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Abstract

We investigate and provide new insights on
the sampling rule called Top-Two Thompson
Sampling (TTTS). In particular, we justify its
use for fized-confidence best-arm identifica-
tion. We further propose a variant of TTTS
called Top-Two Transportation Cost (T3C),
which disposes of the computational burden
of TTTS. As our main contribution, we pro-
vide the first sample complexity analysis of
TTTS and T3C when coupled with a very nat-
ural Bayesian stopping rule, for bandits with
Gaussian rewards, solving one of the open
questions raised by Russo (2016). We also
provide new posterior convergence results for
TTTS under two models that are commonly
used in practice: bandits with Gaussian and
Bernoulli rewards and conjugate priors.

1 Introduction

In multi-armed bandits, a learner repeatedly chooses
an arm to play, and receives a reward from the as-
sociated unknown probability distribution. When the
task is best-arm identification (BAI), the learner is not
only asked to sample an arm at each stage, but is also
asked to output a recommendation (i.e., a guess for
the arm with the largest mean reward) after a certain
period. Unlike in another well-studied bandit setting,
the learner is not interested in maximizing the sum
of rewards gathered during the exploration (or mini-
mizing regret), but only cares about the quality of her
recommendation. As such, BAI is a particular pure
exploration setting (Bubeck et al., 2009).

Formally, we consider a finite-arm bandit model, which
is a collection of K probability distributions, called
arms A = {1,..., K}, parametrized by their means
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H1, ..., pic. We assume the (unknown) best arm is
unique and we denote it by I* £ argmax, u;. A best-
arm identification strategy (I, Jn, T) consists of three
components. The first is a sampling rule, which selects
an arm [, at round n. At each round n, a vector of re-
wards Y, = (Y1, -+, Y, k) is generated for all arms
independently from past observations, but only Y, j, is
revealed to the learner. Let F,, be the o-algebra gener-
ated by (Uo, Il,Yl)[l,Ul, cee Iy, YnJ", Un), then I, is
Fn—1-measurable, i.e., it can only depend on the past
n — 1 observations, and some exogenous randomness,
materialized into U,_; ~ U([0,1]). The second com-
ponent is a JF,-measurable recommendation rule J,,
which returns a guess for the best arm, and thirdly,
the stopping rule 7, a stopping time with respect to
(Fn)pens decides when the exploration is over.

BAI is studied within several theoretical frameworks.
In this paper we consider the fixed-confidence set-
ting, introduced by Even-dar et al. (2003). Given a
risk parameter 6 € [0, 1], the goal is to ensure that
the probability to stop and recommend a wrong arm,
P[J; # I* AT < 0], is smaller than §, while minimiz-
ing the expected total number of samples to make this
accurate recommendation, E [7]. The most studied al-
ternative setting is the fixed-budget setting for which
the stopping rule 7 is fixed to some (known) maxi-
mal budget n, and the goal is to minimize the error
probability P [J, # I*] (Audibert and Bubeck, 2010).
Note that these two frameworks are very different in
general and do not share transferable regret bounds
(see Carpentier and Locatelli 2016 for an additional
discussion).

Most existing sampling rules for the fixed-confidence
setting depend on the risk parameter 6. Some
of them rely on confidence intervals such as
LUCB (Kalyanakrishnan et al., 2012), UGapE (Gabil-
lon et al, 2012), or 1il’UCB (Jamieson et al.,
2014); others are based on eliminations such as
SuccessiveElimination (Even-dar et al., 2003) and
ExponentialGapElimination (Karnin et al., 2013).
The first known sampling rule for BAI that does not
depend on ¢ is the tracking rule proposed by Gariv-
ier and Kaufmann (2016), which is proved to achieve
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the minimal sample complexity when combined with
the Chernoff stopping rule when § goes to zero. Such
an anytime sampling rule (neither depending on a risk
0 or a budget n) is very appealing for applications,
as advocated by Jun and Nowak (2016) who introduce
the anytime best-arm identification framework. In this
paper, we investigate another anytime sampling rule
for BAI: Top-Two Thompson Sampling (TTTS), and
propose a second anytime sampling rule: Top-Two
Transportation Cost (T3C).

Thompson Sampling (Thompson, 1933) is a Bayesian
algorithm well known for regret minimization, for
which it is now seen as a major competitor to UCB-
typed approaches (Burnetas and Katehakis, 1996;
Auer et al., 2002; Cappé et al., 2013). However, it is
also well known that regret minimizing algorithms can-
not yield optimal performance for BAI (Bubeck et al.,
2011; Kaufmann and Garivier, 2017) and as we opt
Thompson Sampling for BAI, then its adaptation is
necessary. Such an adaptation, TTTS, was given by
Russo (2016) along with two other top-two sampling
rules TTPS and TTVS. By choosing between two differ-
ent candidate arms in each round, these sampling rules
enforce the exploration of sub-optimal arms, which
would be under-sampled by vanilla Thompson sam-
pling due to its objective of maximizing rewards.

While TTTS appears to be a good anytime sampling
rule for fixed-confidence BAI when coupled with an
appropriate stopping rule, so far there is no theoretical
support for this employment. Indeed, the (Bayesian-
flavored) asymptotic analysis of Russo (2016) shows
that under TTTS, the posterior probability that I* is
the best arm converges almost surely to 1 at the best
possible rate. However, this property does not by itself
translate into sample complexity guarantees. Since the
result of Russo (2016), Qin et al. (2017) proposed and
analyzed TTEI, another Bayesian sampling rule, both
in the fixed-confidence setting and in terms of poste-
rior convergence rate. Nonetheless, similar guarantees
for TTTS have been left as an open question by Russo
(2016). In the present paper, we answer the question
whether we can obtain fixed-confidence guarantees and
optimal posterior convergence rates for TTTS. In addi-
tion, we propose T3C, a computationally more favor-
able variant of TTTS and extend the fixed-confidence
guarantees to T3C as well.

Contributions (1) We propose a new Bayesian sam-
pling rule, T3C, which is inspired by TTTS but easier to
implement and computationally advantageous (2) We
investigate two Bayesian stopping and recommenda-
tion rules and establish their §-correctness for a ban-
dit model with Gaussian rewards.' (3) We provide

Thereafter ‘Gaussian bandits’ or ‘Gaussian model’

the first sample complexity analysis of TTTS and T3C
for a Gaussian model and our proposed stopping rule.
(4) Russo’s posterior convergence results for TTTS were
obtained under restrictive assumptions on the models
and priors, which exclude the two mostly used mod-
els in practice: Gaussian bandits with Gaussian priors
and bandits with Bernoulli rewards~ with Beta priors.
We prove that optimal posterior convergence rates can
be obtained for those two as well.

Outline In Section 2, we restate TTTS and intro-
duce T3C along with our proposed recommendation
and stopping rules. Then, in Section 3, we describe
in detail two important notions of optimality that are
invoked in this paper. The main fixed-confidence anal-
ysis follows in Section 4, and further Bayesian optimal-
ity results are given in Section 5. Numerical illustra-
tions are given in Section

2 Bayesian BAI Strategies

In this section, we give an overview of the sampling
rule TTTS and introduce T3C. We provide details for
Bayesian updating for Gaussian and Bernoulli models
respectively, and introduce associated Bayesian stop-
ping and recommendation rules.

2.1 Sampling rules

Both TTTS and T3C employ a Bayesian machinery and
make use of a prior distribution II; over a set of pa-
rameters ©, which is assumed to contain the unknown
true parameter vector p. Upon acquiring observa-
tions (Yi,1,,--+ ,Yn—1.1,_,), we update our beliefs ac-
cording to Bayes’ rule and obtain a posterior distribu-
tion II,, which we assume to have density 7, w.r.t. the
Lebesgue measure. Russo’s analysis is requires strong
regularity properties on the models and priors, which
exclude two important useful cases we consider in this
paper: (1) the observations of each arm ¢ follow a
Gaussian distribution N (p;,0%) with common known
variance 0%, with imposed Gaussian prior N'(pi1,4,07% ;),
(2) all arms receive Bernoulli rewards with unknown
means, with a uniform (Beta(1,1)) prior on each arm.

Gaussian model For Gaussian bandits with a
N (0, x?) prior on each mean, the posterior distribution
of p; at round n is Gaussian with mean and variance
that are respectively given by

n—1 .
(=1 ]]‘{IZ = Z}Y}Z,Ie and o?
Tn,i+02//{2 Tn7i+02/l€2,
where T}, ; = 2;11 1{I, = i} is the number of selec-

tions of arm ¢ before round n. For the sake of simplic-

Zhereafter ‘Bernoulli bandits’
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ity, we consider improper Gaussian priors with 1, ; = 0
and o ; = +oo for all i € A, for which

1 n—1 ‘ 0_2
png = > WIe=i}Yer, and op ;=
[y n,i

Observe that in this case the posterior mean p, ; co-
incides with the empirical mean.

Beta-Bernoulli model For Bernoulli bandits with
a uniform (Beta(1,1)) prior on each mean, the poste-
rior distribution of u; at round n is a Beta distribution
with shape parameters oy, ; = ?;11 1{I, =i}Ye, +1
and By = Ty — 302y UH{Ie = i}Yer, + 1.

Now we briefly recall TTTS and introduce T3C. The
pseudo-code of TTTS and T3C are shown in Algo-
rithm

Description of TTTS At each time step n, TTTS has
two potential actions: (1) with probability 8, a param-
eter vector 0 is sampled from II,,, and TTTS chooses to
play e argmax;c 4 6;, (2) and with probability
1 — 3, the algorithm continues sampling new 6’ until
we obtain a challenger P s arg max;c 4 ) that is

different from 17(11)’ and TTTS chooses to play L(f).

Description of T3C One drawback of TTTS is that,
in practice, when the posteriors become concentrated,
it takes many Thompson samples before the challenger
I,(LQ) is obtained. We thus propose a variant of TTTS,
called T3C, which alleviates this computational burden.
Instead of re-sampling from the posterior until a differ-
ent candidate appears, we define the challenger as the
arm that has the lowest transportation cost Wn(L(Ll)7 1)
with respect to the first candidate (with ties broken
uniformly at random).

Let py,; be the empirical mean of arm 4 and fiy, ; £
(Tsittng + Tojbn,g)/(Toi + Th,j), then we define
NN 0 ifﬂn,j Z Hn,iy
Wa(i, ) = { Wh,ij + Wh,ji  otherwise, .

A

where Wy, ;; = T,:d (tni, fn,,;) for any 4,5 and
d(p; ') denotes the Kullback-Leibler between the dis-
tribution with mean p and that of mean p'. In the
Gaussian case, d(p; ') = (u — /)?/(202) while in the
Bernoulli case d(u;p') = pln(p/p') + (1 — p)In(1 —
)/ (1 — ). In particular, for Gaussian bandits

(:un,i - ,un,j)2
202(1/T7L,i + 1/Tn,j

Wn(zaj) = )]l{ﬂn,j < Mn,i}~

Note that under the Gaussian model with improper
priors, one should pull each arm once at the beginning
for the sake of obtaining proper posteriors.

Algorithm 1 Sampling rule (TTTS/T3C)

1: Input: g
2: forn<«+1,2,--- do

3: sample 6 ~ II,,

4: W arg max;. 4 0;

5 sample b ~ Bern(3)

6: if b =1 then

T evaluate arm IV

8: else

9: repeat sample ' ~ I,

10: I® « argmax;_ 4 0; TTTS
11: until 1 £ 1M

12: I® « arg min, ;1) W (ID 4, cf. (1) T3C
13: evaluate arm I

14: end if

15: update mean and variance

16: t=t+1

17: end for

2.2 Rationale for T3C

In order to explain how T3C can be seen as an approxi-
mation of the re-sampling performed by TTTS, we first
need to define the optimal action probabilities.

Optimal action probability The optimal action
probability a, ; is defined as the posterior probability
that arm 4 is optimal. Formally, letting ©; be the
subset of © such that arm ¢ is the optimal arm,

61’ 2 {9 €0 91 > Inanj},
JF#i
then we define
i 2 T1,(0;) = / 7(6)d0. 2)
9;

With this notation, one can show that under TTTS,

1T, (I(Z) — 47 = ) - g 3
P i) =t

Furthermore, when i coincides with the empirical best
mean (and this will often be the case for 1Y when n
is large due to posterior convergence) one can write

g =T, (05 > 0;) ~ exp (=Wy(i, 7)),

where the last step is justified in Lemma 2 in the
Gaussian case (and Lemma 26 in Appendix in the
Bernoulli case). Hence, T3C replaces sampling from
the distribution (3) by an approximation of its mode
which is easy to compute. Note that directly comput-
ing the mode would require to compute a,, j, which is
much more costly than the computation of W, (4, j)".

3TTPS (Russo, 2016) also requires the computation of
an,i, thus we do not report simulations for it in Sec.
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2.3 Stopping and recommendation rules

In order to use TTTS or T3C as the sampling rule
for fixed-confidence BAI, we need to additionally de-
fine stopping and recommendation rules. While Qin
et al. (2017) suggest to couple TTEI with the “frequen-
tist” Chernofl stopping rule (Garivier and Kaufmann,
2016), we propose in this section natural Bayesian
stopping and recommendation rules. They both rely
on the optimal action probabilities defined in (2).

Bayesian recommendation rule At time step n,
a natural candidate for the best arm is the arm with
largest optimal action probability, hence we define

A
Jn = argmaxay,; .
icA

Bayesian stopping rule In view of the recommen-
dation rule, it is natural to stop when the posterior
probability that the recommended action is optimal is
large, and exceeds some threshold ¢, s which gets close
to 1. Hence our Bayesian stopping rule is

Ts 2 inf {n € N: maxay,,; > cm;} ) (4)
€A

Links with frequentist counterparts Using the
transportation cost W, (i, ) defined in (1), the Cher-
noff stopping rule of Garivier and Kaufmann (2016)
can actually be rewritten as

7'(;Ch‘ £ inf{n € N:max min W,(i,
icA je A\{i}

) > dn’g} . (5)
This stopping rule is coupled with the recommendation
rule J,, = arg max; fin ;.

As explained in that paper, W, (i, j) can be interpreted
as a (log) Generalized Likelihood Ratio statistic for re-
jecting the hypothesis Ho : (u; < pj). Through our
Bayesian lens, we rather have in mind the approxi-
mation II,(6; > 6;) ~ exp{—W,(4,7)}, valid when
Hn,i > [n,j, Which permits to analyze the two stop-
ping rules using similar tools, as will be seen in the
proof of Theorem

As shown later in Sec. 4, 75 and Tgh' prove to be fairly
similar for some corresponding choices of the thresh-
olds ¢, s and d,s. This similarity endorses the use
of the Chernoff stopping rule in practice, which does
not require the (heavy) computation of optimal ac-
tion probabilities. Still, our sample complexity anal-
ysis applies to the two stopping rules, and we believe
that a frequentist sample complexity analysis of a fully
Bayesian-flavored BAI strategy is a nice theoretical
contribution.

Useful notation We follow the notation of Russo
(2016) and define the following measures of effort al-
located to arm 4 up to time n,

= | Fn-1]

¢n,i = P [In and \I]n,i £

n
> i
1=1
In particular, for TTTS we have

o
Uni = Bani+ (1= Flan; Y 7,
A

while for T3C

Z“ W{ W5 (4, i) = minge; Wa(j, k) }
n,j

wn i = /Ban z+ B
por # ‘argmmk#] Wa (4, k)’

3 Two Related Optimality Notions

In the fixed-confidence setting, we aim for building J-
correct strategies, i.e. strategies that identify the best
arm with high confidence on any problem instance.

Definition 1. A strategy (I, Jn, T) is d-correct if for
all bandit models p with a unique optimal arm, it holds
that Py [Jr #I* AT < 00] < 0.

Among J-correct strategies, seek the one with the
smallest sample complexity E [75]. So far, TTTS has not
been analyzed in terms of sample complexity; Russo
(2016) focuses on posterior consistency and optimal
convergence rates. Interestingly, both the smallest
possible sample complexity and the fastest rate of pos-
terior convergence can be expressed in terms of the
following quantities.

Definition 2. Let Y = {w : Zszl wi = 1Lw, > 0}
and define for all i # I'*

Ci(w,w) 2 min wd(p; o) + w'd(pi; ),
TE
where d(p, 1') is the KL-divergence defined above and

Z = R in the Gaussian case and I = [0,1] in the

Bernoulli case. We define
I'* 2  max min C;(wr-,w;),
wWEX K iAT*
I's £ max minC;(wp,w 6
B wEE)%l;éI* (wWrs,wi). (6)
wrxk=

The quantity C;(wr-,w;) can be interpreted as a
“transportation cost”” from the original bandit in-
stance p to an alternative instance in which the mean
of arm ¢ is larger than that of I*, when the proportion
of samples allocated to each arm is given by the vec-
tor w € Y. As shown by Russo (2016), the w that
maximizes (0) is unique, which allows us to define the
B-optimal allocation w? in the following proposition.

“for which W, (I*,4) is an empirical counterpart
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Proposition 1. There is a unique solution w® to the
optimization problem (6) satisfying w?* = B, and for

alli,j # I*, Cy(B,w)) = Cj(B,wf).

For models with more than two arms, there is no closed
form expression for I'; or I'*, even for Gaussian bandits
with variance o2 for which we have

. (e — )

Bayesian S-optimality Russo (2016) proves that
any sampling rule allocating a fraction g to the optimal
arm (¥, 1« /n — B) satisfies 1 — a,, j» > e~Tto(1)
(a.s.).We define a Bayesian [-optimal sampling rule
as a sampling rule matching this lower bound, i.e. sat-
isfying U,, j+/n — B and 1 — a,, 1+ < e (Th+o(1),

Russo (2016) proves that TTTS with parameter j is
Bayesian [-optimal. However, the result is wvalid
only under strong regularity assumptions, excluding
the two practically important cases of Gaussian and
Bernoulli bandits. In this paper, we complete the pic-
ture by establishing Bayesian g-optimality for those
models in Sec. 5. For the Gaussian bandit, Bayesian
[-optimality was established for TTEI by Qin et al.
(2017) with Gaussian priors, but this remained an
open problem for TTTS.

A fundamental ingredient of these proofs is to establish
the convergence of the allocation of measurement effort
to the B-optimal allocation: ¥, ,;/n — w? for all 1,

which is equivalent to T, ;/n — w? (cf. Lemma 7).

p-optimality in the fixed-confidence setting In
the fixed confidence setting, the performance of an
algorithm is evaluated in terms of sample complex-
ity. A lower bound given by Garivier and Kauf-
mann (2016) states that any d-correct strategy satisfies
E[rs] > (I'*)~11n (1/(36)).

Observe that I'" = maxgeo,1) 5. Using the same
lower bound techniques, one can also prove that under
any o-correct strategy satisfying T), 1« /n — S,

.. . Elrs] 1
i it 3 78y = Ty

This motivates the relaxed optimality notion that we
introduce in this paper: A BAI strategy is called
asymptotically B-optimal if it satisfies

Tn I* . E[Tg} 1
—_— d 1 < —.
— [ an 1msupln(1/5) 1

n 5§—0

In the paper, we provide the first sample complex-
ity analysis of a BAI algorithm based on TTTS (with
the stopping and recommendation rules described in
Sec. 2), establishing its asymptotic S-optimality.

As already observed by Qin et al. (2017), any sampling
rule converging to the S-optimal allocation (i.e. satis-
fying Tp.;/n — wiﬁ for all i) can be shown to satisfy
limsup,_,o75/In(1/8) < (T'5)~" almost surely, when
coupled with the Chernoff stopping rule. The fixed
confidence optimality that we define above is stronger
as it provides guarantees on E [75].

4 Fixed-Confidence Analysis

In this section, we consider Gaussian bandits and the
Bayesian rules using an improper prior on the means.
We state our main result below, showing that TTTS
and T3C are asymptotically S-optimal in the fixed con-
fidence setting, when coupled with appropriate stop-
ping and recommendation rules.

Theorem 1. With C95 the function defined in Corol-
lary 10 of Kaufmann and Koolen (2018), which satis-
fies C96 (z) ~ = + In(x), we introduce the threshold

In((K — 1)/5)) o

dp.s = 41n(4 4 In(n)) + 2C9%¢ < 5

The TTTS and T3C sampling rules coupled with either

e the Bayesian stopping rule (1) with threshold

1 _ )?
Cn,ézlfﬁe ( dn’5+‘/§)

and recommendation rule J, = arg max; a_;, or
o the Chernoff stopping rule (5) with threshold d,, s
and recommendation rule J; = arg max; iy ;,

form a §-correct BAI strategy. Moreover, if all the
arms means are distinct, it satisfies

lim su M < i
50 log(1/8) = Ty’

We now give the proof of Theorem 1, which is divided
into three parts. The first step of the analysis is to
prove the d-correctness of the studied BAI strategies.

Theorem 2. Regardless of the sampling rule, the stop-
ping rule (/) with the threshold ¢, s and the Chernoff
stopping rule (5) with threshold d,, s defined in (7) sat-
isfy Plrs < co A Jry # I*] < 6.

To prove that TTTS and T3C allow to reach a S-optimal
sample complexity, one needs to quantify how fast the
measurement effort for each arm is concentrating to
its corresponding optimal weight. For this purpose,
we introduce the random variable

Taéinf{NeN:mzii(Tnyi/n—wf|<5,Vn>N}.
1€

The second step of our analysis is a sufficient condi-
tion for S-optimality, stated in Lemma 1. Its proof is
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given in Appendix . The same result was proven for
the Chernoff stopping rule by Qin et al. (2017).

Lemma 1. Let 6,8 € (0,1). For any sampling rule
which satisfies E {Tg} < oo for all e > 0, we have

if the sampling rule is coupled with stopping rule (),

Finally, it remains to show that TTTS and T3C meet
the sufficient condition, and therefore the last step,
which is the core component and the most technical
part our analysis, consists of showing the following.

Theorem 3. Under TTTS or T3C, E [Tg} < 4o00.

In the rest of this section, we prove Theorem 2 and
sketch the proof of Theorem 3. But we first highlight
some important ingredients for these proofs.

4.1 Core ingredients

Our analysis hinges on properties of the Gaussian
posteriors, in particular on the following tail bounds,
which follow from Lemma 1 of Qin et al. (2017).

Lemma 2. For any i,j € A, if pini < tin,j

I, [6: > 0,] < & (g — pin)”
[0 > j]_ieXP *TM ) (8)
IL, [6; > 0] > exp ¢ — -7 d 4 , (9
0:2 01> x| st )
where o3 ; s £ 02 [T+ 02T ;.

This lemma is crucial to control a, ; and 9y, ;, the op-
timal action and selection probabilities.

4.2 Proof of Theorem
We upper bound the desired probability as follows

Plrs <ooNJry #1'] < > P[EAn €N ani > ey

i£T*
<> P[EREN:TL(0: > 01,) > Cns, fin, 1+ < fin,i]
A T*
<Y PEREN:1=cos > a(0r> 0,), pin,r+ < fins] -
iAT*

The second step uses the fact that as ¢, s > 1/2, a
necessary condition for IL,(6; > 01) > ¢ is that
Pni > tin,1,- Now using the lower bound (9), if pip, 1+ <
Ui, the inequality 1 — ¢, 5 > II,,(0;~ > 6;) implies

(Hni = pin,12)°

2
1 1
> In—— — | =dus,
2072%“* - ( V21(1 = ¢p5) \/§> o

where the equality follows from the expression of ¢, s
as function of d,, 5. Hence to conclude the proof it
remains to check that

(/"'n,iflln,l*)2 4
20_272(171,,6 Sﬁ (10)

n,i,I*

P13neN :pni 2 pp 1x

To prove this, we observe that for p, ; > i+,

(bnyi = pm,1%)*
20%,1‘,1*

= 9i1<n€fl* Tn,id(pin,i; 0:) + Tn, 1+ d(pon, 1+ 01+)

< Tnyid(pen,is i) + Toyrs d(fin, 15 po+)-

Corollary 10 of Kaufmann and Koolen (2018) then al-
lows us to upper bound the probability

P[3n € N: Ty id(ptin,i; i) + Do, 1 d(pin, 1%, phrx ) > dn,s)

by 6/(K — 1) for the choice of threshold given in (7),
which completes the proof that the stopping rule (1)
is §-correct. The fact that the Chernoff stopping rule
with the above threshold d,, s given above is J-correct
straightforwardly follows from (10).

4.3 Sketch of the proof of Theorem

We present a unified proof sketch of Theorem 3 for
TTTS and T3C. While the two analyses follow the same
steps, some of the lemmas given below have different
proofs for TTTS and T3C, which can be found in Ap-
pendix D and ¥ respectively.

We first state two important concentration results,
that hold under any sampling rule.

Lemma 3. [Lemma 5 of Qin et al. 2017] There exists
a random variable Wy, such that for all i € A,

log(e +T;) os

Vn € N, .
" 1+ T,

‘,un,i - ,uz| S UWI

and E [eAWl] < 0o for all A > 0.

Lemma 4. There exists a random variable Wy, such

that for all i € A,

Vn €N, [Ty — Uil < Wa/(n+1)log(e2 +n) a.s.,

and E [eAWQ] < oo for any A > 0.

Lemma 3 controls the concentration of the posterior
means towards the true means and Lemma 4 estab-
lishes that 7T;, ; and ¥, ; are close. Both results rely
on uniform deviation inequalities for martingales.

Our analysis uses the same principle as that of TTEI:
We establish that T§ is upper bounded by some ran-
dom variable N which is a polynomial of the random
variables W7 and W5 introduced in the above lemmas,
denoted by Poly(Wy, Wy) & O(W{*Ws?), where c¢;
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and co are two constants (that may depend on the
arms’ means and the constant hidden in the O). As
all exponential moments of W7 and W5 are finite, NV
has a finite expectation as well, concluding the proof.

The first step to exhibit such an upper bound N is to
establish that every arm is pulled sufficiently often.

Lemma 5. Under TTTS or T3C, there exists Ny =
Poly(Wy, W) s.t.

. In
Vn > Ny, Vi, Ty, > 73 a.s..

Due to the randomized nature of TTTS and T3C, the
proof of Lemma 5 is significantly more involved than
for a deterministic rule like TTEI. Intuitively, the pos-
terior of each arm would be well concentrated once the
arm is sufficiently pulled. If the optimal arm is under-
sampled, then it would be chosen as the first candidate
with large probability. If a sub-optimal arm is under-
sampled, then its posterior distribution would possess
a relatively wide tail that overlaps with or cover the
somehow narrow tails of other overly-sampled arms.
The probability of that sub-optimal arm being chosen
as the challenger would be large enough then.

Combining Lemma 5 with Lemma 3 straightforwardly

leads to the following result.
Lemma 6. Under TTTS or T3C, fix a constant € >
0, there exists No = Poly(1/e,Wq,Ws) s.t. ¥n >
N2, Vi€ A, |,Un,i_,ui| <e.

We can then deduce a very nice property about the
optimal action probability for sub-optimal arms from
the previous two lemmas. Indeed, we can show that

; AI2nin n
Vi £ T*, an; < exp{— T602 “K}

for n larger than some Poly(W;, Ws), where A, is
the smallest mean difference among all the arms.

Plugging this in the expression of v, ;, one can easily
quantify how fast v, ;~ converges to 3, which eventu-
ally yields the following result.

Lemma 7. Under TTTS or T3C, fix € > 0, then there
exists N3 = Poly(1/e, Wy, W) s.t. ¥n > Nj,

Tn,[*
n

-B

The last, more involved, step is to establish that
the fraction of measurement allocation to every sub-
optimal arm ¢ is indeed similarly close to its optimal
proportion wf .

Lemma 8. Under TTTS or T3C, fix a constant € > 0,
there exists Ny = Poly(1/e, W1, W3) s.t. Vn > Ny,

<e.

Tni
Vi # I*, ”—w? <e.
n

The major step in the proof of Lemma 8 for each sam-
pling rule, is to establish that if some arm is over-
sampled, then its probability to be selected is expo-
nentially small. Formally, we show that for n larger
than some Poly(1/e, Wy, Wa),

for some function f(n, &) to be specified for each sam-
pling rule, satisfying f(n) > C¢/n (a.s.). This result
leads to the concentration of ¥,, ;/n, thus can be easily
converted to the concentration of T}, ;/n by Lemma

Finally, Lemma 7 and Lemma & show that 7§ is upper
bounded by N = max(N3z, Ny), which yields

E[T5] < max(E [N3],E[Ny]) < oo.

5 Optimal Posterior Convergence

Recall that a,, ;~ denotes the posterior mass assigned
to the event that action I* (i.e. the true optimal arm)
is optimal at time n. As the number of observations
tends to infinity, we want the posterior distribution to
converge to the truth. In this section we show equiv-
alently that the posterior mass on the complementary
event, 1 — a, 1+, the event that arm /™ is not optimal,
converges to zero at an exponential rate, and that it
does so at optimal rate I'j.

Russo (2016) proves a similar theorem under three
confining boundedness assumptions (see Russo 2016,
Assumption 1) on the parameter space, the prior den-
sity and the (first derivative of the) log-normalizer of
the exponential family. Hence, the theorems in Russo
(2016) do not apply to the two bandit models most
used in practice, which we consider in this paper: the
Gaussian and Bernoulli model.

In the first case, the parameter space is unbounded, in
the latter model, the derivative of the log-normalizer
(which is €"/(1+e€")) is unbounded. Here we provide a
theorem, proving that under TTTS, the optimal, expo-
nential posterior convergence rates are obtained for the
Gaussian model with uninformative (improper) Gaus-
sian priors (proof in Appendix 1), and the Bernoulli
model with Beta(1,1) priors (proof in Appendix I).

Theorem 4. Under TTTS, for Gaussian bandits with
improper Gaussian priors and for Bernoulli bandits
with uniform priors, it holds almost surely that

1
lim ——log(l — a, ) =T}

n—oo n
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Problem 1, Gaussian bandits, 6= 0.01,0=1 Problem 1, Bemoull bandits, 6= 0.01, 0= 1
- NT=42237

—- Ngs=466.38

—-- NT=126437
—= Ngs=1326.39

TIC  TTTS  TTEl  BC D-Tracking Uniform  UGapE TIC  TTTS  TTEl  BC D-Tracking Uniform  UGapE

Problem 1, Bemoull bandits, 6= 0.01, 0= 1 Problem 1, Bemoull bandits, 6= 0.01, 0= 1
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Figure 1: black dots represent means and oranges lines represent medians.

Sampling rule T3C TTTS TTEI BC D-Tracking | Uniform UGapE
Execution time (s) | 1.6 x 107° | 23 x107* | 1 x107® | 1.4x107° | 1.3x 1072 | 6x107% | 5x 1076
Table 1: average execution time in seconds for different sampling rules.

6 Numerical Illustrations These figures provide several insights: (1) T3C is

This section is aimed at illustrating our theoretical
results and supporting the practical use of Bayesian
sampling rules for fixed-confidence BAI.

We experiment with 3 Bayesian sampling rules: T3C,
TTTS and TTEI with 8 = 1/2, against the Direct Track-
ing (D-Tracking) of Garivier and Kaufmann (2016)
(which is adaptive to ), UGapE of Gabillon et al.
(2012), and a uniform baseline. To make fair com-
parisons, we use the stopping rule (5) and associated
recommendation rule for all of the sampling rules ex-
cept for UGapE which has its own stopping rule.

We further include a top-two variant of the Best Chal-
lenger (BC) heuristic (see Ménard, 2019). BC selects
the empirical best arm fn with probability 5 and the
maximizer of W,, (I, j) with probability 1— 3, but also
performs forced exploration (selecting any arm sam-
pled less than y/n times at round n). T3C can thus
be viewed as a variant of BC in which no forced explo-
ration is needed to converge to w”, due to the noise
added by replacing IAn with L(Ll). This randomization
is crucial as BC without forced exploration can fail: we
observed that on bandit instances with two identical
sub-optimal arms, BC has some probability to alternate
forever between these two arms and never stop.

We consider two simple instances with arm means
given by p1 = [0.5 0.9 0.4 0.45 0.44999], and po =
[1 0.8 0.75 0.7]. We run simulations for both Gaussian
(0 = 1) and Bernoulli bandits, with a risk parameter
6 = 0.01. Fig. | reports the empirical distribution of
7s under the different sampling rules, estimated over
1000 independent runs. We also indicate the values
of N* £1og(1/5)/T* (resp. N§s=1log(1/6)/T% ), the
theoretical minimal number of samples needed for any
strategy (resp. any 1/2-optimal strategy). In Ap-
pendix C, we illustrate how the empirical stopping
time of T3C matches the theoretical one.

competitive with, and sometimes slightly better than
TTTS/TTEI in terms of sample complexity. (2) The
UGapE algorithm has a larger sample complexity than
the uniform sampling rule, which highlights the im-
portance of the stopping rule in the fixed-confidence
setting. (3) The fact that D-Tracking performs best
is not surprising, since it converges to w” " and achieves
minimal sample complexity. However, in terms of com-
putation time, D-Tracking is much worse than others,
as shown in Table 1, which reports the average execu-
tion time of one step of each sampling rule for p; in
the Gaussian case. (4) TTTS also suffers from com-
putational costs, whose origins are explained in Sec. 2,
unlike T3C or TTEI. Although TTEI is already computa-
tionally more attractive than TTTS, its practical bene-
fits are limited to the Gaussian case, since the Ezpected
Improvement (EI) does not have a closed form beyond
this case and its approximation would be costly. In
contrast, T3C can be applied for other distributions.

7 Conclusion

We have advocated the use of a Bayesian sampling
rule for BAI In particular, we proved that TTTS and a
computationally advantageous approach T3C, are both
[B-optimal in the fixed-confidence setting, for Gaussian
bandits. We further extended the Bayesian optimal-
ity properties (Russo, 2016) to more practical choices
of models and prior distributions. In order to be opti-
mal, these sampling rules would need the oracle tuning
p* = argmaxgepg 1) I'5, which is not feasible. In future
work, we will investigate the efficient online tuning
of B to circumvent this issue. We also wish to ob-
tain explicit finite-time sample complexity bound for
these Bayesian strategies, and justify the use of these
appealing anytime sampling rules in the fixed-budget
setting. The latter is often more plausible in appli-
cation scenarios such as BAI for automated machine
learning (Li et al., 2017; Shang et al., 2019).
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A

Outline

The appendix of this paper is organized as follows:

ooooogo

B

Appendix C provides some further numerical illustration for better understanding of T3C.
Appendix D provides the complete fixed-confidence analysis of TTTS (Gaussian case).
Appendix I provides the complete fixed-confidence analysis of T3C (Gaussian case).
Appendix I is dedicated to Lemma,

Appendix G is dedicated to crucial technical lemmas.

Appendix H is the proof to the posterior convergence Theorem 5 (Gaussian case).
Appendix T is the proof to the posterior convergence Theorem 7 (Beta-Bernoulli case).

Useful Notation for the Appendices

In this section, we provide a list of useful notation that is applied in appendices (including reminders of previous
notation in the main text and some new ones).

Recall that d(p1; p2) denotes the KL-divergence between two distributions parametrized by their means gy
and po. For Gaussian distributions, we know that

(11 — p2)?
202
When it comes to Bernoulli distributions, we denote this with ki, i.e.

1—
El(p1; o) = p1ln (Ml) —i—(l—,ul)ln( Ml) .
2 1

— H2

d(pa; p2) =

Beta(-,-) denotes a Beta distribution.

Bern(-) denotes a Bernoulli distribution.

B(-) denotes a Binomial distribution.

N(-,-) denotes a normal distribution.

Y,,i is the reward of arm ¢ at time n.

Y, 1, is the observation of the sampling rule at time n.

Fn 2 o(Iy, Yirn.Io, Yo 1y, -+, In, Yy 1,) is the filtration generated by the first n observations.
¢n,i £ P [In = Z'|-Fn—1]~

\I’n,i £ Zlnzl 7/11,1'-

For the sake of simplicity, we further define Enl =
T, is the number of pulls of arm ¢ before round n.
T,, denotes the vector of the number of arm selections.

I* £ argmax;c 4 ftn,; denotes the empirical best arm at time n.
For any a,b > 0, define a function Cy ; s.t. Vy,

Wo,i
o

-1
£ -1 a
Canly) £ (a+b— DRI

$Y)-
We define the minimum and the maximum means gap as
A . A
Amin = min [u; — p5]; Amax = max |p; — ).

i#] i#j

We introduce two indices
JV 2 arg max Qn,j J@ £ arg max nj-
j i (D
J#Jn

Note that Jy(bl) coincides with the Bayesian recommendation index J,,.
Two real-valued sequences (a,,) and (b,) are are said to be logarithmically equivalent if

1 n
lim —log (a) =0,
n—oo n by,

and we denote this by a,, = b,.
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C Empirical vs. theoretical sample complexity

In Fig. 2, we plot expected stopping time of T3C for § = 0.01 as a function of 1/ I'; on 100 randomly generated
problem instances. We see on this plot that the empirical stopping time has the right linear scaling in 1/ I's
(ignoring a few outliers).

6x10° -
5x10° -
4x10° |
3x10°

2x10°

Empirical stopping time

1x10°

0 5.0%10° 1.0x10° 1.5%10° 2.0%10°
1/Gamma_beta”™*

Figure 2: dots: empirical sample complexity, solid line: theoretical sample complexity.

D Fixed-Confidence Analysis for TTTS
This section is entirely dedicated to TTTS.

D.1 Technical novelties and some intuitions

Before we start the analysis, we first highlight some technical novelties and intuitions. The main novelty in
our analysis is the proof of Lemma 5, establishing that all arms are sufficiently explored by our randomized
strategies. Although Qin et al. (2017) indeed establish a similar result, our proof is much more intricate due
to the randomized nature of the two candidate arms ) and I® for TTTS (resp. I(!) for T3C). In the proof of
Lemma 5 (in Appendix and Appendix respectively), we need to add a sort of ‘extra layer’ where we

first study the behaviour of J1) and J® for TTTS (resp. J(*) and J®2 for T3C). We show in Lemma 9 (resp.
Lemma 16 for T3C) that if there exists some under-sampled arm, then either .J M) or J@ is also under-sampled.
A link between I and J is then established using the expression of 1, ;, which also allows to upper bound the
optimal action probability with a known rate (see Lemma 12).

D.2 Sufficient exploration of all arms, proof of Lemma 5 under TTTS

To prove this lemma, we introduce the two following sets of indices for a given L > 0: ¥n € N we define
UL 2 {i:T,; <VL},
VEL T, < L34

It is seemingly non trivial to manipulate directly TTTS’s candidate arms, we thus start by connecting TTTS with
TTPS (top two probability sampling). TTPS is another sampling rule presented by Russo (2016) for which the two
candidate samples are defined as in Appendix I3, we recall them in the following.

A A
J7(L1) = argmaxa,j, J,(LQ) = argmaxay, ;-

J AT
Lemma 5 is proved via the following sequence of lemmas.
Lemma 9. There exists Ly = Poly(W1) s.t. if L > Ly, for all n, UF # 0 implies I e V.E or 7 e VL.

Proof. If IV e VL. then the proof is finished. Now we assume that I e VTLL, and we prove that I e VL.
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Step 1 According to Lemma 3, there exists Ly = Poly(W1) s.t. VL > Ly, Vi € UL,

log(e + Tn i)
nyg — M| < W —_—
|bni = il < oWh T,
< oW log(e + /L)
1+VL
Amin Amin
< oW = .
=T W, T 4

The second inequality holds since z — logl(_%m) is a decreasing function. The third inequality holds for a large

L>L2WithL2:....

Step 2 We now assume that L > Ly, and we define

J* £ arg max i =ar ;
n = AgIMAX lip ; = argmax ;.
jeUL jeuL

The last equality holds since Vj € Ui,f, |pni — il < Amin/4. We show that there exists Ls = Poly(W7) s.t.
VL > Ls,
T

We proceed by contradiction, and suppose that J* # J,(Ll), then po, ;o) < p,, 7=, since Jr(Ll) € VTLL C Ui,% However,
we have

a =1I
an7<11) n In ]#Jv(zl)

0 .1y > max Hjl

<II, {ko(Ll) > QT:L}

T T }

1
< —expq —
-9 p{ 20’2(1/Tn’Jr(Ll) + 1/Tn,T;L)
The last inequality uses the Gaussian tail inequality (8) of Lemma 2. On the other hand,

[y, 50 = o 72| = b, 0 = B g0+ 00 = pie =+ pige = 1y, 7

> |y = pgel = |, o =y + pge — iy, 73

A A
> Amin _ min min
> ( T T2 )

Amin
=—
and
1 1 2

+ <—.
Tn,JSL” Tn,T; VL

Thus, if we take L3 s.t.
L3A12nin < 1
wp 4 — ¥ 237 min -
P 1602 [ = 2K’

then for any L > Ls, we have

11
YV = 9K S K

which contradicts the definition of Jfll). We now assume that L > L3, thus szl) = Tg
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Step 3 We finally show that for L large enough, J7(L2) € V.E. First note that Vj € VT%, we have

I3/4A2
1, {ej 2972} §exp{ m“} (11)

1602

This last inequality can be proved using the same argument as Step 2. Now we define another index J* £

. JAN
argmax;cyr fn,j and the quantity ¢, = max(pn, s, :“nT;;) We can lower bound a,, s as follows:

Qn, Jx > 11, [GJ;; > Cn] H 11, [Gj < Cn]

J#I
J#T5 €U JjeUuk

o [0 2 en] 5=
Now there are two cases:

o If iy > p, 7=, then we have

L\:\H

o If pin 7+ < p,, 7+, then we can apply the Gaussian tail bound (V) of Lemma 2, and we obtain

Hn [QJ; 2 Cn] - Hn [GJ;; 2 ’UIWTZ} - Hn [91;; 2 ,U/n,.];; + (lu’n,T;{ - ,U/n,J;;)]

2
1 1 Lo,y
> exp | —5 (1 — L (g — Mn,J;,)>

2
1 T, gx
= eXpq —3 <1 + = o /JnJ:L))

On the other hand, by Lemma 3, we know that

b,z — Mn,T;;l = |, g — pax + fgs —

< lpgy = pgzl + oW

log(e =+ Tanﬁ)
1+ T‘n,JT*l

< pgy — sl + 207

log(e + T, sx)

SAmax+2UW1 1+7T
n,Jx

Therefore,

VVL log

14+ —— | Apax +20W,
g

L1/4Amax
(1 ~m oWy 1og(e+ﬁ)) }
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Now we have

K K1 2
1 1 1 1 LY* Aax
n,Jx _max<<2> ,(2) mexp{ 5 ( + . + 21 0g(e+\/>)) }),

and we have Vj € V.E, a,, ; < exp {—L3/%AZ, /(1602)}, thus there exists Ly = Poly(W;) s.t. VL > Ly, Vj € VL,

a/n,Jfl
Qn,j < 5
and by consequence, J7(L2) S VnL.
Finally, taking L; = max(Ls, L3, L4), we have VL > Ly, either I e VL oor 72 e v O

Next we show that there exists at least one arm in V¥ for whom the probability of being pulled is large enough.
More precisely, we prove the following lemma.

Lemma 10. There exists L1 = Poly(Wy) s.t. for L > Ly and for all n s.t. UL # (), then there exists J,, € V,I

s.t.
min(3,1 — 3)
K2

£ wmin .

wn,J" Z

Proof. Using Lemma 9, we know that I or 7P € VL. On the other hand, we know that

Vi€ At = an | B+ (1= )Y

—a
j#i "
Therefore we have 5
wn’Jy(f) = Ban,Jy(,,l) = K’
since ) ;. 4 an,i = 1, and
a (1)
n,Jy
g 2 (1= Bla, ;e l-a
n,Jp
a (2)
J
— (1 _ 5)@ o _ Mdn
ndn’ ] — an)J7(Z1)
1—
L 1-8
fll K2 P
since a, ;a) > 1/K and Zi;él,(f) i/ (1 — an7J7(L1>) =1, thus an7J7(L2>/(1 - an,Jﬁll)) >1/K. O

The rest of this subsection is quite similar to that of Qin et al. (2017). Indeed, with the above lemma, we can
show that the set of poorly explored arms UL is empty when n is large enough.

Lemma 11. Under TTTS, there exists Ly = Poly(Wy,Ws) s.t. VL > Ly, ULLKLJ = 0.

Proof. We proceed by contradiction, and we assume that ULLK L is not empty. Then for any 1 < ¢ < |KL|, UF

and VZL are non empty as well.
There exists a deterministic Ly s.t. VL > Ls,
|L| > KL,
Using the pigeonhole principle, there exists some i € A s.t. T\ ; > L3/*. Thus, we have |VLIZJ| <K-1.
Next, we prove \VéLH < K — 2. Otherwise, since U} is non-empty for any L] +1 < ¢ < |2L|, thus by

Lemma 10, there exists Jy € V@L s.t. .7, > Ymin. Therefore,

Z wé,i Z 1bmina

ieV}k
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and
Z Ye,i > Pmin
i€V,
since VZL - Vﬁ |- Hence, we have
[2L]

Z (Viar)i — VL)) = Z Z Yei > Ymin [ L]
i€V, t=|L]+1iev]

Then, using Lemma 4, there exists Lg = Poly(W5) s.t. VL > Lg, we have

Z (Tary,i —T\L)i) = Z (Wi20)s — ¥ 1), — 2Way/[2L ] log(e? + [2L]))

v L oL
zGVLLJ ZGVLLJ

> > (Wiazyi — ¥ zy4) — 2KWa/[2L] log(e? + [2L])

i1/ L
zEVLLJ

> Yin | L) — 2KW,Cy | L)%/
> KL%,

where C5 is some absolute constant. Thus, we have one arm in VLLL | that is pulled at least L3/* times between
|L] + 1 and [2L], thus |VLgLJ‘ <K-2.

By induction, for any 1 < k < K, we have ‘VLII;LJ| < K — k, and finally if we take Ly = max(Lq, L5, Lg), then
VL>L0,U{‘KLJ = 0. O

We can finally conclude the proof of Lemma 5 for TTTS.

Proof of Lemma Let Ny = KL where Ly = Poly(W;,Ws) is chosen according to Lemma 1. For all
n > Ny, we let L =n/K, then by Lemma 11, we have ULLKLJ = U,Tf/K is empty, which concludes the proof.

D.3 Concentration of the empirical means, proof of Lemma 6 under TTTS
As a corollary of the previous section, we can show the concentration of p, ; to p; for TTTS".

By Lemma 3, we know that Vi € A and n € N,

log(e +T),:)

ni — Mi] < oW, .
lfn,i — pil < oWy Tt 1

According to the previous section, there exists Ny = Poly(Wi,Ws) s.t. Vn > Ny and Vi € A, T,,; > +/n/K.

Therefore,
s — ] < log(e + v/n/K)
meer e Vn/K+1

since x — log(e + x)/(z + 1) is a decreasing function. There exists N} = Poly(e, W7) s.t. Vn > NJ,

log(e + n/K)< 2(n/K)1/4 < €
Vn/K+1 ~\ /n/K+1~ oW1

Therefore, Vn > Ny £ max{N;, N4}, we have

3
0'W1.

|,Ufn,i - ,ui| <ol

Sthis proof is the same as Proposition 3 of Qin et al. (2017)
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D.4 Measurement effort concentration of the optimal arm, proof of Lemma 7 under TTTS

In this section we show that the empirical arm draws proportion of the true best arm for TTTS concentrates to
B when the total number of arm draws is sufficiently large.

The proof is established upon the following lemmas. First, we prove that the empirical best arm coincides with
the true best arm when the total number of arm draws goes sufficiently large.

Lemma 12. Under TTTS, there exists My = Poly(Wy,Ws) s.t. ¥n > My, we have I} = I* = Jr(bl) and Vi # I*,

Agnin n
An, i S exXp _W ? .

Proof. Using Lemma 6 with € = A5, /4, there exists N| = Poly(4/Amin, W1, Wa) s.t. Vn > Ny,
AInin

Vi€ A, i — | < 1

which implies that starting from a known moment, f, 1« > pp; for all ¢ # I, hence Iy = I*. Thus, Vi # I*,

Ui = 1L, |:92 > max HJ:|
J#i

<II, [01 > 91*]

1 (Hnyi = pin,1+)?
<z — : : )
<5 exp{ 202(1/Tn,i + 1/Tn,1*)

The last inequality uses the Gaussian tail inequality of (8) Lemma 2. Furthermore,

(Mn,i - Nn,l*)Q = (|an - /‘n,l*|)2
= (ftn;i — pi + i — pre + pre — fin1+])?
> (i — pre| = lpng — pi + pre = pn1+))?

Amin Arnin ? A2 i
> R — _—_min
- (Amm ( 1 g )) 4

and according to Lemma 5, we know that there exists My = Poly(W7, Ws) s.t. Vn > Mo,

n 1 2
Tni Tn,]* ’I’L/K
Thus, Vn > max{N{, M2}, we have
. * AI2nin n
Vi#£I™, an,; < exp {— 602 K} .

Then, we have

1-Y >1- (K —1)e { B [ }
An, 7 = 1 — Qng =2 1L — - Xpy — oA\ T (-
e 160 K

There exists M4 st. VYn > M}, a, g+ > 1/2, and by consequence I* = J,gl). Finally taking M,
max{Nj, My, M}} concludes the proof.

O >

Before we prove Lemma 7, we first show that ¥,, ;- /n concentrates to 3.
Lemma 13. Under TTTS, fix a constant € > 0, there exists M3 = Poly(e, W1, Wa) s.t. ¥Yn > M3, we have

W, 1+
n

—B’SE.
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Proof. By Lemma 12, we know that there exists M = Poly(W7, Ws) s.t. ¥n > M/, we have I} = [* = J and
Vi # I*,

A12nin n
Gn,i < €Xp T2 VK[

Note also that Vn € N, we have

Yo = ang [B+(1—-8) Y

Qo
GAT* n,J

We proceed the proof with the following two steps.

Step 1 We first lower bound ¥,, ;« for a given e. Take M, > M7 that we decide later, we have ¥Yn > My,

o 1< 1 M 1 &
’I’L,I* = — * = — * —_ *
e > i " > i+ - >
=1 |=I* I=My+1
1 «— -
> — Z Y > — Z ay,r+f3
n I=My+1 n I=My+1
SIS LEDIE
M a4 GAI*
S Az [
> = 1 _ K _ 1 _ min
>0 2 K= Dexpy~T500\ i
I=Mj+1
My b Az ]
—_ ik~ N K—1 _ ~min v
el > ( )eXp{ 1602 V K
I=My+1

M, — M. A2 M
25—74,6—70I - 4)B(K_1)6Xp{_lﬁnc:;“K4}

M, Az [,
>pg_Ag_ _ _ Zmin /74 L
2 - 8- BEK 1)6Xp{ 1602V &

For a given constant € > 0, there exists Ms s.t. Vn > Ms,

A2 [n €
K-1 —Cmin B
Al >eXp{ 1602 K}<2

Furthermore, there exists Mg = Poly(e/2, M5) s.t. ¥Yn > Ms,

M5 9
—B< -
n p 2
Therefore, if we take My = max{ M, M5, M}, we have Vn > My,

W, 1+
"77125_5.
n
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Step 2 On the other hand, we can also upper bound ¥, ;~. We have Vn > M3,

W, 7+

1 n
. — E Vi, 1+
n n
=1

1 & ag,;
ZE;M,I* BH(1=9) ) -

el

*Zau*ﬂ-k Zall*l_ Z%

a
GAI* 1,J

\ N

n

SBEY -5 T

=1 GAI* 1 - CllJ'

n eXp —
{
SB—’_:L;_l(l_B) E {_A2.

J#I* 1 —exp

Since, for a given ¢ > 0, there exists Mg s.t. Vn > Mg,

A?ﬂln < 1
PN T 1602 K 2’

and there exists My s.t. Vn > Moy,

A2,
(1—ﬁ><K—1>exp{—16“;g K} <

ThIlS, Vn > Mg £ rl’lEiX<{Z\48,]\4g;}7

Afnin l Arznin l
W, 1- 8 [ Mo XP| " Te02 \ K n CXP| " Te02 \ K
" <B+ e Z Z Az ; + Z Z A2 ]
I=1j#I* 1 —exp 4 — Tl W/F I=Mio+1j#I* 1 —exp < — e/ '

Afmn l
5 9 p Wk A
AZ
A2 1
6 Mo €xp {_ 1602 K} c
>y VE e
=1 j;é[" 1 _eXp {_ min \/T}
1602 K
There exists M;1 = Poly(e/2, Mig) s.t. ¥n > My,
Dby /1
1_ 5 Mg exp § — 1251/ 7=

Sy U
=157 1 eXp{wr(ﬂ;g \/;}

Therefore, Vn > My £ max{Ms, My, }, we have

} +2(1 - pB)(K — 1)exp{—A‘2ni“ M“’}

<

DO ™

W, *
n

<pB+e.
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Conclusion Finally, combining the two steps and define Mz £ max{ My, M7}, we have Vn > Ms,

W, g
‘J _ ﬁ' <e.
n
O
With the help of the previous lemma and Lemma 4, we can finally prove Lemma
Proof of Lemma Fix an € > 0. Using Lemma 4, we have Vn € N,
Togs _ Ynae| _ Wa/(n+1)log(e® +n)
n n |- n '
Thus there exists M5 s.t. Vn > Mo,
‘Tn,l* o \Iln,I* < i
n n -2
And using Lemma 13, there exists M} = Poly(e/2, Wy, W3) s.t. Vn > M,
Wy 1+ €
gl < =,
5o <
Again, according to Lemma 10, there exists M4 s.t. Vn > M},
W, 1+ €
T < B+
n 2
Thus, if we take N3 = max{M}, Mo}, then Vn > N3, we have
Tn *
e
n
|

D.5 Measurement effort concentration of other arms, proof of Lemma & under TTTS

In this section, we show that, for TTTS, the empirical measurement effort concentration also holds for other arms
than the true best arm. We first show that if some arm is overly sampled at time n, then its probability of being
picked is reduced exponentially.

Lemma 14. Under TTTS, for every £ € (0, 1), there exists S; = Poly(1/&£, W1, Ws) such that for alln > Sy, for
all i # I*,
Ui
n

>wl e = Yus <exp{—eo(E)n},

where gg is defined in (12) below.

Proof. First, by Lemma 12, there exists M{ = Poly(Wy, W) s.t. Vn > M/,

r=1,=J".
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Then, following the similar argument as in Lemma 25, one can show that for all ¢ # I'* and for all n > M/,

wn,i:an,i B""_(l_ﬂ)zla#

PR
> ji nyj
S an,iﬂ + an,i(]- - 5)1L
— an,Jy(LU
D jti Onj
= n i + ani(1 - B)fT
1
< anif +ani(l— ﬁ)ﬁ
< Qn,g
- 1- Qp, T*
< Hn [91 Z 9[*]
- 11, [Uj;ﬂ*ﬁj > 05+
1L, [0; > 01+]

Tomax;j£r« 11, [GJ > 0[*} '

Using the upper and lower Gaussian tail bounds from Lemma 2, we have

(,un,f* - ,Un,i)2
exp{ — 5
262 (1/Tp.1+ + 1/Tns)

2
1 * y
exp ¢ —min — (.1 ) -1
i# 2\ o/(1/Ty 1+ + 1/T,, ;)

exp 4 —n (,Un,I* - ﬂn,i)2
202 (n/Tp 1+ +n/Ty i)

wn,i

IN

)
(Bon 1 — fin,j)

2
. 1
ex —n min —
P (#v /202 () To1- + 1/ Th,) \/2n>

where we assume that n > Sy = Poly(W7y, W3) for which

(fin, 1+ — pini)? <
02 (1) Tor+ +1/T0 ) —

according to Lemma 5. From there we take a supremum over the possible allocations to lower bound the
denominator and write

exp { —n (Mn,I* - ,Um)Q
202 (n) T, 1+ +n/T )

¢n,i S
(:un,I* - /’Ln,i)

2
. 1
exp 4§ —"n sup min —
(u:wl*z n’ﬁ/nﬁél* \/20'2 (1/w1*—|—1/wj) \/271)

expl —n (/J/n,l* - Mn,i)2
202 (n/Tp 1+ +n/Ty ;)

1\
exp {” ( Uh e yn (n) — Jﬁ) }
A

where py, = (Un1,- - 5 tn,i ), and (G, p) — FE(N) represents a function that maps 8 and p to the parameterized
optimal error decay that any allocation rule can reach given parameter 5 and a set of arms with means . Note
that this function is continuous with respect to § and p respectively.




5

Xuedong Shang!? Rianne de Heide®* Emilie Kaufmann'?® Pierre Ménard' Michal Valko®'

Now, assuming ¥, ;/n > w” +¢ yields that there exists S) £ Poly(2/¢, Wy) s.t. for all n > S}, Tp.i/n > wl +£/2,
and by consequence,

(Hn,1+ = pini)? 1 208, (Bn)
i < exp § o | Lt T ) — |
20 (/T +1/(w +€/2))

En (5)

Using Lemma 7, we know that for any ¢, there exists S3 = Poly(1/e, Wy, W3) s.t. Vn > Ss, [T, 1+ /n — 5] <,
and Vj € A, |un; — pj| < e. Furthermore, (8, ) — I'5(p) is continuous with respect to 8 and u, thus for a
given ¢, there exists S5 = Poly(1/eq, W1, Wa) s.t. Vn > S%, we have

— )2
En (MI #Zg . 1—‘2 < <.
202 (1/8+1/(w] +¢/2))
Finally, define S; = max{Ss, S}, 5%}, we have ¥n > S,

’(/}n,i < exp {_50(6)”’} 3

where )

€)= —— Ly (12)

207 (1/8+1/(w) +¢/2))

Next, starting from some known moment, no arm is overly allocated. More precisely, we show the following
lemma.

Lemma 15. Under TTTS, for every &, there exists Sy = Poly(1/&, W1, W3) s.t. ¥n > Sy,

\I/nﬁi
n

Vi € A, <w? e

Proof. From Lemma 14, there exists S] = Poly(2/¢, Wy, W2) such that for all n > S7 and for all i # I'*,
\Iln i
Trisuf 1 = s <ow-aole/2n)

Thus, for all i # I*,

= Wy s, & g e s, £
Z Waiﬂ<n2%‘ +2> Z ¢z,i1<n§wi +3

U,; S, =si+1 s
o2y N
n n n -
£n ()
Y Wi £
Sepi-alant Y, el <l 1)
<24 E L =S |
n n n

where we let £,,(§) = max {E <n:W/n<wb +£/2}. Then

S exp {~e0(€/2)n}

Yn,i i{+ =1

Yy, (e).i
I, R AGE
< St (1 exp(=eo(§/2)) ! +w5+§

n
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Then, there exists S5 such that for all n > Sj,

51+ (1 —exp(—e0(£/2))~

1
<&
-2

Therefore, for any n > S4 £ max{S}, S5}, ¥,,; < wf + & holds for all ¢ # I'*. For ¢ = I*, it is already proved for

the optimal arm. O

We now prove Lemma 8 under TTTS.

Proof of Lemma From Lemma 15, there exists S = Poly((K — 1)/&, W1, W3) such that for all n > S,

Vie A, — <of 4 >
e

Using the fact that ¥,, ;/n and wf all sum to 1, we have Vi € A,
W, W,
i 1— n,j
D D
J#i

Zl—Z(w;g‘i‘I(fl)

J#i
= wiﬁ —£.

Thus, for all n > S}, we have

\Ijn 7
Vie A, WP
n

et

<¢.

And finally we use the same reasoning as the proof of Lemma 7 to link T}, ; and ¥, ;. Fix an € > 0. Using
Lemma 4, we have Vn € N,

vie A T Vi < Way/(n + 1) log(e? +n).
n n
Thus there exists S5 s.t. Vn > Ss,
Tn I* \I]n I* €
it Il < 2
n n -2

And using the above result, there exists S} = Poly(2/e, W1, Ws) s.t. Vn > SY,

\Pn,i B 9
Thus, if we take Ny = max{S}, S5}, then Vn > N, we have
Tni
ViEA,‘ 2 —wiﬂ‘ <e.
n

E Fixed-Confidence Analysis for T3C

This section is entirely dedicated to T3C. Note that the analysis to follow share the same proof line with that
of TTTS, and some parts even completely coincide with those of TTTS. For the sake of clarity and simplicity, we
shall only focus on the parts that differ and skip some redundant proofs.
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E.1 Sufficient exploration of all arms, proof of Lemma 5 under T3C

To prove this lemma, we still need the two sets of indices for under-sampled arms like in Appendix . We
recall that for a given L > 0: ¥n € N we define

Ube (i1, <VL},

VEL T, < L34

For T3C however, we investigate the following two indices,
JV 2 argmax a, ;, JD 2 arg min W, (J{V, 7).
I JAI

Lemma 5 is proved via the following sequence of lemmas.

Lemma 16. There exists Ly = Poly(Wy) s.t. if L > Ly, for all n, UL # () implies 7 e VL or 712 e VL.

Proof. If Jr(Ll) € V.E, then the proof is finished. Now we assume that Jy(ll) € VTLL - Ui,%, and we prove that
72 eve.

Step 1 Following the same reasoning as Step 1 and Step 2 of the proof of Lemma 9, we know that there exists
Lo = Poly(W7) s.t. if L > Lo, then

Jr £ argmax p, j = argmax j; = J,(Ll).
Jjeuk Jeuk

Step 2 Now assuming that L > Ly, and we show that for L large enough, J,(f) € VI'. In the same way that
we proved (11) one can show that for all Vj € V.I

Wiy (JD ) = (B = )’ L34AZ
men o2 1 N 1\ = 1602
o _—
Tn,I* Tn,j
Again, denote J} £ arg max;cyz fin,j, We obtain
0 if pin,ge > Iy, 005

— * 2
W0, 17) = § — Lty — et

= else.
952 1 n 1
T, ;0 Tor

n7

In the second case, as already shown in Step 3 of Lemma 9 we have that

log(e + T, 7x)
1+ T, s

1 L
< Amax + 20'W1 M’

1+VL

|M"»J:,, - Mn,T:J < Amax + 20W1

since J¥ € UL. We also know that

[ V)

202 1 + 1 > 20° >21
T J’Sbl) Tn,J;L - TmJ,*L - \/E
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Therefore, we get
2

1 i
W (JD, J* £ A+ 2010, | 28 VL) VL)

On the other hand, we know that for all j € VT{*,

N L3/ A?nln
Wn(JT(L1)7]) > 1602

Thus, there exists L3 s.t. if L > Lg, then
Vi€ Vi, Wa (I, §) 2 2Wo (J5D, J7).

That means Jn ¢ VL and by consequence, 712 e VL
Finally, taking L; = max(Ls, L3), we have VL > L, either J\" € V.F or J{* € VL. 0

Next we show that there exists at least one arm in V¥ for whom the probability of being pulled is large enough.
More precisely, we prove the following lemma.

Lemma 17. There exists Ly = Poly(W,) s.t. for L > Ly and for all n s.t. UL # 0, then there exists J,, € V.F

s.t.
min(ﬂa 1- B)

A
K2 = 1/)min .

¢n,Jn Z

Proof. Using Lemma 10, we know that JS) or Jy @ € VL. We also know that under T3C, for any arm i, 9, ; can
be written as

W, (5, i) = ming; W (j, k
Ynyi :ﬁamﬁ(l—ﬁ)zaw Wa (5, 0) : ks ¥ k(] )}.
poy | arg miny,_,; Wi, (3, )|
Note that (1, ;); sums to 1,

S ni=8+01-8 Z 3 LWl ) = minis; Walj, )}

vy | arg miny,_, ; W, (5, k:)|

—ﬁ Zamj:l.
J

Therefore, we have

B
wn,Jfll) Z 5an7J7(11) Z ?
on one hand, since ) ;. 4 @, ; = 1. On the other hand, we have
a_
n,Jy
1/)%;52) > (1- ﬁ)iK
1—
S p
Z R
which concludes the proof. O

The rest of this subsection is exactly the same to that of TTTS. Indeed, with the above lemma, we can show that
the set of poorly explored arms UF is empty when n is large enough.

Lemma 18. Under T3C, there exists Ly = Poly(W1,Ws) s.t. VL > Ly, U\_LKLJ = 0.
Proof. See proof of Lemma 11 in Appendix . O

We can finally conclude the proof of Lemma 5 for T3C in the same way as for TTTS in Appendix . |
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E.2 Concentration of the empirical means, proof of Lemma 6 under T3C

As a corollary of the previous section, we can show the concentration of p,, ; to u;, and the proof remains the
same as that of TTTS in Appendix

E.3 Measurement effort concentration of the optimal arm, proof of Lemma 7 under T3C

Next, we show that the empirical arm draws proportion of the true best arm for T3C concentrates to 5 when the
total number of arm draws is sufficiently large. This proof also remains the same as that of TTTS in Appendix

E.4 Measurement effort concentration of other arms, proof of Lemma 8 under T3C

In this section, we show that, for T3C, the empirical measurement effort concentration also holds for other arms
than the true best arm. Note that this part differs from that of TTTS.

We again establish first an over-allocation implies negligible probability result as follow.

Lemma 19. Under T3C, for every £ < eg with g9 problem dependent, there exists S1 = Poly(1/&£, W1, Ws) such
that for all n > Sy, for all i # I*,

Ui 8 A2 n
Zni s Byg i < (K —1 _Zmin f7 L
n 2w TR < )eXP{ 1602 K}

Proof. Fix i # I* st. W, ;/n > w? + 2¢, then using Lemma 4, there exists Sy = Poly(1/£, W3) such that for any
n > S, we have

Tni
—_ wa-l-f-
n

Then,

Ui < Bani+ (1= 8) 3 ang{Wa (5 1) = min W (j k)}
JFi

< Bani+(L=B) | Y any+ an - I{Wa(I"0) = poin Wa (1", k) }
i ’
< Z nj + T{W, (I*,i) = min W (I*, )}
JAI
Next we show that the indicator function term in the previous inequality equals to 0.

Using Lemma 3 and Lemma 7 for T3C, there exists S5 = Poly(1/¢, Wy, Wa) such that for any n > Ss,

T, - .
‘ " ﬂ’ < & and Vj € A, — sl < €.

Now if Vj # I*,i, we have T), ;/n > w?, then

n—l _ Z Tn,j
n n
jeA

:Tn,l* +Tn,z+ Z Tn,j
n n . . n
JAL* i
>ﬂf€2+wf+5+ Z w]@Zl,
JAEI* i

which is a contradiction.
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Thus there exists at least one jo # I*, 4, such that T), j, /n < wf. Assuming n > max(S2, S3), we have

2 2
T 0 — T* i) — (Hn, 1+ — Ponsi) _ (Hn,1+ = Bnjo)
Wn( ?Z) WTL( 7]0) 20-2 1 + 1 202 1 + 1
Tn,I* Tn,i Tn,I* Tnﬁjo
(pre — pi — 26%)° (s — o +26%)°

> .
B 9 1 1 9 1 i
2 <6—52+wf+5> 2 <ﬁ+52+w§0>

<
i,50

converges to 0 when & goes to 0, more precisely we have

2
) (8
Wifyjo = (MI 202M) (54‘&1?) §+O(§2)7

According to Proposition 1, we.

%,Jo

thus there exists a g such that for all £ < ¢ it holds for all 4, jo # I*, ijo > 0. It follows then
W (I*,4) — lglél[r} Wo(I*, k) > W, (I*,i) — Wo(I*, jo) >0,

and ]I{Wn(l*7l) = min;ﬁg* Wn(l*; k)} =0.

Knowing that Lemma is also valid for T3C, thus there exists M; = Poly(4/Awmin, W1, W2) such that for all
n > My,

. At2nin n
VJ#I*aan,jSGXP{—mUQ K}a
which then concludes the proof by taking S; = max(Mi, So, S3). O

The rest of this subsection almost coincides with that of TTTS. We first show that, starting from some known
moment, no arm is overly allocated. More precisely, we show the following lemma.

Lemma 20. Under T3C, for every &, there exists Sy = Poly(1/&, W1, W3) s.t. ¥n > Sy,

v, .
Vie A, —L <o 42
n

Proof. See proof of Lemma in Appendix . Note that the previous step does not match exactly that of
TTTS, so the proof would be slightly different. However, the difference is only a matter of constant, we thus still
choose to skip this proof. O

It remains to prove Lemma & for T3C, which stays the same as that of TTTS.

Proof of Lemma & for T3C See proof of Lemma & for TTTS in Appendix

F Proof of Lemma

Finally, it remains to prove Lemma | under the Gaussian case before we can conclude for Theorem | for TTTS
or T3C.

Lemma 1. Let 6,8 € (0,1). For any sampling rule which satisfies E [Tg} < 0o for all e > 0, we have

E
lim sup (7] <

50 log(1/6)

if the sampling rule is coupled with stopping rule (),

1
%
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For the clarity, we recall the definition of generalized likelihood ratio. For any pair of arms 4, j, We first define
a weighted average of their empirical means,

//14\ A Tn,i
n,t,3
’ Tn,i + Tn,j

n,j Tin.j
n,j-
Tn,i + Tn,j ’

//J\n,i +

And if [, ; > [in,j, then the generalized likelihood ratio Z, ; ; for Gaussian noise distributions has the following
analytic expression,

Znyi; 2 Tnid(Fini3 Finsi ) + Togd(fin g3 Finig)-
We further define a statistic Z,, as
Z, = max min L
i€ A jeA\{i}
The following lemma stated by Qin et al. (2017) is needed in our proof.
Lemma 21. For any ¢ > 0, there exists € s.t. Y¥n > T5, Z, > (FE —()n.

To prove Lemma |, we need the Gaussian tail inequality (8) of Lemma

Proof. We know that

1- Qp, 1+ = § A

i£I*
<> T, [0; > 0r]
i£T*
= ZHn[Qi—QI* >0}
iET*
< (K - 1)ma>*<Hn [0; — 01« > 0].

i£T

We can further rewrite IT,, [0; — 01« > 0] as

Hn [97, - 9[* > Hn,i — Hn, T+ + Hn, 1+ — lffn,z] .

We choose ¢ sufficiently small such that the empirical best arm I;; = I*. Then, for all n > T} and for any i # I”,
fn, 1+ > fin,i- Thus, fix any ¢ € (0,1'5/2) and apply inequality (%) of Lemma 2 with p, 1+ and py ;, we have for
any n > TE,

202

n,i,I*

l-a *<(K—1)maxlexp —M
n,[* > i;éI*Q

(K —1)exp{—2Z,}

2
(K = 1)exp{ (T3 = O)n}
< .
- 2
The last inequality is deduced from Lemma 21. By consequence,
K-1
Vn>Tg5,In(1—apr+) <In 5 — (5 = O)n.
On the other hand, we have for any n,
)

1 —Cn,§ =

2n(K — 1)V2meexp { 2111271([{61)}
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Thus, there exists a deterministic time N s.t. Vn > N,

2n(K —1)
In(l-cps)=Iln————Inn—4/2lIn——=
(1= ns) (K — 1)v/Sre 5
0
>In——— —(n.
K T )vare ¢
Let C3 2 (K — 1)21/27e, we have for any n > Ny = T5 + N,
Cs Y
In(1—apr+)—In(l—cps) < IHT — (5 = 2¢)n, (13)

and it is clear that E [Ng] < oo.

Let us consider the following two cases:

Case 1 There exists n € [1, No| s.t. an 1+ > cns, then by definition,

TgS’IlSNl.

Case 2 For any n € [1, Ny|, we have a, 1+ < ¢, 5, then 75 > Ny + 1, thus by Equation 13,

0<In(l—ar_1r)—In(l—cry_1s)
C3

<=2 — (T = 20)(r5 — 1),

and we obtain In(Cn /6
o I(@/0)
1"2‘3 - 2¢

Combining the two cases, and we have for any ¢ € (0,I';/2),
In(Cs/é
75 < max {NO, F’;—B/QC) + 1}

In(Cs) In(1/6)
F;—24+F;—2<'

< No+1+

Since E [N1] < oo, therefore
lim su Ers] !
s Plog(1/6) ~ T — 2

V¢ € (0,13/2),
which concludes the proof. O

G Technical Lemmas

The whole fixed-confidence analysis for the two sampling rules are both substantially based on two lemmas:
Lemma 5 of Qin et al. (2017) and Lemma 4. We prove Lemma / in this section.

Lemma 4. There ezists a random variable Wy, such that for all i € A,

Vn €N, T — U, 4] < Way/(n+ 1)log(e2 +n) a.s.,
and E [6)‘W2] < 0o for any X\ > 0.
Proof. The proof shares some similarities with that of Lemma 6 of Qin et al. (2017). For any arm i € A, define

Vn € N,
Dn £ n,g \Ijn,iv
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dp 2 1{I, =i} — Yn;.
It is clear that D,, = 31" d; and E [d,,|F,,_1] = 0. Indeed,
E [dn|]:n—1] =E []l{ln = Z} - wn,i‘Fn—l]
=P [In = Z'|'7:nfl] —-E [P [In = Z'|‘7:n—1] |]:n71]
=PI, =i|Fn1] =PI, = i|Fn_1] = 0.

The second last equality holds since P [[, = i|F,_1] is F,_j-measurable. Thus D, is a martingale, whose
increment are 1 sub-Gaussian as d,, € [—1,1] for all n.

Applying Corollary 8 of Abbasi-Yadkori et al. (2012)", it holds that, with probability larger than 1 — 4, for all n,

Du| < ¢2<l+n>m(m)

)
which yields the first statement of Lemma

We now introduce the random variable

w. N |Tn7i - \Iln,il

> = max max .
neN ieA \/(n +1)In(e2 + n)

Applying the previous inequality with § = e=’/2 yields

p [an €N*: Dy > /(I +n)(In(1+n) +:c2)} <2,

P [Eln e N*: |Dy| > /(1 +n)n(e +n) x2:| <2,
where the last inequality uses that for all a,b > 2, we have ab > a + b.

Consequently Va > 2, for all i € A

P | max [ Tos = Wi > gl <e /2,
neN \/(n+1)log (€2 +n)

Now taking a union bound over i € A, we have Va > 2,

P[Wy > z] < P |max max : . >z
We z 2] < liGA neN (n+1)log(\/e2+n) -

<P U max [ Ts = Wi >x
=~ €N (n+1)log (Ve2 +n)

€A
< P |max : . >z
;4 [nEN (n+1)log (Ve +n)

< Ke /2,

The previous inequalities imply that Vi € A and Vn € N, we have |T,,; — ¥y, ;| < Way/(n + 1) log(e2 + n) almost
surely. Now it remains to show that VA > 0,E [¢*"2] < co. Fix some A > 0.

E [eAWZ] = / P [e/\w2 > z]de = / P [e’\W2 > 62’\?”} 2Xe?M dy
r=1 y=0
2 00
=2\ / P [Wy > 2y] M dy + 2X / P Wy > 2y] M dy
y=0 y=2
2 [e9) N
< 2/\/ P [Wy > 2y €MV dy+2)\Cl/ eV /22N dy < o0,
y

=0 y=2

—edr—1 <oo

Sbut we could actually use several deviation inequalities that hold uniformly over time for martingales with sub-
Gaussian increments
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where C is some constant.

O
H Proof of Posterior Convergence for the Gaussian Bandit
H.1 Proof of Theorem 4, Gaussian case
Theorem 5. Under TTTS, for Gaussian bandits with improper Gaussian priors, it holds almost surely that
li 1 log(1 =T}
A, gy oelt = ) =T
From Theorem 2 in Qin et al. (2017), any allocation rule satisfying 1), ;/n — wiﬂ for each i € A, satisfies
lim — log(1 ) =T
nl—>ngo n 8 n, 1+ ) = h
Therefore, to prove Theorem 5, it is sufficient to prove that under TTTS,
Vie{l,...,K}, lim %% ,0 (14)
’ ’ ’ n—oo n g

Due to the concentration result in Lemma 4 that we restate below (and proved in Appendix D), which will be
useful at several places in the proof, observe that

Tnz’ a.s \I’ni a.s
hm—’:wfj & hm—”:wiﬁ,
n—oo n n—,oo nNn

therefore it suffices to establish the convergence of Em =", ;/nto wf , which we do next. For that purpose, we
need again the following maximality inequality lemma.

Lemma 4. There exists a random variable Wa, such that for all i € A,

VneN,|T,,; — ¥, < Wg\/(n + 1)log(e? +n) a.s.,

and E [e)‘W2] < 0o for any A > 0.

Step 1: TTTS draws all arms infinitely often and satisfies T,, ;- /n — 8. More precisely, we prove the
following lemma.

Lemma 22. Under TTTS, it holds almost surely that
1. forallie A, lim,_,oo T, ; = 00.

2. Qn, [x —7 1.
3. Tn,I* /’I’L — 6
Proof. Our first ingredient is a lemma showing the implications of finite measurement, and consistency when all

arms are sampled infinitely often. Its proof follows standard posterior concentration arguments and is given in
Appendix

Lemma 23 (Consistency and implications of finite measurement).
Denote with I the arms that are sampled only a finite amount of times:

I={ie{l,....,k}:VYn,T,,; < c}.

IfT is empty, an; converges almost surely to 1 when i = I* and to 0 when i # I*. If T is non-empty, then for
every i € I, we have liminf, ,. a,; >0 a.s.
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First we show that )\ 7T, ; = oo for each arm j. Suppose otherwise. Let T again be the set of arms to which
only finite measurement effort is allocated. Under TTTS, we have

SO ¥n i > Bay ;. Therefore, by Lemma 23, if ¢ € Z, then lim inf an,; > 0 implies that > ¢y, ; = co. By Lemma /,
we then must have that lim, ,. 15,; = oo as well: contradiction. Thus, lim,_,. T5,; = oo for all ¢, and we
conclude that a, ;~ — 1, by Lemma

For TTTS with parameter § this implies that En,[* — 3, and since we have a bound on |Tnz/n7%”| in Lemma 4,
we have T,, 1~ /n — [ as well. O

Step 2: Controlling the over-allocation of sub-optimal arms. The convergence of T), 1+ /n to 8 leads
to following interesting consequence, expressed in Lemma 24: if an arm is sampled more often than its optimal
proportion, the posterior probability of this arm to be optimal is reduced compared to that of other sub-optimal
arms.

Lemma 24 (Over-allocation implies negligible probability). " Fiz any & > 0 and j # I*. With probability 1,
under any allocation rule, if T,, 1« /n — 3, there exist ¢’ > 0 and a sequence €, with €,, — 0 such that for any
n €N,

T Ay 5 4
L >l b em <o),
n maXx;£r Qp

Proof. We have II,,(Ouizr+) = Z#l* @ni = 1 — an 1+, therefore max;+r+ an; <1 —ay, +. By Theorem 2 of Qin
et al. (2017) we have, as T), 1+ /n — f,

1
limsup —— log [ maxa,,; | <TI%.
n—>oop n & (i#]* n,z) =8

We also have the following from the standard Gaussian tail inequality, for n > 7 after which pi,, 1+ > pt, i, using
that 6; — 67« ~ N (pn,i — fin,1+, 05 ; + 05 1) and o, + 05 1o = 0>(1/Tni +1/T 1),

_(,Udni_unI*)2 (,uni_,unl)2
< IL(0; > 0;.) < ’ ’ - — ’ ’ .
ani < Talfs > B1:) < exp (202(1/Tn,1* 17T ) = P\ T 202/ T + 0/ T)

Thus, there exists a sequence ¢,, — 0, for which

Gn,j

<
maXr« Ani exp {—n (T +¢,/2)})

(Nnj*,“nl*)Q >}
expq —n : . —en/2
{ <202(n/Tn,1* +n/Tn) 4 —expln (Bng = pn+)*
202(n/Tn, 1+ + /Ty ;) g

Now we take a look at the two terms in the middle:

(Mn,j - ,un,l*)2
QUQ(H/T»,LJ* + ’I’L/ij)

- T3
Note that the first term is increasing in 7T), ;/n. We have the definition from Qin et al. (2017), for any j # I*,

I (pj — pur+)?
A B 8’
202 (l/wl* + 1/wj)

and we have the premise
T .
Lz + &
n

Tanalogue of Lemma 13 of Russo (2016)
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Combining these with the convergence of the empirical means to the true means (consistency, see Lemma 23),
we can conclude that for all € > 0, there exists a time ng such that for all later times n > ng, we have
(,Un,j - Mn,f*)2 > (,uj - :U'I*)2 (,u,j - /“*)2

_e> — I'%
2020/ T+ 1/ Tug) = 202 (/54 0/T) "~ 22 (184 1/(wf +6)) T

where the first inequality follows from consistency, the second from monotonicity in 7}, j/n. That means that
there exist a £ > 0 such that

(.Un,j - Nn,I*)Z
202(n/ Ty, 1+ + /T, ;)

_Fg > 5/7

and thus the claim follows that when T’;L’j > wf + &, we have

2
n,j (K = fin,1+) « —n(€'+en)
— < exp{—n I —¢ <e n,
max;£r- Qi P { (202(n/Tn,I* + n/Tn,j) b " N

O

Step 3: @m converges to wf for all arms. To establish the convergence of the allocation effort of all arms,
we rely on the same sufficient condition used in the analysis of Russo (2016), that we recall below.

Lemma 25 (Sufficient condition for optimality). © Consider any adaptive allocation rule. If we have

Buge =B and D 1 {2 w) e <00, WiATNE>0, (15)

neN

then v, — YP.

First, note that from Lemma 22 we know that T}, ;«/n — [, an by Lemma 4 this implies En,[* — f3, hence we
can use Lemma 25 to prove convergence to the optimal proportions. Thus, we now show that (15) holds under

TTTS. Recall that J{" = arg max; a, ; and J& = argmax ., ;) n,j- Since ap, 1+ — 1 by Lemma 22, there is

some finite time 7 after which for all n > 7, Jr(tl) = I*. Under TTTS,

nj > Onyj > jti Onj
Ui =ani [ B+ (18 1# < anif + ani(l— ﬁ)lL < an B+ an(1— gy =2
iz O =y g A
1 .
Saniﬁ“‘ani(l_ﬂ) < O, )
’ ’ anny(lz) an,-b(f)

where we use the fact that for j # J,(ll), we have a, ;= anj and a, ;@ < 1- a, ;. For n > 7 this means
that ¢ ; < apn;/max;jxr« an, for any ¢ # I*.

By Lemma 24, there is a constant £ > 0 such and a sequence ¢, — 0 such that

Qp, 4 ’
Thi/n > wf +E=> — D < enE e,
Max;£+ Gn,j

Now take a time 7 large enough, such that for n > 7 we have [T, ;/n — ¢, ;| < & (which can be found by
Lemma ). Then we have

H{En,j > w?m} < n{TnJ > wf +2§}

Therefore, for all ¢ £ I'*, we have

> tnil{B,; 20l +¢f <3 wﬂ{TnJ > W] + 25} <Y e <o,

n>T n>T n>T

Thus (15) holds and the convergence to the optimal proportions follows by Lemma

8Lemma 12 of Russo (2016)
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H.2 Proof of auxiliary lemmas

Proof of Lemma Let Z be nonempty. Define

A 7 2 A 2
Hoo,n = lim py 4, and Ooosi = lim o,
n—oo n—oo

and recall that for ¢ € A for which 7T}, ; = 0, we have u,, = p1,; = 0 and J,QM- = O’ii = oo, and if T}, ; > 0, we
have

1 n—1 0.2
fni = 1{I, =i}Y,,, and 02 , = )

’ Tn [ ’ ’ Tn i

=1 l
For all arms that are sampled infinitely often, we therefore have pio ; = p; and 02 = 0. For all arms that are
sampled only a finite number of times, i.e. i € Z, we have o2, > 0, and there ex1sts a time ng after which for all

n > no and i € Z, we have Th,i = Thy,i- Define
I £ N(Nm,lvago,l) ®N(NOO,27 Ugo,z) ... ®~/\/(/~L0<> ky O ®5u1 ® ®Hno

igT ie€T

Then for each ¢ € A we define

Qoo i = Il (91 > max0]> .

J#i
Then we have for all i € Z, as; € (0, 1), since 02, > 0, and thus as ;+ < 1.

When 7 is empty, we have a,, ;- = IL,,(0;- > max;.« 0;), but since oo = @), 4 0y, We have as 1+ = 1 and
Goo,; = 0 for all ¢ # I'*.

I Proof of Posterior Convergence for the Bernoulli Bandit

I.1 Preliminaries

We first introduce a crucial Beta tail bound inequality. Let F fgta denote the cdf of a Beta distribution with

parameters a and b, and F , the cdf of a Binomial distribution with parameters ¢ and d, then we have the
following relationship, often called the ‘Beta-Binomial trick’,

F(Egta( ) Fa+b 1y(a’ 1)7
so that we have

P [X > SL’] =P [Baerfl,z <a-— 1] =P [Ba+b71,17:v > b] .

We can bound Binomial tails with Sanov’s inequality:

—nd(k/n,z)
67 P [Bn z = k] < e_”d(k/n,x),

— s

n+1

where the last inequalities hold when k > nx.

Lemma 26. Let X ~ Beta(a,b) andY ~ Beta(c,d) with 0 < a+b 7 < ﬁ. Then we have P[X > Y] < De~¢
where
C= inf Cop(y) + Cealy),
aj-i;—llfyf ci;il
and

c—1 a—1
D: 1 _— _— .
3—|—m1n<Ca,b <c+d1> ,Cod <a+b1))
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Note that this lemma is the Bernoulli version of Lemma

Theorem 6. Consider the Beta-Bernoulli setting. For 8 € (0,1), under any allocation rule satisfying Ty, 1~ /n —

B
Wrs s

1
lim ——log(1 —an 1+) < T},

n—oo n

and under any allocation rule satisfying Ty, ;/n — wiﬁ for each i € A,

1
lim ——log(1l — an,r+) =T%.

n—oo N

Proof. Denote again with Z again the set of arms sampled only finitely many times. For Z empty, we thus have
oo, 2 lim, 0o tn,i = 1. The posterior variance is

2 i B, i (L+ 3000 I = VYo, ) (L + T — Yoy, 1{Ie = i}Yer,)

o .=
e (an,i + Bn,i)2(an,i + Bn,i + 1) (2 + T’ﬂ,i)2(2 + T’fhi + 1)

2

We see that when Z is empty, we have Oi 2 lim, o0 Ufm =0, i.e., the posterior is concentrated.

Step 1: A lower bound when some arms are sampled only finitely often. First, note that when
T,.; = 0 for some i € A, the empirical mean for that arm equals the prior mean i, ; = ag;/(,; + 5o,i), and the

variance is strictly positive: o2 ; = (@0,i80,1)/ ((@w0,i + B0,i)*(@0,i + Bo,i +1)) > 0. When T is not empty, then
for every i € Z we have 02, ; > 0, and aso,; € (0,1), implying aes,r« < 1, and thus

1 1
lim ——log (1 —ap,+) = ——1log (1l — Goo,1+) = 0.
n

n—oo N

Step 2: A lower bound when every arm is sampled infinitely often. Suppose now that T is empty,
then we have

EI;&I)*(HTL(Q,L Z 9[*) S 1 — Qnp, I~ S ;I*Hn(ﬁz Z 9[*) S (k — 1)?;&%}51_.[”(92 2 9[*).

Thus, we have 1 — ap 1+ < (k— 1) max;zr« I1,,(6; > 07+) and also 1 — ay, 1+ = max;zr« I1,(8; > 01+). We have

I' = max min C;(wr+, w;),
wEW i£I*

I'ty = max minC;(8,w;), with
B weEW wrx =0 i#£I* 7'(57 1)7

Ci(wr+,w;) = migwpd(Ol*;x) +wid(0;;2) = wr-d(07+50) + w;d(6;;0),
S

where 6 € [6;,0;] is the solution to

_ wr= A/(ep) + sz’(Gl)

wr + wj

A'(0)

Since every arm is sampled infinitely often, when n is large, we have ji, 7« > fi,;. Define S,; =

?:_11 1{I, =i}Ys1,. Recall that the posterior is a Beta distribution with parameters a,,; = S,; + 1 and
Bn,i = Tni — Sni+ 1. Let 7 € N be such that for every n > 7, we have S, ; /(T + 1) < Sp.1+/(Tn, 1+ +1). For
the sake of simplicity, we define for any 7 € A the interval

I 1 A Sn,i Sn,[*
Z,I Tnyi + 17 Tn7I* + 1 .

Then using Lemma 206 with a = S, ; +1,b=T,,; — Sps +1,c= Sy 1+ +1,d =T, 1+ — Sy, 1+ + 1, we have

M, (0; — 01+ > 0) < Dexp {_ yei?f C8, 41,1 i =S i +1(Y) + Csn,f*+1,Tn,p—sn,1*+1(y)} :
i, I*
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This implies

] 0, (6; > 0, 1
—log . ©: 2 0r-) < —log(D),
n €Xp {_ lnfyeIi,I* CS7L,i+17Tn,i_Sn,i+1(y) + Osn‘l* +1aTn,I*_Sn,I*+1(y)} n

which goes to zero as n goes to infinity. Indeed replacing a, b, ¢, d by their values in the definition of D we get
Sn i Sn I*
D < Th:— 1)kl —; :
_3+( 5 ) <Tn,7,+1 Tn,[*""l)

<3+ (n+ 1)kl (o;nil> = (n+1)log(n+1).

Hence,

I1,,(0; > 0r+) = exp {—

yel?f CS?L,'L"FLTn,i_Sn,i"Fl (y) + CSn,I* +1:Tn,I* _Sn,I* +1 (y)} -
i, I*
We thus have for any i,

1—ap;= gﬁa})ﬁﬂn [0; > 01+]

= mAX exp {— yel}ifl Cs,p 41,0 5= S s+1(Y) + Osn,1*+1,Tn,p—Sn,,*+1(y)}

. . . Tn+1 Sn Tn1*+1 Sn[*

=exp<{ —nmin inf - kl g + — ki : ;
p{ et T on (Tn,j 1Y n Top+1Y

Sn j Sn I*
>exps —nmaxmin inf wkl | —2l—; —|—w*kl< : >}
- p{ ST ey, <Tn,j+1 y) !

7Tn,j T 17?4
Fix some € > 0, then there exists some ng(e) such that for all n > ng(e), we have for any j,

Sy, S I*
I = Y ”v . B
o {Tn,j 1T + 1’} C g e =l

2,€?

and because KL-divergence is uniformly continuous on the compact interval I7_, there exists an ny such that for
every n > ni we have

Sn
_Pmi ) > (1= -
kl (Tn7j+17y> > (L—e)kl (u539)

for any y and for all j € A. Therefore, we have

Sn.j Sn.1+
1—a,; = - in inf wikl | —2l—; vkl |
@i eXp{ (P <Tn,j n 1’y> T <Tn,p +1Y
> — i i f i 5y * * 1 .
> eXp{ nmax min yler};yngkl(uj,y) +wr-kl(pr ,y)}
Therefore, we have

1
limsup ——log(l — ay, ;) < T'™.
n

n—oo

If T, ;/n — w} for each i € A, we have

1 Pt g S LT g (2l
noooyeli e n (Tn 1 y) L (Tn +1Y

= inf  wlkl(piy) + wikl(pry)
YEpis prr+]

= F*’
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and thus
1—ap,; =exp {—n ngXjI;léi]I} ylél]fg wikl(pj;y) + wrkl(per; y)}
=exp{—nl"*},
implying

1
lim ——1log (1 —ay,,) =T

n—oo N
Everything goes similarly when wi« = 8 € (0,1), so under any sampling rule satisfying T,, j«/n — 8 we have

1
limsup ——log(1 — a,;) < T'j
n

n—oo

and under any sampling rule satisfying T,, ;/n — wiﬁ for each i € A, we have

1
lim ——log(l — an;) =T5.

n—oo N

1.2 Proof of Theorem 4, Bernoulli case

Theorem 7. Under TTTS, for Bernoulli bandits and uniform priors, it holds almost surely that

1
lim ——log(l —a, 1-) =T},

n—oo n

From Theorem 6 we know that under any allocation rule satisfying T), ;/n — wf for every i € A, we have
li L log (1 ) =T}
Jim, 108 (1~ aup) =T

Thus, we only need to prove that under TTTS, for all ¢ € A, we have

. Tnz a.s
lim — = wiﬁ.
n—oo N

Just as for the proof of the Gaussian case, we can use Lemma 4 (proof in Appendix ), which implies

. Tni a.s .
lim == wiﬁ < lim
n—oo N n—oo N

l:[/n,i a.s f3
= wi

Therefore, it suffices to show convergence for @n’i =W, /n to wf , which we will do next, following the same
steps as in the proof for the Gaussian case.

Step 1: TTTS draws all arms infinitely often and satisfies T,, ;+/n — 8. We prove the following lemma.
Lemma 27. Under TTTS, it holds almost surely that

1. forallie A, limy,_yo0 T, ; = 00.

2. anJ* — 1.

T,

3.

Proof. First, we give a lemma showing the implications of finite measurement, and consistency when all arms
are sampled infinitely often, which provides a proof for 2. The proof of this lemma follows from the proof of
Theorem 6, and is given in Appendix
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Lemma 28 LConsistency and implications of finite measurement).
Denote with I the arms that are sampled only a finite amount of times:

I={ie{l,....,k}:VYn,T,,; < c}.

IfT is empty, an; converges almost surely to 1 when i = I* and to 0 when i # I*. If T is non-empty, then for
every t € I, we have liminf,, . a,; > 0 a.s.

Now we can show 1. of Lemma 27: we show that under TTTS, for each j € A, we have ) _\ Ty ; = co. The
proof is exactly equal to the proof for Gaussian arms.

Under TTTS, we have

o
j#i ™

Ui = ana [ B+1=8) D 77—,

S0 Yn; > Bay.;, therefore, by Lemma 23, if i € Z, then liminf a,, ; > 0 implies that > 1, ; = co. By Lemma 4,
we then must have that lim, ,. T},,; = oo as well: contradiction. Thus, lim,_,. T5,; = oo for all ¢, and we
conclude that a,, r~ — 1, by Lemma

Lastly we prove point 3. of Lemma 27. For TTTS with parameter 3, the above implies that En 7+ — [, and since
we have a bound on [T, ;/n — 1, ;| in Lemma 1, we have Ty, 1+ /n — 3 as well.

O

Step 2: Controlling the over-allocation of sub-optimal arms. Following the proof for the Gaussian case
again, we can establish a consequence of the convergence of T,, 1~ /n to § : if an arm is sampled more often than
its optimal proportion, the posterior probability of this arm to be optimal is reduced compared to that of other
sub-optimal arms. We can prove this by using ingredients from the proof of the lower bound in Theorem

Lemma 29 (Over-allocation implies negligible probability).
Fiz any € > 0 and j # I*. With probability 1, under any allocation rule, if T,, 1+/n — B, there exist & > 0 and
a sequence €, with €, — 0 such that for any n € N,

Tog 5 8 b= I (e,
n — 7 MAaX;£r+ An,i

Proof. By Theorem 6, we have, as T}, 1« /n — (3,

. 1 *

limsup ——log | maxa,; | <TI'j,

n—oo n i#£L*
since max;.y« n,; < 1—ay, 1. We also have from Lemma 26 a deviation inequality, so that we can establish the
following logarithmic equivalence:

an,; <IL,(8; > 01+) = exp {—nC} (W, 1+,wn )} =exp{—nC; (B,wn )},
A Ty

where we denote w,; = —>*. We can combine these results, which implies that there exists a non-negative
sequence &,, — 0 such that

Qn,j < &2 {=nC; (B, wn;) —n/2}
e =

=exp {—n (C; (B,wn,;) — FZ‘;) —en}.
We know that C) (ﬁ,wf) is strictly increasing in wf, and Cj (5, wf) = I';, thus, there exists some & > 0 such
that

wnj > Wi +€ = Cj(B,wny) —Th>¢.

analogue of Lemma 13 of Russo (2016)
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Step 3: @n,i converges to wf for all arms. To establish the convergence of the allocation effort of all arms,
we rely on the same sufficient condition used in the analysis of Russo (2016), restated above in Lemma 25, and
we will restate it here again for convenience.

Lemma 30 (Sufficient condition for optimality).
Consider any adaptive allocation rule. If

G = B and Sl { > +£}<oo Wj £ T E>0, (16)
neN
then 1, — P.
First, note that from Lemma 27 we know that =L B, and by Lemma 4 this implies En 1+ — [, hence we

can use the lemma above to prove convergence to the optimal proportions. This proof is already given in Step 3
of the proof for the Gaussian case, and since it does not depend on the specifics of the Gaussian case, except for
invoking Lemma 23 (consistency), which for the Bernoulli case we replace by Lemma 28, it gives a proof for the
Bernoulli case as well. We conclude that (15) holds, and the convergence to the optimal proportions follows by
Lemma

1.3 Proof of auxiliary lemmas

Lemma 26. Let X ~ Beta(a,b) andY ~ Beta(c,d) with 0 < < =L Then we have P[X > Y] < De ¢

+b 1 c+d—1
where
C - inf  Cap(y) + Ceay),
R 1<y<c+d T
and
c—1 a—1
D = 3 i Ca -7 1 )CC i1 :
+m1n( ’b<c+d1) ’d<a+b1))
Proof

PIX>Y]=E[P[X >Y[Y]]<E {ﬂ{Y< #bil}m{yz a“%b_ll}mx >Y|Y]}

c—1 a—1
< — — .
_exp{ (c+d 1)kl(c—|—d—1’a+b—1)}

+E [exp{—(a—i—b— 1)kl (aizll;Y)}ll{Y > ai;ll}]

A

Using the Beta-Binomial trick in the second inequality. Furthermore, we have

A<E{]1{b11§Y 0;11}} eXp{ (a+b— 1)kl (+;11 Y)}

B

a—1 c—1
— b— 1)kl ;
+exp{ (a+ ) <a+b—1’c—|—d—1>}

IN

Denote with f the density of Y, then

B:/:Jrjlexp{ (a+b—1)kl (_i_;il,y)}f(y)dy

a+b—1
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Via integration by parts we obtain

a—1 T
= —_— p— [ <
B {exp{ (a+0b 1)kl<a+b_1,y>}P[Y_y]} .

a+b—1
- L (o Can(®)} P(Y < y)d
+/aibzl (@t b= Dg M ey P G} PO < w)dy
[T oy L (o c c d
_/ai;il (a+b=D G oy =17Y) P {=(Can(y) + Cealv))} dy
a—1 c—1
— — 1 .
+exp{ (a+b )kl(a+b1’c+d1)}’
where the first inequality uses the Binomial trick again. Let
1 1
C = inf (a+b—1)kl (,y) (c+d—1)kl (,y) inf Cup(y) + Cea(y),
e 1<y<L+d11 +b +d a¥b= 1<y<L+d11

then note that in particular we have

C’Smin((aerl)kl( a-l _c—l ),(c+d1)kl( c-1 a1l )>

a+b—1c+d—-1 c+d—1"a+b-1

. c—1 a—1
= win (Ca»b (+d—1> Gt (w)) |

oFd-1 d a—1 a—1 c—1
B<e© b—1)—kl(—————y)d -C = b— 1)kl : 1le @
< [T o g e e = - e (S ) e

a+b—1

Then

Thus we have

a—1 c—1 _c
< - ; :
P[X>Y]_(3+(a+b 1)kl<a+b1’c+d1)>e

By symmetry, we have

. c—1 a—1 _c
< _— _—
P[X >Y]—(3+mm(ca’b(c+d—1>’Cc’d<a+b—1>)>e ,

where ) )
a— c—
C = inf a+b—1Dkl| ———y |+ (c+d—1Dkl| —————;v ) .
T <yS i 1( ) (aerl y) ( ) <C+d1 y)
|
Proof of Lemma Let Z be empty, then we have Hoo,i 2 lim, oo tn,; = ;. The posterior variance is
0_2 o an,iﬁn,i (1+Z ]l{IZ _7/}}/[ Ie)(1+Tnz_ ]l{IZ _Z}Yz I[/)
e (an,i + 5n,i)2(an,i + 577,,2' + ]-) (2 + Tn z) (2 + Tn N + ]-)

2

We see that when Z is empty, we have sy £ im0 Ufm =0, i.e., the posterior is concentrated.

When T;, ; = 0 for some ¢ € A, the empirical mean for that arm equals to the prior mean p,, ; = v /(1,4 B1,4),
and the variance is strictly positive: o2, = (an.ifn.i)/ ((Oq i+ Bri) (i + B+ 1)) > 0. When 7 is not

n, 7
empty, then for every i € Z we have o2, > 0, and Qoo € (0,1), implying a1+ < 1, hence the posterior is not
concentrated.
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