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6 Supplemental Material

6.1 Rudiments

With the prior measure II(-) on F(L, p, s), given observed data Y™ = (Y1,...,Y,), inference about f is carried
out via the posterior distribution

I(AY ™ {z}1,) = fn;;llnf(n @) di()

where B is a o-field on F(L, p,s) and where II;(Y;|z;) is the likelihood function for the output Y; under f.

VA€ B

6.2 Posterior Concentration Rate

First, we show that the posterior concentrates at the optimal (near-minimax) rate. We modify the result in
Polson and Rockova (2018) to our prior which differs in two aspects: (1) the top layer is fully connected, (2) the
top layer coefficients are assigned a Gaussian prior. First, we show that our fully-connected top layer networks
can approximate fo as well as the networks considered in Polson and Rockova (2018) (i.e. with a sparse top
layer). The following Lemma demonstrates how one can construct a fully connected top layer network from any
network considered in PR18 so that their outputs are the same. A graphical illustration of this construction can
be found in Figure 3.
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(a) fB(x) with sparse top layer (b) fBE () with fully-connected top layer

Figure 3: Network Construction
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Lemma 6.1. Assume a sparse network f5L € .7:"(L,p*,s*) of the form (6) in PR18 with a sparsity pattern -,
where ]:"(L,p*,s*) is defined in Section j of PR18. With p* = (p,pi,...,p%,1) € NI+2 and |y| = s*, there
exists at least one network fRL € F(L + 1,p,s) with p = (p,p},...,05, 05, 1) € NEF3 and |y = s < s* + 2p%
such that fRL(z) = fBL(x) for any x € RP.

Proof. We construct one function fDT that satisfies the stated conditions. We denote B = {(W;,b;) : 1 <1 <
L + 2} such that p = (p,p5, ..., 05,0k, 1) € NE+3 and choose the same deep coefficients {W;, b} = {W}*,br} for
each 1 <1 < L. The parameters of the top layer are set as W o = 1;2 and bry2 = b7 ;. Choosing the matrix
Wr11 in a way such that Wy ,1,- = W}, | we obtain

Bl(x) = WioZii1 +brye = WioWia Zy + b5y = Wi Z; + by 1 = fBE(2).

The procedure we use to generate Wr 1 from Wy, can be found in Algorithm 1.

Algorithm 1 Network Construction of F(L + 1, p, s) from F(L,p*,s*)
1: We assume W}, #0
2: Initialize {Wl7bl}ll’:1 = {Wl*’ bzk}ll‘:l, Wi = OpprLubL+1 =0,Wryo = ]I;LybL+2 = szrl

3: function h(j) > the index of last connected node (up to j) in layer L+1 of f5F
h(j) := max{k < j: Wri1x # 0}
: function ¢(j) > #nodes in layer L+1 in f£% that will be connected to Zz ;)

4

5 i) = 75 I(A(i) = h(4))

6: procedure GENERATE W1 FROM Wy
T for each j =1:pr do
8
9

if h(j) = j then > when Zp, ; previously connected in f5F

Wit = WLZ(;)” > connect Zr, ; to Zr41,; with the averaged weights

10: else > when Z, ; previously unconnected in f DL
11: WritjnG) = % > connect Zp, ;) to Zp41; with the averaged weights

It turns out that the sparsity of this extended network satisfies

s ="+ Wesallo + IWeslly = [Wially = 5"+ 205 = [Wially < 57 + 201 O

With the construction from Lemma 7.1, our network class could achieve at least the same approximation error as
the one in Schmidt-Hieber (2017). To recover the posterior concentration rate results in Theorem 6.1 in PR18,
we impose the following conditions on (L, s, N)

L* x log(n) L=L"+1 xlog(n)
g* < pp/(2a+p) ={ §< 8%+ 2% =5+ 24pN* < pp/(atr) 4 nP/(%ﬂrp)% < np/(2atp)
N* oc nP/(22P) [1og(n) N = N* o nP/2aHP) /10g(n)

The assumptions on the network structure (depth, width and sparsity) maintain very similar for our new prior.

We formally state the posterior concentration result for our prior below.

Theorem 6.1. Assume fo € Hy where p = O(1) as n — oo, a < p and || foll,, < F. Let L,s be as in (14),
and p = (p,12pN, ..., 12pN, 1) € NL+2 where N = Cn |n?/2*+P) /log(n)| for some Cx > 0. Under the priors
from Section 2.1, the posterior distribution concentrates at the rate e, = n~®/(2o+p) logé(n) for some § > 1 in
the sense that

I(f5% € F(L,p,s): |f = foll,, > Muen | Y™) =0

in P§ probability as n — oo for any M, — oo.
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Proof. The statement can be proved as in Rockova and Polson (2018) by verifying the following three conditions
(adopted from Ghosal and Van Der Vaart (2007))

€
sup log& ( —; Ac1 N Fus || §nei 24
sup log € (5 Aca 0 7l (24)
(A, 1) > e (25)
I(F\Fn) < e (@ for some d > 2. (26)

We define F,,, for some C,, = Cn?/(*+2) 10g%(n) and C > 0, as
Fo=A{IB" € F(L.p.8) : [Weslly + V141 < Cu.
Here F,, C F(L,p,s) is an approximating space (a sieve) consisting of functions whose top layer weights are
contained in a ball of radius v/C,, in RPZ+1, We show that this sieve contains most of the prior mass as required
in (26) for C' > 0 large enough. Indeed, because p = O(1) and
prL4+1=12pN +1 = n?/2oFP) /1og(n)
we have
2
M(FAF) =P (IWeil + b3 > Cn)

= P(XZLH >C)) = ]P)(e%XIZ’L+1 > e%) <e T th/2 g

Next, we want to verify the entropy condition (24). Because

(B e Fuillflw <y CUB € Futlfll, <€)

we have
s—(pr+1) \/7 pr+l1
. 2 Ch
sup logg(*;fefm”‘ﬂoo) < log Ten /36 /36
sup 36 W/ n/
V(L+1) V(L+1)
(1) (1)

2
< (5 Do ( 2L+ DN+ 1250 ) (o +1)og(n/ 457 log? ()
< np/(2otp) log(n) log (n/ log‘s(n)) + n”/(2”+p)/ log(n) log (n log(n))
< P/ @) 10g2(n) S nel

for some § > 1, where
L+1

v=][®E+1 (27)

1=0
and using the fact that s < n?/(2+P) and L < log(n).
The covering number (555 f € Fn; ||||,) consists of two parts. The part (I) stands for the covering number

for the deep architecture, while the part (II) is the covering number for the top layer. The calculations of the
covering numbers are derived from Lemma 12 of Schmidt-Hieber (2017) which shows

|5~ 1"
with V defined as in (27). To make sure ||f5~ — fBE o < 5, we want |[B— B[ < 2;'(‘]{%?1). Since all

deep parameters are bounded in absolute value by one, we can discretize the unit cube [—1,1]*7P2~! with a

w SIB =B V(L+1)

grid of a diameter and obtain the covering number in part (I). For the top layer, the weights and the

€n /36
2V(L+1)
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bias term are contained inside a (pr, + 1)-dimensional ball with a radius v/C;,. Part(II) for ||-||, is bounded by

the 2;"£?f1)-covering number of a Euclidean ball of radius v/C,, in (pr, + 1)-dimensional space (Edmunds and

Triebel, 2008).

Last, we need to show that the prior concentrates enough mass around the truth in the sense of (25). From
Lemma 7.1 and Lemma 5.1 in PR18, we know that there exists a neural network fz € F,,(L,p, s), such that

Vi 4], <

We denote the connectivity pattern of fB as 4 (with 8 = |§|) and the corresponding set of coefficients as B.
Following the same arguments as in PR18, we have

{ E-F L Py S Hf fOH <5n}3{ E}—n(vavaY):HfgL_fOHnSEn/2}'

S
We now denote with 3 € R” and [3 € RT the vectorized nonzero coefficients in B and B that have the sparsity
pattern 4. We use v(83) to pin down the sparsity pattern of 8. Using Lemma 12 of Schmidt-Hieber (2017) we
have

(8" € FulLop i) s |78~ hll, < enf2} > {BERT ia(3) = and B _< s b 9

Altogether, we can write

DL ¢ F.(L,p, <e€n/2)
H(f cF, L p’ || f()“n Sﬁn (fB € p(T pLHfl) fOH € /

§—pr—1

>6_I]:1LL_11)H(5€RT:7(/3) ’YandHﬂ 5“ 72‘/27;10

We note that with § =< n?/2otP) [ < log(n) and N =< nP/(atp) /1og(n)
1 s 2 o
(T_pL_l) > 67(L+1)(slog(l2pN) > €7D1 log?(n)nP/ (2a+P)
S§—pr—1
for some D; > 0. In addition, under the uniform prior on the deep coefficients and the standard normal prior
on the top layer, we can write

. € §—pr—1 . €n
H@GRT:W = yand -5 —m)z(m) 11 H(‘Bf_ﬁf SW)

j>T—pr—1
S—pr—1
€n 2v(L+1)
— 29
<2V(L+1)> 11 / %) (29)
j>T—pr—1 2V(L+1)
where the last T'— py, — 1 coefficients in 3 are the top layer weights and bias as shown in (9).
We want to recenter the normal distribution at 0 rather than Bj by using the following inequality
M — e‘%(ﬁj‘ﬁj)2+ﬁf — e%(ﬂﬁ'ﬁ}y—? > 6_372.
dN(0,3) -
Then we can continue with the lower bound for (29) as follows

3 e +1
€n s—pr—1 -y 32 WVELTD 1 pr
> PR i>T—pp,—17] _
(29) 2 (2V(L+1)) c : /,7 N (0’2>

2V(L+1)

$—pr—1 . R pr+1
> €n o= Cn [ o= (avitsn) fn
T A\2V(L+1) VTV(L+1)

pr+l 5 (pp+Den
> (i) <€7n e~ Cne a(zpn+1)TFD(L41) > e*D2"p/(2a+p) log®(n)
- 2V(

Vor L+1)
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for some Dy > 0 and recall that C,, = CnP/2o+p) log% (n).Thus we can combine the bounds and conclude that
e~ (D1+D2)n?/ 2t 10g? (n) > e~4"<. for some § > 1 and d > Dy + Dsy. The proof is now complete.

O

It is worth noting that the same concentration rate still holds if we use N(0, 1) prior on all parameters. We could
define

Fo={I1B13 < Cu}-
The prior mass condition in (26) is
(F\F,) = P(x3 > Cp) < e Crn?/ &7 o (),

The entropy condition in (24) is

€ VO,
sup logS(%,fefn;H-Hoc)Slog 736

€>€n V(L+1)

2
S(s+1)log (L(L + 1)(12pN + 1)2(L+1)) + slog(CnP/ 2oFP) 10g%° (n))
€n

< wP/C ) log(n) log (n/ 1og® () + 77/ @+ log(nlog(n))
< ne?
for some & > 1, using the fact that s < n?/(*+P) and I < log(n).

The prior concentration condition in (25) can be proved by changing (29) into

(B eRT:9(8) =4, 82 < Coand |85 < 5ot )
J

SOVt
> e T A ( B dN(O,;)>

— €n
2V(L+1)

> e On e*<W>2 .
- VaV(L+1)

s se 5
> e Cn €n ) e 4(12pN+1)(2+1)(L+1) > e—an/(Mﬂ?) 108;2(”). O

Theorem 6.2. (adaptive priors) Assume fo € Hy, where p = O(1) as n — oo, a < p, and || foll,, < F. Let
L =< log(n) and assume priors for N and s as in (20) and (21). Assume the prior of f as given by (7) and (8).
Then the posterior distribution concentrates at the rate &, = n~/(2e+p) log‘s(n) for 6 > 1 in the sense that

I(f € FL): |If = foll, > Mu&n | Y) =0

in Py probability as n — oo for any M, — co.

The proof for Theorem 7.2 follows the same techniques used in Theorem 6.2 of PR18. And this adaptive results
also hold for networks with standard normal priors on all weights.

6.3 Preparations for Main Theorems

The general framework for first-order approximation of functionals is as follows

Theorem 6.3. (Castillo and Rousseau, 2015) Consider the model P§, a real-valued functional f — U(f) and
(-, v)L,\I/(()l),Wn, as defined above. Suppose that (16) is satisfied, and denote

W ()

\ij:\lj(fo)_‘— \/’77, )

2
o= [w],
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Let 1T be a prior distribution on f. Let A, be any measurable set such that
(A, | Y™) =1+ 0p(1), asn — oco.

Then for any real t with f; as
ol
vn'’

fe=1—

we could write

. ) f eln (fe)=Ln(fo)dII(f)
En[et\/ﬁ(‘l’(f)*‘l’) ‘ Y(n>,z4n] — eor()+t°Vo/2 /A

= fAn eln (f)—Cn(fo)dll(f)

Moreover, if
[4 eln (fe)=tn (fo)dIL(f)

fA eln (f)—Ln(fo)dII(f)

n

=1+o0p(1),VteR (30)

is satisfied, then the posterior distribution of /n(¥(f)—W) is asymptotically normal and mean-zero, with variance
V.

Proof. Set Ry(-,-) = 0,¥?) =0, 1, = 0 in Theorem 2.1 of Castillo and Rousseau (2015). O

Projection of Functions The intuition of our projection conditional on (v, Z) is to maintain the same par-
titions for the shifted function in (17) and perform the change of measure locally. We first give the notation for
Z%, which are the nodes in the top layer. Let Z1j,J = 1,...,pr denote the j** node in L*" layer, which can be
written as a sum of local linear functions, respectively:

Kr
Zri(@) = Iz € Q){B] = +a]}
k=1

here the partitions {ch} f -, and coefficients {Bi, dfc} i( . are determined by {W;, b }& ;.

For simplicity of notation, we denote W41 = (w1, ..., wp, ). Then the output can be written as:

f(@) = wiZe;(@) +br
J=1

Ky, Ky, pL ] pPL , PL

_ J LRI ~J

= g Ilxe ﬂQk] E w]/i’kJ x + E w;ay, +br4+1
ki=1  kp, =1 j=1 j=1 j=1

v

(2] since conditional on {W}, bz}lel

We denote the projection of function a(x) conditional on {W;, b}~ , with a
is equivalent to conditional on (v, Z):

(W, b%) = argminyy, 4, e7,(Lpa.2) IWZL(E) +b—a(@)ll, ,
a?Z](w) =W*Zp(x) + b

~

The projection Ay

| can also be viewed as the best approximation to a conditional on (v, Z).

Similarly, we denote projection of fy onto {W;,b}£ | as fg[z]:

(WO,1%) = argminyy, 4, er (o IWZL(@) +b— fo(@)] . (31)
J (@) = WOZy (@) + 1. (32)

Note that f € {WZ(x)+b: W € RPE b € R}, so naturally we have Hfg[z] - fOHL <|\f=foll.
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6.4 Proof of Theorem 3.1

We will perform the analysis locally on the sets A, = AM» from (15) for some M, — oo. We use the fact
that convergence of Laplace transforms for all ¢ in probability implies convergence in distribution in probability
(Castillo and Rousseau, 2015). The posterior decomposes into a mixture of laws with weights I1(y | Y ™), where

7 is the vector encoding the connectivity pattern with prior in (10). We denote with I, , = EI! [et\/ﬂ(‘l'(f)*‘m |
Y™ A, 4] and write

L =BV O 1y ™ A = ST (v | Y™, A,) .
NEVP:s

Next, we want to show that on the event A,, and uniformly for all v € VP»*
I = e"P(lHtQV"/Q(l +0(1)) asn— oo

so that I,, = eoP(MF*V0/2(1 4 o(1)).
We choose ~ such that F(L,p,v) N A, # 0 and for f € F(L,p,v) N A, we expand the linear functional as
U(f) —¥(fo) = (a, f — fo)r which yields
\IJél) =a,
r(f, fo) = 0.

The remainder condition (16) is thus trivially satisfied. To verify the second condition (17), we choose the shifted

function f; as
ta

fi== e
Due to the fact that our class of neural networks has a top linear layer, the function f; shares the same deep
connectivity structure as f where only the top layer intercepts b% 11 have been shifted. The change of measure
thus only influences by, 1 where bt’LH =br+1 — f—\/‘% Next, we can write

fAn el U=t Jo)qIT( f | )

2 2
Iy = ezl x 33
7 [, et D=6l dIl(f | ) (33)
2y Jrertgea, €T | ) et
= 2 L
‘ 8 Jo G dII(f | ) (34)
Next, we show that the ratio above converges to 1 as n — co. We have
di(f|) _ AW bibiy, Wiir,boga |7) _ d({We bidey [ 9)d(Wraa)dTl(brer)  dT(br1)
d(fe [~) AWy bib g, W Uy [9) dIX({WL by [ 9)IH(Wra) (b ) dTI(bE )
dH(bL+1) ¢(bL+1) 1 2 ta 2 atbL+1 t2a2
- - B2 (b — — = _ e
(B ,,) ~ oo — 2 - P72 e T b T Rl p e (PR
Next, we note (from the definition of the sieve F,, and C,, in the proof of Theorem 7.1)
|bL+1| < \/Cn <n- Torp log‘s(n).
vn T yn "~
Going back to (33), we now have for some ¢ > 0
o M(f+4&ea,|Y™,y)
e—en” TP log® (M+ 52+ 2 lald o (f vn | i < I,
m(fed,|Y™,q)
__a 2 2 2 H( +t7a€An Y(n)v)
< e TP log (m)+ S 4 el o T+ | ! (35)

n(feAn\YWy)
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Next, from

Hf—foHL—H% LSHH%—fO LSHf—follmLH% )

it is clear that

SMn§n} c {f: ||f7f0||L§Mn§n+H%

{f:nf—foanzvrnsn—’%L}c{f:HH%—fo L}

L
This yields

I (f¢ 1f = follp <& — H% Y(")w) <1 (f;f+L‘; €A, | Y<”)7~/>

f
§H<f:|\f—fo|\L <é,

|
L

ta
+|—=| | Y("),’y) .
L,
Since the concentration rate is slower than 1/y/n, i.e. &, = n~%/2at2) 1og?(n) > n=1/2, we have II(f + % €

t2al?

Ay,) = II(f € A,), as n — oco. From the sandwich inequality (35), we have I, , = e~z = for any t € R as
n — 0o.

6.5 Proof of Theorem 3.2

Similar to the linear functional case, the posterior decomposes into a mixture of laws with weights II(y | Y(n))7
where v is the vector encoding the connectivity pattern with a prior in (10). We can write

Ly s = B[OV |y ™) 4] = 37 11y | Y, A (36)
YEVP:$
where
Iy = En[ef\/ﬁ(‘l’(f)*‘i’) ‘ Y(n>,A,,,7’}/].

We further decompose each I, 5 by conditioning on the deep weights {W;, bl}lel. We can write

H({thl}lL:Jrll ‘ Y(n)vAm'Y) = H(WL+17bL+1 | {Wl7bl}lL=17Y(n)7Am'Y)H({lebl}lL=1 | Y(n)>An7'Y)
= H(WL+labL+1 | Y(n)7An7'77 Z)H(Z | Y(n)7An>’Y)>

since Z = {Z;}£, is fully determined by {W;, b}, and we can thereby replace conditioning on {W;, b}~ by
conditioning on Z. We can further dissect I, , by conditioning on Z

ny

Inﬁ:/IZ di(Z | Y™, A,,y), where IZ, ::/eiﬁ<“f<f>*@>dn(WL+17bL+1 Y™ A,,7,2).

In the rest of the proof, we show that Ifﬁ — exp(—t2Vp/2) uniformly for all v and Z such that f € A,. This

can be done in two steps. First, we show that conditional on (Y("),Am’y, Z), U(f) asymptotically centers at
a local (v, Z)-dependent centering point \il} with a local (v, Z)-dependent variance V] (both defined later). In
the second step, we show that the local centering points \ifZ’ are close to the global centering point U and that
the local variances V) converge to Vj uniformly for all v and Z such that f € A,,.

We define the (v, Z)-dependent local centering point and variance as

. Wh(2f)
W = vy + o) ;;?m)

where fg[z] is the || - || projection of fy on the set of deep learning networks f with a connectivity pattern ~
and hidden nodes Z defined in (32).

and V) =4 Hfg[Z]Hi, (37)
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For any f € F(L,p,~), the squared L?-norm functional can be expanded as

U(f) = ©(fo) = 2fo. f = folu+If = foll}
= 2fgiz f = fo)r + If = foll ] +2(fo — f3 9 F = fodr-

Note that H f(;’[Z] — fOHL < ||f = foll, for any f which has a connectivity pattern v and hidden nodes Z.
This expansion yields the first-order and remainder terms
(1 _
\I}O - 2fg[z]a
r(f, fo) = If = follz, + 2(fo = fiis £ = fodr-
To ensure asymptotical normality of W(f), we first need to ensure the local shape condition in (16). Assuming

that the smoothness « satisfies
a>p/2 (38)

we have for f € A, with a connectivity v and hidden nodes Z
r(f, fo) = IIf = follZ, +2(fo = foiz f = folu
<207 = ol + | o = fapa
<31~ Al £ =0 log =05

5
Next, to verify the second sufficient condition (17) we define the shifted function f; as

2y

t—*\/ﬁ-

Then we use the local centering point W}, in (37) to define

jfﬁ ::Eﬂ[etﬁ(‘l'(f)f‘l’}) Y™ A, v, Z] (39)
el a0 | 5,2)
[, D=6 T, 2)

S, w00, |, 2) iR
ol oy |12 ootz ¢ 4 (ft17,2)
:ezt HfD[Z] HL X ‘ v n

[y D=0 dII(f | 7, Z)

For simplicity of notation, we first denote ¢ = (Wp41,br41)’ € RPET and ¢t = (Wi, ,b% ) € RP2T! and
A = (WO 5% as defined in (31). Then we can simply write (* = ¢ — %A.
Since all parameters are a-priori independent and there is no sparsity structure placed on {Wr11,br41}, the

A (f|y,Z)

d(f.2) can be calculated as

prior ratio

di(f |, Z) _ dll(Wpry) dl(bria) _ dII(C)
dH(ft | s Z) dH(W£+1) dH(thH) dH(Ct)

{4 2]

i=1

N A 262A2
—exp{Z{—Q\/ﬁt—F tn1:|}.

i=1
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Similar to our previous proof, we have under the assumption o > p/2

PL+1

Z cz

where we used the fact that both f and fg[ 7) are contained in A,, and thereby have their top coefficients contained
in a ball of radius v/C,, (recall the definition of C), in the proof of Theorem 7.1).

= o(1), (40)

Now, using the fact that

tfy tf tfo
17 = folly = 2| =5 st+ = ol <15 = ol + 2] <
L L L
we have
tf
1 (f: If = follp < & —2|| 2| Y‘"%%Z)
L
po iz €A Y™ 5, Z | <TL{ f:|If = foll, < &0 +2 i Resnar
ND - - f L

Again, since the concentration rate is slower than 1/y/n, i.e. &, = n~%/@ot2) 1og%(n) > n=1/2 we have

e e A, | Y™, 2)

( W | Yy, Z)

I(f +

—~1,VteR. (41)

Hence, with (38), (40) and (41), one concludes ffw Qt Hfo[z]”

n (35). In other words, we have

L as n — oo using a similar sandwich inequality
L7, = e"V2 P (14 0(1)). (42)
Recall the definition of a local centering point ¥}, and a local variance V) in (37). Then we can write

If'y - EH [etﬁ(q’(]v)i@) | Y(”)v Anv Vs Z}

— EN[etVAlU (=¥ + -0 | y () 4~ 7]
—[Z y etVn(¥-0)

= (1+o(1))e!"V2/2Htva(TE =)

=1+ 0(1))et2V0/2+t2(V§*V0>/2+t‘/ﬁ(‘i’}7\p)

The proof will be complete once we show the following condition uniformly for all v such that f € A,
]n,'y = /Iffde(Z | Y(n)>An7’Y)

=1+ 0(1))et2V0/2/et2(v§_v0)/2+t\/ﬁ(¢'}_\i')dH(Z Y™ A, ~) = V2 as n — o.

This is equivalent to showing

/et2(Vg’VU)/2+tﬁ(‘i’}"i’)dH(Z 1Y A, y) =1+ op(1). (43)
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Since we work conditionally on the set A,,, we have || fg[ 2 follz < &, and thereby
\/ﬁ(‘ij - \iﬂz) = Wn(fg[z] — fo) = op(1),

V2= Vi=4| ], - N6l

2
S 2ol |5z = o], + o = 5o
S Hfg[z] - fOHL < gn
under the assumption that || fol|, < F'.
Using the smoothness assumption (38), we have £2 = o (%l) We can bound the integral in (43) using the
uniform bounds on /n(¥ — ¥}) and [V) — V| as
(43) = / o /2rxorWari(z | Y™, A,,)

—t?En/2+tx0p(1) _ por(1) _ ¢ +op(1).

Putting the pieces together, we write I,, from (36) as

L= Y 0| Y™ AL, = 3 Ty [ Y, A,)e" 21+ 0p(1)) = ¢ 0/2(1 4 0p(1))
yEVPs yEVPY

which completes the proof. O
6.6 Proof of Theorem 4.1
For our proof for Theorem 4.1, the analysis is locally conducted on the set

A ={f e F(L):|If = foll, < Mn&n} (44)

with &, = n~%/(22%2) Jog®(n) for some M > 0 and § > 0. And from the results in Theorem 7.2, we know
I(AM | Y(M) =1 4 0,(1) for any M,, — occ.

Conditioning on A4, in (44), the posterior consists of a mixture of laws conditional on N, s and ~

I, = EN[e!VAE (=9 [ y(m) 4 1

(o) T
=Y 0N | Y™ A4 (s [ Y™ A, N) Y Ty | Y™, Ay N s)
N=

1 s=1 ~YEVP:s
N, Sn
=Y OV [Y™, A4 (s [ Y™ A, N) Y Ty [ Y™, Ay, N s) ey + 0p(1)
N=1 s=1 ~EVP:S

where we denote with .
Loy = BNV VD=0 Yy () 4, N, s, 9],

The second equality follows from the fact that I(N > N,, | Y ™) = 0 and II(s > s,, | Y ™) — 0 in P? probability
as n — oo, using Corollary 6.1 of Polson and Rockova (2018). Thereby the set A,, eventually excludes all the
deep learning mappings outside the sieve.

Linear functionals For ¥(f) = (a, f)1, when a(-) is a constant function, following the same strategy as in
the proof of Theorem 3.1, we have

Insny = elali/2(1 4 o(1))
and thereby the BvM holds.
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Squared L?-norm functionals For ¥(f) = ||f|\§7 we use the same strategy as in the proof of Theorem 3.2.
For a € (%,p), we have
; 2 1
Nysyy _ 2 _
|fa™ = 5o, < 1= folly = (ﬁ) (45)

here fé\{;‘]” denotes the projection of fy onto deep learning networks with a fixed sparsity and hidden structure

(v, Z) where |y| = s and the width equals N (similarly as in (32)). The inequality (45) holds for all f with a
deep structure determined by (v, Z).

The following arguments are similar to the proof of Theorem 3.2 but will be conditional on /N and s. Since
H({Wl7 bl}lL:+11 | Y(n)7 A7L7 Na S, ’Y) = H(WL+17 bL+l ‘ Y(n)a An7 N7 5,7, Z)dH(Z | Y(TL)’ A7L7 N7 S, ’7)
we can rewrite I, s~ as
Iyon = / (/ VI D= I (W41, brsr | Y(")7AmN,s777Z)) di(Z | Y™, A, N,s,7)

=(1+ 0(1))62t2||fo|\i /etz(VZN'S”*%)/2+t\/ﬁ(‘i’g‘s'7*‘i’)dn(z Y™ A, N,s,7)

where
I NSy 1 N,s,y N,sy N,s,y 2
‘I]Z :\I/(fo)+ \/ﬁWn(Qfo[Z] )» VZ ) :4Hf0[z] HL

and the term (1 4 o(1)) comes from similar considerations as in (42).

Now we need to show I,, , , — 2 IollL for all N, s and 7 in the local neighborhood A,,. In other words,

sup sup sup /et2<VZN7M7V°)/2+tﬁ(\i'g“m*\i')dl_[(2 | Y™ A, N,s,7)=op(1). (46)
N<N, s<s, YEVP:$

Then we can write for o > p/2
3 N,s I N,s,
V(NS — ) = W, ( O[Z]7 = fo) = op(1),

N,s,y 2 2
Vi = Vol =4 |10 = 15l

2
S 206l |55 = o, +||otsr = 5]

S Hfé\[f.;]w - foHL <&n-

With o > p/2, (46) is satisfied. Aggregating the sum of Iy 5, over N, s and ~y, we have

(N [ Y™, 4,)3 T(s [ Y, 4, N) Y Ty | Y™, Ap, N, $) oy + 0p(1)
s=1 yEVP:s

I, =

= M=

N [ Y™, A4S (s | Y, 4, N) S Ty | Y™, A4, N, s)(1+ o(1))e2 1olliter () op(1).
s=1 YEVP:S

=2
I

As a result, we have I,, — e2CIFol7 for all t € R as n — 00, which concludes the proof for the L?-norm functional
case.



