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Abstract

Given a finite set of unknown distributions or arms that can be sampled, we consider the problem
of identifying the one with the largest mean using a delta-correct algorithm (an adaptive, sequen-
tial algorithm that restricts the probability of error to a specified delta) that has minimum sample
complexity. Lower bounds for delta-correct algorithms are well known. Delta-correct algorithms
that match the lower bound asymptotically as delta reduces to zero have been previously developed
when arm distributions are restricted to a single parameter exponential family. In this paper, we
first observe a negative result that some restrictions are essential, as otherwise under a delta-correct
algorithm, distributions with unbounded support would require an infinite number of samples in
expectation. We then propose a delta-correct algorithm that matches the lower bound as delta re-
duces to zero under the mild restriction that a known bound on the expectation of a non-negative,
continuous, increasing convex function (for example, the squared moment) of the underlying ran-
dom variables, exists. We also propose batch processing and identify near optimal batch sizes to
substantially speed up the proposed algorithm. The best-arm problem has many learning applica-
tions, including recommendation systems and product selection. It is also a well studied classic
problem in the simulation community.

Keywords: Multi-armed bandits, best-arm identification, sequential learning, ranking and selection

1. Introduction

Given a vector of unknown arms or probability distributions that can be sampled, we consider algo-
rithms that sequentially sample from or pull these arms and at termination identify the best-arm, i.e.,
the arm with the largest mean. The algorithms considered provide d-correct probabilistic guaran-
tees, that is, the probability of identifying an incorrect arm is bounded from above by a pre-specified
6 > 0. Further, the J-correct algorithms that we consider aim to minimize the sample complexity,
or, equivalently, the expected total number of arms pulled before they terminate. This best-arm
problem is well studied in the literature (see, e.g., in learning - Garivier and Kaufmann (2016);
Kaufmann et al. (2016); Russo (2016); Jamieson et al. (2014); Bubeck et al. (2011); Audibert and
Bubeck (2010); Even-Dar et al. (2006); Mannor and Tsitsiklis (2004); in earlier statistics literature
- Jennison et al. (1982); Bechhofer et al. (1968); Paulson et al. (1964); in simulation - Glynn and
Juneja (2004); Kim and Nelson (2001); Chen et al. (2000); Dai (1996); Ho et al. (1992)).

The J-correct guarantee imposes constraints on the expected number of times each arm must
be pulled by the algorithm. These constraints are made explicit by Garivier and Kaufmann (2016)
through their transportation inequality which can be used to arrive at a max-min optimization prob-
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lem to develop efficient lower bounds on d-correct algorithms. This line of work relies on change
of measure based analysis that goes back at least to Lai and Robbins (1985). Also see Mannor and
Tsitsiklis (2004) and Burnetas and Katehakis (1996). It is important to emphasize that the max-min
optimization problem to develop efficient lower bound on a J-correct algorithm, requires complete
knowledge of the underlying arm distributions, and its solution is a function of these underlying
distributions. The algorithms, on the other hand, acting on a given set of arms, are unaware of the
underlying distributions, and, typically, adaptively learn them to decide on the sequence of arms to
pull, as well as the stopping time.

Garivier and Kaufmann (2016) consider the best arm problem under the assumption that each
arm distribution belongs to a single parameter exponential family (SPEF). Under this restriction,
they arrive at an asymptotically optimal algorithm having a sample complexity matching the derived
lower bound asymptotically as 6 — 0. SPEF distributions include Bernoulli, Poisson and Gaussian
distributions with known variance. However, in practice it is rarely the case (other than in the
Bernoulli setting) that the arm distributions are from SPEF, so there is a need for a general theory
as well as efficient algorithms that have wider applicability. Our paper substantially addresses this
issue.

Contributions: Our first contribution is an impossibility result illustrating why some distributional
restrictions on arms are necessary for d-correct algorithms to be effective. Consider an algorithm
that provides J-correct guarantees when acting on a finite set of distributions belonging to a collec-
tion U, where U comprises distributions with unbounded support that are KL right dense (defined
in Section 2). In this set-up we show that the sample complexity of the algorithm in every instance
of it acting on a finite set of distributions in ¢/, must be infinite. Examples of such a ¢/ include
all light-tailed distributions with unbounded support (a distribution is said to be light tailed if its
moment generating function is finite in a neighborhood of zero). Another example is a collection of
unbounded distributions supported on ¥t that are in L7, for some p > 1. That is, for some p > 1,
their absolute p™* moment is finite.
To arrive at an effective J-correct algorithm, we restrict arm distributions to the collection

L2 {nePR): Exwy(f(IX]) < B}, (1)

where P () denotes the set of probability distributions with support in #, f(-) is a continuous,

non-negative, convex function such that f(y)/y 7%, o0, and B is a known positive constant. For
instance, we may have f(y) = y' € forany € > 0 or f(y) = ylogy. In simulation models, upper
bounds on moments of simulation output, as in (1), can often be found by the use of Lyapunov
function based techniques (see, e.g., Glynn and Zeevi (2008)). With this mild restriction we solve
the associated optimization problem to arrive at an efficient lower bound on sample complexity for
S-correct algorithms, which involves a max-min optimization problem. We also develop simple
line search based procedures to solve this optimization problem. Our main contribution is the
development of an asymptotically optimal é-correct algorithm whose sample complexity matches
the derived lower bound asymptotically as 6 — 0.

Key to developing such a lower bound and the d-correct algorithm is the functional KL;,¢(77, x)
defined as follows: let KL(x1, k2 ) denote the Kullback-Leibler divergence between probability dis-
tributions x; and xy, and let m(x) denote the mean of the probability distribution x. Then, for
7 € P(R) and x € R such that f(|x|) < B, KLin¢(#, x) is the optimal value of min,» KL(7, k),
such that m(x) > x, for x > m(n), and m(x) < x, for x < m(n). Call this optimization problem
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O1. Heuristically, KL;¢(7, x) measures the difficulty of separating distribution # from all other
distributions in £ whose mean equals x. It equals zero when x = m(n) and 57 € L.

We develop a concentration inequality for KLi¢(% (1), m(x)), where for x € L, ®(n) denotes
the empirical distribution corresponding to n samples from x. This plays a key role in the proof
of J-correctness of the proposed algorithm. A key step in the proof of the concentration inequal-
ity relies on arriving at a simpler dual representation of KL;¢(,-). Here, we substantially extend
the representation developed by Honda and Takemura (2010) for bounded random variables to ran-
dom variables belonging to £. Honda and Takemura (2010) had focussed on the regret minimiza-
tion problem for stochastic bandits (also see Burnetas and Katehakis (1996); Honda and Takemura
(2011)).

To prove the d-correctness of the proposed algorithm, we further develop a concentration in-
equality for Y5 N, (1) KLin¢(Rs (1), m(x,)) where N, (1) denotes the number of times arm a is
pulled in a total of n arm pulls, and &,(7) denotes the empirical distribution for arm a based on
N, (n) samples. While Magureanu et al. (2014) have developed these inequalities for the Bernoulli
distribution, we generalize their analysis to arm distributions belonging to L.

In bounding the sample complexity of the proposed algorithm, we exploit the continuity of
KLin¢(77, x) in 17 as well as the continuity of the solution to the max-min lower bound problem with
respect to the underlying arm distributions. We achieve this by considering the Wasserstein distance
in the space of probability distributions £. The Wasserstein distance is relatively tractable to work
with, and it can be seen that £ is a compact metric space under this distance. This, in particular,
allows us to use the well-known Berge’s Maximum Theorem (stated in the Appendix A) to derive
the requisite continuity properties.

In, e.g., Garivier and Kaufmann (2016); Kalyanakrishnan et al. (2012), the proposed algorithms
solve the lower bound problem at every iteration. However, solving the corresponding max-min
optimization problem can be computationally demanding particularly in the generality that we con-
sider. We instead solve this problem in batches and arrive at near optimal batch sizes, that result in
a provably substantial computational reduction.

Best arm problems arise in many settings in practice. For instance, one can view the selection of
the best product version to roll out for production and sale, after a set of expensive pilot trials among
many competing versions to be a best arm problem. In simulation theory, selecting the best design
amongst many (based on output from a simulation model) is a classic problem, with applications to
manufacturing, road and communications network design, etc. In these and many other settings, the
underlying distributions can be very general and may not be modelled well by a SPEF distribution.
Roadmap: In Section 2 we review some background material and present an impossibility result
illustrating the need for distributional restrictions on arms. In Section 3, an efficient lower bound for
d-correct algorithms for the best arm problem is provided when the arm distributions are restricted
to L. The algorithm that matches this lower bound asymptotically as § — 0 is developed in Section
4. Enroute, we develop certain concentration inequalities associated with KL;,¢. Discussion on
optimal batch size and a numerical experiment are shown in Section 5. While key ideas in some of
the proofs are outlined in the main body, proof details are all given in the Appendices.

2. Background and the impossibility result

Let U denote the universe of probability distributions for which we aim to devise a d-correct algo-
rithm. We assume that each distribution in I/ has finite mean. Let the Kullback-Leibler divergence



OPTIMAL 5-CORRECT BEST-ARM SELECTION FOR HEAVY-TAILED DISTRIBUTIONS

between distributions 7 and « be denoted by KL(77, x) = [ log (Z—Z(x)) dn(x). Forp,q € (0,1),

let p(p, q) denote the KL-divergence between Bernoulli distributions with mean p and g, respec-

tively, that is, p(p,q) = plog <g) +(1—p)log G%’q’) .

Recall that m (1) = [ _q Xd17(x), denotes the mean of any distribution 17 € U. Let My, denote
the collection of all v = (1/1, ..., Vk) such that each v; € U. Consider a vector of distributions
U= (;11, e, yK) from My, Without loss of generality, henceforth we assume that the highest-
mean arm in p is arm 1, that is, m(p1) > max;z m(p;). Let A denote the collection of all
distributions v = (vy, ..., vk) such that each v; € U and m(vy) < max;zq m(v;).

Under a d-correct algorithm acting on y, for 6 € (0,1), the following transportation inequality
is shown by Kaufmann et al. (2016):

K 1
Y Eu(Ni(7)) KL(pi, vi) > p(5,1~0) > log <245) @)

=1

for any v € A, where N;(t) denotes the number of times arm i is pulled by the algorithm in £ trials,
and T = Zlel N;(T) denotes the algorithm termination time. Intuitively, this specifies a lower
bound on the expected number of samples that need to be generated from each arm i under y, for an
algorithm to separate it from a distribution v belonging to the set of alternative hypotheses A, with
probability at least 1 — 6.

The following lemma helps in proving our negative result in Theorem 3.

Lemma 1 Given 1 with an unbounded support on the positive real line, for any finite a > 0 and
b > m(n), there exists a distribution k such that

KL(y,x) <a and m(x) > b. 3)

Definition 2 A collection of probability distributions U is referred to as KL right dense, if for every
n € U, and every a > 0, b > m(n), there exists a distribution k € U such that (3) holds.

Observe that a necessary condition for {/ to be KL right dense is that each member does not
have a real-valued upper bound on its support.

Theorem 3 Under a d-correct algorithm operating on KL right dense U, for any u € My,
ExNk(t) =00, forall 2 <k <K. 4)

The proof follows easily from (3) in Lemma 1, since given y € M, such that arm 1 has
the maximum mean, for any k > 2, one can easily find v € A such that v; = ui for i # k,
m(vg) > m(py), and KL (g, vg) is arbitrarily small. (4) now follows from (2).

When only information available about a distribution is that its mean exists, Bahadur and Savage
(1956) prove a related impossibility result that there does not exist an effective test of hypothesis
for testing whether the mean of the distribution is zero (also see Lehmann and Romano (2006)).
However, to the best of our knowledge, Theorem 3 is the first impossibility result in the best arm
setting (or, equivalently, the ranking and selection setting; see Glynn and Juneja (2018) for further
discussion in the best arm settings).
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3. Lower bound for a /-correct algorithm

Theorem 3 suggests that some restrictions are needed on U for J-correct algorithms to provide
reasonable performance guarantees. To this end, we limit our analysis to -correct algorithms acting
on the class £ defined in (1) earlier. Let M  denote the collection of vectors v = (v, ..., Vk), such
that each v; € L. Let u € M. Recall that without loss of generality, m(p1) > max;> m(j;).
Let A denote the collection of all distributions v = (v4, ..., vk) such thateach v; € £ and m(vq) <
max;x1 m(v;). From (2) it follows that for any d-correct algorithm acting on pi:

X E,(Ni(7))

E,(7)inf )

1
>
dnf Ty <L) 10g(245>

Let XX denote probability simplex in RX. It follows that E,(7) is bounded from below by
log (2.174&) times the inverse of

sup inf Et KL(p;,v;), 5)

texk VEA
and hence the problem of computing the lower bound on ]EV< T) reduces to solving the above max-
min problem. To characterize the solution to (5), we need some definitions.

Recall that for 7 € P(R) and x € R such that f(|x|) < B, KLin¢(7, x) is defined as the value
of @1. As mentioned in the introduction, we study the continuity of KL;,¢(7, x) as a function of #
in the Wasserstein metric.

Wasserstein metric: (see, e.g., Villani (2003)). Recall that the Wasserstein metric dy (-, -)
between probability distributions x and # on X is given by:

dw(x,n) = inf / / x,y)dy(x,y), (6)
vel (k1)

where I'(x,7) denotes the collection of measures on R? with marginals x, 77 on the first and second
coordinates, respectively, and d(-,-) is any metric on . For simplicity, we consider d(x,y) =
|x — y|. We endow P (R) with the corresponding Wasserstein metric, dyy. Then, (P(R),dw) is
a metric space (see Section 7.1 Villani (2003)). L as a subset of P(R), is also a metric space
with dyy being the metric. Hence, we can define continuity of functions from (£,dwy) to (%, d).
Furthermore, for x and y in RK, dx (x,y) = YK, d(x;, ;) is a metric on RK. Thus, M endowed
with dy defined with d = dg in (6), is a metric space and we can define continuous functions from
(Mg, dw) to (¥, dx). Lemma 4 lists some properties of the set £ and KLj, that give insights into
geometrical structure of KL;,¢ and are useful for our analysis. These are proved in Appendix B.1.

Lemma 4 The set L is uniformly-integrable and compact in the Wasserstein metric. Moreover,
for x € R such that f(|x|) < Band 5 € P(R), KLine(y, x) is increasing for x > m(n),
and decreasing for x < m(n). It is continuous and convex in 1], and convex and twice differ-

entiable in x. Furthermore, for y € L, it satisfies KLine(17,x) < ffl( ()) KLint(,m(n)) =

0, and KLamilr.min)) KLi“‘éZ’m(q)) = 0.

Let B = {x € RX: fori <K, x; = m(v;) for some v; € £, and x; < max;; x;} . Observe
that the max-min problem (5) may be re—expressed as

sup inf Zt KLing(pi, xi)- @)

teTK TE
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The inner optimization problem in (7) can be further simplified. Given u € M, let V(i) denote
the optimal value of the expression in (7) (or, equivalently, (5)) and let T'(3) denote the set of € Xk
that maximize (7). Furthermore, recall that m (1) > max;,q m(p;). Forj € {2,...,K}, and p
fixed, consider functions g; : R — RN and Gj: R2 — N given by

g]-(y,z,x) éyKLinf(yl,x) +ZKLinf(]/[]',x), and G]-(y,z) £ o (211)f ” )]gj(y,Z,x)- ()
xe|m [j (U

The following theorem characterizes the solution to V' (), given that y is known.

Theorem 5 The set T(y) is a singleton. Moreover, the optimal value of the max-min problem (7),

Vi) = in G;(ty,t;). 9
(1) maxmin i(t, £) )

Further, the max-min problem (7) is solved by t* € Xk that uniquely satisfies
1. Vi, tf >0and )} ;i t; =1,

K KLing (p1,%j (£ 1))

2. T Y
4 KLing (% (147))

= 1, where x;(y, z) denotes the unique arg inf e () m () & (y,z,x).
j:

3. Gty 1) = Gj(t;“,t}*),forj €{3,...,K}L

Moreover, the optimal value, V(u) equals Gy(t;,t5), and the optimal proportion vector, t* :
M — Xk, is a continuous function (in the Wasserstein metric) of y.

The above characterization is analogous to that in Theorem 1, Glynn and Juneja (2004) where
they considered the fixed budget best-arm problem. It is easily seen that the fixed budget setting also
lends itself to solving a max-min problem analogous to (5), where the arguments y; and v; in each
KL term are switched. The above characterization also generalizes that in Garivier and Kaufmann
(2016) for SPEF of distributions. Observe that when # belongs to SPEF and L is restricted to
the same SPEF, KL;¢(7, x) corresponds to KL(#,x) where « denotes the corresponding SPEF
distribution with mean x.

Remark 6 The proposed algorithm discussed in Section 4, relies on solving the max-min problem

(7) repeatedly with u replaced by its empirical estimator. Since this estimator may not necessarily

belong to M/, it is important to note that the lower bound in (5) and the results in Theorem 5 hold

for every pu € (P(?R))K Furthermore, since the max-min problem (7) needs to be solved multiple

times in our proposed algorithm, efficiently solving it for the optimal proportions +*(v) for any
K. . .

v e (P(R))" is crucial to it.

Remark 7 (Numerically solving the max-min problem:) Let ¢* = V(u) denote the common
value of G]-(ti‘,t}k) forj € {2,...,K}. We develop an algorithm that relies on repeated single
dimensional line-searches to solve for t* and c¢*. Appendix B.3 contains the details of the algorithm
and proofs of its convergence to the correct value. To get an idea of the computational effort needed
in solving (7), let Tp denote the average time taken to compute KL;.¢ using efficient solvers (The-
orem 12 below shows that KL;, has a dual representation, where it is a solution to a two variable
concave program). Let €1 denote the tolerance for each line search. Then, numerically solving
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for +*(p) and V() takes time 79(K — 1) x O <log3 é) . To decrease this computation time, we

pre-compute values of KLin¢(p;, y) for each y along a grid, for each p;. For y not in this set, we
linearly interpolate from the computed values. This substantially reduces the computation time of

the algorithm to (K — 1) x O (log3 é) + 7o, where Tp is time for the pre-processing step.

4. The J-correct algorithm

We now propose a d-correct algorithm and show that its sample complexity matches the lower bound
up to the first order as § — 0. Recall that a §-correct algorithm has a sampling rule that at any stage,
based on the information available, decides which arm to sample next. Further, it has a stopping
rule, and at the stopping time it announces the arm with the largest mean while ensuring that the
probability of incorrect assessment is at most a pre-specified 6 € (0,1).

It can be shown that if the distribution of the K arms, y, is not known, but there exists an
oracle that informs us the optimal +* () that solves (7), then sampling arms to closely match the
proportions in £*(j) leads to an asymptotically optimal algorithm (this can be seen, for instance, by
using the stopping rule that is analogous to ours, and essentially repeating the arguments in our proof
where approximations to t* () are used). This suggests that the fraction of times a good algorithm
pulls an arm j should converge to t]’.‘ (#). We propose a sampling rule to ensure this. Our stopping
rule (discussed above (10)) relies on a generalized likelihood ratio statistic taking sufficiently large
value.

Sampling rule: Our sampling algorithm relies on solving the max-min lower bound problem with
the vector of empirical distributions used as a proxy for the unknown true distribution . The
computed optimal proportions then guide the sampling strategy. Garivier and Kaufmann (2016)
and Juneja and Krishnasamy (2019) follow a similar plug-in strategy for SPEF distributions, where
empirically observed means are used as a proxy for true means. The proposed algorithm conducts
some exploration to ensure that no arm is starved with insufficient samples. Because solving the
max-min lower bound problem can be computationally demanding, we solve it periodically after
fixed, well chosen m > 1 samples (which is allowed to be a function of §), where m may be
optimised to minimize the overall computation effort.

The specific algorithm, AL1, is as follows:

1. Initialize by allocating m samples in round-robin way to generate at least L%J samples from
each arm. Set ] = 1 and let /m denote the total number of samples generated.

2. Compute optimal proportions +*(fi(Im)). Check if the stopping criteria (shown above (10))

is met. If not,

Compute starvation s, for each arm as s, := (((I + 1)m)"/? — Ny (Im))™.

4. If m > Y, s,, generate s, samples from each arm a. Specifically, first generate s; samples
from arm 1, then s, samples from arm 2 and so on. In addition, generate max {m — )_,s,,0}
independent samples from probability distribution t*(fi(Im)) € Xg. For each arm i, count
the number of occurrences of i in the generated samples and sample arm i that many times.

5. Else, if )}, s, > m, generate §, samples from each arm 4, where {§a}§:1 are a solution to
the load balancing problem: min (max, {s; —$,}) s.t. s, > 8, > 0Va € {1,...,K}, and
Y . 8, = m. Again, first generate §; samples from arm 1, then §; samples from arm 2 and so
on.

98]
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6. Increment [ by 1 and return to step 2.

In step 4 above we randomly generate samples from t*(fi(Im)) € Xg. Since t*(fi(Im)) € Xk
can be seen to be close to t*(y) € g with high probability, this ensures that under our algorithm,
the proportion of samples allocated to each arm are close to *(p), with small amount of noise
due to randomization. Our algorithm differs from Garivier and Kaufmann (2016) where they use
a deterministic C and D tracking rules. Numerically we observe that the proposed randomized
strategy performs similarly to the deterministic C and D tracking rules proposed earlier.

Lemma8 Serm > (K + 1)2. Algorithm ALy ensures that N,(Im) > (lm)l/2 —1foralll > 1.

When to stop: At any step of the algorithm, the generated data suggests a unique arm, say j, with the
largest mean (arbitrarily breaking ties, if any). Call this (3#; has maximum mean) the null hypothesis,
and its complement (arm j does not have maximum mean) the alternate hypothesis. For a stopping
rule we consider the generalized likelihood ratio test (see Chernoff (1959)). The numerator in this
ratio has value of the likelihood under most likely K-vector of distributions with arm j having the
maximum mean, that explains the observed data. The denominator equals the value of likelihood of
observed data under most likely distribution of arms under the alternative hypothesis.

In this spirit, at time 71, since among all K-vectors of distributions in (P(%))* with distribution
j having maximum mean, fi(n) = {fi1(n), ..., fix(n)} maximizes the likelihood of the observed
data, we take numerator to be the likelihood under fi(n) and the denominator to be that under
v € M that maximizes the likelihood of given data under alternative hypothesis. Our stopping
rule corresponds to the logarithm of this ‘generalized likelihood ratio’ becoming sufficiently large.

Specifically, let Aj = {v € M : m(vj) > max;;m(v;)} denote the set of arms with arm j
having the largest mean. Denote A to be the set {ve Mg :m(vj) <maxi.jm(v;)}. If at stage
n, m(flj(n)) > max;xjm(fi;(n)), the log (generalized likelihood ratio), Z;(n), can be seen to
equal

;f?ftc Z Na (1) KL(fta (), pz)

(see Appendix C.2 for the proof).

Stopping rule: If at stage 7, m(fi;(n)) > max;; m(fi;(n)), check if Z;(n) exceeds the thresh-

old function -
B(n,6) = log (Cg(logn)K <log ;) > , (10)

where C > 0 is specified later in (16), and @ > 2K + 2. The algorithm stops if Z;(n) > B(n,d),
announcing arm j as the one having the largest mean. If the threshold function is not exceeded, the
algorithm continues.

We prove in Theorem 10 that (1, 6) given by (10) ensures d-correctness of AL, as well as
that the sample complexity matches lower bound asymptotically as § — 0 when the batch size
m = o(log(1/9)). Using arguments as in proof of Theorem 5, it can be shown that if m(f1;(n)) >

max;.j m(fi;(n)), then:

Zij(n) = ri;gl ;I<11y:N (1) KLing(f1j (1), x) 4+ Np(n) KLing(f1p (1), y), (11)

and thus our stopping rule corresponds to evaluating if (11) exceeds B(n, J).
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Remark 9 As mentioned earlier in Remark 6, a mild nuance in our analysis is that while computing
Zj(n), the empirical distribution need not lie in M . Also, recall that the stopping condition is
checked only after intervals of m, i.e., every time after m samples are generated.

Let 75 denote stopping time for the algorithm for a given 4. The algorithm makes an error if at time
75, m(f1j(15)) > max;x; m(fi;(Ts)), for some j # 1. Let £ denote the error event.

Theorem 10 The algorithm AL, with B(n,d) as in (10), and m = o(log(1/6)), is d-correct, i.e.,
P(£) < 6. (12)

Further, (
E T(s) 1
lim sup E < .
50 10g(1/8) = V(p)

We first analyse §-correctness of algorithm AL below. Analysis for the sample complexity is
presented towards the end of this section.

The proof of J-correctness relies on the concentration inequality for KL;,¢(%(n), m(x)), where
for k € L, ®(n) denotes the empirical distribution corresponding to 7 samples from x (Theorem
11). Proof of Theorem 11 in turn relies on the dual representation of KL;¢(-,-) (Theorem 12).
These results are proved in Appendix C.4 and C.3 respectively and may also be of independent
interest.

Set ey = Bx(|X = m(x)]), &2 = B (1B = F(XDD). 1 = z=ra)=mmy 2 = 257 fwty
and Bl =S dy + d.

13)

Theorem 11 Forx € L, and u > 0,
P (KLing(R(n), m(x)) > ) < (n+1)%Pe,
Let 7 € P(R), and Supp(#) denote the support of the measure 7. Let
Ro={(M,A2): A&y >0, >0, andVy € R,1— (y — x)A — (B— f(|y|))A2 > 0}.

Note that for (A1,A2) € Ro, due to strict convexity of f, there can be at most one o such that
1= (yo —x)A1 = (B = f(|yo]))A2 = 0.
Theorem 12 Forn € P(R) and x such that x > m(n) and f(|x|) < B,

KLin¢(77,x) = max I, (log (1 — (X —x)A; — (B — f(|X]))A2))- (14)

()\1!)\2)6722
Maximum in RHS above is attained at a unique (A, A}) in Ry. For x > m(n), or x = m(1)
and y & L any probability measure x* € L achieving infimum in the primal problem O1, satisfies

m(k*) = x, Ex (f(|X])) = B, and
4Ky = 1 fory € Supp(7)
Y T T y— A = (B—f(QyD)ry O S SHPPUD:

Furthermore, iffyeSupp(‘r]) dk*(y) < 1, then Supp(x*) \ Supp(n7) = {yo}, where

1= (yo—x)A1 = (B = f(lyol))Az = 0.
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In the Appendix C.5.2 we briefly discuss how the algorithm and the analysis simplify if it is
known apriori that the underlying distributions have a known bounded support.

Proof of (12) in Theorem 10: Recall that the algorithm makes an error if at the stopping time
Ty, m(f1j(7s)) > max;.j m(fi;(t5)) for some j # 1. Let the event {1(Im) € A;} be denoted by
& (j). Then the error event £ is contained in the event

IS ;r<1£ N;j(Im) KLing (22 (Im), x) + Ny (Im) KLing (2 (Im), y) > B(Im, 6), &(j) ,
7 o4

which is a subset of

A {N;(Im) KLing (2 (Im), m (7)) + Nu(Im) KLing (11 (Im), m(p1)) > B(Im, 8),&(j) }
j#1

The above event, and hence the event £, is further contained in

K
{31 Y Na(Im) KLing(fia (Im), m(pa)) > ﬁ(lm,é)} . (15)
a=1

Let & = {25:1 N, (Im) KLing(fla(Im), m(pg)) > B(Im, 5) } To prove that the probability of
making an error is bounded by J, it is sufficient to prove that ) ;°; IP (&) is less than 6. For this, we
upper bound IP(&;) using Theorem 13 below.

cf c5

Letcf = Ey, (|X —x]), 5 = Ey, (1B = FUXDD- 41 = s Sy @04 45 = 5750

be non-negative constants and let B, £ cf +cj.

Theorem 13 Fory € Mg n € IN,andT > K+1,

K s 4nT?log(n) K K 5
P (; N, (n) KLin(fia (1), m(pg)) > F) < Kt (K) e .

Using Theorem 13 with n = Im and T’ = B(Im, ),

> =, (412m2elog(Im)p2(Im (5))K K 3
IP g < IP (C/‘ < 4 e_ﬁ(lmr‘s)""l eBu'
CE R CIEN M| b 1

Choosing & > 2K + 2 in expression (10) for 5(1, ), ensures that the summation in the above
expression is finite. Further, choosing the constant C as:

(4eﬁz(lm,5))Ke IIS[ eBa

o]

a=1
<C (16)
i=1 KK(Im)*=2K (log %)ZKH
proves that ) ;2 IP (&), and hence IP (&) is bounded from above by ¢. [ |

We refer the reader to Appendix C.5 for a proof of Theorem 13 and related results.

Proof for (13) in Theorem 10: To see that the sample complexity of AL; matches lower bound
as 0 — 0, i.e., (13) holds, first observe that our sampling algorithm ensures that fraction of times
each arm is pulled is close to its optimal proportion ¢ (). In particular,

10
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Lemma 14 Foralla € {1,...,K}, N”(lm) 25 th(n), asl — oo.

The proof of Lemma 14 is given in Appendix C.6. It uses the fact that eventually all the samples
are allocated according to optimal proportions computed for the empirical distribution vector, i,
which in turn converges to . We first heuristically argue that (13) holds. Let [K] denote the set
{1,...,K}. Recall that for f(Im, §) defined in (10), the stopping time, T5 equals

, .. . | Na(Im) . Ny (Im) . B(Im, o)
. . > - 7
inf {lm, flré% rﬁ? 11;1f { i KLin¢(fia(Im), x) + ; KLine(fip(Im), x) p > i ,

and satisfies

max min inf { Na (1) KLine(fa(15), x) + ——= No(7)

B (7s,9)
KLin = ) 17
a€lK] b#a x Ts T f(fip(T5), x )} a7

T

Furthermore, for sufficiently large I, with high probability, Va, fi,(Im) ~ p,, and from Lemma
14, Ny (Im)/lm =~ t} (). When this is true, arm 1 is the best arm, and 7, satisfies

-1 ’5
75~ B (15,90) (rlggli?ftj;(y) KLing(pa, x) +t5 (1) Kme(yb,x)> = 'B‘(/T(‘;)). (18)

With constants C and « as in (10), 75 that satisfies (18) is given by

T, = log <C(5’1 <log C(S’l)a)V(y)*l +o (logé’l) . (19)

Dividing both sides of (19) by log(1/6), we get |5 g(l/&)

Complement of this high-probability event contributes only lower order terms (with respect to
log(1/6)) to E;(75). Combining these, we get an upper bound on IE, (75) that asymptotically (as
0 —0) matches the lower bound in (5).

Rigorous proof of the sample complexity result in Theorem 10, i.e., proof for (13), is given in
the Appendix C.6. Our proof builds upon that in Garivier and Kaufmann (2016) where the authors
consider a restricted SPEF, while we allow arm distributions to belong to a more general class L.
Our proof differs in that we work in space of probability measures instead of Euclidian space. This
leads to additional nuances. To work in the space of probability measures, we use Wasserstein
metric to define continuity of functions and convergence of sequences in this space of probability
measures. Furthermore, we check for stopping condition only once in m samples, instead of doing
so in every sample, and construct the proof that allows for this flexibility.

( ik for sufficiently small J.

5. Optimizing batch sizes and numerical results

We now discuss batch size selection in AL; to minimize the overall experiment cost. Suppose that
the average cost of generating a sample is given by c¢1. This may be large when generating a sample
is costly, for instance, if that corresponds to an output of a massive simulation model, or a result of
a clinical trial. It may be small, e.g., in an online recommendation system. The cost of solving the
max-min problem (7) may be measured by the computational effort involved. The total experiment
cost of AL is the sum of the total cost of sampling (c; X number of samples generated) and the
total computational effort involved in solving the max-min optimization problems till termination.

11
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Recall that in order to efficiently solve the max-min problem iteratively (see Section 3), at each
stage when this evaluation is done, letting fi; denote the empirical distribution of arm i, we pre-
compute values of KL;,¢(f1;, y) for each y along a grid and linearly interpolate for values of y not in
the grid, for each arm i. Empirically we see that the the cost of computing KL;,s increases linearly
with the number of samples of the corresponding empirical distribution (also see Cappé et al. (2013)
for similar observations). This suggests that the computational cost of ALj increases linearly in the
total number of samples generated. To this end, we observe that the overall computational cost of
solving the max-min problem (7) is modelled well as cp1 + cppn, where n denotes the total number
of samples generated by AL till that stage, and c»; and ¢y, are fitted to the data. In our numerical
experiment below, this cost is approximately (in computational time) 1854 + 0.6n seconds. Since,
7 runs in many thousands in a typical setting, the linear term cannot be ignored.

To approximate the optimal batch size, we need to approximate the sample complexity. To this
end, let B(6) = log (C/6 (log(C/6))"), where recall that C and a were defined in the stopping
rule for AL;. For small values of §, the sample complexity of ALq (see (78) in Appendix C.6),

E, (15) < E(é)V(y)_1 + m + lower order terms, (20)

where m denotes the batch size. Equation (20), remains valid if we use log(1/4) in place of
B(9). However, for reasonable values of 4, the two may differ significantly, and empirically we
find that log(1/8)V (1) " + m substantially underestimates E, (15), while BOYW ()t 4+ mis
much closer. Using B(6)V (u) " + m as a proxy for IE,, (7s), and assuming that the total number of
batches till the stopping time is approximated by (ﬁ(é)V(y)_l +m)m~L, the total cost C of AL,
approximately equals

(cl + czlm_l) (B(é)V(y)_l + m) +0.5 cpom ™! (B(&)V‘l(y) + m)z.

Observe that for m constant, independent of 4, C is ® (logz(l / 5)) since B(5) is @(log(1/4)).
For m = O(log(1/9)), itis ©(log (1/4)).

Optimizing over m to minimize C, we get

m* = (cuP(&)V(p) " +05 czzﬁ(a)ZV(y)—2)°'5 (c1 405 c) ", 21

ie, m* = ©® (log(1/0)). Notice that even though m = m* minimizes C, (20) suggests that with
this choice of m, the ratio of expected number of samples until termination for AL; to the corre-
sponding max-min lower bound no longer converges to 1 as § — 0, that is, (13) no longer holds.
It can however be seen that the J-correct property still holds for AL; even for m = ©(log(1/96)).
If, however, KL;,; could be estimated using computational effort that is independent of the size of
the empirical distribution, that is, if c;» = 0, then m* = @ ((log (1/6))*°), and ALy is asymp-
totically optimal, so that (13) holds. One way to achieve this may be to approximate the empirical
distribution by a fixed size distribution (eg., by bucketing the generated samples into finitely many
bins). This may substantially reduce the computation time. The overall issue of developing efficient
implementations for the best arm problem for general distributions is an interesting area for further
research.

Numerical experiment: We consider a 4-arm bandit seeting. Each arm has a Pareto distribution
with pdf f, g(x) = %, supported on [B,00). The parameters («, f) of these arms are set to

12
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(4,1.875), (4,1.5), (4,1.25), and (4,0.75). The resulting arm-means are (2.5,2.0,1.67,1.0). £
corresponds to f(y) = y2 and B = 9. In the Appendix C.7 we show that the average number
of samples needed by ALq, slowly approaches the lower bound as é approaches zero (their ratio
equals 28 for § = 0.001 and 16 for § = 10~8). We also compute the average cost (averaged over 20
independent experiments) of AL1 measured as ¢; times average sample complexity plus observed
average computational effort, as a function of the batch size and c1, for § = 0.01. We observe that
for c; = 0.0001 optimal batch size is approximately 30,000. For ¢c; = 3 the optimal batch size is
close to 4, 000.
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Appendix A. Background and proofs related to the impossibility result

We first recall the Berge’s Maximum Theorem, which we use in our proofs that follow.

A.1. Berge’s Maximum Theorem

Berge’s maximum theorem (Sundaram (1996, Chapter 9), Berge (1997, Chapter 6)) provides condi-
tions for (upper and lower) continuity of the optimal value and set of optimizers with respect to the
underlying parameters in a constrained optimization problem. We first give some definitions before
stating the theorem.

Definition 15 A correspondence T from X to Y (denoted as T : X —— Y) is a map from X to
the set of all non-empty subsets of Y. T is a compact (closed) valued correspondence if T (x) is a
compact (closed) subset of Y for each x.

Definition 16 For S C X, define T'(S) := UyesI'(x). The correspondence T : X —— Y is
upper-hemicontinuous at x € X if for every open subset V.C Y such that T'(x) C V, 36 > 0 such
that T(Bs(x)) C V, where Bs(x) is a 6 neighbourhood of x in X.

Definition 17 Correspondence I' : X —— Y is lower-hemicontinuous at x € X if for every open
subset V.C Y such that T'(x) NV # @, 36 > 0 such thatVz € Bs(x), T'(z) NV # @.

Definition 18 Correspondence I : X —— Y is continuous at x € X if it is both upper and lower
hemicontinuous at X.

Theorem 19 (Berge’s Maximum Theorem) Ler © and X be two metric spaces. LetT : @ —— X
be a compact valued correspondence, f : X x @ — R be a real-valued function and

f*(0) = max f(x,0) andI'*(0) = argmax f(x,0).
XEF(G) XEF(Q)

o If f is lower semicontinuous on X x © and T is upper hemicontinuous, then f* is lower
semicontinuous at 6.

e If f is a continuous function and I is continuous at 6 € ©, then f* is continuous at 6 and T'*
is compact valued and upper-hemicontinuous at 0.
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A.2. Proof of Lemma 1

For notational ease, let probability measure 7 also denote the associated distribution function. Con-
sider a large y whose value will be fixed later. Furthermore, take v € (0,1). Construct another
distribution function « as follows: Set

K(x) = (1=7)y(x)

forall x <y, and,

for x > y, where, (x) =1 —«x(x) and 7j(x) = 1 — 5(x).
Since x(x) integrates to 1, B satisfies

_ 14410
P Yy
Since g > 1,
0< [ tog (510) dnx) < —n(w)tog(1 — 7). @

By selecting v = 1 — exp(—a), we get

—n(y)log(l1—7) <a.

Also, for y such that 7 (y™) = 1(y~),

m(x) = (1—1y) /10 xdn(x) + (1 + ’y%) /yoo xdn(x)

> exp(—a)m(y) + (1 - exp(—a))y.

Since, RHS increases to infinity as y — oo, one can select y sufficiently large so that m(x) > b. [

Appendix B. Proofs related to lower bound
B.1. Proof of Lemma 4

Clearly, L is a uniformly integrable family of measures (see, e.g., Williams (1991)).

Recall that £ is a subset of P(R) and the topology on L is the subset topology correspond-
ing to that induced by Wasserstein metric on P (R). Furthermore, the topology generated by the
Wasserstein metric on P (R) is equivalent to that of the weak convergence of probability measures
(see, e.g., Theorem 7.12 in Villani (2003) for the equivalence). We first show that £ is a closed and
relatively-compact and thus, compact (in the topology discussed) set of probability measures.

Consider a sequence of measures 17, € L such that #,, converge weakly to some 7 (denoted as

Nn 2 77). To show that L is closed, it is sufficient to show that 7 € L, i.e., E5(f(|X])) < B. Since

1, and 7] are measures on ¥t and 7, 2 7], there exist random variables X,, and X on R such that X,
is distributed according to #,, and X according to 77 and X, X (by Skorohod’s Representation
Theorem. See, e.g., Theorem 6.7 Billingsley (2013)). Since f(]-|) is a continuous function, X, LN
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X implies that f(|X,|) == f(|X|). Applying Fatou’s Lemma (see, e.g., Williams (1991)) to the
sequence of non-negative random variables f(|X|).

E (1iﬂi£ff(|Xn|)> < liminfE (f (X)) (23)

Since 77, € L, rh.s. of (23) is upper bounded by B. This gives IE;(f(|X])) < B, as desired.
Next, to show that £ is a compact set under the topology generated by Wasserstein metric, let

[ (2 (0]

fH(x) =sup{y: f(y) < x}.
For 77 € Lande > 0, by Chebyshev’s inequality, 1 — 17(K€) < €, and thus, L is a tight subset
of P(?R) Furthermore, since L is closed, by Prokhorov’s theorem, £ is a compact set under the
topology generated by the Wasserstein metric (see page 25, Villani (2003)).

Thus, £ is a uniformly integrable, and compact collection of probability measures. Now, for
7 € P(R) and x such that f(|x|) < B, we prove the properties of KLi,¢(7, x) as a function of %
and x. We prove these only for the case when x > m(#). Exactly the same proofs hold for the case
when x < m(7).

It is clear from the definition that KL;,¢(#7,x) is non-decreasing for x > m(#) and non-
increasing for x < m(n). Next, recall that KL(x7,%#7) = 0 for all # € P(R). Furthermore,
KLi,¢(77, x) is non-negative for all feasible x and 7. In particular, for 7 € L, 77 is a feasible solution
and KLin¢(17, m(n)) = 0.

To see the strict convexity of KLi¢(7, x) in x, let x; and x; be such that f(|x1|) < B and
f(lx2]) < B. Letyy € P(R). Let «; and «; the denote optimal solutions for KLjn¢(#7, x1) and
KLin¢(77, x2), respectively (we show their existence in Section C.3). For A € [0, 1], let

where

k12 = Ak} + (1 —A)x5, and x1p = Axg + (1 — A)xp.

Then, m(x12) > x12 and E,, (f(]X]|)) < B. Since k1o € £ and KL(-,-) is strictly-convex in the
second argument,

KLin¢ (17, x12) < KL(1,%12) < AKL(1,%7) 4+ (1 = A) KL(37, %2)- 24)

Now, by optimality of ] and «} it follows that the rh.s. of (24) equals A KLin¢(17,x1) + (1 —
A) KLin¢(77, x2) thus proving strict convexity of KLi¢(77, x) in x. Similarly, by using joint convexity
of KL in both the arguments, one can show convexity of KL;.¢(#7, x) in 7.

Next, we show that for 7 € £, KL;¢(, x) is bounded by ff - (13(;3235. Consider

fH(B) —x x —m(i)
K= + Or1(m),
FAB) =) FIB) —m(p) P
where 6, denotes a point mass at y. Clearly, x € £ and m(x) = x. Thus,

fH(B) —m(y) f(B

Kl(1,0) <KLL9 < [ in
Supp(17)
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To prove continuity of KL.¢(#, x) in # for a fixed x, we show that it is both upper and lower
semi continuous function. Let
RE{xe L: m(x)>x}.
Recall that
KLix¢(77, x) = inf KL(7,x).
KER

Clearly, KL(+, -) is a lower semicontinuous function from P (R) x P(R) to R (Posner, 1975, The-
orem 1) in topology of weak convergence on the domain. Define the correspondence I' from P ()
to L as I'(y7) = R for each 77 in P(R). Then, I is a compact valued correspondence. To see this,
consider a sequence of measures {x,} € R weakly converging to x € L. Since L is a uniformly
integrable family, m(x,) — m(x), (Billingsley (1971, Corollary 5, page 9)). From the definition
of set R,

m(k,) > x = m(x) > x.

Thus, k¥ € R and hence, R is a closed subset of £. Since L is a compact set, R is compact.
Furthermore, since T is a constant correspondence, it can easily be verified to be continuous. Now,
from Berge’s Theorem it follows that KL;,¢ is lower semicontinuous in 7.

Next, we show that KLi.¢(77, x) is upper semicontinuous in #. Key idea in proving upper semi-
continuity of KL, in # is showing that it is continuous in the interior of P(R) (see, Charalambos
and Border (2006, Theorem 5.43)). Upper semicontinuity then follows since it is a convex function
over P(R).

To see continuity in interior of the domain, let C := P(R) and consider 179 € L°, where L°
denotes relative interior of £ in P (). Furthermore, £° C C°. Let

B°(no,y) = {n € P(R) : dw(no,n) <y}

denote an open ball in P (), which is of radius y and is centered at 77o. Since 79 € L°, there exists
B°(no,r) C L° C C°. Next, consider k1 € C°. Since C° is convex, there exists kp € C° such that

k1 = (1 — A)no + Aky, for some A € [0, 1].

It can be shown that for all x in B°(xy, (1 — A)r) the function KL;, is bounded from above by

-1
max { M, KLy (%2, x) }, where M = ffl (B(;g z —. This then gives that KL;ys is locally Lipschitz on
C? and hence, continuous. Since KL;,¢ is convex on C and continuous on C?, it follows that it is
upper semicontinuous on C.

From Theorem 2.1 Fiacco and Ishizuka (1990),

d KLinf (77/ x)
dx

where Aj(x) denotes the optimal dual parameter corresponding to the first-moment constraint in
the definition of KL;,s (see Section C.3 for the dual representation of KLj,¢).

To prove double differentiability of KLi.¢(7, x) in x, it is sufficient to prove that Aj(x) is
differentiable function of x. For x # m(#), or x = m(y) and 7 ¢ L, Theorem 12 (discussion and
proof in Section C.3) gives that the constraints are tight, i.e., if ¥* denotes the optimal distribution
achieving the infimum in KLj.¢(77, x), then m(x*) = x and E,+ (f (|X|)) = B. Furthermore, let

/ dx*(y) = po.

Supp(n)

— Ai(x), (25)
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As shown in the Theorem 12, if py < 1 then there is a unique point, say yo, such that Supp(x*) =
Supp(17) U {yo}. Then, using the form of x* from Theorem 12 we get that yo, A} and A} solve

1= (Yo —x)A1 = (B = f ([yo]))A2 = 0,

ydi(y) o
%/1—<~‘/—X>Ai‘—<8—f<|y|m;Wo(l po) =%,

and

1= (B—=f(lyl

Using Implicit function theorem it can be shown that the dual variable A] is differentiable with
respect to the parameter x.

To see that partial derivative of KLj.¢(77, x) with respect to x, when 77 € L and derivative is
evaluated at m(#) is 0, from (25), it is sufficient to show that A (m(#)) = 0. However, fory € L,
KLiy¢(n7,m(n7)) = 0, with  being the minimizer. Using the form of the minimizer distribution
from Section C.3, it follows that Aj (m(y)) = 0. O

fyD) dn(y) B
%/1_(3/_3%* ))A;+f(|yo|)(1—Po)—B.

B.2. Proof of Theorem 5
To prove Theorem 5, we need a few other results, which we prove first. Let
Aj = {1/ € Mg :m(vj) > m;xm(vi)} .
7]

Also, recall that for u € (P(%‘E))K, gj(t1,t;,x) = t1 KLing(pt1, x) +t; KLing(pj, x) and G;(t1, ;) =

inf Qi(t1, £, x).
xelm)m(u)] *
Lemma 20 For t1, t such that max {ty,to} > 0, infimum in expression for G;(t1,t;) is achieved
at unique point, xj(t1,t;), and satisfies:

an(tl, t])
ot

aG]'(tl,t]')

o

= KLin¢(p1, %;(t1, 1)), = KLin¢ (1, x(t1, t}))- (26)

Furthermore, for t € Yk, min; Gj(tl, t]') is a strictly concave function of t.

Proof We first prove that the infimum over x of gj( t1, tj, x) is attained at a unique x, which satisfies
(26). To this end, we first argue that gj(tl, t, x) is a strictly convex function of x, that has its unique
global minima in the region [ (y;), m(y1)]. Furthermore, the global minima of a continuous and
strictly convex function should satisfy the first order conditions for the global optimality. Using
these first order conditions, we arrive at (26).

From Lemma 4, KLi¢(pj, x) is continuous and strictly convex in x and hence, g;(t1,tj,x)
is continuous and strictly convex in x. Furthermore, for x > m(p1) (or for x < m(y;)), both
KLing(p1, x) and KLin¢(pj, x) are increasing (or decreasing) functions of x. Thus, g;(t1,t;, x) is
minimized for some x in [m(p;), m(pu1)], ie.,

inf ¢:(t1,t;,x) = inf (ty, £, x). 27
L A A
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Since the above expression computes the infimum of a non-negative, continuous, and strictly-
convex function over a compact set, there exists a unique x; € [m(p;), m(p1)] that minimizes

gj(tll t]/ x)’ glVlng
Gj (tlr ) =1h Kme(,ul/ x](tlr )) +t Kme(,u]/ x](tlrt ))

Furthermore, x; being point of global minima of g;, satisfies the following first order condition
for optimality:

OKLin(p1, %) 0KLing(p), xj)
t =+ t]'
ox ox
For (t1,t;) > 0, by Implicit Function Theorem, x; is a differentiable function of (t;, ¢;), denoted
by xj(t1,t;). leferen‘uatlng G; with respect to t;,

=0. (28)

0G;(t1, ;)
o,
OKLing(pj, xj(t1, t7)) . OKLing(p1, x(t1, 1))\ 0x;(t1, ;)
:KLinf<V‘/x'(t1;t'))+<t' +h ) :
LA J ox ox ot

Using (28) in the above expression for the derivative, we get one term in (26). Similarly, differenti-
ating with respect to 1, one can get the other term in (26).

We now prove strict concavity in ¢ of the function min; G;(t1,t;). Consider ¢, f € Yk such that
t #F For A € [0,1] and Vj € {2,..., K}, by linearity ofg](tl,t],x) in the vector ¢,

Gi(At1+ (1= A)f, Atj+ (1= A)fj) = {Ag] t,t, x) + (1= A)gj(f, £,x)},
xe[m(y]) m(
(29)

which in turn gives,
G]'(/\tl -+ (1 - /\)ﬂ,/\t]' + (1 — A)f]) > /\G]'(tl, t]) + (1 - /\)G](ﬂ, t~]> 30)

To prove strict concavity, it is sufficient to prove that the inequality above is strict for at least one ;.
Let the unique point of infimum in (29) be x* and those for G;(t1, t;) and G;(fy, ;) in r.h.s. of (30)
be denoted by x] (t1,t;) and x](tl,t ) respectively.

Suppose x* # x](tl, i) or x* # x;(f, ), then

Gj(/\tl + (1 - /\)tl,/\t]' + (1 - /\)t]) = Ag]'(h,t]', x*) + (1 — /\)g](ﬁ, f], x*)
> AGj(t, 1)) + (1 = A)Gj(h, ).
Hence, if (30) holds as an equality for some j, then x;(t1, t;) = x;(f;, f;) = x* and these must

satisfy,

aKme(Vl, | t.KLinf(.u]"x) _ 7 OKLin(p1, 0) | f}KLinf(erx)
ox J ox ! ox J ox

Xk Xk Xk Xk

=0.

This implies t1/t; = £1/f;. But t and f are both distinct elements of Zx. Hence 3k € {2,...K}
such that t; /t; # f1/f; and hence, the corresponding Gy (t1,tx) is strictly concave, proving the
lemma. u
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B.2.1. PROOF OF (9) IN THEOREM 5

We first prove that,

K K
inf ( Y t.KL(jis,va) | = min inf | ¥ tKL(a,va) | = minGi(ty,t). (31
inf (ﬂ; o KL (pta va)) min inf (a—l A KLt va)> minGj(t,t;). (D

The first equality above is trivial. Notice that infimum of the summation in the expression above in
the middle is achieved by some vector v € A; such that v; = p;, for all i ¢ {1,j}, since for any
other v/ € A]- not satisfying this, the value of this expression can be minimized by replacing v/ by
pi foralli ¢ {1,]}. This gives,

K

inf Y to KL (1, V) = inf t KL (1, 1) + £ KL (s, v,
vlenA]'a;l a (Va Va) VEAj:ViiI;lti,i%{l,j} 1 (,ul 1/1> -+ j (y] 1/])

= ;25 (t1 KLing(pt1, x) + £; KLing (11, 1)) -

Also, notice that the infimum in the r.h.s. of above equation is attained at a common point
(x = y). Suppose not, i.e., suppose that the infimum is achieved at x* < y*. Then, increasing
x* to x’ (or decreasing y* to y’, depending on whether x* < m(pq) or y* > m(p;)) such that
x* < x < y*(or x* <y < y*) reduces KLjn¢(p1,x’) (or KLinf(y},y’)) while keeping the
other term unchanged (see Lemma 4 for properties of KL;¢), thus reducing the overall value of the
function. Thus,

K
1€r1ffl Y taKL(pta, va) = inf (t; KLing(p1, ) + t; KLing (1, X)) -
VeA =1 *

Substituting this into (31), we have the following equalities:

K
1/12£l (g ta KL(,‘Lla,I/a)> = I’]I;él{lll;(lf (tl KLinf(]/ll,X) + t]' KLinf(V]', X)) = l’]I’I#I{I Gj(tl,tj).

The last equality above follows from (27). This gives V(i) = sup min; G;(t1, ;).
tex

Furthermore, to prove that the set of maximizers in the expresKsion above is a singleton, notice
that V], Gj(h, t]) < max {KLinf(]/ll, m(y])), KLinf(yj, m(yl))} . Finiteness of KLinf(}ll, m(y]))
follows from the definition of KLy, and by considering measure ' = pu; + (1 — p)ém(}lj)_e, for
some € > 0 and p € (0,1) such that ' € £ and m(p') < m(y;). Similarly, one can argue the
finiteness of KLin¢(pj, m(p1)). Hence, min; G;(ty,tj) < oo.

From Lemma 20, for t € X, minj G]-(t1, t]-) is strictly concave function of {. Since X is a
compact set, min; G;(t1, ;) attains the maximum at a unique point t* € Xg. (]

B.2.2. PROOF OF CHARACTERIZATION OF *(1) IN THEOREM 5
Fory € My andt € Xk,

h(]/l, t) = le{l’annK} Gi(tl, ti).
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Let t* be the unique optimizer in T (). Fori # 1,
=0 = G(t],t/) =0, and h(u, t*) = 0.

Similarly, h(p, t*) = 0if £§ = 0. Butif t; = 1/K for all 7, h(p,t) > 0 contradicting the optimality
of t*. Hence t; > 0 for all i.

Since Vi tf > 0, 0G;(t1,t;)/0t; and dG;(t1,t;)/9t; are as given in (26). Furthermore, by
Lemma 20, h(yu,t) is a strictly concave function of . Hence, first order conditions are necessary
and sufficient to find its optimal solution. Re-writing max;cx, /(i t) as the following optimization
problem:

K
max z st Gj(ty, tj) >z, Vj; Y ti=1; tj >0, Vj. (32)
i=1
From the first order conditions for (32), it follows that there exist ()\j :j=2,...,K)and 7y
satisfying:

K
0G;(t1,t; .
S =1, Y It T R C:)
i= i =t
K 9G;(t
! Slivh)) - _ MGt ) —2) =0, i=2,., K. (34)
i=2 atl f=t*

Equation (33) implies that A; > 0 for some i. Also, since 0G;(t],t})/dt; > 0 for all i, it follows
that v > 0 and hence each A; > 0.

Part 2 of the Theorem 5 follows from (33) and (34). Part 3 follows from (34).

To show continuity of optimal proportions t*() in y, we use Berge’s Theorem (reproduced in
Appendix A.1) for the problem in (32), treating y as a parameter.

Since KLin¢(77, x) is continuous in 7 (Lemma 4), g;(t1,t;, x) is jointly continuous function of
(1, t). Gj(t1,t;) being infimum over a compact set of continuous functions, is jointly continuous in
yand t.

Let the correspondence I'(y) = Xk for all u. Clearly, T is a compact-valued correspondence.
Furthermore, since it is independent of p, it can be easily verified to be both upper and lower
hemicontinuous, and hence is continuous in the parameter .

Berge’s Theorem then gives that the set T'(y) of optimal solutions to (32) is upper hemicon-
tinuous. However, T(¢) = {#*(u)} being singleton (Theorem 5) and upper hemicontinuous, we
conclude that t*(u) is continuous in u (a correspondence I' such that T'(x) = {(x)} for some
function 4, is upper-hemicontinuous iff I'(x) is lower-hemicontinuous and iff y(x) is continuous).

B.3. Algorithm for solving the max-min lower bound

Recall that solving for the max-min lower bound efficiently is crucial to the performance of the
proposed é-correct algorithm. Theorem 5 characterizes the solution to the max-min lower bound
problem, given that y is known. As discussed earlier in Remark 6, we allow y to lie not just in Mg,
but in (P(R))X.

In this section, we formally describe the algorithm for computing t* and V(u) and prove the
monotonicity properties of the relevant equations in the characterization, that are used in the algo-
rithm. These are shown in Lemmas 21, 22, 23, and 24. Algorithm is presented in Section B.3.1.
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For fixed it € (P(R))" such that m(py) > max;>o m(yi;), define functions Z; : R x R+ — N
andZ; : RT — R forj € {2,...,K} as
I]-(x,y) = KLins(p1, x) —I—yKLinf(y]-,x) and fj(y) = inf Ij(x,y).

xeR

As in Lemma 20, with change of variables (set y; = ﬁ) and minor modifications, it can be seen

that there is a unique x, denoted by x;(y), that attains the infimum in Z;(y). Furthermore, x;(y)
belongs to the interval [ (), m(p1)] and satisfies

OKLine(p1, )| 9KLine(py, )

o o =0. (35)

%j(y) xj(y)
Below, we prove some monotonicity results, relevant for the algorithm.

Lemma 21 fj (y) is a monotonically strictly increasing function of y.

Proof Let x;(y) denote the unique x attaining infimum in Z;(y). Then,

Zi(y) = KLin¢(p1, % (y)) + y KLine (1, x; (y))-

Differentiating with respect to ¥ and using (35),

AZi(y)  oxj(y) <3KLinf(ﬂ1,x)

a KLll’If(y ir x)
Ty ox :

dy  Jy ox

= KLing(pj, xj(y)) > 0.

xi(y)

Clearly, Z;(0) = KLin¢(pt1,m(p1)). Note that this may be non-zero if y11 & L. Furthermore,
Zi(y) S d;, where

00, otherwise.

o {Kme(m,m(uj))f if pj € L
=

From Lemma 21, the function Z; is invertible in [KLin¢(pt1, m(pi1)), d;).
For ¢ € [KLin¢(p1,m(p1)),d;), let y;(c) denote f]._l(c), and let x;j(c) denote the unique x
attaining infimum in Z;(y;(c)).

Lemma 22 y;(c) is a monotonically strictly increasing function of ¢ in [KLing(p1, m(pi1)), d;) for
je{2,...,K}L

Proof Recall that x;(c) and y;(c) satisfy
KLing(pi1, %j(c)) + yj(c) KLine(pj, xj(c)) = c.
Differentiating the above equation with respect to c,

<8KLinf(;41,x]-(c)) N 0 KLin¢ (1}, x]-(c))> 9x;(c) ay;(c)

dc

+KLinf(yjr X](C)) =1

ox yj(e) ox ac
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Since, x;(c) attains infimum in Z;(y;(c)), it satisfies the first order conditions for optimality. Thus,

ay](c) _ 1 >0
ac KLinf(yj, xj(c))

Recall that for x > m(#n), KLiy¢(77, x) is the optimal value of the following constrained opti-
mization problem,

ngiélﬁ)KL(ﬂ,K) s.t. m(x) > x, E((f(|X])) <B.

Let A} ]-(x) denote the optimal dual parameter corresponding to the first-moment constraint in

KLt (p ir x) (dual formulation of KL;,¢ and existence of optimal primal and dual variables is argued
in Section C.3). Then,
a KLinf(]/l]', X)
ox

(see, e.g., Fiacco and Ishizuka (1990, Theorem 2.1)). Furthermore, as argued above, x]-(c), lies in
the interval [m(y;), m(p1)]. Thus, from dual formulation of KLin¢(pj, xj(c)) and KLin¢(p1, x;(c))
(Section C.3),

= Aj(x), (36)

A1j(xj(c)) = 0, and A1, (x5(c)) <O. 37

Lemma 23 x;(c) is a monotonically-decreasing function of ¢ in [KLin¢(p1, m(p1)),d;), for all
je{2,...,K}L

Proof Recall from (35) and (36) that x;(c) and y;(c) satisfy,
A (xj(e)) + A1 (xj(c))yj(c) = 0.

Differentiating with respect to x and re-arranging terms,

dxj(c) —Aq;(xj(c))ay;(c)/oc
dc 02KLin(p1,x)/0x% + yj(c)0? KLing(p4), x) /9x%

Since KL ¢(+, x) is a strictly convex function of x, denominator is clearly positive. Non-
positivity of numerator follows from Lemma 22, and (37), thus giving:

0x;(c)

<0.
ot; —

K . .
Lemma 24 Ez % is a monotonically-increasing function of ¢ in [KLins(#1, m(p1)),d).
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Proof To show the required result, it is sufficient to show that each term in the summation is
monotonically-increasing in c¢. To this end, consider

g — KLinf(p1, x;(c))
" KLing(pj, x;(c))

The sign (denoted by Sgn) of derivative of S; with respect to ¢ equals product of

il (KLi“f(Vf’ xf(c))aKLinf(ay;’xj(C)) - KLinf(thj(C))aKme(a];j, xj(c>))

Sgn <8xé£c)> .

Recall that x;(c) lies in the interval [m(p;), m(p1)] and from (36) and (37),

and

aKme(y]-, xj(c))
ox

O KLine (11, xj(c))

>0 and
>0 an o

<0.

Furthermore, using Lemma 23,

S 85] - g ax](c) >0
o (5) =5 (550) 20

B.3.1. ALGORITHM FOR SOLVING LOWER BOUND OPTIMIZATION PROBLEM

Now we formally describe the algorithm. Let t* € X denote the optimal weights vector and let c*
denote the common value of Zj(t;/t’lk) for j € {2,...,K}. Note that c* € [KLin¢(pt1, m(p1)), d;)
forallj € {2,...,K}. Letd = min; d;. Then, c* € [KLin¢(p1, m (1)), d).

1. Fixc = KLinf(],tl,m(yl)).

2. For afixed ¢ € [0,d), and for each j € {2,...,K}, solve the following for y; = y;(c) (set
y1(c) = 1) and let x;(c) for each j > 2 denote the corresponding minimizer:

inf KLine( 1, x) + y; KL (15, x) = c.
e in(apyonguy 17 %) Y KLine (1, 1)

3. Line search for c¢* in the interval [KLin¢(p1,m(p1)),d), so that with y;(c*) and the corre-
sponding xj(c*) computed using Step 2, the following holds:

K KLing(p1, x(c*))

= KLing(pj, xj(c*))

=1

4. Output £ = yi(c*) /L yi(c) forally € {1,...,K} and V(p) = c*t;.
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Appendix C. Proofs related to the sampling algorithm

We first prove that at the end of each interval of length m, say [, the sampling algorithm ensures a
minimum (v//m — 1) number of samples to each arm, i.e., N;(Im) > v/Im — 1.

C.1. Proof of Lemma 8

The given statement is true for | = 1as N,(m) > ¥ —1 > m1/2 — 1. Now suppose that at step
Im each arm has at least (Im)'/? — 1 samples, i.e., N (Im) > (Im)Y? — 1 for each arm a. Then, it
needs at most (I +1)m)'/2 — (Im)'/? samples to ensure that N, ((I +1)m) > ((I+1)m)"/? —1.

Since Im > K ((Im)Y/2 —1),and m > (K +1)%, mY/2((1 4+ 1)1/2 — 1V/2) < m1/2/1V/2 <
m/K, where the first inequality is trivially true. Now, since the maximum number of samples
required is an integer, each arm requires at most L%J samples and the algorithm has sufficient

samples to distribute. This guarantees that all arms reach the minimum threshold.

C.2. Simplification of stopping rule

Recall that Aj = {v € My : m(vj) > max;.jm(v;) }. Let Y := (Y7 : 1 < i < N,y(n)) denote
the N, (1) samples from arm a. For v € (P(R))X, let L, (Y7, ..., YX) denote the likelihood of
observing the given samples under v. Furthermore, if at stage n, m(fi;(n)) > max;.; m(fii(n)),
then the log of generalized likelihood ratio is given by

Ly (Y*,..., YE)

Zj(n) = log max L,/ (Y?1,..., YK)
yEAC

Since each sample is independent of all the other samples,

K Na(n)
1:[1 1:11 fla(n) (Yf) K Na(n)
Zj(n) =log | “—— 4, Zﬂlgj‘CZ Z (log (f1a(n) (Y)) — log (4a(¥]")))
sup l_[ H ph (YF) rest =
yeAfa i=1

= mf ZN” (n),u)).

C.3. Dual representation of KL;¢

Let M (R) denote the collection of all non-negative measures on R. Extend the Kullback-Leibler
Divergence to a function on M (R) x M*(R), thatis, KL : MT(R) x M (R) — R defined as:

Ki(xi i) & [ log (52w daty),

Note that for k1 € P(R) and x; € P(R), KL(x1,x2) is the usual Kullback-Leibler Divergence
between the probability measures.
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Recall that for 7 € P(R), x > m(y),and B > f(|x
the following optimization problem, (O1):

), KLin¢ (7, x) is defined as the solution to

infecpep) KL(77,%); 5.t /

[yt 2 [ fllyDany) <8, [ () =1

We point out that the results that we present below are for f~1(B) > x > m(#). Symmetric
results hold when — f~1(B) < x < m(1), with KLy defined with the corresponding constraints.

Let A = (A1, A2,A3). For k € MT(R), the Lagrangian, denoted by L(x, A), for the Problem
(O) is given by,

KL (1, %) + A3 1—/d;<(y) A | x /ydx(y) R /f(\y\)dk(y)—B
yeR yeR eR

(38)

Define

LN 2 inf L(x, ). (39)

The Lagrangian dual problem corresponding to the Problem (O1) is given by the following problem:

max < inf L(K,)\)). (40)

AERA>0,4,>0 \keM*(R)
Let Supp(x) denote the support of measure &,
My, A) = —As—yh+ f(lyhrz,  Z(A) ={y € R:h(y,\) =0},

and
Rs = {)\ S %33)\1 >0, A >0,A3 € %,ll’l;th(y,)\) > 0}
ye

Observe that for A € R3 Z () is either a singleton or an empty set. This is easy to see since f(-)
is strictly convex and continuous function. In particular, if Z(A) is non-empty, i that minimizes
h(y, A) is the unique element in Z ().

Lemma 25 The Lagrangian dual problem (40) is simplified as below.

max ( inf L(K,)\)) = max ( inf L(K,)\)) .
AZER,A1>0,A,>0 \keMH(R) AER3 \keMH(R)
We call the problem on right as Os.
Proof Let A € 1%\ R3. Then, there exists yg € R such that h(yo, A) < 0. We show below that
for such a A\, L(A) = —oo, where L(A) is defined in (39). Thus, to maximize L(\), it is sufficient
to consider A € R3.
For every M > 0, there exists a measure k)y € M™(R) satisfying «p(yo) = M and for
y € Supp(7) \ {vo}, ]
n
_— =1
e V)
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Then, (38) can be re-written as:

d
L(KM, A) = / log (dK;]?\/I(y)) di](y) + / ]’l(y, )\)dKM(y) +Asz + A1x — AyB.
yeR yeR

Y\ £B
From above, it can be easily seen that L(xps, A) Mo, —oo, since A + B — —oo. Thus, for
X € B3\ Rs, L(A) = —oo and we get the desired result. [
Lemma 26 For X € R3, k* € M (R) that minimizes L(x, X), satisfies

Supp(x”) C {Supp(i7) UZ(A)} - (41)
Furthermore, for y € Supp(n), h(y, A) > 0, and

) = 1
dn Y —As — Ay +Aaf(lyl)

(42)

Proof First observe that for A\ € R3, L(k, A) is a strictly convex function of x and that M (%) is a
convex set. Hence, if the minimizer of L(x, \) exists, it is unique. Next, we show that any measure,
say «*, satisfying (41) and (42) minimizes L(x, ). This combined with uniqueness of minimizer
in MT (R) ensures that any measure satisfying (41) and (42) minimizes L(x, X).

Let k1 be any measure in M (R) that is different from x*. Since M (R) is a convex set, for
t €[0,1], ko = (1 — t)k* + tx; belongs to MT(R). Since L(x, A) is convex in x, to show that x*
minimizes L(x, A), it suffices to show

Substituting for x2; in (38),

L (ko A) = / log (ﬂt(y}) dn(y) + (A3 4+ Ayx — AoB) + / h(y, A)dro(y).

yE€Supp(7) R

Evaluating the derivative with respect to ¢ at t = 0,

oL (KZ,t/ )\)
ot

t=0

[ Ty —dxa) () + [ s+ My~ Aaf(ly) (d” — da) (v).
y€ESupp(n7) R
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For y € Supp(n), 9y /9x* = h(y). Substituting this in the above expression, we get:

oL (K2,tr >\)
ot

= [ )@ —aa)) - [ h) @ - dx))
=0 yesupp(n) R
— / h(y)dic* (y) + / h(y)dra (y)

ye{R\Supp(y)} ye{M\Supp(y)}
> 0.

where, for the last inequality, we have used the fact that for y € {Supp(x*) \ Supp(n)}, h(y) =0
and h(y) > 0, otherwise. [ |

Now, we are ready to prove the dual representation of KL;, given in Theorem 12.

C.3.1. PROOF OF THEOREM 12

Let S denote the rectangle,

S= [o,fl(l;_x] x [O'B—}ﬂxy)}’

and R» C S denote the region:
Rz = {(/\1,)\2) . /\1 2 O, /\2 Z O,ylgg{l - (y - x))q - (B —f(|]/|))/\2} Z 0} . (43)

Furthermore, define

h(y, (M, A2)) =1 (y — x)A — (B = f([y]) 2z (44)

To prove the alternative expression for KL;,¢ given by this theorem, we first show that both the
primal and dual problems (O7 and Oy, respectively) are feasible. Further, we argue that strong du-
ality holds for the Problem (O, and show that the expression on the right in (14) is the corresponding
optimal Lagrangian dual.

Let 4, denote a unit mass at point y. Since f(|x|) < B, there exists a positive € such that
f(Jx+e€]) < B. Consider kg = dyte. Consider distribution k' which is a convex combination
of 7 and o, given by: ¥’ = pxo + (1 — p)y, for p € [0,1] chosen to satisfy the following two
conditions.

p(x+e)+ (1 —p)m(y) = xand pf(|x +ef) + (1 - p)E; (f(|X])) < B.

It is easy to check that such a p always exists. «’ thus obtained satisfies the constraints of ()7 and
KL(#,x") < oo, since Supp(#) C Supp(x’). Hence, primal problem O is feasible.

Next, we claim that A1 = (0,0, —1) is a dual feasible solution. To this end, it is sufficient to
show that min,c s+ () L(%, (0,0, —1)) > —oco. Observe that for x € M™(R), KL(,x) defined
to extend the usual definition of Kullback-Leibler Divergence to include all measures in M ™ (),
can be negative with arbitrarily large magnitude. From (38),

L(k,AY) = KL(7,5) — 1+ ./M dx(y).
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Let & denote the minimizer of L(x, A!). First, observe that Supp(%) = Supp(#). If there
is a y in Supp(n) but outside Supp(&), then L(&, A*) is co. On the other hand, if there exists
yin {Supp(&) \ Supp(#)}, it only contributes to increase the integral in the above expression
and thus increases L(%, Al). Thus, Supp(%) = Supp(y). Furthermore, from Lemma 26, for
y in Supp(n), the optimal measure & must satisfy

di
@(y) =1

Thus, & = # and mi+r(1%) L(x,A') = 0. This proves the feasibility of the dual problem O,.
KkeEM™ (]

Since both primal and dual problems are feasible, both have optimal solutions. Furthermore,
Ko = Oyt defined earlier, satisfies all the inequality constraints of () strictly, hence lies in the
interior of the feasible region (Slater’s conditions are satisfied). Thus strong duality holds for the
problem (O7) and there exists optimal dual variable A* = (A}, A}, A}) that attains maximum in
the problem O, (See Theorem 1, Page 224, Luenberger (1969)). Also, since the primal problem
is minimization of a strictly-convex function (which is non-negative on the feasible set) with an
optimal solution over a closed and convex set (see Lemma 4 for properties if the feasible regioin,
L), it attains its infimum within the set.

Strong duality implies

KLin (17, x) = max Zggfm) L(x, A).

Let x* and A* denote the optimal primal and dual variables. Since strong duality holds, and
the problem (1) is a convex optimization problem, KKT conditions are necessary and sufficient
for ¥* and A* to be optimal variables (See page 224, Boyd and Vandenberghe (2004)). Hence
k*, A3 € %,A] > 0, and A5 > 0 must satisfy the following conditions (KKT):

e M ®), [yac ) zx, [fuhac () <B, [dc@) =1 @9
R R yeR

(1= [ac )| =0 a1 (x= [vac )] =0, x| [ FlyDac ) B | =0, @6
R e e

and
(AT,A;,A;) € Rs. @7

Furthermore, x* minimizes L(x, A*). From conditions (46), and Lemma 26,

L(x", ") = By (log (=A3 = AT X + A2 f(1X]))),

where X is the random variable distributed as 7.
Adding the equations in (46), and using the form of x* from Lemma 26, we get

A =—1—Ajx+ A3B.

With this condition on A3, the region %3 reduces to the region R, defined earlier in (43).
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Since we know that the optimal A* in R3 with the corresponding minimizer, x*, satisfies the
conditions in (46) and that A3 has the specific form given above, the dual optimal value remains
unaffected by adding these conditions as constraints in the dual optimization problem. With these
conditions, the dual reduces to

(AS\IS)E(Rz E; (log (1 — (X —x)A1 — (B — f(|X])A2))),

and by strong duality, this is also the value of KL;n¢(7, x).

Tightness of the constraint, m(x*) = x: Notice that if # does not have full support, ¥* may have
support outside Supp (7). For some ¢ > 0 and x > m(7),

1—c=E, ((1— (X=x)A{ = (B— f(1X])A3) ")
> (1 (m(n) = )M — (B~ By (f(1X]))A3) (48)
> (1 (m(n) —x)A]) "
In (48) we use Jensen’s inequality. Furthermore, if # is a degenerate distribution, then ¢ > 0,
otherwise (48) is strict inequality as 1/y is a strictly convex function of y. Thus,
1
1= (mln) — A

and hence, A} > 0. Condition (46) then implies m (x*) = x.

1,

Tightness of the constraint, E,-(f(|X])) = B: Recall that for x > m(y) and 7 € P(R),

A > 0. Also, since (A}, A7) € Ry, forall y in R, h(y, (AM1,A2)) > 0, where h(y, (A1, A2)) is

defined in (44). However, for y — oo, hi(y, (A1,A2)) < 0, iff A = 0. Thus, A, > 0 and hence by

(46), B (f(|X])) = B.

C.4. Proofs of concentration result for KL;,;

Let A = (A, A2), X; denote the i** sample from the distribution «, and recall from (44) that
h(X,A) =1~ (X —m(x))M — (B~ f(IX])A2,

and define

M:

L(X,m(x),&(n)) £ log (R(X;, N)) .

1
n?
[

Il
—

Since /1(y, A) is a linear function of A, and log is a non-decreasing, concave function, L(, x, & (1))
is a concave function of X (see, e.g., Page 84, Boyd and Vandenberghe (2004)).
Recall that region R, C R? is given by

Rz = {(/\1,)&2) :/\1 Z 0, /\2 Z O,ynel?]f?{l — (y — X)Al — (B —f(|y|))/\2} Z 0} , (49)

and R, C S, where
f‘1(B)1—m(K)] s [0' B—f(llm(fc)l)] |

Proof of Theorem 11 uses Lemma 27, which we state below.

s=1o
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Lemma27 Forx e L,A1>0,A, >0,u>0,

P (L(X\, m(x),&(n)) >u) <e ™.

Proof Let X ~ X;, for some i. Observe that log (fl(Xi, )\)) are i.i.d. For v > 0, exponentiating
and using Markov’s inequality,

P (LN, m(x),&(n)) > u) < - E (éﬂog(ﬁ(&yk))) e = (EE (h(X,\))7 e )"
i=1

In particular, the above inequality holds for v = 1. Furthermore, by Jensen’s inequality,
E(h(X,\)) < 1.

Thus, we have the desired inequality. |

C.4.1. PROOF OF THEOREM 11

From Theorem 12, if m(&(n)) < m(x),

KLin(®(n), m(x)) = max L(X, x,&(n)),
AER,

where R is given in (49). In the other case, a symmetric dual representation for KL, holds. We
work with only one of these. To get a bound on the probability of maximum of L(X, m(x),&(n))
over the region R, taking values away from 0, we divide the rectangular region, S, into a grid of
small rectangles and bound this probability within each rectangle in the grid that intersects with R».

To this end, we first describe the grid of S that we consider. Let 61 > 0 and é, > 0 be constants
denoting the side lengths of the rectangles in each direction. We will choose their values later. Let

1 1
51(f1(B) —m(x))J and My, = Lsz(B —f(!m(K)l))J '

Let the rectangle points along Aq axis be indexed by [ and those along A, axis by [, such
that ; € {0,...,Ms } and [ € {0,...,Ms,}. Forl; € {0,...,Ms } and b, € {0,..., M},
)\1/11 £ 11(51 and /\2,12 £ 12(52, and

- |

A N 1 d A = L
R Ry B By (I 3]1)

Denote by G, 1, the rectangle [A1 1, A1y, 11] X [A2),, Ao, 41]. Then, using union bound,

My, My,
P <max L\, m(x),&(n)) > u) =P| U U { max  L(\, m(x),&(n)) > u}

AER, 1,—01,=0 AEG[P[ZQRZ

M;, M,
<) ZJP{ max _ L(X\, m(x),&(n)) > u}. (50)

1,=0l,—0 AeGll,IszZ
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Let us now focus on the summand of the above expression. Note that if the rectangle G;, ;, does
not intersect with the region R, then its contribution to the summation in the r.h.s. above is 0.
Thus, we only consider the rectangles that have a non-trivial intersection with R,. Using Markov’s
Inequality,

IP{ max  L(\, m(x),&(n)) > u}

A€ Gl]:lz NRy

A€ Gl1:’z i=

< Ex (exp{ max ) log (1 — (X; —m(x))A1 — (B —f(|X1]))/\2)}> e "M, (51)
1

Observe that for Gy, ,,

max log (1 — (X; —m(x))A — (B — f(|X]))A2)
<log (1 — (Xi —m(x))Ar, — (B — f(|X]) Az, + [ Xi —m(x)| 61 + [B —f(|Xz'\)|(552%
)

Using this in (51), IP max _ L(\, m(x),R(n)) > u ¢ can be bounded from above by e "
A€G11,120R2

times

Ey <ﬁ(1 — (Xi =m(x)) Ay, — (B—= f(IXi)) Az, + | Xi — m(x)| 61 4 [B — f(|Xi])]| 52)) :

i=1

The expectation above satisfies the following:

Ey (ﬁ(l — (Xi —=m(x))Ary, — (B — f(|1Xi])) Az, + | Xi — m(x)[ 61+ |B — f(|1Xi])] 52))

= [ | Ee (1= (X; —m(x))Ar;, — (B — f(|Xi])) Aoy, + |Xi —m(x)| 01 + [B — f(Xi])] 62)
i=1
< (1+4d161 +dadr)",

where di = E,(|X — m(x)|) and d» = E,(|B — f(|X]|)|). ; P
_ 1 _ 1 — —
Set 01 = sty 40402 = smpmwn - Lot oL = grm) sty 404 €2 = m(imen

andc; +cp = Bl. Then,
~ €1 " By —nu
IP{ max L()\,m(K),K(n))Zu} < <1+—+—) e M <elte ™.
)‘EGZI,ZZQRZ n n

Furthermore, from the choice of 41 and 6, M5, < n+1, and M;, < n + 1. Substituting these
and the above inequality back into (50) gives:

P (max L(X\ x,&(n)) > u) < (n+1)%Pre
AER,



OPTIMAL 5-CORRECT BEST-ARM SELECTION FOR HEAVY-TAILED DISTRIBUTIONS

C.5. Proofs related to J-correctness

Recall that to prove d-correctness of the proposed algorithm, it is sufficient to prove Theorem 13,
ie,fory e Mg,ne€N,andI' > K+1,

(Z Nu Kme .uﬂ( ) m(ya)) > r) < eK+1 (W)Ke_rﬁe&;,

where N,(n) is the number of times arm a has been pulled in # trials, fi,(n) is the empirical
distribution corresponding to N, (1) samples from arm a (distribution ), m(p,) denotes the mean
of the distribution #,, and B, is a constant corresponding to arm 4.

Some notation is needed to this end. For & > 0, let D = [log(n)/log(1+¢)] and D =
{deNKs.t,Va 1<d, <D}. Ford € D,let

K

¢l = N{a+a* " <N(m) < (148"} = ﬂc

a=1
where C¢ = {(1+¢)%1 < Ny(n) < (1+8&)%}. Lett, = (1+ é)dﬂ‘l and £, = (1 + ¢&)%

Furthermore, for each arm a, let S, denote the following rectangle:

f‘l(B)l—m(ya)} " {O'B—f@(mn]'

Su - |:O,
and let

Rg = { (A1, 40) 10 2 0, 22 > 0, inf (1= (y = m(ua))a = (B = F(ly)Aa} = 0} (59

Onset C g , let there be a grid of the rectangular region S,, for each a, similar to that in the proof

of Theorem 11, with
1 1
o = and 65 =
ty (f7H(B) —m(pa)) £, (B = f(|m(pa)l))

being the side lengths of each rectangle in the grid. Let a typical rectangle that intersects with the
region R4, defined in (53), be denoted by G,. Recall from Theorem 12 that to bound the probability
of empirical KLj,s taking large values, it is sufficient to consider only such rectangles since, the
optimal dual parameters, (A{*, A5*) lie in R5. Henceforth, in our discussion, we consider only such
rectangles.

Lemma 28 For any u, € R, non-negative constants B, and rectangle G,,

K K
P (ﬂ {max L(Xa, m(pa), fla(n)) > ua,Cg}> < HeBae*Llua.

=1 Aa€G,

Proof Recall that G, is a rectangle that intersects the region R3. Let Ago = (A, A5,) denote one
of the corner points of the rectangle G, such that A{, > 0, A, > 0. Let

Aa(0, Ao) = log By, (#1081 (X oA XD X4 B (XDI) )
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and

6, = argmax {0u, — Aa(0, Xa0)} -
>0

Clearly, 8, > 0 and {6,u; — Ag(02, Aa0)} > 0. Let $%(1, Ag0) denote the sum below:

Na(n)
3 108 (1= (4, — mia) )M — (B — £ (1)) + X 157+ 1B — F(1X1)| ).

Observe from (52) that Jmax Na(n)L(Aa, m(pa), fla) < S%(1n, Ago). Thus,
a€Gq

P ((K] {max L(Xa, m(pa), fla(1)) = ta, cg})

=1 Aa€G,
K ) )
<P (ﬂ {Sa(n, Xao) > Nu(n)u,, Cj}) <P HCde{aglegsa(n,z\ao)} N e{ﬂgeﬂm(ﬂ)ua}

a=1

Multiplying by exp { — Nz (1) An (64, Aao) } on both sides of the inequality in the above expression,
the probability of intersection can be upper bounded by:

5 0,S A N, Ag (07, 3 N, 0, Ag (07,
P ﬂcde{azl a a(”r a())* u(n) u( a uo)} Z e{a)gl a(n)( allg— u( a uO))} . (54)
Since {0,1s — Aq(64, Aao)} is non-negative (by choice of 6,), on set C4,
Na(”) {Gauu - Au(euz )\ao)} 2 tl{eauu - Aa(ea/ AuO)} .

Furthermore, let
K
G(n) = exp Z 0aSa(1, Xao) — Na(1)Aa(6a, Aao) ¢ -
a=1
Using these substitutions with Markov’s inequality in (54),
K
LBt =00 (Bs o)}

=1 .

P (ﬂ 1w (), a0)) > c:f}) B (1uG(n)) el

a=1 Aa€G,

Since G(n) is a mean-1 martingale, [E(1,:G,) < 1. Using definition of 6, along with this, we get
the following:

K K {Usup((’“al\a(f?,)\uo))}
P ﬂ {max L(Xa, m(Ha), fla(n)) > 1y, Cf} < l’[le 620 . (55)
a=

a1 Aa€Gy
Notice that A,(1, Ag0) equals

log (Ey, (1= (X = m(ua)) Mo — (B = F(IX])A50 + X = m(ua)| 07 + |B = f(IX])| 53) ,
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which is upper bounded by

a a
log <1 +14 CZ) ,
t, 1
where ¢4 = 1,07y, (|X — m(js)]) and ¢ = 1,03y, (|B — f(|X|)|). Let By = ¢ + c§. Substi-
tuting this back into (55) and choosing 8 = 1 for all a, we get the following desired upper bound:

=1 }\1€Gg

K K
P (ﬂ {max L(Xa, m(Ha), fla(n)) > 1y, Cg}) < HeBﬂefiﬂ“”. (56)

|
Using the above result, we prove following inequality, which will assist in the proof of Theorem 13.

Lemma 29 Leté > 0. For(, > 0,

P ((K] {Na(n)KLinf(ﬁa(n),m(yu)) > ga,c;j}> ﬁ{ 0 1)2ebretel <1+e>}.

a=1 a=1

Proof On set C,
K
(ﬂ Na (1) KLing (i (1), <u>>2§“'65}>

( KLing (fla(1), <ua>>2§:,65})-

Recall that corresponding to KLy (f14 (1), m(pa)),

Sa = [O, fl(B)l_m(ya)} s [O'B—f(;”(ﬂam] '

and
RE = { (M, 42): 2 0, 4> 0, inf 1~ (y = m(g))a = (B — F(ly))Aa} > 0.
Let GW? denote a rectangle in S, that also intersects with the region R, and is given by

G s = [/\1,1{,/\1,1541} X |:/\2,lg/)\2,lg+1:| ,

as in Theorem 11. Then,

a , Ca o )
P KLin a\n), M(Ug ETICQ
(aﬂl{ () () = . 4}

K
=P ﬂ UUTaé(L(Aa,m(ya),ﬁa(n))>g_”,Cf

>
= R
172
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Using union bound,

K
P (ﬂ {Kme(ﬁa(n),m(ua)) > fcd}>

a=1

K
<Yy --¥yr|N | max L(Xg, m(pa), fla(n)) > f_:,Ct’f

T KK |a=1 | RecCny

Recall that t, = (1 +é)% ! and f, = (1 + &)%. Using Lemma 28, we upper bound the summand
in the above inequality, to get

K
P(m{Kmema(n),m(uu))zf;c;f}) Yy zz(ne% ) &7

a=1 non IK 1K \a

Furthermore, choosing 6 = m and 65 = m gives tau, = 15 =

in inequality (57), we get the following desired inequality:

<(I_<]{ 1) KLing(fla (1), m(pia)) 2@&5}) IK"[{ n1)2efhe i}

a=1

Lemma 30
r e K K =
(]lcd Z N, (n) KLing(fia(n), m(pa)) > F) <e @ (K(li—é)) 11 {(n+ 1)263“}.

Proof Proof of the Lemma depends on the concentration result of Theorem 11 and a careful use of
martingales. Let Y = {Y3,Y>,..., Yk}, where Y, are i.i.d. distributed as Exp(1/ (1 + €)). Then,
for non-negative x,,

K K
P (ﬂ {Y, > xa}> =[]e 7.
a=1 a=1

Let X = {X;y,Xa,..., Xk}, where X, = ]ngNa(n) KLin¢(fia(n), m(pz)). Then, from Lemma
29, we have:

K K K
P, (ﬂ (X, Zxa}> <P (ﬂ 1Y, zxg}> ]‘[{ (n+1)% Ba}.
a=1 a=1

a=1

Let
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Define Z = {Z,Z>,...,Zx}, where each Z; is a non-negative random variable, and for A C
(RT)%and 0 = (0,0,...,0), Z has a distribution given by:

P(Z e A) =

1 1
Rl(n)IP(XeA)—i— <1—R1(H)> 1{0¢c A}. (58)

Clearly, for all x € RK,

P (F] {Z, > xu}> <P (ﬁ {Y. > x,,}) .
a=1 a=1

Hence, (see Theorem 3.3.16, Miiller and Stoyan (2002)) for all collections of non negative

K K
increasing function fi, f2,. .., fx we have [E <H fa(Za)> <E (H fa(Ya)). Consider f,(x) =
a=1 a=1

%%, Clearly, fa(x) is non-negative and increasing in x. Using this, (58),

U2, ()

which implies,

(H e"Xa> < Ry(n (H eGYa) — Ry(n) ﬁ]E (). (59)

a=1 =1

2

Letb =1/(1+¢&). For0 < 6 < b, Va € [K], observe that IE (eeyﬂ) = bfbe. Then, exponenti-
ating and using Markov’s Inequality, below:

(ﬂcd Z N Kme .ua( ) (.uﬂ» = r) <E ( ) e@&,) eXp{—Gr} :
a=1

Using (59), we further upper bound the above quantity as:

( i 1) KLing(fla (1), m(pta)) = F) < Ri(n (H EGY"> exp {—0I'}

— exp {—6T} Ry (n) <bi"9>K

Letting 6 = b — K/T, substituting for b and Rq(n) in the above expression, we get:

K
<]1Cd ZNa KLlnf .uu( ) (.uﬂ)) 2 ) S eXp{—br} Rl(n) <el?j>

. r kK
— ¢ T <I<(1€+e> H{ (n+1)% Bﬂ}.
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C.5.1. PROOF OF THEOREM 13

Recall that & > 0, D = [log(n)/log(1+¢€)] and D = {d € NXs.t.,Va 1 <d, <D}. For

deD,
K

Cd:ﬂ{(1+é)d”_1§Na() 1+e} ﬂc

a=1
where C4 = {(14¢&)%~1 < Ny(n) < (148)%}. Clearly,

(ZNa ) KLing(fla(n), (ua))zr>

<21P,4<2Na ) KLing(24(n), wa))zr,cd),

deD a

which can be further upper-bounded by

D¥ maxIP, (]lchNu ) KLing (fa (1), m(12)) zr). (60)
aeD =1

Lemma 30 bounds the term in the right hand side in the above expression. Using this, choosing
the free constant & appropriately and making the necessary approximations, we get the upper bound
in Theorem 13.

Using (60) and Lemma 30,

r e K
e (E st 1) <t (1) ez} o

Set
1

r-1’
and bound log (1 +¢&) = —log (1/ (1+¢€)) > 1/T to get an upper bound for D. Using these in
(61), the expression above can be further bounded by

e =

_r+1H{ erlog )K )(F_l)(n+1)2€3a}'

Upper bounding (7 + 1) by 21, and using (T — 1) (T'log(n) + 1) < I'?log(n), we get the desired
bound.
C.5.2. WHEN UNDERLYING DISTRIBUTIONS HAVE BOUNDED SUPPORT

If it is known apriori that the underlying distributions have bounded support, say [a, b], such that
max {f(|a|), f(|b])} < B, then it is sufficient to consider a sub-class £ of all the probability
distributions with support in [a, b], instead of class £. In this case, given a probability measure
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n € P(R), and x such that m(n) < x < b, it can be shown that KL;¢(#, x) has a simpler for-
mulation as a solution to a 1-dimensional convex optimization problem, which is maximization of
E,log (1 — (X — x)A) over A ininterval [0, ;1-]. We also get an exponentially decaying probabil-
ity of KLin¢(7, x) taking positive values for m(7) < x < m(#), where ] is an empirical distribution
of samples from 7 (see Honda and Takemura (2015)). Furthermore, the algorithm AL4, with an ap-
propriate choice of B, acting on a vector of K distributions, each coming from class L, is J-correct
and matches the lower bound asymptotically, as é approaches 0.

C.6. Proofs related to sample complexity part of Theorem 10

In this section, we formally prove that the algorithm AL; is asymptotically optimal, i.e., the ratio of
expected number of samples needed by the algorithm to stop and log(1/J) equals the lower bound
of the quantity, asymptotically as & — 0.

To this end, we first show that the fraction of times AL pulls arm a is close to its optimal
proportion suggested by the lower bound, if the algorithm runs for sufficient time.

C.6.1. PROOF OF LEMMA 14

In order to show that N, (Im)/Im — t5(u) as I — oo, for n € N, let M,, denote the set of indices
in [1,2,...,n] where AL; flipped the coins to decide which arm to sample from. Then, for € IN,

from Lemma 8, Im — |M;,,,| < K (\/lm - 1), so that

|AZ/17;”1| 2% 1, as ] — oo. (62)

Further, let I,(i) = 1 if arm a was sampled under AL at step i. Then, by law of large numbers for
Bernoulli random variables

1 . . a.s.
] Y (L(i) — t;(A(i)) =0, as n — oo, (63)
nlieM,

where we set i(i) = ji(Im) fori € [Im,Im+1,...,(l +1)m — 1] for each I.

Further, .
m ieZMn (tr(p(i)) —ti(n)) — 0, asn — oo, (64)

since fI(n) — p as n — oo, and t* is a continuous function (Theorem 5).
Furthermore,

Nﬂ (lm) — ZieM!m Iﬂ(l) + Zie[lm]\]\/llm Ia(l)

Im Im Im
_ ZieMl,,, L (i) | Mi,,| n Zie[lm}\M,m L,(i) Im — | My, |
| M| Im Im — | M| Im ’
From above,
Na(lm) as.

T (), asl — oo.
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C.6.2. PROOF OF SAMPLE COMPLEXITY

We now prove that for algorithm ALq, limsup;_,, E,(7;)/ (log (1/6)) < V(u)"". Recall that
p € My is such that m(p1) > max;. m(p;). Let € > 0. By continuity of the optimal pro-
portions, +*(t), in p (Theorem 5), 3¢(€) < (m(p1) — max;jzq m(p;j)) /4 (denoted by ) such
that

V' € e, max |ty (u') — ti(u)| <e, (65)
a€[K]
for Z. defined as follows:
Ie £ Bé(,ul) X Bé(‘uz) X ... X Bé(]/lK),
where

By (i) = {x € L:dw(x,pi) <T and m(x) € [m(pi) — T, m(pi) + 1},
and dy (x, p;) is the Wasserstein metric on £. In particular, whenever fi(n) € Z, the empirical
best arm (4,)isarm 1. For T > m, T € IN, set

L(T) & U’;J ,1(T) £ max {1, VH:AIJ } , and Io(T) = max {1, VH;MJ } i

and define

N, (Im)
Im

ﬁ i(Im) € I} Izh) {u<K —t;k(pt)‘ §4~.€}.

=lo(T) I=h(T

Let ¢’ be a vector of K, 1-dimensional distributions such that the 15 distribution has the maxi-
mum mean, and let ' € Xg. Define the following:

¢(¢/,t') = min inf (£ KLing(#1, %) + t, KLing (1, X)) - (66)
b#1 xe[m(p),m(p)]
Note from Berge’s Theorem (reproduced in Appendix A.1) that g(y, t) is a jointly continuous

function of the (1, t). Let ||.|| x be the maximum norm in )X, and

Ci(p) = y@rel:f, g, t). (67)
il =t ()| <de

Furthermore, set

Ce(p)
Since 5 > 0,
Eu(t) =) Pyt >T)<To(6)+m+ Y  Pu(n>T)
T=0 T=Ty(5)+m+1

From Lemma 31 and 32 below,
(1+¢@) m

lim sup E, (%) < +limsup ———.
50 log(1/8) = Ci(p) s—0  log(1/9)

(68)
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From continuity of g(p',t') in (¢',t'), it follows that CZ () 20, V(p). First letting & — 0

and then letting € — 0, we get

. E (Tg) 1 . m
limsu K < + limsup ———. (69)
S0 log (176) = V(w) " 5T Tog (1/0)
Since m = o(log(1/9)), limsup bg% = 0. Using this in (69), we get (13).
6—0
Lemma 31 .
E, (1) < To(6) +m + ) P, (G5). (70)
T=Ty(6)+m+1
Furthermore, for any & > (),
J) 146
lim su o < (71)
Moplog(l/‘s) Cé(p)
Lemma 32 -
L Pu(Gz(e))
T=m+1

C.6.3. PROOF OF LEMMA 31

Recall that on Gr(€), arm 1 has the highest empirical mean. This follows from choice of { and
definition of Gr(€). Hence on Gr(€), for t > Ip(T) x m, the log “generalized likelihood ratio”
statistic, used in the stopping rule, is given by, Z(t) = min, Zy p(t) where,

. Ny (t) . Ny (t) . >
Zop(t) =t inf KLing(f11(£), ) + KLig(fs(t),%) ). (72)
14(8) x€m(py(t)),m(fi(t))] < t (1), %) t ((Ps(1), )

In particular, for T > m and [ > I1(T), on Gr(e)

Z(lm) = min inf N1 (Im) KLine (11 (Im), x) + Np(Im) KLjg (1, (Im), x
(m)=min b Ni(0m) Klan(fr(m), 3) 4 No(Im) KLing(y (Im), %)
Nb(lm)

oo Ny(Im R A
:zmxwlgf( L) a1, ) + KLinf(Vb(lm),X)>

= tmxg ({200, Nellml )
> 1Im x CZ(u).

(73)
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Furthermore, the stopping time is at most m x inf {I > I1(T) : Z(Im) > B(Im,s),] € N}. On
Gr(e),

I(T)
min{t;, T} < LH(T) xm+m Y 1(Im< 1)
1=1(T)+1
IH(T)
<H(T)xm+m Y, 1(Z(Im) < p(Im,05))
I=1(T)+1 (74)
IH(T)
<h(T)xm+m Y 1 (l < ﬁ(lT'5)>
1=l (T)+1 mCe (p)
B(T,9)
< L(T) x m+ .
Hm e
Recall, ( )
. B(t,6
= : <t;.
To(6) 1nf{t EN:I(t) xm+ C(m) = t
On Gr, for T > max {m, Ty(d)}, from (74) and definition of Ty (),
, B(T,9)
< <
min {75, T} <L(T) x m+ Celn) = T,

which gives that forsucha T, 75 < T. Thus, for T > max {m, Tp(6) }, we have Gr(e) C {1s < T}
and hence, P, (7; > T) <P, (G5). Since 75 > 0,

Eu(t) < To(0) +m+ Y. Py (G5(e)). a5)
T=m+1

Now, to bound % as 0 — 0, let & > 0 and define

C(é)éinf{TeN:T—mll(T)z T }ande(cS)éinf{TEIN:1152‘[3(T’5)}.

1+¢ Ce(w)
Then,
, r_ B(T,9) 5
< L= > > < .
To(9) _1nf{T€]N T—4L(T)xm> 1422 ') } < C(8) + Tr(9) (76)
From the definition of T»(J) above and using the expression for § from (10),
log (§ (log §)*) |
() =(1+¢ ” +O<lo (10 >) (77)
(0) = (A +&)—=15 g | log 5
Clearly,
: T (9) 1+¢ . C(e)
lim su = and lim su =0.
oo log1/8 — Cilu) oo log1/6
Taking limits in (76),
lim sup T(9) < (1+2) ]

50 log(1/0) = Ci(u)’
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Remark 33 Using (76), and (77) in (75), for small 4,

log( (log§) )

E,(t5) < (1+@) )

+m +o(log(1/9)).

C C
Since & > 0 is arbitrary, IE,(75) is bounded by w +m +o(log(1/5)). Now, letting €

log (§ (10g £)*)
E, (1) < V) + m. (78)

We use the rhs in (78) as a proxy for [E, (T5) in our numerical experiments.

decrease to 0,

C.6.4. PROOF OF LEMMA 32
Fix T > m + 1. Let

Using union bounds,

I(T) I(T)

K
Pu(G5(e) < Y Py (a(m) €T)+ Y ZJP('

1=1y(T) I=1;(T) i=1

The first term above can be bounded as:

o

N
I
—_

Py (A(lm) & Ze) < ) Py (dw(fi(lm), pi) > ¢)

K
+ ) Py (m(pi(im)) & [m(ui) — ¢ m(p) +7]). (79

i=1

For I > 1, by Lemma 8, N,y(Im) > +/Im — 1 for each arm a. Let fl(,) denote the empirical
distribution corresponding to s samples from arm 4. Using union bound,

Py (dw (1 (m), ) > €)= Py (dw (i (m), ) > ¢, Ni(lm) > Vim = 1)

T
< X P (dwligem) 2 ¢)-
s=vIm—1

By Sanov’s Theorem, there exist non-decreasing functions f; : it — R and g; : ¥ — R which
satisfy lim log fi(s)/s — 0 and lim g;(s)/s — ¢; for some constants, ¢; and that
§—00 5§—00

Py (dW(ﬁ(i,s)r]/‘i) > ) < fi(s)e 80

fi(T) = max fi ({MW —|—]> and §;(T) = min Qi ({\/%—‘ +])

j=—1,0,1,..., T—V/Im j=—1,01,... T—VIm
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Clearly, both f; and §; are non-decreasing and satisfy ILm log fi(s)/s — 0and ILm 3i(s)/s —
S—00 S—r00

¢; for some constant ¢;. Further upper bounding (79) using these,

T
Py (dw(pi(lm), ) > §) < ), fils)e 86 < TR(T)e 8T, (80)
s:\/Wfl

Recall that p(x,y) denotes the Kullback-Leibler divergence between Bernoulli random vari-
ables with mean x and y. Using union bound and Chernoff’s bound,

Py (m(fi(im)) < m(pg) =€) = Py, (m((im)) < m(us) = ¢, Ny(im) > Vim = 1)

T
< Z oA (m(ui)—=Cm(pi))

s=VIm—1
_ e VIl -Cm()
1 — e d0mGu)—Cm(m)

1)

Similarly we have the other inequality:

o~ (VIm=1)xd(m(p;)+g,m(p;))

77 . 82
Py (m(pillm)) 2 m{u) +0) < et ®

Define the following constants:
Ez := min (min {d(m(p;) — &, m(pi)), d(m (i) + & m(pi)) 1),

F(T) := mfxfa(T), G(T) := min g,(T),

and

K [ gdlmlu)—Lmps) A () + (1))
1= o dmGe)—LmG)) T 1 = g d(mGe) 1 m(n)

Note that E1 and E; are non-negative constants and F(T) and G(T) are also non-negative, non-
decreasing and satisfy lim log F(s)/s — 0 and lim G(s)/s — c for some non-negative constant
S§—00 S—0

¢. Then using (79), (80), (81) and (82) with the constants defined above,

L(T) L(T) L(T)

K
> P (ilim) ¢ T) < Y. Evexp (—Exvim) + L L Th(Mep {-5(T)

1=1o(T) 1=1o(T) 1=Io(T
T?K
exp (—E2T1/8> + WF(T) exp{—G(T)}. (83)

To bound the other term in the probability of complement of good set, for [,(T) > 1 > I1(T),

let
1

“im

YR (], and As= o Y [G) ()]

. m .
]EMlm ]¢M1m

Ay
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Observe that

Nl(lm) * 1 1
ﬂj(‘ i _ti(V)‘24€/gT)§]P m

Yo (LG) =t ()| +A2 + A3 > 4e, Gf

jeMIm

2:A1

Since |I;(j) — tf(#)| < 1, and from Lemma 8, the sampling algorithm ensures that Im — | M| <
K+/Im, the term Aj in the above expression can be bounded from above as,

— | M| < Kvim K
Im ~ Im  Im
If batch size m is proportional to log(1/6) (see (21) and the associated discussion for the choice of

batch size) and decreases with increasing J. Since we are only interested in values of  close to 0,
Az < € for all T. Next,

1

IN

Az

1

M= TGO -G+ T EG) — .
jGM[m jGM[m
j<lp(T)m j2lo(T)m

Observe that if Io(T) = 1, then the first term above is 0 since for j < m, the algorithm does not
flip any coins to decide the allocation of samples, and hence |M,,| = 0. On the other hand, if

Ih(T) = L%MJ, then [1(T) = L%MJ and the first term being at most ﬁfgm’ is bounded by ﬁ
However, since T > m + 1 and m o log (1/0), for 6 close to 0, 1/m < €. Thus, the first term is
less than € for all T > m.

For the second term, for j > Io(T) x m, fi(j) lies in Z, and hence this term is bounded by €.
This gives that A, < 2e.

Thus, for T > m, and [ > I1(T):

P (| 0] > e, 0t) < (l}n Y ()~ £ (a()))
JEMpy
<P ( > lme) .

Let Sy = Yjem, (L(j) — (ﬁ( j))). Clearly, S,, being sum of zero-mean random variables, is
a martingale. Further, |S,+1 — S,| < 1. Thus using Azuma-Hoeffding inequality,

N;(Im) 1 I>m?e? Ime?
s > < B _Hmey
]P<’ t; (y)‘ > 4e, QT> _2exp< 2 Moy < 2exp 5

+2e 4 € > 4e, Q%)

Y. (L(G) = £ @)

jEMlm

Im

Summing over / and i, the above bounded from above by

l(T) 2 2
Z 2Kexp | — fme= < 2KT exp _h(T) xme? . (84)
1=1(T) 2 m 2

Combining (83) and (84), we get the desired result.
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Figure 1: Ratio of average number of samples needed by the algorithm to stop and the lower bound
as a function of log ().

C.7. Numerical experiment

In this section we give the experimental results for the algorithm AL on the example discussed
in Section 5. Recall that we consider a 4-armed bandit, with each arm having a Pareto distribution
with parameters («, ), that is supported on [, ) and has pdf f, g(x) = fﬁxl . The four arms have
parameters set to (4,1.875), (4,1.5), (4,1.25), and (4,0.75). Also, recall that we choose £ with
f(y) =y?>and B=09.

We first test numerically that the expected number of samples until termination needed by ALq,
when the underlying distributions are unknown, approaches (as ¢ decreases to 0) the lower bound
on this quantity, which is computed assuming that the underlying distributions are known. To this
end, Figure 1 plots the ratio of average number of samples needed by AL; to stop, and the lower
bound on this quantity, as a function of log (). As can be seen from the figure, as ¢ reduces from
1073 to 108, this ratio decreases from 28 to 16.

Let c; denote the average cost of generating a sample from the arms (measured in seconds per
sample). Let computational cost be the cost incurred by AL in solving the max-min optimization
problem (5) at the end of each batch until termination (again, measured in seconds). Then, we call
the sum of cost of generating all samples (c; X number of samples) and the computational cost as
the rotal cost of AL1 measured in seconds.

In Figure 2, we demonstrate the total cost of AL as a function of the batch size, for a fixed J (set
to 0.01). The horizontal axis in the figure denotes the batch size in thousands and both the vertical
axes correspond to average total cost, averaged across 20 independent experiments, performed on
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Figure 2: Total computational cost for different values of c1, as a function of batch size.

a standard desktop with 8 GB RAM running Linux operating system, using Python language for
simulations. Solving the max-min optimization problem once after generating 2000, 5000, 10000
and 20000 samples takes 35, 69,135, and 192 minutes, respectively on this system. We plot the
total cost corresponding to two different values of c;. The left vertical axis corresponds to the
green curve, i.e., for c; = 3 seconds. The right one denotes the value of average total cost when
c1 = 0.0001 seconds (orange curve).

The figure shows that the total cost initially comes down with an increase in the batch size. This
is because as the batch size increases, number of batches required for ALj to terminate reduces,
decreasing the computational cost. Left most points in both the curves of Figure 2 correspond to the
batch size of 2000. On increasing the batch size from 2000 to 8000, the average number of batches
until termination reduces from 5.7 to 2, reducing the average total cost.

With a further increase in the batch size up to a point, the figure indicates an increase in the
total cost. This can be explained as follows: on increasing the batch size up to 17000, we observe
that AL still requires 2 batches (in all the 15 independent experiments) to terminate. However, due
to increase in batch size (from 8000 to 17000), there is an increase in delay in stopping, i.e., since
AL checks for the stopping condition only at the end of each batch, the algorithm samples more
than required number of samples in the last batch, thus increasing the overall sampling cost (¢ X
number of samples until termination) for the algorithm. When c; is high, this increase contributes
significantly to the total cost (green curve). There is another phenomenon that explains the increase
in total cost, especially when cq is small (orange curve). Because of increase in the number of
samples per batch, at the end of each batch, AL; solves the max-min problem for distributions that
have bigger support sizes. Since solution of the max-min problem involves computing KL;,; whose
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computation time increases linearly with the support size of the distributions, computational cost of
AL increases.

Increasing the batch size beyond this point reduces the number of batches required and hence
a reduction in the computational cost and total cost is observed upto the point for which 1 batch is
sufficient (batch size of 30000). As the batch size increases beyond this, an increase in the total cost
is seen due to exactly the same reasons outlined in a previous paragraph.

In the figure, batch sizes of 8000, 17000 and 30000 correspond to the points of local minima,
maxima, and minima (from left to right), respectively. Figure 2 also shows that when the cost of
sampling is low (e.g., in online recommender systems), the optimal batch size is large (30000 for
orange curve) and one batch is sufficient for the algorithm to stop. This suggests that in such cases,
sampling uniformly from each arm minimizes the the total cost, even if the total number of samples
needed are high. However, when c; is high (e.g., in the setting of clinical trials, where each sample
is very costly), optimal batch size is small (4000 for green curve) to minimize the over-sampling in
last batch.
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