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Abstract

We focus on a classic reinforcement learning problem, called a multi-armed bandit, and more
specifically in the stochastic setting with reward distributions bounded in [0, 1]. For this model,
an optimal problem-dependent asymptotic regret lower bound has been derived. However, the ex-
isting algorithms achieving this regret lower bound all require to solve an optimization problem
at each step, inducing a large complexity. In this paper, we propose two new algorithms, which
we prove to achieve the problem-dependent asymptotic regret lower bound without requiring to
solve any optimization problem. The first one, which we call Multinomial TS, is an adaptation of
Thompson Sampling for Bernoulli rewards to multinomial reward distributions whose support is
included in {0, ﬁ, ..., 1}. This algorithm achieves the regret lower bound in the case of multi-
nomial distributions with the aforementioned support, and it can be easily generalized to bounded
reward distributions in [0, 1] by randomly rounding the observed rewards. The second algorithm we
introduce, which we call Non-parametric TS, is a randomized algorithm but it is not based on the
posterior sampling in the strict sense. At each step, it computes an average of the observed rewards
with random weight. Not only is it asymptotically optimal, but also it performs very well even for
small horizons. Practically, it beats most state-of-the-art bandit algorithms, including some which
require solving an optimization problem at each round.

Keywords: Thompson Sampling, Multi-armed Bandit Problem, Online Optimization

1. Introduction

The sequential decision-making problem, called a multi-armed bandit, consists of sequentially sam-
pling one of unknown random variables called arms. At each round, an agent pulls an arm and gets
a reward. The aim of the agent is to maximize the expectation of the sum of its rewards over a
horizon T'. Therefore, there arises a regret of not pulling the optimal arm (that is, the arm with the
highest expected reward) every time the agent pulls a suboptimal arm. The aim of this problem can
be expressed as the minimization of the total expected regret over the horizon 7.

Various algorithms have been derived to the multi-armed bandit problem, which can be gathered
in several categories. The following list is not exhaustive but includes some of the most important
categories. The first category is derived from the algorithm UCB1 (Upper Confidence bound) (Auer
et al., 2002), which relies on computing confidence intervals at each step, and includes many re-
cent advances like the empirical KL-UCB (Cappé et al., 2013), which computes clever confidence
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intervals solving a convex optimization problem at each step, or more recently Bootstrapped UCB
(Hao et al., 2019), to name only a few. Bootstrapping is also a common technique for bandit prob-
lems, like the GIRO (Garbage In, Reward Out) (Kveton et al., 2019). The second category corre-
sponds to a class of algorithms based on solving a convex optimization problem at each step, and
includes, among others, DMED (Deterministic Minimum Empirical Divergence) (Honda and Take-
mura, 2010), IMED (Indexed Minimum Empirical Divergence) (Honda and Takemura, 2015) and
the empirical KL-UCB (Cappé et al., 2013). The third category mentioned here relies on Thompson
Sampling (TS) (see, for instance, Agrawal and Goyal, 2012; Kaufmann et al., 2012), a Bayesian
randomized algorithm which selects an arm with its probability of being the best arm.

For this problem it is known that there exists an asymptotic lower bound on the regret (Lai and
Robbins, 1985; Burnetas and Katehakis, 1996) and a policy with a regret matching this lower bound
is called asymptotically optimal. However, the current asymptotically optimal policies all require
to solve an optimization problem at each round (see, for instance, Cappé et al., 2013; Honda and
Takemura, 2010) and are therefore quite slow and sometimes hard to apply online. In the specific
case when the rewards are binary, some policies can determine the arm to pull in an analytic way
without optimization. However, they are not expected to be optimal in more general cases.

A typical example of application of bandits with nonbinary rewards is the following. Let us
assume, for instance, that you are a telecommunication company and that you are trying to provide
the best communication possible to your clients. Given that you can transmit messages via two
channels A or B and you want to attribute to your clients the channel with the best throughput, which
channel should you assign to your clients? This problem can be modeled by a bandit problem with
two arms, channel A and channel B. If the throughput of the communication can be measured by a
certain number of packets (the higher the number of packets, the better the throughput), then both
arms have reward distributions over integers. It can be normalized in order to become an element
of a certain set {0, ﬁ, ..., 1} for a certain integer M/ > 1 which is the maximum number of
packets. This is a bandit problem where all arms follow a multinomial distribution whose support
is {0, ﬁ, ..., 1}. If the throughput of the communication can take more general values, but is
bounded, then it can be normalized in [0, 1]. This becomes a general bandit problem with reward
distributions bounded in [0, 1]. In these two models, existing algorithms are either non-optimal, or
require the computation of an optimization problem at each round, which is quite problematic, since
such settings require quick online decision making.

In this paper, we propose two algorithms adapted respectively to the multinomial case and the
case of general distributions over [0, 1], which we prove to be asymptotically optimal. One of the
major interests of both algorithms is that, despite their optimality, they do not require solving any
optimization problem, which significantly enhances the applicability in online settings. However,
they outperform some of the state-of-the-art bandit algorithms which require solving an optimization
problem at each step of the algorithm, including the empirical KL-UCB (see Cappé et al., 2013).

Both of the proposed algorithms are based on Thompson Sampling (TS): the first one, which we
call Multinomial TS, is an adaptation of TS to the multinomial case, and is asymptotically optimal
for multinomial rewards. The second one, which we call Non-parametric TS, is an adaptation of TS
in the sense that it is still a randomized algorithm, but it is not a Bayesian algorithm as we explain
later. Non-parametric TS is asymptotically optimal for distributions over [0, 1].

Although both algorithms are based on TS, their analysis is definitely non-trivial, for the fol-
lowing reasons. Multinomial TS is a natural adaptation of TS, but the analysis for the binary case
(and that for one-parameter exponential families (see Korda et al., 2013)) cannot be used since it
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heavily relies on the beta-binomial transform (see Agrawal and Goyal, 2012), which is based on
the discussion of an order statistics and is not generalized to the multinomial case in a simple form.
Non-parametric TS is not based on the posterior sampling in the strict sense, and is different from
naive applications of non-parametric methods for posterior sampling that are computationally ex-
pensive. This non-parametric nature further makes the analysis difficult. In fact, the proof of the
asymptotic optimality for distributions over [0, 1] of an algorithm called the empirical KL-UCB
(Cappé et al., 2013) is very recent (Garivier et al., 2018) because of such difficulty. On top of this
difficulty comes the one implied by the randomization. Indeed, for this second reason, most TS-
based algorithms do not have a theoretical guarantee. In the case of Non-parametric TS, this second
difficulty adds to the first one.

2. Preliminaries

In this section, we formulate the multi-armed bandit problem and introduce the current state-of-the-
art results and algorithms used to solve it.

For any distribution F', we will denote the support of F' by supp(F’) and E[F] := Ex.r[X]
the expectation of any random variable following distribution F'. We consider a bandit with K
arms, and an agent plays it 7" times (i.e. pulls an arm for 7" rounds). Each time the agent pulls
arm k € [K] = {1,..., K}, he/she will receive a reward r € [0, 1] drawn from distribution F.
We assume that the received rewards are independent of each other. The aim of this problem is to
maximize the expected reward, or in other words, to minimize the expected regret:

T
E[Rr]:=E [Z(M* - Ml(t))] )

t=1

where we denoted the expectation of arm k by 15, := Exp, [X], I(t) the arm selected by the agent
atround ¢t and p* := max{p1,..., 1K}

We consider a problem-dependent setting where K and p; are fixed, and 7' is sufficiently large.
It was first proven in Lai and Robbins (1985) for single-parameter models and later in Burnetas and
Katehakis (1996), that no strategy could beat systematically the asymptotic regret lower bound:

A;logT

E|Rr| > —_— +
[ T} o ,Cinf(-FiaN*)

1:0;>0

o(logT), ey

where we denoted Cint (F}, 1) = infg. gig)s i+ KL(F;||G) and KL(F||G) is the Kullback-Leibler
divergence between the distributions F' and G.

In the case of multinomial rewards of support included in {0, a7 -+ 1}, the optimal asymptotic
regret lower bound is given by

A logT
E[Rr]> Y — 2280 1 o(logT), @)
IC
:A; >0 "Minf ( lnu')

where we denoted ]Ci(rjl\;[)(Fi,/J,*) = inf {KL(F||G) | supp(G) € {0, 47, - .., 1}, E(G) > p*}.
When F; is a Bernoulli distribution, Kine(F;, p*) = u;log Z L+ (1 — p;)log 11:5 i and some
existing algorithms achieve the optimal lower bound like Thompson Sampling (see, for instance,

Agrawal and Goyal, 2012; Kaufmann et al., 2012) or KL-UCB (Cappé et al., 2013).
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Algorithm 1 Multinomial TS

Require: Horizon 7" > 1, number of arms K > 1, support size of the arm distributions M > 1.
Set ok, :=1fork € [K] andm € {0,..., M}.

fort=1...T, do

fork=1...K,do
L Sample Ly, ~ Dir(af, ok, ... ,04%4).
-
I(t) := argmaxpeq. K} {(0, ﬁ, % 1) Lk}.
Pull arm /() and observe reward ; = §; where m € {0,1,..., M}.
| Update a%t) = ozyln(t) + 1.

In the more general case of reward distributions bounded in [0, 1], some algorithms achieve the
optimal regret bound, including DMED (Deterministic Minimum Empirical Divergence) (Honda
and Takemura, 2010), IMED (Indexed Minimum Empirical Divergence) (Honda and Takemura,
2015) and the empirical KL-UCB (adaptation of KL-UCB, see Cappé et al., 2013). Still, the empir-
ical KL-UCB algorithm for this model requires a nested optimization that maximizes the objective
function represented by Kj,¢, which itself is expressed by a minimization problem. DMED and
IMED algorithms do not require such a nested optimization, but they still need the computation of
Kinr at each round.

3. Proposed Algorithms

In this section, we propose two algorithms for the multi-armed bandit problem, based on Thompson
sampling, that do not require solving an optimization problem, but instead generates samples from
Dirichlet distributions, which are generalizations of beta distributions. We denote the Dirichlet

distribution of parameters (a',...,a") by Dir(al,...,a™), whose density function is given by
NG i
% [T, 2% ! for (z1,...,2,) € [0,1]" such that S | x; = 1.

The first algorithm, Multinomial TS, is a simple adaptation of TS to multinomial distributions,
which is given in Algorithm 1. TS for the binary case, which we will denote Binary TS, is a Bayesian
algorithm which generates samples from a beta distribution, which is the conjugate of the Bernoulli
distribution. In our case, we generate samples from a Dirichlet distribution, which is the conjugate
of a multinomial distribution, and we expect it to be optimal in the case of multinomial arms.

At each round, instead of solving an optimization problem, Multinomial TS generates samples
Ly, for k € [K] from Dirichlet distributions of dimension M + 1, each Lj, corresponding to the
posterior sample on the parameter of the multinomial distribution of arm k. In fact, in the case
where the reward distribution is not multinomial, we have to choose a parameter M and use the
rounding technique explained below in the Remark 1. However, the performance of Multinomial
TS depends on the choice of M. If M is very large, the asymptotic (in T") expected regret will be
better, however, the algorithm will be slightly slower. On the other hand, if M is very large, the
asymptotic regret will approach the optimal regret bound. In addition, Multinomial TS is a Bayesian
algorithm, and more parameters are involved in the Dirichlet distribution as M becomes large. As a
result, many rounds are needed for the posterior distributions to concentrate on the actual parameters
of the arms for large M. Therefore, for small horizons 7, M should also chosen to be small.
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Algorithm 2 Non-parametric TS
Require: Horizon T' > 1, number of arms K > 1.
fork=1...K, do
| Set Xj :=1and N :=1.
fort=1...T, do
fork=1...K, do
Sample L, = Dir(1y, ) where 1n, = (1,...,1).
————

N}, elements

Vi := X L.

I(t) := argmaxyeqy,. gy Vi)
Pull arm I(¢) and observe reward ;.

Update X;(;) := (X]T(t)7 rtl(t))T.

Update Ny := Ny + 1.

Remark 1 The algorithm Multinomial TS can be used even if the arms do not follow multinomial
distributions. A possible adaptation is the randomized rounding of the reward discussed in Agrawal
and Goyal (2012) for the adaptation of Binary TS to more general bounded reward distributions:
if r € [%, ’”7*1) for some m € {0,..., M}, then we generate a random variable 7 = WT“B for
Bernoulli random variable B € {0, 1} with success probability Mr — m, and we regard 7 as the
observed reward instead of r. The generated (virtual) reward 7 € (r — ﬁ, T+ ﬁ) has the same
expectation as r and follows a multinomial distribution over {0, ﬁ, oo 1)

The second algorithm, Non-parametric TS, is given in Algorithm 2 which is a randomized algo-
rithm like T'S, but it is not a Bayesian algorithm in the strict sense. Whereas Multinomial TS samples
a probability distribution over {0, 7, %, ..., 1}, Non-parametric TS samples, for any k € [K], a
distribution Ly over {1, X {“, X 5, X ]]“{,k} where Vy, is the number of times arm k has been pulled
so far, Xik’ is the i-th reward observed from arm k and Ly ~ Dir(1,...,1) is the uniform distri-
bution on the probability simplex of dimension Nj. This means that the support of the sampled
distribution of Non-parametric TS depends on the observed reward, which means that the sampled
distribution is not a posterior sample with respect to a fixed prior distribution.

By investigating the property of Dirichlet distributions, we can see that Non-parametric TS

coincides with Multinomial TS with support {0, ﬁ, %, ..., 1}, when the reward follows a multi-
nomial distribution over {0, ﬁ, %, ..., 1}. However, in the case of Non-parametric TS, the prior

is Dir(0,0, ..., 0, 1). This is an improper prior and this impropriety also makes the analysis compli-
cated but contributes to the asymptotic optimality.

It should be noted that if the observed rewards of an arm are ry, . . ., 7, we compute the random
weighted average of 1,71,...,r, with weight sampled from Dir(1,...,1). Here, 1 in the support
is important to create the exploration; without 1 in the support, the randomized average of each
arm will be at most the maximum of the rewards observed so far. This is problematic because,
for example, if the first reward X{ of the arm 1 is unluckily smaller than any point on the support
supp(F3) of the arm 2 then the first arm will never be pulled again even if p1 > po.

Remark 2 By the same discussion as the relation between Multinomial TS and Non-parametric
TS, we see that (1, X}, X5 ... ,Xﬁ,k)TLk for L, ~ Dir(1n,+1) has the same distribution as
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Algorithm 3 Improved version of Non-parametric TS
Require: Horizon T' > 1, number of arms K > 1.
fork=1...K, do

| SetSg:=1land T} :=1.

fort=1...7T,do

fork=1...K, do

L Sample Lk = Dir(Tk).

Vk = S;—Lk
I(t) := argmaxyeqy,. g3 Vi }-
Pull arm /(t) and observe reward ;.
if 7y = Sy [m] for some m, then
| Update Ty [m] := Ty[m] + 1.
else

L Update Sy = (S?(t),rt)T and Ty := (TIT(t), nr.
S Ly, for Ly, ~ Dir(Ty), where S, = (Sk[1], Sk [2] Sk [s]) is the set of non-identical elements
of (1, XF, X%, .. Xﬁ, ) and Ty, = (Tx[1],Tk[2],...,Tk[s]) is the set consisting of the number
Ty [i] of occurrence of element Sy[i] in (1, XF, X2 e 7X Nk)‘ Therefore, sampling the latter one

instead of the former one in Non-parametric TS does not affect the expected regret bound. Never-
theless, in some cases, the complexity of the algorithm is considerably reduced. For example, in the
multinomial case, the complexity of the algorithm at round ¢ is reduced from O(t) to O(Ks). The
pseudo-code of the improved version of Non-parametric TS is given in Algorithm 3.

Remark 3 We can also see from the proof of the regret bound for Non-parametric TS that the
theoretical analysis is largely the same (or simpler) even if we replace the posterior sample V;, with
the empirical mean N Z X; k for k maximizing the empirical mean, though we do not give the
formal analysis for thlS modlﬁca‘uon This replacement reduces the complexity to from O(t) to
O(K logt) since each suboptimal arm is pulled at most O(log ¢) rounds.

4. Main Results

The two main results of this paper are that Multinomial TS achieves the optimal regret bound in
(1) for the multinomial case and Non-parametric TS achieves the optimal regret bound in (2) for
general distributions over [0, 1].

Theorem 4 Assume there are K multinomial arms of common support {0, - o M, ..., 1} where
M > 1 is a natural number. Then, Multinomial TS achieves the optimal multinomial regret bound:

AplogT
E[Rr] < Z k k08 + o(logT).
k: Ak>0 }Clnf ( 7«’/1’ )

Theorem 5 Assume there are K arms whose distributions are supported on [0,1]. Then, Non-
parametric TS achieves the optimal regret bound:
AglogT

ElRr| < —_— +
[Rr] < KCint (Fj, 1t*)

k:Ap>0

o(log T).
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As discussed in Remark 1, we can use Multinomial TS by using the randomized rounding even if
the reward is not supported on {0, = A7 J\Q/l ,...,1}. The loss of the asymptotic regret by this rounding
can be evaluated by the following lemma, the proof of which is given in Appendix I.

Lemma 6 Ler X € [0,1] be a random variable following distribution F and define F as the

distribution OfX = M for an integer M > 1, where B € {0,1} lS a Bernoulli random
variable with success probabzlzty MX — |MX| given X. Then, for M > 1 L we have

1
< KO (B, ) < King(F, o). 3)

ICinf(Fv :u) - m —= "Vinf

By Lemma 6, we know that the main term in Multinomial TS gets closer to the optimal bound
when M gets larger with rate O(1/M). However, increasing M has a cost. Indeed, as for many
Bayesian algorithms convergence, the regret of Multinomial TS can be decomposed into two phases:
a pre-convergence phase and a post-convergence phase. The former is the phase during which
the estimated parameters are converging towards the ones of the multinomial distribution. The
latter is the phase after the estimated parameters have converged towards the true parameters of the
distribution. If you increase M, then the exploration term in the post-convergence will be smaller,
but it will take more time for the parameters to converge, so the pre-convergence phase will be
longer. Therefore, as we can see from the proof of Theorem 4, the logarithmic term will be smaller
but the constant term (hidden in the o(logT")) will be larger and the algorithm will be worse for
smaller values of T'.

Non-parametric TS does not suffer from such a tradeoff, and its bound is optimal. In addition,
as it is not a Bayesian algorithm in the strict sense, which estimate parameters and generate a
distribution whose parameters are the ones estimated before. Instead, Non-parametric TS generates
a distribution, relying directly on the observed rewards. This prevents typical errors of Bayesian
algorithms due to early-stage estimation, and for this reason, Non-parametric TS performs also well
for small values of T". However, this has a cost: the complexity of remembering all the rewards and
sampling a growing dimension Dirichlet distribution at each round. Nevertheless, this problem can
be avoided in certain cases, see Remark 2.

In the multinomial case, both algorithms coincide, except for the initialization of the weights.
Multinomial TS initializes all the parameters to p,,, = 1, while Non-parametric TS initializes p"* =
0 for m # M and pM =

Both proofs have similar outlines, decomposed into a pre-convergence and a post-convergence,
which we will present, before introducing the technical lemmas which lead to the proof.

General Outline of the Proof

We want to provide an upper bound on the expected regret

T
> urm] -
t=1

Then, letting V;(T) be the number of times that arm i is pulled and A; := p* — p; be the gap of
arm ¢, we can rewrite the regret as

E[Rr] = Tu* — E

K K T
E[Ry] = Z(M* — ) E[Ni(T)] = Z AE D (It = i)] :
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To derive the upper bound we want, it is enough to prove that, for any suboptimal arm ¢, the regret
related to arm ¢ satisfies

o E [ZtT:1 1(I(t) = z)] = % + o(log T') for Multinomial TS,

inf
T . log T .
o E [Et:l 1(I(t) = z)] = m + o(log T') for Non-parametric TS.
To do that, we are going to introduce a distance d on distributions for each case. In the case of
Multinomial TS, this distance is on the set of multinomial distributions whose support is included
in {0, ﬁ, ..., 1}. If D and Dy are two distributions of respective parameters p, p1, . . ., pas and
q0,q1, - - -, QM then we use the distance defined as

d(D1,D2) = |lp—qlloc = sup [pi —qil,
1€{0,...,M}
that is, the L distance between p and ¢ in RM*!, In the case of Non-parametric TS, we use the

Lévy distance for d. Recall that the Lévy distance between two cumulative distribution functions
on [0,1] F and G is defined by

Dp(F,G) =inf{e > 0: Yz € [0,1], F(x —¢) —e < G(x) < F(x 4+ €) + €}.

For more clarity, we use the following notations within the proof. We denote the true parameters
of arm j by p/ = (pg), . 7p3\4)’ that is, pg = Px~p[X = ﬁ] We denote the parameters of
the posterior distribution of arm j by o/ (t) = (aé(t), ..., (t)). When there is no ambiguity
on the arm due to the context, for the sake of clarity, we drop the superscript and simply denote
a = (o, ..., ayr) the parameters of the arm we are studying.

For k € [K], we denote by V(t) the mean of the reward distribution of arm & sampled from the
Dirichlet distribution at step ¢, that is, Vi (t) = u' Ly, for u = (0, ﬁ, e 1) in Multinomial TS and
Vi(t) = X, Ly, in Non-parametric TS. We also denote F},(t) the empirical cumulative distribution
function of arm k € [K] at step ¢.

Let us decompose the regret related with suboptimal arm 7 into two terms:

T
E [Z 1(I(t) =)

t=1

=E [Z 1 (I(t) = Z,‘/Z(t) > u* — flgd(FI(t)(t)vFI(t)) < 62)]

t=1

(Post-CV)

+E

Z 1 (I(t) =1, {‘/;(t) <pt—e Ud(F](t)(t),F](t)) > 62})] .

t=1

(Pre-CV)

Using the notations previously introduced, rewriting both the terms (Post-CV) and (Pre-CV) in
the case of Multinomial TS, we have

(Post-CV) = E [ZL 1 (I(t) — i uT Ly (t) > i — e,
(Pre-CV) = E[Zle 1 (I(t) i,

(oTsa00 <000 [t 0] > )]

oI ® () It
Nio@®+M+1 ~ P ()Hoo = 62)} ’

8
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In the case of Non-parametric TS, we have

(Post-CV) = E [Zthl 1 (I(t) =i, Vi (t) = 1" — e1, DL(Fy) (1), Frgpy) < 62)} :
(Pre-CV) = E [zle 1 (I(t) =, {v](t)(t) < p* — e UDL(Fyy (), Fr) > 62})} :

The first term in the RHS is the post-convergence term, while the second one is the pre-
convergence term. The post-convergence term is the exploration term, and thus the main term
of the regret. The pre-convergence term is the regret implied before the algorithm seizes the true
parameters of the arms. The proof of Theorem 4 relies on the following two propositions.

Proposition 7 For Multinomial TS, we have, for any ey > 0

(1+e€)logT
Kit (Fi, 1)

inf

(Post-CV) < +o(logT)).

Proposition 8 For Multinomial TS, we have
(Pre-CV) = O(1).

The key to those two propositions is to provide an upper and a lower bound on the probability
P pir(a) (L € S) foracertainset S = {x € P: uw'x>p}orS={recP: u'z<u}included
in the probability simplex P, where p € [0, 1]. Those results, stated in Lemmas 13 and 14, are the
following.

Lemma 9 Assume that 1" o = N and for any j € {0,1,..., M}, a; > 1. We will denote P, =
%a. Let S C P, a closed convex set included in the probability simplex, and denote P* :=

arg mingec g KL(Py||x). Then, the following upper bound holds.
PLpir(e)(L € 8) < C1NM/% exp(— NKL(P,|| P¥)).

In the particular case S = {x € P : u'x > w} with > u' o, the following lower bound also
holds:

P,
Pppis(a) (L € §) > CaN™% exp(~NKL(Paf P*)) J522,
M
M M
where we denoted Cy = % <\/L27r) and Cy := (ﬁ) e—(M+1)/12

Those results provide exponential upper and lower bounds to an end-tail probability.
The proof of Theorem 5 relies on the following two propositions.

Proposition 10 For Non-parametric TS, we have, for any ¢y > 0

logT
King (F3, p*) — €0

(Post-CV) < +o(logT).

Proposition 11 For Non-parametric TS, we have

(Pre-CV) = O(1).
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Several lemmas using different proof techniques are used in the proof of those two propositions.
To be more specific, the proofs are based on lower and upper bounds on the probabilities related to
Dirichlet distributions in Lemmas 15 and 17, in addition to the previous lemma. These bounds are
natural from the viewpoint of the large deviation theory but the derivation requires careful investi-
gation of the properties of Dirichlet distributions.

The difficulty of the proof for Multinomial TS relies on the following factors. Unlike the re-
gret analysis for Binary TS in Kaufmann et al. (2012) and Agrawal and Goyal (2012), the optimal
asymptotic regret bound, which corresponds to the post-convergence term, requires the computa-
tion of the infimum of the Kullback-Leibler divergence. On the other hand in the case of Binary TS,
where all arms follow Bernoulli distribution, this infimum can be trivially computed explicitly as
ICSE (F;, 1*) = KL(Ber(E[F}]), Ber(*)). This difference adds a specific technicality in the proof
of Proposition 7 for the post-convergence term of Multinomial TS. In addition to it, the techniques
used for the binary case cannot be easily generalized, because it heavily relies on the beta-binomial
transform. Instead of this transformation, our analysis uses the explicit form of the density func-
tion of the Dirichlet distribution in some places, and also uses the property that Dirichlet random
variables can be generated by normalization of Gamma random variables in other places.

Regarding Non-parametric TS, the simple decomposition between a post-convergence and a
pre-convergence phase is not trivial. Indeed, in the case of Bayesian algorithms like Binary TS or
Multinomial TS, the pre-convergence phase corresponds to the phase of convergence of the param-
eters of the conjugate distribution. However, in the case of Non-parametric TS, the pre-convergence
phase corresponds to the convergence in the algorithm of the empirical distribution of the reward, in
the sense of the Lévy distance. We evaluate the convergence of the Lévy distance by reducing it to
the evaluation of the L°° distance between cumulative distributions over the space of nondecreasing
functions.

5. Simulation Results

In this section, we give results of two experiments to show the performance of the proposed two
algorithms. Both experiments have been performed over a hundred trials each, that is, we have run
each experiment a hundred times, and the curve is the average of these results.

We perform the first experiment on a horizon 7' = 10° with two multinomial arms of identical
distribution support {0, %, %, 1}. The first arm has parameters (0.1,0.1,0.4,0.4) and x4 = 0.7, and
the second arm has parameters (0.4,0.4,0.1,0.1) and po = 0.3. We will only compare Multinomial
TS with M = 3 and Binary TS. Since Multinomial TS is designed to be optimal for multinomial
distributions, comparing it to Binary TS will show how much it improves from Binary TS (which is
optimal for Bernoulli arms), and how significant the difference in the regret is.

The results in Figure 1 show a clearcut difference between Multinomial TS and Binary TS.
It appears quite clearly on the figure that the logarithmic coefficient is far better in the case of
Multinomial TS. We notice, however, that for a small number of rounds, Binary TS seems to perform
better than Multinomial TS. This is no surprise due to early-stage estimation. Indeed, since more
parameters are estimated in Multinomial TS than in Binary TS, the pre-convergence phase is longer
in Multinomial TS than in Binary TS, making it seemingly less performing on a short horizon.

The second experiment investigates the proposed algorithms in a more general setting where
reward distributions are over [0, 1] but not multinomial. In this experiment, we compare Non-
parametric TS, Multinomial TS with parameter M = 5, the empirical KL-UCB from Cappé et al.
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Figure 1: Comparison of Binary TS and Multinomial TS for multinomial rewards.

(2013), Binary TS and UCB1 from Auer et al. (2002). For this purpose, we conduct the experiment
on the horizon T = 10, with two arms with exponential distributions truncated on [0, 1]. The first
arm is an exponential distribution of rate parameter [ = 0.01 which was then truncated on [0, 1] with
w1~ 0.499 and the second arm is an exponential distribution of rate parameter [ = 10 which was
then truncated on [0, 1] with p2 ~ 0.100. The aim of this experiment is to compare our algorithms to
the classic bandit algorithms UCB1 (see Auer et al., 2002) and Binary TS, and to the state-of-the-art
algorithm called the empirical KL-UCB, which reaches the optimal regret lower bound.

From the result shown in Figure 2, we notice that Non-parametric TS outperforms or performs
comparably with other algorithms, including the empirical KL-UCB. It is also interesting to see that
it also performs very well for a small number of rounds. This is due to the fact that contrary to
Binary TS and Multinomial TS, it does not estimate parameters but directly relies on the observed
rewards. The algorithms Multinomial TS (for both values of M) and Binary TS seem to perform
comparably. UCB1, however, with no surprise, performs not as well as all the other algorithms.

It should be noted that whereas the empirical KL.-UCB performed comparably to Non-parametric
TS, Non-parametric TS is still advantageous since, contrary to the empirical KL-UCB, it does not
solve an optimization problem at each step, making it far quicker and easier to apply in online
settings than the current state-of-the-art algorithm called the empirical KL-UCB.

6. Conclusion

In this paper, we proposed and analyzed two algorithms for the stochastic bandit with reward dis-
tributions over [0, 1]. The first one, Multinomial TS, is an adaptation of Thompson sampling for
binary reward to the case of multinomial rewards of support included in {0, ﬁ, ..., 1} and can also
be used for general rewards bounded in [0, 1] by the randomized rounding. The bound obtained in
this case converges toward the optimal asymptotic regret bound for distributions bounded in [0, 1]

11



BANDIT ALGORITHMS BASED ON THOMPSON SAMPLING FOR BOUNDED REWARD DISTRIBUTIONS

12 . . .
Multinomial TS M=5
w0l Binary TS L
-+ UCB1

© gl| — Non Parametric TS |
g - - KL-UCB
o .
2 '
©
]
€
=]
)

0 1 1

10° 10! 102 103 104
Rounds

Figure 2: Comparison of UCB1, Binary TS, Multinomial TS and Non-parametric TS for truncated
exponential rewards.

when M tends to infinity. The second one, Non-parametric TS, is a randomized algorithm in the
more general case of reward distributions bounded in [0, 1]. It is not Bayesian in the strict sense, as
it does not estimate parameters of a conjugate distribution before sampling. Thanks to this fact, it
also performs well for a small number of rounds. For those reasons, it experimentally outperforms
the classic bandit algorithms such as UCB1 and Binary TS, but also most state-of-the-art bandit
algorithms, including some which require to solve an optimization problem at each step, like the
empirical KL-UCB.

An important direction for future research is to give a finite-time regret bound to fully clarify the
effect of M, which is currently hidden in the O(1) term. A related direction is to clarify the effect
of the prior for the Dirichlet distribution; although it is often reported that TS is not too sensitive to
the choice of the prior, in our problem there are M + 1 or infinitely many parameters in the model
and the choice may be more essential than models with few parameters.
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Appendix A. Proof of Proposition 7

In this section, we will look at the post-convergence term

Z 1 (I - iauTLI(t)(t) > /j/* — €1,
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Here note that if the event {I(t) =d,ul Li(t) > u* — e % —p < €9, N;(t) = n}
* 0

occurs at step ¢ for a certain n € [T, then N;(¢') > N;(t) = n for any ¢’ > ¢. Therefore, we deduce
that, for any n € [T,
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Here note that by Lemma 13 in Appendix F.1 we have
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where P:j*_el = argming, 7>, KL(Paz-(t)H:r). But by definition, KL(Pai(t)HP;*_q) =
Kint (Pai(z), 1* — €1), then we have

P (UTLi(t) Z u* — €1

(0. N0 =)
< (n + M + I)M/2 exp(—(n + M + 1),Cinf(Pai(t), ,LL* — 61)),
M
where C = % (ﬁ) . On the other hand, K¢ (z, u* — 1) is continuous in z € [0, 1]M+!
on the probability simplex with respect to the L> distance from Honda and Takemura (2010, The-

orem 7) and Lemma 18 in Appendix H. Therefore, for any €3 > 0, there exist e > 0 and constant
C7 > 0 such that

i (1)
HMw+M+1_ mé%M@:é>
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Combining this with (4), we can bound
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— (M + 1) provides the upper bound
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In Honda and Takemura (2010, Theorem 7), it is proven that y —— iy (F, ) is continuous for
< 1, and thus, we can deduce that for any €4 > 0, there exists €; > 0 such that

| Kint (', 1" — €1) = Kine (', 1°)| < €.
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This implies that, for any €y > 0, there exist €; > 0 and €2 > 0 such that

I(t
o’ O(t) 0| <
< (14+€o)logT
K:inf(pi?,u*)

T
E [Z 1 (I(t) =i,u' Ly (t) > p* — e,
t=1

- M —1+Cy.

Appendix B. Proof of Proposition 8

In this section, we evaluate the pre-convergence term, which is decomposed as

T
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(A) (B)

S0

)

<E

We are going to bound each of the two pre-convergence terms, (A) and (B).

B.1. Bounding (A)

Bounding this term is quite easy actually and similar to the one in Agrawal and Goyal (2012). We

bound the gap between the true parameters and the estimated parameters of the arm pulled at each

step, so the gap will necessary vanish, and this is independent from the choice of the algorithm.
Letting 7% (n) be the round of the n-th pull of arm k € [K], we can write

£ )

_ iﬂ(\\zwﬂ%‘pk;%“”:@]

aI(t) (t)

—pl®

E P

Lk=1 t=1
(&L kg
J— —_— k =
=ED > Y (n+M+1 Pl > e, I(h) k:)
| k=1 n=1 t=rk(n) 00
K T bk Tk (n4+1)—1
a’(t(n) 4 )
=> Y E 1( | >e) > 1) =k
= |: n+M+1 . 1= ()
K T ki _k
S | AR N Y
== n+M+1 o

16



BANDIT ALGORITHMS BASED ON THOMPSON SAMPLING FOR BOUNDED REWARD DISTRIBUTIONS

Since af(7%(n)) — 1 follows the binomial distribution with n trials and success probability pf, this

term can be bounded using Hoeffding’s inequality as

k(k
P< o) €2>
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~
Il
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+ 1) min {1,exp (—Qn <62 - ]:f)g) } ,

where (5) follows from 1 < o (7%(n)) < n + 1. Therefore,

T k(. k T 2
a”(t%(n)) & 2M ne;
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n=1 o ”:[MW
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2 a e
<(M+1) ( + Zexp (2>>
€2 n=1
2M 2
< (M+1) ( + 2)
€9 €5
We can therefore obtain the bound of term (A) by
2M 2
(A) < K(M +1) <+2>.

B.2. Bounding (B)

The main difficulty of the regret analysis lies in bounding this term. To do that, we are going to
decompose this term even more. Recall that we have assumed that the optimal arm is arm 1. We
denote Mult(n, p) the multinomial distribution of parameters (n,p) where p = (po, ..., pn) for
some M > 1 satisfies Zi]\io p; = land p; > Oforanyi € {0,..., M}. Then term (B) is expressed
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as
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time to, then Ny(¢) = n will not hold for any ¢t > t¢y. Thus, denoting 71, ..., 7, the first m
rounds at which the event {max;1 u' L;(t) < u* — €1, Ni(t) = n} holds, it is necessary to have
u'Ly(t) < p* — e atall 7q,...,7,, in order to have the event {37, L(u' Ly (t) < p* —
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Then, we decompose the term within the sum as follows:
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T P . TL < — )
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Now, we are going to provide an upper bound for each of these terms.

B.2.1. BOUNDING (B1)
In the case where % > p* — 5, we can use Lemma 13 in Appendix F.1 on tails of Dirichlet
distributions to provide an upper bound to

Pppir(a)(L € 8) < Ci(n+ M + 1)MZ exp(—(n + M + 1)KL(Py | P¥)),

where we denoted P* := argminges KL(P,||z) and S = {z € [0,1]M* : 1Tz =1, u'2 <
p* — e1}. However, denoting 6 := inf,4) . 7 —e;>uTp KL(a||b) > 0, we can also
bound this term.

a>p*—e1/2, p*

Ci(n+M +1)M2 exp(—(n+ M +1)KL(P,||P*)) < C1(n+ M +1)M/2 exp(—(n+ M +1)4).

Then, there exists ny > 0 such that for any n > ny, C1(n+ M + l)M/2 exp(—(n+M+1)d) <
1. Using this upper bound, we can then provide an upper bound to the term (B1) for any n > nq,

1- PLNDir(a) (UTL < pr = 61)

nt M1 T
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B.2.2. BOUNDING (B2)

We can then provide an upper bound to the expectation

T P : (UTL < pu*—e )
. u'o " €1 L~Dir(a) S K 1
E._ .. 1 —g<——<pu - =
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Since a; # 0 for any ¢ € {0,..., M}, we can use Lemma 14 in Appendix F.2 on tails of Dirichlet
distributions and we obtain
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Then, using Hoeftding’s inequality, we can provide the upper bound given by
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which proves that

€1

T T
E Ea—1~Mult(n,p) []l <M —€ < n _’_MT_ 1 <u — 2)
n=1

PLNDir(a) (UTL < H* - E1)
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= 0(1).

B.2.3. BOUNDING (B3)

We can eventually provide an upper bound to the expectation as follows:

< u'a < ) PrDir(a) (UL < p* — 1)
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M
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provides the lower bound as follows
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Therefore we have
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X Ea—1~Mult(n,p) {]1 <n—i—]\4+l <p— €1> exp((n + M + 1)KL(FP | P ))Pa] .

M

Then, using the bound P,,, > we have

1
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1
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where recall that S = {z € [0,1]M*1 . 172 =1, u'z > p* — €} and we denoted P* :=
arg mingecg KL(P,||z).
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Denoting by H(P) the entropy of the multinomial distribution of parameter P and A := {a e{l,...

we can directly bound the expectation by

UTO[

Eaflvault(n,p) []1 <n—i—]\4+1 <pt - 51) exp((n+ M + 1)KL(P04HP*))]

= > Px iomulifng) (X = @) exp((n + M + HKL(Pa || PY))
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< Y exp(—(n+ M+ D)H(Pa)) exp(—(n + M + 1)(KL(Pa[p") — KL(Pa| P*))),
acA

where we denoted p* := argmin,, ,, 7,7, KL(Pa||x). Here, we can use a result from Honda and
Takemura (2010, Lemma 13) which states that

KL(Pallp*) = KL(Pal|P*) = Kint(Pas 17) — Kint(Pa 1" — €1)

(1t — (p* —€e1))?
T 2pr(1 =t a)
> i

2 (1 = p* +e1)
> 0.

2
1

A= re) > (0, we then have

Denoting C' :=

uTa

1
Eq 10 W17
a—1~Mult(n,p) |: <TL—|—M+ 1= M > PLNDir(a) (UTL > p* — 61):|

<Cyln+ M+1)7 exp(—C(n+ M + 1)) > exp(—(n+ M + 1)H(P,)).
aEA

Here, it is easy to bound the cardinal of A by a polynomial in n, considering A C {1,..,n+1}M+1;
|A] < (n+ 1)M+1 and to bound exp(—(n + M + 1)H(P,)) < 1. Therefore,

uTa

1
Eq 10 I\ ———= -
a—1~Mult(n,p) |: <TL—|—M+ 1= M € > PLNDir(a) (UTL > — 61):|
<Oyl n+M+1)5  (n+ )M Hexp(—~C(n+ M +1)),

which implies that

ZE L - 1 =o)
a-tmami(np) |1 Gy <40 a Pp o pire) (WL 2 pr —er)| 77

22
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Appendix C. Proof of Proposition 10

In this section, we evaluate the post-convergence term given by

E

T
Y1 <I(t) =i, Vi (£) > 1" — e1, DL(Fy() (1), Frgp)) < 62)] :

t=1

We can use the same discussion as the derivation of (4) in the proof of Proposition 7 for the Multi-
nomial TS, and we can bound the above expectation by

T
E [Zﬂ (I(t) =i, Vi (t) = 1" — e, DL(Ey (1), Fiqpy) < 62)]

—no—l—zz ( ) > u* —61’DL ()Fi)geg,Ni(t):n)

t=1 n=ng

x P (DL(F( ), F3) < €2, Ni(t) = n) . ©6)
By Lemma 15 in Appendix G.1 on conditional probabilities, for any n € (0, 1) we have

P (Vi) 2 4 — 1 | Nit) =, Du(Ei), B) < )

< —exp|—n|Kn(F0), 0" —€) —n———"" .
=7 p( ( Ay ey

Since Cine(F, 1) is continuous in F' with respect to the Lévy distance for ;1 < 1 from Honda and
Takemura (2010, Theorem 7), for any €3 > 0 there exists ea > 0 such that

DL(F.F) < e = ‘Kinf(ﬁ7ﬂ* —€1) = Kinr (Fi, p* — 61)‘ < €.
Therefore, for any 1 € (0, 1) and for any e5 > 0, there exist €; > 0 and ez > 0 such that

P (w(t) >~ e

1 Bt
1 —n | Kt (Fiy p” —€1) —e3 —=n=————~
77€XP< ”( inf (3, 1" —€1) — €3 nl—(u*-a)))

1 €1 p— €1 )>
<—exp|—n|Kpn(Fp)————-€e&—n—-—-—"-"-1]]),
1 p< ( R e oy

where the last inequality follows from Honda and Takemura (2010, Theorem 6). This implies that,
for any €y > 0, there exists € (0,1), €; > 0 and ez > 0 such that

Ni(t) = n, Di(Ei(t), Fy) < 62)

AN

P (Vi) = = | Nit) = n. DUFO.F) < 2) < L exp (o (Kns(Fip”) ).
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Combining this with (6) we have

T
E() 1 (I(t) =4, Vi (t) > " — e1, Di(Frpy(t), Freny) < 62)
t=1
1 T T )
<mo+ = exp(—no(Kint (Fis 1) = €0)) Y P (Du(Ei(t), ) < 2, Nift) = n)
t=1 n=mno
1 T
<ng+-— Z exp(_nO(Kinf(Fi7 :U'*) - 60))
t=1

1 .
=ng+ HTGXP(_nO(Kinf(Fia 1) — €o))-

Choosing ng = % provides the upper bound

logT L
T Kie(Fip*) —e0

E

> (I(t) =i, Vi (t) > 1" — e1, DL(Fy(p) (1), Frgp)) < 62)
t=1

Appendix D. Proof of Proposition 11

In this section, we consider the pre-convergence term.

T
E [Z 1 (I(t) =1, {Vl(t)(t) < pt—e UDL(FI(t)(t),F](t)) > EQ})]

t=1

<E [Z L(DL(Fyy(t), Fry) > 62)]

t=1

(A)

> (Vl(t)(t) <y — e, Do(Frp(t), Fre) < 62)] :

t=1

+E

®)
We are going to bound each of the two pre-convergence terms, (A) and (B).

D.1. Bounding (A)
Using Lemma 18 in Appendix H, we know that

Dr(Fruy(t), Fi) < HFI(t) (t) - FI(t)H

o0
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Therefore, denoting n&’” the n-th time at which arm k is pulled, we have

(A) <E [sz | B () - Fut)Hm > 62)]

11(1

(| F - Al > <)

(|- 5] _>)] )

E

Il
1M I T4
M =

*FkH >62>

t=1

E

E

n=1

T
(1+E Zn
n=2

In this subsection, we use the notations:

<

e X1i,...,X, the rewards obtained by arm £k,

o EM(z) =13 1(X; <a),

o BY(2):= L0 10X < 2),

e X(1) <--- < Xy the ordered rewards obtained from arm k.
With this in mind, notice that, for any i € {1,..,n — 1}:

(k)

e Iy is constant on [X ), X(i11)),
° F}Ek) is constant on (X ;), X(;41)]-
Then, the increase of F}. and F,(Lk) implies that
Jie {1,...,n} | EP (X)) - Fu(Xy)| > e
or Jie{l,...,n}|EF (X)) - Fu(X))| > e
or |EM (0) — F(0)| > €2
or |EM(1) = F(1)] > e,

Hﬁk(ﬂgk)) — FkHoo > €9 <—

as it is visualized in Figure 3. Indeed, let us look at the plot where the red line represents Fflk) and
the black line represents F}.. The distance ’ Ank)

— Fy H is equal to the longest double arrow.
Therefore, ~

EM(X;) — Fi(X) FR(X;) — Fi(X;)

>62)+§1(

£ (0) — Fk(O)‘ > 62) +1 ( F0 (1) - Fk(n( > 62)} .

> 62)
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Figure 3: Visualizing the distance between F,ﬁ’“) and Fj
But using Hoeffding’s inequality, one can easily bound
P

P (‘ (k) (1) — Fk(l)‘ > 62) < exp(—2ne3).

HR(0) = Fy(0)] > €2) < exp(—2ned),

and

A

In addition to it, let us look carefully at o (X;) — Fr(X))
Fi(X;) ~U([0,1]), then forany ¢ € {1,...,n},

, forn > 2. If we denote U; :=

n

. 1
ER(X)) — Fr(Xy)| = | =) 1(X; < X;) — Fi(X3)
njzl
1 n
= = Y D 1(F(X)) < Fi(X3)) — Fi(X))
njzl
1 n
=N 1y <) -U;
n <
7j=1
n—1 1
= < _ I
- n_lzn(U] U) — U; + o=~
J#i
n-t) 1 STUU; <U) - Ui+ —(1 - Ty)
~ n n—1,4 J =Y 7 n %
J#i
n—1 1 1
WU; <U;) —U;| + =.
<— ”—1;@ U;) Uil + —
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Therefore, using Hoeffding’s inequality, for any ¢ € {1,...,n},
[ (‘Fk) ) Fk(XZ) >62>]

n—1 1 1

<E|1|— n_lz]l(Ungi)—Ui+ﬁ>eg

i J#i

1 1

—E|E |1 n_lzn(Ung) Uil > ea = —— | |Ui

L L J#i

1 \2
< —2(n—1 — .
_exp< n )(62 n1>>
The same reasoning gives, for any i € {1,...,n},

EM(X;) — Fi(X)

E [Il ( > 62)} < exp (—Q(n —1) <62 _ i1>2> :
Therefore,

E []l (HFk(ﬁ(L’“)) - FkHOO > ez)} < 2nexp (—2(n —1) <62 - i1>2> + 2exp(—2ne3)

1 2
<2(n+1)exp <—2(n -1) <€2 — 1) ) .
We can therefore bound term (A).

00 2
(A)§K<1+22(n+l)exp (—Q(n—l) <€2— ni1> ))
n=2

D.2. Bounding (B)

In this subsection, we are going to bound the term (B) by decomposing the remaining term of the
regret. Recall that we have assumed that the optimal arm is arm 1.

T
E [Z 1 (V[(t)(t) < M* - 61)]
B T T
E ZZ ) < ut—e1, Ni(t) = ”)]
o
=E(> > 1 (Zﬂ Vi) u*—q,Nl(t):n)ZmH,

n=1m=1

where we used the property that, for any series of events (A;),
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Then, if the event {V}(t) > p* — €1, max;; Vj(t) < pu* — e, Ni(t) = n} occurs at time o,
then N;(t) = n will not hold for any ¢ > ¢y. Thus, denoting 71, . . ., Ty, the first m rounds at which
the event {max;; V;(t) < u* — €1, Ni(t) = n} holds, it is necessary to have Vi (t) < p* — € at

all 7,..., 7 so as to have the event { Zt 1L (Viy(t) < p* — €1, Ni(t) = n) > m} Thus, we
can compute

|

M=

L (Vigy(t) < p* — 61)]
1

T T m

<Y S B[]0 Su*—q)]
n;lm;I k=1 -

< Z Z Ex, . .X.~F H P(V(m) <p'—er | Xi,... 7Xn)]
n=1m=1 k=1

I
bt?’ﬂ

XX [zT: (P (ETX < p = e | Xa,. Xn))m]

3
Il
—

IA
M)~
52

X1, X~

Propiey (LTX <p* —er | X1,..., Xy) ]

1 1= Propiwq) (LTX < p* —er | X1y, Xn)

3
Il

where in the last computation, all the variables refer to arm 1 (the optimal arm). But we dropped
all 1 in the superscript for the sake of clarity (thus X := X1 and L := L;). We then perform the
following decomposition of the events.

EXlw-anNFl

Propicy (XTL < p* — e | X1,..., Xn)
1= Ppopie) (XTL < p* — €1 | X100, Xp)

P XTL<p —e|Xi,...,X
= EX1,...,Xn~F1 [ ( ZX * > L~Dir(1) ( H €1 | 1, ) n) ]

1= Ppopie) (XTL < p* — €1 | X100, Xp)

(Bl)

+ EXla---vXnNFl [H (lu’ - 5 > — ZX > lu - 61)

Propiey (XTL < p* —er | X1,..., Xp) ]

1= Propiwa) XTL < p* —er | X1,..., Xy)

(B2)

1 Propiey (XTL < p*—e1 | X1,..., Xp)
E ~ 1 e > = X, '
+ BExy,. Xo~F [ (;U/ €1 n ; 7,> 1— PLNDir(l) (XTL < pt—e | X1,... an)

(B3)

We are going to provide an exponentially small bound to each of these terms. Recall that we denoted
X =(1,X1, Xo,...,X,) with an additional 1 in the beginning.
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D.2.1. BOUNDING (B1)

In this subsection, we provide an upper bound to term (B1), defined as

Ly Propwy (XTL<p* —e | X1,..., X
EXl,..A,XnNFl 1 —ZXizu*_ﬂ L D1r(1)( - 14 1| 1 n) ‘
i 2 ) 1= Proppa)y XTL< p* —e1 | X1,..., Xn)

Applying the corollary of Lemma 15 in Appendix G.1 on conditional probabilities, for any n €
(0,1),

Prpir(1) (XTL <pt—er | Xl,...,Xn)

1 x . 1—p*+e€
< —exp (—n <Kinf(F71_N +€1)_77*'u1>>'
n p—a

But under the assumption % oy Xi > p* — S, we know that

* €1 *
B fXI =By pl-X]<1-p+5 <l-p'+ea
Thus, denoting ¢ := inf, . E[F|<1-p+ % B[G]21-p* +er KL(F||G) > 0, we have that, for any

n > 0,

1 1 — *
Prpir(1) (XTL <pt-ea ‘ Xla---aXn) < Eexp <—n (5_17!;11—161)).

In particular, let ) € (0, 1) such that 771;57:“161 < 8. Forsuch 7 € (0,1), we have

* 1 o
Prpir(1) (XTL Spo—e ‘ Xl,..-,Xn> < 5exp (—n2> .

Then, we can decompose

iE 1 lix> «_ a PLNDiru)(XTLSu*—el|X1,...,Xn)
Z X1,..,. Xn~F1 n i Z M 2 1— PLNDir(l) (XTL < ,U/* — e | Xl; ] Xn)

im1 c oy

which proves that
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D.2.2. BOUNDING (B2)

In this subsection, we provide an upper bound to

(B2) := Ex,,... x,~F [ﬂ (u - 5 > — ZX > — 61>

o Propie)y (XTL < p* — e | X1,..., Xy)
1= Ppopiea) (XTL < p* —e1 | X100, Xp)

S EX1,...,Xn~F1 []]‘ (M - 5 > = ZX > :u’ - 61)

1
X .
Py (LTX > p* —er | X1, .. .,Xn)]

But using Lemma 17 in Appendix G.2 on conditional probabilities, for n > 2, we have

But in the case u* — % > %1TX > u* — €1, we have

1 n
Prpir(1) (XTL >p—ea ’ X1, 7Xn> > Prpir(1) (XTL > - ZXi
i=1

1 n
Pp pir(1) (XTL >pt—e ’ Xl,.--aXn> > Prpir(1) (XTL > EZXi ‘ X1,---,Xn>
=1

(k)
- n "] 25n2
=1
€1 1

> (1— 7) _

= (10 2512
since we are in the case u* — 9 > % >y Xi > p* — e1. Therefore, we can bound term (B2).

(B2) = Ex; .. . xo~F []l <M - 5 > = ZX >k — 61>

o Propieay (XTL < p* — e | X1,..., Xy)
1= Ppopie) (XTL < p* —e1 | X100, Xp)

25n2
S Tt g DX Xanr |1 u—§> ZX > -l

But Hoeffding’s inequality provides the bound

2

€
Ex, . x.~F [1 (M - 5 > *ZX >t — 61)] < exp(—ngl).
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Therefore, combining the results gives, for n > 2,

1 2 €
(B2) < = %2571 exp(—n;),
which proves that:

T
> (B2)=0(1).
n=1

D.2.3. BOUNDING (B3)

In this subsection, we are going to provide an upper bound to term (B3), defined as

RN Propiw)y (XTL<p*—e | X1,..., X
Ex, . x.,~m |1 /‘*_61>*2Xz‘ ~Dir(1) . H - 1| Xa n)
N4 1 — Propiey (X 'L<p*—e | Xi,...,Xp)

Let M := [%1 > 1. Forany i € {1,...,n} we denote X; := % and X = (1, X1,...,X,).
Foranyi € {0,..., M}, leta; := |{j € {0,...,n}: X; = -=}| be the number of samples that
the discretized value is equal to 57. The expectation we are interested in is bounded by

i 1 1
B3) <E ~ 1 f—e > — X;
(B3) < X1, X~ Fy i (,U €1 " ; z) PLNDir(l) (XTL >t — e ’ Xi,... 7Xn)]

* 1 = . 1
<Ex,,. . x.~m |1 (u —€ > — g XZ) _
i Prpir(1) (XTLZﬂ*—Gl ‘ X17--~,Xn)

. 1 1 -
<Ex,,. . xo~m |1|n _61+M>ﬁ X;

1
X ~
Pr pir(1) (XTL > p*—e + ﬁ ‘ Xq,... ,Xn>]
. 2e€ 1 o -
<Ex,, . . X.~F []1 (M 35 > - ZXZ>
i=1

X

1
Pr pir(1) (XTL > pr — 2L

Xl,...,xn)]'

Recall that P, = n%rl(ao, aq,...,qp) is the normalization of «. We denote S := {x € [0, 1]

1Te =1, ula > pu* — 2%}, and P* := argminges KL(P,||x). Using Lemma 14 from Ap-
pendix F.2, we know that

n+1 .

= _M Y
Py (4L 2 1) 2 Caln+ 1) exp(—(n + DKL(P[P7) T2,
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M My . . .
where Cy = (\/%7) e 12 ,since N = Zi]\io a; = n + 1 in this setting. Then, we can clearly

derive the lower bound
Pr ity (0712 1) = Coln+ 1)~ ¥ exp(—(n + DKL(Pa|| P*)) Py
> Cy(n+1)"2 Lexp(—(n + 1)KL(P. | P*)).

Reinjecting in the computation and replacing Cs by its value gives

2 1 e -
(B3) < Ex, ... X.oF, [11 (u* - —gl > in> e (VemM(n+ 1)
n
=1

x exp((n + 1)KL(P.||P*))

= (VemM(n+ 1) !

[ . 2€ 1 "
< x| 1 (10 = %> LuTa) expl(n-+ DKL 1P)]
<e'm (Ver)Mn4+1)7H!
[ . 2 ula .
<Exyn |1 (0= 5> 0 Y exp((n + DRL(PALPY)|.

We denote by p the distribution of X, and Y the random variable denoting the distribution of the «.
Denoting A := {a € {0,...,n+1}M+1: 1Ta =n+1, n%rluTa < p} and H(P) the entropy of
the multinomial distribution of parameter P, we can directly compute the remaining expectation.

Ex, . X,~F [11 (u* — 2—;)1 > i 1uTa) exp((n + 1)KL(Pa||P*))]

= Z P(Y = a)exp((n + 1)KL(Py[| P*))
acA

= Z exp(—(n + 1)H(Py)) exp(—(n + 1)KL(Pallp)) exp((n + 1)KL(FP || P*))
acA

= Z exp(—(n + 1)H(Py)) exp (—(n + 1)(KL(Pallp) — KL(Pal[P¥))) -
acA

Now, recall that u' P, < p* — 2% and u'p = p*. Then, using a result from Honda and Takemura
(2010, Lemma 13), we can bound

* . 26
KL(Pallp) — KL(Pa || P*) = KL(Pallp) — Kin <Pa,u - 31)
* * 261
ZICinf(Pon,Uf)_K:inf Pa,,u - T

3
o= (- 2%;))2
200 (1 — 0"+ 55)
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2¢?
(1 = + %)
> 0.

Denoting C' :=

> exp(—(n+ DH(Pa)) exp(—(n + 1)(KL(Pa[p) — KL(Pa] P*)))

= [Alexp(=C(n +1))
< (n+ )M lexp(=C(n + 1)).

Reinjecting in the computation, we can then bound

B3 <e = (VZmM(n+1)2 !
261 u' o
E N
X LXy, X~y |: <,u, 3 > nt1
<’ (V2m)M(n+ 1) (n + DM Lexp(~C(n + 1))
(v 2m)M (n + 1)¥+2 exp(—C(n+1)).

= e 12(

> exp((n + 1)KL(Py[|P*))

which proves that

Appendix E. Application of Stirling Formula

In this small section, we are going to prove the following Lemma 12.

Lemma 12 Leta := (ag, ...,apr)and N = Zj\/lo aj. Assume that foranyi € {0,..., M}, o; >
1. We will denote P, Na which implies that 17 P, = 1. Then:

1 \M u
—(M+1)/12
(m) v H [ 777 = H

F( az—l

H << 1 >M 1/12N——H
NV D) =\ Ve 10\/71

Proof Applying Stirling’s formula:
D(N) > V2rNN—1/2c=N
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Therefore,

;ﬁv)lzfe]vf

We can apply Stirling’s formula to each of the «, fori € {0,..., M}.
Tag) <V 27761/12(%?"71/26_0”.

Therefore,

P

@y

Using the fact that Zz]‘i o @ = N, we deduce that

M M
H Fiaji < (\/ﬂ)M“ e(M+1)/12€7NH\/OTi

= (ﬁ)MH (M+1)/12,,~N pr 5L H\/Tz

Then,

M a;—1 1 M+1
H Q; > < > o (M+1)/12 N pr— 21 H '
P(Ozi) T \V2T oV az

i=0
Therefore,
ozz —1

I( 1 \M
> —(M+1)/12 52
NNlHrao—(m) ‘ Hﬁ’

which is the desired lower bound.
Then, we try to derive the desired upper bound. Applying Stirling’s formula,

F(N) < /27_[_61/12NN71/267N

Therefore,

I

We can apply Stirling’s formula to each of the «;, fori € {0,..., M}.

I'(ag) >V 27r0z?r1/2e_°"'

Therefore,

Using the fact that Zij\io o; = N, we deduce that

[15 = () [ v
=0 " 1=0
= (var) " e M“Hm
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Then,
M a;—1 M+1 M
H % < < 1 > NN M1 H 1 ‘
g Tlai) V2 1 /P,
Therefore,
M i—1 M M
L(N) P < 1 ) o112 N~ H 1
NN-1 P ') Vo P \/ Pa,
which is the desired bound. |

Appendix F. Bounds for Tails of Dirichlet Distributions

In this section, we prove lower and upper bounds of the probability of the end-tail of a Dirichlet
distribution.

F.1. Upper Bounds for Tails of Dirichlet Distributions
In this section, we prove Lemma 13 below.

Lemma 13 Assume L ~ Dir(ag, a1, . .., anr) a Dirichlet distribution over the probability simplex
P. We assume that 1" = n + M + 1 and for any j € {0,1,...,M},a; > 1. We will denote
Po =7 M AT the mean of the Dirichlet distribution. Let S C P a closed convex set included in
the probability simplex. Then, the following upper bound holds.

Prpir(e)(L € 8) < Ci(n+ M + 1)M? exp(—(n + M + 1)KL(P,||P*)),
% . el/12 1 M
where we denoted P* := arg minges KL(P,||z) and C; := oD (ﬁ) .

If P, does not belong to .S, this provides an exponential upper bound to an end-tail probability.
Proof We keep using the notation N = n + M + 1. Given that the Dirichlet distribution is the
conjugate distribution of the multinomial distribution, we can write the following formula.

Joes ™(@) Pz ontie(N,2) (£ = @)dx

Joep ™) Pzt (v,2) (Z = a)dx
 Jees Pzemui(vy (Z = a)dz
 Joep Pronu(v ) (£ = a)da’

Prpir()(L € 5) =

where 7 is the prior distribution, chosen as the uniform distribution over the simplex P. We are go-
ing to rewrite differently the term [, _ o« Pz nuit(v,2)(Z = a)dz and the term [, Pz onvuie(N,2) (£ =
a)dzx. Denoting H(P) the entropy of the multinomial distribution of parameter P, let us rewrite the
numerator of the fraction:

/ Py anie(Nz)(Z = a)dx

€S

:/ exp(—NH(P,)) exp(—NKL(P,||x))dx
z€eS

—eXp(—NH(Pa))exp(—NKL(PaHP*))/ exp(—N[KL(Pyllz) — KL(Fo | P*)])dz

zeS
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Hgo D(ow) _ HiAio I'(as)

where we denoted P* := arg min,cg KL(P,||x). Denoting B(«) := I o) = T T
i=0 Y

call that the Dirichlet distribution of parameters «v, . . ., aas, Dir(ayg, . . . , apr) has density function

% Hf\i 0 xio”_l over the probability simplex P. Rewriting the denominator of the fraction, we

obtain

/  Prasiun(va(Z = 0)do = / exp(— NH(P,)) exp(— NKL(Py|z))de
TE

xT

- exp(—NH(Pa))/ ﬁ ( i )ai da;

1 M .
Joep By Llizo(®i) dzi

M .y
B(al—i-l) [TiZo(Pa;)
1

M o«
B(alJrl) HiZO(‘Pai) !

We want to divide the upper term by the lower term and see what we have. Then, dividing both the
terms we previously obtained, we have

— exp(~NH(P,))

— exp(~NH(P,))

Joes P(Z = a)dx
Joep P(Z = a)dz

= exp(—NKL(P, ||P*))

M
< [ exp(~NIKL(Pu ) ~ KL(Ps [P o T[ (P

B(a+1) Pl
M
B()
= —NKL(P,||P*)) =———— | | P.,
M
X / exp(—N[KL(P,||z) — KL(P,||P*)])dz 1 H(Pa.)ai—l.
€S B(a) pairs g
Then, it is easy to bound % < 1. Then,
J. cs P(Z = a)dx M
- < exp(—=NKL(Po|P) T Pa,
Joep P(Z = a)dzx g
M

g /xeseX“‘N[KL(Pal@ — KL(Pa [P [P

We will try to apply a simple bound, using Stirling’s formula. Recall that we want to provide
an upper bound to [ g exp(—N(KL(P,|z) — KL(Py||P*)))dz, but the integrand is bounded by

1 by definition of P*. Therefore, this can be bounded by [ o 1dz < [, l1dz = m
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We also want to provide a lower bound to ———+ .
B(a) i=0(Pa;) %

the quotient of the first one divided by the second one, by a polynomial of V. Let us compute

— . Indeed, we would like to bound

* 1 M a;—1
| (N KL(P o) - KL(Pa P g 1)
1 - PR
~ (M +1) B(a) g(PO“) 1
_ 1 F(N) - a;—1
D(M + 1) TTM, T (as) g“”
! T(N) % a%!
- DO+ DT, Do) 11) et
NM  T(N) {5 a% !
- I(M +1) NN-1 11 T(ay) '
Replacing N by n + M + 1, we obtain
M
/ Sexp(—(n + M + 1)(KL(P,||z) — KL(Pa||P*)))de(1a) H(Pai)ai_l
e =0

(n+M+DM Tn+M+1) 5ok

)

=T T(M+1) (n+ M+ 1) M ey

We can then use the upper bound of Lemma 12 in Appendix E (application of Stirling formula),
which gives

M
/ S+ M+ DKL(Folje) ~ KL(Pa|P) o T (Pa)

M
(n+M+1>M( 1 )M 112 w1
< e n+M+1) 2
(M +1) V2T ( ) 11_10: P,,
M M 1
=Ci(n+M+1)2 ,
1( ) U 5
=0 v
el/12 1 M .
where we denoted C'; = (D) (Tn) . Therefore, we have reached the desired upper bound.
M
Ppopic)(L € S) < ¢4 (H VPa, | (n+ M+ 1)M/2 exp(—(n+ M + 1)KL(P,|| P*))
i=0

< Ci(n+ M + 1D)M2exp(—(n+ M + 1)KL(P,||P*)).
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F.2. Lower Bounds for Tails of Dirichlet Distributions

Let L ~ Dir(«) be a random variable following Dirichlet distribution with parameter o = (v, a1,
...,apy) such that ap; > 1. We sometimes consider the case a; = 0, and in this case we re-
define L ~ Dir(«) as a random variable such that L; = 0 and (Lo, ..., Li—1, Lit1,...,Lar) ~
Dil"(Oéo, BN 6 7 [P0 7 S N OZM).

Let us denote S := {z € [0,1]M™1 : 1Tz =1, 'z > Fu"a+ A}, where A > 0 and
N = Zf\i o @;. We will also denote P* := arg minges KL(P,||z). In this section, we prove
Lemma 14 given below.

Lemma 14 For n sufficiently big:

’LLTOé

P
Pr pir(a) <uTL > + A) > CQN_% exp(— NKL(P,||P*)) =M

*
PM

M
where we denoted Co := (ﬁ) e~ (M+1)/12

This lemma provides a lower bound to the tails of Dirichlet distributions.
Proof Note that we always have P* > 0 for any ¢ such that o; > 0 from definition P* :=

. P,
arg minge g KL(P,||z) = Zi]\io Po, log

Let S := {z € [0,1JMT1: 1Tz =1, u'z > fu'a+ A} Let S := {z € [0,1]MF1 ;
1Tz =1,Vie{0,...,M — 1}, z; € [0, P}]}. Then, we notice that Sy C S, and therefore

)

P pir(a) (L € S) = P pir(a) (L € S2).

Letusdenote Z = {i € {0,1,... .M} :0; >0}, 72 ={i € {0,1,...,M — 1} : a5 > 0}, and
S3:={x €[0,1]™: Viec I, x; € [0, P}]}. Then we have

1
Pl Dir(a) (UTL > NuTa + A) = P Dir(a)(L € 5)

> P pir(a) (L € S2)

ap—1
T'(N) vt (i N
= . - E i dz;
Hiezf ;) Jres, H i (1 1:) H !

( i€ i=0 i€
I'(N .
= HieI(F()ai) (P /acesg Zg o
T(N Pryes
oty 70 1l i
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Then, recall that for any 7 € {0,..., M } a; = NP,,, we can perform the computation

ﬂ * OéM 1 F(N) L
HieIF(O‘z zg o H eIP( ;) Py g Zg QY
(V) 1 P\ o 1
" LerT(a) P 161 ( Pai> E(Pai) g NEL
(N) PaM Pi* ~ alfl
> e rtay v M (5) I

Here note that [N
I (P) — exp(~ NKL(Pal|P*)).
. (677
1€T ¢

Then, reinjecting in the computation, we have

1
Pl Dir(a) <UTL > NuToz + A)

( Poy, * a;—
= HzGIF ) NMP* eXp(_NKL(POéHP )) E(POQ) !
I(

P,

)
(@

Fay e oKL P T (5)
Py

a;—1

e iz
— F(N) M (*NKL(P HP*))H aiaiil
= Nwd pr P R S S

Now, using the results of Lemma 12 in Appendix E (application of Stirling formula), we have

1
Pr Dir(a) <uTL > NuTa + A)

F N 047—1
(V) = exp(—NKL(P,||P*)) “M H a
€L

= Nt
Yy
MAD/M2 N3 exp(— NKL(Py||P*)) ‘“M
() (- NKL(P P 2 T
CoN

v

i€ V O‘Z

N~% exp(—NKL(P,||P*)) ”M

i€ V

P,
> N2 exp(— NKL(P,||P*)) =2 |
Py
M
where we denoted C» := (ﬁ) e~ (M+1)/12 \which is the result we wanted to prove. [ |

Appendix G. Bounds for Conditional Random Average

In this section, we provide, for different values of w, upper and lower bounds on the probability
P(LTX >y | X) where L ~ Dir(1).
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G.1. Upper Bound for Conditional Random Average

Let u € [0,1]. Assume V = LT X, where L ~ Dir(1"*!) a Dirichlet distribution, and denote
X = (£ X1,...,Xy), where Xy,..., X, are iid random variables of distribution P, where & is a
deterministic constant equal to 0 or 1. We want to prove the following upper bound on the following
conditional probability.

Lemma 15 Foranyn € (0,1),
T 1 7 M
Pr pirin+1) (L X >p ‘ X) < EGXP (—n (’Cinf(Fu 1) — 771_,u>) )
where we denoted Kint (F, 1) = infg. gig>, KL(F||G) and F the empirical distribution of X1, . . .

This provides an exponential upper bound to an end-tail probability.

Corollary 16 Applying this result to 1 — X provides an upper bound for PLNDir(lnH)(LTX >
w|X). Foranyn € (0,1),

PLNDir(l”‘H) (LTX S 1% ‘ X) - PLNDir(1"+1) (1 - LTX 2 1-— 1% ‘ X)

= Pp pir(1n+1) (LT(l —X)>1-p ‘ X)

< = exp (—n (Icinf(li 1—p)— 771_M>>
n %

where we denoted by F the empirical distribution of (1 — X1,...,1—X,,).

Proof Let Ry, ..., R, iid exponential random variables of distribution £(1), and let us denote, for

any ¢ € {0,...,n}, R, := %. L ~ Dir(1"*1), and thus it has the same distribution as
j=0 1%

R' = (Rj, ..., R;,) and we can rewrite the probability

Pppir(ine) (LTX > 1 ’ X) — Prropieiny(RTX > 1 ‘ X)

"o RiX;
= Ppy....R,~(1) (% > i ) X)

= PRy,...Ru~E(1) (Z(Xi — )R >0 ‘ X) :

=0

Then, using Markov’s inequality, for any ¢ € |0, ﬁ), we know that

exp <tZ(Xi — M)Ri> ' Xi]
=0

— HE lexp (t(X; — p)R;) | X]
i=0

= exp (Z Uy, (t)) ,
i=0

Pr piran+1) (LTX > ‘ X) <E
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where we denoted, for any i € {0,...,n}, ¥x,(t) := logElexp(t(X; — ui)R;) | X;]. Let us then
compute ¥, (t), forany i € {0,...,n}.

Blexp(t(X: — ) ) | X = [~ explt(X, = ) exp(—a)da

- /OOO exp(—(1 — t(X; — p))z)dx

1
1= t(X )
Therefore,
Ux, (t) = —log(1 — t(X; — ).
We deduce that

exp (Z U, (t)) = exp <— D log(1 — t(X; — M))) ;
; =0

and thus, that for any ¢ € [0, ﬁ)

Prpir(1n+1) (LTX =y ) X) < exp (— > log(1 —t(X; — M)))
=0

= exp (— log(1 —t( —p)) — n% > log(1 — (X — u)))

i=1

1 1 ¢
= m exp <_nn Zlog(l — (X — ﬂ)))

i=1

1
E prr— e~ ) exp(—ng(t)), (7

where we defined ¢(t) := 1 > log(1 — #(X; — ).

T n

Letn € (0, 1) be arbitrary. For this n, if £ € {0,1} and ¢ € [0, t—Z] then we have

1 1
— <
1—t(§—p) ~
Therefore, since t € [0, ﬁ) is arbitrary in (7), we have
- 1
P pi(1n+1) (L X >p ‘ X) < —exp|-n sup o) |. (8)
" te[0,1=2]
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Here note that ¢(t) is concave in ¢. Thus, for any ¢ € [L;Z, ﬁ] we have

e (=) e (53)

1—n n ) X —p
¢<1—u>_1—uE“F[L—1WX—uJ

1-p
I-m\ 7 0—p
§¢<1—u> L=p1— =10 - p)
_(1-n nu(l — p)
o(1o0) * T

1—n N
<
_¢<1—u>+1—w

where the second inequality follows since 1713(; = is increasing in = € [0, 1]. This implies that

sup G(t) < sup o(t) + . ©)
tef0,71] tef0, 7= —H

From Honda and Takemura (2010, Theorem 8), we know that

Kint(F,p) = sup Exopllog(l —t(X — p))]
te[0,2—]

T—p
and
Kint(F, 1) = sup  (t). (10)
te[O,ﬁ}
Putting (8)—(10) together, we obtain
1
PLNDir(1"+1) (LTX > W ‘ X) < —-exp| —n sup ¢(t) _ e
N tel0, 2] 1 —p
1 - i
< - - Icll’l F7 - T
< exp( n( t(F, 1) 1—u>>
forany n € [0,1). -

G.2. Lower Bound for Conditional Random Average

Lemma 17 Assume that n > 2 and let L ~ Dir(1"™!) and X = (Xo, X1,..., X,,) where we
know that Xy = 1 is deterministic. Then, we have the lower bound

1 — 1 — 1
PIX"TL>=N"Xx|x|>[1-=Y"Xx;| —.
(o= i xix) 2 (-0

=1
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Proof Since L ~ Dir(1"*!), then we know that (Lg, ..., L,) ~ (ZTF‘OR_ e Z’ﬁnR)’ where
i=0 " i=0 "\
R,, independently follow the exponential distribution £(1) with rate parameter 1

)
—r (3 (- i

R07
Then, we can compute

1TL
PlXTL>=Y X,
(x=03

i=1

X) =P (Zn:RiXi > 7112": zn:R
=0 =1 =0

X>
1=0

= P<zn: (X—ii}X) R; <0

1=0

X>.

Then, we know by Markov’s inequality that, for any random variable Y and for any ¢ > 0, we have

PY <0)<E[e™].

Thus, applying this small result, we have, for any ¢t > 0

1 < " 1
PIXTL>=N"X;,|X|>1-E —t X —=Y X;|R: | | X
(e S ) 2wl (< S (xS ) |
1TL
exp(—t(Xj—nZXz)Rj) ‘X]

n
:I—HE
j=0

But we know that if Y ~ £(1), then for any A < 1,
oo
E [e’\y} = / eMe Vdy
0

t (Xj — % S Xl)} < 1, we can compute for any

Since, for any ¢ € (0,1) and for any j,
€ (0,1),
t| X ! iX R X !
exp [ — = — i | R; = :
’ T i=1 A 1+ (Xj - % 2lim1 Xi)

As a consequence, for any ¢ € (0,1),

1 n n
PIXTL>=N"X,|X]|>1—
( SEPIL >— Uw %

E
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Then, we are going to study carefully the polynomial in ¢, T}_; (14 (X; LS X))
and provide a nice lower bound to it.

Forany j € {1,...,n},leta; := (X; — 23", X;) andletag := (1— 137" | X;). Recall
that >°%_; a; = 0 and that for any j € {1,...,n},|a;| < 1. We would like to prove that for any

1
It < Tongry

ﬁ 1—|—ta] >1—t22a2.
Jj=1 j=1

First, note that:

2> " aa; —I—Za (; )

1<J
=0.
Then, we define the functions: f(t) := []_;(1 + ta;) and g(t) := f(t) — 1 + 23", a?. We are

going to prove that, for any ¢ € {0 g(t) > 0. We notice that g(0) = 0, so it is enough

1
’ 10n(n+1)] ’
to prove that g is increasing on [O, m} .Forany ¢ € [O, m} ,

—tQZa +t22aza3+2tk Z iy - - - Qi

Z<j k=3 11 <o <ip

tQZa +Zt’f > ..

k=3 11 <o <ip

Let us compute the derivative of g and gather the terms by powers of ¢.

’t):tzn:a?—{—zn:ktk*l Z Qi - - - ),
=1 k=3

i< <ip
n n—1
_ 2 k ) .
—tE ai—l—g (k+ 1)t E Qg - iy -
i=1 k=2 1< i1
Now, we bound Zi1<i2<-~~<ik<ik+1 i - - G404, . By symmetry, we can assume that: |a;| <
laz| < --- < |an| < 1. Then, we can easily bound: |a;, ...a;a:,,,| < |a;a;| where i =
inf{i1,...,ig41} and j = inf{é1,... i1} — {i}. As a consequence, if we bound the sum

Zi1<i2<-~~<ik<ik+1 lai, . ..aj, a4, | term by term, then we bound:

- (:21)

n—3 ¢ by | |
[ ]
E_ 1 erms by |ajas|,

- (:21)
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n—4 ¢ by | |
[}
k1 erms by |ajay/,

. (Z _i) terms by |a;a;| forany i € {1,...,j —1}.

Indeed, there are (Z ‘D subsets of k + 1 elements of {1,...,n} whose smallest elements are 4

and j.
Therefore, we can bound, for any k& > 2,

n—7j
Z @iy - oo Qi Wy | < E—1 |aiaj|
Z’1<'i2<..<7:k<ik+1 Z<j
- n—j\a;+a;
—La\k—-1 2
1<)
xR
T L \k-1 2
_]:1 =1
"\ (-1 132
o - B 2 2
" <k—1>< y 4T3 %>
j:l =1
n N . 7—1
_ n—7\Jj—1, n—7\1 2
e <k—1> 3 4T <k—1>2 %
7j=1 Jj=1 i=1
n
=D B
j=1

1 n—1
<2120<k—1>
IR (n—1)!
C2(k-)I & (n—l—-k+1)
S PR S
= 2(k—1)! (n—k+1)!
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Thus, re-injecting the result in the previous sum, we can bound

n!
L Z ) Qg v - Qg Qg4 | S 22(1 n+1)m'
11 <io <+ <t <igt1
There, we can eventually study the second sum in the derivative of g. For any ¢ € [0’ m } ,
n—1
SSEEDE Y an g,
k=2 i< <ip
n—1 n'
<S (k+1 t’“ hon
< + Za n+ )(n—k+1)!
k=2
:n+1<zn:a2>n1 kil . .
T — ' — ‘
’ i=1 = (k=1Dl(n—-k+1)!
-1
n + 1 n ) n ]{7 i 1 n‘ )
2 (S) St e
-1
n 4+ 1 n ) n i n 1 n' k
oo <2a> kzz (k—1)!'(n—k+ 1)‘nk—1( )
-1
= 2n (Zai> (k:—l)!(nt)
=1 k=2
n—1

k+1 1 (k+1Dk 44
(k—1)! _Z k!
k=2 k=2
N N
_w4zmx
k=2
d2

d
= —{zexp(z) + exp(x) — 22 — 1}
T
= zexp(x) + 2exp(x) — 2.
As a consequence, for n > 1, we have that

k+1
(k—1)!

o0

(nt)F=! = e™(nt +2) — 2.
k=2
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Thus, forn > 1,

n—1

Z(k+1)tk Z iy v Qi <

k=2 i1 < <ipg1

t(n+1) (e™(nt +2) — 2) <i a?) .

| =

But since t € {O )} ,thennt € (0,1) so e™ < 1+ ent. Therefore,

1
> 10n(n+1

e"(nt +2) < (1 +ent)(nt + 2)
=24 (2e + 1)nt + en’t>.

Thus,
e"(nt 4 2) — 2 < (2e + 1)nt + en?t>
Therefore, for any ¢ € [0, m] ,
n—1 1 n
Dtk+DtF D ay | < St +1) ((2e + 1)nt + en?t?) <Z a§> :
k=2 i< <yt i=1

We can now provide a lower bound to ¢'(t) for ¢t € [0, WL-H)} by

n n
gt) = tz a? + Z ktht Z Qi - .-,
i=1 k=3

11 <tg<--<ig

- %t(n +1) ((2¢ + 1)nt + en?t?) (Zn: a?)

i=1

(1 500+ D (2 et en?))
(3% * ww)
(-3 (%4 5)
(

1_36+1
20

We then deduce that g is increasing on {O , but recall that

g(t) = f(t)—1- tQZa?,
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where f(t) := [[j_,(1 + ta;). Since g(0) = 0 and g is increasing on {0 , for any

te [0, m} we have g(t) > 0. It implies, for any ¢ € [0, m},
n
fF)=1-£> ai >0
i=1
We deduce that, for any ¢ € {0, m] >
1 S § S ! !
1+ta0i:11+ta,-_ 1+ta01—t22?:1a%.
Therefore, for any ¢ € [0, m] ,
p XTL>1ZH:X»X >1 ! .
g B 1+tagl =237 a7’

Since ag > 0, we can bound the RHS by using polynomial series as

1 o
— —tag)"
1+ tag n;)( @)

<1-—tag +t2a8

and

1 o) n n
_ 2 2
1—2370 af _Z (t Z‘%‘)

? n=0 =1

n
<1+ 2t Zaf.
=1

Therefore, for any ¢ € [07 m] ’

1 n n
P (XTL > EZXi X) >1— (1 —tag + t2a?) (1 +2t22a§>
i=1 i=1
n n n
= qot — <2 Z a? + a%) t2 + 2aq Z a?t® — 2a(2) Z a?t4.
i=1 i=1 i=1
we have
n
X) > %ﬁ - (22% —|—a0> 7400714

1 1
2 2__ 942 2~
+ 2ao0 Z; % 8000n6 <0 ; 416000013

. . _ 1
In particular, if t = SonZ>

1 n
P (XTL > EZX@

i=1
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where the last three terms can be bounded by

° 1 "~ 1 " 1
—{2 2162 —— 19 2~ 942 2~
‘ ( >+ “°> 40001 T =90 ; % 8000n6 ~ 90 ; 416000013

i=1
<(2n+1)
1
100n3°

+2

+

2 -
200n2 " “""8000m5 " “""160000n3

Thus, since ag > 0,

1 n
P (XTL> EZXi

=1

1 1
X)) >a—
)aozorﬂ 10013
Lot
= 40952

Recall that ag = (1 — 2 37 | X;), we conclude
P XTL>3§:X- X|=> 1—1§:X~ L
~n ’ - n 4 ‘] 25n2’

i=1
which is the result we wanted to prove. |

Appendix H. Domination of the Lévy Distance by the Infinite Distance

In this section we show the following lemma on the relation between the Lévy distance and the L>°
distance.

Lemma 18 Let F' and G two cumulative distribution functions on [0, 1]. Then,
DL(F.G) < |F — Co.
Proof Recall that Df,(F,G) =inf{e > 0: Vz € [0,1], F(z —€) — e < G(z) < F(x + €) + €},
where in this definition, we naturally extended the definition of F' and G on R by VY < 0, F(z) =
G(z) =0andVx > 1, F(z) = G(z) = 1. Let us denote € := ||F' — G|, then, for any z € [0, 1],
|F(x) — G(z)] <e.
In other words, for any x € [0, 1],

F(z) —e < G(x) < F(x) + ¢,

which implies that, for any = € [0, 1], F(z —¢€) —e < G(z) < F(x+¢€)+ € because F is increasing.
|
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Appendix I. Proof of Lemma 6

First note that

KD (F ) = Eflog(1 — t(X —
it (Fs 1) e log(1 — (X — w))],
Kint (F, 1) = Eflog(1 — t(X — p))].
i(Fy ) e [log(1 — (X — p))]

Since

d (M), & 1
—K: F < -
dp it (F,p) < 1—p

)

by Honda and Takemura (2010, Theorem 6), the first inequality of (6) is obtained by

(M) 1

(M) (- > a _
- 1
= Ellog(1 —t(X —p—1/M))] —
P S [log(1 — (X — p— 1/M))] M= =1/
1
> Ellog(1l —t(X — —
= 10,101 Hog(1 =X = ) M1 —p—1/M)
1
= K:inf(Fau) - M(l —u- 1/M)
The second inequality of (6) is derived from
KAD(F, p) = Eflog(1 — #(X —
e (Fo) = wax | Eflog(l —#(X —u))
= E[E[log(1 — t(X — p))|X
e [Eflog(1 — t(X — )| X]]
< Ellog(1 — t(B[X|X] —
< 0B [log(1 — t(E[X|X] — )]
= Ellog(1 — t(X —
e log(1 — t(X — p))]
= Kil’lf(Fa M)?

where the inequality follows from Jensen’s inequality.
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