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A Proofs and Derivations

In this appendix, we report the proofs and derivations of the results presented in the main paper.

A.1 Proofs of Section 4
Theorem 4.1. If 3 is positive definite, the optimization problem (5) can be restated as:

mirg
z..)»e]RJr
llewll, =1

1 (6)

Tovion
‘ 0¥ (0 [(wely)TE(wels)]

where ® denotes the Kronecker product and 14 is the identity matrixz of order d. Furthermore, the approximating
Jacobian M(w) is given by:
vee (M(w)) ={1yy = B(w @ 1) [(w @ L) S(w e 1))~

X (w® Id)T}vec (691/)(0)) .

Proof. The proof is analogous of that of Theorem 1 of (Manton et al., 2003). We report it using our notation
for completeness. Let w € R? be a fixed vector, we are to solve the following optimization problem:

min
MeR* 4
Mw=0

vec (%91/)(0) — M) H22—1

We employ Lagrange multipliers, leading to the Lagrangian function:
LM, A) = Hvec (V@’l/) )H + ATMw
2
= Hvec (Vgt/)(@)) — vec (M)Hzfl + AT (w @ 1) Tvec (M),

where A € R? is the Lagrange multiplier and we exploited the properties of the vectorization operator and the
Kronecker product to derive the second equation. We notice that the Lagrangian function £ is convex w.r.t. to
vec (M). Thus, we make the gradient vanish:

oL
Ovec (M)
oL
2

From the first equation, we obtain an expression for vec (M) as a function of A:

=2%! (vec (@91/}(0)) — vec (M)) +(weIHA=0

= (w®Iy) vec (M) = 0.

vec (M) = vec (@91/1(0)) + %Z(w @ I)A.
By substituting into the second equation, we get the value of A:
(w @ Iy) vec (%q,b(a)) + %(w 1) ' B(woI)A =0
— A= 2 [(wO L) Swol)]  (wal) vec (%zp(e)) .
Finally, we get the expression for vec (M):
vec (M) = vec (%1/;(0)) —BN(wo L) [(wel) Swely)] " (wl) vec (§9¢(9))

_ {qu S Swol) [(wel) Swel)  (we Id)T} vec (ﬁgqp(a)) .
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We can now substitute the value of vec (M) into the loss function:

[vec (Vow(6) - )H =[P e L) [(wel) Sw@e L)) e L) vee (Vo (6 )HE 1
— vee (vm/: )T (WL [(wel) Swel)]  (wel) S5
x D(w @1y [(woTy) Bw e I,)] " (we ) vee (%z/;(e))
= vec (Vga,b 0)) we L) [(weI) S(woly)] " (wely) ve (%1/)(9))
= (Vo)) [(w o 1) 2w 2 10)] " (Vorh(6)w)
= [Foviore]

[(weIa)TS(wela)]
where we employed the properties of the vectorization operator and the Kronecker product in the last but one

line and the definition of norm in the last line. O

Corollary 4.1. Let Q € R be a positive definite matriz and let 1, denote the g-dimensional vector of all
ones. If ¥ = ]lq]IqT ® Q, then objective function (6) is convex. Furthermore, if Q = 1, then the objective
function (6) is equivalent to (2) with p = 2.

Proof. When X = Ilqltg ® Q, we can provide the following derivation exploiting the properties of the Kronecker
product and recalling that w” 1, = 1 because of the enforced constraints:
(W) B(wel)=(wel)” (11! ® Q) (weIy)
(W', 1] ®1,Q)(w ® 1)
= (1; ® Q)(w ® 1)
=17w®Qly

N 2
Therefore, the objective function becomes HV@@Z)(G)wHQ_l which is clearly convex in w, as Q is positive definite.

~ 2 ~ 2
Moreover, if we take Q = I, then we have HVg't,b(G)w = HVg'l,b(G)w‘ ) that is the objective function (2)

optimized by GIRL when p = 2. O

A.2 Proofs of Section 4.1

Lemma A.1. Let x, y € R? any pair of vectors, then it holds that:

Proof. The result follows from the following sequence of algebraic manipulations:

2|x — yllo
o max{[x|ly, [[ylly}

X y
Ixlly [yl

‘Xy ‘ X .y y
1%l lyllally  IHIxle vl — =l
Ix = ylly | Ixlly = [yl
= il P
_olx =l
B

where we applied the triangular inequality in the second line and the reverse triangular inequality in the last one,
ie., |[[x|ly = l¥lls] < llx —yll,- By observing that, for symmetry reasons, the same derivation can be performed
getting ||y||, at the denominator, we get the result. O
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Lemma A.2. Let A = (ai|...|a,), B = (b1]...|b,) € R¥Y be two matrices of rank g—1 such that s,_1(B) > 0,
where sq—1 denotes the (¢ — 1)-th singular value. Let A = span({ay,...,a,}) and B = span ({b1,...,b,}) be
the vector spaces generated by the columns of A and B respectively. Then, the cosine of the (principal) angle «
between the corresponding orthogonal complements A+ and B+ is lower bounded by:

2

=cos< (AL, BY) >1 - —"—— min |A-BI|;
cosa = cos <t (AT, B") > sq,l(A)QHeHllDIegnq” (¥

where Perm,, is the set of all permutation matrices of order g and || - || denotes the Frobenius norm.

Proof. Since both matrices A and B have rank ¢ — 1, the orthogonal complements A+ and B+ have dimension
1. Since the principal angles (which in this case is just one) of the orthogonal complements are essentially the
same as those of the correponding spaces (Knyazev et al., 2010), we reduce the problem to the computation of
< (A, B). In particular, we are interested in the maximum (and only non-zero) principal angle «, whose cosine
can be conveniently defined as (Taslaman, 2014):

1
o . T o _ . _ 2
cosa = min ;%%R}é (Ax)"By =1 5 ax ;relig |Ax — Byl||;,
|Ax|,=1|By]|,=1 lAx|l,=1 |By]||,=1
where the identity follows from recalling that |la —b||3 = [a]| + ||b]|3 — 2a”b. Consider now the set X =

{x € R?: ||Ax]||, = 1}. Since A is not full rank, the set X will contain vectors with non-zero projection onto
the null-space of A. Thus, for any x € X we can write x = x* 4 x/l, where x* € null(A) and x| L null(A).
Furthermore, we have that Ax = A(x' +x/) = Ax/, by definition of null space. Therefore, for the computation
of the min, we can limit our search of x to the set {x € R?: ||Ax||, =1 A x L null(A)}. Let IT be a permutation
matrix, we now consider the following sequence of inequalities:

2

BII
max min [[Ax — By|, < max min  ||Ax — —— ()
x€ER? RY x€RY II€Perm, ||BHXH2 2
lAx|l,=1 ||By]|l,=1 lAx|,=1
x 1L null(A) x L null(A)
<2 max min |Ax — BIIx|, (9)
- xeR? IIcPerm, max{l ||BHX|| }
1Ax]|,=1 ’ ?
xLnull(A)
<2 max min [|Ax — BIIx]| (10)
xeR? IIcPerm, 2
lAx| =1
xLnull(A)
q
<2 omay i 1D (@ - be) =
1A, =1 =1 2
xLnull(A)
q
<2 max ner%glm Z|$i| i = breyyl, (12)
1A, =1 isl
xLnull(A)
q
. 2
<2 max xfy min > la = b (13)
1Ax]|,=1 f =t
xLnull(A)
<2 max ], min A B, (14)
1Ax]|,=1 !
xLnull(A)

where line (8) follows from bounding the min over y with a specific choice of y = IIx. Line (9) is obtained
from Lemma A.1 and line (10) derives from bounding the maximum at the denominator with its first argument.
Line (11) follows from the definition of permutation matrix, having denoted with 7 : {1,...,q} — {1,...,¢} the
permutation realized by II. Line (12) follows from expanding the expression at the previous line, while line (13) is
an application of Cauchy-Swartz inequality. Finally, line (14) is obtained from the definition of Frobenius norm.
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To conclude, we bound the norm ||x||, under the constraints ||Ax|, = 1 and x L null(A). For this purpose,
we consider the singular value decomposition of A = USVT, where S = diag(s1,...,84-1,0) and sq—1 > 0 for
the hypothesis. Moreover, let V = (v1]...|v,), we know that null(A) = span({v,}). Therefore, our chosen x is
orthogonal to xTvq = 0. We now consider the matrix-vector product norm:

2 a1
|Ax|2 = HUSVTXH = x"VSUTUSV x = x"VS*VTx = 3 s2(x"v,)?
2

i=1

q—1
T 2
> 2 YR = 2 I
i=1
where we exploited the fact that U is a unitary matrix and the fact that Zf:_ll (xTv;)? = ||X||§, being the vectors
of V an orthonormal basis. Using this result, and recalling that ||Ax||, = 1, we can upper bound the value of
Ix]l5, to get the result. O

Lemma A.3. Let M(@) be the approzimate Jacobian recovered by ¥-GIRL run with the covariance matriz X,
starting from the sample Jacobian Ve1p(0). Let Vo1p(0) be the true Jacobian. Then, it holds that:

~ 2
Ivee (M(@) — Votp(0)) [ < 4z |[vec (Totp(6) — Vou(0)) | _ - (15)
Proof. Given a vector x, we upper bound the norm ||x||, with ||x||5-1:
)% = X727 % > spnin (271) xTx = s (571 [I%]12,
where Spin (+) is the minimum singular value of a matrix. Now, since Smin (2*1) = m = ﬁ7 we have

that ||x||§ < 12|y ||x||§_1. Additionally, if 3 is the covariance matrix that is used for recovering M(@) it follows
that the distance between M(@) and Vg1)(€) cannot be larger than twice the distance between Vg1)(0) and
Vo(6):

Ivee (M(@) — Vou(8)) -+ < 2]|vec (Voss(6) - Vor(0)) | _ - (16)

Putting these two inequalities together, we get the result. O

Theorem 4.2. Let @91/1(0) be an unbiased estimate of the Jacobian Vg1 (0) obtained with the trajectories
D ={r,...,m,}. Let 25 = Cov[vec(Vg1)(8))] be the true covariance matriz of the estimated Jacobian. Let &

be the weight vector recovered by S-GIRL run with covariance matriz 3 and w? be the expert’s weight vector.
If Voup(0) and M(®@) have rank ¢ — 1 and sq—1 (Ve (0)) = s > 0, where sq_1(-) denotes the (¢ — 1)-th singular

value, then it holds that:
~ 16dq | 3|
B [[o - wb]l,) </ 22LZ]:

where the expectation is taken w.r.t. the randomness of the trajectories in D used to compute 691/;(0).

Proof. From the proof of Theorem 13.2 of (Pirotta, 2016), we know that:

H@—wEH2 < v2(1 — cosa), (17)

where « is the angle between the two vectors @ and w¥. We now provide a bound for cosa. Since @ and w®
belong to the orthogonal complements of the column spaces generated by M(&) and V() respectively. From
Lemma A.2, we have that:

2

>1-— % i — M(@)II||% .
cosa > 591 (Vot(0)) nd, IVerp(6) (@)%

We now consider the following sequence of derivations:

min [[Ve3(0) - M(@)I7 < |M(®) — Vo3 (0)]|7 (18)

IIePerm,

< |vec (M(w) — Vorp(0))]12 (19)
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§4||EH2Hvec (691&( ) — V(0 ) ; (20)

HE 1

where line (18) is obtained from selecting IT = I,. Line (19) derives from observing that the Frobenius norm
of a matrix equals the L?-norm of the corresponding vectorization. Finally, line (20) follows from Lemma A.3.
Putting this latter result into Equation (17), we have:

2

& - w?|), < \/%_fv”ip@w [vee (Vow(6) = Vou(0))

Now we compute the expectation of the norm of the difference:

[, e (Fovt0) - vowio), |

s-1

E[HUAJ—UJEHQ] <E S 71(v9¢(9))2 n-1

< \/16”2”2E [Hvec (%w(e) — Vo¢(0)) H2 }7

5q-1(Vo1h(0))? z-1

where the last passage follows from Jensen inequality. To conclude, we compute the expectation inside the
square root by observing that it is the expectation of a zero-mean random vector under the norm induced

by its true covariance matrix. Thus, by renaming x = vec (@91,[)(0) — Vm,b(ﬁ)) € R% and recalling that
E[xxT] = Cov[Vev(8)] = Z we have:

E {Hx”é,l} =E[x"2 x| =E [tr(x" 2" 'x)]

=F [tr(E_lxxT)] =tr (E_IE [XXT]) = tr <2_12> = @

Bound Discussion The bound on the error of the recovered weights depends on the size of the Jacobian
matrix dg, on the L2-norm of the true covariance matrix X, as more uncertain gradients make the estimation
of the true Jacobian harder, and on s,_;1 (the last but one singular value of the true Jacobian matrix). The
dependence on s, is related to the reward feature space. This quantity replaces the quantity p of Theorem 13.2
of Pirotta (2016). The difference is p is a property of the estimated Jacobian, whereas s depends is a property
of the true Jacobian matrix.

A.3 Proofs of Section 5

We obtain the expression of function Q(£2, 2°'4) following a derivation analogous to the one presented in Bilmes
et al. (1998). We denote with y = (y1,...,¥ym) the realization of the random vector Y.

Q)= E . legl@DY)

fZIog (2D, y))p(y|D, Q)

= ZZlOg (ay,py, (Dilwy,)) H p(i‘/i"Di’aQOld)
=1

m

y =1
k k m
Z Z Z og Ozy,py, D |wyl)) H p(yi/|Di/,Q°1d) _

1 i'=1

Zlog a;p(D;|w;)) Z Z Ty Hp yir| Dy, Q)

=1 y1=1 Ym=1

<
<
Il

[
W

<.
Il
-
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m

Z log(a;p(Ds|w;))zi;

Il
<Mw

<
Il
_
s
Il
_

zij (log aj + log p(D;|w;)) .

M=
M-

~
I
—
©
I
—

B Details on Optimization Problem (6)

B.1 Approximation of ¥ as in Corollary 4.1

In this appendix, we provide a way to represent a generic X as a matrix of the form ]lq]lg ®Q as in Corollary 4.1.
We seek for the minimum Frobenius-norm distance between 3 and ]lq]lg ® Q:

1 T 2

N R P 21
Q>04

where we required that Q > 04, i.e., that Q is positive definite whenever X is.

We will solve the problem ignoring the constraint and we will prove that the resulting matrix is indeed positive
definite whenever 3 is.

Lemma B.1. Let ¥ = n(Cov[vec(@m,b(G))], the problem (21) admits a unique solution that is:
1
a2

Q =nCov [Veyl,] = .

q q
1 T
22 St naderng = o (e T S (1,0 T), (22
i=1j=1

where we denoted with X, ;. the submatriz obtained by taking the rows between i and i’ and the columns
between j and j'. Furthermore, Q is positive definite whenever 3 is.

Proof. Recall that the Kroneker product ]lq]l?; ® Q constructs a matrix in which Q is repeated ¢ x ¢ times,
arranged in a square matrix. Thus, it follows that we can rewrite the norm as:

1 1 q q
9 HE - ]lq]qu ® QH? = 9 ZZ HQ - Eiq:(i+1)q7]‘q=(]‘+1)qni‘
i=1 j=1

This is a least-squares problem, that can be solved in closed form, yelding to a matrix Q which is the mean of

the blocks Xiq.(i4+1)q,¢:(i+1)a"

To get the first expression we observe that each block can be rewritten as:
Eig+ e G+1g = Cov [Verhi, Veu;].
Given the linearity of the covariance we have:

1 9 1 AU
qiz Z Z Big:(i+1)qia:(G+1)g = qu Z Z Cov [Vethi, Varb,]
i=1j=1 i=1 j=1

1 q q
= q*Q(COV > Vo, > Vo,
i=1 =1

1
= q—2 Cov [Veypl,, Veypl,].

The last equality follows from the properties of the Kroneker product.

We now prove that matrix Q is positive definite whenever X is. Q is positive definite if and only if:

inf x7Qx > 0.
xERZ:x#£0
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Let us now consider the following derivation:

1 T
inf x"Qx=— inf 1,01) (1,01
xeﬂéglzxyéox QX q2 xeﬂédn:x;éO ( d) ( d)
1
> — inf x'¥x>0
q° xeR:x#£0
having observed that (1, ® I) x is never null unless x is null. O

Note that this is equivalent to take a specific choice for the weights w = %]lq.

B.2 Analysis of the Gap

In this appendix, we upper bound the gap on the objective function value attained by the optimum when we
consider either matrix 3 or a matrix of the form ]lqlqu ® Q.

First of all, let us denote with [a (w) the objective function in problem (6), when using A as covariance model.
Let A and B be two covariance matrices and let wa and wg be any of the optimal weight for the corresponding
covariances. Supposing that A is the true covariance, we want to bound 0 < s (wa ) —la(wp). Using a standard
argument from empirical risk minimization:

Ia(wa) —la(wB) = la(wa) — la(ws) £ lB(wB)
( A) —lB(wa) +lB(wB) — la(ws)
sup |la (w) — IB(w)],

w

\\/ I\/

where we exploited the fact that Ig(wp) < Ig(wa ). Thus, it sufficies to prove an upper bound on |/a (w) — Ig(w)]
that is uniform over w.

Lemma B.2. Let A € R¥¥9 gnd B € R¥¥9 symmetric positive definite. Then, it holds that:

Vd
F S Smin(B).

HAT (ABAT) A (23)

Proof. First recall that for a symmetric positive definite matrix the following identity involving the square root

holds: )
(3) = ()

Consider now the following derivation:

HAT (aBAT) H SBIAT ( ABAT) ABIB™?

F
-1

< |82 2HB2AT (aBAT)  AB}
F

1 LAT \ 7! i
-~ __|BiA (ABA) AB?| |
Smin(B) F

where we exploited the inequality || XY/ < [|X]|,||Y]| and fact that HB_E , ﬁ Let us bound the

second term.

HB%AT (ABAT)_IAB% i

1 -1 11 -1 1
- (B%AT (ABAT) AB:B:AT (ABAT) AB%)

— tr <ABAT (ABAT) ' ABAT (ABAT> _1>
— tr (ILy) = d,

where we exploited the identity HX||2F =tr (XTX> and the cyclic property of the trace. O
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Lemma B.3. Let A,B € R¥% pe two symmetric positive semidefinite matrices. Then, for any w € R it
holds that:

lla(w) =1 5, @ue(W)| < H(w ® Iy) [(w 9L) B(w® Id)i| B (woI)"

F

x |[(w ® L) [(w 2L A(w® Id)} T wely)”

[vew@l, 18- Al

Proof. We explicitly write down the expression of [ (w) and Ig(w) and perform a sequence of algebric manipu-
lations:

la(w) — Ip(w) = Hﬁw(e - Hﬁmﬁ(e)w(

2 2
)wH - ‘ -1
[(weI)T A(we1y)] [(woI)TB(we1y)]

—0"Vob(0) (@ 1) AW L) Vev(Olw - o Vou(®) [we L) Bwo L] Ve

— T Verp(0)” { [(w QL) A (w® Id)] o [(w ©L) B (we Id)] _1} Vop(0)w

w ' Ver(0)" [(w 1) A(w® Id)] o {qu - [(w L) A(we Id)] [(w ©1)"Bw® Id)] ’1} Vorp(0)w

W Vor(0)" [(w @ L) A (w e 1)) B {@ol) Bwel) - (wel) Awel))
< [(woT) B weo L) T Sew(0)w
— W Ve (0)” [(w QL) A (we Li)] T we L) {B— A} (we L) [(w ®L) B(w® Id)] T Sew(0)w

—tr (J%wef [(wol)"Awel) T we L) {(B- A} (we L) (@) Bwo L) ' %azp(e)w)

= tr ((w ® 1) [(w ©1)"Bw® Id)] T o (0)ww Vo (6)T [(w 21)T A (w® Id)] T wal) (B - A})

= vec ((w ®14) [(w @I)" Bw® Id)]

x vec (B — A)

Vo (O)wn Ton(0) [wel) Ao L)]  (we Id)T>

<

vec <(w ® 1) [(w ®L) B(we Id)] T Vv (0)ww Ve (6)” [(w QL) A (we Id)] T we Id)T>

X [[vec (B — A,

2

Vop(O)ww Vor(6) [(w e L) Ao L) (woL)T

(w® L) [(w 91)" B(w® Id)]

B — Al
F

where we applied the trace since the quantity is scalar, we exploited the cyclic property of the trace, we used the

inequality tr(X”Y) = vec(X)Tvec(Y), Cauchy-Swartz inequality and finally observed that ||vec(X)|l, = [|X|| ;-
To conclude consider:

Vo (8)w = vec (§9¢(0)w) = vec (Iﬁm/;(a)w) = (w” @ 1) vec (%qp(a)) — (w® L) vee (%w(e)) .
Using the properties of the Frobenious norm, the result follows. O

Theorem B.1. Let ¥ be the true covariance matriz and ]lq]lflr ® Q be its approximation. Then, it holds that:

2d

q ~ 2
gap < mHve'l/’(a)HF||2_]lq]qu®Q”F‘ (24)

mln(
Proof. We instantiate Lemma B.3 with A =3 and B = ]lq]l?; ® Q. Let us now consider the following identity:

L= (1,010 (1,91). (25)
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For the norm involving B we employ Lemma B.2 and for the other we directly derive:

[wot [wot) (17 o Q) o] woly”

=Jeetarvenr],

- [wet e Lwe )"

qiz H("" ® Id) (]lq ® Id)T (]lq ® Id) Q_l (]lq ® Id)T (]lq ® Id) (w & Id)THF

— wel) 1, L))" 1,81, [(L, @I) B, Id)} - 1, 21)" (1,0L) (wel)"

F

2 -1
<Jwet) e |t ew (Lo 2o e

2 Vd
2 Smin(X)’

F

<||we ) @01
where we exploited Lemma B.3. To bound the remaining term we have:

|wet) @, 217 < lw oL, 11, L,

< lwlly [Tally Tgll; ITall,

< el va < va.

C Computational Cost

In this appendix, we present the computational cost of the proposed algorithm »-GIRL. The computational
cost of the Jacobian estimation is linear in the number of policy parameters d, reward parameters ¢, samples N
and horizon H. The computational cost of the covariance is quadratic in the number of policy parameters d and
number of reward parameters ¢, and linear in samples N and horizon H. For a given w, evaluating the objective
in Equation 5 costs O(d® + d*¢?). The cost of an expectation maximization step is O(MkCyp), where M and
k are the number of agents and clusters and Coypt is the cost of optimizing function ), which depends on the
optimizer.

D Additional Experiments

In this appendix, we report some additional experimental details together with some details on the optimization
of the objective function employed by X-GIRL.

D.1 Optimization of ¥-GIRL objective function

The objective function optimized by 3-GIRL is, in the general case, non-convex. In the experiments,
we optimize this function using the implementation of SLSQP (Sequential Least SQuares Programming)
from scipy Python package (https://docs.scipy.org/doc/scipy/reference/generated/scipy.optimize.
minimize.html). We used the deafault parameters and tolerance value le — 8. We took the best of 25 in the
LQG experiment and 5 in the Gridworld experiment different random initializations.

D.2 Single-IRL

3-GIRL Comparison In this section, we compare different choices of the covariance matrix used in 3-GIRL
in the LQG environment. Apart from the full sample covariance matrix and the matrix of Corollary 4.1 (which
reduces our algorithm to GIRL), we consider also using a diagonal sample covariance matrix and the identity
matrix. The former considers only the uncertainty in each of the entries of the Jacobian matrix, while the latter
does not consider the uncertainty.
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Figure D.2 shows the results in the LQG environment. We can see that using the uncertainty of the gradient
estimation clearly achieves better performance. In the environment considered, using the full sample covariance
matrix, offers only a slight improvement when considering few trajectories, compared to the diagonal case. In
larger problems, where estimating the full covariance matrix might be prohibitive, using a diagonal covariance
model offers improvements compared to not using the uncertainty at all in the gradient estimation.
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Figure 7: Comparison on the LQG experiment with different choices of covariance model. 100 runs, 95% c.i.

D.3 Multiple-IRL

Gridworld In this section, we perform an empirical analysis the algorithm MLIRL (Babes et al., 2011).
The results in Section 7 show that the algorithm is not able to correctly cluster the agents. We perform two
experiments. In the first one, we have two agents with two different intentions. In the second one, we have two
agents with same intention but different optimal policies, and one agent with a different intention. As show in
Figure 8 in the first experiment MLIRL succeeds in the clustering task (left). When we add trajectories performed
by two agents with same intentions but different optimal policies the algorithm decreases its performance (right).
This behavior explains the results of Section 7 where we have a dataset with three agents sharing the same
intention (but different optimal policies) and two agent with different intention.

e
(o] -

Clustering accuracy
©
[}

=

101

102

Clustering accuracy

=

o
(o]

o
[

101

102

Episodes (n) Episodes (n)

—e— MLIRL —=— 3-GIRL

Figure 8: Clustering accuracy in the case of two agents and two clusters (left) and in the case of three agents
and two clusters (right). 20 runs 98 % c.i.
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