]) Let X;; i N(0, %), and suppose that n,p — oo while n/p = &y for
6o > 1. Then, for a fized r > 0, we have

1

E [cr(XTX)] =0(1). (10)

Our next two lemmas are concerned with the moments of a Gaussian and x? random variables:
Lemma 2. Let Z ~ N(0,02). Then, we have
E(Z?) < o?(p— 1)1, (1)

where the notation p!! denotes the double factorial. Furthermore, when p is even the above inequality is in fact an
equality.
The proof of this claim is straightforward and can be found in many standard statistics text books.

Lemma 3. Let Z ~ Xi, i.e., it has a x? distribution with k degrees of freedom. Then, for any integer m > 1 we
have
E(Z™) = k(k+2)(k+4)...(k+2m —2).

C Proof of Theorem 1

Define
Vi £ %iﬂ%ﬁ?@i) - %iE[cﬁ(%m:B/i) | Dyil,
i=1 i=1
Vo2 LS Blotyal 301D - Elot 2] B) | D]
i=1
Then,

2
1 o R 5
E Ez(é(ymmjﬁ/z)_E[qs(yoijﬁ) ‘ D])
i=1
<E(WVL+ Vo)’ <EVZ+EV] +2,/EVEEV2,
The proof concludes upon noting that Lemma 4 and 5 yield
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Lemma 4. Under the assumptions of Theorem 1 we have that:

Zn:E[fb( »x Byi) | Dyil 2 < 1 E Var(¢(yo, ) 8,1)|D 1] + (M)z
Yi, &i P/i /i =4 Yo, Ly P/1 /1 V )

=1

1< TA 1
E(n§¢(yi,wi Bi) — -

Proof of Lemma 4.

n R 2 R . 2
E¢(yo, z, B:) | D/i]) = %E (¢(y1,w1Tﬁ/1) —E[¢(y1,x{ B/1) | D/1]>

1 & . 1
E <n;¢(yiamjﬁ/i) - ;Z

=1

n—lg [((ﬁ(thfﬁﬂ) —E[p(y1,2{ B/1) | D)1)) (6(yo, @3 B)2) — E[d(y2, 2 B2) | D/z])]

+

Note that

~ ~ 2 ~
E(¢(91,$1Tﬂ/1) —El¢(y1,z{ B/1) | D/l]) = E Var[¢(yo, z) B/1) | D1l

Next we study

]E{(éﬁ(yl,mlTBu) —Ep(y1, 21 B1) | D)) ((y2, 23 B)2) — Eld(yz, 23 B)2) | Dpal)|-
Recall B/LQ £ alzag glin{ka Uyr | i B) + )\r(ﬁ)}. For some ¢ € [0, 1], the mean-value theorem yields
E€RP =

¢(y17wfﬁ/1) = é(y1, w;—,é/m) + Qg(ylvtwré/l +(1 - t)wr,@/m)w]—@ﬂ - 3/1,2)
E[ff)(th;—,é/l) | D] = JE[qb(yl,a:IB/Lg) | D]+ E[(b(ylvtmir/é/l +(1- t)wirﬁ/l,ﬂw;(éﬂ — 3/1,2) | D /1]
= E[p(yo, 33;5'/1,2) | D/12] + E[Qg(yo,t%TBA +(1— t)%jﬁ/m)%?(@ﬂ - 3/1,2) | D,

where (y,, ®,) is independent of D, leading to
¢(91,$1Tﬁ§/1) - E[¢(y1,wm/l) | D/l] = ¢(91,$1TB/1,2) - E[¢(yo,onB/1,2) | D/1,2]

+ (y1, thBu +(1 - tﬁfﬁﬂgﬁf(ﬁﬂ - 5’/1,2)
- ]E[éi’(yo,tmoTBA +(1— t)“’j@ﬂ,zﬁj(éﬂ - 5/1,2) | D)1

Define the quantities Ay, By, Cy as:

(1>

Ao [(¢(y1, $1Tﬁ§/1,2) — E[é(yo, 58;3/1,2) | D/1,2])(¢(y2, w;ﬁ/m) — E[é(yo, $Il§/1,2) | D/1,2])}

E
E [E {((b(ym 532—,8/1,2) - E[¢(ym fBIB/l,z) | D/1,2]) (¢(§o»ii;rﬁ/1,2) - E[¢(Qo,€ijﬁ/1,2) | D/1,2]) ’ D/1,2”
0.
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Likewise,

By £ E{ (¢(y1’ $1TB/1,2) - ]E[¢’(ym fEIB/l,z) | D/lQ])
X (é(y%tﬂU;—B/Q +(1— t)w;—B/l,z)w;(B/Q - B/u)
—E [(i)(y%tiﬂ;,@p +(1- t)$;B/12)$;(B/2 - 5/1,2) | D/Q} )}
=E { (¢(y1v 1’?5’/1,2) — E[¢(yo, 53;5/1,2) | D/12])
X (é(ﬂmtﬂijﬁ/z + (1 - tﬁjﬁmgﬁz(ﬁ/z - ;@/1,2)
—E [$(3o, 2] B/ + (1 = 02] Bp.2)8] (B2 — Bpr2) | Do )]
=E [E [ <¢>(y1’ z! B/12) — Elo(yo, ) B/12) | D/12]>
X (é(?]mt'@TB/z + (1 - t)jIB/LﬁiEI(B/l - ﬁ/m)
— E[¢(fo, &) Bja + (1 = )&, B12) %, (B2 — B1.2) | D/2]) ’ D/QH
=E { E K¢(y1’ z{ B12) — Eld(o, x) B/12) | D/12]) ‘ D/z}
xE {(é(ﬂmtfﬂé/z + (=)&) B/12)E] (B — Bi2)
E [§(5un 5] B+ (1 - 08188 (B~ Bua) | Do) ) | D1 }

=0.

Likewise,

Co 2E { <¢(y2’ m;B/l,Q) — E[¢(yo, mzﬁ/m) \ D/12]>
% (b, @] B + (1= )27 B 2)@] (B — Bjr.2)

—E {é(ylatmIB/l +(1- t)mIB/12)mI(B/1 - B/l,Q) \ D/l] )]
=0.

To conclude, note that:

E {(qb(yl, 21 B1) ~Elo(yn. @] B1) | D) (6w @3 Bj2) — El(yz, @3 Bro) | D/Q})] = Ao+ Bo+ Co
n E{ (5127 B+ 0~ 00T BT B~ B
~ B3 12T B + (1~ 02T Ba)e] (B~ ) | Dy
» (wyz, B+ (- a3 Ba)a] (B Apra)

—E[d(yo,tz] B2 + (1 — )2 B/12)®5 (B2 — B12) | D/2]> }
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< EVar {é(yl,tﬂqéﬂ +(1— t)$IB/1,2)wI(B/1 - 5/1,2) | D/l]
< E(]Ew(yhfmfﬁ?n + (1 =tz B2z (B —Br2) | D/1]2)

< E(E[¢(y1,twfﬁ/1 + (1 =t)x{ B12)* | Dy E[(=] (B — ﬁ/Lz))Q | D/1])

< AE(E[(2] (B ~ Bn2)’ | Di])
_ CgE(@;(Bﬂ - Bn2)’)

GE ((ﬂh 3/1,2)TE(B/1 - 6/1’2))
< cnguﬁ/l
< cicg— Ella1 I3,

where the last inequality is due to Lemma 6. Using the fact that § = n/p, &; ~ N(0,X) and 0y.x(2) = p/p, we
get

5 4 A - 1 fcoeipdt/?\2
E [(qﬁ(yi, x] B);) — Elp(ys. x| B:)|D i) (dy;, ] B;) — E[(ﬁ(yj,;p;rﬂ/j”l)/j])} <- (%) .
O
Lemma 5. Under the assumptions of Theorem 1, we have:
n 2 2
1 TA TA 1 coclp51/2
= i» i P/ i — D < - ==
E <n ;E[Gé(yz,zl B/i) | Dysi) — Eld(yo, z, B) | ]) <= ( .

Proof of Lemma 5. Note that we have for all i:

El¢(yi @ B/:) | Dsi) = Elp(yo, x) B/:) | Dyi] = Elé(yo, z) B:) | D]

Therefore, using the mean-value Theorem, for some ¢ € [0, 1], we get

E (i D_Elé(i 2] By:) | Dyi] = El$(yo, 2 B) | D})

|
=

E[6(yo: z B/:) | D] — Elp(yo, 5 B) | D])

s
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< 2E (Zﬁa T(B)i - >>2>|D1>

2
<c (Z\/ﬁ/z B)TE(B): - ﬁ))
< 2E ( f 18- ﬂ|2>
<e (Emﬂ B+ "L E 18 — Blaldya - Al

E||B/1 — Bl

’ﬁ\b’ﬁ\b

< Clcop E ||331H27

where the last inequality is due to Lemma 6. Using the fact that 6 = n/p, €1 ~ N(0,%) and omax(X) = p/p, we
get

1 n X ) ) 1 51/2 )
E(s 2 Elows =180 | D] ~E[6(u0 20 B) | p]) <2 (W)

n v

Lemma 6. If both the loss function and the reqularizer are twice differentiable, then for alli=1,... n:
((B)
lnftE[O 1] Urrlln(J/ (
(B

a3l 13,

+(1— t)B/i)))

2
i)
(infte[o,u Umin(J/ij(tﬁ/i (1 - t)/é/ij))>

18— B3 < (

;13-

18/ — Bijl3 <

Proof of Lemma 6. The leave-one-out estimate, B/i = ,@ + A, satisfies f/;(A/;) = 0. The multivariate mean-
value Theorem yields

1
0 = fulB+A)=FLB)+ (/0 Ji(B+ tA/i)dt) Ay (12)

where the Jacobean is
Jji(0) = AVZr(0) + X, diag[€,;(0)] X ;. (13)

Moreover, (3 satisfies

0 = AVr(B)+ X £B) = f(B)+ li(B)z

We get
1
li(B)x; = (/ J/i(,é+tA/i)dt> Ay,
0
leading to
1 -1
= B ([ B ini) e
and

. ~ 2
AR < ( L(8) i )
infye0,1) Omin(J /5 (tB + (1 = 1)B/;))

[EA[E
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Likewise,

( b (B) A )
infyc(0,1) Tmin(J/i; (B + (1 —1)B/ij))

18i — Byijl3 <

laz; 13-

D Proof of Corollary 1

We would like to use Theorem 1 to prove this corollary. Toward this goal, we first have to prove that Assumptions 1,
2, and 3 hold, and that Var[¢(y,, a:oT,é/Z) | D/;] is bounded. Given the fact that x; is N (0, 3), Assumption 1 holds.
As we discussed in Example 1, Assumption 2 holds as well with v = \. Finally, given that the regularizer is ridge
Assumption 3 holds too. Hence, the only remaining step is to check the boundedness of Var[¢(y,, a:ZB i) | D).
In the rest of the proof we aim to prove that

« 1)
Var[gzb(ym:c;—ﬁ/i) | D] <6+ 5% (14)

Note that
Var[¢(yo,$35/i) \ D/i]
= Var[—yo@] B; +log(1+e®Pri) | D]
<E[(z] B:)? | Dsi] + Ellog?(1 + ¢ P11} | D]

+2\/El@] B):)? | Dyi] Ellog?(1 + e 81) | D]
< E[(wIB/i)z | D] +E[(1+ |$ZB/1D2 | D]
+2\/El(2] B5) | DAIEIL + &l Bil)? | Dy,

where to obtain the last inequality we have used log(1 + €*) < 1+ |z|. Furthermore, since (1 + |2])? < 2 + 222, we
have

Var[qs(yovl‘jlé/i) | D]
<24 3E[(“’IB/¢)2 | D ;]
+4(1+E[(x] B:)* | D))
=6+ 7E[(¢IB/1‘)2 | D]

e 70 ae a
— 6+ 78],S8) <6+ ;”,@;5/,, (15)

Comparing B/i with the zero estimator yields, nlog?2 > y;.X/iB/i + 17 log(1 + eX/iﬁ/i) + )\|\B/i||§/2. Since

log(1 + e*) — z > 0 for any z, we get )\||B/z||§ < nlog?2. Therefore, we can say that for ridge regularized logistic

regression

3 5p6
Var[¢(yo,g;jﬁ/l)‘D/l] <6+ %

To summarize, using the bound above and Theorem 1 (with C}, = (%)2) , for ridge regularized logistic
regression, we conclude that

C, = EVarlp(yo @] B1) | D] +2Cy + 203\ JEVar(o(yo 2] B1) | D] + Ch

1/2\ 2 1/2 1/2\ 2
_ 64 57;)5 P coc1p0 P coc1p0 6+ 57/)5 n coc1pd ’
A v v A v

500 4psL/2\? 4p51/2 500 [4p81/2\?
= 6+§+2<p)\ >+2<’)A > 6+§+<p)\ > (16)

where the last equation is due to ¢y = ¢; = 2 (shown in Example 1) and v = A.
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E Proof of Corollary 2

We would like to use Theorem 1 to prove this corollary. Toward this goal we have to confirm Assumptions 1,
2, and 3 and prove the boundedness of E (Var[fH(yO, mgﬁ/i) | D/i}). Assumption 1 is already assumed in the

corollary. Assumption 2 is also confirmed in Example 2 so that ¢y = ¢; = 7. Since the regularizer is assumed to
be strongly convex, Assumption 3 is also automatically satisfied with v = v,.. Hence, the only remaining step is

to obtain an upper bound for E (Var[fH (vo, :BE)'—B/Z») \ D/i]). In the rest of the proof we prove that

TA 4 0735 2 2
E (Var[fH(yo,fBo Bi) | D/i]) <2 (’Y + T(Ue +/pb) +~ (Pb‘i‘Ue)) .

T

We have

~ o e 7 1/2 ’ )
Varlfi(yor @) B:) | Dyl = %Var[({l + (y?ﬂ/)z} - 1> 1 B):]

A 2
Yo — Ty Bri\2\1/2 N

< 74E[<{1+(,y/)} 1) |ﬂ/i:|
o — x) B/il?

< oafas SRl )

< 29" +9%Elly. — =) Bil* | Bl

< 29+ 29°Efyl + (wIﬂ/i)Q | B/l

<

- p ~
2v* + 29*(Efy2 | B) + 5\|5/iH§)~

Furthermore, we have that E[y? | B/l] < pﬁ*;’a* + Varleg] < pb + 2. Additionally, note that using the strong
convexity of the regularizer, and by comparing the value of Zj# fuy; — :CJT,B) + Ar(B) at B/i and 0, we have
that ||3/;[3 < vt > MYl < v y|ly|l1.* Therefore,

al
*Ilﬁ/zllz < **E [yl =

’I‘ ’I"

]E|y1|

We may bound this quantity explicitly in terms of the covariance of :

Ely1| < Eles| + |@] 8| < \/E € + \/E(x] B*)?
<o+ ﬂ/gllﬁ*llé < 0c++/pb.

Hence,

TA 4, PO 2 2
E (Vorlfitun, 2 B0 | Dl) <2 (114 2200 Vi) 4200+ 02)).

T

*We have used the fact that fm(a) < vlal.
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: : . /
To summarize, using the bound above and Theorem 1 (with C}, = (M)z)7 we conclude that

C, = EVMW(%;@EIK;A) | Dj1] +2Cy + 20;/2\/EVar[¢(yo,wgﬁ/1) | D1+ Cy
= 2 <v4+ ijé(Je-F\/E)—&-v?(pb—kaf)) +2 (W)Q
+ 2 <0061551/2) \/2 <74 + P’j‘s(o—6 + 1/pb) +72(pb+03)) N (6001551/2>2
- 2<y4+p2j5(ae+\/ﬁ)+72(pb+af)> +2<72p;i1/2>2
+ 2 (W) \/2 (74 + ngé(oe +/b) +72(pb+03)) + (72[;51/2)2

where the last equation is due to ¢g = ¢; = 7 (shown in Example 2) and v = v,..

F Proof of Example 1
It is straightforward to check that, for any ¢, we have:

inf min A 7 > min XTXZ .
gy 7o) 2 o (XX

This implies that:

: -8 | T
E(tel?fl] Umin(At,/i)> < FBomin(X/: X ).

Define the vectors z; = E*%wi. Hence, z; ~ N(0,I). Furthermore, define the matrix Z as the matrix that has
z; as its rows. It is straightforward to check that:

AN
P i/
O'min(X;X/i) = Umin(g ij;l') > Eo'min(§ zjzj-'r) = P(SUmin ( /n > .
Jj#i Jj#i

z),Z,,
The fact that the quantity Eo > (//l

min

> is lower bounded by a constant for large values of n,p whenn/p = 4§ > 1

is proved in [Xu et al., 2019]. See Lemma 1 in the supplementary material.

G Proof of Theorem 2

The proof of this result is very similar to the proof of Theorem 1. Hence, instead of rewriting the proof, we only
emphasize on the differences between the proofs of Theorems 1 and 2. The strategy of the proof is exactly the
same. We break the error between LO and Erryy, into V3 and V5 and try to bound the second moments of these
quantities. The following lemma obtains an upper bound for the second moment of V;.

Lemma 7. Under the assumptions of Theorem 2 we have

1 n R 1 n R 2 1 R
B(3 30 0tual ) - - S Eibtual B | D) < - (EVerlo(un, 2 By0) | D)+ ancdpiies
1=1 i=1

Proof. The proof of this lemma is similar to the proof of Lemma 4. All the steps are exactly the same up to the
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point that is proved:
E[(as(thml) —Elo(y1,2{ A1) | Di]) (0(y2: 23 Bj2) — Elo (a3 Bo) | D/z]ﬂ
< B(E[dun,te] /1 + (1 = ] B12)* | D] E[(@] (B)1 ~ Bn2))’ | D)
E(E 2 (B~ Bn2)" | Di))
EE((2] (85 - 812))")
AE (B —Bn2) 'S8 —Bpr2))
12E8/1 - Bzl

<c

However, the way we would like to bound E||3 n— B /1,2]|3 here is slightly different from the approach used in the
proof of Lemma 4. According to Lemma 6 we have:

. 2
. (8

1B - Bl < - Ep) — )

infycio,1) Omin(J/1,2(t6B/1 + (1 —1)B/1,2))

Hence, by using the Cauchy-Schwarz inequality twice we obtain:

|23

1
(infrefo,1] Omin(J/1,2(E8)1 + (1 — 1)B)1.2)))8

8

EB/1 - Bi2l3 <EI(4:(8)1))

] E ||zs||3 < Goivey.

Using the fact that 6 = n/p, €1 ~ N(0,X) and 0pmax(X) = p/p, we get

B[ (621 1)~ Elotwn, =] B) | Dpl) (60023 Bj2) — Elotun, @3 B12) | Dpal)| < + (@i psies).

O

The second Lemma aims to obtain an upper bound for the second moment of V5. This corresponds to Lemma 5
in the proof of Theorem 1.

Lemma 8. Under the assumptions of Theorem 2, we have

=1

n 2
E (Tll > Eléwi,x, B)i) | Dsi] — Elé(yo, z) B) | D]) < C?gEHBn — B3 < elpdocoiics.

Proof. Again the proof follows very similar to the steps as the proof of Lemma 5. In fact, we follow exactly the
same steps until it is proved that

n 2
E (i S El(w w7 B:) | Dyl — Elo(o, 2] 8) | D]) < ALEI8 - Al
=1

Then, in order to bound E||3 /- 8|12 we use a slightly different strategy. According to Lemma 6 we have

i) gy
= = l[1[2-
infye(0,1] Omin(J/1 (tB + (1 —1)B/1))

Hence, by using Cauchy-Schwarz inequality we have:

1 A - -
];E (”5/1 — ﬁHg) < 8oCoUey,

181 = Bl <

from which we deduce:

2
1o N - N -
E (n 2_Elow: 2! B)) | D) ~ El$(yo, x5 B) | D]) < A EIB - Bl < codozorea.



Error bounds in estimating the out-of-sample prediction error using LOOCV

H Proof of Corollary 3

As is clear, we would like to use Theorem 2 to prove our claim. Toward this goal, we have to prove that
Assumptions 1/, 2/, and 3’ hold. Furthermore, we have to obtain an upper bound for the constant C,, which in
turn requires us to bound E Var[¢(y,, mIB /1) | D/1]. Given that x; is Gaussian, Assumption 1" is automatically
satisfied. Furthermore, since the regularizer is elastic-net, it is straightforward to prove Assumption 3’. To see
this, first note that, for all 7, j, we have almost surely:

Ay i 2 X[ diagll (18 + (1 - )B))1X i + AV2r (18 + (1 - 1)),
A iy = X;l;j diag[g/ij (tB/ij +(1 - f)B/i)]X/ij + )\V2"'(tB/ij +(1— t)ré/z'),
where 7(8) = v8% + (1 — 4)r%(3). Hence, it is straightforward to see that

Umin(At,/i) Z >\'77
Jmin(14t,/i,j) > )‘Py

Hence, the only remaining steps are to prove Assumption 2’ and bound the term E Var[¢(y,, x,_ B /1) | Dy1]. Given
that ¢(yo, ;5 8/1) = (Yo — , B/1)?, we have

El(yo — z, B/1)* | D1l

B~ =

Var(¢(yo, ®) B/1) | Dj1] <

Hence,

E Var[¢(yo, x4 B/1) | Dj1] < < El(yo — ) B/1)"] <

Hence, if we prove Assumption 2/, we have also proved that

(Bl ~ =38)%)

=
B~

A R 0.5 0.5
EVarlo (o, 2] A1) | Dpi] < ¢ (Bl — 2 B0)%) <

In the rest of this section, we focus on the proof of Assumption 2’. Note that

(y ;FB) =Y — w:,@ Under these
assumptions, we prove that there exists a fixed number ¢, such that E(y; — x; ,8) < ¢o

, and E(y, — wzﬁ/i)g < ¢.

Consider the following definitions:

2 p
B = arg mmf = arg mlnz Z (Bi)s
=1
A ,@)2 p
,3/1‘ = argngn f/l( = argmm Z Z (Bi) (17)
j=1,j#i =1

Furthermore, define ro.5(8) = 3% + (1 — v)r*(8). Our optimization problem can be written as

P
. —x;
,6’-argm1nf —argmlnz '8) +/\Zr05 Bi) + Zﬁf
i=1
Since y = X 3* + €, where € ~ N(0,021), the optimality conditions yield
XT(XB—y)+ B+ Nos(B) =
Hence, R )
B=(X"X+MID) X"y - MXTX + M) 'r5(8).
It is then straightforward to prove that
y-XB = (I-XX"X+MD) ' XNy AX (XX + M) 'o5(8)

= I-X(XTX4+MD'XHXB*+(T-X(X'X+MD)'XT)e
FAX (X T X 4+ MI) H5(B). (18)



Kamiar Rahnama Rad, Wenda Zhou, Arian Maleki

Our goal is to show that all the “finite” moments of the elements of y; — x, B, including the 8 moment required
in our example, are O(1). From (18) we have

Blyi — o/ BF < 3 (BQ - & (X(XTX + 1) X )XB")" + Bl - &/ (X X0 X el
FNEl2] (XTX + €MD) os(8)]") (19)

Hence, we bound each of the above three terms separately in the following lemmas:

Lemma 9. Under the assumptions of Example 8 we have
p 2k
T T 15T #\k *
E(l—:l:i (X(X X—l—)\’}/I) X )Xﬂ ) < (}7)\2'72,8 ||2> k.

Proof. First note that
(I-X(XTX 4+ M) ' XHXB* = X(X"X +MI)"18% (20)

Hence,
l—2/(X(XTX +MI)7'XT)XB* = Mz (XTX +MI)7'8*%.

Define D, = (X/—';X /i + AyI)~t. According to the matrix inversion lemma we have

T T T
ZT; DiIBZ{L‘i Diﬂ* o ZT; Dz,@*

T T —1 g% T *
T(XTX 4+ MI -z D,8* — - .
i ( Ay ) B i B 1+ :BID%ZB, 14+ IE;FDZCILL

(21)

Note that conditioned on X /; the distribution of x] D;3* is a zero mean Gaussian random variable with variance

vi = ||ZV2DiB* |3 < 3552 [18*(3. Hence, (21) and the moments of a Gaussian random variable (see Lemma 2)
lead to

E(le] (XTX + 1) '8 | Xi) < vh(k - DI, (22)

Hence, by the law of iterated expectation, we obtain

2k
TiyT —1g*k k P *
Bl (XX 420071 < vb - Dt < (S8 1ela) ke
Lemma 10. Under the assumptions of Example 3, if € ~ N(0,021I), then

Ell -2/ (XTX + M) X ek <of(k— 1)1

Proof. Note that conditioned on X, the distribution of v = (I — X (X " X +MyI)~'X T )e is multivariate Gaussian
with mean zero and covariance matrix o2(I — X(X " X + MyI)~1X T)2. We have

I-X(XTX4+MD' X" =T-X(X"X+M)'XT - X(X"X+MI)2XT. (23)
We define 0(X) = (1 — o] (X" X + MI) 'w; — Mya] (X T X + M)~ 2w;) o2, Clearly 0(X) < 02, hence,
E(lvi|* | X) < of(X)(k— 1) < o¥(k — 1)1, (24)
where the first inequality is due to Lemma 2. Hence, again by the law of iterated expectation, we have

E(|vi|*) < a*(k — 1)1
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Lemma 11. Under the assumptions of Example 8 we have

Elz] (XTX + 22 1) Yo 5(B)*

2
9t (3 (2 2)) (252 ) o ()5

Proof. Since f/i(f'}/i) < f/i(0), we have

2018115 < lyyill3- (26)
Furthermore, due to #p5(8) < v+ M, 70.5(0) = 0, and (26), we have
. (A ao(l=9)Y\ 3 1 al—v) 2
[70.5(8/:)]13 < (’Y + 2) 1833 < <2/\ + v ly/illa- (27)

The first order optimality condition yields
XTX(B)i = B) + M (Bi) = M(B) = —mi(yi — ] B)i).

Since the minimum eigenvalue of the Hessian of r(83) is 27, therefore the minimum eigenvalue of X " X +\ diag[#(3)]
(for all B) is greater than 2)\y, leading to

|y — xiTB/i|
— ||

3, _ A3ll, < .
18 — Bll2 < o [l |2
This together with 79 5(8) < v+ (1 ) yields
. A . A al=9\ a2 a4 1 a(l—9v)
s 8) = fos(Ble < (v+ 2520 ) 18— Bl < (55 + “G ) b = o7 Byl

Define D, = (X;';X /i + AyI) 7. According to the matrix inversion lemma we have

3 o a Diwx] Ditos(B)  x] Difos(B)
T(XTX 4+ M)~ 17 — x] D;f _ % Hixix; Hiros i Dito5(B) 0
= { M) 05(B) = @i Difos(0) 1+w;'— D;x; 1+m;r D;x; (28)

Furthermore, we have
@] Dito5(B)| < &) Dito.5(8):)| + 2] Di(ro.5(8) — #0.5(8):))]. (29)
Note that for two random variables a and b we have
E(a + b)* < 2871E(a” + bF).
Hence,
E(|lz] Dio.5(8)))* < 287" <E|$:Difo.5(5/i)|k +Elz] D;(i0.5(8) - f’o.5(5/i))\k) : (30)
First note that, since the maximum eigenvalue of D; is Ay we have

|z D;(f0.5(8) — *0.5(8))]

1 . A . 1 a(l —7) A
< o llellllios(® - FosBle < g lasl} (14 <2 ) - 2T By
< g (14 20 3w+l Bl (31)
T 2)\2%y 2 v

Hence,

k
(] Di(ios(8) ~ fosB)* < (5= (14 22) ) Vel Bl + foy B>

< (g (14 20 20) ) oo e i+ Bl B (52)

Furthermore, we have
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Y

1. According to Lemma 3, E||z;||5 = w < (1 + 2772) ® < 1.5%, where the last inequality is according

p2
to the assumption p > 2(¢ — 2).

2. Note that y; ~ N(0, 3" 28 + ¢2). Furthermore, 3" X3+ 02 < p'eTT'B + 02, Hence, using the the moments of

Gaussian (see Lemma 2), we have
IGTIG £/2
Ely|* < < +0? > o. (33)
p

~ -~ ~ ~ ~ AT. 3 - c . 2
3. Given X;,yy;, the distribution of @] 8/ is N(0,8],£8;). Furthermore, 8],58; < Lrbri o ysls

—  2nAy ?
where the last inequality is due to (26). Hence, we have

/2
E(lz] Bil" | X0,y < cllyil " o, (34)
i M/i JirY/i) = 27’7/)\’}/

Since y; i-id N(0,8"EB+02),and 8T8 + 02 < @ + o2, we have

o (olBTBIE | 2\
o CE(lyal) (A5 02) ) s
E(zl 88 < (S0l ) o o
' (2n)y)4/2 (29))% iz

ot (Helet +U€2)é
L 1.5%1, (35)
"y 2

where for the last inequality we assumed that n > 2¢.

Finally, we compute an upper bound on |:c;'—Di7"0_5(,é/i)|. Since x; is independent of y,; and X ;, we conclude
that given X /; and y/;, a:;rDi'f'O_E,(B /i) is a Gaussian random variable with mean zero and variance

4pmax meax ( ) CHy lH
=2 Dso Bl < 225 Wos(Blf < 25 (14 20720 ) ol = L,

where ( =

(1 + ( )) and the second inequality is due to (27). Hence,

nn+2)...(n+%-2)

E|SY2Diro 58, < ¢V/2 NE

< (1.5¢)"/2.

I Proof of Corollary 4

The goal of this section is to use Theorem 2 to prove corollary 4. Hence, we have to confirm that Assumptions
1/, 2/, and 3’ hold, and that E Var[¢(y,, wIB/l) | D/1] is bounded. Similar to what we did at the beginning of
Section H, it is straightforward to check the validity of Assumptions 1’ and 3’. Hence, we only focus on proving
Assumption 2’ and finding an upper bound for E Var[¢(y,, mZB/l) | D).

Regarding Assumption 2’ , we first prove that under the assumptions of this corollary, there exists a fixed number
¢o, such that E({(y; | ] B))% < & and E({(yo | =] 0 3/:1))® < . Since L(y | z) = f(z) — ylog f(z), we have
Uyi | 2] B) = f'(] B) —vif' (@] B)/f (=] B),

where f/'(z) = 1/(1 + e *). We have that, for all z € R, f'(z) <1and 0 < f'(2)/f(2) <1, from which we deduce
that:

(ys | 2] B)] < 1+ yi. (36)
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In particular, we have that:

Eli(y; | ! B)F < E(1+y)®
< Ee&¥i =EE[® |z 8]
@ Eexp{(c® — e, 87}
®) 14 1278 2
< eXP{%Hﬁ 13(e® — 1)}
(68 - 1)2 P *
= eXp{Tgllﬁ 13},

8 —1)2
< o).

To obtain equality (a) we have used the moment generating function of the Poisson distribution with y; ~
Poisson(f(z] B*)). To obtain inequality (b) we have used the moment generating function of a Gaussian
distribution and the fact that E(z, 3%)? < ]Q,H,@*H% Given that the upper bound we derived in (36) for the

derivative of the loss function does not depend on the second input argument of the loss, that is scj,@, the proof
that Poisson loss satisfies the other conditions of Assumption 2’ for ¢(y, z) = £(y | z) will be exactly similar and
hence is skipped. In particular, we have verified the conditions of Assumption 2’ for any convex regularizer.

Now we turn our attention to bounding E Var[¢(y, | ZBIB/l) | D/1]. First note that
Var[t(yolz, B/1) | D1l < Bl (yolz) B/1) | Dyl (37)
Furthermore, from the mean value theorem we have:
Uyolg Br) = Lyo | &5 B7) + (yol2) (24 B/r — 24 B7),
Hence, we have:
Clyo | g B1) < 20(yo [ w5 8°) + 21 +95) (x5 B1 — g B°)*. (38)

To complete the proof we have to show that both E¢%(y,,z, 3*) and E(1 + yf)(:coTB/l —x] 3*)? are bounded.
First note that, using £(y | z) = f(2) — ylog f(z) and, for any a,b € R, (a + b)? < 2a? + 2b?%, yields

Clyo |y B°) < 2f*(m, B7) + 2y2 log? f(z, BY). (39)
Hence,

E(yo | x4 B) < 2E f2(z, B*) + 2E(f(z, B%) + f* (x4 B%)) log® f(z) B7). (40)

The following facts will help us bound these terms:

fl®lB*) > 0
<

flxgB7) < 1+|z 87,
(41)
On the other hand, it is straightforward to check that for any v > 0 we have
ylog?y < 1442,
v2log?y < 1447 (42)

By combining these equations we obtain:

EC(y, |z} B*) < 2Ef*(z)B")+2E1+ f*(z)B)) +2E(1 + f*(z) B*))
< 444E f3(x]B8%) +2E f3(z) 8)
<

4+4E(1 + |z) 8% +2E(1 + =) 87))3. (43)
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Note that x| B* is a Gaussian random variable with mean zero and variance (3*) T £3* < pb. Hence, E £2(y,, ] 8*)
is bounded by a constant.

For the second term in (38) we have

E(1+y;)(x, B/ — 2, 87)

E(1+ f(z)B8%) + f2(z) B)) (=) B)1 — ) B*)?
E(1+(1+z)B8%)+ 1+ [z)BY) (x B/ — =) B) (44)

AN

Note that in order to show that this term is bounded from above by a constant, we only need to show that terms
of the form:
TA |k T g* |k TA k T %2k
E |z, 81|y " < (E|zy B[ Elay B772)"2

are bounded for k1 < 2 and ky + ko < 4. As previously, we note that :cOTﬁ* is a Gaussian random variable with
variance 8*T 28" < £8*||3 < pb, and hence (E |z B*|*#2)1/2 is bounded. Hence, the only remaining step is to

prove the boundedness of E |z ﬁ /1 |21, where k; is at most 2. Note that conditioned on D /1 the random variable
az;rﬁ/l is Gaussian with the variance that is bounded by gﬁ%ﬁ/l. Hence, using Lemma 2 we have

k1
Elz, B/1|** < (2k — DIIE (gﬂ%ﬂﬂ) :
The definition of 3 »1 (and comparing it with 3*) yields
D lys L] B) +Ar(Br) <D Uy | =] B7) + Ar(B7),
J#i J#i
The ~-strong convexity of the smoothed elastic-net regularizer r, and the fact that £ > 0, leads to
MBI <Dy | 2] B%) + Ar(8Y).
J#i

Since k1 < 2, we only prove that E |:c:';,£§/1|4 is bounded. Toward this goal we have:

2

E(218lE) < plu«:(; (s | 2] B7) + Mr(8Y)
< ;E(; Uys | @] B)) + EOwr(8°))?
< 2n(n2— 1) E(y | 2] 8%) + )\27;2)5[;*)
< wEA |2l + 20 (4
Hence, we have to prove that E¢?(y; | ¢ 8*) and % are bounded. First note we proved in (43) that:
Clyo |2y 8%) <A+ 401+ |z, B°))° +2(1 + |z, B*)°. (46)

Note that @ 3% is a Gaussian random variable with variance 8*T 38" < £||3*(|3 < pb, and hence E (%(y, | z, 8*)
is bounded. On the other hand,

P
r(B) =4(B") 78"+ (1 =) ) r*(8)). (47)

i=1

It is straightforward to prove that 7%(z) = % < 1. Hence,

r(BY) =v(B") 8"+ (1—7) > r*(8) <v(B) B +(1—7) D _(

i=1 i=1

2log2
@

+ 187D, (48)
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where to obtain the last inequality we used the mean value theorem
r(lz]) = ra(0) +77(2)]2,

where Z € (0, |z|), and the facts that 7*(Z) < 1 and r*(0) = %. Using (48) we obtain:

1o 1(B)TB* | (1—9)2l0g2  1—7~ ..
(B S S e ;W
B T M (R 12 N S LT,
P a p
< 7b+(1_7ﬂ+(1—7)\/5. (49)

«

J Proof of Corollary 5

Similar to the proofs of Corollaries 4, 3, we would like to use Theorem 2 to prove our claim. Toward this goal,
We have to prove that Assumptions 1/, 2/, and 3’ hold. Furtherrpore, we have to obtain an upper bound for the
constant C,, which in turn requires us to bound E Var[¢(y,, SCIB/I) | D/1]. Again, the proofs of Assumptions 1’
and 3’ are exactly the same as we presented in the last two sections. Hence, we only focus on Assumption 2’
and E Var[¢(yo, z, 8/1) | D/1]. We would like to prove that the conditions of Assumption 2" are satisfied with
= _ = _ o8 -8

Go=0¢ =2%°(k+a”®).

It we compute the derivative of the log-likelihood, we will obtain

z

iy | 2) = |-y+ @y+a) <y+al (50)

leY
1+ ae?

We thus deduce that: . A
Elf(yr |z B))® <E(y+a 1)® <28k +a®).

As the bound (50) is free of z, the same argument above applies to the other requirements in Assumption 2’.

Now we turn our attention to the calculation of E Var[¢(y,, :B;r,é/l) | D/1]. Note that
E Var[l(yo, z) B/1) | D] < E 6 (yo, ) B)1).
Note that by removing the constant from the log-likelihood we obtain

T A ~ ~ ~
(o + 1) log(1 + ae® ) —y,(x) B/1)] < yo + o (1 + |log o] + |z] B/1l) + volzd B)1
2yolz) B/1| +a (1 +|logal + |z} B/1l). (51)

1€(yo | wIB/l”

IN

The rest of the proof is very similar to the proof that we presented for Corollary 4. Hence, we skip it.



