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Abstract

Modern large-scale statistical models require the estimation of thousands to millions of parame-
ters. This is often accomplished by iterative algorithms such as gradient descent, projected gradient
descent or their accelerated versions. What are the fundamental limits of these approaches? This
question is well understood from an optimization viewpoint when the underlying objective is con-
vex. Work in this area characterizes the gap to global optimality as a function of the number of
iterations. However, these results have only indirect implications on the gap to statistical optimal-
ity.

Here we consider two families of high-dimensional estimation problems: high-dimensional
regression and low-rank matrix estimation, and introduce a class of ‘general first order methods’
that aim at efficiently estimating the underlying parameters. This class of algorithms is broad
enough to include classical first order optimization (for convex and non-convex objectives), but
also other types of algorithms. Under a random design assumption, we derive lower bounds on
the estimation error that hold in the high-dimensional asymptotics in which both the number of
observations and the number of parameters diverge. These lower bounds are optimal in the sense
that there exist algorithms in this class whose estimation error matches the lower bounds up to
asymptotically negligible terms. We illustrate our general results through applications to sparse
phase retrieval and sparse principal component analysis.

1. Introduction

High-dimensional statistical estimation problems are often addressed by constructing a suitable
data-dependent cost function £(13), which encodes the statistician’s knowledge of the problem. This
cost is then minimized using an algorithm which scales well to large dimension. The most popular
algorithms for high-dimensional statistical applications are first order methods, i.e., algorithms that
query the cost £(19) by computing its gradient (or a subgradient) at a sequence of points 8',..., 6"
Examples include (projected) gradient descent, mirror descent, and accelerated gradient descent.
This raises a fundamental question: What is the minimal statistical error achieved by first order
methods? In particular, we would like to understand in which cases these methods are significantly
sub-optimal (in terms of estimation) with respect to statistically optimal but potentially intractable
estimators, and what is the optimal tradeoff between the number of iterations and estimation error.
These questions are relatively well understood only from the point of view of convex optimiza-
tion, namely if estimation is performed by minimizing a convex cost function £(13), see e.g., Candés
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and Tao (2007); Bickel et al. (2009). The seminal work of Nemirovsky and Yudin (1983) character-
izes the minimum gap to global optimality £(8") — minyg £(9), where 8" is the algorithm’s output
after ¢ iterations. For instance, if £(0) is a smooth convex function, there exists a first order al-
gorithm which achieves £(8") < ming £(9) + O(t~2). At the same time, no algorithm can be
guaranteed to achieve a better convergence rate over all functions in this class.

In contrast, if the cost £(19) is nonconvex, there cannot be general guarantees of global optimal-
ity. Substantial effort has been devoted to showing that, under suitable assumptions about the data
distribution, certain nonconvex costs £(6) can be minimized efficiently, e.g., by gradient descent
(Keshavan et al., 2010; Loh and Wainwright, 2011; Chen and Candés, 2015). This line of work
resulted in upper bounds on the estimation error of first order methods. Unlike in the convex case,
worst case lower bounds are typically overly pessimistic since non-convex optimization is NP-hard.
Our work aims at developing precise average-case lower bounds for a restricted class of algorithms,
which are applicable both to convex and nonconvex problems.

We are particularly interested in problems that exhibit an information-computation gap: we
know that the optimal statistical estimator has high accuracy, but existing upper bounds on first order
methods are substantially sub-optimal (see examples below). Is this a limitation of our analysis, of
the specific algorithm under consideration, or of first order algorithms in general? The main result
of this paper is a tight asymptotic characterization of the minimum estimation error achieved by first
order algorithms for two families of problems. This characterization can be used, in particular, to
delineate information-computation gaps.

Our results are novel even in the case of a convex cost function £(1}), for two reasons. First,
classical theory (Nesterov, 2018) lower bounds the objective value £(0") — ming L£(¥9) after ¢ iter-
ations. This has only indirect implications on estimation error, e.g., ||@° — 8|2 where 8 is the true
value of the parameters (not the minimizer of the cost £(%})). Second, the classical lower bounds
on the objective value are worst case with respect to the function £(?) and do not take into account
the data distribution.

Concretely, we consider two families of estimation problems:

High-dimensional regression. Data are i.i.d. pairs {(v;, z;)}i<n, Where y; € R is a label and
x; € RP is a feature vector. We assume z; ~ N(0, I,/n) and y;|x; ~ P(y; € -|x]0) for
a vector @ € RP. Our objective is to estimate the coefficients §; from data X € R™*? (the
matrix whose i-th row is vector «;) and y € R" (the vector whose i-th entry is label y;).

Low-rank matrix estimation. Data consist of a matrix X € R"*P where z;; = 1 A0, + z;; with
Ai,0; € R" and z;; Y N(0,1/n). We denote by A € R"*" and @ € RP*" the matrices
whose rows are )\ZT and HJT respectively. Our objective is to to estimate A, @ from data X.

To discuss these two examples in a unified fashion, we will introduce a dummy vector y (e.g., the
all-zeros vector) as part of the data in the low-rank matrix estimation problem. Let us point out that
our normalizations are different from, but completely equivalent to, the traditional ones in statistics.

The first question to address is how to properly define ‘first order methods.” A moment of
thought reveals that the above discussion in terms of a cost function £(6) needs to be revised.
Indeed, given either of the above statistical models, there is no simple way to construct a ‘statistically
optimal’ cost function.! Further, it is not clear that using a faster optimization algorithm for that
cost will result in faster decrease of the estimation error.

1. In particular, maximum likelihood need not be statistically optimal in high dimension (Bean et al., 2013).
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We follow instead a different strategy and introduce the class of general first order methods
(GFOM). In words, these include all algorithms that keep as state sequences of matrices u', ..., u’ €
R™ " and v', ..., v* € RPX" which are updated by two types of operations: row-wise application
of a function, or multiplication by X or X T. We will then show that standard first order methods,
for common choices of the cost £(8), are in fact special examples of GFOMs.

Formally, a GFOM is defined by sequences of functions Ft(l), GEZ) c RPEHDHL 5 R Ft(Q), GEI) :
R™(*+1) 5 R", with the F’s indexed by ¢ > 0 and the G’s indexed by ¢ > 1. In the high-dimensional
regression problem, we set » = 1. The algorithm produces two sequences of matrices (vectors for
r=1) (u')>1, ut € R™", and (v')i>1, v' € RPX7,

v = XTEY !, ubiy,u) + FP 0!, vl ),

(D
ul = XGEI)('UI, coovhv) 4+ G£2)(u1, utThy ),

where it is understood that each function is applied row-wise. For instance,

Ft(l)(ul, cooubiu) = (Ft(l)(u1

t. nxr
1,...,’u,i,ui))i§n€R s

where (u;] )T is the i row of u®. Here u, v are either deterministic or random and independent of
everything else. In particular, the iteration is initialized with v! = X TFo(l)(y, u) + F0(2)(v). The
unknown matrices (or vectors) € and A are estimated after ¢, iterations by 9t* = Gi(vl,- - o)
and A = F, (ul, ...,u;y, u), where the latter only applies in the low-rank matrix estimation
problem. Let us point out that the update also depend on additional information encoded in the two
vectors u € R", v € RP. This enables us to model side information provided to the statistician
(e.g., an ‘initialization’ correlated with the true signal) or auxiliary randomness.

We study the regime in which n,p — oo with n/p — 6 € (0,00) and r is fixed. We assume
the number of iterations ¢, is fixed, or potentially ¢, — oo after n — oo. In other words, we are
interested in linear-time or nearly linear-time algorithms (complexity being measured relative to the
input size np). As mentioned above, our main result is a general lower bound on the minimum
estimation error that is achieved by any GFOM in this regime.

The paper is organized as follows: Section 2 illustrates the setting introduced above in two
examples; Section 3 contains the statement of our general lower bounds; Section 4 applies these
lower bounds to the two examples; Section 5 presents an outline of the proof, deferring technical
details to appendices.

2. Two examples
Example #1: M-estimation in high-dimensional regression and phase retrieval

Consider the high-dimensional regression problem. Regularized M-estimators minimize a cost
n
Lo(9) =Y Lys; (i, ) + Q0 (9) = L (y, X0) + Q2 (9). 2)
i=1

Here £ : R x R — R is a loss function, /,,(y,§) := S (yi, ys) is its empirical average, and
Q, : RP — R is a regularizer. It is often the case that ¢ is smooth and €2, is separable, i.e.,
D (9) =>°F, Q1(9;). We will assume this to be the case in our discussion.
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The prototypical first order method is proximal gradient (Parikh and Boyd, 2013):
0"t = Prox,,q, (0" — % Velu(y, X0")),

P = ind Ly 0)? 100 ®
roXyq, (y) := argmin | o (y — 0)" +7(0) ¢

Here (7:)¢>0 is a sequence of step sizes and Prox,q, acts on a vector coordinate-wise. Notice that

_ ot
O

Volu(y, X6") = X"s(y, X6"), s(y.9)i (9,9:).

Therefore proximal gradient for the cost function (2) is an example of a GFOM: see Appendix H
for the explicit change of variables. Similarly, mirror descent with a separable Bregman divergence
and accelerated proximal gradient methods are easily shown to fit in the same framework.

Among the countless applications of regularized M-estimation, we focus on the sparse phase re-
trieval problem. We want to reconstruct a sparse signal 6 from noisy measurements of the modulus
|(6, x;)|; that is, we lose the ‘phase’ of these projections.> Concretely, we assume ||@]|g < sq. Infor-
mation theoretically, accurate reconstruction is possible if n > C'sg log(p/so), with C' a sufficiently
large constant (Eldar and Mendelson, 2012). Several groups have investigated practical reconstruc-
tion algorithms including semidefinite programming relaxations (Li and Voroninski, 2013) or first
order methods (Schniter and Rangan, 2014; Candés et al., 2015; Chen and Candés, 2015; Cai et al.,
2016; Sanghavi et al., 2017; Chen et al., 2019; Ma et al., 2020). A standard approach is to apply
proximal gradient to the cost function (2) with Q,,(9) = A||9}||1. However, all existing global con-
vergence guarantees for these methods require n > C's3 log p. Soltanolkotabi (2019) proved that a
first order method can accurately reconstruct the signal with n > C'sg log(p/so) if it is initialized
close enough to 8, but does not provide gaurantees for weaker initializations. Is the dependence on
5(2) due to a fundamental computational barrier or an artifact of the theoretical analysis?

Example #2: Sparse PCA

A simple model for sparse principal component analysis (PCA) involves taking r = 1, (\;)i<n -
N(0,1), and @ € RP is a sparse vector with ||@]o < sp < p in the low-rank matrix estimation
model above. Given data X, we would like to reconstruct the signal 8. Information-theoretically,
accurate reconstruction of @ is possible if n > C'sglog(p/so), with C a sufficiently large con-
stant (Amini and Wainwright, 2008). A number of polynomial-time algorithms have been studied,
ranging from simple thresholding algorithms (Johnstone and Lu, 2009; Deshpande and Montanari,
2016) to sophisticated convex relaxations (Amini and Wainwright, 2008; Ma and Wigderson, 2015).
One natural idea is to modify the power iteration algorithm of standard PCA by computing

0" = ¢, XTX1(0%; 7). 4)

Here (c;)i>0 is a deterministic normalization, and n( - ;+) is a thresholding function at level -,
e.g., soft thresholding 7(x;~y) = sign(z)(|z| — v)+. This algorithm is a GFOM: see Appendix
H for the explicit change of variables. More elaborate versions of non-linear power iteration were
developed, for example, by Journée et al. (2010); Ma et al. (2013), and are typically equivalent to
suitable GFOMs.

2. We consider the real-valued case, but the generalization to the complex case should be immediate.
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Despite these efforts, no algorithm is known to succeed unless n > C's3. Is this a fundamental
barrier or a limitation of present algorithms or analysis? Evidence towards intractability was pro-
vided by Berthet et al. (2013); Brennan et al. (2018) via reduction from the planted clique problem.
Our analysis provides new evidence towards the same conclusion.

3. Main results

In this section we state formally our general results about high-dimensional regression and low-rank
matrix estimation. Throughout we make the following assumptions:

A1. The functions £, G? F, : Rrt+U+1 R B 6V G, R7(+D) 5 R are Lipschitz
continuous, with the F”’s indexed by ¢ > 0 and the G’s indexed by ¢ > 1.

A2. The covariates matrix X (for high-dimensional regression) or the noise matrix Z (for low-
rank estimation) have entries x;; ig N(0,1/n), 2 S N(0,1/n).

We denote by Z,(R¥) and Z.(IR¥) the set of probability distributions with finite ¢-th moment and
compact support on R¥, respectively. A function f : R¥ — R is pseudo-Lipschitz of order 2 if
there exists C such that |f(x) — f(z')] < C(1 + ||z| + ||='|])||z — || for all z, 2’ € R*. A
non-negative function ¢ : (R¥)? — R is a quadratically-bounded loss if it is pseudo-Lipschitz of
order 2 and there exists C such that for all ¢, ', d € R¥, |¢(x,d) — ¢(x',d)| < C(1+ /l(x,d) +
V(' d))||x — '||. Whenever we take n, p — oo, we do so in such a way that n/p — .

3.1. High-dimensional regression

We make the following additional assumptions:
4 4
R1. We sample {(wi, ui) i< ~ pw,v, { (0, vi) Yi<p ~ po,v for po v, pwu € Pa(R?).
R2. There exists a measurable function h : R? — R such that y; = h(z] 8, w;). Moreover, there
exists constant C' such that |h(z, w)| < C(1 + |z| + |w]) for all z, w.

The description in terms of a probability kernel P(y; € - |« 6) is equivalent to the one in terms of
a ‘noisy’ function y; = h(z] 6, w;) in most cases of interest. Recall the variables wu;, v; model side
information available to the statistician which may, for example, take the form of an informative
initialization. In many cases of interest, like phase retrieval, existing guarantees for first order
methods require an informative initialization (Candés et al., 2015; Cai et al., 2016). Including
side information in our analysis allows us to study its importance in achieving good estimation
performance.

Our lower bound is defined in terms of a one-dimensional recursion. Let (0, V') ~ ug y. Let
mmsee v (72) be the minimum mean square error for estimation of © given observations V' and
© + 7G where G ~ N(0, 1) independent of ©. Set 73 = E[0©?] and 7§ = 00, and define recursively

1 1
72 = 5 mmsee,v(77),  of = g(Té — mmsee v (77)),
1 1 ©)
—— = = E [E[G1|Y, G0, U]?],

7—s—‘,-l Ts
where Y = h(0;Go + 7sG1, W) and the expectation is with respect to G, G1 id N(0,1) and
(W,U) ~ pw,u independent.
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Theorem 1 Assume A1, A2, R1, and R2. Let 6’ be output of any GFOM after t iterations. Then

1 .
lim —Het — 0|2 > mmsee v (7).
n,p—00 P

More generally, for any quadratically-bounded loss ¢ : R? — R>o,

1< . X
lim =Y £(0:,0%) > inf E{¢(0,0(0 + .G, V), (6)
W%Op; (65,6;) b {€(©,6( t )}

where (©,V') ~ ne v independent of G ~ N(0, 1), and the infimum on the right-hand side is over
measurable functions 0 : R? — R. The limits are in probability and to a constant. For all € > 0,
there exist GFOMs with limiting risk within € of the right-hand side of (6).

3.2. Low-rank matrix estimation

We make the following additional assumption:

iid iid
M1. We sample {(Ai, i) }i<n ~ tau and {(05,v))}i<p ~ pov for pau, ne,v € Z2(R*).

Again, our lower bound is defined in terms of recursion, which this time is defined over positive
semidefinite matrices Q,, Q, € R"™*", Q,, Q, = 0. Set Q, = 0, and define recursively

Quu=Vavl@),  Q=;Vev(Q) )

where we define the second moment of the conditional expectation Vg y : R™" — R"™*" by

Vov(Q) = ]E{E[®|Q1/2® +G=Y:VIEO|QY20 + G =Y:; V]T},

and analogously for V' o 7(Q). Here the expectation is with respect to (@, V) ~ ue v and an
independent Gaussian vector G ~ N(0, I,.). Notice in particular that E{@®@ T} — Vg v/(Q) is the
vector minimum mean square error when © is observed in Gaussian noise with covariance Q.

For r = 1, Eq. (7) is a simple scalar recursion.

Theorem 2 Assume A1, A2, and M1. Let 0 be output of any GFOM after t iterations. Then
Y 2 2
lim ~[|6° — 0| > E{[|O["} —Tr Ve v(Q,).
n—o0 p

More generally, for any quadratically-bounded loss { : R*" — Rx,

1 A A
lim — Y 4(0;,85) > inf E{((©,0(Q}*© + G,V))}, )
n—oo p = é( )
where (©,V') ~ neg v independent of G ~ N(0, I,.), and the infinum on the right-hand side is
over measurable functions 6 : R” — R". The limits are in probability and to a constant. As above,
for all € > 0 there exist GFOMs with limiting risk within € of the right-hand side of (8).
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3.3. Discussion

Our motivations are similar to the ones for statistical query (SQ) lower bounds (Feldman et al.,
2017a,b): we want to provide estimation lower bounds under a restricted computational model that
are sensitive to the data distribution. However the scope of our approach is significantly different
from SQ algorithms: the latter can query data distributions and compute approximate expectations
with respect to that distribution. In contrast, our algorithms work with a fixed sample (the data
matrix X and responses y), which is queried multiple times. These queries can be thought as
weighted averages of both rows and columns of X and, as such, cannot be simulated by the SQ
oracle. For instance, the methods of Section 2 cannot be framed as SQ algorithms.

The lower bounds of Theorems 1 and 2 are satisfied with equality by a specific first order method
that is an approximate message passing (AMP) algorithm, with Bayes updates. This can be regarded
as a version of belief propagation (BP) for densely connected graphs (Koller and Friedman, 2009),
or an iterative implementation of the TAP equations from spin glass theory (Mézard et al., 1987).

Our proof uses the asymptotically exact analysis of AMP algorithms developed in Bolthausen
(2014); Bayati and Montanari (2011); Javanmard and Montanari (2018); Berthier et al. (2019).
However we need to overcome three technical obstacles: (1) Show that any GFOM can be reduced
(in a suitable sense) to a certain AMP algorithm, whose behavior can be exactly tracked. (2) Show
that Bayes-AMP is optimal among all AMP algorithms. We achieve this goal by considering an
estimation problem on trees and showing that, in a suitable large degree limit, it has the same
asymptotic behavior as AMP on the complete graph. On trees it is immediate to see that BP is
the optimal local algorithm. (3) We need to prove that the asymptotic behavior of BP for trees
of large degree is equivalent to the one of Bayes-AMP on the original problem. This amounts
to proving a Gaussian approximation theorem for BP. While similar results were obtained in the
past for discrete models (Sly, 2009; Mossel and Xu, 2016), the current setting is technically more
challenging because the underlying variables 6; are continuous.

While the line of argument above is —in hindsight— very natural, the conclusion is broadly useful.
For instance, Antenucci et al. (2019) study a class of of message passing algorithms inspired by
replica symmetry breaking and survey propagation (Mézard et al., 2002), and observe that they do
not perform better than Bayes AMP. These algorithms are within the scope of our Theorem 2, which
implies that indeed they cannot outperform Bayes AMP, for any constant number of iterations.

Finally, a sequence of recent papers characterize the asymptotics of the Bayes-optimal estima-
tion error in the two models described above (Lelarge and Miolane, 2019; Barbier et al., 2019). It
was conjectured that, in this context, no polynomial-time algorithm with access to an arbitrarily
small amount of side informationcan can outperform Bayes AMP.? Theorems 1 and 2 establish this
result within the restricted class of GFOMs.

4. Applying the general lower bounds

In our two examples, we will refer to the sets B (k) C RP of k-sparse vectors and B5(R) C R? of
vectors with £2-norm bounded by R.

3. Concretely, side information can take the form v = 16 + g for n > 0 arbitrarily small, g ~ N(0, I},)
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Example #1: Sparse phase retrieval

For the reader’s convenience, we follow the standard normalization in phase retrieval, whereby the
‘sensing vectors’ (i.e., the rows of the design matrix) have norm concentrated around one. In other
words, we observe y; ~ p( - |&; 0)dy, where Z; ~ N(0, I,,/p).

In order to model the phase retrieval problem, we assume that the conditional density p(- |- )
satisfies the symmetry condition p(y|x) = p(y| — z). In words: we only observe a noisy version
of the absolute value |(&;,0)|. An important role is played by the following critical value of the
number of observations per dimension:

[ EalWIG)(G2 -1\
% = </R Ec[p(y]G) dy)' ®

Here expectation is with respect to G ~ N(0, 1). It was proved in Mondelli and Montanari (2019)
that, if [|@] = \/p and n > (d;, + n)p, for some 7 bounded away from zero, then there exists a

simple spectral estimator 9sp that achieves weak recovery, i.e., a positive correlation with the true
1(65.0)]

16spl1211012

In the case of a dense signal @ and observation model y; = |&] 6| 4+ w;, w; ~ N(0,0?),
the oversampling ratio d,, is information-theoretically optimal: for n < (d,, — 7)p no estimator
achieves a correlation that is bounded away from 0 (Mondelli and Montanari, 2019). On the other
hand, if @ has at most pe nonzero entries, it is information-theoretically possible to reconstruct it
from 6 > Celog(1/¢) phaseless measurements per dimension (Li and Voroninski, 2013; Eldar and
Mendelson, 2012).

Our next result implies that no GFOM can achieve reconstruction from O(e log(1/¢)) measure-
ments per dimension, unless it is initialized close enough to the true signal. In order to model the
additional information provided by the initialization, we assume we are given

signal. Namely, is bounded away from zero as p, n — co.

T=va0/10):+vVI—ag,  (d)i<p = N(0,1/p). (10)

Notice that with this normalization ||T||2 concentrates tightly around 1, and /& can be interpreted
as the cosine of the angle between @ and v.

Corollary 3 Consider the phase retrieval model for a sequence of deterministic signals 0 € RP,
and let 7 (¢, R) := B (pe) N BY(R). Assume the noise kernel p( -|z) satisfies the conditions of
Theorem 1 and is twice differentiable with respect to x.

For any § < 0y, there exists o, = a,(0,€) > 0 and C,. = Cy (9, €) such that, if « < «, then

At
sup lim inf EM

L <c/a. an
120 P20 (=B)  (6]|2]16" s

The same conclusion holds if 0 is drawn randomly with i.i.d. entries 0; ~ pg := (1 — &)dp +
(£/2)(8 +64). p= 1/V/5.

Example #2: Sparse PCA

For ease of interpretation, we assume the observation model Xiz A0 +Z, where (Zij)i<n,j<p ~
N(0,1) and (A;)i<n, ~ N(0,1). Equivalently, conditional on 8, the rows of X are i.i.d. samples
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z; ~NO0,X), X =1I,+ 96" We also assume we have access to an initialization T correlated
with @, as per Eq. (10). In order to apply Theorem 2, we choose a specific distribution for the
spike. Defining 6 = g\f , we assume that the entries of 8 follow a three-points sparse distribution
(0i)i<p ~ po = (1 —€)dg + (¢/2)(64, + 0—,). The next lemma specializes Theorem 2.

Lemma 4 Assume the sparse PCA model with the distribution of 6 given above. Define (q¢)t>0 by

Vi(g + &)

5 :O, 12
1+ Va(g+a) © (12)

qt+1 =

- inh(p/39G)?
Vi(q) i= e 002 21[—5{ o , 13
tlg)=e e 1 — & + ee=%41?/2 cosh(jun/3qG) (13
where & = o/ (u?e(1 — «)). Then, for any GFOM
At ~
im 0)  [Veletd) (14)
01121612 pee

The bound in Lemma 4, which holds for random vectors @ with i.i.d. entries from the three-points
distribution, implies a minimax bound for non-random vectors € with given £s-norm and sparsity.
given in the corollary below.

Corollary 5 Assume the sparse PCA model, for 0 € R? g deterministic vector and \, Z random,
and consider the parameter space 7 (¢, R) := B (pe) N BY(R).

(a) If R? < 1/\/6, then there exists o = (R, 6,¢),Cy = Ci(R,6,¢) such that, for a < a,
and any GFOM

— ot
0,0
sup lim inf E (6.9)

_ —— < Civa. >
20 WP (e,R)  (|0)]|2]|0 ||

(b) If R? < \/(1 —¢)/46, then the above statement holds with cv, = (5 A %), Cy = 3/R%

In words, the last corollary implies that for R?§ < 1, no estimator achieves a non-vanishing cor-
relation with the true signal @ unless sufficient side information about @ is available. Notice that
for R?6 = 1 is the threshold above which the principal eigenvector of the empirical covariance

X'x /n becomes correlated with 8. Hence, our result implies that if simple PCA fails, then every
GFOM fails. Vice versa, if simple PCA succeeds, then it can be implemented via a GFOM provided
arbitrarily weak side information if available. Indeed, assume side information v = 1@ + g, with
g ~ N(0, I,)), and an 7 arbitrarily small constant. Then the power method initialized at v converges
to an estimate that has correlation with 8 bounded away from zero in O(log(1/7)) iterations.

5. Proof of main results

In this section, we prove Theorems 1 and 2 under stronger assumptions than in their statements.
These assumptions amount to stronger regularity requirements on the data generating distributions.
Because they do not clarify the conceptual structure of our argument, we defer the precise state-
ments of these assumptions to Appendix A. We label these assumptions R3 and R4 in the high-
dimensional regression model and assumption M2 in the low-rank matrix estimation model. In
Appendix E, we show that Theorem 1 (resp. Theorem 2) under assumptions R3 and R4 (resp. M2)
implies the theorem under the weaker assumptions R1 and R2 (resp. M1).
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5.1. Reduction of GFOMs to approximate message passing algorithms

Approximate message passing (AMP) algorithms are a special class of GFOMs that admit an asymp-
totic characterization called state evolution (Bayati and Montanari, 2011). We show that, in both
models we consider, any GFOM is equivalent to an AMP algorithm after a change of variables.

An AMP algorithm is defined by sequences of Lipschitz functions (f; : RT*+D+1 — R™),,
(g¢ : RTH1) 5 R™),5 . It generates sequences (at);>1, (b');>1 of matrices in RP*" and R™*",
respectively, according to

a'tl = XTf(b', ..., b'y, u) + Onsager correction,
(16)
bt = th(al, ...,ab; v) + Onsager correction.

with initialization a! = X7 fo(y,u). Here the “Onsager correction” is a term determined in a spe-
cific way by the functions (f;):>0, (9¢):>1 and the properties of the model in which AMP is applied.
We specify the Onsager correction explicitly in Appendix B. Importantly, state evolution character-
izes the iterates af, b' —and the iteration is referred to as AMP— only if the Onsager correction is
chosen in the specific way detailed there. The next lemma, proved in Appendix B, describes the
state evolution of the resulting AMP algorithm. Its characterization of AMP via state evolution uses
existing results (Javanmard and Montanari, 2013). Its contribution is in showing that, in addition,
all GFOMs are equivalent under a change a variables to an appropriately chosen AMP algorithm.

Lemma 6 Under assumptions A1, A2, R3, R4 (for high-dimensional regression) or assump-
tions A1, A2, M2 (for low-rank matrix estimation), for any GFOM there exist Lipschitz functions
(f)i>0, (g)i>1 as above and (@ = RTHD — R)ysq, (¢ « RTEADTL o R)isy, such that the
following holds. Define {a®,b*} s> via the AMP algorithm (16). Then we have

vl =pial,. .. alv), t>1,
ul = ¢(b',... bhy,u), t>1,

where v', ul are as in Eq. (1). Further, state evolution determines two collections of r X r matrices

(T's,t)s,6>1, (0 )¢>1 such that for all pseudo-Lipschitz functions 1 : R"(t+2) 5 R of order 2,
12
; > d(aj,...,akv;,0;) HE(®+ 2., 0® + Z",V,0)], (17)
7=1

where (©,V) ~ pne v independent of (Z',...,Z") ~ N(O,T). Here T}y € R s a
positive semi-definite block matrix with block (s, s') given by Ts ¢.*

. . . AL . .
Lemma 6 implies that the estimator & in Theorem 1 and 2 can alternatively be viewed as a

Lipschitz function g, : R"*+Y — R of the AMP iterates (a®)s<: and side information v, applied
row-wise. Thus, £(6;, 93) can be viewed as a pseudo-Lipschitz function of order 2 applied to
(a3)s<t, vy, 0;; namely, £(6;, g«((aj)s<t, v;)). Then, Lemma 6 implies that the limits in Theorems
1 and 2 exist and have lower bound

inf Ry(gu, (), (Ts.¢)) :=inf E[¢(®, gu(a1©® + Z*, ..., 0,® + Z' V)], (18)

where the infimum is taken over Lipschitz functions g, and matrices (o), (T's ) generated by the
state evolution of some AMP algorithm. This lower bound is characterized in the following sections.

4. We emphasize that the construction of all relevant functions and matrices depend on the model. We describe these
constructions and prove Lemma 6 in Appendix B.

10
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5.2. Models and message passing on the computation tree

We introduce two statistical models on trees and a collection of algorithms which correspond, in
a sense we make precise, to the high-dimensional regression and low-rank matrix estimation mod-
els, and AMP algorithms. We derive lower bounds on the estimation error in these models using
information-theoretic, rather than algorithmic, techniques. We then transfer these to lower bounds
on (18). The models are defined using an infinite connected tree 7 = (V, F, £) consisting of in-
finite collections of variable nodes V), factor nodes F, and edges £. Factor nodes have degree p
and have only variables nodes as neighbors, and variable nodes have degree n and have only factor
nodes as neighbors. These properties define the tree uniquely up to isomorphism. We denote the set
of neighbors of a variable v by v, and similarly define 0 f. We call T the computation tree. See
Figure 1 in Appendix C for a diagram of the computation tree.

The statistical models are joint distributions over random variables associated to the nodes and
edges of the computation tree.

High-dimensional regression on the computation tree. The random variables {(6,,v,)}yey ig

pov, {(we,us)}rer id pw U, and {Tpy }(f0)ee id N(0, 1/n) are generated independently.

We assume Lo, v, iw,u are as in assumption R3. We define y; = h(Zueaf x pyby, wy) for
h as in assumption R4. For each v € V), our objective is to estimate the coefficient 6, from

data (ys,uy) rer, (Vo)vev, and (Zfy)(fv)ee

Low-rank matrix estimation on the computation tree. The random variables {(0,,, v,)}vey pS

pe.vs {(Ap,up)}rer, and {2y }(f0)ee id N(0,1/n) are generated independently. We as-

sume fiA U, /1@ v are as in assumption M2. For each v € V, our objective is to estimate 6,
from data (27, ) (f,v)ce> (Vo)vev, and (uy) rer.

When ambiguity will result, we will refer to the models of Section 3 as high-dimensional regression
and low-rank matrix estimation on the graph.®> As on the graph, we introduce dummy variables
(yf) er in the low-rank matrix estimation problem on the computation tree.

To estimate 6, we introduce the class of message passing algorithms. A message passing
algorithm is defined by sequences of Lipschitz functions (f; : R"¢+D+1 5 R™),50, (gy : R7EHD) —
R")¢>1. For each edge (f,v) € &, it generates sequences (afo)tzl, (quf)tzl, (b'}%v)tzl, and
(r} _»)t>0 of vectors in R", called messages, according to

i—ilf = Z wf’vrf’—wv th—)v = ft(b}'ﬁiﬂ RER) bl}ﬁv;yf?uf)?

freov\f (19)

t 1 t
f—>v: Z :L‘fv'qvﬁf’ qv—)f:gt(av%fv"‘?a’v—)f;,vv)’
v'edf\v

with initialization r?cﬁv = fo(ys,uys) and alle = Zf’e@v\f fo’u""?ff_w- We also define for every
variable and factor node the vectors

altl = Z wfvr}_w, b? = Z vaq';_”c. (20)
feov veIf

5. This terminology is motivated by viewing the models of Section 3 as equivalent to the tree-based models except that
they are defined with respect to a finite complete bipartite graph between factor and variable nodes.

11
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. . . . Al
These are called beliefs. The vector 8, is estimated after ¢ iterations by 8, = g.(al, ... al;v,).

Message passing algorithms on the computation tree correspond to AMP algorithms on the
graph in the sense that their iterates are asymptotically characterized by the same state evolution.

Lemma 7 In the high-dimensional regression and low-rank matrix estimation models on the com-
putation tree, the following is true. For any Lipschitz functions (fi)e>0, (g¢)¢>1, there exist col-
lections of v x r matrices (T'st)s>1, (0w)i>1 such that, for any fixed t and node v, the message
passing algorithm (19) generates beliefs at v satisfying in the proportional asymptotics
W
(al,...,al,v,,0,) = (1® +Z', ..., ;0 + Z',V,©),

where (©,V) ~ ue. v independent of (Z',...,Z") ~ N(0,T.y), and W denotes convergence
in the Wasserstein metric of order 2 (see Appendix A). Moreover, the matrices (T's1)s>1, (0t)i>1
agree with those in Lemma 6 when the functions (ft)t>0, (9¢)t>1 also agree.

We prove Lemma 7 in Appendix C. Lemma 7 and the properties of convergence in the Wasserstein
metric of order 2 (see Lemma 10, Appendix A) imply that for any message passing estimator 92
and loss ¢, the risk E[£(0,, 92)] = E[((0,, g:(al, ..., al;v,)] converges to Ry(gs, (as), (Ts.s')),
in agreement with the asymptotic error of the corresponding AMP estimator on the graph.

On the computation tree, we may lower bound this limiting risk by information-theoretic tech-
niques, as we now explain. By induction, the estimate éf) is a function only of observations corre-
sponding to edges and nodes in the ball of radius 2¢ — 1 centered at v on the computation tree. We
denote the observations in this local neighborhood by 7, 2:—1. We lower bound the risk of 92 by the
optimal risk of any measurable estimator, possibly intractable, which depends only on 7, 2;—1; we
call this the local Bayes risk. The following lemma characterizes the local Bayes risk.

Lemma 8 Consider a quadratically-bounded loss ¢ : R*" — R>o. In the high-dimensional re-
gression (resp. low-rank matrix estimation) model on the computation tree and in the proportional
asymptotics

lim inf inf E[¢(0,,8(Ts2:1))] > R,

where the infimum is over all measurable functions of Ty, 2i—1, and R* is equal to the right-hand
side of Eq. (6) (resp. Eq. (8)).

We prove Lemma 8 in Appendix D. Combining Lemma 8 with the preceding discussion, we con-
clude that R(g«, (as), (T's,s)) > R for all Lipschitz functions g, and matrices (a), (T's s/) gen-
erated by the state evolution of some message passing or, equivalently, by some AMP algorithm.
The bounds (6) and (8) now follow. Moreover, as we show in Appendix F, the bounds (6) and (8)
are achieved by a certain AMP algorithm. The proof is complete.
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Appendix A. Strengthened assumptions, technical definitions, and lemmas

A.1. Strengthened assumptions

As mentioned in the main body, we will first prove Theorems 1 and 2, and in particular, Lemmas
6, 7, and 8, under stronger assumptions than in their statements. In the high-dimensional regression
model, these assumptions are as follows.
R3. Given o v € Z:(R?) and uw € P4(R* xR) for some k > 1, we sample {(0;, v;) }i<p id
i
po.v, {(wi,ui)ticn ~ pw v
R4. There exists Lipschitz function h : R x R¥ — R such that y; = h(a:;rO, w;). Measure piwy 17
has regular conditional probability distribution juyy(¢7(u, -) such that, for all fixed =, u, the dis-
tribution of h(z, W) when W' ~ iy, (u, -) has positive and bounded density p(y|z, u) with
respect Lebesgue measure. Further, ¥ log p(y|x, u) for 1 < k < 5 exists and is bounded.

In the low-rank matrix estimation model, this assumption is as follows.

iid iid

M2. Given UAU, OV € QZC(R%), we sample {(}\i, u@)}lgn ~ HA U, {(Bj,vj)}jgp ~ Ue,v.

We relax these assumptions in Appendix E. In Appendix E, we show that Theorem 1 (resp. Theorem
2) under assumptions R3 and R4 (resp. M2) implies the theorem under the weaker assumptions R1
and R2 (resp. M1).

A.2. Technical definitions and lemmas

We collect some useful technical definitions and lemmas, some of which we state without proof.
First, we recall the definition of the Wasserstein metric of order 2 on the space Z5(R¥):

Wa(p, p/)? = ilﬁfE(A,A’)NHWA — A%,

where the infimum is over couplings IT between x and 1. Thatis, IT € Z25(R* x R*) with first and
second marginals ; and p/, respectively (where a marginal here involves a block of k coordinates).
It is well known that Wy (y, 1t') is a metric on P (R¥) (Villani, 2010, pg. 94). When a sequence of

probability distributions p,, converges to p in the Wasserstein metric of order 2, we write t, — (.

We also write A, W' A when A, ~ pun, A ~ p for such a sequence.

Second, we generalize the definition of pseudo-Lipschitz of order 2. A function f : R" — R
is pseudo-Lipschitz of order k if there exists C' such that |f(x) — f(z')] < C(1 + ||=|** +
|2'|[*=1)||& — 2’| for all z,' € R*. To be pseudo-Lipshitz of order 1 is equivalent to being
Lipschitz.

Finally, we provide several technical lemmas which we will need in our proofs. Some standard
lemmas are stated without proof.

Lemma9 Iff: R" — Rand g : R" — R are pseudo-Lipschitz of order k1 and ko, respectively,
then their product is pseudo-Lipschitz of order ki + ko.

Lemma 10 If a sequence of random vectors X ,, W x , then for any pseudo-Lipschitz function f
of order 2 we have E[f(X )] — E[f(X)].
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Lemma 11 Consider a sequence of random variables (A,,, By,) LN (A, B) with values in R x R¥

such that (A, B,,) 4 (A, B) and A, 44 for all n. Then, for any bounded measurable function
[ : R xRF — R for which b — f(a,b) is continuous for all a, we have E[f(A,, B,)] —
E[f(A, B)].

Further, for any function ¢ : R x RF — R ( possibly unbounded) which is continuous in all
but the first coordinate, we have ¢(A,,, By,) 4 »(A, B).

Proof [Lemma 11] Without loss of generality, f takes values in [0, 1]. First, we show that for any set
S x I where S C R is measurable and I C R” is a closed rectangle whose boundary has probability
0 under B that

pa, B, (SxI)— pap(SxI). Q1)

First, we show this is true for S = K a closed set. Fix € > 0. Let ¢% : R — [0, 1] be a continuous
function which is 1 on K and O for all points separted from K by distance €. Similarly define
¢5 : R¥ — R. Then

E[¢% (An)07(Bn)] = pa, B, (K x I)
> E[¢% (An)@7(Bn)] — pa(spt(¢s) \ K) — pp, (spt(¢7) \ 1),

where we have used that A, 4 A. Because the boundary of I has measure 0 under p g, we have
lim,_,0 limsup,, ,, 1B, (spt(¢7) \ I) = 0. Moreover, lim._,o pa(spt(¢%) \ K) = 0. Also,
lim, 0 limy, 00 B[ (A% (By)] = lime_o E[¢S (A)¢S(B)] = pap(K x I). Thus, taking
e — 0 after n — oo, the previous display gives 4, B, (K x I) = pa, (K x I). For S = G an
open set, we can show 14, B, (G x I) = pa (G x I) by a similar argument: take instead ¢, to
be 0 outside of GG and 1 for all points in G separated from the boundary by at least ¢, and likewise
for ¢5.

By Theorem 12.3 of Billingsley (2012), we can construct X C S C G such that K is closed
and G is open, and pa(K) > pa(S) — €, pa(G) < pa(S) + e. The previous paragraph implies
that

paB(SxI)—e<psap(KxI)= ILm KA, B, (K xI)< lirginf,uAmBn(S x I)

<limsup pa, B,(SxI) < lim pa, B, (G xI)=paB(GxI)<psp(SxI)+e
n—00 n—ro0

Taking € — 0, we conclude (21).

We now show (21) implies the lemma. Fix ¢ > 0. Let M be such that P(B,, € [-M, M]*) >
1 —eforall nand P(B € [-M, M]*) > 1 — ¢, which we may do by tightness. For each a, let
§(a,e) =sup{0 < A < M | ||b =¥ < A= |f(a,b) — f(a,b')] < €}. Because continuous
functions are uniformly continuous on compact sets, the supremum is over a non-empty, bounded
set. Thus, d(a, €) is positive and bounded above by M for all a. Further, d(a, €) is measurable, and
it is non-decreasing in €. Pick d, such that P(6(A, €) < d4) < €, which we may do because §(a, €) is
positive for all a. We can partition [— M, M]* into rectangles with side-widths smaller than d, such
that the probability that B lies on the boundary of one of the partitioning rectangles is 0. Define
f=(a,b) ;=Y ,1{b e L}infye; f(a,b')and fi(a,b) := 3, 1{b € I,} supy¢;, f(a,b’), where
{1,}, is the partition. Note that on {a | d(a,€) < 6*} x [~M, M]*, we have f_(a,b) < f(a,b) <
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f+(a,b)and |f(a,b) — f_(a,b)| < eand |f(a,b) — f+(a,b)| < e. Thus, by the boundedness of f
and the high-probability bound on {§(a, ¢) < §*} x [-M, M]¥

Elf-(An, By)] — 2¢ <E[f(An, Bn)| < E[f+(An, Bn)] + 2¢,

E[f_(A, B)] — 2¢ < E[f(A, B)] < E[f, (4, B)] + 2e. &4

We show that E[f_(A,, B,)] — E[f_(A, B)]. Fix{ > 0. Take 0 = z9 < ... < zy = 1 such
that 241 — x; < & forall j. Let Sj, = {a | infy¢; f(a,b’) € [xj,2j41)}. Then

ijl{a €Sj,bell}+£6> f(a,b) > Za:jl{a €Sj,bel}.
L,j L:j

By (21), we conclude E[}_, ;x;1{A, € S;,B, € L} — E[}_, ;2;1{A € S;,,B € L}].
Combined with the previous display and taking £ — 0, we conclude that E[f_(A,, B,)] —
E[f-(A, B)]. Similarly, we may argue that E[f| (A,, B,)] — E[f+(A, B)]. The first statment
in the lemma now follows from taking e — 0 after n — oo in (22).

The second statement in the lemma follows by observing that for any bounded continuous func-
tion f : R¥ — R, we have that f o ¢ is bounded and is continuous in all but the first coordinate, so
that we may apply the first part of the lemma to conclude E[f(¢(Ay, Br))] — E[f(¢(A, B))]. B

We will sometimes use the following alternative form of recursion (5) defining the lower bound
in the high-dimensional regression model.

Lemma 12 Consider a family, indexed by x € R, of bounded probability densities p(-|x,u) with
respect to some base measure y. Then for 7 > 0 and o > 0 we have that
2
ac0> ] ’
iid

where Gy, G1 ~ N(0,1) and Y |Gy, G1,U has density p(-|cGo + 7G1,U) with respect to jy. In
particular, the derivatives exist. (In this case, we may equivalently generate Y = h(ocGo+7G1, W)
for (W, U) ~ pw ).

The preceding lemma applies, in particular, for p as in R4. It then provides an alternative form of
the second equation in recursion (5).
Proof [Lemma 12] We have

1

d -
EE[E[GHY, Go, U] =Eg, vy (dx logEq,p(Y|z + oGy +7G1,U)

e—}r%g(s—w)zdg

1
Eq,p(Y|x 4+ 0Go + 7G1,U) :/p(YaGg—i—s,U)m% ,

so that

d 3 1 (s —@) 1 (5-0)
aEGIp(Y]x +0Go+7G1,U) = = /p(Y!aGo +5,U) Wore: e 272 dg,

where the boundedness of p allows us to exchange integration and differentition. Thus,

d 1
o logEg,p(Y|z + 0Go+ 7G1,U) = ;E[Gl\Y, Go, U].

19



ESTIMATION ERROR OF GFOMS

The result follows. |

Finally, we collect some results on the Bayes risk with respect to quadratically-bounded losses
{:RF x RF — R>0. Recall that £ is quadratically-bounded if it is non-negative, pseudo-Lipschitz
of order 2, and also satisfies

10(9,d) — (9, d)| < C <1 + (O, d) + /o, d))) 19— 9'||. (23)

Consider (©,V) ~ peyv € Z2(RF x R¥), Z ~ N(0, I;) independent and 7, K, M > 0. Define
0% by @EK) = 0;1{|6;| < K}. Denote by pgx) y the joint distribution of ©%) and V, and
by Heu)y R* x B — [0, 1] a regular conditional probability distribution for ©¥) conditioned
on V. Define the posterior Bayes risk

1 L y—
R(y,7,v, K, M) := ||d||inf<M/Z€(,l97d)e 271'2 v 19||2M@(K)|V(U,d’l9), (24)

C 1y . o
where Z = [ 22 ly=2I “®<K>\V(”7 d?) is a normalization constant. It depends on y, 7, v, K.
When required for clarity, we write Z(y, 7, v, K).

Lemma 13 The following properties hold for the Bayes risk with respect to quadratically bounded
losses {.

(a) Forany T, K, M, with K, M possibly equal to infinity, the Bayes risk is equal to the expected
posterior Bayes risk. That is,

inf E[¢(@%) 905 + 72, V)] = E[R(Y®), 7, V, K, M)], (25)
o)

where Y 5) = @) 4 +Z with Z ~ N(0, I) independent of ©%) and the infimum is
taken over all measurable functions (R¥)2 — [—M, M]*. Moreover,

E[R(G(K)+TZ,T,V,K,OO)]ZA}im EROY) +7Z 7,V K, M).  (26)
—00

(b) For a fixed K < oo, the posterior Bayes risk is bounded: R(y,7,v,K,M) < R(K) for
some function R which does not depend on y,7,v, M. Further, for K < oo the function
(y,7) — R(y,7,v, K, M) is continuous on R¥ x R.

(c¢) The Bayes risk is jointly continuous in the truncation level K and noise variance 1. This is
true also at K = oo:

E[R(@(K)+TZ,T,V,K,OO)]:Klim EROY) +7'Z 7' V. K, ), (27)
—00
/=T

where the limit holds for any way of taking K, 7’ to their limits (ie., sequentially or simulta-
neously).
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Proof [Lemma 13(a)] For any measurable 0:RF x RF — [—M, M ]k
E¢(O@5) (0% + 7z V)] =EE[(OF) 605 +rZ V)0 1z V|

> E[ROF) +7Z, 7,V K, M)]. (28)
For M < oo, equality obtains. Indeed, we may define
~(M) . 1 PR S | P Y P
0 (y,vir) = arg min / (0. d)e” =V g (0,49), (29)
(M)

because the integral is continuous in d by dominated convergence. Then E[¢(@%) (Y, V;7))] =
E[R(Y,7,V,K,M)] when Y = ©5) 4 7Z. Observe R(y,7,v,K,M) | R(y,T,v, K, ) as
M — oo with the other arguments fixed. Thus, E[R(O@) + rZ 7 V K, M)] | E[R(O%) +
7Z,7,V,K,0)] in this limit. Because, by Eq. (28), E[R(®@) + 7Z 7.V K, c0)] is a lower
bound on the Bayes risk at M = oo and we may achieve risk arbitrarily close to this lower bound
by taking M — oo in (29), we conclude (25) at M = oo as well. |

Proof [Lemma 13(b)] The quantity R(y, 7, v, K, M) is non-negative. Define

R(K) = (9, 0).
(K) e (9,0)

Observe that R(y, 7, v, K, M) < R(K)forally, 7,v, K, M. Let p*(8|y, 7,v, K) = %efﬁ“yﬂw%
For any fixed d, we have

Hvy /6(197 d)p*("9|y7 T,U, K)N(..)(K)lv('v, d’l9)”

< [ 10, @1y, 0) |V, logp* 91y, 7.0) | g0y (v.09)

2Kk .
< D) /E(’ﬂ? d)p (19|y,7-,v)u@(K)|V(v,d19),
=

where we have used that ||V, log p*(9|y, 7,v)|| = %(19 — Egx) [©F)]) < 2Kvk/72, and the
expectation is taken with respect to © ) having density p* (9|y, 7, v) with respect to I )|y (v,-).

Thus, for fixed 7, d, v satisfying [ (9, d)p*(9|y, 7,v)pepy (v,d¥) < R, the function

y / 0, d)p* (9, 7, v)peyy (v, dD)

is 2K+/kR/7%-Lipschitz. Because the infimum defining R can be taken over such d and in-
fima retain a uniform Lipschitz property, R(y, 7,v, K, M) is 2K /kR/7%-Lipschitz in y for fixed
7,v, K, M. By a similar argument, we can establish that R(y, 7, v, K, M) is 2( K?k+2|y|| K Vk) /7°-
Lipschitz in 7 on the set 7 > 7 for any fixed 7 > 0 and any fixed y,v, K, M. We conclude
(y,7) — R(y,7,v, K, M) is continuous on R* x R. Lemma 13(b) has been shown. |

Proof [Lemma 13(c)] Finally, we prove (27). For any K > 0, we may write®
et v (v,) = e (v, )k kp + ey (v, (=K, K]¥)?)do(-). (30)

6. Precisely, for any regular conditional probability distribution ey for © given V, this formula gives a valid version

of a regular conditional probability distribution for @)

proof.

given V. We assume we use this version throughout our
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Choose K, €' > 0 such that |7/ — 7| < ¢ implies

1 - lly—v|?
Zo oot ao
/[—F(,qu Z(y,r’,ru,oo)e 2 pev (v, dd)

1 1 —_ 1 ly—0|2
>2/Z(y,T,v,oo)e = ey (v.49).

Fix ¢ > 0 and K’ > K > 0 with K’ possibly equal to infinity. By (24), we may choose d* such
that

1 T
/Z(y e 22 W0 oy (0.d9) < (14 OR(y, 7,0, K, 00). (1)

By the definition of &, there exists 9* € [~ K, K]* such that
0(9*,d*) <2(1+¢€)R(y,,v, K,00).

By (23), we conclude that

(9,d*) < C (1 +2(1+ o) R(y, 7,0, K, 00) + /1(9, d*)) 19 — 9%,

whence

2
09, d") < (1 + 2011 OR(y, 7,0, K, 00) + 3C||0 — 19*\\) . (32)

Then

|12

— 1 _ly—92 [ S P
’ [ o= g (0,09~ [ e,y u@mmM

1 _Yly—0I2 1 4y a9lI2

< ‘/E(ﬂ,d*)e 200 ey g (0, d9) —/E(z?,d*)e 2z lly =2l u@(x)|v(v,dz9)'
1 ly—9112 1 fay—

][ 0,007 g (0.00) - [ 10900 T g (0.00)

* _%Hy—ﬂHQ « —%||y||2 B .
< . 0(9,d%)e 2r pev(v,dd) +£(0,d")e 2 e (v, (K, K]F)°)

1%

" ‘/E(ﬁvd*)e_%llz”y_ﬂHQ/J@(KHV(vvdﬁ) _/g(lﬂad*)e_}b”y_ﬂ

< (K 7)1+ R(y, 7, v, K, 00)),

tg )y (v, dﬁ)‘

for some {(K,7') — 0as K — oo, 7" — 7 because the conditional measure yg|y (v, -) has finite
second moment and £ is bounded by (32). Then, by (31),

Z(y7 Tl? v, KI)R(y7 Tl? v, Kl? OO)
1
< /f(ﬂ’ d*)eiﬁuyiﬂ”z‘@m’)\V('vvd'ﬂ)
g (1 + E)Z(y7 7-7 v? K)R(y7 7-7 v? K7 oo) —"_ g(K7 7—/)(1 + R(y7 7-7 v’ K? Cn))'

By dominated convergence, we have that Z(y, 7', v, K') — Z(y,7,v,00) as 7" — 7, K’ — oc.
Also, R(K) = max|g|., <k £(¥,0) cannot diverge at finite /. Thus, applying the previous display
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with K, e fixed allows us to conclude that R(y, 7, v, K, o0) is uniformly bounded over K/ > K
and 7’ in a neighborhood of 7. Then, taking K/ = oo and K — oo, 7 — 7 followed by € — 0
allows us to conclude that

lim R(y,7,v,K,o) = R(y,T,v,00,00), (33)
K—oo

=T

for every fixed y, v. Moreover,
R(y,7,v,K,M) = inf /16(19,d)e_;?”y_ﬁ”Qﬂ@(K)W(v,dﬂ)
ldlw<M ) Z
S/1’g(/ﬁﬂo)e_QiQ”y_’0”2/-’L@(K)|V(/U7dI9)
/ Lo+ @2 =W (v,dw)
(1 +E[[0 7|0 +7G = y,V = v)).

Thus, R(G)(K) +7Z,7,V,K, M) is uniformly integrable as we vary 7, K, M. Because the to-
tal variation distance between (©) 4 7/Z V) and (® + 7Z,V))) goes to 0 as K — oo and
7/ — 7, for any discrete sequence (K, 7') — (oo, T), there exists a probability space containing

variables ?(K’T ), V.Y such that (Y(K’T ), f/) = (f/, f/) eventually. Thus, Eq. (33) and uniform
integrability imply Eq. (27). |

Appendix B. Proof for reduction from GFOMs to AMP (Lemma 6)

In this section, we prove Lemma 6.

B.1. A general change of variables

For any GFOM (1), there is a collection of GFOMs to which it is, up to a change of variabes,
equivalent. In this section, we specify these GFOMs and the corresponding change of variables.

The change of variables is determined by a collection of 7 xr matrices (§; ;)i>1,1<s<t> (Cr 5 )t>1,0<s<t-
We will often omit subscripts outside of the parentheses. Define recursively the functions (f;):>0,

(¢t)t21
ft(b17 .. '7bt;y7 ’Ll,) = Ft(l)((bl(bl;yau)v e 7¢t(b17 .. 7bt;y7u);y7u)
—1
(b, bhyu) = b+ S (b )T, (342)

2)(¢1(b1;y7u)7 s 7¢t—1(bla v 7bt_1;y7u);y7u)’
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initialized by fo(y,u) = Fo(l)(y, u) (here b°, u € R"), and define recursively the functions (g¢)¢>1,
(1) =1

t
oiri(al,. .. ahv) =at + ng(al, atth ’U)E;I:S

s=1

(34b)
2
+ Ft( )(qﬁl(al;v), e gbt(al, . ,at;v);'v),
1
galal,... atv) = G (pr(ahv), .. praal,.. . e v) ),

initialized by 1 (a'; v) = a' + Fé2) (v) (here a®, v € R"). Algebraic manipulation verifies that the

iteration
¢

at+1 = XTft(bl, ceey bt,y,u) - ng(ala s 7as;v)£;ljs7

s=1

t—1 35)
b= Xgi(a',...,a"v) = ) fi(b',... by, u)C],
s=0

initialized by a' = X T fy(y, u) generates sequences (a');>1, (b')s>1 which satisfy

vl =pal,. .. akv), t>1,

ul = ¢y (bt, ... by, u), t>1.

Thus, (&, 5), (C¢,s) index a collection of GFOMs which, up to a change of variables, are equivalent.

B.2. Approximate message passing and state evolution

We call the iteration (35) an approximate message passing algorithm if the matrices (&, ), (C;s)
satisfy a certain model-specific recursion involving the functions f;,g;. When this recursion is
satisfied, the sums on the right-hand sides are the “Onsager corrections” which we left unspecified
in Eq. (16). For future reference, the AMP iteration with the Onsager correction terms explicitly

specified is
¢

altl = XTft(bl, e ,bt; y,u) — ng(ala s, @’ v)&Zsﬂ

s=1

t—1 (36)
b= Xgi(a',...,a0) = ) f(b',... b7y, u)C]
s=0
where §, ,, C; ; satisfy an AMP- and model-specific recursion.

The state evolution characterization of the iterates (see Eq. (17)) holds whenever the matrices Etﬁ,
Gy s satisty this recursion. In this section, we specify this recursion. We simultaneously specify
the parameters (a), (T's,s) appearing in Lemma 6 in both the high-dimensional regression and
low-rank matrix estimation models.

B.2.1. HIGH-DIMENSIONAL REGRESSION AMP

In the high-dimensional regression model, r = 1 and (& 5), ((t.s), (o), and (T &) will be scalars
(hence, written with non-bold font). The recursion defining (& 5), ((t,s) also defines (ay), (Ts o) as
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well as a collection of scalars (X5 ¢)s+>0 Which did not appear in the statement of Lemma 6. The
recursion, whose lines are implemented in the order in which they appear, is

&.s = E[0ps fi(BY,..., B (B W), U)], 1<s<t,
[ A E[aBoft(Bla e 7Bt; h(B07 W)? U)L
Toyr01 = E[fs(B, ..., B h(B°, W), U) f«(B',..., B h(B°, W), U)], 0<s<t, (37

1
Ct.s = EE[aZSHgt(O‘l@ +Z . O+ Z5V)], 0<s<t-1,

1
Yo = $E[0g(c1© + Zh . a®+ 25 V),

Yot = %E[gs(m@ + 24 O+ Z5V)g(a©+ ZY, .., a0+ Z4H V)], 1<s<t,
where © ~ HO, U~ MK, V ~ My, W~ 2477 (BO,.. . ,Bt) ~ N(O,E[O:t]), (Zl,. . .,Zt) ~
N(0, T'1.). all independent. We initialize just before the second line with 3¢ o = E[©?].

Eq. (17) for (as), (Ts,s) defined in this way is a special case of Proposition 5 of Javanmard and
Montanari (2013), as we now explain. First, we fix iteration ¢. Then, we design an interation which
agrees, after a change of variables, with iteration (36) up to iteration ¢ and to which we can apply the
results of Javanmard and Montanari (2013). After this change of variables, the state evolution up to
iteration ¢ follows from Proposition 5 of Javanmard and Montanari (2013). Because ¢ was arbitrary
and we take n,p — oo before ¢ — o0, this establishes the result. This section simply provides
explicitly the appropriate change of variables, but it does not provide substantial explanation for why
the state evolution holds. For such an exposition, we refer the reader to Javanmard and Montanari
(2013). Other works establishing state evolution for other versions of AMP include Bayati and
Montanari (2011); Berthier et al. (2019). These contain many of the same ideas, but do not consider
an AMP iteration which translates as easily into our setting, in which the AMP updates are allowed
to depend upon the full past.

Javanmard and Montanari (2013) study an interation in which the iterates are matrices u® &
R™(+1) and v* € RP*(+1) The AMP iteration (36) up to time ¢, in which each update depends
upon the full past, is an instance of the AMP of Javanmard and Montanari (2018) in which the
columns of the matrices v® and u*® contain functions of the iterates a®, b°, and parameters of the
high-dimensional regression model. Specifically,

| |
W+ [X0 b .- ¥ 0 --- 0],
\

v |0 a'—a10 - a*—a0 0 --- 0],

The following change of variables transforms (36) into equations (28) and (29) of Proposition 5 in
Javanmard and Montanari (2013). Our notation is on the right and is separated from the notation of
Javanmard and Montanari (2013) by the symbol “<”.

A+ X, m+n, n<p, q+t+1,
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X0 i=1,

A a - 10 2<i< 1
W) b 2<i<s+1, and  o°(i) « @18 LSt s+l
i 0 otherwise,
0 otherwise,
v o1=1, u 1=1,
y(i) <0 i=2, and w(i) <~ w =2
0 otherwise, 0 otherwise,

The “(7)” notation indexes columns of a matrix and u®, v®, y, and w are matrices with t+ 1 columns.
In matrix form

| |
y<~|v 6 0 --- 0], w+—|lu w 0 --- 0
. | o |

The update functions of Javanmard and Montanari (2013) are

y(2) i1=1,
20,y5)(0) = { g1 (0(2) + a1y(2),...,v(i) + aiy(2iy(1) 2<i<s+1,
0 otherwise,

ﬁ(u w; ) (i) fica(u(2), ... u(i — 1);h(u(l),w(2)),w(1)), 2<i<s+2,
o 0 otherwise.

Indeed, then in matrix form

|
e(v®,y;8)(i) « |0 gi(at;v) - gs(at,...,a%v) O --- .- OF,
| | | | |
and
_ | | | | |
h(usvw;s)(i)% 0 fO(yau) fs(bla---,bSQy,U) 0 --- 0

The Onsager correction coefficients (&; ;) and () are related to the operators B and Dy in Javan-
mard and Montanari (2013). The operator By is a linear operator R?*(*+1) — R7*(t+1) which in
our context consists of the row-wise application of the same linear transformation, which we call
B, € RUHDX(E+1) The entries of this linear transformation are

By = 5ElOy2(V,Y35)(0)

0 i=1lorj=1,
— %E[azqui_l(cn@—l—Zl,...,Ozi_l@—i-Zi_l;V)] 2<3<i<s+1,
0 otherwise.
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(Ds)ij = Edys h(U, W 5)(i)]
. E[aijlfi—l(Bla'”7Bi;h(BO’W)7U)] ].SJSZ—lSS‘i‘].,
0 otherwise.

The Onsager coefficients and state evolution coefficients are arrived at through the change of vari-
ables:

(Es)s+1,s’+2 — Cs,s’a (Es)s+2,s’+1 — fs,s’ (Bs)s—&-l,l — g,

over the relevant ranges of s, s’. In matrix form,

o 0 --- 0 --- 0
0 Go O 0O --- 0
0 Co Ca1 O 0 --- 0
B | a8
* 0 CS,O o Cs,sfl o --- 0
o 0 --- 0 0 --- 0
0O O 0 0 0
and
0 0 0O --- 0
a1 0 0O --- 0
a9 51’1 0 0o --- 0
az &1 &2 0 0O --- 0
D, : : - :
ast1 Es1 v Ess e 0
0 0 o 0 --- 0
0 0o - 0 0 --- 0

We remark that in Javanmard and Montanari (2013) the quantities (Bs)s41.s'+2, (Ds)st1,5+1, and
(Ds) s+1,1 are empirical averages rather than population averages. Because empirical averages con-
centrate well on their expecation, we may replace them with their population averages, as we do
here, without affecting the validity of state evolution. This observation is common in the AMP
literature: see, for example, the relationship between Theorem 1 and Corollary 2 of Berthier et al.
(2019). The state evolution matrices now correspond to

E[VSt(s + 2)Vot(s' + 2)] = E[h(U, W; s)(s + 2)h(U, W3 s)(s' + 2)]
— E[fs(B',...,B*h(B°W),U)fs(B",...,B*;h(B°, W), U)]
= Ls41,8+1, for s > s' > 0,
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and
E[U*(s+1)U*(s" +1)] = %E[@(V, Y;s)(s+1)e(V,Y;s)(s" +1)]

1 /
— S]E[gs(al@+Z17...,as@—|—ZS;V)gsz(a1@+Z1,...7a5/@—i—ZS V)]
=Yy, fors> s >1,
and

B[V (5 + 1)U*(1)] = SE[A(V, Y3 5)(s + eV, ¥ 5)(1)]

1
— SE[gs(al@ + 7' ... a0+ Z%V)0)
= Y0, fors>1.

From this change of variables, Eq. (17) holds in the high-dimensional regression model from Theo-
rem 1 and Proposition 5 of Javanmard and Montanari (2013).
B.2.2. LOW-RANK MATRIX ESTIMATION AMP
In the low-ank matrix estimation model, the recursion defining (), (C; ) also defines (c),
(T's,4)st>1 as well as collections of 7 x r matrices (v;)i>1, (2s,)s,>0 Which did not appear in
Lemma 6. The recursion, whose lines are implemented in the order in which they appear, is
~ 1 ~
£t,8 = E[vzift(le +Z PR 77tA + Ztv 07 U)]’ 1 <s< t7
51 St
a1t =E[fiviA+Z ...,y A+ Z50,U)AT],

=1 = =1 =t

Torrir1 =Blfs(mA+Z ... A+ Z50,U0) A+ Z ..., A+ Z50,U)"], s <t,

1 \%
Crs = SE[VZngt(CU@ + Zla co @+ Zt; ), 0<s<t-1, 58
1 A7
Y = 5E[Qt(a1®+zl,~~,at®+zt§ ICHE
1 A%
Bt = <Elgs(@® + Z',...,a0® + Z% V)g(cn® + Z',... . c,©® + Z V)T],

’ )
1 <5<

where A ~ pia U ~ s, ® ~ o, V-~ v, (Z',..., Z') ~ N(0,Z), and (Z,..., Z") ~
N(0, T'[;.4), all independent. Here V denotes the Jacobian with respect to the subscripted (vectorial)
argument, which exists almost everywhere because the functions involved are Lipschitz and the
random variables have density with respect to Lebesgue measure (Evans and Gariepy, 2015, pg. 81).
As with T'[1.y), we define 3, to be the 7t x rt block matrix with block (s, ) given by X5 ;. We

initialize at the second line with a; = E[f(0, U)AT]. In addition to (17), we will show
RS 1 t P 1 =t
i=1

where we remind the reader that 1) : R"(t+2) — R is any pseudo-Lipschitz function of order 2.
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We now show Eq. (17) for (), (Ts ) defined in this way. We consider the » = 1 case, as
r > 1 is similar but requires more notational overhead. Recall X = %)\OT + Z. Because X is not
a Gaussian matrix due to its low-rank component, the results of Javanmard and Montanari (2013)
do not directly apply. To apply them, we use a technique common in the AMP literature: we design
an AMP iteration which, via a certain set of change of variables, closely tracks the iterates of (36)
and to which the results of Javanmard and Montanari (2013) apply. Then, the state evolution for

the new AMP iteration will transfer to a state evolution for the iteration (36) via an approximation

argument.
First, note

t

1
a't+1 - g<)‘7 ft(b17 cee >bt;01u)>0 = ZTft(b17 cee 7bt;07u) - th,sgs(alv ‘e 70’5;1]))

s=1

1 _
bt - E<eagt(a17 .. '7at;v)>>‘ = th(a17 .. 'aa't;v) - th,sfs(bla e '7b8;y7u)‘
s=0

We introduce a change of variables:

fe(d', o dbu N) = fu(d L dE A+ 0, u), d' =b' — 3\ e R,
Gi(ct, .. 0, 0) = gt Faib, ...+ b v), c'=a'— a0 cRP.

Because f3, g; are Lipschitz continuous, so too are f;, ;. We have

1, - R
at“—E(A,ft(dl,...,dt;u,)\)w:ZTft(dl,.. )= &sgs(cls .. chv,0),
s=1
t 1 ~ 1 t ~ 1 — S
b' — —(0,9:(c,...,cv,0)A=Zg(c, ..., cv,0) - Ct,sfs( L b5, ).
n
s=0
Define
P | ¢
¢t =Z"fi(d . )= ) &sgs(el ... eh,8),
s=1
o t—1 y
d =Zjge,. .., e50,0) = (G.ofs(d ,...,d;u,)\).

S=

Because this iteration involves only multiplication by a Gaussian matrix, state evolution holds for it
by Theorem 1 and Proposition 5 of Javanmard and Montanari (2013) via a change of variables as in
high-dimensional regression AMP (see previous section). In this case, the state evolution states that

for any pseudo-Lipschitz function 1/ : R**2 — R of order 2, we have

1<~ . X
];Zw &y, 05) B EW(ZY, .., 2V, 0)],
1 = (39)

n
A

- D owd), . dbun X)) B EW(ZY, .. 20U A,
=1
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where Z5, Z* are as in the state evolution Eq. (38).
Because 1 is pseudo-Lipschitz of order 2, to establish (17), it suffices to show

1 1 -
St B0, —fd -tz (40)
n n

We proceed by induction. By the weak law of large numbers, we have that %()\, fg(u, A) =
LIX, fo(0,w)) 2 1. Therefore, ¢! = Z7T fo(u, A) + 0,(1)8 = &' + 0,(1)8. Since %HOH% 2
E[©?], we have that 2||c' — etz Bo.

Because ¢, is Lipschitz and %HOHQ = Op(1), we have |2(0, g1 (c'; v, 9)>—%<0,§1(él; v,0))] >
0. By (39), we have that %(0, a1(e';v,0)) B ~1. We have

1. L 1 )
;Hgl(cl;v,@) —g1(ehv,0)[3 < ;LQ\Icl — &l >0,

where L is a Lipschitz constant for §;. By Bai and Yin (2008), the maximal singular value of Z7 Z
is O,(1). Therefore, 2||Zg(c';v,0) — Zj1(¢';v,0)]|3 2 0. As a result, and using that LIX|3

n
converges almost surely to a constant,

1 -1 1. .. ) 1,
~Jld' — d'} = 12 0,0) — Zau(chi,6) + (0, 31(c}5v,0)) — A3 B 0.
Now assume that (40) holds for 1,2, ..., ¢. For the (¢ + 1)-th iteration, we have

t
1o - 0 " 1, o1 et L . s
SOFd o du N) = O fild i d )| < n””'?Zl”d —dl2 >0,

where L is a Lipschitz constant for f. By (39), we have %()\, ft(gll, ... ,Elt; u, A)) B g1 Asa

result, we have %()\, ft(dl, coodbu\)) 2, a1 Furthermore, for any 1 < s < ¢, we have

1, - ) a1 ~s L2 i
EHfS(dl,...,d;u,)\)—fs(d,...,d;u,A)H§<#Z||d—d||§3>0,
=1

1, o ) LIS,
;Ilgs(cl’---vcs;vﬁ) —gs(e',...,&%50,0)|5 < nt; le’ — &3 5 0.
Again using that the maximal singular value of ZT Z is O, (1), we have
1 oo . .
2T d ) — ZT R du A2 0.
n

As a result, we have

1
EHéH—l _ ct+1H§

1.1 A S| at A
- g”(£<)‘7ft(dlv7dtau7)‘> _at+1)0+ZT(ft(d 7"'7d ,U,)\) _ft(dla"wdt;u’A)) -
t
D Gs(gs(@ ... 8%50,0) = gs(c! ..., % v,0))[5 0.
s=1
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Similarly, we have

t+1

1 1
(0, gier (e, ... e 0,0)——(0, g1 (. . ., <79 ety B0
|40, e (e, 0,0))= {0, e (c, 6))| | szll 2 =0,
where L is a Lipschitz constant for g;11. By (39), we have that + -0, §t+1(él, et ) LN
~veir1. As a result, we have that E<9,gt+1( c,....chv,0)) 3) ~t+1. Furthermore, for any
1 < s <, we have

1 N 1 s N ~1 ~ S 2 L 7 ~1 2 P

ﬁHfS(d avd au7>‘)_f8(d aada 2 < FZ |d _d||2_>0

=1

Also, forany 1 < s <t + 1, we have
1 1 1 s P ; in2 P
—|lg yoC0,0) —gs(e, ..., E%v,0)]5 < ' —¢'||53 = 0.
Al e0.0) =@ i O < 5 e -

Then 1| Zge1(eh,. .., e 0,0) — Zgia(c, ..., ¢t v,0)[13 B 0. As aresult, we have
1 e+l 112
Lyt g

1.1, .
= 5”(;<979t+1(01a e € 0)) — )X
+ Z (G (e, .. e 0,0) — gia(cl, .. e, 0)

t
=S Gulfd @A) — fuld L dsu A3 S 0.
=0

Thus, we have proved (40). Therefore, for all pseudo-Lipschitz functions i of order 2, we have that
there exists a numerical constant C' such that

1 & 1< .
I;Ziﬁ(C}—i—Og%,... i+ iy, v, 0; pzw +a19j,...,c§-+at6j,vj,0j)
— =
t t
< Ly(1+ ) llalla +118]l2 + [[v]l2) Y [[e* — ¢*[la & 0.
s=1 s=1
By (39),
1 p
52;@(&}+a19j,...,é§+at9j,vj,9j)3>E[¢(a1@+Zl,...,at®+zt,v,@)].
j=1

P
Therefore, % Zl¢(a]1., -y b v, 0) 2 El(a® + Z',...,a,0 + Z', V,©)]. Similarly, we
]:

can show that 2 3°7 (b}, ..., b, ui, A) B E[(v, A + Z'. . ywA+ZU, A)]. Thus, we
have finished the proof.
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B.3. The AMP change of variables

To prove Lemma 6, all that remains is to show that for any GFOM (1), there exist matrices (&; ;),
(Cts) such that the change of variables in Eqs. (34) generates an iteration (35) which is an AMP
iteration. That is, in addition to satisfying Eq. (34), the matrices (; ;). (¢, ) and functions (f;),
(g¢) satisfy Egs. (37) and (38) in the high-dimensional regression and low-rank matrix estimation
models, respectively.

To construct such a choice of scalars, we may define (§; ;), (1 5), (ft), (g¢) in a single recur-
sion by interlacing definition (34) with either (37) or (38). Specifically, in the high-dimensional
regression model, we place (34a) before the first line of (37) and (34b) before the fourth line of
(37). To illustrate: we first define fo(y,u) = Fo(y;w). Then we get oy, 111,112, To 2 from (37).
Next we get p1(a,v) = a + Fo(z) (v), and gy (a*;v) = Ggl)(gpl(al; v);v) from (34b). We then get
€1,0, 20,1, 21,1 from (37). Then we get f1, 1 from (34a). We can then get &1 1, g, and T o for
1 < s < 2. This recursion continues. In the combined recursion, all quantities are defined in terms
of previously defined quantities, yielding choices for (§; ;), (¢t 5), (ft), (g¢) which simultaneously
satisfy (34) and (37). Thus, in the high-dimensional regression model every GFOM is equivalent,
up to a change of variables, to a certain AMP algorithm. The construction in the low-rank matrix
estimation model is analogous: we place (34a) before the first line of (38) and (34b) before the
fourth line of (38).

The proof of Lemma 6 is complete.

Appendix C. Proof of state evolution for message passing (Lemma 7)

In this section, we prove Lemma 7. We restrict ourselves to the case 7 = 1 and k = 1 (with k the
dimensionality of W) because the proof for » > 1 or £ > 1 is completely analogous but would
complicate notation.

Figure 1: The computation tree 7.

The computation tree with n = p = 3 is shown in Figure 1. We have labeled some of the
nodes or edges with some of the random variables or messages associated to them. Let 7,y =
(Vo s Fusfr Ev— ) be the tree consisting of edges and nodes in 7~ which are separated from f
by v. By convention, 7,_, y will also contain the node v. In particular, f & F,_, s and (f,v) € Ey— ¢,
butv € V¢, and f’ € Fy_,rand (v, f') € Eys g for f/ € Ov\ f. Wedefine Ty, Vi—sus Ff—ovs v
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similarly. For example, Figure 2 displays 7,_, s for the computation tree shown in Figure 1. With
some abuse of notation, we will sometimes use 77y, Vi—su, F f—u, £ to denote either the col-
lection of observations corresponding to nodes and edges in these sets or the o-algebra generated
by these obervations. No confusion should result. Which random variables we consider to be “ob-
served” will vary with the model, and will be explicitly described in each part of the proof to avoid
potential ambiguity.

Figure 2: The sub-tree 7,_, s.

C.1. Gaussian message passing

We first introduce a message passing algorithm whose behavior is particularly easy to analyze. We
call this message passing algorithm a Gaussian message passing algorithm. We will see that in
both the high-dimensional regression and low-rank matrix estimation models, the message passing
algorithm (19) approximates a certain Gaussian message passing algorithm.

Gaussian message passing algorithms operate on a computation tree with associated random
variables {(0, v0) ey~ pov, {(wr,up)}rer © pwu, and {zp}(ryee ~ N(0,1/n), all
independent, where pio v, pw,u € Y4 (R?).” Gaussian message passing algorithms access all these
random variables, so that all are considered to be “observed.” Thus, for example, V;_,, contains
6., v, for all nodes v’ separated from v by f (including, by convention, f).

Gaussian message passing algorithms are defined by sequences of Lipschitz functions ( ft :
R¥*3 — R);>0, (G : R7T2? — R);>0. We initialize the indexing differently with Gaussian message
passing algorithms than with the message passing algorithms in Section 5 in anticipation of nota-
tional simplifications that will occur later. For every pair of neighboring nodes v, f, we generate
sequences of messages (@!,_, ()i>1, (¢_, ;)i=0, (b_,,)iz0, (F}_,, )0 according to the iteration

Al = Y gy Ty = L0y D u), (41a)
freov\f

Vivw =Y zpwlip @y =at(Gy g i 00,00), (41b)
v'€df\v

7. We believe that only pe,v, uw,v € P2(R?) is needed, but the analysis under this weaker assumption would be
substantially more complicated, and the weaker assumptions are not necessary for our purposes.
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with initialization ¥ _, # = 90(0y, ). For t > 0, define the node beliefs

At =" g, W= zpdy (42)
fedu veaf
To compactify notation, denote @}, = (a,), ..., al)", and likewise for al,_, ;, @, , (. B;, l;jv S T,

(where the first two of these are ¢-dimensional, and the last three are (¢ + 1)-dimensional). We
will often write ft(i)tf_),v; wy,uy) in place of ft(l;(}_w, e b'}_w; wy¢, uys), and similarly for g;. The

reader should not confuse the bold font here with that in Section 5, in which, for example, a! . 7

denotes the vectorial message at time ¢ rather than the collection of scalar messages prior to and
including time ¢.
Gaussian message passing obeys a Gaussian state evolution, defined by covariance matrices

Sow = E[Gs(A%;0,V)iy(A°;0,V)], Terr901 =Elfs(B;W,U)fo(B”;W,U)], (43)

where S, s’ >0, AS ~ N(057T[l:s])’ BS ~ N(OS+17 E[O:S])’ and (97 V) ~ He,V, (W7 U) ~ UwW,U
independent of A°, B®. The iteration is initialized by 399 = E[go(©, V)?].

Lemma 14 [f we choose a variable node v and factor node f independently of the randomness in
our model, then for fixed t and for n,p — oo, n/p — § we have

3 W _ W
(@, 0u,v0) = N(O, Tpryy) @ po,y and (@ sz, 00,05) = N(Oy, Tiyg) @ poyy, — (44a)

-t W -t W

(by,wp,up) = N(Opr1, Bio.) @ pwy and (by_y,,wy,up) = N(Opy1, Ejo.yg) @ pwu- (44b)

Further, all the random variables in the preceding displays have bounded fourth moments and
- - ~t =t
E[lla;, — a\;[I?] = 0 and E[||b; — by, [I*] = 0.

v

The analysis of message passing on the tree is facilitated by the many independence relation-
ships between messages, which follow from the following lemma.

Lemma 15 For all (f,v) € &€ and all t, the messages f’} o B'} _,p are Ty_,-measurable, and the
messages (jf) L ELZ f is Ty— p-measurable.

Proof [Lemma 15] The proof is by induction. The base case is that Qg ~f = 90 0y, vy) is Ty f-
measurable. Then, if ¢} _,  are Ty— p-measurable and bjc _,p are Ty_,,-measurable for 0 < s < ¢
and all (f,v) € &, then b} _w,f;c _,, are Ty_,,-measurable by (41). Similarly, if 75, are Tj_,,-
measurable and a; _, g are To—r-measurable for 0 < s < t and all (f,v) € &, then d?jv, fjfjv
To—s f-measurable by (41). The induction is complete.

are

We now prove Lemma 14.
Proof [Lemma 14] The proof is by induction.

W
Base case: (0,,v¢) = po,v.
This is the exact distribution in finite samples by assumption.
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Inductive step 1: Eq. (44a) at t, bounded fourth moments of @', a’,_, e and E||al, — af _, fH2] —0

imply Eq. (44b) at t, bounded fourth moments ofbf, bf—m and E[Hbf - IN);_WHQ] —0
The o-algebras (7, f)ycoy are independent of (zf,)ycof, Which are mutually independent of
each other. Thus, by (42), conditional on o ((7,— f)vecay) the beliefs l~)§c are jointly normal with

covariance X := %Zveaf a, (@, ;)" Thatis,

by | o((Tossp)veas) ~ N(Opr1, Epog).

Because (a! ay_, ¢, Oy, vy) — gs(a; Qyofi Oy, vy)Gs (@5 v_>f, 0y, vy ) is uniformly pseudo-Lipschitz of or-
der 2 by Lemma 9, we have E[E&S] = E[qvﬁfqvﬁf] = E[gs(ay_, ; 0v,v0)gs (@ v_)fﬁv,vv)] —
Ys,s by the inductive hypothesis, Lemma 10, and (43). The terms in the sum defining E[O.t] are
mutually independent by Lemma 15 and have bounded second moments by the inductive hypoth-
esis and the Lipschitz continuity of the functions (§s)o<s<:. By the weak law of large numbers,
f][():t] h ¥ (0.4 whence by Slutsky’s theorem, Bjc 4 N(O¢+1,Xg,)). Further, ]E[IN);(IN);)T] =
E[X(o.q] = Xjo.- Convergence in distribution and in second moment implies convergence in the
Wasserstein space of order 2 (Villani, 2010, Theorem 6.9), so Bjc A N(Opy1, z[O:t])-
To bound the fourth moments of b'}, we compute

1 - ~
B[ =B = 5 S EI@L) T+ g 3 Bl I - S
vef vV €Qf

where the first term goes to 0 because the fourth moments of ¢, , 5 are bounded by the inductive
hypothesis and Lipschitz continuity of g;, and the second term goes to E[(¢’ _, f)Q] by the same
argument in the preceding paragraph. The boundedness of the fourth moments of 5‘} holds similarly
(and, anyway, will have been established earlier in the induction).
Finally, observe 5'} — ZN)}HU = 2podl, .y and E[(2f,G), , )?] = E[q,_,;)?/n — 0, where
E[q f)2] is bounded by the inductive hypothesis and Lipschitz continuity of g;. The convergence
[(bt _ bs

% _.,)?] = 0for s < t holds similarly (and, anyway, will have been established earlier in
the 1nduct10n) The Wasserstein convergence of (bv o Ous v, ) now follows. The bounded fourth

moments of bv ¢ hold similarly.

Inductive step 2: Eq. (44) at t, bounded fourth moments of lNJI}, I;jc%v, and IE[HB; E}HHW]
imply Eq. (44) at t + 1, bounded fourth moments of a',, Z:lf’ and E[||alt — alt! H | —
This follows by exactly the same argument as in inductive step 1.

The induction is complete, and Lemma 14 follows. |

C.2. Message passing in the high-dimensional regression model

We prove Lemma 7 for the high-dimensional regression model by showing that the iteration (19)
is well approximated by a Gaussian message passing algorithm after a change of variables. The
functions f;, §; in the Gaussian message passing algorithm are defined in terms of the functions
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ft, g¢ of the original message passing algorithm (19) and the function / used to define the high-
dimensional regression model.

ft( sy t UIU) = ft(gla"'al;t;h(l;o?w)vu)a tZOa
gO(eav):ev gt(a ,"',CL;Q,’U) ::gt(a19+dla"'ya10+&t;v)a t>1

Define (a! et (a L)1, (qv_>f)t>0, (bf_>v)t>0, (bf)t>0, (rf_w)t>0 via the Gaussian message
passing algorlthm (41) with initial data 60,, v,, ws, uy and with Zfy = Tfy. Because fi, g:, and h
are Lipschitz, so too are f: and §;. Under the function definitions f;, g given above, the definitions
of X s and T ¢ in (43) and (37) are equivalent. Thus, Lemma 14 holds for the iterates of this
Gaussian message passing algorithm with the T'[; ), 3ijo.4) defined by (37).

We claim that for fixed s > 1, as n — oo we have

E[(asy + @5, p — a5, 5)*] — 0 and E[(b%_,, — bj_,,)%] =0, (45a)
and
s 4 4 : .
E[(a;_f)"] and E[(b}_,,)"] are uniformly bounded with respect to n, (45b)

where (o) are defined by (37). These are the same coefficients appearing in the AMP state evolu-
tion (Lemma 6), as claimed. We show (45) by induction. There is no base case because the inductive
steps work for ¢ = 0 as written.

Inductive step 1: If (45) holds for 1 < s < t, then (45a) holds for s =t + 1.
We expand

ar1by + bt —alt = a0zl (bfqmwf' up) = fr(® sy, up)

freov\f
~ Nt ~ o~
= ayy10y + Z 2prp(fe(bpr i wypr uypr) —ft(bg)e,ﬁy,b’},ﬁv;wf/,w/))
fredv\f
+ Z Zflv(ft(b?/g)v,bsc/ﬁv;wf/,’ltf/)—ft(b?/,bsc/g)v;wf/,ujfl))
freov\f
=: Oét+19v + 1+ 11

(Note that 51}, _,v 18 (t + 1)-dimensional and biu _,, 1s t-dimensional). First we analyze |. We have

t
~ ~t ~ o~ ~
|ft(bf’ﬁv;wf’vuf’) - ft(b?’—wa b'}’—w;wf’auf’)‘ <L E ‘bj"—w - bj“—w‘?
s=1

where L is a Lipschitz constant of ft The terms in the sum defining | are mutually independent,

and b‘}, s b‘}, _,, are independent of z,,. Thus,

n—1

E[I?] =

E[(F(Byryiwpry ) = FilBGr s Bl wpr, upr)?)

(n—1)t
= ZE f’av - f’%v)Q] — 0,
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by the inductive hypothesis.

Next we analyze Il. Note that all arguments to the functions in the sum defining Il are indepen-
dent of 2y, and 6, except for 0, = 2y + D yca F\w ZF 0,. Because ft is Lipschitz, we may
apply Stein’s lemma (ie., Gaussian integration by parts) (Stein, 1981) to get

E[at+19v +1 ‘ Oy, U((ﬁ”ﬁf’)v”é@f’\v)]
= ap10y + (0 = DE [z (fi(bf Ly, b s wprupr) = fe(bfr by s wprup) | 6]

n—1 ~
=0, (Oét.l,_l - 7E[850ft(b?,,b'},_m;wf/,qu) ‘ 91,]> ,
where 05 ft is the weak-derivative of ft with respect to its first argument, which is defined almost
everywhere with respect to Lebesgue measure because f; is Lipschitz (Evans and Gariepy, 2015,

pg. 81).

We claim the right-hand side of the preceding display converges in Lg to 0, as we now show.
The rand(zm variable E[J;, ft(b(},, biu i Wpr g )| O, (Torr s g )y prio) 18 almos‘E—surely bounded
because f; is Lipschitz. It converges in probability to a4 1. The random vector (b?c,, bﬁc, _,,) hasa
Gaussian distribution conditional on o ((7y—s /)y f) and 0,; in particular,

~ d A~
(bg’—w + Zf’vevv bj”—w)wva U((%”%f’)v//eaf’\v) - N(07 E)a
where we define & € RHDx(E+1) py
~ 1 ~ 1 /
Yo,0 = - Z 02 and ¥,y = - Z Qo prdyy— g fors >T1ors >1,
v'Edf! V€D \v

and for the purposes of the preceding display we set qg, L= 0,. By the Lipschitz continuity of

~

the functions (gs), Lemmas 9 and 10, and the inductive hypothesis, we have E[X] — Xo.,. The
terms in the sums in the previous display have bounded second moments by the inductive hypthesis
(45b) and the Lipschitz continuity of the functions (gs). By the weak law of large numbers, we

conclude & & 0:41)-
. s al/2
Observe that E[agoft(b?/, bt I _ypyy WHT Uf/)‘9v7 (7:}”_)]0/)”//66]0/\”] = IE[('“)BOft(E Z, VV, U)],
where on the right-hand side the expectation is with respect to (W, U) ~ pw,y and Z ~ N(O¢41, It+1)
independent. Because J; f; is almost surely bounded, by the dominated convergence theorem, the

right-hand side is continuous in 5. By the continuous mapping theorem and (37), we conclude
E[050 ft(b(},,b}/ LWy ) [0y, (Tor s p1)wrca ol 2 @41. Then, by dominated convergence,

Ela+160, + 11
dent given 6,

0] 5. Moreover, because the terms in the sum defining || are mutually indepen-

Var(oy 4160, + 11| 6,)
<(n-1E [zi’v(ﬁ(i)?"aw bs“—w;wf”uf’) - ft(i)g’v bl}’—w; wf’vuf'))2 | ev}
< L*(n— I)E[zﬁlveg | 6,] < 362 /n,
where L is a Lipschitz constant of f;. We conclude that E[Var(ay;16, + Il | 6,)] — 0. Combined

with Eov 410, +11 | 6,] 220, we get Var(oy410, +11) = Var(E[ay110, +1110,]) + E[Var (o416, +
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1116,,)] — 0, so that cz118, + 1l 23 0. Combining | 23 0 and a4 10, + 11 23 0 gives E[(cys 16, +

~t+1 t+1 2 :
ay s — a, ;)] = 0, as desired.

We now expand

b?;lv — bl}—:lv = Z zfv/ (gt(at—l-l‘gv’ —+ dl;_,‘—_l}f, Vy! ) gt( v —1>f7 ))
v'edf\v
The terms in this sum are mutually independent, and atJf_l) 2 af}‘,‘i £ 6, are independent of z,,.
Thus,
p—1 -
B[, = 075,)%] = = —El(grleu1f + a7 i vw) — gulayl? ;i v0))’]
LA(p—1)(t+1) =
S o Z]E 0459 +a’v—>f U—}f)Q]_>O
s=1

This completes the proof of (45a) at s = ¢ 4 1.

Inductive step 2: If (45) holds for 1 < s < t, then (45b) holds for s =t + 1.
By Lipschitz continuity,

) o
abtl o= N zpufi b g wp) | S L6 D [zl
fredv\f fredv\f

where L is a Lipschitz constant for fi. The right-hand side has bounded fourth moment, so we
only need to show that the sum in the previous display has bounded fourth moment. The quantity
fi(b ?, e b’ P W, W /) has bounded fourth moment by the inductive hypothesis and Lipschitz

continuity of fi. Because z f/ is independent of the argument to f¢ and has fourth moment 3 /n?
the product 2, f; (b9 P bl _,,, ug, wy) has mean 0 and fourth moment O(1/n?). Because these
products are mean zero and independent across f’, their sum has bounded fourth moment. We
conclude atH has bounded fourth moment as well.

Recall b?;lv =D wed f\v zpoge(alil fi v},). The terms in the sum are independent, and z,
t+1

is independent of @, ¢, v
conclude b’}ﬂv has bounded fourth moment by the same argument as in the preceding paragraph.
We conclude (45b) at s =t + 1.
The induction is complete, and (45a) holds for all s > 1. Lemma 7 follows by combining
Lemma 14 and Eq. (45a).

.- Using the Lipschitz continuity of ¢; and the inductive hypothesis, we

C.3. Message passing in the low-rank matrix estimation model

Like in the preceding section, we prove Lemma 7 for the low-rank matrix estimation model by
showing that the iteration (19) is well approximated by a Gaussian message passing algorithm after
a change of variables. The functions in the Gaussian message passing algorithm are defined in terms
of the functions f, g; of the original message passing algorithm (19):
ft(gov T ai)tawvu) = ft(gl +mw,--- 7Bt + yw; O,U),
gi(at, -, at0,v) = gi(@ + a1, - @t + af;v).
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Note that here ft does not depend on 10, and we may define go arbitrarily without affecting later
iterates.® Define (al, , ()r>1, (@)i>1, (@), )ez0, (0%, )e0. (05 )e>0, (75, )i>0 Via the Gaussian
message passing algorithm (41) with initial data 6, v, us, zp, and wy = Ay. Because f;, g;, and h
are Lipschitz, so too are ft and g;. Under the function definitions ft, g: given above and the change
of variables wy = A, the definitions of ¥ 5 and T ¢ in (43) and (38) are equivalent. Thus, Lemma
14 holds for the iterates of this Gaussian message passing algorithm with the T'[y.;, 3o, defined
by (38).
We claim that for fixed s > 1, as n — oo we have

E[(csy + @, p — af ;)] = 0 and E[(vsAs + 05, — b%,,)% =0, (46a)
and
E[Q%(af}_}fﬂ and E[)\?( ;}_w)Z] are bounded for fixed s. (46b)

We show this by induction. There is no base case because the inductive step works for ¢ = 0 as
written.

Inductive step: If (46) holds for 1 < s < t, then (46) holds for s =t + 1.
We expand

- -t
ars1by +agt ) — = annbo - Y zpu(filbp oy v 0up) = filbl,;0,up)
fredu\f
1
— D> Apfilbli L, 0,up)
fredv\f
= Oét+19v + 1411,

where IN);/ Ly = (l;}, s .,l;’}, ) and v, = (71,...,%) (note that 5(}, _,, is excluded, which
differs from the notation used in the proof of Lemma 7).

First we analyze |. The terms in the sum defining | are mutually independent, and b5,
Agr, uyr are independent of zys,,. Thus,

s
—v’ bf’—)v’

n—1 ~t
E[’] = ——E[(fi(by—y +7eAp: 0, up) = filbl; 0,up)’]
L2(n— 1)t = . s )
< T DS i3, + g — b)) 0,
s=1

by the inductive hypothesis, where L is a Lipschitz constant of f;. Moreover, because 8, is inde-
pendent of | and has bounded fourth moment, E[0212] — 0 as well.
Next we analyze |l. By the inductive hypothesis and Lemma 14,

W ~
(bl}’%'m Af’auf’) - (’YtA + Bt7Aa U)a

where (A,U) ~ pppr and BY ~ N(0;, X[1.4)) independent. Because (b°,\,u) — A (b0, )
is uniformly pseudo-Lipschitz of order 2 by Lemma 9, we have E[\ ft(b'}, Lot 0 up)] = oy

8. The iterate b° only played a role in approximating the high-dimensional regression message passing algorithm by a
Gaussian message passing algorithm.
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by Lemma 10 and the state evolution recursion (38). Moreover, because f; is Lipschitz, for some
constant C'

E\7 fi (b3 0,up)?] < CE

)\2/ (1 +Z f’—)v +U§/>
s=1

= C (E )\f/ + ZE )\2/ f’—)’l}) ] +]E[>\?/u§l‘/]> 9

s=1

which is bounded by the inductive hypothesis and the fourth moment assumption on p4 7. Because
the terms in the sum defining Il are mutually independent, by the weak law of large numbers the
preceding observations imply

L
n Z )\f/ft(bju_w;o,uf/) iatﬂ.
freov\f

Because 6, is independent of this sum and has bounded second moment, we conclude that

1 L
Oét+191; +11=8, Qg1 — ﬁ Z )‘f’ft(b;’—w; O,Uf/) =0.
Jfreov\f

Moreover, because 6, is independent of the term in parentheses and has bounded fourth moment,
E[602 (110, + 11)2] — 0.

Combining the preceding results, we have that E[(atHH +afj:1 ’ ai:l f) ] = 0and E[02(ay110,+
df):lf af):lf) ] is bounded. Because 6, is independent of a' !, the term E[#2(a! ™! )?] is bounded,

v—=f
so also E[02(a f}t}fﬁ] is bounded, as desired.

The argument establishing that E[(y;11 A + b5 — b4 )] — 0 and that E[)\2 (b5 )2 s

f—v f—v f—v
bounded is equivalent. The induction is complete, and (46) holds for all s.

Lemma 7 follows by combining Lemma 14 and Eq. (46).

~>f’

Appendix D. Proof of information-theoretic lower bounds on the computation tree
(Lemma 8)

In this section, we prove Lemma 8 in both the high-dimensional regression and low-rank matrix
estimation models. We restrict ourselves to the case r = 1 and k = 1 (with k the dimensionality of
W) because the proof for » > 1 or k£ > 1 is completely analogous but would complicate notation.

For any pair of nodes u, v’ in the tree T, let d(u,u’) denote the length (number of edges) of
the shortest path between nodes v and u' in the tree. Let Ty, 1, = (Vy ks Fu ks Eu i) be the radius-k
neighborhood of node w; that is,

Vu,k ={veV|du,v) <k},
={feFlduf) <k}
uk - {(fv ) €& | max{d(u> f)?d(uv U)} < k}

With some abuse of notation, we will often use 7y, 1, Vy i, Fu,k, Euk to denote either the collection
of observations corresponding to nodes and edges in these sets or the o-algebra generated by these
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obervations. No confusion should result. Note, our convention is that when used to denote a o-
algebra or collection of random variables, only observed random variables are included. Thus, in
the high-dimensional regression model, 7, . is the o-algebra generated by the local observations
Z fus Yf» Uy, and uy; in the low-rank matrix estimation model, it is the o-algebra generated by the
local observations x ¢, v,,, and u . We also denote by 7;t_]f ¥ the collection of observations associated
to edges or nodes of 7 which are separated from f by v by at least &k intervening edges and at most
t intervening edges. For example, 7;1_§ f contains only (y/) y7cau ¢» and 7:}2_} f contains additionally
the observations vy and z g1y for o' € Of"\ v for some some f' € dv \ f. The collections (or

o-algebras) V" _>f, }—iﬁf’ Si’if

v and f are reversed.

are defined similarly, as are the versions of these where the roles of

D.1. Information-theoretic lower bound in the high-dimensional regression model

In this section, we prove Lemma 8 in the high-dimensional regression model.

Note that the conditions on the conditional density in assumption R4 are equivalent to positivity,
(

k
boundedness, and the existence of finite, non-negative constants q;C such that % < q;C for
1 < k < 5. We will often use this form of the assumption without further comment. This implies
that for any random variable A

|OKE[p(y|z + A)]| /I Ep(yle +a)| plylz + a)
Elp(y|z + A)] (ylr +a) E[p(ylz + A)]

pa(da) < g, (47)

because p(y|z + a)/E[p(y|z + A)] is a probability density with respect to 14, the distribution of A.

Denote the regular conditional probability of © conditional on V' for the measure pe 1 by
pelv : R x B — [0, 1], where B denotes the Borel o-algebra on R. The posterior of 6, given 7T, 2
has density with respect to pigy (vy, -) given by

/ I pwrl Y. vuXupup) [ wew(vw dvy).

fe€Fu 2t v'edf V' E€Vy 2t \v

Asymptotically, the posterior density with respect to pg|y(vy, -) behaves like that produced by a
Gaussian observation of 6, with variance Tt2, where 7 is defined by (5).

Lemma 16 In the high-dimensional regression model, there exist T, 2i-measurable random vari-
ables Ty ¢, Xv,t such that

L e =9+ op<1>) ,

v,t

Po(V|Tp2¢) X exp (—

where op(1) has no ¥ dependence. Moreover, (Xu.t, Tut, 00, Vy) 4 (0 + 11G,7,0,V) where
(0,V) ~ pe,v, G ~ N(0,1) independent of ©,V, and 1 is given by (5).

Proof [Lemma 16] We compute the posterior density p, (1|7,,2;) via an iteration called belief prop-
agation. For each edge (v, f) € &, belief propagation generates a pair of sequences of real-valued
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functions (m,_, ¢(9))i>0, (M}, (0))1>0. The iteration is

m;—w(ﬂ) O(/p(yf|va19+ Z Xppr Wy u H My, ﬁf H /JG\V Vyry Ay ),
v'€0f\v v'edf\v o' €Df\v
1
i:f H m ., (9
f’€3v\f

with normalization [ m’_, (9)uejy(vy,d9) = [ml_, (9)pe|yv(vy, d¥) = 1. For any variable
node v,
po(0|To20) o< [ mit,(9). (48)
feov
This equation is exact.
We define several quantities related to the belief propagation iteration.

by = / o (D)o (w0, d9), (75, )? = / 92mi_ (0 gy (00, d9) — (15, ).

/‘j‘—)v = Z lifv’,uqsﬂaf? (%;—W)Q = Z va ( ﬁ\f)2
v €f\v v'edf\v
) 1d . 1 d
Afsv = , dv log mf—“’(ﬁ))ﬁ:o’ fov = JJ% 492 log mf_’”(ﬁ)’ﬁzo’
s _ d 1 s 9 S = d? I 9
av—)f = @ Ogmv_”‘( )19:()’ v—f d’l92 Ogmv—)f( )19:0,

Lemma 16 follows from the following asymptotic characterization of the quantities in the preceding
display in the limit n,p — oo, n/p — 9:
El(uyp)?] = 602, El7,p)%] = 672,
d - ~
(170 s) = N(O, 0) @ o (770" 5 72, (49)
(emvvv v%f/b’u%f’ v%f) (67‘/7@"’_786171/7—52)’

where in the last line © ~ g, G ~ N(0, 1) independent, and o2, 72 are defined in (5). By symme-
try, the distribution of these quantities does not depend upon v or f, so that the limits holds for all
v, f once we establish them for any v, f. We establish the limits inductively in s.

Base case: E[(MS_)JC) ] = 602 and E[(, _>f) ] — 672,

Observe that i, ,, = [ Ype(vy,dd) = Eey[O]V = wv,]. Because v, ~ py, we have
El(1y )] = Eov[Eev[OV]’] = E[©% — mmseey(c0) = dof. Similarly, (7, ,,)* =
Varg v (O|V = vy), so that E[(7, _>f) ] = mmseg v (c0) = 072.

Inductive step 1: IfIE[(ufo)2] — 602, then (15 o up) LN N(0,02) ® uy.
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The quantity p,_, f is 7;2,5_’>0f—measurable, whence it is independent of z ¢, and uy. Moreover,
(Mr— f, T fr) are independent as we vary v’ € 9 f\v. Thus, ,ujc_m]’TQf;l’l ~ N(0, % Zv,eaf\v(uf),_)f)Q).

Note that E[+ Zv’eaf\v(lui’%f)ﬂ = (p— 1)E[(uf}_>f)2]/n — o2 by the inductive hypothesis.
Moreover, pj_, ’ has bounded fourth moments because it is bounded by M. By the weak law of

large numbers, = >, f\v(,uj i f)2 2 52, We conclude by Slutsky’s theorem and independence

that (u%_,,, u )—>N(00)®MU

Inductive step 2: If E[(T U_)Jc) ] — 072, then (%}ﬁ_}v)2 L2

The quantity 7;),_, f is 7, _>Of—measurable, whence it is independent of x 7. Therefore,

E[ Y 2hu(Tnp)?] = (0 = DEFL )% /n — 72

v'edf\v

Moreover, (T _f, T ,) are mutually independent as we vary v' € 9f \ v, and because 7°_, I3

bounded by M, the terms nz? o (o3 It ) have bounded fourth moments. By the weak law of large
numbers, (77_,,,)? 272
Inductive step 3: If (1}_,,, uf, 75_,,) 4 N(0,02) ® py ® 6z, then (0, vy, f):lf/bf):lf, bf}:lf) 4
(0,V,0 + 7541G,1/72, ) where G ~ N(0, 1) independent of (©,V) ~ pe,v.

Forall (f,v) € £ and s > 1, define

p;av(y;x):/p(y"x—k Z va”?v’vuf H mv’%f H M@\V Uv,dﬁ )

v'edf\v v'edf\v v'edf\v

More compactly, we may write p3_,, (y; 2, us) = Eqo 1 [P(y|z + > ,cop0 o O, uyp)], where it
is understood that the expectation is taken over ©, independent with densities m}, _, 7 with respect
to pig|v (v, ) . Note that for all z, we have

/pfc%(y;:r)dy =1

everywhere. That is, pjc _,, () is a probability density with respect to Lebesgue measure. We will
denote by p}_,, (y;2) = %ip? oY) } — and likewise for higher derivatives. These derivatives
exist and may be taken under the integral by R4. Define

d 2
a0 (y) = 108 Pf (¥; x)’xzo and Foo W) = — g log P (yia)|
For fixed y, the quantity a}, _,,(y) is independent of z .., and (a3, (y), z ) are mutually inde-
pendent for ' € Jv \ f. Observe that
af_yy = @, (Y5) and af:}f Z T @y, (Ygr),
fledv\f
f%v bfﬁv(yf) and biilf = Z x?”vb?—w(yf’)'
fledv\f
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We will study the distributions of a? b @y H f, b}i > and bsilf under several measures, which

we now introduce. Denote by P* the joint distribution of all random variables in the regression
model. Define P,y to be the distribution of the regression model with ¢, forced to be 6 and v,

forced to be 0. That is, under P, g, we have that (6., v,) id pe,v for v’ # v, v, = 0 and 0, = 0,

the features are distributed independently z 7,/ g N(0,1/n) for all f,7’, and the observations y¢
are drawn independently from p(-|>_, ¢y T s 0yr) for all f. We will consider the distribution of
S+1 bs

A%y @ o2 Vs and bf}:lf under P, g for 0 € [—M, M].
We require the following lemmas, whose proofs are deferred to Section D.1.1.

Lemma 17 Under P, g for any § € [—M, M], we have for all fixed y that
p;av(yv ) —Ec[p (y’/i;av + %}qalea uf)] = Op(l)v

0
p;—w(ya 0) EGl[ (y|ﬂ;_w + %fs—mGl; Uf)] = Op(l),
ﬁj‘—}v(yv 0) EGl [p(y“i;_w + %;—wGla Uf)] = op(]_)’

where the expectation is over G1 ~ N(0, 1). Further, for any u, the functions (j1,7) — Eq, [p(y|pn+
#G1,u)), (1 7) = By (33l + 7Ga, )}, and (1, 7) > Egy [ylys + 7Gr, ) are continuous

Lemma 18 Under P, g for any 6 € [—M, M], we have for any fixed s

ms+1 (19)
o v—f — Ya s+1 7192[)5—&—1 +0 —1/2 7
) e O

where O, (n~1/2) has no 9 dependence.

First we study the distribution of asilf, bf:)lf under P, o. Because j1 Frow Tf/ is independent

of 0,, v, for all f" € v, its distribution is the same under P, ¢ for all 0 € [-M, M ] and is equal to

its distribution under the original model. Thus, the inductive hypothesis implies (,ujc o %]‘? ) %)

N(O7 05,2,) X 6;—5.
By Lemma 17, the inductive hypothesis, and Lemma 11, we have for fixed y

EGl [p(y’M;_)y + %;_HJGL Uf)] d EGl [p(y‘O—SGO + 7~—8le U]
]EGI [p(y’M;—)v + 7:;—>le’ uf)] P—()) EGI [p(y|USG0 + 7-8G1a U)] )
EGl [p(y|/'£§4)v + %;ﬁth Uf)] - EGl [p(y’USGO + 7~-SG(la U)]

where and Gy, G1 ~ N(0,1) and U ~ py independent. Applying Lemma 17 and Slutsky’s Theo-
rem, we have that

pf_yu(y70) d EGl [p(y|USGO +7~—SG17U)]
pf—n; (y; 0) P—0> ]EG1 [P(y|asG0 + 7~—sczla U)]
pf*)’u(y;o) - IEE‘G1[ ( ’USGO +TSG17U)]
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By the Continuous Mapping Theorem,

s d -
pf—)v(y; O) P—0> EG1 [p(y|UsG0 + TG, U)],

a d . -
af 0 (Y) o g 108 Ea [p(ylosGo + 7.GL U] s
s d d? N
o) 5~ g 108 B (oG + 7:Ga, U]
Because the quantity p(y|x) is bounded (assumption R4) and the quantities a}_,,(y), b}_,,(y) are

bounded by (47), we have
]EPU,O [p;%v(y‘o)] — EGQ,GLU[p(y’USGO + %SGla U)],

d . ) ?
Epv’o[a‘}%v(y)Z] = Eq,v [(d:UIOgEGI [p(y|losGo +TSG17U)]’$: > ] ,

ol

Under P, , we have for all f’ € Ov that the random variable y is independent of x ¢,,. Thus,

2

d N
Ep, o[b5.] = —Ecow [ log Ec, [5(y]0sGo + 7:G1, U)]

dz 2

conditional on 7-25+2 ! the random variable > freans T Fro@_y, (y¢) is normally distributed. Specif-
ically,
1
2s5+2,1
Z xf/vaj“—w(yf’) ‘ 7:;if P:JO N 07 E Z (a;’—w(yf’))Q
fredu\f ’ fredu\f

Because (aj},_w(yfr)) is bounded by (47), if we show Ep, 0[(af_w(yf))2] — 1/72.,, then the
weak law of large numbers and Slutsky’s theorem will imply that

af)ilf = Z ;Ef/va/flg)v(yf/) —> N (0 1/ ) (50)
freov\f

We compute

Ep, o[(a}_,(y1)?] = Ep, o [Ep, o[(a5 () 21o (TN (@0 )weapio), usl]

=Ep, o |:/ aj”—w(y)2pjf—>v (y;0)dy

= /EP’U,O [ag}av(y)Qp?ﬁv(y;o)] dyv

where the second equation holds because under P, o we have y | cr(TQS+1 1 (x Fo' Jv'caf\v, ty) has
density p 7 %_,,(-:0) with respect to Lebesgue measure, and the last equation follows by Fubini’s the-
orem (using the non-negativity of the integrand). Because a LoW)? < (¢)*andEp, [p% (45 0)]
are probability densities which converge pointwise to E¢, [p(y|osGo + 7sG1)], we conclude that

Eq [p(y|0'sG0 + 7sG1, U)]T
E y R = / E L d
Pyo [(af—w(yf)) ] Go,U EGl [p(yIasGo F ARG, )

. [ /Egl[p@!asaomcb 0P, } 1
Eaup(ylosGo + 7,61, U)]

2 5
s+1
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where we have used the alternative characterization of the recursion (5) from Lemma 12. We con-
clude (50).
Now we compute the asymptotic behavior of bf)ilf under P, . Under P, g, z f/, is independent

of yyr,and (z 1y, b3, (yy)) are mutually independent for f’ € Ov\ f. Thus, Ep, , [xfc,vbj},_}v(yf,)} =
Ep, (b3, (y)]/n. Because b, _,  (ys/) is bounded by (47), if we can show that Ep, , [b}_,, (y5)] —

1/72 ", 1, then bf:}f L> 1/72 -1 will follow by the weak law of large numbers. We compute

EPv,o [b;Hv (yf)] = EPv,o [Epv,o [b‘}av (yf> |U(T2j:;1’17 (fov’)v’eaf\w Uf)]]

=Ep,, [ / b3 (Y)PF—0(y; 0)dy

- / Ep, o [0 0 (@)Po(y: 0)] dy,

where the last equation follows by Fubini’s theorem (using that the integrand is bounded by the
integrable function g2Ep, , [p}_,, (y; 0)]). The integrands converge point-wise, so that

Ep, o[07 0, (yr)]

S Ee [ / Ec, [p(ylosGo + 7:G1,U)]?
" Ec, [p(y|osGo + 75G1,U))

dy} _ / By o0 [(y]0sGo + G, U)]dy

where we have concluded that the second integral is zero because z +— Eg, ¢, v[p(y|osGo +
7sG1,U)| parameterizes a statistical model whose scores up to order 3 are bounded by (47). Thus,
P
we conclude that bsilf —> 1/72,
Now we compute the asymptotic distribution of (a f}:lf, bi:lf) under P, g for any 6 € [—M, M].
The log-likelihood ratio between P, g and P, g is

1
= 1
freou pf'—w(yf”o) mief(o) P}, (r[0)
= fa3"), — 92b811f +0p(n1?),
where we have used Lemma 18 and that ‘1 og %’ < Maqi|zp,| = Op(n~'/2). Thus,
f%v
P, 1 16
s+1 b5+1 1 v,0 p A 07 —
(av—>f7 v— [ og P1)70> Poo < ) 7_82+17 2 Ts+1 )

where Z ~ N(0,1/72, ;). By Le Cam’s third lemma (van der Vaart, 1998, Example 6.7), we have

1
1 gstl
(@55 505r) 3,7 Py (Z/ s+1>7
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where Z' ~ N(6/72,,,1/72,,). By the Continuous Mapping Theorem (van der Vaart, 1998, Theo-

rem 2.3), we conclude (af)ilf/biilf, bi:lf) PL> N9, 72,) ® O1/r2, -
v,0 s

Consider a continuous bounded function f . (0,v,x,b) — R, and define
Fal0,v) :=Ep, ,[f(0,v, st} /030 031 )].

Under P*, the random variables af):lf, bf}ilf are functions of 6, and the random vector D :=

Tv2¢ \ {0y, v, }, which is independent of 6,,, v,,.. In particular, we may write

]EP* [f(tgv,vv,as+1 /bsJrl b8+1 )] = EP* [f(ev,’(}v,X(GU,D),B(QU,D))],

v—=fl Yv—=frYv—f

for some measurable functions y, B. We see that

Eps[f (80, vo, al 5 0551 055L) | 0,00 = f(B0, 00)

v—=fl Yv—=frYv—f

where
fu(0,v) =Ep[f(0,v,x(0, D), B(h, D))],

with D distributed as it is under P* (see e.g., (Durrett, 2010, Example 5.1.5)). Because D has the

same distribution under P* as under P, g, we see that in fact fn (0,v) =Ep,,[f(0,v, aiff / bi:lf, bi:lf)].

Because (af}ilf/bf):lf, bf):lf) PL; N(0, T§+1)®51/73+1, we conclude that f,, (6, v) — Eq[f (6, v, 0+

Ts+1G, Tsfl)] for all #,v. By bounded convergence and the tower property, Eg v[f(©,V)] —

Eeovalf(8,v,0 + 711G, 7';31)] where (©,V) ~ pe v independent of G ~ N(0, 1). Also by the
tower property, we have

E@,V[fn(Qa V)] = Ep~ [f(eva Uy, X(eva D)v B(GM D))] = Ep~ [f(eva Uy, aSJrl /bs+1 b8+1 )]

v—=fl Yv—=frYv—f

We conclude

Ep«[f (0, vo, al) /650 05 0] = Bo via[f(O,V,0 + 741G, 7,.7)].

v—=fl Yv—=frYv—f

Thus, we conclude that (60,, vy, af}ilf bf}:lf, bf}:lf) %) (0,V,0 + 7541G, 1/72,,), as desired.

Inductive step 4: If (0., vy, af}:lf/bzilf, bf}:lf) 4 (0,V,0 + 17511G, 1/T§+1) where G ~ N(0,1)
independent of (©,V') ~ ue v, then IE[(,uf)Hf)Q] — 602 and E[(%gﬁf)g] — mmseeg v (72).
Define

ms_, (9) 1
f S 218
e .= sup |log——" < _ (19@ — =9 ) ,
v—f 9eLM.M] mf;_>f(0) v—f 9 v—f
where because all the terms are continuous in 1, the random variable €° . . is measurable and finite.

v—f
We have that

. [ 9exp(Ia;_,; —?92bf)_>f/2—ef)_>f)u@(vv,dfl9)
Hy—f = fexp(z?af}ﬁf — 0205, /2 + €, e (ve, dV)

(2

> 67262%f77@7v(af}ﬁf/bfzﬁf7 Vy; 1/bzszﬁf)7

where no v (y,v;7%) = Eovg[O|© + 7G = y;V = v] and (0,V) ~ pey, G ~ N(0,1)
independent. Likewise,

2 S
Moy < € ime v (an /by, vus 1/b5 ).
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Because 7g,y takes values in the bounded interval [—M, M] and €,_, s = 0p(1) by Lemma 18, we
conclude that

,qujaf = ﬁe,V(afo/biﬁp Vu; l/bf)ﬁ\f) + 0p(1).
For a fixed v, the Bayes estimator 7o,/ is continuous in the observation and the noise variance
on R x R+(.” Thus, by the inductive hypothesis and the fact that v, ~ py for all n, we have
E[n@7V(af}_>f/bi_>f7 v’U; 1/6151_)]") ] E[n@ V( U—)f/b’u—>f7 UU7 1/bfu_>f) \/M2} — E@,V,G[U@,V(@+
7sG,V;712)] = E[©%] — mmseg v (72) = do? by Lemma 11. By the previous display and the
boundedness of /i3, ; and ne,v, we conclude E[(uj_ﬁ)z] — 602, as desired.
Similarly, we may derive that

e_ UHfS@ V( v%f/bv%f7 Vu; 1/bv~>f /192m1s;ﬁf(19>/‘9(d19)
< 6262*f5%,v(af;—>f/bf;—>f’ vy; 1/b5_ p),

where sé,v(y, v;7%) = Egyg[0%0O + 7G = 3,V = v] and (0,V) ~ pey, G ~ N(0,1)
independent. For fixed v,,, the the posterior second moment is continuous in the observation and the
noise variance. Further, it is bounded by M 2. Thus, by exactly the same argument as in the previous
paragraph, we have that E[(7}_, ()*] = Ee v,g[s3 v (0 + 75G, V;77) —ne,v (0 +7:G, V;77)%] =
mmsee v (72), as desired.

The inductive argument is complete, and (49) is established.

To complete the proof of Lemma 16, first observe by (48) that we may express log p, (9|7 2¢)

t—1

mt 9
as, up to a constant, log — ’Hf( ) + log mf%”( ) Note that

~£(0) m 1, (0)
t—1 (1
m Wy Y
1ng*7”(> < M|a so| sup M < Maqi|apo| = 0p(1).
mf—)v(o) zeR pf—>v ;
f;—>f(19) 118 t 2
By Lemma 18, we have that, up to a constant, log 775 = 2bv_>f( ap ¢ /b —19) +0,(1).
v—f
The lemma follows from (49). |

We complete the proof of Lemma 8 for the high-dimensional regression model. Consider any
estimator 6 : T, o; — [—M, M| on the computation tree. We compute

E[(0,0(To,2t))] = E[E[L(0s, 0(To20))|To,2t]

. j B S N o
=FE /6(19,6(7;72,5))Z(7;72t) exp ( 272, (Xot — V)" + op(1)> u@W(vv,dﬂ)]
. 1 1
> E |exp(—2ey) /5(19 9(7;1,2t))m €xp <_27_2(Xv,t - 19)2) N@|V(Uv7d79)]
v,ty Tv,ty Yo v,t

> E [exp(—2€y) R(Xv,2¢, Tv,2t, V)] 5

9. This commonly known fact holds, for example, by (Lehmann and Romano, 2005, Theorem 2.7.1) because the poste-
rior mean can be viewed as the mean in an exponential family paramterized by the observation and noise variance.
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where Z(Tr.0) = [ exp (=5 (X = 9)2 + 0,(1) ) popy (v, d9),

1 ~ 1 (y—
R(x,1,v) = C%Igﬂ%/zé(ﬁ, d)e 277 (X 19)2M®|V(U7d79),

and

P(19|7Z,2t)

(0| Tv,2¢)

Because © is bounded support, by Lemma 13(b), R(x, 7,v) is continuous in (), 7) on R x R>.
By Lemma 16, €, = 0,(1). The quantity on the right-hand side does not depend on 6, so provides

€, = Sup log + 19Xv,t/7-3,t - 192/(273,0 .

de[—M,M)]

. . d
a uniform lower bound over the performance of any estimator. Because (v, Xv,2t, Tv,2t, €0) —

(V,0 + 1nG,7,0), v, 2V for all n, and 7, > 0, we have E [exp(—2€,)R(xv,2t, Tv,2t, V)] —
E[R(© + .G, 7, V)| = infé(_) E[¢(©,0(0 + 1.G,V))], where the convergence holds by Lemma
11 and the equality holds by Lemma 13(a). Thus,

lim inf inf E[¢(8,, 6(Ty.9:))] > inf E[£(0,0(0 + 7G))].
o)

The proof of Lemma 8 in the high-dimensional regression model is complete.

D.1.1. TECHNICAL TOOLS

Proof [Lemma 17] By Lindeberg’s principle (see, e.g., Chatterjee (2006)) and using that ug is
supported on [—M, M|, we have

~ M? sup, g |0zp(yl, up)|
|p§‘—>v(y; 0) - EGl [p(y|:u’§‘—>v + T;—H)Gl? Uf)” < = = ! Z ’l‘fv"?)’

3 v'edf\v
. . B M3 sup Mo(ylx,u
57-10(0:0) ~ EGu Blulisfpo + HoGrup)]| < S Resk 0P WIE U] 5
v'edf\v
; ; . M3 sup, g |02p(y|z, u
5100 00) — By [y, + 70, G )] < S Peet PR U] 5
v'€df\v

Using the sup,ep [0%p(y|z,u)| < ¢}, sup,er |p(y|z,u)| < oo for k = 3,4,5 by R4, we have
that for fixed y the expectations on the right-hand side go to 0 as n — oo, whence the required
expessions are op(1).

Further, [Eq, [p(y|u+7G1, w)|=Ee, [p(y|p'+7' G, w)]| < (lu—p/|+|7=7|\/2/7) sup,er [P(yl2, ),
whence Eq, [p(y|p + 7G1, )] is continuous in (u, 7) by R4. The remaining continuity results fol-
low similarly. |

Proof [Lemma 18] Fix any ¢ € [—M, M]. By Taylor’s theorem, there exist ¢; € [—M, M] (in fact,
between 0 and 4) such that

L) mp,0)
gms-i-l (0) - 0 ms, (0)
v f freov\f fl=v
3
_ 9ast _ Lzt _,_1,193 Z dilogEA p(yp|zpd + Gpyup)]
v=f T 9 v=f T g 493 Gy L fro frsuf J
fredv\f v=0;
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where it is understood that the expectation is taken with respect to G 1 4 Zv,ea JAVE: fror Oyt pr
and x 1,y is considered fixed and ©,/_,  are drawn independently with densities m;,_, f with re-
spect to fig|y (v, +). We bound the sum using assumption R4:

d A —
Z (dﬁS IOgE [ (yf’vaﬂ‘f‘Gf’,Uf/)]‘ ) S qs Z |xf’v’3 = Op(n 1/2).
fredv\f 0=19; Fredv\f

The proof is complete. |

D.2. Information-theoretic lower bound in the low-rank matrix estimation model

In this section, we prove Lemma 8 in the low-rank matrix estimation model.

Recall that conditions on the conditional density in assumption R4 are equivalent to positivity,
boundedness, and the existence finite, non-negative constants ¢j, such that w < g forl <
k < 5. In particular, we have (47) for any random variable A.

Denote the regular conditional probability of © conditional on V' for the measure ug y by
pev : Rx B — [0, 1], where B denotes the Borel o-algebra on R, similarly for pajp- The
posterior density of 6, given 7, 2;—1 has density respect to ,ue‘v(vv, -) given by

(Vo] To2t-1) /Hexp( (@ fror — Ef’ )HMA up,dly) Hu@ Vyr, A0y ),

where the products are over (f/,v') € €, 21—1, f € Fpat—1,and v' € V, 941, respectively. Asymp-

totically, the posterior behaves like that produced by a Gaussian observation of 6, with variance 77.

Lemma 19 [n the low-rank matrix estimation model, there exist T, 2;—1-measurable random vari-
ables qy t, Xv,t such that for fixed t > 1

1
Po01T, 1) o ex0 (g e = 07 + (1))

where 0,(1) has no ¥ dependence. Moreover, (8, vy, Xv t: Qvt) — (@ V, q1/2@ + G, q) where
(0,V) ~ pe,v,G ~ N(0,1) independent of ©,V, and q; is given by (7).

Proof [Lemma 19] As in the proof of Lemma 16, we compute the posterior density p,,(¢|7y,2t—1)
via belief propogation. The belief propagation iteration is

m?—W(E) = 17
f;:lf / H <eXp< —(zprp — —Efm“) )mju%(ff')uzxw(uf”wa/)>’
fredv\f
mjfﬁv / H (exp < 5@ — *Eﬁ ') > Hf(ﬁv')'uew(vvl’dﬂvl))
v'€Df\v
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with normalization [ m$_,, ()uajw (ug,dl) = [m3_, (9)pey (vy,dd) = 1. Fort > 1

Po(9| Ty 26-1) /H

feov

(exp ( (g0~ 270 ) L (g . d@)) |

This equation is exact.
We define several quantities related to the belief propagation iteration.

M‘}ﬁv = /gmj“%v(€>:u'AU(uf7d£)7 S?Hv = /EQm;%v(Z)MMU(ufvdg)y
S S 1 S
vilf = Z Mf’ﬁl))\f/ (Tvilf)Q = E Z (:uf’%v)Qv
f’€8v\f freov\f
d 2
Ayyf = @bgmf]—ﬁ(ﬁ)‘ﬁ:oa s f = _@logmf}—)f(ﬁ)‘ﬁzd
iy = [ Imi Do dd). sty = [ 0Pmi e (v, o),
S 1 S ~S 1 S
Af=o = Z Pt Ot (Tf—>v)2 = Z (Mv/—>f)27
v'edf\v v'edf\v
d 2
@} = Jplogmi (0] Fow =~ om0 .

Lemma 19 follows from the following asymptotic characterization of the quantities in the preceding
display in the limit n, p — oo, n/p — 0:

E[“j‘ﬁv)‘f] = s+1, E[(,u;_m)?] — Qs+1,

s+1 P, s+1
'Uﬁf — q3+17 (TU—}f) _> q5+17

(01)7 Uy, a”u—}f? bv—>f) _> (@7 ‘/7 QS@ + qs1/2G27 QS)7

s . s N2 . (51
Elpy pb0] = 0ds,  El(ugp)] — 0Gs,
Ay s, (B D ds,

s s d A A
()‘f’ Uf, af%v’ bf%v) — (Av Ua qu + Q;/QG? qs)'

As in the proof of Lemma 16, the distribution of these quantities does not depend upon v or f, so
that the limits hold for all v, f once we establish them for any v, f. We establish the limits induc-
tively in s.

Base case: E[,u(}_m)\f] — q1 and E[(,u(}%v)z] — q1.
Note ,u?ﬁv = E[A¢|uy]. Thus E[,u(}ﬁv)\f] = E[E[Af|us]?] = Vau(0) = g1 exactly in finite
samples, so also asymptotically. The expectation E[(,u?c _,»)?] has the same value.

Inductive step 1: If Elu} , Af] — g¢s41 and E[(u;}_w)z] — Qs+1, then af)ilf L Ger1 and

()2 B gy,

By the inductive hypothesis, E[« f:}f] (n—1DE[p}_,Afl/n — ¢s11 and E[(7, j:lf) ]=(n-—
1)]E[(ujl_w)2]/n — gs+1. Moreover, 1%, Ay are mutually independent as we vary f' € v\ f,
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and likewise for 1%, _,,. We have E[(u5,_, Ap)?] < M* and ]E[(/r}, )] < M* because the inte-

grands are bounded by M*. By the weak law of large numbers, o f 2 goy1and (7 5:1]0) 2 st

s+1

d
v—>f) 5 s+1, then (gvvvvva8+l bt} ) = (0,V,qs410+

v—=f7) Yv—f

Inductive step 2: If a® 2 qs+1 and (T,

v—)f

0% G gsin).
We may express

1
log miilf(ﬁ) = const + Z log ]EAf, [exp (—%A?uﬁ? + xf/vAf/19>] ,
freov\f

where Ay has density mj,_,, with respect to yunrr(uygr, -). We compute

d 2 42 s

d? 1 1\ |
dﬁQ]EAf/ |:eXp <—Af/'l9 + Tfry Afﬂ9>:| ’19:0 = EAf’ |:£L’?'/UA2/ - nAQ/:| = <.’L’3¢'/U - n) Sf’—>’u’

Then

1
1 1 2 2 2
af}:f = E T proft_y, and bi:f = E <xflv(,u‘;},_w) - (xf,v - n> sju_w> .

freov\f freov\f!

We compute

1

1

af}if: n § : Mj”—)vAf/ 0, + z : Zf/UluL}’—HJ'
freov\f freov\f

Because (2y7,) fcou\ ¢ are independent of ufc, and are mutually independent from of other, con-

s+1

Ty f) ). By the inductive

ditional on T.! _, s the quantity _ /e, 2f70lt s, is distributed N(O, (.

hypothesis, (7‘;:1) 2y o1, so that Zf’eav\f 2ol sy 4 N(0, gs+1). Further, zf.,, and p3 .,

are independent of 6,,, and by the inductive hypothesis, the coefficient of 6, converges in probability
to ¢s+1. By the Continuous Mapping Theorem (van der Vaart, 1998, Theorem 2.3), we conclude

that (6,, vy, z:lf) 4 (0,V,qs4+10 + q;ﬁG) where G ~ N(0, 1) independent of ©, as desired.
d
Now we show that bf}:lf — ¢s+1- We expand bi:lf =A-Bwhere A =31, ¢ xfc/v(uju_w)z
and B = Zf/eav\f(x?’v —1/n)s%_,,. We have

2
Z )"92 Nf’—)v) +E Z )‘f’evzf’v(,u;”—w)2+ Z ij“v(:u’;’—w)%

v €f\v fredv\f v €Df\v

Observe E[A?,Qg(u;, _.)?] < M5, so that the expectation of the first term is bounded by M°(p —
1)/n? — 0. Thus, the first term converges to 0 in probability. Because z v 1s independent of /ﬁ}, o
E[| A Ouz (1 L)% < M*/2/(mn), so that the absolute value of the expectation of the second
term is bounded by 2M*,/2/(7mn) — 0. Thus, the second term converges to 0 in probability.
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Because p1%_,, is independent of z4.,,, the expectation of the last term is (n — 1)E[(u Fro0)?]/n =
gs+1 (we have used here the assumption of inductive step 1). The terms (z?,v(u‘}, HU)Q) freav\f are
mutually independent and E[z;%,v(,u,;, L)Y < 3M*/n?, so that by the weak law of large numbers

we have that the last term converges to gs1 in probability. Thus, A RN Qs+1-
We have

1
-2 2 )‘292’5v—>f+ Do Mbusingt D (2= 1/n)sh g
v'€df\v v 'ed f\v v'€df\v

As in the analysis of the first two terms of A, we may use that s, _, P M? to argue that the first two
terms of B converge to 0 in probability. Further, because z/, is independent of s3,_, #» the expec-
tation of the last term is 0. Further, E[(zf, —1/n)%(ss, _>f) ] < QE[(zf, 1/n2)]E[(sf),_>f)2] <
8M*/n?, so that by the weak law of large numbers, the final term converges to 0 in probability.
Thus, B 2. Because, as we have shown, A LN qs+1, we conclude bfj:lf LN Qs+1-

i:lf) 4 (©,V,qs+10 + q;fl (3) and applying the Continuous Map-

ping Theorem (van der Vaart, 1998, Theorem 2.3), we have (6,,a°",, b°TL) KN (©,4s+10 +

Uy Pu—fr v f

Combining with (6,, vy, a

1/2
qSilG7 QS-H)

Inductive step 3: If (0,, vy, Ay py bf}_”c) N (0,V,q:0 + q;/th qs), then E[p o O | — 045 and

E[(165_,5)%] — 04s.
We will require the following lemma, whose proof is deferred to section D.2.1.

Lemma 20 For any fixed s, we have for 9,¢ € [—M, M|

) ) ) _
logsi(o) =Vy 5 — ﬂzb v— f + Op(n 1/2)7

where Op(nfl/ 2) has no ¥ (or £) dependence.

Define
v—)f (19

)
— ¥ 192
m_, ;(0) < Toos Hf)

By Lemma 20, we have € _, ;= op(1). Moreover, using the same argument as in inductive step 4
of the proof of Theorem 16, we have that

€ty = sup [log

dE[—M,M]|

28 _
€ evﬂfUG,V(af;—)f( f)—>f) 1/2,Uv;bf,_>f) < ﬂf}—>f

2 S
< ey (@)L (0L )" v b ),

where 1o v (y,v;q) = E@,ng[@\ql/z@ + 7G = y;V = v|. Because 7g y takes values in the
bounded interval [—M, M] and €;_, , = op(1) by Lemma 20, we conclude that

Mf;—>f = 77®,V(afz—>f/bfz—>fvvv; bf;—>f) + Op(l)‘
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Thus, by the inductive hypothesis and the fact that v, ~ uy for all n, we have that

E[GUG,V(af}ﬁf (bzs;af>1/2v Vy; bf}%f)]

has limit
E[@Tle,v(q;ﬂ@ + Gv V; QS)] = 5@?3

and E[ne v (gs 29 4 G,V;qs)?] has limit Eg v.c[ne, V(q;/2® + G,V;qs)?] = 04s. Because
10ul, [y £1s Ine,v (a5 £ /b5 5 vui by, )| < M, by bounded convergence, we conclude Epy_, (0,] —

dqs and E[(,uf_w) | = 6gs.

The remaining inductive steps are completely analagous to those already shown. We list them
here for completeness.

Inductive step 4: If B[y _, ;00 — 645 and E[(p stl

N 2] = 84, thenaf_m —>q5and( f—w) —>q8
Inductive step 5: If o _,, 2 Gy and (%;_W)2 24
A1/2G is).
Inductive step 6: If (Ay,uy, @ty bj}_w) (A, U, GsA + qs 12 G, qs), then E[Njf_w)\f] — @s+1 and
E[(15 )% = gst1-

The induction is complete, and we conclude (51).

s, then (/\f,ujc,af_w,bjc_w) (AU, GsA +

To complete the proof of Lemma 19, first observe that we may express log % as

mt
log m::fg ; +1og Ep, [exp(dz s, Ay — 9?A%/(2n))]. Note that

|logEAf[exp(19:vaAf — 92A2 /(2n))]| < MP|zp| + M*/2n = 0,(1).

mt (9
By Lemma 20, we have that, up to a constant, log Z:;Eﬂ; = %(( v—>f(b$;—>f) 1/2—b’;_>f)1/219)2+
0p(1). The lemma follows from (51) and Slutsky’s theorem. [

Lemma 8 in the low-rank matrix estimation model follows from Lemma 19 by exactly the same
argument that derived Lemma 8 in the high-dimensional regression model from Lemma 16.

D.2.1. TECHNICAL TOOLS

Proof [Lemma 20] Fix any ¥ € [—M, M]. By Taylor’s theorem, there exists ¥y € [—M, M] (in
fact, between 0 and ¢) such that

mf}ﬁf(ﬁ) _ Z lo EAf/ [exp(_n(xf’v - Af’ﬁ/n)2/2)]

log —
U—>f(0) EAfl [eXp<_nx?"U/2>]

m
freov\f

S S d3
= datly = SO e Y S log R lexp(—n(ap, — Apd/n)/2)]

9=0;
freov\f
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where it is understood that A g ~ gz (uy, -). Denote ¢(0, £, ) = —n(xn, — €9/n)?/2. By the
same argument that allowed us to derive (47) from R4 in the proof of Lemma 8(a), we conclude

3
ags o8 Bl A
<C  sup  max{|9gy(9, 4, x)|, |09 (D, £, 2) D3 (0, £, x)], |03 (D, £, )|}
£,9€[—M,M]

< Cmax{M3|M2/n+xf/v|3, (MQ/n)M]MZ/n+xf/v|,0},

where C is a universal constant. The expectaton of the right-hand side is O(n‘g/ 2), whence we get

1 d? -
" Y g losEa lesponlop — AR/ = Oy,
freov\f
where because 9 € [—M, M], we may take O, (n~'/?) to have no ¥-dependence.
The expansion of log i H“éé)) is proved similarly. |
f~>'u

Appendix E. Weakening the assumptions

Section 5 and the preceding appendices establish under the assumptions A1, A2 and either R3, R4
or M2 all claims in Theorems 1 and 2 except that the lower bound may be achieved. In this section
we show that if these claims hold under assumptions A1, A2, R3, R4, then they also hold under
assumptions A1, A2, R1, R2 in the high-dimensional regression model; and similarly for the low-
rank matrix estimation model. In the next section we prove we can achieve the lower bounds under
the weaker assumptions A1, A2 and either R1, R2 or M1.

E.1. From strong to weak assumptions in the high-dimensional regression model

To prove the reduction from the stronger assumptions in the high-dimensional regression model, we
need the following lemma, whose proof is given at the end of this section.

Lemma 21 Consider on a single probability space random variables A, B, (By,)n>1, and Z ~
N(0, 1) independent of the A’s and B’s, all with finite second moment. Assume E[(B — B,)?] — 0.
LetY =B+ 71ZandY, = B, + 77 for 7 > 0. Then

E[E[A|Y,]*] — E[E[A]Y]?].
We now establish the reduction.
Consider puw,u, po,v, and h satisfying R1 and R2. For any ¢ > 0, we construct jiy 7,

Hg 7> and h satisfying R3 and R4 for k = 3 as well as data X € R"*P, 0,0,v,% € RP, and
Y, Yy, w,u,u € R"and w € R™*3 such that the following all hold.

1. (X,0,v,u,w,y) and (X0, v u, W, y) are generated according to their respective regres-
iid

sion models: namely, (05,v;) ~ id pe.v and (wl,uz) i pwr independent; (6;,7;) ~ 16
and (w;, ;) ~ id vy 7 independent; x;; S N(0, 1/n) independent of everything else; and
y = h(X6,w)andy = h(X8,d). Here w, is the i row of w. We emphasize that the data
from the two models are not independent.
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2. We have
1 ~ 112 ]. ~ 112 1 ~ 12
P ;Hy—yH >e| =0, P ;HU—UH >e| =0, P EHU_UH >e| —0. (52)

Note that because in any GFOM the functions Ft(l), Ft(Z) , G,(fl), G?), G, are Lipschitz and

| X |lop = C5 < 0o asn,p — oo,n/p — 0 (Vershynin, 2012, Theorem 5.31), the previous
display and the iteration (1) imply

1 4 X
P <H0t — BtHQ > c(e,t)> — 0, (53)
p

for some c(¢, t) < oo which goes to 0 as ¢ — 0 for fixed t.

3. We have
Immsee v (77) — mmseg ¢ (75)°| < e, (54)
’E [E[Gl\h(c:, W)+ /27, Goﬂ _E [E[Glm(G, VV),GO]?H <72, (59
for all s < t where Go,G1,Z id N(0,1), W ~ uw, and W ~ My, independent, and
G = 0sGo + 75G.

We now describe the construction described and prove it has the desired properties. Let 4
be a smoothed Laplace distribution with mean zero and variance 1; namely, 114 has a C, positive
density pa(-) with respect to Lebesgue measure which satisfies 9, logpa(a) = ¢ - sgn(a) when
|z| > 1 for some positive constant c. This implies that |0 logpa(a)| < g for all k and some
constants g, and that 14 has moments of all orders.

First we construct i and W. For a & > 0 to be chosen, let hbea Lipschitz function such that
E[(M(G, W) — h(G,W))?] < € for (G, W) as above, which is permitted by assumption R2. Let
L > 0 be a Lipschitz constant for h. Choose M > 0 such that E[W21{|W| > M}] < &/L.
Define W = W1{|W| < M}. Note that E[(h(G, W) — hG + €124, W))?] < 2E[(h(G, W) —
h(G,W))2] + 2E[(h(G, W) — h(G + £'/2A,W))?] < 4¢. By Lemma 21, we may pick 0 < £ <
min{e/4, ¢/L?} sufficiently small that

]E [E[Gl\h(G, W)+ 2z, Goﬂ K [E[Gl\ﬁ(G FEV2A W) + V227, Goﬂ ] < 72e.

In fact, because ¢ is finite, we may choose £ > 0 small enough that this holds for all s < ¢. Define
W = (W, A, Z) and h(z,®) = h(z+£/%a, ) +€'/22 where w = (@, a, z). Then h is Lipschitz,
Eq. (55) holds for all s < t, and E[(h(G, W) — h(G, W))?] < € (the last because £ < €/4).

Now choose K > 0 large enough that

E[©2%1{|0| > K}] < §¢/L?, E[U*1{|U| > K}] <¢/2, E[V?1{|]V]| > K}] <¢/2.  (56)

Define © = © = O1{|60| < K}, V =V = V1{|[V| < K}, U = U = U1{|U| < K}, and
let g 7, 1y 7 be the corresponding distributions; namely, pg i is the distribution of (©1{|6] <
K} VI{|V] < K}) when (©,V) ~ pne,v, and jiy; 7 is the distribution of (W1{|W| < M}, A, Z)
when (W,U) ~ pw,u and (A4, Z) ~ pa @ N(0, 1) independent. Because the Bayes risk converges
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as K — oo to the Bayes risk with respect to the untruncated prior, we may choose K large enough
that also (54) holds for these truncated distributions. 3 B
The distributions p1g i, ftyi, 7 satisfy assumption R3. We now show that 4 and W constructed

in this way satisfy assumption R4. The function & is Lipschitz because his Lipschitz. The random
variable Y := h(z + & 124, W) + €'/2Z has density with respect to Lebesgue measure given by

p(010) = [ [ perea (s = 2) oy — his. @) (dw)ds,

where py(o,) is the density of N(0,¢) and pgi/2 4 (s — z) the density of ¢1/2 A with respect to
Lebesgue measure. We have p(y[z) < sup, pno,e)(y) = 1/v2me, so is bounded, as desired.
Moreover

J [ 0upeiszg (s — @) Pno,e) (¥ — h(s, @)y (dw)ds

(ylz) p e
py|\x

< su .
Per/24(8)

s

Because A has a smoothed Laplace distribution, the right-hand side is finite. Thus, by bounded
convergence, we may exchange differentiation and integration and the preceding display is equal
to 0, logp(y|x). We conclude that |0, log p(y|z)| is bounded. The boundededness of all higher
derivatives holds similarly. Thus, R4 holds.

We now generate the appropriate joint distribution over (X, 0, v, w, w, y) and (X, 0,9, @, W, ).
First, generate (X, 0, v, u, w, y) from the original high-dimensional regression model. Then gen-
erate a, z independent and with entries a; id wa and z; id N(0,1). Define 0,0, u by truncating
0, v, u at threshold K; define w by truncating w at threshold M to form w and concatenating to it
the vectors a, z to form a matrix in R"*3; and define § = h(X 0, w).

All that remains is to show (52) holds for the model generated in this way. The bounds on
|lv — ©||? and ||u — || hold by the weak law of large numbers and (56). To control ||y — ||, we
bound

ly — gl = Ih(X6,w) — h(X6,w)]
< [Ih(X8,w) = h(X0,w)| + [|h(X8,w) — h(X6,w)| + [|h(X0,w) — (X6, ®)
< (X6, w) — h(X6,w)| + L|X(6 - 6)|| + L (lal| + Lllw — @] + €/?[|z].
Because |h(z,w)| < C(1 + |z| 4+ |w|) by R2 and h is Lipschitz, there exist C > 0 such that

\h(z,w) — h(z,w)] < C(1 + |z| + |w|). Then, E[(h(rZ,w) — h(rZ,w))?] = [(h(z,w) —

. S . . . .
h(ffaw))Qﬁe 2% dz < C(1 + 72 4+ w?) and is continuous in 72 for 7 > 0 by dominated
convergence, and is uniformly continuous for 7 bounded away from 0 and infinity and w; restricted

to a compact set. Because ;] 8|6 ~ N(0,]|0||?/n) and ||0]|2/n B 73 /5, we have that
E[(h(x{ 0, w;) — h(x]0,w:))*|0, wi
= E[(h(rox] 0/(|0]|,w:) — h(rox] /6], w:))*|0,w] + 0p(1).

The right-hand side is a constant equal to E[(h(G, W) — h(G,W))?] and the left-hand side is
uniformly integrable. Thus,

lim supE[(h(az;rO,wi) — B(m]@,wi))ﬂ < E[(h(G,w;) — E(G)wi))ﬂ <&

n—oo
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Markov’s inequality proves the the first convergence in (52) because £ < €. Further, by the weak
law of large numbers

L2 X |3, 512 P 1200 s—1m(a2
———2(10 - 6| B L2Cs6~'E[O71{|0] > M}] < Cie,

L? ~

—||Xx(6-8)|*<

X0 - 8)) <
where Cj is the constant satisfying || X Hzp 2 C5 (Vershynin, 2012, Theorem 5.31). Similarly, by
the weak law of large numbers

sz 2 P72 L? 2 P72 2 € 2 P
THCLH = L€ < e, ?Hw—ﬂ;H = LE[W-L{|W]| > M }] < £ < €, ﬁHzH = e

We conclude that .
P <n||y — QH2 > 5(Cs + 4)6> — 0.

Because € was arbitrary, we can in fact achieve (52) by considering a smaller e (without affecting
the validity of (54)).

This completes the construction. To summarize, we have two models: the first satisfying R1
and R2, and the second satisfying R3 and R4.

With the construction now complete, we explain why it establishes the reduction. Let TS(E), %S(E)
be the state evolution parameters generated by (5) with Py 70 K& 7> and h in place of pwu, pe,v,
and h. First, we claim that Egs. (54) and (55) imply, by induction, that as ¢ — 0, we have

Tt(e) — T¢.

Indeed, to show this, we must only establish that E [E[G1|h(G, W) + 2z, Go)?] converges to
E[E[G1]|h(G, W), Go]?] as € — 0. Without loss of generality, we may assume that on the same
probability space there exists a Brownian motion (B, ).>¢ independent of everything else. We see
that E[G1 |h(G, W) + Y22, Go)2] £ E[G1|h(G, W) + B, Go] = E[G1|(h(G, W) + By)sse, Gol.
By Lévy’s upward theorem (Durrett, 2010, Theorem 5.5.7), we have that E[G1 |(h(G, W)+ Bs) s>¢, Go]
converges to E[G1|(h(G, W) + Bs)s>0, Go| = E[G1|h(G, W), Gp] almost surely. By uniform in-
tegrability, we conclude that E[E[G1|(h(G, W) + Bs)s>e, Go)?] — E[E[G1|h(G, W), Go)?], as
claimed. Thus, we conclude the previous display.
We now show that as € — 0, we have

inf E[¢(0,0( + r\9G, V)] — inf E[¢(0,6(O + 7,G, V).
6() ()

Because the truncation level K can be taken to oo as € — 0, this holds by combining Lemma 13(a)
and (c), and specifically, Egs. (25) and (27).

Because the lower bound of Theorem 1 holds under assumptions R3 and R4, which are satisfied
by P 7 16 7 and h, we conclude that

1< A <o
lim S 06,64 > infE[(6,0(6 +79G, V).
7=1

Taking e — 0 and applying (53), we conclude that (6) holds for @t, as desired.
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The reduction in the high-dimensional regression model is complete.
Proof [Lemma 21] It is enough to prove the result for 7 = 1. Note
[ ae™ =) 4(da, db)
[e=w=b?p(da,db) ’

il ae=W=? 1. (da, db)

E[AlY = .
4 =] = J e~ 1, (da, db)

E[A]Y, =y =

W
Because u,, — u, we have

ae” y_b)z,un da, db) ae( y_b)2 da,db
%
[e=w=b?p, (da,db) [ e=w=?p(da,db) ’

for all y, and moreover, this convergence is uniform on compact sets. Moreover, one can check
that the stated functions are Lipschitz (with uniform Lipschitz constant) in y on compact sets. This
implies that E[A]Y,,] — E[A|Y] almost surely. Because the E[A|Y;,]? are uniformly integrable, the
lemma follows. |

E.2. From strong to weak assumptions in the low-rank matrix estimation model
Consider pa v, pe,v satisfying M1. Fix M > 0. For (A,U) ~ pua y, define A by setting
Ai = A1{|A;| < M} for 1 < i < k. Define U similarly, and let 5 @ be the distribution of
(A, U) so constructed. Define 1@ v similarly.

Consider {(X;, u;) }i<n Py pau and {(6;,v5)}i<p bS pte,v and Z € R™*P independent with
Zij KN (0,1/n). Construct i, g, 0], v, by truncatlng each coordinate at level M as above. Define

X, X € Rv<P by z;; = %)JGJ- + z; and Z;; = ﬁ)\i 0+ z;j. As in the previous section, we have
for any € > 0 that

. 1 1
P(| X — X|lop >€) =0, P (pH'v—fJH2 > e> -0, P(p||u—ﬁ||2 > e) — 0.

As in the previous section, this implies that the iterates of the GFOMs before and after the truncation
become arbitrarily close with high probability at a fixed iterate ¢ as we take M — oo.

Further, as M — oo we have Vg (Q) — Ve, v(Q) for all Q, and likewise for AU.
Further, V g (@) is jointly continuous in @ and M (where M is implicit in the truncation used to

generate (:), ‘7). Thus, as we take M — oo, the state evolution (7) after the truncation converges to
the state evolution with no truncation.
The reduction now occurs exactly as in the previous section.

Appendix F. Achieving the bound

All that remains to prove Theorems 1 and 2 under assumptions A1, A2 and either R1, R2 or M1,
respectively, is to show that the lower bounds in Eqs. (6) and (8) can be achieved. In both cases, we
can achieve the bound up to tolerance € using a certain AMP algorithm.
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F.1. Achieving the bound in the high-dimensional regression model

We first derive certain monotonicity properies of the parameters 75, 0, 75 defined in the state evo-
lution recursion (5). As we saw in Appendix D.1 and in particular, in Lemma 16, the posterior
of 6, on the computation tree given observations in the local neighborhood T}, 2 behaves like that
from an observation under Gaussian noise with variance 72. This is made precise in Lemma 16.
Moreover, we saw in the same section that a consequence of Lemma 16 is that the asymptotic lim-
iting Bayes risk with respect to loss ¢ for estimating ¢,, given observations in 7, o5 is given by the
corresponding risk for estimating © given © + 7,G, V with (©,V) ~ pgy and G ~ N(0,1)
independent. In particular, this applies to the minimum mean square error. On the computation tree,
minimum mean square error can only decrease as s grows because as s grows we receive strictly
more information. If E[Var(©|V)] > 0, then mmseg v (72) is strictly increasing in 7, so that we
conclude that 7 is non-increasing in s. Thus, by (5), we have also 75 is non-increasing in s and o
is non-decreasing in s. In the complementary case that E[Var(©|V)] = 0, we compute 02 = 73 /§
and 72 = 0 for all s > 0, and 72 = 0 for all s > 1. Thus, the same monotoncity results hold in this
case. These monotonicity results will imply the needed structural properties of the state evolution
matrices (T ¢ ), (X5,s) used below.
For all s < ¢, define
o = ;SIE[IE[GHY, Go, U, Tsy =E[E[G1]Y,Go,U)?], Sy = of,

where Y = h(0;Go + 7sG1, W) and Gy, G i N(0,1) and W ~ pup independent. By the

monotoncity properties stated, (Ts ), (Xs,) define positive definite arrays. Define
ft(bt;yau) = E[BO - Bt‘h(BOa W) =Y, B' = bta U= u]/%ty
gi(a';v) =E[O|V = v, 0 + Z' = d!],

where (0,V) ~ pov). W,U) ~ pwu. (BY,...,B") ~ N(0,Zjo.y). (Z*,...,Z2") ~ N(0, T1.99),

all independent. With these definitions, (B!, B® — B) 4 (01Go, 7tG1) where Go, Gy i N(0, 1).

In particular, (B?) form a backwards Gaussian random walk. We thus compute
E[(B° — B") fu(B";h(B°, W), U)]/7 = E[(E[B® — B'|Y, B',U]/#)’] /7 = o,
E[fs(B%; h(B°, W), U) f«(B"; h(B", W), U)]
= E[E[BO - BS|K Bs’ U]E[BO - Bt|Y’ Bta U]]/%E
=E[(B° — B")?|Y, B",U]/7} = Ts4,

1 1
gE[th(atG) +Z45V)] = EE[E[@I@ +Z' oy, V]?] = o7,

1 1

EE[gs(as@ + Z5V)gi(u©® + 24 V)] = 5E[E[@|@ + Zay, V3.

If f, g+ are Lipschitz, then, because h is also Lipschitz, Stein’s lemma (Stein, 1981) implies that the
first line is equivalent to E[@go f;(B%; h(B°,W),U)] = 4. (Here, we have used that B — B is
independent of BY). Thus, (c), (Ts+), (Xs,t) are exactly the state evolution parameters determined
by (37), and Lemma 6 implies that AMP with these (f5), (gs) achieves the lower bound.

If the f;, g; are not Lipschitz, we proceed as follows. Fix € > 0. First, pick Lipschitz fo
such that E[(fo(B°, W) — fo(B°, W))?] < e, which is possibly because Lipschitz functions are
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dense in Lo. Define &g and Tl,l via (37) with fo in place of fy. Note that lim._,o &g = g and
lim._o Tl,l = T 1. Next, pick Lipschitz go such that E[(go(&o© + Tll,/lzG; V) —E[B|ay + © +
Tll’/fG; V)])?] < e, which is again possibly because Lipschitz functions are dense in L. Define
So1 = sE[0g:(a0 + T117/12G; V)] and ¥ ; = sE[g:(60 + T117/12G; V)?]. Because as o — ap and
T — To%z, we have E[O©]|a© 4+ 7G; V)] ] E[©]aO + TO%QG; V)], we conclude that as e — 0 that
Y01 — 21, and Xy — Xq 1. (;ontinuing in this way, we are able to by taking e sufficiently small
construct Lipschitz functions (f;), (§:) which track the state evolution of the previous paragraph

arbitrarily closely up to a fixed time ¢*. Thus, we may come arbitrarily close to achieving the lower
bound of Theorem 1.

F.2. Achieving the bound in the low-rank matrix estimation model

Lety, = Q,fort > 0and oy = Qy, 4y = Q,, Ty = Q, fort > 1. Define

fi(b'u) = E[Aly,A +3,/°G = b3 U),

gi(a';v) = E[@]|c,® + T}°G = a'; V).
We check that the parameters so defined satisfy the AMP state evolution (38). Note that by (7),

Tiiiun = Qur = E[EIAIQ;*A + G UIEIAIQ, A + G U]
= E[EAIQA + QG UIEIAIQA + @, G; U]

E[AlyA + 2 G UEA A + 276 UL,
aup1 = E[EIAIQ,*A + G UIEIAIQ) *A + G U]
= E[E[Aly,A + 2" G; UIAT]

=E
E

where (©, V) ~ ue v and (A,U) ~ pa . The state evolution equations (7) for 3 ; and -, hold
similarly.

If f:, g; so defined are Lipschitz, then (), (T's), (X5+) are exactly the state evolution param-
eters determined by (37), and Lemma 6 implies that AMP with these (f), (gs) achieves the lower
bound. If the f;, g; so defined are not Lipschitz, then the same strategy used in the previous section
allows us to achieve the lower bound within tolerance ¢ > 0.

Appendix G. Proofs for sparse phase retrieval and sparse PCA
G.1. Proof of Lemma 4

Note that [|@y]|2 is tightly concentrated around p?e. As a consequence, we can replace the side
information @ by v = /@@ +g. We apply Theorem 2 with r = 1, and loss £, (0, 0) = (0 —6y/)\)?,
where A € R>( will be adjusted below. Setting Q, = ¢, Q; = ¢;, we obtain the iteration

. 1
Q== = SE{E[V500|(3q)"*00 + GV}
+ G )
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where O ~ pg.and V = /6a + G', G’ ~ N(0,1). Notice that the additional factors v/§ are due
to the different normalization of the vector 8y with respect to the statement in Theorem 2. Also
note that the second moment of the conditional expectation above is equal to E{E[v/O0|(5(q; +
&))/?20¢ + G]?} and a simple calculation yields

~

qt
1+ 4

Giy1 = Vel + @), q =

I

which is equivalent to Egs. (12), (13).
LetY = /d(¢: + &)O0 + G, G ~ N(0, 1). Theorem 2 then yields

;Hét —0p/\|2 > ;?i;]E{(é(Y) — @O/Ay} + 0,(1)
= E{(E©0Y) - 00)%} + oy(1).

In order to prove the upper bound (14), it is sufficient to consider Hét||% < p. Then, for any \ > 0,

1 .t 1, .t A atio
- < = _ _
p<9 ,00) < p<9 ,60) 2p(\lﬁ’ I3 —p)
A 1 9 At 9
= 5+ 53 100l13 = 518" — B0/
<2 - iIE,{@2} - iIE{(E(@ Y)-© )2} + o(1)
=92 T\ W0 T oy 0 0
A 1 N
<35 + ﬁVi(qt +a) +o(1).

1/2

The claim follows by choosing A = V4 (q; + &)'/2, and noting that |0 ||3/p — 1%, almost surely.

G.2. Proof of Corollary 5

Choose = R/\/e, and let i/ < pi, & < e, R’ = j/+/¢'. Draw the coordinates of 8y = 6o,/p
according to the three points distribution with parameters w',€’. Then, with probability one, we
have 8y € 7 (e, R) for all n large enough. Applying Lemma 4, we get

a / ~/
lm ot E{<@“ﬁ}g Vela+ &) (57)
n=08ee7(e,R) | |[o]l2]|0'|2 (W)?e

where we used dominated convergence to pass from the limit in probability to the limit in expecta-
tion, and ¢;, & are computed with parameters 1/, ¢’. By letting &’ — ¢, i/ — p, and since &, ¢} are
continuous in these parameters by an induction argument, Eq. (57) also holds with 1/, &, g replaced
by u, €, q:

_ ~t ~
lim inf E M = w' o9
n=0050e 78 | [Bo|a]|6l2 He

Claims (a) and (b) follow by upper bounding the right-hand side of the last equation.

62



ESTIMATION ERROR OF GFOMS

First notice that Vi (q) = pu*e20 ¢ + O(¢?) and hence Egs. (12), (13) imply that for any > 0
there exists ¢, > 0 such that, if ¢ + & < ¢,, then

Gri1 < (6 4+ ) (g + @).

If u*e%5 < 1, choosing = (1 — p*e?§)/2, this inequality implies ¢; < 2a/(1 — pu*<25), which
proves claim (a).
For the second claim, we use the bounds e ~99#*/2 cosh(py/3¢G) > 0 and z/(1 + ) < z in
Eq. (13) to get ¢; < g, for all £, where g, = 0 and
(262
Gpy1 = Fo(q, + @), Fo(q) == % sinh(p2dq).

Further Eq. (58) implies

@ At> -
lim _ inf E{ 0l < [I (59)
"T00eT () [160]l2]6 |2 e

Define z; = p20q,, a := p*e25/(1 —¢), b := p?éa = (6/¢)(a/(1 — a)). Then z; obeys the

recursion
x4y1 = asinh(zy + b).

Since a = R*3/(1 — ¢), we know that a < 1/4. Using the fact that sinh(u) < 2u for u < 1, this
implies x; < b for all ¢ provided b < 1/2. Substituting this bound in Eq. (59), we obtain the desired
claim.

G.3. Proof of Corollary 3
Consider first the case of a random vector 8y with i.i.d. entries 0y ; ~ pg. Define, for ©g ~ py,

F:(q) := E{E[B0o| /g9 + G|’}

v [ __SIOR Y
1 — e+ ee~1?/2 cosh(u,/qG)

Setting ¢; = 7, 2, s = 07, and &@ = /(1 — ), and referring to Lemma 12, the state evolution
recursion (5) takes the form

G =F(qe +a), q1=0H(q),

<Eclamp<YmGo +IT—¢ qG1>>2
Ec,p(Y]y/qGo + 1 —qG1

Notice the change in factors § with respect to Eq. (5), which is due to the different normalization of
the design matrix.

By the same argument used in the proof of Lemma 4, Theorem 1 implies that, for any GFOM
with output 6, we have

(60)

H(q) = EGQ,Y

— ot
im E-000
TP 16012116 |12
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We next compute the first order Taylor-expansion of the iteration (60), and obtain F.(q) = ¢q +
O(¢?), H(q) = q/d,, + O(q?) (the first order Taylor expanson of H(q) was already computed in
Mondelli and Montanari (2019)). As a consequence, for any n > 0, there exists ag such that, if
a < ag, q¢ < ag, then

) -
qt+1 < (67 +n)(q + &).

sp
The claim follows by taking n = 1(d) := (J,, — 0)/(20,,), whence ¢; < &/n(d) for all ¢, provided
& < ay := apn(0). The deterministic argument follows in the same way as Corollary 5.

Appendix H. Proximal gradient and modified power iteration as GFOMs

The proximal gradient algorithm (3) is an instance of a general first order method (1) via the change
of variables

vt =6, ul = X6, Ft(l)(ut;y) = —s(y, u),
FP ') =, M (wt) =, a? =o.

The modified power iteration algorithm of standard PCA (4) is an instance of a general first order
method (1) via the change of variables

v' =6, u' = Xn(6%7"), F () = et
F? =, G W) = ('), G =
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