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A Proof of Theorem 2.1

In this appendix, we present the proof of Theorem 2.1. We first introduce notation and preliminaries in Ap-
pendix A.1, to be used subsequently in proving both parts of Theorem 2.1. The proof of Theorem 2.1(b) is
presented in Appendix A.2. The proof of Theorem 2.1(a) is presented in Appendix A.3. We first present the
proof of Theorem 2.1(b) followed by Theorem 2.1(a), because the proof of Theorem 2.1(a) depends on the proof
of Theorem 2.1(b).

In the proof of Theorem 2.1(a), the constants are allowed to depend only on the constant B. In the proof of
Theorem 2.1(b), the constants are allowed to depend only on the constants A and B. The proofs for all the
lemmas are presented in Appendix A.4.

A.1 Notation and preliminaries

In this appendix, we introduce notation and preliminaries that are used subsequently in the proofs of both
Theorem 2.1(b) and Theorem 2.1(a).

(i) Notation

Recall that d denotes the number of items, and k£ denotes the number of comparisons per pair of items. The
d items are associated to a true parameter vector 6* = [0,...,05]. We have the set O = {§ € R? | [0 <

B, Z?zl ; = 0} and the set ©4 = {0 € R? | |0~ < A, Z?:l 0; = 0}, where A and B are finite constants such
that A > B > 0. The true parameter vector satisfies 6* € Op.

Denote 4; as the probability that item i € [d] beats item j € [d]. Under the BTL model, we have

1

—
Hij = 1 o—6=o5)

For every r € [k], denote the outcome of the 7" comparison between item i € [d] and item j € [d] as

X" .= 1{item i beats item j in their 7"

ij comparison}.

We have XZ-(;) ~ Bernoulli(x;;), independent across all € [k] and all # < j. Recall that W;; denotes the number

of times that item ¢ beats j. We have W;; = Zle XZ-;) and therefore W;; ~ Binom(k, uj;). Denote p;; as the
fraction of times that item i beats item j. That is,

k
1 1 .
r=1

We have p;; ~ %Binom(k, 147;), independent across all i < j.

Finally, we use ¢, ¢, ¢1, ca, etc. to denote finite constants whose values may change from line to line. We write
f(n) < g(n) if there exists a constant ¢ such that f(n) < ¢-g(n) for all n > 1. The notation f(n) = g(n) is
defined analogously.

(ii) Notion of conditioning
Let E be any event. The conditional bias of any estimator 9 conditioned on the event E is defined as:

BO|E) = sup ||[E[f|E]— 0.
0*€cOp

We use “W.h.p.(d—lk)” to denote that an event E happens with probability at least

c

P(E)>1—- —
(B)>1- -,

for all d > dy and k > kg, where dg, kg and ¢ are positive constants.
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Similarly, we use “w.h.p.(d—lk | E)” to denote that conditioned on some event E, some other event E’ happens
with probability at least

i
dk’

for all d > dy and k > ko, where dy, kg and c¢ are positive constants.

P(E |E)>1—

(iii) The negative log-likelihood function and its derivative

Recall that ¢ denotes the negative log-likelihood function. Under the BTL model, we have

1 1
00) = L({Wi;}:0) = — Z |:Wij log (1—1—6—("@—9:')> + Wjilog <1+e—(91—91¥)>}
1<i<j<d
S O R AN
=- ij FRp ji Fp
iy 1+ e (0:=0) 1+ e~ (050
=k Y [log(e” + %) — pijb; — p;i6;] - (11)
1<i<j<d

Since {5} is simply a normalized version of {W;;}, we equivalently denote the negative log-likelihood function
as £({pij }; 0)-

From the expression of £ in (11), we compute the gradient %m for every m € [d] as

ov 1
o8, =F 2 (1 e “““‘) ' (12)

i#Em
Finally, the following lemma from Hunter (2004) shows the strict convexity of the negative log-likelihood function
L.
Lemma A.1 (Lemma 2(a) from Hunter (2004)). The negative log-likelihood function £(0) is strictly convex in
0 € RY.

(iv) The sigmoid function and its derivatives

Denote the function f : (—oo,00) — (0,1) as the sigmoid function f(z) = H% It is straightforward to verify
that the function f has the following two properties.

e The first derivative f’ is positive on (—oo,00). Moreover, on any bounded interval, the first derivative f’ is
bounded above and below. That is, for any constants ¢; < co, there exist constants cs, ¢4 > 0 such that

0<ec3< f(z)<ec for all z € (c1,c2). (13a)

e The second derivative f” is bounded on any bounded interval. That is, for any constants ¢; < ca, there
exists a constant cs such that

|f"(z)] < s, for all z € (c1, ca). (13b)

(v) Existence and uniqueness of MLE
Recall that the MLE (3), the unconstrained MLE (5), and the stretched-MLE (6) are respectively defined as:

0P ({pi;}) = argmin {({s;}:0), (14)
0 ({ni;}) = argmin {({s;}:0), (15)
0N ({pi;}) = argmin {({s;}:0). (16)

The following lemma shows the existence and uniqueness of the stretched-MLE o) (16) for any constant A > 0,
which incorporates the standard MLE %) by setting A = B.
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Lemma A.2. For any finite constant A > 0, there always exists a unique solution 0 to the stretched-MLE (16).

See Appendix A.4.1 for the proof of Lemma A.2.
For the unconstrained MLE, due to the removal of the box constraint in (15), a finite solution gl may not

exist. However, the following lemma shows that a unique finite solution exists with high probability.

Lemma A.3. There exists a unique finite solution ) to the unconstrained MLE (15) w.h.p.(gz ).

See Appendix A.4.2 for the proof of Lemma A.3.

In the subsequent proofs of Theorem 2.1(b) and Theorem 2.1(a), we heavily use the unconstrained MLE as an
intermediate quantity to analyze the MLE and the stretched-MLE.

A.2 Proof of Theorem 2.1(b)

In this appendix, we present the proof of Theorem 2.1(b). To describe the main steps involved, we first present
a proof sketch of a simple case of d = 2 items (Appendix A.2.1), followed by the complete proof of the general
case (Appendix A.2.2). The reader may pass to the complete proof in Appendix A.2.2 without loss of continuity.

A.2.1 Simple case: 2 items

We first present an informal proof sketch for a simple case where there are d = 2 items. The proof for the
general case in Appendix A.2.2 follows the same outline. In the case of d = 2 items, due to the centering
constraint on the true parameter vector *, we have 5 = —07. Similarly, we have §; = —6; for any estimator

that satisfies the centering constraint (in particular, for the stretched-MLE 94 and the unconstrained MLE

5(00)). Therefore, it suffices to focus only on item 1. Since there are only two items, for ease of notation, we
denote p = p12 and p* = pi,. We now present the main steps of the proof sketch.

Proof sketch of the 2-item case (informal):

In the proof sketch, we fix any 6* € O, and any finite constants A and B such that A > B > 0.

Step 1: Establish concentration of p
By Hoeffding’s inequality, we have

= p S sk

< P w.h.p. (17)

Since |6*| < B, we have that p* is bounded away from 0 and 1 by a constant. Hence, for sufficiently large k,
there exist constants cr,cy where 0 < ¢z, < ¢y < 1, such that

[TRTA S (CL,CU). (18)

Step 2: Write the first-order optimality condition for g(=)
The unconstrained MLE #(°) minimizes the negative log-likelihood ¢. If a finite unconstrained MLE gl exists?,

we have V,_5.,)£(0) = 0. Setting m = 1 in the gradient expression (12) and plugging in (), we have

ot
001

1
oo <1 + e~ (-85 - MQ)

1
() )

! For the proof sketch, we ignore the high-probability nature of Lemma A.3, and assume that a finite gl always
exists. It is made precise in the complete proof in Appendix A.2.2.
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Setting the derivative (19) to 0, we have

s 1
9 = —Zlog (—1) (20)
w
By the definition of {y;} in (9), we have pu* = Hef(},ffgs) = 1+e£29f , which can be written as
.1 1

Define a function h : [0,1] - RU {£oo} as

Subtracting (21) from (20) and using the definition of h from (22), we have

07 — 07 = h(u) — h(w"). (23)

Step 3: Bound the difference between 9(>) and 0*, by the first-order mean value theorem

It can be verified that h has positive first-order derivative on (0,1). Moreover, there exists some constant c;
such that 0 < h/(t) < ¢; for all t € (¢r,,cy). Applying the first-order mean value theorem on (23), we have the
deterministic relation

07> — 05 =W (\) - (n— ), (24)

where A is a random variable that depends on p and p*, and takes values between p and p*. By (18), we have
A € (cr,cy). From (24) we have

07 = 0311 < 1l — ). (25)
Combining (25) with (17), we have
0o . log k
67— 01 S 4 /== whp. (26)

Step 4: Bound the expected difference between 9(>) and 0*, by the second-order mean value the-
orem

By the second-order mean value theorem on (23), we have the deterministic relation
017 — 07 = h() = h(u™) = /(") - (= ") + 1) - (= ), (27)
where \ is a random variable that depends on p and p*, and takes values between p and p*. By (18), we have

X S (CL7 CU).

It can be verified that h has bounded second-order derivative. That is, |h"/(t)| < co for all t € (cp, cy). Taking
an expectation over (27), we have

E] — 07 = 0'(u*) - (Blu] — u*) + E[R"(N) - (u — )] (28)

< El(u — )7

(i) log k
< = (29)

where (i) is true because E[u] = u* combined with the fact that |h”| < ¢z on (cr,cr), and (ii) is true? by (17).

2 For the proof sketch, we ignore the high-probability nature of (17) and treat it as a deterministic relation. It is made
precise in the complete proof in Appendix A.2.2.
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Step 5: Connect 90> back to A
From (26), we have |t/9\§oo) — 07| < A— B w.h.p. for sufficiently large k. Hence,

8°)) < 107 +10°°) 01| < B+(A—B)=A,  whp.

Moreover, we have ’5&00)’ = ’@1%)‘ < A. Therefore, with high probability, the unconstrained MLE 9(>) does not

violate the box constraint at A, and therefore 6(>°) is identical to the stretched-MLE §(4). Hence, the bound (29)
holds? for the stretched-MLE, completing the proof sketch.

A.2.2 Complete Proof

In this appendix, we present the proof of Theorem 2.1(b), by formally extending the 5 steps outlined for the
simple case in Appendix A.2.1. In the general case, one notable challenge is that one can no longer write a
closed-form solution of the MLE as we did in (20) of Step 2. The first-order optimality condition now becomes
a system of equations that describe an implicit relation between 6 and u, requiring more involved analysis.

In the proof, we fix any 0* € O©p, and fix any finite constants A and B such that A > B > 0.

Step 1: Establish concentration of {s;;}
We first use standard concentration inequalities to establish the following lemma, to be used in the subsequent
steps of the proof.

Lemma A.4. There exists a constant ¢ > 0, such that

S fni = 3 it gc,/w,

i#m i#m
simultaneously for all m € [d] w.h.p. (35 ).

See Appendix A.4.3 for the proof of Lemma A.4.

Recall that Lemma A.3 states that a finite unconstrained MLE 6(>) exists w.h.p.(ﬁ). We denote Ej as the
event that Lemma A.3 and Lemma A.4 both hold. For the rest of the proof, we condition on Ej. Since both
Lemma A.3 and Lemma A.4 hold w.h.p.(ﬁ), taking a union bound, we have that Ej holds W.h.p.(ﬁ). That is,

P(Ep) > 1— i, for some constant ¢ > 0. (30)

Step 2: Write the first-order optimality condition for the unconstrained MLE g(e)

Recall from Lemma A.1 that the negative log-likelihood function ¢ is convex in 6. In this step, we first jus-
tify that the whenever a finite unconstrained MLE 0(>°) exists, it satisfies the first-order optimality condition
Vg €(0) = 0. (Note that for any optimization problem with constraints, it is in general not true that the
derivative of the convex objective equals 0 at the optimal solution.) Then we derive a specific form of the
first-order optimality condition, to be used in subsequent steps of the proof.

Given that we have conditioned on Ey (and therefore on Lemma A.3), a finite solution 6(>) to the unconstrained
MLE exists. To show that 8(°°) satisfies the first-order optimality condition, we show that 6(°) is also a solution
to the following MLE without any constraint at all (that is, we remove the centering constraint too):

argmin £(0). (31)
HeRd

If the unconstrained MLE 8(>) is a solution to (31), then it satisfies the first-order condition Vy£(8(>)) = 0.
Now we prove that () is a solution to (31). Note that the solutions to (31) are shift-invariant. That is, if 6 is a

3 For the proof sketch, we ignore the high-probability nature of the fact that 91> = §<A), and treat it as a deterministic
relation. It is made precise in the complete proof in Appendix A.2.2.



Stretching the Effectiveness of MLE from Accuracy to Bias for Pairwise Comparisons

solution to (31), then 6+ 1 is also a solution, where 1 is the d-dimensional all-one vector, and ¢ is any constant.
Now suppose by contradiction that (=) is not a solution to (31). Then there exists some finite § € R? such
that £(6) < £(8°)). Now consider ¢ := 6 — (% Z?Zl 6;)1. We have 6’ € O because it satisfies the centering
constraint, and we have £(6") = £(0) < ¢ (5(02)) because the solutions to (31) are shift-invariant. The construction

of ¢ thus contradicts the assumption that () is optimal for the unconstrained MLE. Hence, () is a solution
to (31), and #(>) satisfies the first-order optimality condition.

Now we derive a specific form of the first-order optimality condition. Plugging () into the gradient expres-
sion (12) and setting the gradient to 0, we have the deterministic equality

1
Z ) Z Homis for every m € [d]. (32)
i#m 1+e " ° i#m

In words, the first-order optimality condition (32) means that for any item m € [d], the probability that item m

wins (among all comparisons in which item m is involved) as predicted by the unconstrained MLE g(=2) equals
the fraction of wins by item m from the observed comparisons. We now subtract (9) from both sides of (32):

1 1 .
2 (1 e @) 1+ e(e:ne:)) = (i = t133)

m

i#Em bt
d
1 1 >
550, 1o e @ ) = 2 (Hmi = L), (33)
; <1+€_(§£"' >_§’E )) 1+e (9m 91) ;n m

For ease of notation, we denote the random vector § := g(o°) — g, Equivalently, we have (o) = g* 1 5. Using
the definition of §, we rewrite (33) as:

d
1 1 ) .

Z —(07,—0F +0m—0:) —r —0r) ) § :(“mi — Honi)- (34)

Py (1+e ( it ) 1+e (65,-07)

m

Using the definition of the sigmoid function f(z) = H%’ we rewrite (34) as:

d
Z [f(ojn - 9: + 6m - 51) - f(o;kn - 97)} = Z(Umz - U:m‘)' (35)

i=1 i#m
In the rest of the proof, we primarily work with the first-order optimality condition in the form of (35).
Step 3: Bound the difference between the unconstrained MLE 9(>) and the true parameter vector
9*
The first-order optimality condition (35) can be thought of as a system of equations that describes some implicit
relation between the unconstrained MLE 6(>) and the observations {ttmi}. Intuitively, the concentration of

{mi} on the RHS of (35) (by Lemma A.4) should imply the concentration of the unconstrained MLE (=) on
the LHS. The following lemma formalizes this intuition about the concentration of 6(°).

Lemma A.5. Conditioned on Ey, we have the deterministic relation

logd + log k

S| = 165 — 07| <
|0m| = 103" — 6] S pT—

for every m € [d],
for all d > dy and k > kg, where dy and ko are constants.

See Appendix A.4.4 for the proof of Lemma A.5.

This lemma provides a deterministic bound on the difference between () and 6*. Now we move to analyze the
difference between 6(°) and 6* in expectation.
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Step 4: Bound the expected difference between the unconstrained MLE 9(>) and the true param-
eter vector 6%, using the second-order mean value theorem

In Step 1 we bound the difference between {p,;} and {u,;} with high-probability. However, if we consider
the difference in expectation, we have E[um;] = pk,;. The expected difference between {pim,;} and {u*,;} is 0,
significantly smaller than the high-probability bound in Step 1. Intuitively, we may also expect that the expected
difference between 6(>) and #* is smaller than the deterministic bound in Lemma A.5. In this step, we formalize
this intuition.

By the second-order mean value theorem on the LHS of the first-order optimality condition (35), we have the
deterministic relation that for every m € [d],

d

}j[fw;—en~wm—6n+;f%xm>«&n—&V}=§jUMM—M%»
i=1 i#m
d d
S P =0 G 5 = 3 (i — 1) — 5 D2 7" Oom) - (o = 527, (36)
i=1 i£m i=1

where each \,; is a random variable that takes values between 6}, — 67 and 0}, — 6F + (0,, — 0;). Taking an
expectation over (36) conditional on Ey, we have that for every m € [d]:

d d
. e L1
> £ = 07) Elbm — 6 | Bl =Y (Elpmi | Eo] — pi;) — 5 > E[f (Ami) O — 6:)? | Eol. (37)
i=1 i#tm i=1
Denote the vector A :=E[d | Ey] = E[é\(“) | Eo] — 0*. Plugging this definition of A into (37) yields

d d

DS O = 07) (A = A) = D (Elpmi | Eo] — phs) — % D Bl (i) (G — 6)% | Eol- (38)

i=1 i#m i=1
We first bound the RHS of (38), and then derive a bound regarding A; on the LHS accordingly.

To bound the RHS of (38), we first consider the term E[j,; | Eo] — p,;. In what follows, we state a lemma
that is slightly more general than what is needed here. The more general version is used in the subsequent proof
of Theorem 2.1(a). To state the lemma, recall the definition that an event E’ happens w.h.p.(Zz | E), if the
conditional probability P(E" | E) > 1 — -, for some constant ¢ > 0.
Lemma A.6. Let E be any event, and let E' be any event that happens w.h.p.(ﬁ | E). Then for any m # i,
we have
1

[Elpimi | B, ] = Blpini | B S - (39)

See Appendix A.4.5 for the proof of Lemma A.6.

To apply Lemma A.6, we set E to be the (trivial) event of the entire probability space, and set E’ to be Ej
in (39). We have

i} 1
|Elpmi | Eol — Eltma]| = [Elptmi | o] — piyil S

<o (40)

The remaining terms in (38) are handled in the following lemma. This lemma bounds the expected difference
between 6(>) and 6* conditioned on Ejp, that is, the quantity |A,,| = |E[(/9\(m°°) | Eo] — 6%,].
Lemma A.7. Conditioned on Ey, we have

log d + log k
dk ’
for all d > dy and all k > ko, where dy and ko are constants. Equivalently,

An] < for every m € [d],

logd + log k

/8(5(00) | EO) = ||E[§(°°) | Eo] - 0*”00 = ||AH<><> N dk

for alld > dy and all k > kg, where dy and ko are constants.



Stretching the Effectiveness of MLE from Accuracy to Bias for Pairwise Comparisons

See Appendix A.4.6 for the proof of Lemma A.7.

Note that (41) yields the desired rate on the quantity B(8(°) | Ep). It remains to show that B(8(>) | Ep) is
sufficiently close to S(64).

Step 5: Show that the box constraint at A is vacuous for the unconstrained MLE 9(>) and hence
6(>) is the same as the stretched-MLE 6(*) with high probability, using the deterministic bound
in Step 3

To show that (@\(‘X’) | Ep) is sufficiently close to 6(5(‘4))7 we divide the argument into two parts. First, we show
that B(0>) | Ey) = (0 | Ep). Second, we show that 3(6\4) | Ey) is close to S(6V).

We first show that (8> | Eg) = B(8) | Ey). Recall that A and B are constants such that A > B. Recall
from Lemma A.5 that ||#(>) — 0*||, < % conditioned on Ej. Hence, there exist constants dy and ko,
such that for any d > dy and k > ko, we have ||#(>®) — §*||,. < A — B conditioned on Ey. In this case, we have

160 |0 < [16%lcc + 18 — 6*||o < B+ (A—B)=A,  conditioned on E;.

Conditioned on g, the unconstrained MLE 8(>) obeys the box constraint [|§(>)||,, < A. Therefore, 8> is also
a solution to the stretched-MLE 6(4). By the uniqueness of () from Lemma A.2, we have

oA — (9\((’0)7 conditioned on Ej.
Hence, we have the relation
B6™) | Eo) = BB | Eo), (42)

completing the first part of the argument.

It remains to show that 5(5(’4) | Eo) is sufficiently close to B(@A)). We have
BEW) = ] - 6o
2D | Eo] - P(Ey) +ER | Eol - P(Eo) - 0"

(ii) —~ . _
< |[E[0™) | E] — 0% [|o - P(Ep) + |[E[0Y | Eg] — 6%||o - P(Ep)
= BOW | Eo) - B(Eo) + |[E[0N) | Bo] — 0% - P(Ey) . (43)

R] RQ

where step (i) is true by the law of iterated expectation, and step (ii) is true by the triangle inequality.
Consider the two terms in (43). For Ry, combining (41) and (42) yields

N —~ logd + log k
BOW | Bg) = BA™) | By) 5 —22 287

~ dk
Therefore,

log d + log k
R ——. 44
P s (44)

Now consider Ry. By the box constraint ||§(A) lo < A, we have

P W)

BB | Eo] —6%[lc < [EB™ | Eo]lloc + [16%]lc < A+ B, (45)

where step (i) is true by the triangle inequality. Recall from (30), the event Ey happens w.h.p.(Z). Therefore,

P(Fy) S - (46)
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Combining (45) and (46) yields
1

Ry < —. 47
)5+ (47)

Plugging the term R; from (44) and the term Ry from (47) back into (43), we have
~ logd + log k
Py < 2o T o

completing the proof of Theorem 2.1(b).

A.3 Proof of Theorem 2.1(a)

Similar to the proof of Theorem 2.1(b), we first present a proof of the simple case of d = 2 items. It is important
to note that although we present proofs of the 2-item case for both Theorem 2.1(b) and Theorem 2.1(a), their
purposes are different. In Theorem 2.1(b) presented in Appendix A.2, the proof sketch of the 2-item case is
informal. It serves as a guideline for the general case. Then the main work involved in the general case is to
generalize the arguments in the 2-item case step-by-step. On the other hand, in Theorem 2.1(a), the proof of the
2-item case to be presented is formal. It serves as a core sub-problem of the general case. Then the main work
involved in the general case is to reduce the problem to the 2-item case, and then the results from the 2-item
case directly.

A.3.1 Simple case: 2 items

As in Appendix A.2.1, we first consider the simple case where there are d = 2 items. Again, due to the centering
constraint, we have 65 = —07 for the true parameter vector 6*, and we have 3 = —6; for any estimator € that
satisfies the centering constraint (in particular, for the standard MLE 9®) and the unconstrained MLE §<°°)).
Therefore, it suffices to focus only on item 1. Since there are only two items, for ease of notation, we denote

p= paz and p* = pi,.
We consider the true parameter vector 6% = [B, —B]. By the definition of {x};} in (9), we have

B 1 1
C1l4e 070 14 e 2B

*

I

The following proposition now lower bounds the bias of the standard MLE 9B,
Proposition A.8. Under 6* = [B, —B], the bias of the MLE 0 is bounded as

BOP) = |EOP)] - 6% = [EBP] - B| 2

==

Specifically, the bias is negative, that is,

for some constant ¢ > 0.

The rest of this appendix is devoted to proving (48) in Proposition A.8.

For ease of notation, denote py = p* = HQ%QB, and p_ =1—p* = ﬁ In the proof sketch of Theorem 2.1(b)
of the case of d = 2 items (Appendix A.2.1), we derived the following expression (20) for the unconstrained MLE:

o 1 1
0} )(u):—ﬁlog (M —1>-

Now consider the standard MLE (5. By straightforward analysis, one can derive the following closed-form
expression for the standard MLE:

-B if pe [0, p-]

815 () = { —Llog (ﬁ - 1) if € (uypy) (49)
B if po € [ps, 1.
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For ease of notation, we denote a function h : [0,1] — [—-B, B] as

-B if t €0, p_]
h(t) =14 —Llog (L —1) ifte (u_,puy) (50)
B ift € [py,1],

where h(t) = 6/7(13) (u =t) for any ¢t € [0,1]. Then the standard MLE (49) can be equivalently written as h(u). To

make the computation of the bias incurred by 9(B) more tractable, we also define the following auxiliary function
ht :]0,1] = [-B, B] as

M@%_{f@—uQ+BiHEWwH 51)

B 1ft€[ﬂ+,1]

In words, the function h™ is piecewise linear. On the interval [0, ], it is a line passing through the points
(0,—B) and (u+, B). On the interval [py, 1], its value equals the constant B. The following lemma now states
a relation between ht(u) and h(u) in expectation with respect to p.

Lemma A.9. Under 0* = [B, —B], we have

E[h()] < E[RT (w)]. (52)

See Appendix A.4.7 for the proof of Lemma A.9.
Now subtracting B from both sides of (52), we have

E[6i”] - 6; = Elh(w)] - B <E[h* (1)) - B. (53)

The following lemma states that the bias introduced by h't (i) satisfies the desired rate from Proposition A.8.
Lemma A.10. Under 6* = [B, —B], we have

Efh* ()] - B < — (54)

c
va
for some constant ¢ > 0.

See Appendix A.4.8 for the proof of Lemma A.10.
Combining (53) and (54), we have

completing the proof of (48) in Proposition A.8.

A.3.2 Complete Proof

In this appendix, we present the proof of Theorem 2.1(a). The proof reduces the general case to the 2-item
case presented in Appendix A.3.1. In the reduction, we construct an “oracle” MLE, such that the oracle MLE
yields identical estimates for item 2 through item d. Specifically, we consider an unconstrained oracle denoted
by 6(>°) (without the box constraint), and a constrained oracle denoted by 6(3) (with the box constraint at B),
to be defined precisely in the proof shortly. Then we derive the closed-form expressions for 6(>) and Q(B), which
bear resemblance to the expressions of the the unconstrained MLE and the standard MLE in the 2-item case.

Using the proof of the 2-item case, we prove that the constrained oracle 0(B) incurs a negative bias of Q(ﬁ)

Given this result, it remains to show that 0(B) and 0B differ by o(ﬁ) in terms of bias. We decompose the

difference between 0(B) and 8(B) into three terms: from 6(5) to 500) from 6(°°) to §(>) , and from (=) to §(B)
The second term is bounded by (9( ) by modifying the upper- bound proof of Theorem 2.1(b). The first and
the third terms are bounded by carefully analyzing the effect of the box constraint on the oracle MLE and the
standard MLE, respectively.
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In the proof, we fix any constant B > 0, and consider the true parameter vector:

) B B B
0" = B |- (55)

It can be verified that 8* satisfies both the box constraint at B and the centering constraint, so we have 8* € Op.

We prove that the bias on item 1 is negative, and its magnitude is Q(ﬁ) That is, we prove that

c

Vdk’

EE\”) - 07 =E[B”] - B < -
for some constant ¢ > 0. The proof consists of the following 5 steps.

Step 1: Construct oracle estimators 6(>) (unconstrained) and #(3) (constrained)

Recall that p;; ~ %Binom(k, p;‘j) is a random variable representing the fraction of times that item ¢ beats item
j. We define u; as fraction of wins by item 1, among all comparisons in which item 1 is involved:

d

1
M1 = m Z Him- (56)

m=2

We similarly define the true probability pj = ﬁanﬁ wi,,. With the construction (55) of 6*, we have

p; = —L5—. Now we construct the following random quantities {fi;;}i; as a function of {s;;}i.;:
l+e 1B
m ifi=1,j5¢€{2,...,d}
iy = 1—m ifj=1,ic{2...d (57)
1 otherwise.

2

Recall that g(w)({uij}) denotes the unconstrained MLE (15). Now define an “unconstrained oracle” MLE 6(>)
as:

0 ({puig}) = 01 ({7is})
= a;“gglin (i };0). (58a)

Similarly, define a “constrained oracle” MLE 9(B) as:

0 ({nig}) = 02 ({7 })
= aggglin 0({1i;};0). (58b)

In the subsequent steps, these oracle estimators are used to reduce the general case to the 2-item case.

Step 2: Formalize the oracle information contained in the unconstrained oracle 6(>) and the con-
strained oracle (%)

Note that the construction of {f;;} in (57) is symmetric with respect to item 2 through item d, that is, for any
two items ¢ and ¢’ where 4,7 € {2,...,d}, we have [i;; = fi;7; and fij; = i for every i € [d] \ {J,j'}. Therefore,
the construction of {fi;;} intuitively encodes the “oracle” that item 2 through item d have identical parameters.
Formally, define the set Ogpacte := {0 € R? | 3 = --- = 04}. The following lemma states that the unconstrained
oracle and the constrained oracle incorporate the set ©gracle into the domain of optimization without altering
their solutions.

Lemma A.11. The unconstrained oracle 6 can be equivalently written as

6(>) = argmin 0({1i;};0). (59a)

00MBOoracle

That is, a solution to (58a) exists if and only if a solution to (59a) exists. Moreover, when the solutions to (58a)
and (59a) ewist, they are identical.

Similarly, the constrained oracle 0B) can be equivalently written as

6P) =  argmin L({@i;}; 0). (59b)
0€©BNOcracle



Stretching the Effectiveness of MLE from Accuracy to Bias for Pairwise Comparisons

See Appendix A.4.9 for the proof of Lemma A.11.
Given Lemma A.11 combined with the centering constraint, we parameterize the unconstrained oracle 60> and
the constrained oracle (7) as:

1

7 = 0,

(oo 1 (oo
ot k..,—H()g )}, (60a)

= ~(B 1 ~m 1 ~B
6(B)_|:9§ )77(1—195 )737d_10£ ):| (GOb)

Step 3: Show that the bias of the constrained oracle (5 on item 1 is bounded by IE[%B)]—GI < —\/ﬁ,
by making a reduction to the 2-item case

In this step, we modify the proof of Proposition A.8 in the 2-item case to lower bound the bias of the constrained
oracle 9(B). Specifically, we show that given 0* = [B, fd—]_gl, . .,f%}, the bias on item 1 is bounded as
(cf. (48)):

c

E[gj(LB)] -0 < _\/%7

for some constant ¢ > 0.

First, we solve for the unconstrained oracle 0(>) and the constrained oracle (B in closed form. Set m =1
in the gradient expression (12). Plugging in the expressions for the unconstrained oracle #(>) (60a) and the
manipulated observations {f;;} (57), we have

or 1
b —kd—1) | ————— — 61
061 |g—gioo) @=-1 14 e 70 ] oy
Setting the derivative (61) to 0, we have
1
T i T M
1+ e~
~ d—1 1
i) = — o ( - 1) : 62
1 d g " (62)
Denote p1qg,+ = pj = ﬁ, and pg— =1—pg 4 = %B In the notations pt4,+ and j4,—, the dependency
1 d—1 14ed—1

on d is made explicit. When the dependency on d does not need to be emphasized, we also use the shorthand
notations yy and p_. Now consider the constrained oracle §(%). By straightforward analysis, one can derive the
following closed-form expression for the constrained oracle:

-B if 0 < pr < pa,—
0% (1) = { — 4= log (i - 1) if fig,— < p1 < pla+ (63)
B if pg,+ <p1 <L

Note the similarity between 0(B) in (63) and the 2-item case @gB) in (49) from Appendix A.3.1. Similar to the
function h defined in (50) of the 2-item case, we denote a function hy : [0,1] — [-B, B] as:

—-B ifo<t< Hd,—
ha(t) = ¢ =L log (3 = 1) if pa— <t < pa+
B if g <t <1,

where hg(t) = ggB)(,ul =t) for any t € [0,1]. Then the estimator 5%3)(,@ can be equivalently written as hq(p).
Similar to the function h* defined in (51) of the 2-item case, we define an auxiliary function h} : [0,1] — [~ B, B]
as:

M+

B () = 2B (t — g )+ B if0<t < gy
d B if gy <t <1

Note that in the proofs of Lemma A.9 and Lemma A.10, we have only relied on the following two facts:
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e There exists a constant ¢ such that

1
§<u+<c<1.

e The random variable i is sampled as p ~ 3 Binom(k, yi.).
In the general case, it can be verified that

e There exists a constant ¢ such that

1

§<ud7+<c<1, for all d > 2.

e The random variable 4 as defined in (57) is sampled as py ~ 7> Binom(k’, 1), where k" := (d— 1)k denotes
the total number of comparisons in which item 1 is involved.

To extend the arguments in the 2-item case to the general case, we replace p by p1, replace p4 by jiq 4, replace
h* by h:lr, and replace k by &’ in the proof of Proposition A.8. It can be verified that the arguments in Lemma A.9
and Lemma A.10 still hold after these replacements. Therefore, extending the arguments in Proposition A.8, we

have that at 8* = [B,—%, . .7—% ,

c /

Ef] -6 < ——= =

VR A=k - Yk

(64)

for some constants ¢, ¢’ > 0.

Step 4: Bound the difference between the unconstrained oracle 9(>=) and the unconstrained MLE
6(>), by modifying the proof of Theorem 2.1(b)

Recall that the random variable p; denotes the fraction of wins by item 1. In this step, we fix any real number
v E [%, L+, and denote E, as the event that we observe 1 = v. Then we prove that conditioned on the event E,,,
the difference between the unconstrained oracle () and the unconstrained MLE 6(>) is small in expectation,
by modifying Step 1 to Step 4 in the upper-bound proof of Theorem 2.1(b) in Appendix A.2.2.

We first conceptually explain how to modify the proof of Theorem 2.1(b). Our goal is to bound the difference
between 6(>) and #(>) in expectation conditioned on the event E,. By the definition of {fi;;} in (57), the
quantities {fi;;} are fixed (not random) conditioned on E,, and hence the unconstrained oracle §(>) is fixed
conditioned on E,. We therefore replace the role of the true parameter vector 8* in the proof of Theorem 2.1(b)
by the unconstrained oracle #(>). Then we think of the actual observations {y;;} as a noisy version of {fi;;},
and think of 6(°°) as the estimate for 6(>). Now we modify the proof of Theorem 2.1(b) to bound the expected
difference between 6(>) and 6(>) conditioned on E,. At the end of this step, we provide more intuition why we
need to condition on the event F,.

Formally, we denote {f;;} as the values of {fi;;} conditional on E,. We denote 0¥ as the unconstrained oracle
6(>°) conditional on E,. It can~be verified that {1} and gv are fixed (not random) given any v € (1, 1]
Conditioned on F,, we think of 6V as if it is the “true” parameter vector to be estimated (replacing the role of
¢*), and think of {ff;} as if it is the “true” underlying probabilities (replacing the role of {x;}).

Given the definition of {ji;;} in (57), we have that conditioned on event E,,

v ifi=1,jef2....d)
ah=S1—v ifj=1,i€{2,...,d} (65)
1

5 otherwise.

From the expression (62) of the unconstrained oracle 6(>) it can be verified that #(>) satisfies the deterministic
equality

1
3(e) (o)
— (8-

= Lij for all 7 # j. (66)
1+e )
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Now we start to replicate Step 1 to Step 4 in the proof of Theorem 2.1(b) presented in Appendix A.2.2.
To replicate Step 1 of Theorem 2.1(b), recall that in the proof of Theorem 2.1(b), we condition on Lemma A.3
and Lemma A.4. We first establish the modified versions of these two lemmas, when conditioned on E,,.

Lemma A.12 (Conditional version of Lemma A.3). Conditioned on the event E,, there exists a finite solution
() to the unconstrained MLE (15) w.h.p.(7 | Ey).

See Appendix A.4.10 for the proof of Lemma A.12.

Lemma A.13 (Conditional version of Lemma A.4). Conditioned on the event E,, there exists a constant ¢ > 0,

such that
o /d(log d + log k)
E A E | < ok St = Bl Mg = R4
Hmi /,l,mz xcC k 9 (67)

simultaneously for all m € [d] w.h.p.(3; | Ey).

See Appendix A.4.11 for the proof of Lemma A.13.

Recall that we have conditioned on the event F,. Denote E; as the event that Lemma A.12 and Lemma A.13
both hold. (Note that the event FEjy is defined for some fixed v, so to be precise, the event Ey should be denoted
as Ey .. For ease of notation, we drop the subscript v.) Taking a union bound of Lemma A.12 and Lemma A.13,
we have that Fy happens W.h.p.(d—llC | E,). For the rest of the proof, we condition on the events (Fy, E,).

To replicate Step 2 of Theorem 2.1(b), we subtract equality (66) from both sides of (32). We obtain the
(unconditional) deterministic equality:

M=

1 1
— — — = i — Mo ), for every m € [d]. 68
— (1 N e_(é\(m(x))_é\goo)) 14 e_(egnoo)_egoo))) ;ﬂ(,’i'rm Fimi) y [ ] (68)

Conditioning (68) on (Fy, E,), we have the following deterministic equality, as a modified version of (33):

d

Z < 100 ! ) = Z(“mi — i) conditioned on (Eg, Ey). (69)

a(o0) _ploo)y Jv _pv
i—1 1 —+ 6_(9"" —0; ) 1 —+ 6_(0m,_0i) itm

To replicate Step 3 of Theorem 2.1(b), note that v is bounded as v € [3, u4]. By the expression (62) of g(c)

(and hence of 67), it can be verified that 67 is bounded as |#”| < ¢ for some constant ¢. Denote 0 = (o) — gv.
Using the same arguments as in Lemma A.5, we have the deterministic relation that

- - logd + log k
180 — 8o = [13]lm0 < ,/%, conditioned on (Eo, E,). (70)

To replicate Step 4 of Theorem 2.1(b), we first apply the second-order mean value theorem on (69), and then
take an expectation conditional on (Ey, E,). The following equation establishes a modified version of (37):

d
> F B =00 -E |8~ b | Eo. By =
=1
d
> Blimi |Eo, Byl — fiby;) — % > B (Ami) (0m — 01)% | Eo, By, (71)

i#Em i=1

where each \,,; is a random variable that takes values between gfn — 5;’ and gfn — 5:’ + gm — gl To apply
Lemma A.6, we set E as E,, and set E’ as Ey in (39):

[Elij | Eo, Eu] — Elpij | Eu]l S - (72)
dk
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It can be verified that
Elwij | Ey] = 113;- (73)

Plugging (73) into (72), we have

|Elwij | Eo, Ey] — ﬁij‘ S ak
Using the same arguments as in Lemma A.7 to handle the remaining terms in (71), we have the following upper
bound as a modified version of (41):

< logd—&-logk.

[B[B) = 6° | Eo, Bylloo = [IER'™ = 0 | Bo, Eu]lloe S =

(74)

Now that we have established the desired result (74) of this step, we conclude this step with some intuition why
we need to condition on E,. Without conditioning on E,,, we could still have utilized the proof of Theorem 2.1(b),
and could have established a result of the form (cf. (74)):

+logk

IED =8| Eolllos = [EF'™ =8 | Eollloe 5 =2 (75)

Our goal here is to bound the constrained oracle 9B and the constrained MLE 6(5) in expectation. However, the
fact that two unconstrained estimators are close in expectation does not imply that their constrained counterparts
are close in expectation?. Therefore, a bound of the form (75) is not sufficient for our goal, and instead we need
to establish some “pointwise” control between (=) and (). That is, whenever the box constraint has little
effect on 0(°°), we want to show that the box constraint also has little effect on 6(>). Thus, we condition on the
event I, for any v € [%, ti4], and bound the difference between (> and #(>) in expectation conditioned on E,
(that is, the bound in (74)). Given this pointwise result, we then integrate over v to establish the desired result
that 8 and (B are close in expectation, to be presented in the subsequent step of the proof.

Step 5: Bound the expected difference between 9B and 5(3), by making a connection between
9(B) _ 9(B) and (=) — g(=2)

We decompose the bias of the standard MLE 0B) as
EB;7) - 07 = (E6;”] - 07) + EIB;” — 67)]. (76)

Recall from (64) that

Cc

o] 1) I — 77
)07 < - ()
In what follows, we prove that
~ logd + logk
B - 0] < 0B 8T, (79)
dk
Then plugging (77) and (78) back into (76) yields
logd + logk !
E[%B)]*QTS* c +Clog + log <,C

Vdk dk T Vdk'

4 For example, consider the following two univariate estimators. The first estimator always outputs a value within
[-B, B]. The second estimator sometimes outputs a value within [—B, B], and sometimes outputs a value greater than
B. The two estimators could be constructed such that they are close (or equal) in expectation. However, now consider
their constrained counterparts. The first estimator is not affected by a box constraint at B, whereas the expected value
of second estimator can become significantly smaller due to the box constraint. Therefore, the constrained counterparts
of these two estimators may not be close in expectation.
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for all d > dy and k > ko where dy and kg are constants, completing the proof of Theorem 2.1(a).

The rest of this step is devoted to proving (78). To bound ]ET[@EB) - 5@], we make a connection between
@13) - ggB) and 5%00) - (/9\500)7 and then we evoke the bound on 0§°°) - é\gm) from (74) in Step 4.

Recall that p; is a discrete random variable representing the fraction of wins by item 1. By the law of iterated
expectation, we have

~ ~ 1 1
E[ggB) - 953)] =E 553) - 953) | 5 SHs lf{} P (2 <1< MT)

Ry

~ ~ 1 1
BB 87 1> il PG > )+ B |7 -8 < g P (<) @)

Ro
R3

In what follows, we bound the terms Rj, Ry and Rj3 separately.

Consider the term Ry. From the expression of §(5) in (63), we have %B) = B when p; > pj. Therefore,

®

E07 — 0 | iy > ] = B0 |y > pj] - B <0,

where (i) is true due to the box constraint |§(1B)\ < B. Hence,

Ry <0. (80)
Consider the term Rs, we have E[u] = uf = ﬁ’ and therefore it can be verified that there exists a
14+e d-1

constant 7 > 0, such that uj > % + 7 for all d > 2. By Hoeffding’s inequality, we have

1
P (m < 2) <P(lp1 = pi[>7)
1
< 2exp (—2(d - 1)k7*) < e (81)

Therefore, we have
5B _ 5(B) 1 1
R3; =E 91 —91 |,u1<§ Pl <=

2
1) 1

ii

<

—
=

1
— 82
dk’ (82)

where (i) is true because |§§B) - 5;3)| < \§§B)| + \§§B)| < 2B by the box constraint, and (ii) is true due to (81).

Now consider the term R;. Denote E as the complement of the event Ey. Using the law of iterated expectation
again, we have

~ 1 1
Ry =E 5(1}3)—958)|2<M1<MT}'P(2<M1<MT>=

~ 1 1 .
E[‘%B)_HEB) |E0,2<M1<MT] 'P(Eo,<u1 <u1>

2
Ri1
~B)  — 1 —1 .
+E [553) —6\%) | o, 5 <m< u’{] P <E07 5 <m< m) (83)

Ri2
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Consider the term Ri5. We have

|
]
s}
5
=
=
&

1 .
]P’<E072<H1 <#1)

INZ

[
Sle o
=
—~
e

A

(84)

where (i) is true because Ey happens w.h.p.(sz | Ey,). Combining (84) with the fact that |§(1B) - 5&3)\ < 2B due
to the box constraint, we have

1
<

Now consider the term R;;. We first analyze the constrained oracle g(B). By the expression of 9(B) in (63) and
the expression of #(°) in (62), we have

o~ 1
6(B) = (=), conditioned on 3 <H < Hi. (86)

Moreover, given & < iy < pf, by the expression of %) in (63), we have
0<6® < B

and therefore by the parameterization of #(5) in (60b),

1

o) <« =
16:71 < 7=

B for every i € {2,...,d}.
Hence, there exists a constant 7’ > 0 such that

0" > B+ (88a)
and

—B+7 <8P <B—7  foreveryic{2,...,d}. (88b)

Now we analyze the standard MLE 9(B). Recall that FE, denotes the event that p; = v. We have that for every

v e (3,47),
- D ey~ () [logd+ log k
0 _ gD Qg g, < Ogd%? conditioned on (Eo, Ey), (89)

where (i) is true by (86), and (ii) is true by (70) from Step 4. By (89), we have that for every v € (3, u}),

91> _ 9B <4 conditioned on (Ey, F,), 90
1 1

for all d > dy and all k > ko, where dy and ko are constants. Combining (90) with (88), if the unconstrained
MLE 6(*) violates the box constraint, then only possible case is 0?500) > B. Then either éﬁoo) = éTlB) (when gl
does not violate the box constraint) or é\(loo) > B > é}B) (when (> violates the box constraint). Hence, for
every v € (4, ).

é\(loo) > 5(13), conditioned on (Eqy, E,). (91)
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Combining (86) and (91), we have that for every v € (3, u}),
9B — g(B) < gloo) _ gloo) conditioned on (Eo, Ey). (92)
By the law of iterated expectation again, we have

Ry = Z E[@B) - 5&3) | Eo, 1 = v] - P(Ep, 1 = v)

vE(5,17)
= Y E@” -6 | By, E,] - P(Eo, E,)
ve(3,17)
() o] (oo
< E[0\> — 07 | Eo, E,] - P(Eo, E.)
veE(5,17)
() Jogd + log k
< T > P(E,E,)
ve(g,u7)
logd + log k
<= =2 93
where (i) is true due to (92), and (ii) is true due to the bound (74) from Step 4.
Plugging the term Rp; from (93) and Rjs from (85) back to (83), we have
logd + log k
L (94)

Finally, plugging the terms R; from (94), Ry from (80), and Rz from (82) back into (79) yields

< logd + log k
~Y dk )

completing the proof of (78).

A.4 Proofs of Lemmas

In this appendix, we present the proofs of all the lemmas.

A.4.1 Proof of Lemma A.2

We fix any constant A > 0.

The stretched-MLE (16) is an optimization over the compact set © 4, and the negative log-likelihood function
¢ is continuous. By the Extreme Value Theorem (Rudin, 1976, Theorem 4.16), a solution 6™ is guaranteed to
exist.

It remains to prove the uniqueness of 914, Assume for contradiction that there exist two solutions 9 9 co A
to the stretched-MLE (16) and 0 #* 9. By Lemma A.1, the negative log-likelihood function ¢ is strictly convex.
Therefore,

(¢) +0@)) > ¢ (9 +2 9'> . (95)

N | =

It can be verified that @ € ©4. Moreover, (95) along with the fact that £(6 ) = 6(0’) nnphes that ‘9+9 attains

a strictly smaller function value than both 0 and @. This contradicts the assumption that 9 and 9’ are both
optimal solutions to the stretched-MLE (16).



Jingyan Wang, Nihar B. Shah, R. Ravi

A.4.2 Proof of Lemma A.3

We first define a “comparison graph” G({W;;}) as a function of the pairwise-comparison outcomes {W;;}. Let
each item ¢ € [d] be a node of the graph. Let there be a directed edge (i — j) € G, if and only if there exists a
comparison where item ¢ beats item j. A directed graph is called strongly-connected if and only if there exists
a path from every node i to every other node j.

The following lemma from Ford (1957) relates the existence and uniqueness of a finite unconstrained MLE f(>)
to the strong connectivity of the comparison graph G. This lemma is based on a different parameterization of
the BTL model. In this parameterization, each item has a weight w; > 0, and the probability that item i beats

item j equals e

Lemma A.14 (Section 2 from Ford (1957)). If the comparison graph G({W;;}) is strongly-connected, then there
exists a unique solution to the following MLE:

WMLE = argmin Ly({Wij }sw),
weR?
w; >0, 27:1 w;=1

where the negative log-likelihood function £, is defined as

_ g L y Y
by(w) = — Z <W1j log (wi "F'LUj) + Wjilog (wi “l‘wj)) :

1<i<j<d

It can be seen that 6 and w are simply different parameterizations of the same problem. There is a one-to-one
mapping between 6 and w, by taking 6; = log(w;) and re-centering accordingly (or in the inverse direction, by
taking w; = e’ and normalizing accordingly). Therefore, the existence and the uniqueness of the MLE Wy g
in Lemma A.3 carries over to our unconstrained MLE #(>) in (15). That is, if the comparison graph G is
strongly-connected, then there exists a unique solution (%) to the unconstrained MLE. It remains to show that
the comparison graph G is strongly-connected w.h.p.(ﬁ).

We first construct an undirected graph G'({W;;}) as follows. Let each item i € [d] be a node of the graph G'.
Let there be an undirected edge (4,7) € G’, if and only if in the directed graph G we have both (i — j) € G
and (j — i) € G. Equivalently, there exists an undirected edge (¢,j) € G’, if and only if 0 < p;; < 1. It can be
verified that the connectivity of the undirected graph G’ implies the strong connectivity of the directed graph
G. Therefore,

P(G strongly-connected) > P(G’ connected). (96)

The probability that (i,j) € G" is P(0 < p;; < 1). By Hoeffding’s inequality, we have that for any ¢t > 0,
P(luij — il > ) < 2e7*°, forall1 <i<j<d

We have 0 < Hﬁ < g < —L.r < 1, for any i < j. Since B is a constant, we have that pi; is bounded

— 1+e—28
away from 0 and 1 by a constant. Set ¢ = 7 where 7 is any constant such that 0 < 7 < Then for all

1 <i<j<d, we have

_1
1+e2B *

P(0 < usy < 1) > Pljuly =7 < piy < il +7)

> 1= P(lpij — pi| > 7)
>1—2e"°F,
for some constant ¢ > 0 .

Recall that the random variables {y;;} are independent across all 1 < ¢ < j < d. Hence, the probability of the
undirected graph G’ being connected is at least the probability of an (undirected) Erdés-Rényi random graph
being connected, where each edge independently exists with probability 1 — 2e~¢*.

The following lemma from Gilbert (1959) provides an upper bound on the probability of an (undirected) Erdés-
Rényi random graph being disconnected (and hence a lower bound on the probability of the graph being con-
nected).
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Lemma A.15 (Theorem 1 from Gilbert (1959)). For an (undirected) Erdds-Rényi graph of d nodes, where each
edge independently exists with probability p. Let q := 1 —p. Then the probability of the graph being disconnected

15 at most
(1 _ dg 1qd—1> dqd_l.

ck

To apply Lemma A.15, we set p = 1 — 2e~* and therefore ¢ = 2¢~*. Then we have

-1
P[G" disconnected] < (1 - d2qd_1) dg?1

S dqd—l
_ defck(dfl)
c/
< R for some constant ¢’ > 0. (97)

Combining (96) and (97) completes the proof of the lemma.

A.4.3 Proof of Lemma A.4

We first consider any fixed m € [d]. By the definition of {s;;} in (10), we have

1 S
ZumF;ZZXm- (98)

i#Em i#Em r=1

There are (d — 1)k terms of the form ng) in (98). It can be verified that the terms ng involved in (98) are
r) (r)

independent. Moreover, since Xfm- € {0,1}, changing the value of a single term X/

by % By McDiarmid’s inequality, we have that for any ¢t > 0,

changes the value of (98)

P> i = Y | > | < 2exp (M)Qexp (ék_ti)). (99)

Setting t = ¢ w in (99), we have

[d(logd + log k d
P Zumi—ZﬂTni <c w >1—2exp<—c'd_1(logd+logk))

C//

>1— — 1
>1- (100)

for some constants ¢’,¢” > 0, provided that the constant ¢ > 0 is sufficiently large.

Taking a union bound over m € [d] on (100) completes the proof.

A.4.4 Proof of Lemma A.5

Denote the random variables m* := argmax;c (4 ; and m™~ := argmin;¢ (4 6;. When there are multiple maximiz-
ers or minimizers, we arbitrarily choose one.

Setting m = m™ in the first-order optimality condition (35), we have

2 ® [d(logd + log k
O =07+ e =8 =[O =00 = 3 (s — i) 5 LBLHEE gy

i=1 i#£mt

R+
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where (i) is true by Lemma A.4 (recall that the lemma statement is conditioned on the event Ej that both
Lemma A.3 and Lemma A.4 hold).

Denote the function g(z,t) := f(x +1t) — f(x) = 1+e—1<w+t> - 1+i—z'
for the function g, which are used in later parts of the proof.

The following lemma states three properties

Lemma A.16. We have the following properties for the function g.

g(z,t) = —g(—z, —t), forallz,t € R (102a)
g(z,t) > g(1,t) > 0, forallT >0, t>0, and all © such that — 7 <z <7 (102b)
g(1,t1) + g(7,t2) > g(1,t1 + t2), for all T > 0, and all t1,t2 > 0. (102¢)

Lemma A.16 can be verified by straightforward algebra. For completeness, we include the proof of Lemma A.16
at the end of this appendix.

By the definition of m™, we have §,,+ = max;c[q 0;, and therefore ,,+ — d; > 0 for all 7 € [d]. Hence, we have

d
RT =" f(Oh — 05 + e — 6;) — [0 — 07)
=1

d

Zg( :n‘F _9:75m+ - 62)

1

(2

i

>

—~
=

M-

Il
o

where (i) is true by (102b) combined with the fact that [07 — 07| < |07| + (07| < 2B for all 4, j € [d].

Similarly, setting m = m~ in the first-order optimality condition (35), we have

d
1 1
1O 07 800 =00 = 105, —07)] £ 1 LBLELBR), (104
i=1
e
By the definition of m™, we have d,,~ = min;c[q d;, and therefore §; — d,,,- > 0 for all i € [d]. Hence, we have
d
R™ = f(ern*_0:+67n*_61)_.]“(9:;1*_9:)
i=1
d
= Zg<0:n* - eza(sm* - 6z)
i=1
o d
O3 g0 — 00— b0
i=1
(i) &
<> —9(2B, i = 6p-), (105)

1
where (i) is true by (102a), and (ii) is true by (102b) combined with the fact that |0 — 65| < 2B for all 4, j € [d].
Combining (103) and (105), we have

-
Il

=d-g(2B,8,+ — 6pp-) > 0, (106)
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where (i) is true due to (102¢) since 6,,+ — d; > 0 and §; — d,,,- > 0 for all ¢ € [d], and (ii) is true since
Om+ — Om— > 0. On the other hand, combining (101) and (104), we have

d(logd + log k)

Rt - R <
~ k

(107)

Combining (106) and (107), we have

0<d g(2B,8,+ —6,,-) < R* — RT < \/—d(logd“ogk)
928,64 — 0 /logd+logk
F2B 46,5 — 6y ) — f(2B) \/log d“ogk (108)

By the first-order mean value theorem on the LHS of (108), we have

logd + log k

f(2B + 57n+ - 5m_) - f(2B) = f/()‘) : (6m+ - (gm_) < dk (109)

where X is a random variable that takes values in the interval [2B,2B + §,,+ — 0,,-].

Let € be any constant such that 0 < € < 1 — f(2B). Then there exists a constant 7 > 0 such that f(2B + 1) —
f(2B) = e. On the other hand, there exist constants dy > 0 and ko > 0 such that

logd + log k
7dk < €,

Combining (109) and (110), we have

for any d > dp and k > k. (110)

f2B+ 3,0+ — 6p-) — f(2B) < w <e=f(2B+7)-f(2B)

F@B+ 6,0t — 6 ) < f(2B + 7). (111)

By (13a), we have f’ > 0 on (—o0,c0), and hence the function f is monotonically increasing. Hence, from (111),
we have d,,+ —d,,—- < 7, and therefore the interval [2B,2B+0,,+ —d,,—] is bounded. By the property (13a) of the
sigmoid function f, we have f’ > ¢35 > 0 for some constant ¢z > 0 in the bounded interval [2B,2B + §,,,+ — 0y, |-
Recall that X takes values in the interval [2B,2B + §,,+ — 0,,—]. Therefore, we have

c3(Om+ — Om—) < f'(N) + (Ot — G- )- (112)
Combining (109) and (112), we have

log d+ log k
(G = bn) < F'O) (G — ) < [ E B2
logd + log k
S < e e

By the assumption that 6* € ©p, we have ZZ 107 = 0. Similarly, by the centering constraint on the uncon-
strained MLE 6 in (15), we have 3¢ °) — 0. Hence, we have the deterministic relation

=1 1
d d d
STO N0 =>"6=0. (114)
i=1 i=1 i=1
Hence, 6,,+ > 0 and d,,- < 0. By (113), we have

log d + log k

— _ = <
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Hence, [0,,+| < \/ "848k and |5,,- | < 4/ 28%H8E  Therefore,
logd + log k
|5m|§\/%, for all m € [d],

completing the proof of the lemma.

Proof of Lemma A.16: We prove the three parts of the lemma separately.

(a) It can be verified that f(z) =1 — f(—=z). Hence,

g(a,t) = flo+1) = (@) = [1= f(=o = )] = [1 - f(~2)
= —[f(— =) = f(=2)] = —g(~=, 1)

(b) We prove the two parts of the inequality separately.
We first prove that g(7,t) > 0. By (13a), the function f is strictly increasing. Therefore, for any ¢ > 0, we have

9T t) = f(r+1) — f(r) > 0.
Now we prove that g(z,£) > g(r,t). We have
g(z,t) — g(r,t) = fz +t) — f(z) = [f(T +1) = f(7)]
_ / T rwan— [ ) d

:/ f’(x—l—u)du—/ (7 +u)du
0 0
t

:/ [f'(z +u) — (T +u)]du. (115)

0
By (115), it remains to prove that
f(@4+u) > f (1 +u), for any u € [0, . (116)

Fix any u € [0,¢]. By assumption we have 7 > 0. Hence, 7 4+ u > 0. Now we consider the sign of (z + u).

If x +u > 0, then by the assumption that x < 7, we have 0 < x +u < 7 + u. It can be verified that f’ is
decreasing on [0, 00). Therefore,

@ +u) > (T +u). (117)

If x + u < 0, we have

@) (i)
0<—z—-—u<7—u<T7+u, (118)

where (i) is true by the assumption that & > —7, and (ii) is true because u € [0,¢] and therefore u > 0. We have

Pt 2rce—u® i) (119)

where (i) holds because it can be verified that f/'(z) = f'(—z) for any « € R, and (ii) is true by combining (118)
with the fact that f’ is decreasing on [0, 00).

Combining the two cases of (117) and (119) completes the proof of (116).
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(c) We have

g(m.t1) + g(7,t2) = f(r+t1) — f(1) + f(T+t2) — f(7)
T+t T+to
— [ rwdes [ rwa

T

(i) T+t T+t1+t2
S rwdes [ e

T+t
T+t1+t2
z/ f(u)du
= f(T+t1 +t2) - f(T) = g(Tatl +t2)7
where (i) is true because f’ is decreasing on (0,00), and because 7 > 0 and ¢1,t5 > 0 by assumption.
A.4.5 Proof of Lemma A.6
We fix any i, € [d] where i # j. By the law of iterated expectation, we have
—/ —/
Elw; | E] = E[pi; | E' E]-P(E'| E) +Eluj | E,E)-P(E | E). (120)
Subtracting E{u,; | £/, E] from both sides of (120), we have
— —
Elpij | E] — Elpi; | E', E] = Elu; | B, E] - [P(E' | E) — 1] + E[w;; | E, E]-P(E" | E)
— —
= (—Elpi; | E', E] + Elpy; | B, E]) - P(E | E). (121)
Taking an absolute value on (121), we have

— —
|E[uij | E] — Elus; | E', E]| = | ~Epi; | E', E) + Eluy; | E', E]| - P(E | E)

i

S

—~
=

1
dk’
where (i) is true due to the deterministic inequality 0 < p1;; < 1 and the fact that event £ happens w.h.p.(- | E).

A.4.6 Proof of Lemma A.7

Denote m™* := argmax;e(q A; and m~ := argmin;c(g A;. When there are multiple maximizers or minimizers,
we arbitrarily choose one. The proof works similarly in spirit to the proof of Lemma A.5. We first show that
A+ — A,,- satisfies the desired upper bound. Then we show that A,,+ and A,,- have different signs, and
therefore the desired upper bound holds on |A,,| uniformly across all m € [d].

Recall from (38) that for every m € [d],

d d

S0 = 07) (A — D) = (Blptni | Eo] — i) —

i=1 i#m i=1

Ry Ro

where A,,; is a random variable that takes values between 67,

—0F and 07, — 07 + (8, — 8:).

m

We consider the two terms on the RHS of (38) separately. For the term Ry, recall from (40) that

1
Eltimi | Eol — | < —.
Therefore,
RS =15 %3 (123)
the dk ~ k'
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Now consider the term Rs. Recall that 8* € ©p. Therefore, for every m € [d], we have |6} | < B. Recall from
Lemma A.5 that for every m € [d], we have

logd + log k

<
|5’"’L| ~ dk )

conditioned on Ej. (124)

Let ¢ > 0 be any constant. By (124), we have |d,,| < ¢, for all d > dy and k > ko, where dy and ko are constants
which may only depend on ¢. Hence, conditioned on Ey, the interval between 6, — 6F and 0, — 07 + (0., — 6;)
is contained in the interval [-2B — 2¢, 2B + 2¢]. By the property (13b) of the sigmoid function f, we have

If"| < es, on the bounded interval [—2B — 2¢, 2B + 2¢].
Therefore,

() logd +logk

E [ (Ami) - (Om — 6:)? | Eo]| < ¢5 - E[(6m — 6:)* | Eo] S o for all i,m € [d],

where (i) is again by (124). Therefore,

logd +logk logd+logk

<d- 12
o S a2 E ! (125)
Taking an absolute value on (122) and using the triangle inequality, we have
« 1% * () logd + log k
D SO = 07) - (A — A) <R+ R § ———, (126)

i=1

where (i) is true by combining the term R; from (123) and the term Ry from (125). Taking m = m™ in (126),
we have

logd + log k
ST FOh = 07) - (Aps — A) < c%. (127)
=1

Taking m = m™~ in (126), we have
¢ log d + log k
D F O =) (A — D) > —et
=1

and hence

d log d + log k
S O = 07) - (A = A) € B2 (128)
=1

Adding (127) and (128), we have

d d logd + log k
S F O =0 (A = D)+ D F (0, = 07) - (A = A-) € 222, (129)
i=1 i=1
R

Consider the term R. We have |0}, — 67| < 2B for all i, m € [d]. By the property (13a) of the sigmoid function,
there exists some constant cg, such that

(65, —67) >c3 >0, for all i,m € [d]. (130)
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By the definition of m™ and m™, we have A,,+ — A; > 0 and A; — A,,,- > 0 for every i € [d]. Plugging (130)
into (129), combined with the fact that A,,+ — A; > 0 and A; — A,,,- > 0, we have

d d log d + log k
es | (A —A)+ Y (A~ A, )| <R < C%
i=1 i=1
log d + log k
csd- (Aps — A,,-) < CW
1 1
A7n+ - Am* S Ogd+ ng (131)
dk
By (114) in the proof of Lemma A.5, we have the deterministic relation
d
> si=0. (132)
i=1
Taking an expectation over (132) conditional on Ey, we have
d
> A=0
i=1
Hence, A,,+ >0 and A,,- <0. By (131), we have
log d + log k
At = Bpe = [Age| + 18, | 5 B 88,

Hence, |A,,+] < W and |A,,-| < %. Therefore,

logd + log k

Ap| S

for all m € [d].

A.4.7 Proof of Lemma A.9

To compare the functions h and h™, we introduce an auxiliary function hg : [0,1] — [-B, BJ:

B 0 <t<p
ho(t) = ,HB_%(t_ 3) i <t<py
B if pp <t <1

In words, the function hg is piecewise linear. On the interval [0, u_], its value equals the constant —B. On the
interval [p_, u4], it is a line passing through the points (u_, —B) and (u4, B). On the interval [uy, 1], its value
equals the constant B. See Fig. 7 for a comparison of the three functions h, h™ and hg.

It can be verified that h™(t) > ho(t) for any t € [0,1]. Hence,

E[h" (1)) = Elho())- (133)
Recall that our goal is to prove (52):

E[h(1)] < E[h* (1)]-
Given (133), it suffices to prove that

E[h(p)] < Elho(p)]- (134)

The rest of the proof is devoted to proving (134).
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Bl

Figure 7: The functions h, A" and ho.

It can be verified that h and hg are anti-symmetric around 1. That is, for any ¢ € [0,1], we have

h(t) = —h(1—1) (135a)
ho(t) = —ho(1 —¢). (135b)
In particular, we have
1 1
= — |l =0. 1

(B) =m0 (2) =0 -

It can also be verified that
h(t) > ho(t), for all t € {0, ;] . (137)

Recall the notation of W = ku representing the number of times that item 1 beats item 2 among the k comparisons
between them. We have W ~ Binom(k, ). Therefore,

s =5 o= 1 ()| = [ ()
|

> [1(5) -0 (3)] 70w =

w=0
15] k
LISy v ) (= ho) ()] - POV = w)
= woh
Nk
2 [ ho) (T) BV =w)+(h=ho) (1= T ) - BOW =k —w)]
w=0
H
(i) Z (h — ho) ( )+ [POW = w) = P(W = & —w)], (138)

S

where (i) is true by (136). Specifically, when k is even, we double-count the term of w = %. This term equals
(h—ho)(3) = 0, so double-counting this term does not affect the equality. Moreover, step (ii) is true by a change

of variable w - k —w in the second summation, and step (iii) is true by the anti-symmetry (135) of the functions
h and ht.

—N

Now consider the terms in the summation (138). By (137), we have

(h — ho) (k) >0, forall0<w< V;J (139)
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Using the binomial probabilities of W ~ Binom(k, i1+ ), we also have

POV = u) = POV = k=) = () [00)°(1 = 04~ = 040 = )]

- <k> () (1= )™ - (1= ) B2 = ()]

w

—~
=

1

<0, forall 0 <w < V;J, (140)

where (i) is true because uy = 1+e+23 > %, combined with the fact that K — 2w > 0, for all 0 < w < ng
Plugging (139) and (140) back into (138), we have

E[h(p)] — E[ho(p)] > 0,

completing the proof of (134).

A.4.8 Proof of Lemma A.10

We have

k
k
w
:ugoiﬁ (E) P(W =w)-B
Lkpy ]
i B
0y /2; (% - ) BV =w)
w=0
Lkpy w LFpet ]
=¢ ZE' (W:w)—u+ZP(W:w) g (141)
w=0 w=0

where (i) is true by plugging in the definition of the function A™ from (51).

Now we consider the two terms R; and Rs separately. For any integer n > 1, any integer s such that 0 < s < n,

and any real number p € [0, 1], we define Pio(n, p, s) (resp. Peq(n,p, s)) as the probability that the value of the
random variable Binom(n, p) is at most (resp. equal to) s. That is,

Pie(n, p, 5) = P[Binom(n, p)
Peq(n,p, s) = P[Binom(n, p)

IN

J;
.

S
S

Then the term Rs can be written as

Ry = Pre(k, pit, [kp ). (142)
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For the term R;, we have

w=0 w=0
Lkry]
k!
_ had _ (k—w)
w=1
Lkp ]
(k—1)! 1 (k
M+ Z (’U] 1)'(]{5 U))' + ( :u’+)
w=1
Lkpy]—1
i) (k—1)! w (h—1—w)
= 1—
Lkpy]—1 k—
= Ut ( ) (1= ) )
w=0
= piy - Pre(k — 1, py, [hpt | — 1), (143)

where (i) is true by a change of variable w +— w — 1. Plugging (142) and (143) back into (141), we have
]E[hjL(:u‘)} - 0>1k = Cly - [Ple(k - ]-v:u'+v Lk,u-O-J - 1) - ,Ple(ka,u%-v LkN-FJ )] (144)

For any integer n > 1, any integer s such that 0 < s < n, and any p € [0, 1], we claim the combinatorial equality
Ple(n7pa S) = 7Dle(n - lapv s — 1) + (1 - p) ) 7Deq(n - lap7 8)' (145)

To prove (145), we use a standard combinatorial argument. Consider n balls, and we select each ball indepen-
dently with probability p. Then the LHS of (145) equals the probability that at most s balls are selected. This
event can be decomposed into two cases. Either there are at most (s — 1) balls selected from the first (n — 1)
balls; or there are exactly s balls selected from the first (n — 1) balls, and the last ball is not selected. These two
cases correspond to the two terms on the RHS of (145).

Now setting n = k,p = u4, and s = |kuy | in (145), we have
P, ps Uty ) = Prolle — 1, i, Lbp ] — 1)+ (1 — i) - Pl — 1, iy, gy J]). (146)
Combining (144) and (146), we have

Elh* ()] — 07 = —c(1 = p2) - Peq(k = L, i, LKy ]). (147)

It remains to bound the term Peq(k — 1, s, |k |) on the RHS of (147). Writing out the binomial probability,
we have

k-1 1
N R G L (148)

By the Stirling’s approximation, we have
Vo - Ertzek <kl<e- kk"’%e_k, for any integer k > 0.

Then for any integer n > 1, and any integer k£ such that 0 < k < n, we have

n n! nn-‘r%
- = : 149
<k> Kl(n — k)l — ck’“r%(n )kt (149)
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Plugging (149) into (148), we have

(k= 1'% Lkpt ] k—1—|k
Peoq(k—1, s, |k >c . +1(1 = Lkpy]
(T T o L B (T o
(k—1)k—= iy ] k1o
>c . +l1 = LKpey ]
N (k—kqu)k—%—LkMJ . (ku+)tk“+J+% pr (L= py)
(k- 1" s ) b1
> kel Lk )
_ckk~(1—u+)k—%—LkM+J (g ) o]+ 3 py (1= pg)
k—1)2 _1 1
= ! kk) oyt (1= py) ™2
@ (k—1)F2 1 1, 1
—¢ 2 ¢ =22 =, 150
where (i) is true because = —L = is bounded away from 0 and 1 by a constant.
M T+e

Combining (147) and (150), we have

E[ht(u)] — 67 < — for some constant ¢ > 0.

<
vk’
A.4.9 Proof of Lemma A.11

First consider the unconstrained oracle (). We prove that for any 6 € ©Ogracle, there exists some 0’ € Oy e
such that £(0") < £(0), where both 6 and ¢’ satisfy the centering constraint.

Consider any 0 € Ogracle- By the definition of Ogpqc1e, there exist some integers i and j where 2 < i < j < d,
such that 0; # 6;. By the symmetry of the manipulated observations {f;;} defined in (57) with respect to item
2 through item d, we have that for any 6 € R?,

E({1i,530%) = £({ 13,55 0 }), (151)
where 1 {2,...,d} — {2,...,d} is any permutation of item 2 through item d, and 0. = [01,0(2), .., 0x(a)]-
For every s € {0,1,...,d — 2}, define 75 as the permutation where item 2 through item d are shifted s positions

to the left in a circle. That is, for every i € {2,...,d}, we have

ms(i) =2+ [(i—24s) mod (d—1)].
Now define ¢’ = -1 Zj;g Or.. It can be verified that

d—1
1 & 1 &
!/ . .
g = [el,d_ - § i 71 § 011 € Ourace. (152)

Moreover, we have

1 & Yo 1 & (i)
"N - Z
e(e)—é(dlsz_‘aem) SPED BUCSE!

where (i) is due to the strict convexity of the negative log-likelihood function ¢ in Lemma A.1, and (ii) is due
to (151).

Now we argue the equivalence of the unconstrained oracle (> defined in (58a) and (59a). If a solution §(°)
to (58a) exists, then we have gl ¢ Ooracle and it is trivially also the solution to (59a). On the other hand, if a
solution (> to (59a) exists, assume for contradiction that 6(>) is not a solution to (58a). Then either there
exists no solution to (58a), or the solution to (58a) is not #(>). In either case, there exists some 6 such that
0(0) < £(8°)). By (152), we construct some 6’ € Ogpacte such that £(6') < £(6) < £(8>)). This contradicts the
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assumption that (> is the optimal solution to (59a). Hence, Eq. (58a) and (59a) are equivalent definitions of
the unconstrained oracle (>,

The same argument can be extended to the constrained oracle 9\(3), by noting that if § € Op, then in the
construction (152) we have 6’ € ©p.

A.4.10 Proof of Lemma A.12

Note that the lemma statement is conditioned on the event FE,. That is, we observe p; = v for some % <v<
p+ < 1. In particular, we have 0 < p; < 1. Then there exists at least one directed edge from node 1 to nodes
{2,...,d}, and at least one directed edge from nodes {2,...,d} to node 1. Then it suffices to prove that the
subgraph consisting of nodes {2,...,d} is strongly-connected w.h.p.(7z).

Note that the observations {u;;} for any 2 < ¢ < j < d are all independent of 41, and therefore independent of
the event E,. Using the arguments in Lemma A.3, we have that the subgraph consisting of nodes {2,...,d} is
strongly-connected w.h.p.(ﬁ).

A.4.11 Proof of Lemma A.13

Note that the lemma statement is conditioned on the event FE,. That is, we observe p; = v for some % <v <
gy < 1.

When m = 1, the desired inequality (67) holds trivially, because conditioned on E,,, we have

D mi— Y @i =(d=1v—(d—1p =0

i#1 i#1

Now consider every m € {2...,d}. Consider the (unconditional) McDiarmid’s inequality of (100) in the proof

of Lemma A.4. Replacing the summation sign },,,, on the LHS of (100) by the summation sign »_;>2 (that
i#=m

is, we further exclude ¢ = 1 from the summation) yields the unconditional inequality:

. d(logd +logk c
PSS i Y s SC\/% >1- =, (153)

2<i<d 2<i<d
where ¢,/ > 0 are constants. Now we condition (153) on the event E,. Note that for all i,m € {2,...,d}
with ¢ # m, the terms {um,;} are independent of E,. Moreover, by the expression of g’ . in (65), we have

pi,; = & =2 . conditioned on E,. Hence, we have

1=
- [d(logd + log k) d
P Z Hmi — Z Mzu‘ <c T E,| >1- 2k (154)

2<i<d 2<i<d

Now we bound the quantity |u,,1 — f%,;| conditioned on E,. By the definition of p;, we have that among the
(d— 1)k comparisons {Xl(;)}jE{Q,_“7d}7Te[k] in which item 1 is involved, there are (d —1)ku; terms that have value
1, and the rest have value 0. Hence, each p1; can be thought of as the mean of k¥ comparisons sampled without
replacement from the (d — 1)k comparisons {Xig)}je{z...,d},re[k]- By Hoeffding’s inequality (sampling without
replacement), we have that for every j € {2,...,d},

v [logd + log k
Pl|/i1j_/~‘1j|<c B

E,| >1—2exp(—c(logd +logk))

C//

>1—-—
- d2k7
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where ¢, ¢/, " > 0 are constants. Equivalently, by a change of variables, we have that for every j € {2,...,d},

— logd + log k
P[|Mm1_umlgc\/k

Combining (154) and (155) by the triangle inequality, and taking a union bound over m € {2,...,d} completes
the proof.

/!

E, -
a2k

>1

(155)

B Proof of Theorem 2.2

In this appendix, we present the proof of Theorem 2.2. Both Theorem 2.2(a) and Theorem 2.2(b) are closely
related to Theorem 2 from Shah et al. (2016). Under our setting, the quantity o defined in Shah et al. (2016) is
a universal constant, and the quantities ¢ and v defined in Shah et al. (2016) are constants that depend only on
the constant B.

B.1 Proof of Theorem 2.2(a)

Theorem 2.2(a) is a direct consequence of Theorem 2(a) from Shah et al. (2016). We now provide some details
on how to apply Theorem 2(a) from Shah et al. (2016). Under our setting, each pair of items is compared k
times. Therefore, the sample size n is

n= (;)19 = O(d*k). (156)

Moreover, under our setting the underlying topology is a complete graph. Let L denote the scaled Laplacian as

defined in Eq. (4) from Shah et al. (2016), and let L' denote the Moore-Penrose pseudoinverse of L. From Shah

et al. (2016), the spectrum of L for a complete graph is 0, %, ceey %. Therefore, we have

No(L) = —2— (157a)

d—1
tr(LT) = (d—l)-d;1 = (d;”Q. (157b)

Plugging (156) and (157) into Theorem 2(a) from Shah et al. (2016) shows that the Theorem 2.2(a) holds for all
k > kg, where kg is a constant.

B.2 Proof of Theorem 2.2(b)

The proof of Theorem 2.2(b) closely mimics the proof of Theorem 2(b) from Shah et al. (2016) (which is in turn
based on Theorem 1(b) from Shah et al. (2016)). In what follows, we state a minor modification to be made in
order to extend the proof from Shah et al. (2016) to Theorem 2.2(b).

In the proof from Shah et al. (2016), the box constraint for the MLE 9(B) is only used to obtain the following
bound (see Appendix A.2 from Shah et al. (2016)):
v V20 (w)v > %HXUH%, for all v,w € BOp. (158)
no
Now we fix any constant A such that A > B. It can be verified that (158) still holds when replacing © 5 by © 4,
where we now allow 7 to depend on both A and B. Since A is assumed to be a constant, we have that ~ is still
a constant. Then the rest of the arguments from Shah et al. (2016) carry to the proof of Theorem 2.2(b).



