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Abstract

We study the problem of online learning with non-convex losses, where the learner has access to
an offline optimization oracle. We show that the classical Follow the Perturbed Leader (FTPL)
algorithm achieves optimal regret rate of O(7~'/2) in this setting. This improves upon the pre-
vious best-known regret rate of O(7~'/3) for FTPL. We further show that an optimistic variant
of FTPL achieves better regret bounds when the sequence of losses encountered by the learner is
“predictable”.
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1. Introduction

In this work, we study the problem of online learning with non-convex losses, where, in each itera-
tion, the learner chooses an action and observes a loss which could potentially be non-convex. The
goal of the learner is to choose a sequence of actions which minimize the cumulative loss suffered
over the course of learning. The paradigm of online learning has been studied in a number of fields,
including game theory, machine learning, statistics and has several practical applications. In recent
years a number of efficient algorithms have been developed for online learning. Convexity of the
loss functions has played a central role in the development of many of these techniques. In this
work, we consider a more general setting, where the sequence of loss functions encountered by the
learner could be non-convex. Such a setting has numerous applications in machine learning, espe-
cially in adversarial training (Szegedy et al., 2013), robust optimization and training of Generative
Adversarial Networks (GANSs) (Goodfellow et al., 2014).

As mentioned above, most of the existing works on online optimization have focused on con-
vex loss functions (Hazan, 2016). A number of computationally efficient approaches have been
proposed for regret minimization in this setting. However, when the losses are non-convex, min-
imizing the regret is computationally hard. Recent works on learning with non-convex losses get
over this computational barrier by either working with a restricted class of loss functions such as
approximately convex losses (Gao et al., 2018) or by optimizing a computationally tractable notion
of regret (Hazan et al., 2017). Consequently, the techniques studied in these papers do not guaran-
tee vanishing regret for general non-convex losses. Another class of approaches consider general
non-convex losses, but assume access to a sampling oracle (Maillard and Munos, 2010; Krichene
etal., 2015) or an offline optimization oracle (Agarwal et al., 2019). Of these, assuming access to an
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offline optimization oracle is reasonable, given that in practice, simple heuristics such as stochas-
tic gradient descent seem to be able to find approximate global optima reasonably fast even for
complicated tasks such as training deep neural networks.

In a recent work Agarwal et al. (2019) take this later approach, where they assume access to
an offline optimization oracle, and show that the classical Follow the Perturbed Leader (FTPL)
algorithm achieves O(T_l/ 3) regret for general non-convex losses which are Lipschitz continuous.
In this work, we improve upon this result and show that FTPL in fact achieves optimal O (T -1/ 2)
regret.

2. Problem Setup and Main Results

Let X C R? denote the set of all possible moves of the learner. In the online learning framework,
on each round ¢, the learner makes a prediction x; € X" and the nature/adversary simultaneously
chooses a loss function f;: X — R and observe each others actions. The goal of the learner is to
choose a sequence of actions {x;}7_; such that the following notion of regret is small

1 <« 1 a
7 2 Jilxe) = 7 inf D fi().
t=1 t=1
In this work we assume that X" is bounded and has /., diameter of D, which is defined as

D= sup [|x—¥|co-
x,yeX

Moreover, we assume that the sequence of loss functions f; chosen by the adversary are L-Lipschitz
with respect to ¢1 norm, that is, forall x,y € X, |fi(x) — fi(y)| < L||x — y]1.

Approximate Optimization Oracle. Our results rely on an offline optimization oracle which
takes as input a function f: X — R and a d-dimensional vector ¢ and returns an approximate
minimizer of x — f(x)— (o, x). An optimization oracle is called “(cv, 3)-approximate optimization
oracle” if it returns x* € X such that

Fx7) = o, x") < inf [f(x) = (o, x)] + (a + Bllo]l),

We denote such an optimization oracle with O, 5 (f — (0, -)).

FTPL. Given access to an («, 3)-approximate offline optimization oracle, we study the FTPL
algorithm which is described by the following prediction rule (see Algorithm 1).

t—1
X = Oag (Z fi = {ot, ~>) : (0
=1

where o, € R? is a random perturbation such that oy ;, the jth coordiante of oy, is sampled from
Exp(n), the exponential distribution with parameter n'. We note that one can also generate the
perturbations from other probability distributions such as uniform distribution and achieve similar
regret bounds as presented in this paper.

1. Recall, Z is an exponential random variable with parameter 7 if P(Z > s) = exp(—ns)
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Algorithm 1 Follow the Perturbed Leader (FTPL)

1: Input: Parameter of exponential distribution 7, approximate optimization oracle O, g
2: fort=1...T do o

3: Generate random vector oy such that {oy ;}7_, "~ Exp(n)

4

Predict x; as
Ous (z o= (o )

o

Observe loss function f;
6: end for

Optimistic FTPL (OFTPL). In the general online learning setting considered above, we assumed
that the loss functions could possibly be chosen in an adversarial manner by nature. However, in
certain applications, the loss functions may not be adversarial. Instead, they might have some
patterns and could be predictable. In such cases, Rakhlin and Sridharan (2012) present algorithms
for online linear optimization which can exploit the predictability of losses to obtain better regret
bounds. We show that the techniques of Rakhlin and Sridharan (2012) can be extended to the online
non-convex optimization setting considered in this work.

Let g¢[f1 ... fi—1] be our guess of the loss f; at the beginning of round ¢, with g = 0. To
simplify the notation, in the sequel, we suppress the dependence of g; on { fz}f;% Some potential
choices for g; that could be of interest are f;_1, ﬁ Zf;i fi. For a thorough discussion on the
choices of g; and concrete examples where predictable loss functions arise, we refer the reader to
Rakhlin and Sridharan (2012, 2013). Given g;, we predict x; in OFTPL as

t—1
—OM<ZM+w—@A> )
=1

When our guess g; is close to f; we expect OFTPL to have a smaller regret. In Theorem 2 we show
that the regret of OFTPL depends only on (f; — g¢).

2.1. Main Results

We present our main results for an oblivious adversary who fixes the sequence of losses {f;}1 ;
ahead of the game. Following Cesa-Bianchi and Lugosi (2006), one can show that any algorithm
that is guaranteed to work against an oblivious adversary also works for a non-oblivious adversary,
whose actions are allowed to depend on the past predictions of the algorithm. For the sake of
completeness, we present a proof of this reduction from non-oblivious to oblivious adversary model
in Appendix B.

Theorem 1 (Non-Convex FTPL) Let D be the £, diameter of X. Suppose the losses encountered

by the learner are L-Lipschitz w.r.t £1 norm. Moreover, suppose the optimization oracle used by

Algorithm 1 is a “(«, B)-approximate” optimization oracle. For any fixed ), the predictions of
Algorithm 1 satisfy the following regret bound

1 < d(BT + D)

E T;ftxt —*lanft T

<0 (77d2DL2 + +a+ BdL) .
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Theorem 2 (Non-Convex OFTPL) Let D be the {, diameter of X. Suppose our guess g; is such
that (g; — ft) is Ly-Lipschitz w.r.t {1 norm, for all t € [T']. For any fixed n, OFTPL with access to a
“(av, B)-approximate” optimization oracle satisfies the following regret bound

T T T T
1 1 L? d(BT + D) Ly
E | = — — inf < 2pN -2t PR T .
T ;1 fr(xt) T inf ;1 filx)| <0 (Ud ;1 T T T + a4+ Bd ;1 T

The above result shows that for appropriate choice of 1, FTPL achieves O(d%T_% + o+ Bd%T %)
regret. This also shows that when o = O(T_%), B = O(T~1), FTPL achieves the optimal O(T_%)
regret. This improves upon the O(T_%) regret bound obtained by Agarwal et al. (2019). We
note that the above results can be generalized to infinite-dimensional spaces such as ¢! space of
sequences. To do this we assume that the domain & is bounded and can be enclosed in a hyper-
rectangle with edge length D; along the i*" standard basis vector. Through a more careful analy-

sis we can obtain regret bounds that depend on the effective dimension of X', which is defined as
d

4. D; .
S p,» instead of d. . . _ .

Before we conclude the section we point out that as an immediate consequence of the above

regret bounds, we obtain algorithms for approximating the mixed strategy Nash equilibria of gen-

eral non-convex non-concave saddle point problems of the form mi}(l ma;c F(x,y). This follows
XeX yc

from the observation that saddle point problems can be solved by playing two online optimization
algorithms against each other (Cesa-Bianchi and Lugosi, 2006; Hazan, 2016).

3. Background

In this section we briefly review the relevant literature on online learning in both convex and non-
convex settings.

Online Convex Optimization. When the domain X and the loss functions f; encountered by
the learner are convex, a number of efficient algorithms for regret minimization have been stud-
ied. Most of these algorithms fall into three broad categories, namely Follow the Regularized
Leader (FTRL), Online Mirror Descent (OMD) (Hazan, 2016) and Follow the Perturbed Leader
(FTPL) (Kalai and Vempala, 2016). FTRL algorithms make a prediction in each iteration by mini-
mizing argmin, Zf;% fi(x) + R(x), where R is a strongly convex regularizer. The regularization
R plays a crucial role in the performance of the algorithm and helps avoid overfitting to the ob-
served loss functions. Similar to FTRL, OMD also relies on explicit regularization to guarantee
vanishing regret. In fact, under certain settings, both OMD and FTRL algorithms are known to be
equivalent (McMahan, 2011). For a broad class of online convex optimization problems, FTRL and
OMD are known to achieve optimal regret guarantees.

FTPL algorithms rely on random perturbation of loss functions to guarantee vanishing regret.
This random perturbation can be viewed as having a similar role as the explicit regularization used
in FTRL and OMD. In a recent work Abernethy et al. (2016) use duality to connect FTPL and
FTRL. They show that every instance of FTPL is also an instance of FTRL.

Online Non-Convex Optimization. A natural question that arises in the context of online non-
convex learning is whether there exist counterparts of FTRL and OMD which achieve vanishing
regret. Unfortunately, the answer is no. As we show in the following Proposition, there exists no
deterministic algorithm that can achieve vanishing regret when the losses are non-convex.
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Proposition 3 No deterministic algorithm can achieve o(1) regret in the setting of online non-
convex learning.

The above Proposition shows that only randomized algorithms can achieve vanishing regret. Re-
cent works of Maillard and Munos (2010); Krichene et al. (2015) consider the natural extension
of Exponential Weight Algorithm to continuous domains and show that the resulting algorithm has
vanishing regret in the setting of online non-convex learning. The algorithms studied in these works
rely on an offline sampling oracle which can generate samples from any given probability distri-
bution. In another line of work, Agarwal et al. (2019) study the classical FTPL algorithm with
access to a certain offline optimization oracle and show that it achieves O(T~1/3) regret. As an
immediate consequence of this result, the authors show that both online adversarial learning model
and statistical learning model are computationally equivalent.

4. Non-Convex FTPL

In this section, we present a proof of Theorem 1. Since we are in the oblivious adversary setting,
it suffices to work with a single random vector o, instead of generating a new random vector in
each iteration. The first step in the proof involves relating the expected regret to the stability of
prediction, which is a standard step in the analysis of many online learning algorithms.

Lemma 4 The regret of Algorithm 1 can be upper bounded as

T

d(BT + D
ZE[HXt—XtHHlH(Bn;)JrO&- 3)
t=1

Stability

el

1 T T
TE th(xt>—)32£(2ft(x) <
t=1 t=1

In the rest of the proof we focus on bounding the stability term E [||x; — x;41||1]. The randomness
used in the algorithm is crucial for bounding its stability. The more randomness we add, the more
stable the algorithm is. However, there is a price we pay for adding randomness. It causes the
algorithm to make poor predictions, which leads to worse regret. This is evident in the second term
in the upper bound in Equation (3), which increases as n decreases.

We first provide an brief sketch of the proof in the 1-dimensional case. Similar to the proof of
Agarwal et al. (2019), our proof relies on showing certain monotonicity properties of the predic-
tions of the algorithm. Letting x;(c) be the prediction in the t** iteration of FTPL with random
perturbation o, we show that the predictions are monotonic functions of o

Vt,e >0, xi(o+c)>x(0).
Moreover, we show that
Ve> L, min{x¢(c+¢),x¢+1(0 + ¢)} > max{x¢(0), x+1(0)}.

Since the domain is bounded, these two properties imply that the functions x¢(c’), x¢+1 (o) should be
close to each other for sufficiently large values of o (see Figure 1 for an illustration). The closeness
of these two functions immediately implies the stability of the algorithm. In what follows, we
formalize this argument and extend it to the high-dimensional case.
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Figure 1: Illustration of monotonicity properties of the predictions of FTPL on a 1-dimensional
example with D = 10, L = 2.

Lemma 5 (Monotonicity 1) Ler x,(0) be the prediction of FTPL in iteration t, with random per-
turbation o. Let e; denote the it" standard basis vector and Xt,; denote the ith coordinate of Xy.
Then the following monotonicity property holds for any ¢ > 0

2(a+ Bllollr)

C

- B.

Xei(0 + ce;) > x4 4(0) —

Proof Let fi.,(x) = Si_, fi(x) and o/ = o + ce;. Moreover, let y(o) = a + B||o||1 be the
approximation error of the offline optimization oracle. From the approximate optimality of x;(c)
we have

fr—1(xe(0)) — (
< fl:t—l(xt(U/
= fre—1(x¢(o’

(a)
< fr-1(xe(0)) — (0", x4(0)) + expi(0") + (o) +7(0")

= f1-1(xt(0)) = (0,%4(0)) + ¢ (% (0”) = x1.4(0)) + 7(0) + (o),

where (a) follows from the approximate optimality of x;(c’). Combining the first and last terms in
the above expression, we get x; ;(0’) > x¢ (o) — 27—5') - B. [

Lemma 6 (Monotonicity 2) Let x;(0) be the prediction of FTPL in iteration t, with random per-
turbation o. Let e; denote the it" standard basis vector and Xt,; denote the it" coordinate of Xy.
Suppose ||x¢(0) — x¢11(0)|1 < 10d - |x¢(0) — X¢11,i(0)|. For o' = o 4+ 100Lde;, we have

1

min (Xt,i(UI),XtH,i(UI)) > max (x¢,i(0), X¢41,i(0)) — TO’Xt,i(U) — X¢+1,i(0)|
_ 3(a+Blell) e
100Ld '

6
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Proof Let fi.4(x) = >.'_, fi(x) and let v(¢) = « + B|o||1 be the approximation error of the
offline optimization oracle. From the approximate optimality of x;(c), we have

fra—1(x¢(0)) — (o, %¢(0)) + fe(xe(0))
< fre—1(Xeq1(0)) — (0, %¢41(0)) + fe(xe(0)) +v(0)

€ Frrr (e (0)) — (0 %041 (0)) + fulxe11(0)) + Llxe(0) — %041 (0)]]1 +7(0)
< e (2e1(0)) — {0, %041 (0)) + fi(x41(0)) + 10Ld[x1.1(0) — xe41.4(0)] + (o),

where (a) follows from the Lipschitz property of f;(-) and (b) follows from our assumption on
|x¢(0) — x¢+1(0)||1. Next, from the optimality of x;11(c”), we have

fri—1(x¢(0)) — (0,%4(0)) + fi(x¢(0))
= fri_1(x¢(0)) — (o', %¢(0)) + fe(x¢(0)) + (100Lde;, x4 (o))
> fr—1(Xe+1(0") = (0", %041(0")) + fe(Xe41(0”)) +100Ldx¢ i (o) — (o)
= fr—1(Xe+1(0")) = (0, %e11(0")) + fe(xe41(0”)) + 100Ld(x4,i(0) — Xe41,:(0”)) — (o)
> fr—1(Xe+1(0)) = (0, Xe+1(0)) + fe(xe11(0)) + 100Ld(x4,5(0) — Xe11,:(0”)) — v(0”) = 7(0),

where the last inequality follows from the optimality of x;11(c). Combining the above two equa-
tions, we get

1 3v(o
Xi114(0") = X41(0) >~ x14(0) — xe41,4(0)| — SN
A similar argument shows that
1 3v(o
%4(0") = Xes14(0) > — = [xus(0) — Xes14(0)| — 2T g

Finally, from the monotonicity property in Lemma 5 we know that

3 / ;
_13(522 —p Xtﬂ'(a ) — Xt,i(a) > — V(o)

Xi41,i(0") — Xpq1,(0) >

Combining the above four inequalities gives us the required result. |

Proof of Theorem 1. We now proceed to the proof of Theorem 1. We use the same notation as in
Lemmas 5, 6. First note that E [||x;(0) — x¢+1(0)]|1] can be written as

d

E [Ix¢(0) = xe1(0) 1] = D Ellxti(0) = xi41,4(0)]]- S

=1

To bound E [||x¢(c) — x¢+1(c)|[1] we derive an upper bound for E [|x;;(0) — x¢41,i(0)|], Vi € [d].
For any ¢ € [d], define E_; [|x¢,(0) — X¢41,4(0)]] as

B [[x14(0) = %e414(0)l) = B Ix0i(0) = xe14(0)] {0} 54
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where o is the 4t coordinate of o. Let Xmaz,i(0) = max (x¢;(0),x¢11,(0)) and Xpin.i(0) =
min (X¢,i(0), X¢+1,i(0)). Then E_; [[x4,i(0) — x¢11,i(0)|] = E—i [Ximaw,i(0)] — E—i [Xmin,i(0)].
Define event £ as

& ={o:[[x(0) = xt11(0)[ly <10d - [x1i(0) = Xp11,i(0)[}-
Consider the following

E_,; [Xmmyi(a)] = P(O’l < 100Ld) E_; [Xmin,i(0)|ai < 100Ld]
Ty

Ty

)

We now try to lower bound 77,75 in the above equation. Since the domain of i*" coordinate lies
within some interval of length D and since T and E_; [Xq4,i(0)] are points in this interval, their
difference is bounded by D. So T} is lower bounded by E_; [Xyqz.i(0)] — D. We next rewrite T
as follows.

e8]
T2 = P(O’Z Z IOOLd)E,Z [Xmm,i(a)lai Z 100Ld] = / Xmin’i(O')P(O'i)dO'i
0;=100Ld

o0
— / Xmin,i(0)ne” "%t do;
0;=100Ld

We now do a change of variables in the above integration. Let 0; = o) + 100Ld and o' =
[o1, .. .O'i_l,o'z{,a'i_l'_l, ...] be the vector obtained by replacing the ith coordinate of o with og.
Rewriting the RHS in terms of ¢/ and o/, we get

(@) oo
/ Xmin,i(0)ne” "ido; = / Xmin,i(0' + 100Ldei)ne_’7(”§+100Ld)dag
o;=100Ld o;=0

o
_ e—lOOnLd/ Xmm’i(al—|—100Ld6i)77€_mgdag
ol=0

= e_loonLdE—i [Xmin,i(al + 100Ldei)] :

This shows that Tp = e 100nLdE_, [Xmin,i(0 + 100Lde;)]. Substituting the lower bounds for
T1,T5 in Equation (5), we get

B mini(0)] = (1 - exp(~100nLd)) (B_; [Xpar.i(o)] - D)
+ exp(—100nLd)E_; [Xmin,i(0 + 100Lde;)] ,
We can further lower bound E_; [Xyin.i(0)] as follows
E_i Xmini(0)] = (1 —exp(=100nLd)) (E—;i [Xmaz,i(0)] — D)
+ exp(—100nLd)P_;(E)E_; [Xpmin.i(o + 100Lde;)|E]
+ exp(—100nLd)P_;(£)E_; [Xpmin,i(0 + 100Lde;)|E°]

8
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where P_;(€) is defined as P_;(€) = P <5 ‘{O‘j }#i) . We now use the monotonicity properties

proved in Lemmas 5, 6 to further lower bound E_; [Xin.i(0)]. Let v(c) = a + B||o||; be the
approximation error of the offline optimization oracle. Then

E_; [xmin,i(g)} > (1 - eXP(—looﬁLd)) (E—i [Xmaar,i(o')] - D)

o+ exp(— 1000 LA)P ()i [Xmaw.i (7) — F51x0i(0) = Xi11.1(0)| — 32 - Ble]

+exp(~100nLd)P (E)E—; |Xmini(7) — a7y — BlEe

(1 — exp(—100nLd)) (E_; [Xmaz,i(0)] — D)

%

o+ exp(— 100 LA)P i (E)E—; [Xmaw.i (7) = F51x0i(0) = Xi11.:(0)| — 32 - Be]

+exp(—100nLd)P_;(E)E_; {Xmaw,i(o-) — 17 llxe(0) = xeq1(0)[l1 — 1230(231 - B

&,
where the first inequality follows from Lemmas 5, 6, the second inequality follows from the defini-

tion of £¢. Rearranging the terms in the RHS and using P_;(£) < 1 gives us

E_; [Xmin,i(a')] > (1 - exp(—lOOT]Ld)) (E_i [xmax’i(a)} — D)

+exp(—100nLd)E_; [Xmax,i(a) - fgo(zt)i - ﬁ]

—exp(—100nLd)E—; [151xt,i(0) = Xe41,i(0)] + 1ggll%e(0) — xe41(0) 1]

v

E_; [Xmaz,i(0)] — 100nLdD — 3149) _ g
—E_i [151x¢i(0) = xes1,6(0)| + 1o 11xe(0) — xeq1(0) 1],

where the last inequality uses the the fact that exp(x) > 1 4+ x. Rearranging the terms in the last
inequality gives us

E_i{lxti(0) = %e1,4(0)]] < gfldEfz' [lIxt(0) = %e1(0) ][]

1000 E_; [y(0)]

10

Since the above bound holds for any {¢;};.;, we get the following bound on the unconditioned

expectation

E[1xt,i(0) = %e1,4(0)]] ngldE [lIx¢(o) = %e41(0) 1]

1000 E[y(o)] 10
0 LdD =
tog APt e T

3.

Plugging this in Equation (4) gives us the following bound on stability of predictions of FTPL

Bd o
E[||x¢(0) — xe41(0)[|1] < 125nLd°D + son T 26d + 5o

Plugging the above bound in Equation (3) gives us the required bound on regret.
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5. Non-Convex OFTPL

In this section, we present a proof of Theorem 2. Since we are in the oblivious adversary model,
similar to the proof of Theorem 1, we work with a single random vector o over the entire algorithm.
We first relate the expected regret of OFTPL to the stability of its prediction. Unlike Lemma 4, the
upper bound we obtain for OFTPL depends on the Lipschitz constant of (f; — g;).

Lemma 7 Let X; be any minimizer of Zf;} fi(x) — (0,%). The regret of OFTPL can be upper
bounded as

1< e L ) d(BT + D
PE | 224000 — nt 3409 | <3 1Bl el + W e @

The rest of the proof of Theorem 2 involves bounding E [||x; — X;1]|1] and uses identical arguments
as in the proof of Theorem 1 (see Appendix E).

6. Conclusion

In this work, we considered the problem of online learning with non-convex losses and showed that
the classical FTPL algorithm with access to an offline optimization oracle achieves optimal regret
rate of O(T~'/2). We further showed that an optimistic variant of FTPL can achieve better regret
bounds when the sequence of losses are predictable.

The problem of online non-convex learning has several important applications in machine learn-
ing. We believe the algorithms studied in this work can lead to improved training procedures for
adversarial training and training of Generative Adversarial Networks, which currently rely on algo-
rithms from online convex learning to solve the non-convex non-concave saddle point problems in
their training objectives.

Appendix A. Proof of Proposition 3

For any deterministic algorithm, we show that there exists a sequence of loss functions over which
the algorithm has Q2(7") regret. We work in the 1-dimensional setting and assume that the domain
X is equal to [—D, D]. Suppose the adversary chooses the loss functions from the following class
of 1-Lipschitz functions F = {¢,(x) : a € [-D, D]}, where g, is given by

ga(X) = max{O, g —|x - a]} .

We now describe our construction of the sequence of losses that cause the deterministic algorithm
to fail. Let f«; = {f1,... fi—1} be the sequence of loss functions chosen until iteration ¢ — 1. Let
x; be the prediction of the deterministic learner at iteration £. Then we choose the loss at iteration ¢
as fi(x) = gx,(x). It is easy to see that, after 7" iterations, the loss suffered by the learner is equal

to %. Whereas, the loss of the best action in hindsight can be upper bounded as

T
DT

inf < —

xE[lElD,D] ;ft(x) - 4

This shows that the regret of any deterministic algorithm is €2(1).

10
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Appendix B. Non-oblivious to Oblivious Adversary Model

In the oblivious adversary model, the actions {f;}_; of the adversary are assumed to be indepen-
dent of the predictions {x;}/_; of the FTPL/OFTPL algorithm. In this model, we assume that the
sequence of losses {f;}1_; is fixed ahead of time. Whereas in the non-oblivious adversary model,
the actions of the adversary are allowed to depend on the past predictions of the algorithm, i.e., each
fi is given by f; = Fi[x] for some function F; : X'~! — F, where F is the set of all possible
actions of the adversary and x is a shorthand for {x; ...x;_1 } and F} is a constant function. Note
that the functions F} ... Fr uniquely determine a non-oblivious adversary.

Let P; be the conditional distribution of the prediction x; of the FTPL/OFTPL algorithm, con-
ditioned on the past predictions x.;. Note that when the adversary is oblivious, P; is independent
of x;. Moreover, in both oblivious and non-oblivious models, F; is fully determined by the past
actions f-; of the adversary. Let f;(P;) denote the expected loss Ex.p, [fi(x)|x<¢].

The following Theorem shows that any algorithm which is guaranteed to work against an obliv-
ious adversary also works against a non-oblivious adversary. This is an adaptation of Lemma 4.1 of
Cesa-Bianchi and Lugosi (2006) to the setting studied in this paper.

Theorem 8 Ler B be a positive constant. Suppose the FTPL, OFTPL algorithms satisfy the fol-
lowing regret bound against an oblivious adversary

T T
E|> fibx) = jnf > fix)| <B, Vh..freF. @)
t=1 t=1

Then these algorithms satisfy the following regret bound against a non-oblivious adversary

T T
d_filP)—inf Y filx) < B
t=1 t=1

Proof Consider the non-oblivious adversary model. For any x € X we have

T
SUP (ZFt X<t Pt Z X<t >

Y sup (91(131) —g1(x) + sup (gz(Pg) — g2(x) + sup ( -+ sup gr(Pr) _gT(X)>>> ,

goEF g3EF greF

11
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where the supremum in (a) is over all possible non-oblivious adversaries. To see why (b) holds,
consider 7' = 2. Then

sup (Fi[x<1](P1) — Fix<](x) + Fa[x<2](P2) — Fa[x<2](x))

= sup (g1(P1) — g1(%) + Fa[x<2](P2) — Fa[x<2](x))
g1E€F,Fa

= sup (gl(P1) —g1(x) + 812;92(132) - 92(X)> :

This shows that a good strategy for the adversary is to set F[x<2] to be a maximizer of go(Ps) —
g2(x). Using a similar argument we can show that (b) holds for 7" > 2.
Next, we show that

sup (91(P1) —g1(x) + sup <92(P2) — g2(x) + sup ( -+ sup gr(Pr) — QT(X)>>)

g1EF goEF g3eF greF

T
= sup ( gt(Pt>_gt(X>>-

g1 grEF \j—

Moreover, we show that the maximizers of the RHS objective are independent of the predictions
{x;}I_, of the algorithm. This would then imply that the RHS is exactly equal to the regret of the
algorithm under the oblivious adversary model, which is upper bounded by B. To see why the above
statements are true, again consider the case of 7' = 2. First note that g1 (P;) — g1(x) is independent
of g2. So g1(P1) — g1(x) can be pushed inside the inner supermum. So we have

sup (91(P1) —g1(x) + sup (g2(P2) — 92(X))>

g1EF goEF

= sup (91(P1) — g1(x) + g2(P2) — 92(x))
g1,92€F

To see why the maximizers of the RHS are independent of x;,x2, note that P; is independent of
X1,X2. Moreover, P is fully determinimed by g;. So the objective is independent of x;, x2. This
shows that the maximizers are independent of x1,x2. Using a similar argument we can show that
the above claim holds for 7" > 2. Finally, from the regret bound against an oblivious adversary in
Equation (7), we have

T T
S o) - ax)| < B.
t=1

t=1

T
sup ( gt(Pt)—gt(x)>: sup E
1

91..97E€F \ (= 91..9TEF

This shows that for any x € X, Z;le fi(P) — Zle fi(x) < B. [ |

12
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Appendix C. Proof of Lemma 4
Let v(o) = a + f||o]1. For any x* € X we have

T

Z [fe(xe) = fe(x7)]

t=1

T
ft x¢) — fe(xe41)] + Z fe(xes1) = fr(x7)]
=1

Mﬂ ||Mﬂ

Lllx¢ = x¢1lli + Z Je(xeq1) = fe(x7)] .

t=1

~~
Il
—

We now use induction to show that Y7 [fi(x¢+1) — fi(x*)] < 7(0)T + (0, x3 — x*).

Base Case (7' = 1). Since X3 is an approximate minimizer of f1(x) — (o, x), we have
fi(x2) = {0, x2) < min f1(x) — (0,%) +7(0) < f(x") = {0, x7) +(0),

where the last inequality holds for any x* € X". This shows that f;(x2) — fi1(x*) < v(0) + (0,x2 — x¥).

Induction Step. Suppose the claim holds for all 7' < T — 1. We now show that it also holds for
To.

To
th(XtJrl)
- a To—1
[Z fi(xry11) + (0, %2 — x141) +7(0)(To — 1) | + fry (x1541)

[Z fi(x1y11) = (0, X741) | + (0,%2) +7(0)(To — 1)

) Jo
< th (o,x9 —x*) +v(0)Ty, Vx" € X,

where (a) follows since the claim holds for any 7' < Ty — 1, and (b) follows from the approximate
optimality of X7, +1.
Using this result, we get the following upper bound on the expected regret of FTPL

T T T
B filxe) - inf ft(X)] < LY Elxe—xes1l1] + ER(0)T + (0, — x7)
t=1 t=1

T

< LY Elllx — x141]1] + (BT + D) (ZE 01> +aT
t=1

The proof of the Lemma now follows from the following property of exponential distribution
1
E [O’ z] = —.
U

13
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Appendix D. Proof of Lemma 7

The proof uses similar arguments as in the proof of Rakhlin and Sridharan (2012) for Optimistic
FTRL. Let Ay (x) = fi(x) — g:(x) and v(0) = a + S]|o||1. For any x* € X’ we have

Z ft Xt )]

=1
T T T
= [Ax) = AdRer)] + D lge(xe) = ge(Rep)] + Y [fe(Regr) — folx?)]
=1 =1 =1
T T T
<D Ll = Revalln+ D lge(xe) = ge(Rer )] + Y [fe(%en) = folx)].
t=1 t=1 t=1

We use induction to show that the following holds for any 7', x* € X
T T
D lge(xe) = ge(Rer)] + D [felRern) = fi(x¥)] < (0, %2 — x) +4(0)(T = 1).
t=1 t=1
Base Case (7' = 1). First note that g; = 0. Since X2 is a minimizer of f(x) — (o, x), we have
fl(ig)—<0,i2> §f1(X*)—<O',X*>, Vx* e X.
This shows that f;(X2) — f1(x*) < (0,%x3 — x*).

Induction Step. Suppose the claim holds for all ' < T — 1. We now show that it also holds for
Ty. Consider the following series of inequalities

To To
Z [9¢(x¢t) — g¢(Xe1)] + Z ft(Xe41)
t=1 t=1

(@) [To=1
< [Z fe(xny) + (0, %2 — xp,) + v(0)(To — 2) | + 97 (x1) — 97 (X1p41) + [ (X73041)]

To—1
= [Z fi(xmy) + 91 (x1) — (0, %13 ) | + [{0,%2) — g1 (X1y41) + f1 (K1 41)] + 7(0) (To — 2)

A
INS

To—1
[Z Je&ry+1) + 91, (Xy41) — {0, X41) | + [{0,%2) — g1 (Xrp41) + fro (Rrp41)] + (o) (To — 1)

[Z fi(xry 1) = {0, X 41) | + (0,%2) +7(0)(To — 1)
(©) & _
< > flx) + (0% = x*) + 7 (0)(Th — 1),

t=1

where (a) follows since the claim holds for any 7' < Ty — 1, (b) follows from the approximate
optimality of x7; and (c) follows from the optimality of X7, 4.

14
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This gives the following upper bound on the regret of OFTPL

T T T

. _ d(8T + D
th(Xt) - ,igizft(x) < ZLtHXt — X1+ (677) +aT.
t=1 i=1

t=1

Appendix E. Proof of Theorem 2

Lemma 9 Let x;(0) be the prediction of OFTPL in iteration t, with random perturbation o. Then
the following monotonicity property holds for any ¢ > 0

2(a + Bllo]l1)

Cc

— 8.

Xti(0 + ce;) > x¢i(0) —

Proof Let f14(x) = >.'_, fi(x) and 0’ = o + ce;. Moreover, let y(c) = a + B||o|; be the
approximation error of the offline optimization oracle. From the approximate optimality of x;(o)
we have

Jra-1(xe(0)) + gt(xe(0)) — (o, %4(0))
< fra—1(x¢(0")) + ge(xe(0”))
= fre-1(x¢(0")) + ge(x4(0”))

(a)
< fra1(xe(0)) + ge(x4(0)) = (07, %4(0)) + ex1,i(0”) + (o) + 7(0”)

= Jru-1(xe(0)) + g1(x4(0)) = (0,%4(0)) + ¢ (x1,i(0”) — x1,4(0)) + (o) +7(0"),

where (a) follows from the approximate optimality of x;(c’). Combining the first and last terms in

the above expression, we get x; ;(0’) > x¢ (o) — L&‘) - 5. [ |

a,%(0")) + (o)

—
— (o', x¢(0")) + cxm-(a/) + (o)

We note that a similar argument can be used to show that X; ;(a + ce;) > X¢ ().

Lemma 10 Suppose ||x:(0) — X4+1(0) |1 < 10d - |x¢,i(0) — Xy11,i(0)|. For o’ = o 4+ 100Lde;,

we have
) _ _ 1 _
min (x¢(0”), Xep1,i(07)) > max (x4(0), Xeq1,6(0)) — 1o/%6i(0) = Xeri(0)]
~3(a+Blall) 5
100L;d ’

Proof Let f14(x) = Y.i_, fi(x) and let y(0) = a + B|o||1 be the approximation error of the
offline optimization oracle. From the approximate optimality of x;(c’), we have

fri—1(xe(0)) — (o, %¢(0)) + fe(xe(0))
< fr—1(Xe11(0)) + g1(Xe41(0)) — (0, %41 (0))
+ fi(xe(0)) — gi(xe(0)) + (o)

a)
€ fr1 e (0)) + 9e(%141(0)) — (0, %e1 ()

+ f[i(Xi41(0)) — ge(Xer1(0)) + Lielxe(0) — Xiv1 (o)1 + (o)

2 it (Rea (0)) + 91(Ze1 (0)) — (o Ko (o))

+ fit(Xe+1(0)) — ge(Xe41(0)) + 10Led[x15(0) — Xeg1,i(0)| + (o),

15
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where (a) follows from the Lipschitz property of f;(-) and (b) follows from our assumption on
|x¢(0) — X¢+1(0)||1. Next, from the optimality of x;11(c”), we have

frie—1(x¢(0)) — (0, %x¢(0)) + fi(x¢(0))
= fr-1(x¢(0)) = (o', x¢(0)) + fe(x¢(0)) + (100L;de;, x¢(0))
> fra—1(Xe11(0") = (0, %e41(0")) + fe(Xew1(0”)) + 100Ledxy i (o)
= fra-1(Xe+1(0") = (0, Xp41(0")) + fe(Xet1(0")) + 100Lyd(%,i(0) — Xet1,6(0”))
> fre-1(Xe41(0)) — (0, Xe41(0)) + fe(Xe+1(0)) + 100Led(x¢,i(0) — Xe41,i(0”)),

where the last inequality follows from the optimality of X;11(c). Combining the above two equa-
tions, we get

_ 1 _ o
Re414(0") — (o) 2 —1obe0a(0) — Key14(0)] — 1AL
A similar argument shows that
_ 1 _ o
(o) = y14(0) 2 —1ox0a(0) ~ Ker14(0)] — TR
Finally, from the monotonicity property in Lemma 5 we know that
_ _ 3v(o
%11 1,i(0") = Xe114(0) 20, x¢4(0") = x¢4(0) > —1070([/ )d - B.
t
Combining the above four inequalities gives us the required result. |

The rest of the proof relies on the monotonicity properties showed in the above two Lemmas to
bound E [||x; — X¢+1|1] and uses identical arguments as in the proof of Theorem 1.
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