Online Batch Decision-Making with High-Dimensional Covariates

Supplement to “Online Batch Decision-Making with High-Dimensional
Covariates”

A Proof of Theorem 1

Proof of Theorem 1. Based on standard arguments in high dimensional statistics, the Template LASSO on A,,,
when choosing A > 2Xo(7), satisfies

S|

P B( A, ) = Buy |1 < 4A21 )2 > PIF(Mo(0)] = P(E(Auw,) ¢ C(Su,. 0))) (20)

where F(Ao(7)) = {maxi<j<p 2 |77TX(j)| < Xo(7)}, which is a high-probability event by carefully choosing the
threshold Ag(7) stated in the following lemma:

Lemma 2. Given a sample set Ay, and choose \o(7y) = 20T max (% then

P(F(ho() = 1 - 2exp(- L] 21

Proof. See Section B.1. O

Besides, the sample covariance matrix of the template sample set A,,, satisfies the compatibility condition with
high probability, as stated in the following lemma:

Lemma 3. Given a sample set A, that satisfies rate r optimal allocation condition. Then

“ A,
PE(Au) # s 2| 52D < exp(=Ca(o)*14, ). (22)
Proof. See Section B.2. O

Now, lemma 2 and lemma 3 together turn the equation (20) into

2

P8 AN — Bl = 222 2 1= 2= T - exp(-Cato02145, .

Then Theorem 1 follows by solving + from the condition A > 2Xy (7).

B Proof of key Lemmas

B.1 Proof of Lemma 2

Lemma 2 The event 9
F(Xo()) = {max —|n " XD| < Xo(v)}. (23)
i€l T

2

holds with probability at least 1 — exp(—%-) by choosing

Ao(7) = 2Tmax0y | = (24)

Proof. Let ng ,, denote the number of users allocated to treatment wy, at the sth decision epoch. The sample
collected at epoch s is denoted by A, = {((X(is), Yiis)) 1 1 € Nt,w, ], s € [t])}. Recall X is the jth column of
covariate matrix X and the good event

F(Ao(v)) = {maX |77TX(])| <o)} (25)
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With the help of union bound, we have

PO 2 1= 3P ([T X9] > Saa().

j=1

The quantity 7" X ) actually has sub-Gaussian tail. To see this, define the filtration

Fy ={(Yi,5), X)) bet-11jelng 1wy 204 G =Fe U{X (50 bicin, o, ] (26)

From the tower property of expectation, independence between {7 s,i)}ie[ns,wk] given G, sub-Gaussian assumption
on 75,5, bounded assumption on covariates HX(M) HOO < Tyaz,We have

Ns,wy,
E[exp(u Z (s, z)X (s,7) )|‘F] (27)
s=1
Ns,wp,
= E[Elexp(u Y 1(s,i)X(s,i),j)|Gs] | F] (28)
s=1
Ns,wy,
= E[[] Elexp(un(siyX(s.,;)|Gs)|Fe] (29)
s=1
Ry oX EX Uren max 2
< B[] exp(uQ((f H exp(u? 7 ) ) (30)
s=1
= exp(u2( y ns’wk;xma)() ) (31)

The above result gives us a bound on the moment generating function of ' X) that

T Mt,wy
Elexp(u(n X)) = Elexp(uY_ > 0y X(s.i)5)] (32)
t=1 i=1
(\/nT,w xmaxo—)z Tl
S exp(u2+ exp u Z Z n(s ) (s 7,),] (33)
t=1 =1
(V) s Tamax0)?
< o< exp(u? ! - ). (34)

2

We find " X0 is (\/ZST:1 nswkxmaxa)z—sub-Gaussian. The tail probability bound of sub-Gaussian distribution

gives
. t2
P(‘nTX(J)‘ >t) <2exp|— 7 .
2 23:1 ns7wk ]"r2nax0'2

Now, to reformat this into a desired tail probability form, we note

7 T ()] < e M
1-2exp(-+) = 1= P(ln"xY| > == (7)) (35)
j=1
T
S, w AQ
> 172exp(725 1 s Ao (V) + log d). (36)
8x12nax
The above suggests us to choose

2+ 2logd

Ao () = 2Zmaxo ’yTig

s=1 nsvwk
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B.2 Proof of Lemma 3

Lemma 3 Given a sample set A, satisfying template condition with rate r. Then

ﬁ
o S5\ [T < expl=Cal0)*1 A, ) (37)

P(E(Aw,) € C(8

Proof. From our population assumption, the population covariance matrix X,,, satisfies the compatability condition

Sy € C(Bs,, #). By carefully controlling | Ay, | and | AL, |/ Ay, |, one could first show |2, — Z(.Aﬁ Moo <
32@ T which implies E(Aka) € C(ﬁsw,%) with high probability (by using Corollary 6.8 in page 152 of
Buhlmann and Van De Geer (2011)). Next, by estimating an upper bound of the quadratic form induced by the
covariance matrix of sample set Ay, , we can show, with high probability, that

S € (s, o Ay
’ V2 A
O
C Theory of LASSO
C.1 Basic Inequality
Lemma 4. (Basic Ineuality from Optimality Condition) In LASSO,
1 5 A 2 R
LB~ B + MBI < 2eTX(B - %) + A% (39)

Proof. To perform optimality analysis, we play with true beta 8° and empirical minimizer /3 (Short hand of
Buw,, (Ak, A)). From the argument min, we start with

Y~ XBIZ+ Bl < ~ Y — X873 + All8°lh (39)

Direct calculation gives us
Y - XA~ Y - X6°I3 (10)
= %[YTY —2Y " XB+ BT XTXp) - %[YTY —2Y X8+ (80T X T X (41)
= TRYTX(E - )+ BTXTXE (8T XT X 42)
= TAXA +TX(  B)+ BTXTXA— (80T XTXA) (13)
= LB TXTX(E B+ 2T X (B0~ )+ BTXTXB — (8) X XA (14)
= TRTX(E - A+ ()TXTX(E) - 280X XA+ ATXT X (15)
= TRTX(E - B+ (5~ HX X - B (16)
= 2TX(E B+ X - O (47)
U

Lemma 5. (Basic Inequality on Good Event) On good event F and with X\ > 2Xg, the basic inequality can be
further reduced to

21X (B~ 013 + s I < 3XIBs, — 8, I (48)
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Proof. Recall the basic inequality

X~ B3 + MIBlh < 2€TX(B~ %) + M

Multiply it by 2 to get
2

21X~ N3+ 208l <2 2TX (B~ %)+ 2X8°],

Plug in the upper bound to get
2 N N 2 . A
=[X (8 = 8913 +2MB81h < 2- (max =[e" XD))|I5 = %]l + 2X]|8°]x
n jelpl
Then on good event F, it becomes
2 - R R
g”X(ﬁ =B+ 2X[18l1 < 2- XollB — Bl + 2M18°1

Apply A > 2 to get
2 . R .
~[1X(3 = B3+ 2118l < AlIB = Bl + 2M[18%

(52)

To further reduce equation (52), we play with sparsity component. Let Sy denote the sparsity location of truth

0.
One the RHS, since ng = 0, we have an identity

18 = 8%l = 1Bs, — B, Il + lIBsellx

On the LHS, we have identity
8% = 188, 1 + 1188, Il = 1188, 1

On the other hand, the empirical minimizer B only has identity

18111 = 118, Il + 1185, IIx

To link /3’50 with ﬁgo in L, norm, the inverse triangle inequality gives

18Il = 1188, [l = 1Bs, = 8%, Il

Then we have an inequality

181l = 1188, Il = 180 = B5, 11 + 13551l

Combine these two observations into equation (52), we have inequality

2 . . . . .
Ry BONE 4 2M(1188, 11 — 1Bso — B8, ll1 + 1Bsell1) < AllBse — B3, I + 1Bs¢ll1) + 2X]188, 111

Reorganize them into the inequality

9 . . R .
EHX(B — BO)13 4+ 2Al1Bsg ln < 3AlIBs, — B, Il + AllBsg lla

Lemma 6. (Compatibility passes L1 norm to square root of Lo norm)

On good event F, X\ > 2Xg, and compatability condition associate with gram matrix by holds,

A 1 N
s, = Bl < L2 IX(3 - 8

(58)

(59)
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Proof. To further reduce the basic inequality on good event (48), we impose condition on sparsity component Sg.
In lemma 5, two quantities we play with are [|s¢|l1 and |8, — 82, |1

An implication of equation (48) is, on good event F, it is true that

18s5 = Bl = 11Bs5 11 < 3185, — B, (61)

that is, on good event F, the discrepancy between empirical minimizor and truth B— B0 always belongs to the
class

{B11Bsglln < 3l1Bsy|, }- (62)
On such class, the compatability condition with Gram matrix = %X TX is
185, < L2/5755 (63)
Thus, we have
~ S ~ ~ ~
165, - 8%l < L2 — 9 TR - 57) = L0 X (5 - 8% (64)
b0 Vn
O
C.2 Static Oracle Inequality
Theorem 3. (Oracle Inequality of LASSO minimizor)
On good event F, X\ > 2)\y, and compatability condition associate with gram matrix by holds,
480
*IIX(ﬂ BO5+ B =8 < 2 (65)
0
Proof. Plus both side of basic inequality on good event (48) an addition term A||3s, — B2, |l to get
2 . . .
~[X (B = BOIE + AlIB = Bl < 4M[1Bs, — B8, I (66)
Input lemma 6 to get
2 A . N .
ZNXB = B3+ MIB =B <4NY—= . —|IX(B-p° 67
SIX(B = )1+ MB - Bl < T2 X (3 - ) (67)
Set u = ﬁ”X(B — Y2 and v = )\‘{j). Note (u — 2v)? > 0 implies 4uv < u? + 4v? to get
2 - - X(B-p°
25— 8013+ M3 - )y < O TG gas6 (68)
n n o
Reorganize the terms to get
480
*llX(B B+ AIB =8 < 2 (69)
0
O

D Checking Optimal Allocation Condition

Now we show two types of sample set—teamwork sample set and all sample set-produced from our proposed data
collection protocol both satisfies the template condition.

The following lemmas are used to prove template condition of teamwork sample set and all sample set(lemma 7
and lemma 10).
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D.1 Teamwork Sample Set

Lemma 7. For any decision epoch t > (Kq)?, the teamwork sample set for treatment wy, up to time t, Dy wy» 18
a template sample set of rate p., with probability at least 1 — t%

Proof of Lemma 7. To check (i): Lemma 8, qo > pré?igg(j)o)g and t > (K¢q)? > 3 imply
1 6logd
D > —Nqlogt > 2Nqy > —s-——. 70
‘ [t],k| =9 qlogt =~ qo p*022(¢0)2 ( )
To check (ii): Lemma 9 shows that, for t > (Kq)?, we have
|D’[jt] k| P 2
2>y >1- = 71
Dl — 2 ) tt e

Lemma 8. (Size of Teamwork Sample Set) If t > (Kq)?, then

1
iquogt < Dkl £ 6Nqlogt.

Proof. First we note
Tk = T O [t] = Unso(To e N [2])-

At t € T, i, we have finished round 0,1,2,--- ,n — 1 teamwork stage for arm k, each of size Ng¢, therefore
nNg < Dy k| < (n+1)Ng.
With this, our task becomes to derive the lower bound and upper bound for n and n 4+ 1 in terms of logt by
using the condition t > (K¢q)?
For t € Ty, n,we have
2" -1)Kqg+1<t<(2")Kq,

which means
t t
logz(K—q) <n< logQ(Kfq +1)+1.

Use condition ¢ > (Kq)?, one have log,(K¢q) < 3 log,(t) and hence
1
n > 3 log, t.

On the other hand, we have

_ log(2(t + V)

< 6logt.
- log 2 < 6blog

4
n+1§10g2(K—q+1)+1

|DFt]k| 2
k> By > ] 2
[Dpey,el = 2 )21 4

Lemma 9. Ift > (Kq)?, then P(

~

Proof. Apply P(ly — u| > 5) < 2exp[—0.1y] in Alon and Spencer (2004) to the indicator random variable
I((i,s) € 'D[ht]’k) for all (i, s) € Dy, and using p = E[Z(i,s)ep[ I1(i,s) € D[ht])kﬂ > D+| Dy k» | We get P(|DFt]7k| <
2Dy 1|) < 2¢~ 1Pkl Therefore, by our control of the size of [Dy x| and the choice of g, we have P(|DFt],k| <
B Dyel) < 2e—Faologt < t% -

t],k
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D.2 All Sample Set

We set S = 7 U & in this subsection.

Lemma 10. For any decision epoch t > Cs, the all sample set for treatment wy up to t, Sjy)w,, s a template

sample set of rate &, with probability at least 1 — exp[— igis]
Proof of Lemma 10 To check (i): Lemma 8, g > Mfé‘()i%g(jﬁoﬁ and t > C5 > 3 imply
12logd 6logd
Si.k| = Dyl = = (72)

pC3(0)? 5 C3(d0)?

To check (ii): Lemma 11 shows that, for ¢ > C5, we have

|S[ﬁt]k| 1 p. p2
P > ) > 11— —== .t 73
(22 35 = 1 - oo (73)
Lemma 11. Fort > Cs,
|S[ﬁt]k| 1p, p2
= I —E ¢ 74
Suel =22 )2 1—exp(—150 1) (74)

Proof. We start from noting the fact that the all sample set for treatment wy, Sj x, can have at most ¢ elements
up to time t (|Spy,x| < t) implies

|‘S[ﬁt}k| p
: £y — : P«
L < By — P(iShy < 221 (75)

|S[ﬁt] k| 127*
< ——)>P
ISigel 22 ) (

To handle RHS, we note that the size of S[uﬂ , admits a representation

t
Sial = D2 Do (X, Yii) € Sty - (76)

s=14€N(s)

The strategy to utilize such representation is first to construct a martingale difference sequence and then apply
Azuma’s inequality to attain desired result.
First, all samples been collected in S?t] ., are optimal allocation in selfish stage given good event happens. Thus,

whether a sample (X; s,Y; ) belongs to S[ﬁth has a representation

I((Xiys, Yis) € Sfy i) = IBs-1)I(X(i.6) € U )I(5 & Ty, .)- (77)

Recall that samples in S Eis] & also satisfies model assumption and hence can be written as Y = X TB+e. Let G be

the sigma algebra generated by the first N(s) = |S[ﬁs]7k| rows of the design matrix X and the first N(s) entries of
the noise vector ¢, and let Go = ¢. With this, I(Es_1) is G;_1 measurable; I(X; 5) € Uy,) is Gs measurable and
independent of G,_1; I(s ¢ Ty,.) is deterministic by planning of teamwork stage. Follow the Doob’s martingale
construction, define

M, = E[|8Ft]7k||gé] (78)
for all s € [t] U {0}. The resulting sequence My, My, -, M; is a martingale adapted to the filtration Gy C G1 C
-+ Gy with My = E[|S[ut] ol and M; = |S[ht] |- The desired martingale differences is thus My — M,_;.

Now since the martingale differences My — M,_; are bounded by N(s) — N(s — 1), the Azuma’s inequality, (see.
Theorem 7.2.1 from Alon and Spencer 1992), to obtain for all n > 0,
2

n
P(SHy4l < B(SHy4l) =) < expl— 530

(79)
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Now a lower bound for expected size of S[ht] . follows from adopted policy that

D«
B =Y Y P Vi) € Sh0) 2 0~ 7oy | - (a2
s=14eN(s)
> [t—6KNqlogt— (Kq)z]% > Sg*t,

where the last inequality from the definition of constant Cs. Thus, taking n = &=t, we have

2

128

). (80)

P+
Pkl < 2o) < exp(-

E Deviation Inequalities of Teamwork LASSO and ALL LASSO

E.1 Teamwork LASSO-Proof in Corollary 1

Proof. Note C’l(‘mT\ﬁ) = I—ZC’l(qﬁl). Apply Theorem 8 for x = ﬁ and r = p,. First, ¢o > W and

lemma 8 imply

D1/D+ NC 2p?
—C( 1\2F)|Dm7wk|x2 +logd < 1;&;#1 ogt- gy < —4logt. (81)
Second, |Af, | > %[ Ay, | = B Ngo and qo > m and it implies
NC. 2p,
- |D€t],wk|02(¢1)2 < —# ~qo < —4logt (82)
Last, we find
. h
Pl (P M) — By |1 > ) (53)
# #
5 o Pyl . Pkl pa
< P(|Buwr (Di s M) — B Mk Pey | p R P 84
= (HB k( [t],k 1) ﬁ k||1 > 4Imax "D[t],k| 2)+ (|D[t],k| < 2) < )
1 1 2 5

E.2 All LASSO—Proof in Corollary 2

T 2 og o " .
Proof. Note C’l(‘mT‘[) = =C1(¢41). Apply Theorem 1 for x = \/pilci(%)’/l gttl 2d and r = = First,

ISt w5 | =

1/ P+ /2 9 Pat logt 4 logd
701(?”5[15],%\)( +logd < f—C’l 4 -2561202701+10gd: —logt. (86)
Second, \S[t] wh\ > B |Sy wp | > P*G and C3 > % 1mply
# 2 P
8 o) < L (57)
Last, we find

- 16 1 logd
PR (Pl ) = Bl > [P0 (58)

16 log t+log d t+log d |8 |Sﬁ |
< P(J|Buy, Py M) = Bur |l > > B+ P25 < By (89)
= AR , Cl(¢o) |3[t]k\ |S(0),1]
< 2. ——|—exp( p2 -t) + exp(— . 1) < ( +eXp(—pl t)) (90)
>~ 32 28 - 32
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F Regret Analysis

We show the properties of K (z) for z € X and for z € U, of a available treatment w. In words, for any given
observed covariate x € X, Teamwork LASSO excludes those sub-optimal treatment of & up to tolerance level h. If
z € Uy, then Teamwork excludes all treatment other than the optimal treatment of z. Therefore, the probability
of random covariate X belongs to U,, matters.

F.1 Proof of lemma 12

Lemma 12. (For xz € X ) Suppose the (t — 1)th decision epoch is in selfish stage and event Ey_1 holds. Then
for each available treatment w; € W and any possible observed covariate x € X, the estimated optimal treatment
candidate set contains the optimal treatment of x: w*(x) = arg max,ew(x, Bw) and no any sub-optimal treatment
w € Weup. That 1is,

wi(z) € K(z) and we K(z) for all we Wiy (91)

Proof. First, we show w*(z) € K (z). Note at the ¢tth decision epoch, the optimal treatment suggested by Teamwork

LASSO is w'®™ () = arg max,eyw = ,Bw( [t—1],w> A1). Since F;_ holds, it implies " Bw( [t— 1]7w,)\1)—a: Buw <

h

Tmax * [z = = h for all available treatment w, which includes w* and w®?™.

2T B(Dy_1jueam) — & B(Dpp_1) ) (92)
= (@ B(Dy_1japream) — " Bypeam) + (27 Byream — 2 Bupe) + (27 Bur — & B(Dp_1] ) (93)
h h h
< Z+0+Z:§’ (94)

where the last inequality is from the definition of w*(x) that 27 B« — 2 Byteam < 0.

Second, we show wgup ¢ I?(x) for all weup € Weup. Since E;_1 holds, it implies mTB\w (D15 A1) — z" By >

—Zmax * ﬁ = —% for all available treatment w, which includes w'®*™ and ws\P.
2 B(D)renn) — 2 B(Dpy—1), e (95)
> xTB(D[t—l],w*) - zT/B(D[t—l],wS“b) (96)
= (" B(Dp_1)w) — @ Bur) + (@ Bur — 2 Byews) + (& Byows — ' B(Dpp—1] peuv) (97)
h h h
> = ==
> — th+—7=73 (98)
where the last inequality is from the definition of Wy, that 27 By« — 2T Byeun > h. O

F.2 Proof of lemma 13

Lemma 13. (For x € Uy, ) Suppose the (t —1)th decision epoch is in selfish stage and event Ey_y holds. Then for
each available treatment w; € W, if a observed covariate x belongs to Uy, then the estimated optimal treatment
candidate set contains only treatment w;, that is

K(z) = {wi}. (99)
Proof. For every treatment w; other than w;, since z € U,,, definition of U,, implies ' B,,, — wTﬂwj > h; since
FE;_1 holds, it implies xTﬂw(D[t,le, M) =2 By > —Tmax - ML_ = —%. Combine them to obtain, for every

treatment w; other than w;

2" B (Dp—1)w> A1) — ZCTBwj (Dlt—1),w;> M) (100)

= 2" [Bus Dp-1)wss M) = Bus] = 2" [Buy (Dp—1)0;5 M) = Buo,] + & (B — By ] (101)
h h h

L_n - 102

- 4 4 +h 2 ( 0 )
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That is, for every treatment w; other than wj,

2" By (Ppe— 11w M) 2 & Buy (D— 1,0y M) + g (103)
Therefore, by construction of optimal treatment candidate set, we conclude K (z) = {w;}. O
F.3 Regret bound for case (4)
Lemma 14.
(1) = UK br + Cal0.p.) - g ] + 8K b expl- P20y 0,980 10

Proof. Without loss of generality, for a observed covariate vector x; ; of the ith user at the tth decision epoch,
assume w; is the optimal treatment, that is x;rt Bw, = Maxyew th Bw- First, we note that the instantaneous regret

occurs if we allocate treatment other than w; to covariate x. This happens when xTB(S[t_le) > :cTB(S[t_l],wl)
for some treatments w. This observation suggests

rie o= Bl Y a1l (Buy — Bu ) (w(xie = wy)] (105)
wkelg(zi,t)

< Bl Y 2] (Bu = Bu) @] B(Si ) > ] B(Sim)] (106)
kaIA{(zi,t)

Second, to handle RHS, define a function g(z) = 27 (8w, — Buw,) consider the set
Bu, = {227 (Buw, — Buy) > 20Tmax}- (107)

The boundness assumption on observed covariate  and efficacy parameter 3, suggests g(z) < 2bx .y for all
T € By, ; the definition of set B,,, suggests g(r) < 26xmayx for all z € By, . This observation suggests

mf;mmmammﬂm@m%m> @%mm%emm (108)
+ K (@i)] - 200max - B2, B(Siw,) > 2, B(Si.w) (i € BE,)] (109)
< K2bzmaxt [ ( z; tB(S[t] wk) >x; tﬂ(s[t] wl) ( (ﬁwl ﬂwk) > 2§xmaX)] (11())
+  K20wmaxE[I(x i,t(ﬁuu = Buy,) < 20Zmax)] (111)
Third, we handle equation (110) and (111). We note the marginal condition implies
(111) = K26Zmax P(X T (Buw, — Buw) < 20Zmax) < Co - 20T max. (112)
Based on this observation, we have
(110) < K2bzmax - (P(1Bw, = Buw, (Siegwi )1 > 6) + Pl Buw, (Se),w,) = Burll1 > 6)) (113)
2 2
< Kbt 2 - (% + Qexp(—p*cé%o) 1)) (114)
Last, combine above results and take § = 16,/ logpéf%, we have
Tit (115)
2 2
< Kbt 2- (% + 2exp(—p*C§# 1)) + 262max - Co * 20T max) (116)
1 2C. 2
= K4bxmax(E + 2exp(—p*§)%o> 1)) +46%22,. - Co) (117)
1 C logt
= [AKbxmax + Cs(do, px) logd]g + 8K bxmax exp[—p*;’# t] + Cs(do, p+) Of ) (118)

as desired. O
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F.4 Full Regret Bound—Proof of Theorem 2

The regret can be bounded by:

Rr=> Y ri (119)

te[T]ie[N]
= Z ZTi,t+ Z Zth+ Z Zri,t (120)
te[Cs] i€[N] te[Cs:TINT ‘€[N te[Cs:TINT ! i€[N]

K

< N-Cs5-2bTmax + N - [T] - 2b&max + N - 5 - 2b%max + F (1) (121)

te[Cs:TINT!

T 4 T

< NC52bxmax + N(6glog TK)2bxmax + NK?bzmaX/ t—4dt +N- / ft)de (122)
1 1

< N - {2bxmax - [C5 + 6K log T + K| (123)

+  [AKb2max + C3(do, ps) - log d)log T + 8 Kb mayxCy + C3(¢o, p« ) (log T)?} (124)

G Constants

Here we list the constants that appear in the proof.

_ b5
o Ci(po) = 512530242,

C, = -
b 2= mln{Q’ 2565012 }

max

_ 1024Kcozmx

S8Kbrmax
p2
1—exp(— ﬁ)

o U5 ={teZ"|t>24Kqlogt+ 4(Kq)?}

004

max

4 3logd 102422 logd
L4 (IO — maX{ Np bl Np C27 Np*c27 Nh?2 2C1 }

H Experiment

In Figure. 3, we compare our Teamwork LASSO Bandit with batch size N =4 and N = 12 to the LASSO Bandit
in Bastani and Bayati (2020). In the attached plot, covariate dimension d = 200, 500 and 1000, number of
treatments (arms) K =3, the length of exploration phase q = 1,2,3,4,5,6 with a total number of decisions 5000. N
is the batch size, where N=1 corresponds to LASSO Bandit and N=4, 12 corresponds our Teamwork LASSO
Bandit. We run 100 replications for each setting.

Remark on cumulative regret and covariate vector dimension. In the experiment, we increase the
covariate vector dimension from 200, 500 to 1000. The performance of high update frequency algorithm is more
sensitive to the increase in covariate dimension than our low update frequency algorithm.

Remark on the length of exploration phase ¢. In real world practice, the length of exploration phase q is
pre-specified and then an explore-exploitation policy follows the choice of q. Given the same total number of
decisions, it is often the case that one prefers a smaller value of ¢, which means fewer regret from exploration and
is more time efficient in the sense that more rounds of explore-exploit can be done.
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Figure 3: Comparison of our Teamwork LASSO Bandit with batch size N =4 and N = 12 to the LASSO Bandit
in Bastani and Bayati (2020). The error bars represent the maximum and minimum of the regret among 100
replications.
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