Appendix A DYNAMIC DATA STRUCTURE FOR POLICY EVALUATION

In this section, we describe a sample-efficient data structure that allows us to get an unbiased sample from the stationary
distribution of any deterministic policy.

For motivation, consider estimating the average reward of a single policy &, for which we can use CFTP to get a sample
s from the stationary distribution p(m) (Theorem 1). Then we sample R(s, a) and get an unbiased estimate of p(x). To
estimate p(7r) to an accuracy of € with confidence & we average O(Si2 log (1/8)) such samples.

By Theorem 6 it takes O(TT,. |S]) to get one sample from (1(r), so in total we would need O (% log (1/8) %, |S]) to
estimate the average reward of each single policy 7 to an accuracy of € with confidence d. Naively, to estimate the
average reward of each of the |A| 15| policies separately, we need a fresh set of samples for every policy for a total of
O(% log (1/8) Y-, (TZ.)|S|) samples.

Instead, we propose to allow estimates of different policies to share samples by maintaining a matrix D that we use to
estimate the reward of any policy 7. Each column of D corresponds to a state-action pair. Each row contains, a sample
of R(s,a) and a sample s’ ~ P%(s, -) obtained using the MDP’s generative model, for each state-action pair (s, a). We
get an unbiased estimate of p(7) for some policy 7 as follows. We focus on the columns of D that represent pairs
(s, (s)). The restriction of each row to these columns gives a random mapping from states to next states in the Markov
chain induced by ®. We now use these samples to run CFTP on this Markov chain, where row ¢ gives the random
mapping f, of Algorithm 1. CFTP gives a sample s from p() and then from the entry in D to which all simulations
coalesce. The sample R(s, 7t(s)) is an unbiased sample of p(7).

The matrix D is empty at the beginning and we add rows to it on demand when we estimate p(7) for a policy 7.
To analyze the expected size of D, observe that n = O(T.. |S|) rows are needed to get an unbiased estimate of p(m)
(Theorem 6). This, in turn requires O(n|S||A|) calls to the generative model (to fill these n rows of D).

To get unbiased samples from the Markov chain of a different policy ', we use the rows of D that were already
generated for estimates of previous policies (restricted to a different set of columns). If there are not enough rows for
Algorithm 1 to give a sample from p(nt’), we add rows to D until coalescence occurs. To get €-approximate estimates
with confidence 1 — 8 for a set of policies IT we need to maintain O (8% log (|T1]/8)) independent copies of D and
average the unbiased estimates that they return.

In summary, the number of rows that we add to D depends on the largest mixing time of a policy, which we evaluate
and on the approximation guarantee € and confidence requirement 8. Theorem 10 states the overall sample complexity
of D for evaluating the reward of a set of policies I1.3

Theorem 10. Assume that we use D as described above to estimate p(T) for every T in a set of policies I1 such that
with probability at least 1 -3, it holds simultaneously for all © € T1 that |p(n) — p(n)| < € where p(T) is our estimate
of p(m). Then the expected number of calls made to the generative model is O(n|S|?|A|T i), where n = % log (|I1//3)
and Ty is an upper bound on the mixing time of all policies in I1.

Notice that when II is the set of all deterministic policies, then [II| = |A|ISI and the sample complexity is
O(%|S*|A|log (|A|/8) Thix). This reveals the advantage of using the dynamic data structure: We can estimate the
reward of exponentially many policies with a polynomial number of samples.

Proof. Let Z; = p(m); — p(n). Then E(Z;) = 0, and |Z;| < 1. Chernhoff bound implies that given independent random
variables Z, ..., Z, where |Z;| < 1, EZ; = 0, then Prob(}__, Z; > a) < ¢ % . Hence, Chernoff bound implies that (for

en

any n) Prob(}_1, Z; > 5) < &% This implies that Prob(}"7; (p(m); — p(m)) > %) = Prob(p(m)—p(m) > £) < &5 .

e2n
8

Similarly, we can define Z; = p(t)—p(r) and get that Prob(p(m)—p(r) > 5) < e~'s . Hence, we get that Prob(|—p(m)| >
Ezn . . . . .
£) < 2e 5 . So far we have restricted our attention to a fixed policy 7. Using the so-called union bound , we have that
EZII .
the probability that some 7t € IT deviates by more than £ is bounded by 2mes . Plugging n = —S%ln (%) concludes
our proof.

3Notice that while the sample complexity depends on the maximum mixing time of a policy in IT our algorithm does not need
to know it.



Appendix B A simple proof of the Propp-Wilson theorem

Theorem (Restatement of Theorem 6). Let L be the stationary distribution of an ergodic Markov chain with |S] states.
We run |S| simulations of the chain, each starting at a different state. When two or more simulations coalesce, we merge
them into a single simulation. With probability at least 1 -9, all |S| chains are merged after at most 512|S|T i« log(1/8)
iterations.

The proof of this Theorem is as follows.

We split time into blocks of size Tx. By the end of the first block, each chain is distributed with some distribution P
for which TV[P, u] < 1/8. We check which of the chains arrive at the same state; chains that do—coalesce. Next, we
utilize the Markov property and condition on the states arrived by the chains. On this event, we continue simulating
the chains until the end of the next block and continue in this manner.

This is analogous to the following balls-and-bins process. We have |S| balls and |S| bins where the balls simulate the
chains, and the bins simulate the states. Each ball j has a distribution P; over the bins where TV[P;, u] < 1/8. We throw
the balls into the bins. After that, take one ball out of each nonempty bin and discard the remaining balls. We throw
the balls taken out again, and repeat this process until we are left with a single ball.

The following Lemma shows a bound on the expected number of balls removed at each iteration.

Lemma 11. Assume 2 < m < n. Suppose each ball j = 1, ... ,m s distributed by Pj, and that there is a distribution |\
such that TV[P;,u] < 1/8 forall j =1, ..., m. Then the expected number of nonempty bins is at most m — m2/256n.

Proof. Suppose we throw the balls one by one into the bins. We say that a ball coalesces if it is thrown into a nonempty
bin. Thus, the number of nonempty bins by the end of the process is exactly m minus the total number of coalescences.
Hence we proceed by lower bounding the expected number of coalescences.

We split the balls into two disjoint groups of (roughly) equal sizes: M of size [m/2] and M° of size |m/2]. We first
throw the balls in M and thereafter the balls in M¢. The total number of coalescences is, therefore, lower bounded
by the number of coalescences that occur between the balls in M¢ and those in M. We continue by showing that
the probability of a ball in M€ to coalesce with any ball in M is at least m/64n. Then, the expected total number

coalescences is at least
m m m m2
M| —=|=| - — > ,
64n 2 64n — 256n

since m > 2.

Indeed, let Oy denote the probability distribution over the bins of some ball k € M¢, and P; denote the probability
distribution of j € M. Ball k coalesces with a ball in M if it was thrown into a bin that was not empty after the first
phase. Thus, we split the bins into two groups: those who are likely to be empty after the first phase, and those that are
not. LetS={i € [n] : > jem Pi(D) < 1}. The proof continues differently for two cases: either k is likely to be thrown
into into a bin in S or not. If Qx(S) > 1/2, Lemma 14 below states that the probability of a coalescence is at least

M| m

Vs

32n — 64n
since M| > m/2. If Qx(S) < 1/2, Lemma 15 found below implies that the probability of a coalescence is at least
1/4 > m/64n. O

Having proven Lemma 11, it remains to use it to show that the expected number of iterations is O(n), which we prove
in the following Lemma.

Lemma 12. Suppose we have |S| balls distributed by P, j = 1, ..., n, where TV[P;,\] < 1/8. Throw the balls into the
bins. Thereafter, take one ball out of each nonempty bin and throw these balls again. Let m; be the number of balls
remaining at iteration t, where mo = n. Then, Em, < 256n/t.

Proof. We show that Em, < 256n/t. Denote in; = Em,. By Jensen’s inequality and Lemma 11,

2 —2 -
Em: | ms MMy

7Y<E s—1 — giv—_ — Sis—_i
Ms = BN 1= 5s6n = "1 7 2560 = 1T 256y




as my < my_ in particular. Dividing both sides of the inequality by mm, | gives

1 1 1
< — - .
msy — ms;  256n
By summing over s = 1, ..., we obtain
1 1 t
< = .
my — m; 256n
Finally, we use iy > 0 and rearrange the inequality above to gets the claim of the Lemma. O

With the Lemma at hand, the proof of Theorem 6 is as follows. After 512n iterations, the process is complete with
probability at least % by Markov’s inequality. If it is not done, we condition on the remaining set of balls and run the
process for another 512n iterations. Once again, the process is complete with probability at least % Repeating this
procedure for log,(1/8) times, we conclude that the procedure is complete with probability at least 1 — 3. This finishes
the proof of Theorem 6. O

We finish this Section by proving Lemmas 14 and 15. We begin with Lemma 13 that is needed for the proof of
Lemma 14.

Lemma 13. Let P and Q be two distribution on {1,...,n} such that TV[P,Q] < 1/4. Let S C [n] be such that
o) > % Let x be an element drawn from P and let y be an element draws from Q such that x and y are independent.
ThenPr[die S : x=y=1i] > 1/16n.

Proof. Define B={i : P(i) > Q(i)}. Then

Pr(3ieS:x=y=i= ZP(i)Q(i)
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where the fourth derivation follows from the Cauchy-Schwarz inequality. [

Lemma 14. Suppose we first throw a set of balls j € M with probability distributions P;. Thereafter, we throw an
additional ball with probability distribution Q such that TV[P;, Q] < 1/4 for every j € M. Additionally, assume that
0S) > 112 for S ={i € [n] : >_,cp, Pj(i) < 1}. Then, the probability that Q is thrown into a nonempty bin is at least
|M|/32n.

Proof. The probability that bin i € S is nonempty is

1
1—H (1-Pi(D)) > 1-exp <—ZP,(1')) > (1—e"1)ZPj(i) > Eij(i),

JEM JEM JEM JEM



using the inequality 1 —x < e¢*and 1 -e™ > (1 - e‘l) x that holds for any x € [0, 1]. The probability that Q is thrown
into a nonempty bin is at least that of it being thrown into a nonempty bin i € S. This is is at least

> 006)- % > Py = % > > 0GP,

icS JEM JEM ieS

where ZieS Q(i)P;(i) is the probability that both Q and P; end up in to same bin in §. As TV[P;,Q] < 1/4 and
0(S) > 172, Lemma 13 implies that the latter probability is at least 1/16n. Therefore, the probability of that the
additional ball is thrown into a nonempty bin is at least
1 1 |M|
Ml — = 220
2| | 16n  32n
O

Lemma 15. Suppose with first throw a set of balls M with probability distributions P; over the bins for every j € M.
Thereafter, we throw an additional ball with probability distribution Q such that |Q — Pj| < 1/4 for all j € M.
Additionally, denote

S={icn]:> P <1},

JEM

and suppose that Q(S) < 1/2. Then, the probability that Q is thrown into a nonempty bin is at least 1/4.

Proof. The probability of bin i € S not being empty is

1-TI (1-Pi@) = 1—-exp (—ZP_;(:‘)) > 1 —exp(-1) > % :

jeM jeM

The probability that Q is thrown into a nonempty bin is at least its probability of it being thrown into a nonempty bin

in §¢ which is exactly
1

3
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Appendix C Proofs for Section 4

C.1 Multiplicative weights

We begin with a classic result on the Hedge algorithm.

Algorithm 4 Hedge
1: Input: number of experts k, number of iterations 7.
log k
Let p=/=%=
Initialize WV() =1, fori=1,...,k.
fort=1,...,Tdo
O = _ W0 ;
Set w(i) = ST fori=1,...,k.
Observe ¢,(i) , fori=1,... k.
Incur loss 25;1 wO D) e,(iy)
Update weights WD (i) = WO@) - exp (—Be,(i)), Vi € [1, ... k].
end for

R AN A S o

Theorem 16 ((Freund & Schapire, 1997)). Assume that 0 < ¢,(i) < 1 forallt = 1,...,T. Hedge (Algorithm 4)
satisfies that for any strategy w € Ay:

Zw,~c,—Zw~ct < 2+/Tlogk.

Note that in Algorithm 2 and in Algorithm 3, we actually run the Hedge algorithm with the estimates g,(i) as the costs
¢(7). We obtain g,(i) by shifting and scaling g,(i), so that g,(i) € [0, 1] and we can apply Theorem 16.

Corollary 17. Let-B < g,(i) < B, and g,(i) = (g:(i) + B)/2B. Assume that we run the Hedge algorithm with costs c,(i)

equal to g,(i). We have that
1 . [logk
T(E W"g’_fgﬂg W'8t>§4B T

Proof. The losses g,(i) satisfy the conditions of Theorem 16. Therefore,

> wi-g-min > w-g < 2./Tlogk.

WEA;
This implies that
Z Wi+ (g + BI)/2B — min Z w - (g, + B1)/2B < 2,/Tlogk,
wEAL

where 1 denotes a vector of ones. Multiplying by 2B gives
> wi- (g +B1)- min > w-(g+B1) < 4B\/Tlogk.
weAr
Observing that Vw € A, w - B1 = B we get that

Zw,-g,+B—minZW-g,—B§4Bm

wEA

as stated. O

C.2 Estimating the feature expectations of the expert

We begin this subsection with Lemma 18 that bounds the number of samples needed from the expert in order to get a
good approximation of the expectations of its features.

Lemma 18. For any €,9, given m > 21%%"/5) samples from the stationary distribution T, with probability at least
1 -8, the approximate feature expectations @ satisfy that | D — Pgl|oe < €.



Proof. By Hoeffding’s inequality we get that

Vi€ [1,...k] Pr(|®Pei) — Pe(i)| > €) < 2exp(—me?/2).

Applying the union bound over the features we get that
Pr@i e [1, .., k], s.t.,

This is equivalent to

Dp(i) — Pe(i)| > €) < 2k exp(-me?/2).

Pr(Vi € [1,...k] |®p(i) - Pr(i)| < €) > 1 -2k exp(-me>/2).

and to
Pr(|| g — ®plloo < €) > 1 -2kexp(-me?/2).

The Lemma now follows by substituting the value of m.

Theorem (8). Assume we run Algorithm 2 for 7 = 1445%

iterations, using m =

O

18 log(2k/d)

== samples from p(r®).

Let y be the mixed policy returned by the algorithm. Let v* be the game value as in Eq. (3). Then, we have that
p(y) — p(nf) > v* — ¢ with probability at least 1 — 8, where p is the average of any reward of the form r(s) = w - ¢(s)

where w € Ay.

Proof. Corollary 17 withB=1and T = 1ddlogh gives that

g2

1 . €
T(ZW"&_WH&%ZW'&)S:"’ 4)
where g,(i) = ®(n?)[i] - PE[i]. Note also that Lemma 18 with m = 18]0‘;’7?"/8) gives that || ®g — Pgle < £, which
implies that, for any w € Ay: .
w-Pp < w-Pp+€/3, )
and R
w-Pp < w-Pp+€/3, (6)
Now, let i = + S°T, w®, and recall that  is the mixed policy that assigns probability 1Tton® forallz € {1,...,T}.
Thus,

* = max mi - P(Y)—-w- P
v" = max min [w-@(y)—w - D]

= mi P —w - P
mip ma [ ®(y) —w - B

< min max [w - Dd(yY)—w- CiDE} +¢€/3
weA, yev¥

< max [w L D(y)— - éE} +e/3
yew

1 T .
— — (o) —_w® .
= I\;I;lél\if( T E - [w D(y)—-w CIJE} +€/3

1 T .
<2 E : o 0 ]
<7 — rql;lél‘i’( {w DY) —w" - Pp| +€/3

- .
_ ) . )y _ ., .
== {w D) —w q>E]+s/3

] .
< — mi . Oy _ .
<gmind {w D) w c1>E} +2¢/3
— min [W : CID(\TJ)—W-Ci)E} +2¢/3

WE A

< min [w- DY) -w- Pg| +¢
wEA;

<w - DY) -w" - Dp+e

= p(P) - p(n”) +&.

(von Neumann’s minimax theorem)

(Eq. (5))

(Definition of w)

(¥ is optimal w.r.t the reward w")

(Eq. (4))
(Definition of )

(Eq. (6))

(For any w* € Ay)

O



C.3 Estimating the game matrix directly

In this section we prove Theorem 9. Our proof uses the following version of Azuma’s concentration bound.

Lemma 19 (Azuma inequality). Let {y,}_, be a sequence of random variables such that -b <y, < b, for 1 <t < T.
Let E; =y, —E[y; | y1, .-, yr-1] be the martingale difference sequence defined over the sequence {y,}L,. Then

1 < Te?
Pr(TZE, 28) < 2exp (—sz>

=1
Theorem (Restatement of Theorem 9). Assume we run Algorithm 3 for 7 iterations, and there exists a parameter b,

such that for any £, Pr(||g;|lcc > £ - b) < e™*. Let | be the mixed policy returned by the algorithm. Let v* be the game
b log® k log?(1/8)
82

value as in Eq. (3). Then, there exists a constant ¢ such that for 7 > cB log2 B where B = , we have that
p(y) — p(nf) > v* — ¢ with probability at least 1 — 8, where p is the average of any reward of the form r(s) = w - ¢(s)
where w € Ay.

Proof. Let £ = max{log (£),log (1)}. Then for any ¢ we have that Pr(||g,||oc > ¢-b) < 2. By the union bound it
follows that with probability 1 — & for all times 7 = 1,..., T, we have that ||g/||oc < ¢b. We denote by F the subspace
of our probability space that includes all runs of the algorithm in which ||g;||oc < ¢bforallt=1,...,T. We have that
at least 1 — d fraction of the runs of the algorithm are in F.

By the definition of g, we have that E [g,[g1, ... gi-1] = (1) — @g. Furthermore w® depends only on g, ..., g1 and
not on g,. It follows that the random variables E; = w” - g, — E[w" - g, | g1, ..., gi1] = w? - (g — (D) - Pp)) is a
martingale difference sequence. We would like to apply Azuma’s inequality to this sequence, but the difficulty is that
the variables E; are unbounded.

To deal with this problem we define new variables g, as follows

=

% = 8 ||gr(i)Hoo < /b,
0 otherwise ,

and we define the martingale difference sequence E; = w” - g, — E[w"® - g, | g1, ..., g—1]. Unfortunately, E[w® - g, |
g1, ..., 8r-1] does not equal to ®(r®) — dg. But we can bound the difference as follows.

EW? - g, | g1, 8011 —EW? - &0 | g1, 8111

o o0
< / Pr (w(’) cgr > x) dx —/ Pr (w(’) ‘g < x) dx
x=0b x=—tb

< [ Pl = ) ex
x=(b

=/ Pr (Jlgil|o > xb) dx
x=0

< / e~dx=et <e, 7
x={

where the first inequality follows from the formula E(Y) = fx i% Pr(Y > x) - fx _:C:)o Pr(Y < x) (which is derived from
the more familiar formula E(Y) = f;% Pr(Y > x) for a nonnegative variable Y). The second inequality follows since
w € Ay and the last equality follows by the definition of £. By applying Azuma’s inequality to the sequence E; we get

that ,
- Te?
Pr( |- B >e) <2ep (- ) -
r( T2 —£> = exP( 8(£b)2>

=1

Te?
2exp (8(%)) =9

Our choice of T guarantees that



So we also have that within the subspace F

>£><1f6' ®)

Butin F, g, = g, and therefore E, = E, — E[w" - g, | g1, ..., g1] + EIW” - g, | g1, ..., &1]. So by Eq. (7)),
‘Er—Er| <e. 9)

It follows from Equations (8) and (9) that within F:
1z
(5

Let w = + Zszl w(®, and recall that  is the mixed policy that assigns probability + to © forall t € {1,...,T}. We
have that

)
> 28) S (10)

* — i P —w - D
V' = maxmin [w- 9 - w- O]

= min max [w - D(y)—w - CIDE} von Neumann’s minimax theorem
weA, yev¥

< max (W D(y)—w - D]

T
1
= — (f)@ _ (t)¢ Definiti i
I\;lél‘i’( T ; [w (y) —w £ efinition of w
T
1
< D max [w - o)~ w - ]
=1
T
1
= ? Z [w(’) . <I>(7t(z)) — w0 (I)E] 7 s optimal w.r.t the reward w® (11)

Now we continue our derivation assuming that the run of the algorithm is in /. We use Equation (10) and say that
with probability 1 — % the expression in (11) is bounded by

T

1
7 E w . g, +2¢. (12)
=1
Our choice of T also guarantees that
log k
athy|<EZ <.
T

and therefore for a run in F, the bound on the regret of Hedge in Corollary 17 implies that expression in (12) is
bounded by

1
—minZw-gr+3£ (13)

Let wiin € Ay be the vector achieving the minimum in Equation (13). To finish the proof we need to bound Equation
(13) with

1 T
7D Wain (g~ (@) - Pp)) . (14)
t=1



For this we would like to apply Azuma’s inequality to each of the k martingale differences sequences X;(i) = g,(i) —
Elg.() | g1,-- .,g,_l]_: g:(i) — (PP[i] — Pg[i]). As before, since the g,(i)’s are unbounded we look instead at the
martingale sequence X;(i) = g,(i) — E[g:(i) | g1, .., gr1].

Unfortunately, as before, E[g,(i) | g1, - -, &.1] does notequal to E[g,(i) | g1, - - - » &1]. But we can bound the difference
as follows.
[BLe/() = 8D [ g1, 8]l < / _O:b Pr(g,()) > x)dx - / :b Pr(g,(i) < x)dx
< /:: Pr(|[gilloc > x) dx = /:; Pr (|lglloe > xb) dx
/e clx=etse, (15)

where the inequalities follow from the same reasons as in Eq. (7).
By applying Azuma’s inequality to the sequence X,(i) we get that Pr (‘% Zthl )_(t(i)’ > 8) < 2exp (—8%)2) , and our

choice of T guarantees that 2 exp (—%) < %. So we also have that within the subspace F

1o~y 5
Pr <|T;Xz(z> zs> <Wy (16)
But in F, g(i) = g,(i) and therefore X,(i) = X,(i) — E[g(i) | g1, ... g1] + E[g:(i) | g1. ... g-1]. So by Eq. (15)),
X)X <e. (17)

It follows from Equations (16) and (17) that within F:

<1T
Pr| =
FA\I|T
=1

D X)) =2

By applying the union bound over the features we get that

3
s> < (1)

. )
Pr <3; ell,..k ZX,(:) > 2e> <5
This is equivalent to
)
Pr|Viell,.,k X0 <2|>1-——. 19
fr<~ =)t .
Equation (19) implies that with probability 1 — % in F, for any w € Ay it holds that:
1 T
T (8= (@)~ Pp)) < 2e.
Since it is true for any w, we get that that we can upper bound Equation (13) by
| T
—min Y [w-®@”)-w-Pg| +5e. (20)
T we pury

The theorem now follows* since the expression in the last equation is smaller than p(y) — p(nf) + 5¢ where p is the
average reward of the form r(s) = wi(s) for any w € A;. L]

“We have to scale down € by 5. We also have to scale down & by 3 since our bound fails to hold with probability 35. Indeed,
with probabilty < § our run is not in F, and with probability 1 — 9 it is in F, and either of the bounds in Equation (12) and (20)
fails — which happens with probability < 1 5



