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Lemma 1. Let h be C2 with lhI � ∇2h(·) � LhI for some constants lh, Lh > 0. Then the gradient descent on
minx h(Ax+ b) with step size 1/t = 2/(Lhσmax(A)2 + lhσmin>0(A)2) satisfies

‖xk+1 − x∗‖ ≤ ϕ− 1

ϕ+ 1
‖xk − x∗‖, (1)

with ϕ = κ(A)2 · κ(h), κ(h) := Lh/lh.

Proof of Lemma 1. Clearly t > (Lh · λmax(A>A))/2, so classical theory guarantees xk → x∗. First note that

xk+1 − xk = −1

t
A>∇h(Axk + b) ∈ ranA>, (2)

and consequently xk − x0 ∈ (kerA)⊥, also x∗ − xk ∈ (kerA)⊥. Inserting the gradient step for xk+1 yields

‖xk+1 − x∗‖ = ‖xk − x∗ − 1

t
A>(∇h(Axk + b)−∇h(Ax∗ + b))‖. (3)

From the mean value theorem it follows

∇h(Axk + b)−∇h(Ax∗ + b) = M(Axk −Ax∗), (4)

with M =
∫ 1

0
∇2h(Ax∗ + b+ α(Ax∗ −Axk))dα. Since lhI � ∇2h(·) � LhI we have lhI �M � LhI.

This yields due to xk − x∗ ∈ (kerA)⊥ that

‖xk+1 − x∗‖ = ‖(I − 1

t
A>MA)(xk − x∗)‖ ≤ max{|1− lhσmin>0(A)2/t|, |1− Lhσmax(A)2/t|} · ‖xk − x∗‖.

(5)
The choice t = (lhσmin>0(A)2 + Lhσmax(A)2)/2 minimizes the above rate and yields the desired result.
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