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Abstract

Motivated by applications in crowd-sourcing and rank aggregation, a recent line of work has studied
the problem of estimating an n X n bivariate isotonic matrix with an unknown permutation acting on
its rows (and possibly another unknown permutation acting on its columns) from partial and noisy
observations. There are wide and persistent computational vs. statistical gaps for this problem.
It is known that the minimax optimal rate is O(n 1) when error is measured in average squared
Frobenius norm. However the best known polynomial time computable estimator due to Mao et al.
(2018) achieves the rate O(n~ i ), and this is the natural barrier to approaches based on using local
statistics to figure out the relative order of pairs of rows without using information from the rest of
the matrix.

Here we introduce a framework for exploiting global information in shape-constrained estima-
tion problems. In the case when only the rows are permuted, we give an algorithm that achieves
error rate O(n‘“"m ), which essentially closes the computational vs. statistical gap for this prob-
lem. When both the rows and columns are permuted, we give an improved algorithm that achieves
error rate O(n’g“(l)). Additionally, all of our algorithms run in nearly linear time.

Keywords: Shape-constrained estimation, bivariate isotonic matrix, non-parametric model, stochas-
tic transitivity

1. Introduction

1.1. Background

Consider the following problem in crowd-sourcing: There are n workers and m tasks and there
is an unknown matrix M where the entry M; ; represents the probability that worker ¢ completes
task j correctly. We are interested in the calibration problem of estimating the entries of M from
partial and noisy observations. These observations could come from auditing the performance of
the workers on some random tasks. The key to this problem is making some assumption about
the shape of M. The Dawid-Skene model Dawid and Skene (1979) is a popular model in crowd-
sourcing Snow et al. (2008); Raykar et al. (2010); Karger et al. (2011) that makes a particularly
strong assumption about the shape of M — it assumes that each worker has some unknown but fixed
probability of completing any particular task correctly. This means that all the rows of M are scalar
multiples of each other, and hence it has rank one.

The problem with the Dawid-Skene model Dawid and Skene (1979) is that it precludes the very
realistic possibility that some tasks are inherently more difficult than others. Recently Shah et al.
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Shah et al. (2016b) proposed a challenging non-parametric! extension of the Dawid-Skene model to
address this issue. We say that a matrix A is bivariate isotonic if each of its rows and columns are
non-decreasing. In the context of crowd-sourcing, this type of shape constraint is natural because it
translates to the assumption that there is an inherent ordering of which tasks are easier than others
and which workers are more capable than others, and that the probability of completing the task
correctly is a monotone increasing function of the easiness of the task and capability of the worker.
Of course, we do not know the ordering of the workers (or perhaps, the ordering of the tasks either).
Thus Shah et al. Shah et al. (2016b) proposed modeling M as the result of applying unknown
permutations to the rows and/or columns of a bivariate isotonic matrix.

Estimating shape constrained matrices also arises in the context of noisy sorting and aggregating
ranking information Shah et al. (2016b). We say that a matrix M is strongly stochastically transitive
(SST) if M; ;+ M;; = 1 and after applying some unknown permutation to its rows and columns we
get a matrix whose rows and columns are non-decreasing. The interpretation is that M; ; represents
the probability of ranking element ¢ above element ;7 when we compare them. If we can estimate
M from partial and noisy observations, it would allow us to accurately predict the outcomes of
subsequent comparisons. This model is more flexible than making the parametric assumption that
there is some fixed probability that each comparison gives the correct answer, regardless of the pair
of elements being compared, as in earlier work Braverman and Mossel (2008). It is also supported
by a variety of empirical studies Davidson and Marschak (1959); McLaughlin and Luce (1965);
Tversky (1972). Notably, Ballinger and Wilcox Ballinger and Wilcox (1997) studied a number of
models for noisy rankings and found that the assumption of being strongly stochastically transitive
was the only one to usually survive their scrutiny. e

In either of these problems, most works seek to find an estimate M that minimizes

1 —~
—\|M — M|?
nmll %

However there are currently wide and persistent computational vs. statistical gaps for non-parametric
shape constrained estimation. Chatterjee and Mukherjee Chatterjee and Mukherjee (2019) gave the
first efficient algorithms based on spectral methods. He showed that they achieve the rate 6(n‘1/ 4.
Shah et al. Shah et al. (2016a) showed that the minimax optimal rate is O(n~!) but computing their
estimator requires brute-force search over the set of all permutations. Shah et al. Shah et al. (2016a)
also improved the analysis of the spectral estimator to obtain the rate O(n~'/2). Later Shah et
al. Shah et al. (2019) gave an alternative estimator based on Borda counts that also achieves the
same rate. Finally, Mao et al. Mao et al. (2018) gave an estimator that works by approximately
sorting the rows and columns of the matrix of observations and then applying isotonic regression.
They proved that their estimator achieves the rate O(n~3/4). However this is the natural barrier to a
broad class of approaches that are based on figuring out the relative order of pairs of rows from local
statistics. Any approach that makes a polynomial improvement in the error rate must inherently use
information about the entire matrix to figure out the relative ordering of pairs of rows that cannot be
separated using only local information, as we explain later (see Theorem 3).

Question 1 Is it possible to exploit global information to get better estimators for shape-constrained
estimation?

1. The term non-parametric has multiple uses within statistics. Here, as in earlier work on this topic, we use it to refer
to models where the number of parameters is at least as large as the number of observations.
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Various authors Flammarion et al. (2019); Shah et al. (2019) have conjectured that there are funda-
mental computational vs. statistical gaps for shape-constrained estimation. The natural question is:
Have we already reached the algorithmic limits of what is possible?

1.2. Our Results

Here we introduce a framework for exploiting global information in shape-constrained estimation.
As we alluded to earlier, what confounds existing approaches is that there are pairs of rows 1 and 9
that are far apart but whose relative ordering we cannot figure out from information just about them.
In fact, if all the other rows in the matrix were 0, then it is information theoretically impossible to
figure out whether r; is above r9 in the unknown permutation, or if it is the other way around. But
if that were the case, getting their relative order wrong would not contribute much to our overall
estimation error. The difficulty is: Can there be many such pairs of rows that drive our overall
estimation error up? Our key insight is that if this were the case, we could use information from the
other rows in the matrix to figure out the relative ordering of r; and 7y (see Section 3 for a more
detailed explanation).

We introduce a new family of test functions. Rather than summing entries of M (or rather,
noisy estimates of the entries) over contiguous intervals as in Mao et al. Mao et al. (2018), we
use unions of contiguous intervals. In fact, Mao et al. Mao et al. (2018) conjecture that no algo-
rithm that uses only information about the sums of entries along contiguous intervals can break the
5(71_3/ 4) barrier. A major technical challenge in our work is that we need a superconstant number
of steps to recover all the information about the unknown permutations that we can. Roughly, we
use information from the columns to refine our estimate of the correct order of the rows, which we
then use in turn to further refine our estimate for the correct order of the columns, and so on. We
need many carefully chosen definitions to track how our iterative algorithm makes progress. These
complications were not present in earlier works that estimate the permutation on rows and columns
using a one-shot procedure.

Our first main result shows that there is actually no computational vs. statistical gap when only
the rows are permuted:

Theorem 1 There is an estimator M computable in time O (n2+0(1)) so that for any bivariate
isotonic matrix with an unknown permutation o applied to its rows M, given ©(n?) Bernoulli
observations of its entries has

E[— | M — M|[3] < Cn~tte®

!
n2
Prior to our work, the best known error rates for polynomial time estimators were still stuck at
5(71_3/ 4) Mao et al. (2018) (even in the case when only the rows are permuted) which is quite far
from the minimax optimal error rate. Moreover the algorithm in Mao et al. (2018) runs in time
5(712'5) which is worse than ours, which is essentially optimal and runs in time that is nearly linear
in the size of the output.

We also use our framework in the setting where there are unknown permutations acting on the
rows and columns (we remark that the special case of strong stochastically transitive matrices is
only easier than what we consider here, because it corresponds to making the further assumption
that the permutations acting on the rows and columns are the same and that M; ; + M;; = 1). Our
second main result is:
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Theorem 2 There is an estimator M computable in time O (n2+0(1)) so that for any bivariate
isotonic matrix with unknown permutations © and o applied to its rows and columns M, given
O(n?) Bernoulli observations of its entries has

E[—5 M — M|3] < Cn=?/6%®

5|
n2

There is a close connection between the error rate and how many entries of M we need to
observe to get some desired average error. In particular, suppose we fix a target accuracy € = o(1)
and we are working in the model where an unknown permutation is acting on the rows. Further
suppose we choose uniformly random entries of M and get to observe the outcome of a Bernoulli
random variable whose probability of being one is the unknown value M; ;. Then our first main
result implies that we only need to observe O(nHO(l)) random entries to get the average error of
our estimator down to €. See Section 2.1 for a discussion of how changing the parameter in the sub-
Gaussian bound on the noise affects the overall estimation error. When both the rows and columns
are permuted we need only O(n"/ 6+0(1)) observations. Finally we implement our algorithms and
show that, on a natural benchmark studied in prior work, our algorithm empirically achieves better
error rates too.

More broadly, our algorithms point to the likely difficulty of predicting where computational vs.
statistical gaps for shape-constrained estimation fit in. Using simple local statistics is not necessarily
the limit of what can be done with efficient algorithms, although it does seem (to us) that there ought
to be some inherent limits to what is possible.

2. Problem Setup

We let Mat,,,, be the set of n x n matrices with entries between 0 and 1. We let BISO,,«,, be the
subset of bivariate isotonic matrices, i.e. the subset of Mat,, «,, with entries sorted in nondecreasing
order in each row and column. We use Perm,,,, to denote the subset of Mat,, ., consisting of all
matrices for which the rows and columns can be permuted to obtain a bivariate isotonic matrix. For
amatrix M, we let M , denote applying the permutation 7 to its rows and the permutation o to its
columns. If only the rows are being permuted, we may write M for short.

All of the matrices we deal with are n X n and for simplicity, we assume that n is a power of 2.
Throughout we will let [ = log, n. We will often work with sets of consecutive integers, so when the
context is clear, we will use (a, b] to denote the set of integers {a+1, ..., b}. Given a matrix, we use
the term block to refer to groups of consecutive rows and cluster to refer to groups of consecutive
columns. In general, we will view the rows and columns of our matrices as n-dimensional vectors.

2.1. Sampling Model

Let M € BISO,,x,,. We use the same sampling model as Mao et al. (2018) where we observe noisy
entries of a matrix M, , for some unknown permutations 7, y. More precisely, we receive N ~ n?
observations of the form

Yivgi = MG 2y + 1

where for 1 < [ < N, 14;, j; are chosen independently and uniformly at random from [n] and z is
chosen from some sub-Gaussian noise distribution with mean 0. The goal is to construct an estimate
M that minimizes ||[M — M, |[3.
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We use the same poissonization trick as Mao et al. (2018) where we assume that we receive

N
N’ = Poi(N) samples of the form given by (1). Let p,ps = 1 — e »Z be the probability that we see
at least one observation of a fixed entry. From our samples, we construct a matrix M’ whose entries
are
1 2 jn=Gi) Y
pObS Z(Zl7jl):(l7]) 1

and M/ ; = 0 if the denominator in the above expression is 0.

Note we can write M’ = M, , + E where E has entries drawn independently and at random
from some sub-Gaussian distribution. From now on, we will assume that we receive observations
of the form M’ = M, ., + E and that the entries of E are drawn from some sub-Gaussian noise
distribution with sub-Gaussian parameter 1. Note that changing the sub-Gaussian parameter of E
by a sub-polynomial factor affects our Frobenius squared error by a sub-polynomial factor since
we can simply re-scale our observations so that F/ has sub-Gaussian parameter 1. Since we receive
N’ = Poi(N) total samples, we can split the samples into n°M) parts and assume that we actually
receive n°(t) independent observations M’ (at a sub-polynomial cost to the Frobenius error).

To help with clarity of notation, we use Mfw to denote the observed matrix. we use id to denote
the identity permutation and when there is ambiguity we write Mg = M. We also use M to denote
the noisy version of Mjq obtained by sorting the rows and columns of M,’m. In general we will use

/o
M, =

r; to denote the i row of M and r; to denote the same row with added noise.

3. Technical Overview

Before delving into the technical definitions and algorithm descriptions, we attempt to give some
intuition towards why the algorithm in Mao et al. (2018) encounters a barrier at 0, (TF%) and how
our techniques circumvent this barrier. Similar to Mao et al. (2018) our algorithm first attempts to
estimate the unknown row and column permutation by sorting the rows and columns, and then runs
isotonic regression to recover the original matrix. The error from isotonic regression is O (nil)
which matches the minimax optimal rate. We give a better algorithm for sorting the rows and

columns which allows us to break the O (n_%) barrier.

3.1. Understanding the n—3/%-Barrier

The key limitation of the algorithm in Mao et al. (2018) is that when sorting the rows it only com-
pares two rows at a time in a vacuum, without using information from the other rows. The authors
show that even in the case when the columns are perfectly sorted, there could be pairs of rows that
are O (nl/ 4) apart in Frobenius squared error that cannot be placed in the correct order with high
probability. This is captured in the theorem below.

Theorem 3 (Restated from Mao et al. (2018)) Say we receive noisy observations of a matrix M
where M € BISO,,,, is an unknown matrix and m is an unknown permutation. Let the rows of
M be ry,...,ryn. Forany algorithm that estimates the permutation 7, there must be some instance
M, 7 such that

E ) — rr@l3| = O (n/*
I@Ié‘ﬁ!\?“() 7‘()”2]_ (n )
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Note a row-wise error of O (n'/4) leads to a normalized Frobenius squared error of O (n=3/4),
which is exactly the barrier that Mao et al. (2018) hits. Thus, in order to break this barrier, we must
use information from many rows simultaneously.

It is also worth noting that (by the above theorem) there may be rows r;, r; which are 0, (nl/ 4)
apart in Frobenius squared error and such that their relative order cannot be determined even when
using information from the rest of the matrix. However, if this occurs, we show that the error from
failing to distinguish r; and 7; can be amortized by lower error in estimating the rest of the matrix.

Another limitation of the algorithm of Mao et al. (2018) is in how it compares two rows. Given
noisy observations 7/, r;- of two rows, a natural way to compare them would be to take a subset
S C [n] and compare the sum of the entries indexed by S in each row. The algorithm in Mao
et al. (2018) only considers partial sums, i.e. when S'is a contiguous interval. They conjecture that
algorithms which only exploit partial row and column sums cannot break the O (n~3/%) barrier. We
do not tackle this conjecture. However, we give some intuition for why partial sums are limited and
explain how to make more precise comparisons by looking at a more general family of subsets.

Say we have two rows r;, ; whose entries are sorted in increasing order and such that all entries
of r; are at most all entries of ;. Also for the sake of simplicity, assume that all entries of r; and 7;
are integer multiples of % for some integer k. Let S C [n] be the set of indices a, such that the a'
entry of r; and r; are not equal. It is not difficult to show that S can be written as the union of at
most k disjoint contiguous intervals (see Lemma 11). The main intuition from this example is that
the locations where two rows are different must “concentrate”. While one contiguous interval does
not suffice to capture the “difference”, looking at unions of small numbers of contiguous intervals
gives us improved distinguishing power.

3.2. Our Method For Comparing Rows

In the previous section, we outlined three key aspects that are crucial to breaking the O (n_3/ 4)
barrier in the case when only the rows are permuted. They are

e Use information from many rows simultaneously

e Amortize the error from being unable to distinguish two rows r;, r; that are far apart in Frobe-
nius norm

e For determining the relative order of rows, look at the entries indexed by a subset S where S
is a union of a small number of contiguous intervals

Now we give more detailed intuition for how our algorithm accomplishes the above. Return
to the setup where we have two rows 7; and r; whose entries are integer multiples of % A few
key intuitions are as follows. These intuitions will be explained in more detail in the proceeding
paragraphs.

e We need information from ~ k rows to identify differences of size %

e If there are less than k& rows between two rows r;,r; whose differences have size ~ % then
the error from not distinguishing 7; and r; can be amortized

e To select S, we analyze contiguous rectangles and compute the mean of all of the entries in
each rectangle
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In our example, assume for the sake of simplicity that the corresponding entries of r; and 7;
either differ by 0 or % Note if there are fewer than k2 locations where r; and r; are different, then
the Frobenius squared error between 7; and 7 is less than 1 and we do not actually need to be able
to distinguish them in order to reach the minimax optimal error rate. Essentially, the threshold for
which our algorithm needs to work is when there are ~ k2 differences between r; and r;. If there are
no rows between r; and 7; in the sorted order then we may still run into the same issue that pairwise
comparisons only allow us to guarantee normalized Frobenius error down to O (n_?’/ 4). However,
observe the following. The L! distance between 7; and 7 is ~ k. The L' distance between the
smallest and largest row is at most n. Thus, very roughly, the threshold that our algorithm needs
to handle is when there are ~ k rows in between 7; and 7; in the sorted order. If there are fewer
rows between 7; and r;, then our algorithm makes up for the error of not distinguishing r; and r;
by having smaller error elsewhere. The intuition that we need &k rows to identify differences of size
% is crucial in the actual algorithm and proof (for instance, see the second clause of Lemma 18 and
the third clause of Definition 21).

Now, making one more simplification, we arrive at the following “core instance”. We have
% copies of r; and g copies of r; that form a k X n matrix. We are given noisy observations of
their entries and we need to separate the two “types”. Partition [n] into intervals of size k, say
L ={1,2,...,k}, [, ={k+ 1,...,2]4:},...,]% ={n—k+1,...,n}. We further simplify the
instance by assuming that 7; and r; are constant on each interval. To see why this is a reasonable
assumption, note that there are ~ k? differences and the set of differences is the union of at most
k distinct intervals. Thus, it suffices to look at intervals of length k. Our goal is to identify the
intervals where r; and r; are different.

We now show a technique for the special case outlined above and provide some intuition for how
our algorithm works in the general case. Say we have three consecutive intervals I,_1, I, ;41 such
that ; and r; differ on I, but not I, 1 or I,11. Say on I, the entries of r; are % and the entries
of r; are "”TH Then the mean of the entries in I,_1 across all of the rows is at most % while the
mean of the entries in I, across all of the rows is at least ””TH This suggests that to identify
the differences between r; and r;, we should look at the means of all of the entries in each of
the intervals I1,...,1 n. Note that in one interval, there are k? entries (since there are k rows), so a

difference of % can be detected after adding entry-wise noise. Note it is the step of computing means
of contiguous blocks that allows us to aggregate information from many rows simultaneously.

In the general case there are many complications. Even in the special case above, there is
an additional complication when the intervals where r; and r; differ are consecutive (i.e. r;,7;
differ on I, and I,41). Our full algorithms require many additional procedures to deal with such
complications, which will not be discussed here. we hope the simplified example above illuminates
the motivation for one crucial step of our algorithm.

3.3. Our Method for 2D Sorting

In the case when both the rows and columns of the matrix are permuted, there is one more aspect
of our algorithm that allows us to beat the O (n~%/*) barrier. This is the number of rounds of
“adaptivity”. In particular, our algorithm iteratively sorts the rows and columns, using an improved
estimate of the row permutation to help sort the columns and vice versa. While the algorithm in
Mao et al. (2018) only performs 2 adaptive rounds, our algorithm performs no®) adaptive rounds,
and we believe this is necessary for obtaining better error rates.
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4. Basic Definitions

We will use L to denote the set {1,2,4,... L2t }, the set of powers of 2 between 1 and n. For a
matrix M or vector v, let (M) (respectively 1(v)) denote the mean of its entries and for a vector
v, WEe may use v; or v interchangeably to denote its i entry. For two vectors u, v, we say u < v
if every entry of u is at most as large as the corresponding entry of v. When w and v are rows in a
matrix M € Perm,,,,, we say v is bigger than u or u is smaller than v if v < v.

Throughout this paper, when we say that an event X,, occurs with negligible probability, we mean
that for any constant ¢, as n — co, X, occurs with probability less than #

Definition 4 Let V), be the set of n-dimensional vectors with all entries between 0 and 1. Let
U, C V,, be the subset of V,, containing all vectors with entries sorted in nondecreasing order. We
call vectors in U,, well-sorted. Note that the rows and columns of Miq are well-sorted.

Definition 5 For a vector v € R™ and a set of indices S C [n], we define
1
o(v,S) = — Z v
VI9lics

Definition 6 For a set of vectors vy, . .., vy, define the multidimensional variance
1 2
V({vr,-oe}) = o > M=l

Note that if the vectors are 1-dimensional (i.e. real numbers) then the above coincides with the
usual definition of variance.

Definition 7 Given a matrix M, a set S of rows and a set T of columns, let R(M,S,T) denote
the restriction of M to the rows in S and the columns in T. If T' is the set of all columns, we may
write R(M, S) for simplicity. Define (M, S) as the mean of all of the entries in the corresponding
restriction and define (M, S, T') similarly.

Definition 8 Let In,, denote the set of integers in the interval (ab,a(b+1)]. Let D;; = Iny ;
denote the set of integers in the interval (j 20 (G +1) - 2i]. We call intervals of the form D; ;
dyadic. We call a set of consecutive rows indexed by D; ; a dyadic block and a set of columns
indexed by D; ; a dyadic cluster.

5. Algorithms
5.1. Meta Algorithm

Our algorithm for the general case when both the rows and columns are permuted consists of three
high-level steps, similar to the previous algorithm given in Mao et al. (2018).
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Algorithm 1 Meta Algorithm
1: Split the observations into n°(!) parts
2: Run 2D MULTISCALE SORT (described below) to obtain estimates for the hidden permutations
,fl? ’3/'/_\ -
3: Let M be the matrix in the family {M;, 5| M € BISO,,x,} that minimizes || M — M’||3. Output
M.

Note that the last step is a convex optimization problem and can be solved in almost-linear time
Kyng et al. (2015); Bril et al. (1984). The main contribution in this paper is an improved algorithm
for the sorting step which we describe in the proceeding sections. To see why the problem of
estimating the original matrix reduces to sorting the rows and columns, we recall Proposition 1 in
Mao et al. (2018).

Theorem 9 [Restated from Mao et al. (2018)] Let M € BISO,,«,, and let M{m = M,y +FE
where 1,7y are permutations on [n] and E is a matrix with entries drawn from a sub-Gaussian noise
distribution with variance 2.

Let 1) and 4 be estimates for 1,y and let M be the matrix in the family { My 5|M € BISO,xn}
that minimizes HZ\/f\ — M} |[3. Then with at least 1 — 5 probability

HM - MTWH% <0 (ma$(<2v 1) (nlog2 n+ HMn,’y — M, 5 ‘% + HMﬁ,v - M777H%))

5.2. 2D Multiscale Sort

The goal of the 2D MULTISCALE SORT algorithm is to obtain estimates of 7, v from observing a
matrix M{m. More specifically, we will attempt to sort the rows and columns in increasing order.
The output of our sorting algorithm will be a matrix M 7’7 151y and 7, ¥ will be our estimates of
the hidden permutations.

In light of Theorem 9, if we let 7 = 7~ 'n and o = 4~ it suffices to bound || M, jq — Mig||3
and || Mig,, — Migl[3

The MULTISCALE SORT algorithm will iteratively call several subroutines which we describe be-
low. At a high level, in MULTISCALE SORT we iteratively sort the rows and the columns. To sort
the rows, we split the rows into two halves using BLOCK SORTING such that the rows in one half
are larger than the rows in the other half. We then recurse to further sort the rows within each half.

Algorithm 2 2D MULTISCALE SORT Overview
Input matrix M; .;
for i in [1'°] do
for jin {0,1,...,0l— 1} do
| Run BLOCK SORTING on all dyadic blocks of size 35;
end
Transpose matrix to swap rows and columns;
end
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Algorithm 3 BLOCK SORTING Overview

Input block R(M’, (a,b]);
Initialize lower set X; = (), upper set Xo = (), count = 0; while |X;| + |X2| < b — a and
count < n°1) do

Run 2D PIVOTING ALGORITHM to add some subset of rows to X or Xs;

Consider restriction of M’ to rows that have not yet been added to either X or Xo;

count = count + 1;

end

Add rows that have not been added to X; or X arbitrarily so that

b—a b—a
Xo| =
1%l = [5

[ Xa| = |

2

Permute rows in R(M’, (a, b]) so that all rows in Xy appear above all rows in X1;

As mentioned in Section 2, we can assume that we have access to a sub-polynomial number of
independent samples J\/[,’W (i.e. the noise is drawn independently for each of the samples).

5.3. Block Sorting

Goal: The block sorting subroutine splits the rows in a block of the observed matrix R(M’, (a, b])
into two parts, an upper and lower half. The goal is to obtain a partition that almost satisfies the
property that all rows in the upper half are larger than all rows in the lower half. More formally, our
goal is to obtain a partition X; U X9 = (a, b] such that

e X and X5 are disjoint
o | Xy —|Xo[ €{0,1}
e Forany: € Xy andj € Xo, 7 <.

In the above, X is the lower half and X is the upper half. We will not be able to satisfy the last
property exactly, but we will show that our algorithm obtains a partition that is close to satisfying
the desired property, where closeness is quantified in terms of Frobenius error.

Overview: To sort a block of the observed matrix, we will iteratively add rows, for which we are
confident about their position, to the upper and lower half. We will do this using the 2D PIVOTING
ALGORITHM described below. To sort the entire block, we iteratively apply the pivoting algorithm,
remove the rows that have been added to the upper or lower half, and then recurse on the remaining
TOWS.

5.3.1. 2D PIVOTING ALGORITHM

Goal: Given a block and an index, determine for some subset of the rows whether their rank is
higher or lower than the given index. More formally, we will work with a block R(M’, (a, b]) and
also a pivot index, say 0 < d < k where kK = b — a. The goal is to create two sets of rows X; and
X5 such that the following holds with high probability.

e Forany r; € X, r; is among the d smallest rows in the set {rq41,...,7}.

10
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e Forany r, € Xy, r; is among the k — d largest rows in the set {rq11,...,7p}.
We call X the lower set and X5 the upper set.

Algorithm Description: We will draw a fresh set of samples for each run of the pivoting algo-
rithm. Now we choose three integers r, ¢, w € L. We will call r the cluster size and ¢ the difference
size. Note there are at most /> possible choices for r, ¢, w. For each tuple (r,¢,w) we run the three
steps below.

STEP 1

Overview: We will find a set of candidate locations that will be used to distinguish the rows in
the given block R(M’, (a, b]). The set we construct will be a union of disjoint intervals of length r.
We construct the set by comparing the means of the entries in various contiguous rectangles. Note
how this idea was motivated in Section 3.

Description: For each (r,t) we build an auxiliary matrix M’ (a, b, r, t) as follows. Note the entire
block in consideration is a & X n matrix. We can break this into 7 matrices of size k x 7. Say these
matrices are, in order from left to right, Ay,..., An. Let Sy be the subset of {1,..., 2} containing

indices i such that either [u(A;) — p(Aiy1)| > 55 or [w(A;) — p(Ai—1)| > 5. Let <A2+1) =1
and p(Ag) = 0 (as these indices are “out of bounds™). Let

S={l,....n| JG-Lii+1}
T

i€Sp

Note S is the union of Sy and the set of all indices adjacent to some element of Sy. If the set S
consists of more than 1000t elements, don’t proceed to the second step. We call Sy the starter-set
and S the preliminary-set.

STEP 2

Overview: We will further refine the set constructed in the previous step. For each of the disjoint
intervals of length r in the set from the previous step, we look at the corresponding r x k rectangle
of R(M', (a,b]) and take the mean of the entries in each row to get a vector v € R¥. We keep the
intervals for which ||v||2 is large and throw away the rest.

Description: We have aset S with |S| < 1000¢. Say S = {i1,...,i.}. Foreachi € {1,2,..., %},
let ¢; be the column vector obtained by taking the mean of the entries in each row of A;. Note ¢;
has dimension k. Now let ¢ be the column vector obtained by subtracting j(c;) from each entry
of ¢; (so ¢} is a k-dimensional vector such that the mean of its entries is 0). We will now construct
T C S as follows. If a < w, set T = S. Otherwise, let T" be a set of w indices among {1, . ..,%,}
corresponding to the w columns where the vector cgj has the largest magnitude.

STEP 3

Overview: Given a set R C [n] of candidate locations from the previous step, we sort the rows
based on o (7}, R), the sum of their entries in locations indexed by R. If the sum is too small, the
row is added to the lower set and if the sum is too large, the row is added to the upper set.

11
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Description: Define the test-set R = |J ;7 (r(j — 1), 7j]. Draw a fresh sample M’ (i.e. the noise
added to each entry is resampled from the noise distribution). Sort the rows in the current block
..., 7, according to (7}, R). Let A be a permutation on k elements such that a(r;(l), R) <
e < a(r;(k), R). Let 7 = 101 be a chosen threshold. Let Y7 (., .,y be the setof all 1 < i < k such
that

o(M\as1): B) —o(ri, R) > 7

and let Y5)(,4,,,) be the set of all 1 <4 < k such that
o(ri, R) — O-(rl)\(d)vR) >T

For edge cases, if d = 0 let Yy 1.0y = {1,2,. . -, k} and Y5(r,t,w) be empty and vice versa if d = k.
Now take X to be the union of the set Y7, over all choices of r, ¢, w and similarly let X2 be
the union of Yy, 4 .,y over all choices of r, ¢, w. As we will show later on, with high probability the
sets X1 and X, will be disjoint.

5.3.2. BLOCK SORTING USING THE PIVOTING ALGORITHM

We now explain how to split a block R(M’, (a, b]) into two halves by iteratively running the pivoting
algorithm. First run the pivoting algorithm on the entire block with d = LgJ . we obtain two sets X
and Xo. Add all elements of X; to L and all elements of X to U. Now set d = L%j — | X1| and
run the pivoting algorithm on the matrix formed by the remaining rows, R(M’, (a, b]/(X1 U X2)).
Repeat this process 1" times or until all rows have been added to either the upper or lower half. If

any rows remain, add them to either half arbitrarily so that U and L have the correct size.

5.4. Omitted Algorithms

A complete description of all relevant algorithms in our paper can be found in Appendix B. This
includes a full description of 2D MULTISCALE SORT and a variant, ID MULTISCALE SORT, that
allows us to obtain a better error guarantee when only the rows are permuted.
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Appendix A. Experimental Results

We implemented a simplified version of our algorithm and a version of the algorithm described in
Mao et al. (2018). Below we plot the performance of both algorithms. Note the steeper slope of the
blue lines indicates a better dependence on n in the error of the estimator.
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Figure 1: The diagram on the left shows the family of matrices that we work with. The plot on the
right shows the log-normalized Frobenius error, # ||M — M]||3, of the two estimators for
various values of n.

Appendix B. Omitted Algorithm Descriptions
B.1. Full 2D MULTISCALE SORT Algorithm

Here we complete the description of the 2D MULTISCALE SORT algorithm, using BLOCK SORTING
as a subroutine.

B.1.1. FULL Row SORTING

We will iteratively use the block sorting algorithm to sort all of the rows of the observed matrix.
First we run the block sorting algorithm on the entire matrix to split the set of rows into two halves
of size ~ . We will permute the rows of M’ so that all rows indexed by U appear above all rows
indexed by L. We call the set of rows indexed by U the upper block and the set of rows indexed
by L the lower block. We will then run the block sorting algorithm on the upper and lower block
to split each of the two blocks obtained in the first step into an upper and lower block of size ~ 7.
We recurse again on the blocks of size 7. In total we will run [ phases. Note that the number of
independent samples we need in one step of the recursion is upper bounded by the largest number
of samples required by the block sorting algorithm (since the blocks we are sorting are independent,

we can split a fresh sample of the entire matrix into one sample for each block).

B.1.2. FULL ALGORITHM

The full MULTISCALE SORT algorithm works by first sorting the rows using the method described
above. Then we fix the row permutation and sort the columns using the same method. We repeatedly

14
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sort the rows and then columns for O(1'9) iterations and output the resulting matrix. It is not difficult
to see that we need at most /""" = n°(!) independent samples.

B.2. 1D Multiscale Sort

We now show a different algorithm, called 1D MULTISCALE SORT that (when plugged into our
meta algorithm in place of 2D MULTISCALE SORT) gives a better error guarantee when the column
permutation is known to be the identity. The overall algorithm will involve one pass of the full row
sorting algorithm, except we will use a different pivoting algorithm. Note that we do not change the
block sorting algorithm and full row sorting algorithm except for the different pivoting subroutine
described below.

B.2.1. 1D PIVOTING ALGORITHM

The goal and setup of the 1D PIVOTING ALGORITHM is the same as for the 2D PIVOTING ALGO-
RITHM. Say we are given a pivoting index d. As in the general case, we will draw a fresh set of
samples for each run of the pivoting algorithm. Choose parameters 7,t as in the general pivoting
algorithm.

STEP 1

Construct the preliminary set as in the 2D PIVOTING ALGORITHM.

STEP 2

Overview:  Given the set from the previous step, we will compute weights for the elements. We
will compute the weights by constructing an auxiliary matrix and using its principal component.
Note we can view a weighted set as a vector v.

Description: ~ We have a set with |S| < 1000¢. Say S = {i1,...,iq}. Foreachi € {1,2,..., %},
let ¢; be the column vector obtained by taking the mean of the entries in each row of A4;. Let ¢ be
obtained by demeaning c; (i.e. subtracting the mean of the entries of ¢; from each entry). Now let
N be the k x a matrix that has columns ¢} ,...,c; . Let v € R? be a unit vector that maximizes
[|Nvl|2. Let v be the vector obtained by taking the positive entries of v and zeroing out the other
entries and let v~ be the vector obtained by taking the negative entries of v and zeroing out the other
entries. Note v = v+ — v~

STEP 3

Overview:  We will sort the rows based on their inner product r; - v where v is the vector con-
structed in the previous step. Rows for which the inner product is too small are added to the lower
set and rows for which the inner product is too large are added to the upper set.

Description:  Draw a fresh sample M’ and use it to construct the matrix N (i.e. we construct the
same matrix N as before but the noise is effectively resampled). Let the rows of N be s/, ..., s.

If [|[Not]la > ||[Nv|]2 let vese = HZ—II and otherwise set Vgt = ﬁ We essentially imitate the
third step of the general pivoting algorithm but project onto v to sort the rows. In particular, let
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A be a permutation on [£] such that 31\(1) Vet < e < s’/\(k) - Vet and let 7 &~ 10! be a chosen
threshold. Let Y7)(,.;) be the set of all 1 <4 < & such that

-
/ /
SX(d+1) "~ Vtest — S " Utest > W

and let Y5)(, ;) be the set of all 1 < i < k such that
’ / T
8+ Vtest = S)(q) * Veest = W

Edge cases d = 0 and d = k are dealt with as in the general case. Now let X; be the union of
Y1)(r,t) over all choices of 7, ¢ and let X be the union of Y5(,.;) over all choices of 7, ¢.

Appendix C. Block Differences

The analysis of our algorithms will rely on understanding certain structures in the rows and differ-
ences between rows of the underlying matrix. In this section, we formally introduce several tools
that will be used extensively later on.

Definition 10 Given vectors u,v, we say u is (x,y)-above v if u > v and there are x locations
where the entry in u is at least i more than the corresponding entry in v.

Lemma 11 Say we have two vectors v = (v1,...,v,) and u = (u1,...,u,) with u > v and
u,v € Uy. Let t; = u; — v;. Then for any subsequence i1, ...,1x0f 1,2,...,n,

iy — tir| + -+ [ti, —tip_,| <2
Proof We have
[t =t | = (i =iy ) = (uiy =iy )| < iy =i [ [vig =i | = (g =)+ (01, —oiy)
Plugging this in we get,
[tiy — tiy| + -+ [t =ty | < (wgy, —ugy) + (viy, —viy) <2

Lemma 12 Say we have two vectors u,v € V,, such that u > v and ||u — v||* > % Then there

2
exists x,y € L such that u is (x,y)-above v and ;—2 > Huwz” .

Proof For each 1 < ¢ < [, let z; be the number of locations where the entry in u is at least 2%
larger than the corresponding entry in v. Let 2 be the smallest power of 2 that is at least z; (or 0 if

z; = 0). Note by the minimality of xg, u 18 ([%ﬁ , 2i> -above v for every ¢. Next note that

lJu —v||* < 2} + 2 1 2—|—~-+x’ L 2+l
=TT 2 P\ 21 n
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This is because all entries of u — v are at most 1. The number of entries that are between % and 1
is at most 2, the number of entries that are between i and % is at most 2%, and so on. For the last
term, the total L? error contributed by entries where u — v is less than % is at most % Therefore,
there exists some ¢ such that

1N lu=vlP =3 [Ju—v|?
x;<2i—1>2 LS

/ . / . /
Since u is ((%} , 2’)—above v, choosing z = [5] and y = 2, we are done (note [ %] is a power of
2 since ] is, the ceiling is only there for the case when z; = 1).

Claim Say we have a set of row vectors 1 < --- < 741 € V, such that r; 11 is (z,y)-above r;
forall 1 < i < k. Also assume k < n. Then there must exist 2, ¥ such that

e 2’ is a power of 2 between 1 and n
e ¢ is a power of 2

o 7y1is (2/,y') above rq

I~

oxzj

y /

* L SY <2
1 k

';QZQ'y%

Proof For each i, place a marker on the locations among {1,2,...n} where the entry in r;y; is
at least i larger than the entry of r;. For each j € [n], let a; be the total number of markers on
location j and for a constant ¢ let 3. be the number of locations with at least ¢ markers. Using a
standard argument, there exists an integer c such that

a1+--l-+ozn Zsz:

cfe >
Note that 71 is (ﬂc, %)—above r1. We can now set z’ to be the largest power of 2 at most 3. and 1/

to be the smallest power of 2 at least £. We now verify the remaining conditions. Note £ < ¢/ < 2y
is clear.

\ 3

x>

| \/
N

>

x
21
kax
8ly?

>

Definition 13 Ler M € Mat, ,,. We say two sets of rows (r1,...,7%),(S1,...,5k) of M form a
(k,z,y) difference ifr1 < -+ <1y, s1 < -+ < s, and sy is (x,y)-above .
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Definition 14 Let M € Mat, x,,. We say two sets of rows (r1,...,7%), (s1,...,Sk) in M form a
(k,z,y)-error if they form a (k, z,y)-difference and all of (s1, ..., s) are below (r1,...,ry). We
say the size of a (k,x,y) error is ’;—g

Definition 15 We say that a matrix M € Mat,, x,, contains a type (a, b, x,y)-error if the following
holds. There exist a sets of 2b rows S1, . .., S, such that all rows of S; are below all rows of S; for
i < j and each set forms a (b, x,y)-error. We define an (a, b, z,y)-difference similarly except we
require that each set forms a (b, z,y)-difference. We say the size of a (a,b, x,y) error or difference

is ‘;%x.

Lemma 16 Let M € Mat,x, and let r1,...,r; be some of its rows such that 11 < --- <
rp and V({ri,...,r}) > 2logy k. There exist c,x,y € L such that 5> W and
(Ph—ct1s---,7x) and (11, .. .7¢) form a (c, z,y)-difference.

Proof First note that

1
Vigr o =3 | =il

1<i<j<k
1 log, k—1
2 2
=% | s —ralli+ > > I = 5113
i'=0 i<j
27 <min(i,k+1—j5)<2¢ +1
1 log, k—1 log, k—1
i1 2 111 9
< k Z ' kHrkJrlfQi' - r2i’||2 = Z 2 ||rk+1,2i/ — 7"21"”2
i'=0 =0

In particular for some index 4o,

({Tlv s ,Tk})
210g2k’

: Vv
2zo||7”k+172io - 7”2io||g >

We set ¢ = 2. Note that the above gives us ||ry, 1 gic — T9i0[|3 > 5i; > 2 so applying Lemma

. . || i —Tyio |13
12, there exist z, y € L such that ;i is (2, y)-above ryi, and ;5 > —Bt1-20 202 TWe get

= 161
that &5 > W Also note that (rg_c41,...,7%) and (ry,...r.) form a (c, z, y)-difference
so we are done. |

C.1. Detectable Block Differences

Now that we have introduced basic tools for dealing with difference structures, the main goal in this
section is to show that it “suffices” to consider (a, b, x, y) errors where the parameters a, b, , y are
in a range that can be detected by our algorithm. In other words, we show that once we control
(a,b, x,y) errors for a certain regime of a, b, 2,y we have an upper bound on the L? error. Below,
f(n) will be some function with 1 < f(n) < n. We will set it more precisely later on.
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Definition 17 For a permutation m on {1,2,...,n}, its dyadic decomposition is a set of | + 1
permutations (7o, 1, T2, ..., m) defined as follows. Consider the list {m(1),...,7(n)} (which
contains each integer between 1 and n exactly once). To obtain T;, consider the dyadic intervals
Di_io...,D_;9i_y and for each dyadic interval, sort the elements of the list within that dyadic
interval in increasing order.

Example 1 Form = (4,5,1,6,3,8,7,2), we have mo = id = (1,2,3,4,5,6,7,8), 71 = (1,4,5,6,2,3,7,8),
T = (4,5,1,6,3,8,2,7), m3 = 7 = (4,5,1,6,3,8,7,2).

Lemma 18 Let M € BISO, ., and © be a permutation. If ||My — Migl|? > E > nl!000°?
then there must exist an (a, b, x,y) error in M where a,b, z,y are powers of 2 with the following
properties.

x E
L abyﬁ > 7105

e y<b

Consider the dyadic decomposition of m, (7, 71, ..., 7). There must exist an index 0 < ¢ <
[ — 1 such that ||My, — My, |[* > % We will first focus on each dyadic block D;_; ;. Let
k = 7. The block R(Mx,, Dy o) consists of 2k rows, say 71,...,7k, Tk11, - - -, T2k in order.

We know 71 < 13 < --- < 7y by definition. The block R(Mx, ,, D;_;p) consists of the same
rows but in a different permutation. We use the term first half to refer to the first £ rows and
second half to refer to the second k rows of R(Mx, 1 Dy_; ). There must exist an integer ¢ such
that exactly ¢ rows are swapped between the two halves when compared to R(My,, D;_;0). Let
{ir,...,ic} € {1,2,...,k}and {¢},...,i.} C {k+1,...,2k} such thatr;,,...,r; occurin the
second half of R(M,, ,, D;_; ) and Ty, ..., Ty occur in the first half of R(My,,,,Dj—;p). Also
WLOG i1 < --- < ic.and ¢} < --- < i.. we first prove the following inequality. Claim

o IP
ct+l—j

|R(Mz,, Di—i0) = R(Mz,,, Dii) > <2 |Iri; — 7
j=

Proof First note

HR(MTCH Dl*i,O) - R(Mﬂi+17Dl7i,0)H2 = HR(MTCH Dl*i*l,o) - R(Mﬂ'i+1 ’ Dl*’i*l,O)HQ—’_
||R(My;, Dy—i—11) — R(M;,,, Di—i—11)|?

For a permutation o on k elements, let Ry (M, ,, D;—;_1 o) denote permuting the rows in R(My,, ,, Di—;i—1)
according to o. Over all permutations o, the identity permutation minimizes ||R(My,, D;—;—10) —

Ro(Mx,,,,Di_i_1,)||* since when o is the identity permutation, the rows of both matrices are

sorted in increasing order. It is clear that there exists a permutation o such that
C
2 2
|R(M,, Dii—1,0) = Ro(Mr, s, Dimim1 0)|IP = Y llriy =, I
j=1
Thus, we have

C
|R(M,, Dii—1,0) = R(Mr, s Dici 1 0)l1? < Y |lri; — N
j=1
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Using a similar argument for the dyadic block D;_;_1 1 and adding the two inequalities, we get the
desired. |

The next step in the proof of Lemma 18 will be to upper bound the quantity 25:1 l[ri; —

; || in terms of (a, b, z,y) differences. Let 2/ be the largest power of 2 at most c. Note

2f 1 ¢
Z |Irs; — Ti/c+1fj|’2 = 2 Z ll7s; = 7"1"6“7].”2
j=1 Jj=1

since in the sum on the left hand side, we are taking the largest terms. Now note that since the terms
in the sum are (weakly) decreasing,

S = ZHT” I L | | N [ SRl | A S |

ct1-2f

Therefore, there exists some index 0 < g < f such that 29||r;,, — r; - 12 > st +1 We will

use the above and apply Lemma 12 on the rows r;,, and Til 1 e 1O deduce the following. Claim

If ||R(Mxr,, Di—ip) — R(M,rl.+1,Dl_Z~7())||2 > w then there exist three integers by, g, yo € L
such that R(M,, D;_; ) contains a (by, zo, yo)-error and

boxo ||R(Mm,Dl i0) — R(Mq,,, Di_o)|?
yg - 10072

Proof By the computations in the previous paragraph

c 2f
|R(Mz, Di—ig) = R(Mz,,,, Dicig)ll> <2 |Iri; — ri P S 43 i, - ri P

Jj=1
2
A+ DDy =
In particular ||r;,, — T 12 > 8’“(12“)@ > 2 50 we can apply Lemma 12 and find
. [rigg =74 |2
integers g, yo such that Ti'cﬂ,gg s (o, yo)-above 7, and 9 > % Set by = 29.
The rows (7, .. ., Tigg ), (Tity -+ - T g ) form a (b, xo, yo) error in M. We have

. 2
bowo > gHTng _ri/c+1_29’| > ||R(M7riaDl—i,0) - R(MmHle—i,O)HQ
2 161 = A(f+1)- 160
||R(M7TZ’DZ 20) R(Mﬂi+1le—i,0)’|2
10072

|
So far we have only worked with the dyadic block D;_; o to find a (b, z, y)-error. Clearly Claim

C.1 also applies to other dyadic blocks D;_; ;. If we “amortize” the above inequality over all dyadic
blocks at level ¢, we will be able to find an (a, b, z, y)-error of sufficient size.
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E

Claim There exist a, b, z,y € L such that M contains an (a, b, z, y)-error and ‘;%5” > 1000

Proof Note

211
[ Mz, — Mm-uHQ = Z HR(valei,j) - R(Mmﬂ’Dl*i,j)Hz
§=0
Let S be the set of indices j such that || R(Mx,, Dy—; ;) — R(Mx,,,, Di_i ;)||* > w. We have
8k(f+1
> NR(Mz,, Diij) = R(Mr,,, Diij)|” < (J;)!SI <4(f+1)
jés
Since we assumed E > n,
Z HR(Mﬂ'le—i,j) - R(Mm+17Dl—i,j)|| > ||M7Tz - M7|'i+1|| - 4(f + 1) > 7 - 4(f+ 1) > 5[

JES
Now for each j € S, by Claim C.1, we can find b;, x;,y; € L such that R(M;, D;_; ;) contains

a (bj, z;,y;)-error and
bjxj > HR(MWm Dl—i,j) - R(M

Tit1) Dl—i,j)|‘2
ij - 10072

There are only {3 possibilities for the triple (b;, x;,y;). Thus, there exists some (b, z, y) such that

Z bjxj > Z HR(MTFN Dl*i,j) - R(Mﬂi+17Dl*i,j)"2
4 Yy 10012
j€SI(bs,xj,y5)=(bxy) I JE€S|(bj,5,y5)=(b,,y)

1 Z]ES ||R(M7Ti’ Dl—i,j) - R(Mﬂi+17Dl—i7j)||2 > E
— 10012 I3 — 20016
Leta’ = |[{j € S|(bj,xj,y;) = (b, 2,y)}|. In My, there are o’ dyadic blocks among D;_; 0, ..., D;_; 9i_4
that contain a (b, x, y)-error. Also, all of these (b, z, y)-errors are clearly disjoint. If we let a be the
largest power of 2 that is at most a’, we can simply combine a of these (b, x,y)-errors to get an
(a,b, x,y)-error. Note that

abr _ d'bx - E
y2 T 29?2 T 40016
so we have proved the claim. |

In the statement of Lemma 18, we want to find an (a, b, x, y)-error of sufficient size where
y < b. Note that so far we have shown how to find an (a, b, z, y)-error of sufficient size but have
not dealt with the y < b condition. The error that we found so far has a certain structure captured
by the fact that we only needed to compare two consecutive permutations m;, m;+1 in the dyadic
decomposition of 7. Call such an error an (a, b, x, y)-error at level i. Formally

Definition 19 Say we have a matrix M € BISO,,,, and a permutation 7 on [n]. Let the dyadic
decomposition of 7 be (mo, ..., m;). We say the matrix M, contains an (a,b, z,y)-error at level i if
there are distinct indices i1, . .. ,i, € {0,1,...,2" — 1} such that for each j € |a), when comparing
the matrices R(My,, Dy—;;,) and R(Mz,,,, Di;;;), the latter contains a (b, z,y) error (note that
the rows of R(M,, Dl—i,z‘j) are sorted in increasing order).
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In order to show that we can find an (a, b, z, y)-error with y < b, we will argue that if when
comparing 7;, 7;+1, the error we find does not satisfy y < b, then we can find an (a’, b, 2/, y/')-error
of almost the same size at a significantly earlier level in the dyadic decomposition of 7. Note that
if we find an (a, b, z, y)-error at the first level of the dyadic decomposition with “y%x > n, we must
have a = 1 and since clearly z < n, we conclude y < b.

Claim Assume M, contains an (a, b, x, y)-error at level ¢ with ‘Z%;’” > 4nf(n) and y > b. Then
fori' = [i —log f(n)]

abx
HMd_Mm—/HQ > 2
16y
Proof If i < log f(n), then a < 2¢ < f(n). Clearly 2 < n so if y > b then % < 4nf(n). Thus,
we only need to consider when i > log f(n).
Consider the dyadic blocks at level 4/, D10y Dy gir_q-

2’ 1
|| Mig — Mwi/HQ = Z ||R(Mig, Dy j) — R(Mwi/;lei/,j)HQ
=0

Now we will lower bound the terms on the right hand side. For each 0 < 5 < 21" _ 1, let M; be
the largest L' distance between two rows in R(Mig, Dl,i/,j). Note My + - -+ + M, _, < n since
the rows of Mjq are sorted in increasing order and the L' distance between any two rows is at most 7.

Let T'be the set of j such that [M;| > 7. We have |T| < 2Z—y In the (a, b, z,y)-error at level i
that we start with, we naturally have a disjoint (b, z,y)-errors. Call these selected errors. At most
2ny 20 < 290 o he selected (b, x, y)-errors can be included in the dyadic blocks indexed by 7T'.

x i — x
This is because there is at most one selected (b, z, y)-error within each dyadic block of size 3; so
there are at most 22—5, selected (b, x, y)-errors in each dyadic block of size 2% Thus, if we remove

2nyf(n)

all dyadic blocks indexed by T', there must still be at least a — =~ selected errors remaining.
Combining ‘;Lf > 4nf(n) and y > b, we get 2% > 4dnf(n). Thus a — Z”ny(n) > 4.

Next, consider a (b, z, y)-error in level ¢ consisting of rows (r1,...,rp), (], ...,7},) contained in
the dyadic block D;_; ;. Say the dyadic block at level i’ containing D;_; ; is D;_; j» with j" & T.
Let S be the set of indices indexing the locations of ry, ..., 7,71, ..., ) in the matrix M ,. Note

all elements of .S are in D;_; j» by definition. Now

|R(Mig, S) — R(Mz,,, S)||* > 82
since the L! distance between the biggest and smallest rows in R(Mg, S) is at most % while there
is a (z, y)-gap between all of (r,...,r;) and all of (r1,...,7,). We can obtain similar inequalities
for all (b, z, y)-errors that occur outside all of the dyadic blocks indexed by 7" and combine them to
get
abx
1632

|Mig — My, || >
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Note we can iteratively apply Claim C.1 to find errors in earlier levels of the permutation de-
composition of m. We will do this to complete the proof of Lemma 18. First note the following:

Claim If M, contains an (ag, bo, T, yo)-error at level g with 202920 > 100" ang 40 > by then
0

M, contains an (aq, by, x1, y1)-error at some level i1 < ig — 100v/11log [ with arbizy > 6(111(())1(7)(;1902(1)6
1

Proof Combining Claim C.1 and Claim C.1, we get that if M contains an (ag, by, zo, Yo )-error

at level ig with aobi‘%xo > il and yo > by then M, (i, = i9 — 100v/1logl) contains a
Yo 0

(a1, b1, 1, y1)-error at some level i; with “12”“ > 63%1())(;;?6' Note that we must have ; < i, since
1 0

the dyadic decomposition of i is constant at level ¢, and beyond. We conclude that M/, must

contain the same (a1, b1, x1, y;)-error at level i1 < g — 100v/11og . [ |

Proof [Proof of Lemma 18] By Claim C.1, there must exist an (ag, b, xo, yo)-error at some level

1o with aoboxo > 40%16 If yo < by we are done. Otherwise, yy > by and we can apply the above to
O

find an (a1, by, x1, y1)-error at level 41 < ig — 100v/11og L. If y; > by we can recurse again.

Vi

100

Note it can easily be verified that the condition %27]2% >n
j
fore, there must be some index 0 < g < VL quch that by > 1y, and then M; must contain a

100
(ag, by, x4, yg)-error satisfying

We can have at most steps of recursion 49 — 71 — --- — ¢; while maintaining that z; > 0.

11001 i maintained at each step. There-

agbgzxg > E > f{)
Yg (64006)%0 !

as desired. |

Remark 20 Note that the proof above actually allows us to slightly strengthen Lemma 18 to ensure
that the (a, b, z,y)-error occurs at some level i in the dyadic decomposition.

C.2. Finer Characterization of Difference Structures

Intuitively, Lemma 11 says that if two rows r and r’ are well-sorted and r > 1/, then the locations
where the entry in r is larger than the corresponding entry in 7/ must “concentrate” together. The
next result, Lemma 23, gives us a precise way to formulate this intuition when we consider a block
of several rows simultaneously. This will be central to proving the correctness of our algorithms.
First we make a few technical definitions.

Definition 21 Let M € Perm,,.,,. We say a set of its rows r1 . . .1y contains a (¢, x,y)-detectable
difference if

o There exist two disjoint subsets of {i1, ... ,ic}, {j1,---+Jc} C{1,2,...k} suchthat (r;,...
and (rj,,...rj,) forma (c, x,y)-difference

e There do not exist two disjoint subsets of {i},...,i.}, {4}, .. ,j;} C {%5 ,. ..k} such that
(rirs-..sryy)and (ry,...rj) forma (¢, 2', y')-difference and ‘;f” > ! o

ec>y

23
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470.5
° %Zkllol °

< \/nl?

Definition 22 We define a (c, x,y)-strongly detectable difference in the same way as a (c,z,y)-
detectable difference except we require that

<

< |8

cx 1 10470.5
72 Z knﬁllo l

Note that all strongly detectable differences are detectable.

Lemma 23 Say we have a matrix Mg € BISO,,«,, and consider some subset of its rows r1, ..., Tk
withry < -+ < 1. Let ¢,x,y be powers of 2 such that (rg_ci1,...,7%) and (r1,...7r.) form a
(¢, x, y)-detectable difference. For an integer I, consider dividing the columns into dyadic clusters
of size 2l

Dro,....,Dpn 4

)oT

There exists some integer I for which we can mark some subset of the dyadic clusters, say Dy j,,..., Dy .,
such that the following properties hold.

I 10.5
o 5 <20 <2000z

o e <4y

e For each marked dyadic cluster, the mean of its two neighbors differ by at least ﬁ. In other
words for all 1 < i < e, the following equation holds:

1

I (M, {r1, ..}, Drji—1) — p (M {r1, - re)s Drjivn)| > o

(We handle the case when the index j; = 1 is out of bounds as usual. If j; — 1 < 0, the mean
is 0 and if j; +1 > 21, the mean is 1.)

o Within each marked dyadic cluster Dy j,,1 < b < e, highlight all of the columns such that
the corresponding entries in r. and 7.1 differ by at least % The number of highlighted

. . . . , I
entries in each dyadic cluster is at least z where z is a power of 2 and satisfies z > S()()lgw
X
and ze > R
o Let R be the matrix obtained by restricting M4 to the rows Tj—_c41,...,7k,T1, - - . Tc. Let j be

an index corresponding to a highlighted column and say j € Dy j, where Dy j, is a marked
dyadic cluster. Let j' be an index such that j' ¢ Dy j,—1U Dy, UDry j,+1. Then the columns
of R indexed by j and j’' differ by % in at least 5 different locations.

Proof Define S; C [n] to be the set of locations where 7441 is larger than 7. by at least d. Let
Tq C [n] be the set of locations where 7, re1+1 is larger than Tre by at least d. The set 71 can be

4y
broken down into a collection of “maximal” intervals. Say these are [aj, b1), [a2,b2), ..., [@m, bm)
(where [a;, b;) denotes the set of locations {a;,a; +1...,b; — 1} and by < as < by <ag <--- <
bm—1 < Qm,.
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For all 4, let s; = b; — a; be length of the corresponding interval. Let ¢; = ‘S 1 N[ai,b;)| be
Y

the number of elements of S1 in the interval [a;, b;). Note that maximality implies
Yy

|T(bi) _ 7n((:bi)| < |Tlibz)

(b )|
k—ct1 —re1+1 T e

1
4y
Also

r<ti+ - +tpn<s1+--+snm

For integers i, ', let ¢; » be the number of indices j such that s; € [2¢,2/+1) and t; € [27,27F1).
There must exist some Iy, I, such that

Let[a;;, bi), - -, [ai,, bi,) with g = ¢, v be the intervals satisfying the condition s;; € [2]0, 2lo+1)
and t;; € [216, 216“). By Lemma 11, we must have g < 4y. This is because otherwise we would

be able to find z1 € [ai;, b;,), ..., 24 € [ai,,b;,) such that |7“k 1= ) | > = and considering
the subsequence x1, b, 22, biy, . . ., Ty, bj, Would give us a contradlctlon

We will set I = Iy + 2. Divide the columns into dyadic clusters of size 2. We will now per-
form the marking and highlighting process. Note that for each index 1 < j < g, the interval
lai;, bi,) is either contained in a dyadic cluster of size 2! or contained in the union of two consec-
utive dyadic clusters. If it is contained in a dyadic cluster, mark that cluster. If it is contained in
the union of two consecutive dyadic clusters, mark the dyadic cluster (among the two) that contains
more elements of the set [a;;,b;;) N S 1. It is fine if we mark a dyadic cluster multiple times. Now
highlight the columns that are in a marked dyadic cluster and in S 1. We proceed to show that the

desired conditions are satisfied.

e First, we bound the number of highlighted columns. Note that )" s; < 331"z since other-
wise we would have a [ §], 331" ¢ , 4y difference, contradicting the detectability of the (¢, z,y)-
difference.

We also trivially must have Iy > I/ so

T x

2l0 > 9o > >
3%y 11 39[2 — 20yl?

2

Thus, 27 > 5— Also note that none of the elements s1, ..., s, can be larger than 331z so

21 < 2000 z. This completes the proof of the first property.
e The second property is clear since g < 4y and we mark e < g total dyadic clusters.

e Now we show that the means of the marked dyadic clusters differ from the means of their neigh-
bors. Each marked dyadic cluster, say Dy ., must correspond to some interval [aZ ,b ) in the
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marking process. Note D; . may correspond to multiple intervals in which case we let [a;,, b;;)
be one of them.

Note that
(aij—l) (aij—l) 1
Te-Te T S
i) i) 1
"e-TE1 T TS S gy
and there must exist some integer z;; € [a;,, b;;) such that
(zi;) (i) 1
-Tsle T 2y

Since the rows have all of their entries in increasing order, we conclude
(bij ) 1 (aij _1)
’I“(%] > %—I_Tk’—]'%—\—i-l (3)

First we consider the case where Dy , contains the interval [ai]., bi].). We bound the difference
between the means of Dy ,_; and Dy ;. Let N = R(Mgq, {r1,...,r,}) be the matrix formed
by rows r1, ..., 7 and all n columns. Consider restricting IV to each of blocks

{ry,... 77’(51—1}7 {77%17 . ,rk,[%Hl}, {rk,[gHz, cey TR}
and each of the dyadic clusters Dy .1 and Dy .. Note that
i (N (0,151 = 1] Drect) < (N (0,151 - 1) Do)
5o+ (N (151 =1k =151+1] Dres) < (N, (T3] = Lk = 151 +1] Dren)
i (N, (k= 151+ 18] Dracr) < o (N (k= 151+ k], Dria )

where the second inequality follows from (3) and the others are immediate. Also note that at least
half of the entries of R(N, (0, k], Dy ,—1) and R(N, (0, k], Dy .+1) are captured in the second
inequality so we conclude

1
:U’(N7 (Oa k]a DI,Z—{-I) - ;U(Na (07 k]’ DI,z—l) > @
Now consider the case where D; . does not fully contain the interval [aij by ). WLOG, the union
of Dy . and Dy .41 contains [aij , bij ). We can use essentially the same argument and note that

since bij —a;; < 2lo+l — 22—1 then at least % of the entries of Dy .41 are in the restriction
R (N, ({%1 -Lk-[§]+ 1] , (bij, (z+ 1)2%]) SO
1 c c c c
- N,<7—1,k—7 1},1) ,)< (N,(f—l,k—f 1},D )
1 +/~L( 5] [51+ Ie1) < p 5] 51+ 1,241

In the end, we conclude
1
/’L(N7 (07 k]a Dl,z-i—l) - ,U,(N, (07 k]a D[,Z—l) Z @
This completes the proof of the third property.
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e Note that . o
3 <2bg<olg<s 4. 45, <33 "2

Thus,

M 2%

2%0 > >

~ 3gl2 T 10011°°+2

: : _ oll—1 2o 2f
and clearly each marked dyadic cluster must contain at least z = 20" > 5000572 2 mo0i0573
t.

highlighted columns since it must contain more than % elements from some set of the form

S1 M ai;,b;;)|. Next, each marked dyadic cluster contains between z and 100z columns from
Yy
the set

S = S% N ([Cbil,bil) y---u [aig,big))

In total, all of the marked dyadic clusters must contain at least

b+t i, I —1
2 =% I=gp
elements of S’ so if e is the total number of marked dyadic clusters, we get

S "
ze > ——
~ 60072

e To prove the last property, we will start with the same observation as the third part. Each marked
dyadic cluster, say Dr ., must correspond to some interval [a;,, b;;) in the marking process. For
any x;; € [a;;,b;;) with z; highlighted,

(aij—l) (aij—l) 1
=T+ TS S gy
2 ]

(bi;) (i) < 1
"e=Tg141 T TSl S gy

Since the entries are in increasing order in each row, the above implies that

Tl TTe T 2y
(i) (a;;—1) 3
Th—e1 rkf[g]ﬂ > 4y
The unionof Dy .1, Dy ., Dy .41 contains the interval [aij , bl-j ). Comparing the column indexed
by ;, to any column with index smaller than (z—1)27, the entries in the roWs 741, - . . , T [e]+1

must differ by at least %. Comparing the column indexed by z;; to any column with index larger

than (z + 2)2/, the entries in rows T[g],- -+, Te Must differ by at least %. This completes the
proof of the final property.

27



BETTER ALGORITHMS FOR ESTIMATING SST MATRICES

Appendix D. 1D Multiscale Sort Analysis

We now analyze our algorithm in the case when the columns are perfectly sorted. Throughout this
section, when we say pivoting algorithm, we are referring to the 1D PIVOTING ALGORITHM. We
show that with high probability, the 1D MULTISCALE SORT algorithm successfully sorts the rows.

Theorem 24 We have a base matrix Mg € BISO,,«,. Say the observed noisy matrix is M, 7’7 P

After running 1D MULTISCALE SORT, say the output is the matrix M i Then with at least 1 — %
probability over the random noise

”M‘I‘ o MidH2 < n1+0(1)
Remark 25 The precise bound we will show is
||MT _ Mld||2 g nl105l0.5

The first important observation is that when running the 1D pivoting algorithm on a block that
contains detectable differences, the total row variance among the remaining rows decreases by a
non-negligible fraction at every step.

Lemma 26 Say we have rows r1 < --- < ry, of the matrix Mg and let c,x,y be powers of 2 such
that (ri—c41,...,7%) and (r1,...rc) form a (¢, x,y)-detectable difference. Recall that this means
the following properties hold:

ec>y

470.5
° ;—g > 107

.%g\/ﬁﬁ

Let ] be rows obtained by adding noise to each entry of r;. Let w be a permutation on [k| and let

A be a k X n matrix with rows r;r(l), e 77’;( k) in order from bottom to top. Consider running the

1D pivoting algorithm on A with any index 0 < m < k. Let rgl, .. r(m be the set of rows that are

(2
not added to either the upper or lower set. Then with probability at least 1 — n%ﬂ (over the random

noise), we have

1
V(T’h?' . Tlm) S (1 - ll(]l05> V(T’l,. . .,Tk)

Let I be the integer that satisfies the properties of Lemma 23. Let Dy j,,..., Dy, be the
marked dyadic clusters according to Lemma 23. Throughout this proof we use B to denote the
matrix with rows r(1), ..., 7(x) in order from bottom to top (so B is A with the noise removed).
We will actually show that running the pivoting algorithm with parameters r = 2! and ¢t = y will
produce the desired result. Note that in the first step of the pivoting algorithm, we divide the columns
into clusters of size r and form k x r matrices Aq,..., An. Let Ay, ,..., Ay, be the set of these
matrices that contain (exactly) one of the marked dyadic clusters. Claim Let S be the preliminary
set we construct when running the pivoting algorithm on A with parameters r = 2/ and t = 3. With
atleast 1 — anO probability, {hi,...,hy} C S and |S| < 1000y.
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Proof Let By,..., Br be analogous to Ay, ..., An except for the matrix B. By the third property

of Lemma 23, the following holds for all 1 < ¢ < b: either |u(Bp,) — p(Bp,—1)] > ﬁ or

|(Bn,) — p(Bp+1)| > ﬁ (since each of B}, contains one of the marked dyadic clusters). Next

we claim that for any j, |u(B;) — u(A4;)| < ﬁ with high probability. Note that the difference
between the means of A; and B; is the mean of kr samples from the noise distribution. We have

k> 2le> ¢ 51

=S C= 52 =5

k,ylloo > y2l10

so this implies |u(B;) — u(A4;)| < ﬁ with negligible failure probability. Thus with probability at
least 1 — n—éo, either |u(Ap,) — p(Ap,—1)| > ﬁ or |pw(Ap,;) — p(Ap+1)| > ﬁ forall 1 <i <b.
The second clause in the claim follows from |p(B;) — pu(A4;)| < ﬁ and the assumption that
the columns are perfectly sorted. |

Claim Let vg be the test vector we construct when running the 1D pivoting algorithm on A
with parameters r = 27 and t = y. Let s, ..., s, be as defined in the pivoting algorithm. Let
s1,- .., Sk be there denoised versions. With at least 1 — ﬁ probability

1 2
V(Sl * Utesty « + - 3 Sk * Utest) Z 0.1bc (]_6003/[2105>

Proof We analyze the step of the algorithm when we construct the columns ¢. Let d;, d be the vec-
tors analogous to ¢;, ¢, except for the matrix B. First we analyze the vectors dp,,, . . ., dp,, d;m cee dﬁlb.

. ; fe (mH(D) (7= 1(0))
Note that by the fourth property in Lemma 23, for any 1 < i < b, the entries d;| seeedpy,

are all less than the entries dﬁzil(k_cﬂ)), el d&il(k)) by at least

_2r 1 1
10-542
80010 H+2 Y

ro T 800yl2l"?

i( L+ i > be <1>2
Vo M = 7\ 1600727

Note that ¢; = d; + v where v is a vector whose entries are independently drawn from a sub-

Gaussian distribution with mean 0 and sub-Gaussian parameter # Let C be the matrix with

This implies that

"'+d;u,)

columns ¢;, i € S and C’ be the matrix with columns ¢, 7 € S. Define D, D’ similarly. Note
C'=D+V
where V' is drawn from the following distribution

e Construct Vp, a k x |S| matrix with entries drawn independently and at random from the a
sub-Gaussian distribution with mean 0 and sub-Gaussian parameter \1[

r

e For each column of Vj, subtract the mean of the entries in that column from each entry.
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With all but negligible probability (see Rudelson and Vershynin (2010)), the largest singular value

of Vj is at most
105\/E (1 + |S|) < 101\/E (1 + 10009) < 500[\/@
r k r c r

Note that (V' — V})) is a rank-1 matrix and it’s largest singular value is at most the largest singular
value of V). Therefore, with all but negligible probability, the largest singular value of V' is at most

10001\/5.

By Claim D, with all but negligible probability hj,...,hy € S. Also if we let u be the vector
with % in entries indexed by Ay, ..., hy and O everywhere else we get that with all but negligible

probability

1 k
"ullg > [|D'ulls — [|Vulls > Ve [ ———— ) — 1 \f
|C"ull2 > [|Dull2 — [[Vullz = Vbe (1600%210‘5) 00024/ -

However, note that

Ve (1600yl2’°'5> > 10 z\/: (4)
since 7 = 2!, 276 > ze > Lo by the fourth clause of Lemma 23, and 5 > k110" by as-

sumption. Thus, we know that with all but negligible probability, the vector v that we obtain in the
pivoting algorithm satisfies

1
/ /
1C"v]|2 > ||C"ull2 > 0.9Vbe (W)

Thus, with all but negligible probability

1
/ /
100l = €0l = Vol > 05V8e (ot )

and therefore

1
/
HD UtCStHQ Z 04\/ bC (1600lelOS>

Since the rows of D’ are exactly si, ..., s; and the mean of the entries in each column is 0, the
above immediately implies the desired conclusion |

Proof [Proof of Lemma 26] Now we will complete the proof of Lemma 26. Note that regardless of

the pivot, we have
201

W

I'a : 'Utest’ <

/
|5, * Viest — S;

foralll <a,b<m.

Next, with at least 1 — ﬁ probability, for all i € {1,2,...,k},

101
\/F

|S; * Utest — Si * Utest| <
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which implies
401
Jr

Sip, * Utest — Sig ° 'Utest’ <

Thus ) )
16001*m 1600kl
V(5i1 * Utesty » + + 5 Sy * Utest) < - < , (5)
Next note
V(Sl * Utesty - - - » Sk Utest) - V(5i1 * Utesty » » » 5 Sty * 'Utest)

NE

2 m 2
81+ - —I—sk Siy o+ Siyy,
(O RO RG-S B
a=

8++Sk 2 31++Sk 8i1+"'+8im, 2
Z S5 — T * Utest +m 2 - m * Vtest

1<5<k
JE{i,im}

< >
1<j<k
JE{i1,im}

:V(Sl,...,sk) — V(Sil,...,sim) <

J

§1+ -+ Sk 2
k

S1+"'+8k_87;1+"'+8im 2
k m

85 — +m

S| =

(V(?“l, PN ,’I"k) — V(Til,. . .,Tim))

Next by Claim D and (5), we have with at least 1 — n%() probability

V(Sl * Utesty - - - 5 Sk * vtest) - V(Sil *Utesty » + - 5 Sty vtest)
1 2 2 1 2
>01bc| —055 | — GUORI > 0.05bc | ——5%
1600412 . 1600472

where the last step follows from (4) in the proof of Claim D. Also, by Lemma 16 and the assumption
that the (¢, x, y)-difference is detectable we deduce

% > V<r17"'7rk)
y2 T 320+2
Combining everything, we have
1 xTc 1 V(rl,...,rk)
V(ry,...,re) = V(riyy .o oy1i,,) > rb6108y2l4l°'5 > 6002 10852377 = 10007
which immediately rearranges into the desired. |

We need one more simple observation about the behavior of the pivoting algorithm before we can
complete the analysis of the 1D MULTISCALE SORT algorithm. Claim Let M € Perm,,y,, and let
T1,...,Tk be a subset of its rows. Let A be the matrix with rows 7], ... 77";@’ obtained by adding
entrywise noise to 1, ..., 7. After running one iteration of the 1D pivoting algorithm on A, say
the remaining rows are r;1 ;.- -, 1, With probability at least 1 — 10 over the random noise, for any
indices1 < a < b<d,

|70 = 75|11 < 100v/nd
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Proof Consider running the pivoting algorithm with parameters r = n and £ = 1. In this case we
have v = 1 and the matrix N we construct for the pivoting step is simply a k£ x 1 column vector
containing the mean of the entries in each row. Regardless of the pivot row, say 7, all rows r;
satisfying |u(r;) — p(ry,)| > }}l will be added to either the upper or lower set. This means for any

indices 1 < a < b <d,
201

|(r,) = ()] < N

Note |p(r})—p(ri)| < \1% for all 7 with at least l—ﬁ probability and |pu(r;) —pu(r;)| = L|jri—r;l|x

(since M € Perm,, ). Combining these with the above we get the desired inequality. |

Now we are ready to complete the analysis of our algorithm when the columns are sorted.
Proof [Proof of Theorem 24] Let E = nl'9""". Consider the dyadic decomposition of 7 into
T0,T1,--.,7. By Lemma 18, it suffices to show that our algorithm will not create any (a, b, z,y)-
errors with b >y and ab”” > 10 = at any level in the dyadic decomposition.

First we claim that the pivoting algorithm will not make any errors (i.e. any rows added to the
lower set are among the d smallest rows and any rows added to the upper set are among the k£ — d
largest) as long as for any parameters 7, ¢ and rows s;, s;, the corresponding test vector vies satisfies

/ 5l

‘Si * Vtest — 54 ° 'Utest‘ < W
Assume that the block we are considering consists of the rows r1, ..., 7 and A is a permutation on
{1,2,...,k} such that 53\(1) Vet < < s’)\(k) - Ugest- Say that the pivot index is d. If some row

r} is added to the lower set, we must have s} - Vst < s’/\( di1) " Viest — %. If this is an “error”, then

/ / / : s
there must be some row 75 AMONG T gy 5 T () that should be in the lower set. However since
Ugest has all non-negative coordinates and 33\(1) Vet K < s’/\(k) - Vtest, W€ must have

. . 00, 101
85 - Vpest < SX(d+1) " Vtest — W < S+ Vtest — W

Sj * Vtest < Si * Utest

which cannot happen unless |s/ - Vst — S - Vtest| > f or |s “Vtest — S5 * Veest| > f We can use the
same argument to deal with the case when some row is added to the upper set However, for fixed
Viest and index ¢, with all but negligible probability, ]3; “ Utest — Si * Vtest| < \[ Union bounding, we
conclude that the probability our pivoting algorithm makes an error is negligible. Note that here we
use the fact that we resample the random noise affer constructing vyest.

occurs at level ¢ in the dyadic decomposition with ¢ minimal. This means that there exist dyadic

blocks D;_;j,,...,Di_;;, such that for any 1 < ¢ < a, R(M,,,,,D;_; ;. ) contains a (b,:z:,y)

error. Now fix an mdex cwith 1 < ¢ < a. Say the set of rows in R(M;,, D;— ije) 1S UL, ... un.
21

Now assume for the sake of contradiction that an (a, b, x, y)-error with abr > E_andb >y
Y Iz

After i phases of the full row sorting algorithm, say the matrix we are working with is M} . The
rows in R(M),, D;—_; ;) are exactly ug, ... , Uz Up to some permutation. In the i + 1% phase of

the full row sorting algorithm, we run the block sorting algorithm on the block R(M} A Dy j.).
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The output of the block sorting algorithm determines the sets of rows in R(M, v Dimica 25,) and
R(M,, ,,D;—i—12j.+1). Since we showed that with high probability, the pivoting algorithm will
not make any errors, the only way for there to be a (b, z, y)-error is when we arbitrarily split the re-
maining rows after running 1" iterations of the pivoting algorithm. Say the (b, x, y) error consists
of the rows s1,...,8p,t1,...,%. Lets,...,s;,t],...,1] denote the respective rows with noise

added. Note that V' (uy, .. ., ui) < n? 50 if the hypotheses of Lemma 26 are satisfied each time we
run the pivoting algorithm, then with at least 1 — # probability

ll0.51
1
V(Sl,...,Sb,tl,...,tb)S(].ll()lof)> V(Ul,,u%><1

Otherwise, there must be at least [/~ steps when we run the pivoting algorithm and the set of
remaining rows does not contain a (¢/,z’,y’)-detectable difference for any ¢/, 2’,y’. Note that
S1y-+-y8pyt1,...,t form a (b, x,y)-difference and must be among the remaining rows. If k; is
the number of remaining rows after ¢ iterations of the pivoting algorithm, k; < Z: for all ¢. Also
a < 2 and ab‘” > le = implies

b%' >k E;s > k% 10410-5

y nl!
Claim D implies that after the first iteration of the pivoting algorithm, there cannot be any (¢/, 2, y')-
differences with 5—: > /nl?. Therefore, the only way for the hypotheses of Lemma 26 to fail is for

l05bx

there to be a (¢, 2’, y//)-difference with ¢’ < ¢ and 0,9”2 > 175

Note that there are at most /2 possible triples (¢, 2/, /). Applying the above argument on each of
the dyadic blocks D j,, ..., D j,, we get that for some (¢, z’, y') there are at least % dyadic blocks
D; ;.,1 < ¢ < a such that R(MTZ., D; ;) contains a (¢, 2, y')-difference. We constmct a permu-
tation v on {1,2,...n} as follows: start with 7; and then for each of the (¢/, ', y/)-differences,
“flip” the two sets of ¢’ rows to create a (¢, 2’,y’) error. Note that the first ¢ levels of the dyadic
decomposition of v agree with the dyadic decomposition of 7 i.e. (vo,...,7) = (70,...,7i). Also
M., contains an (l%, d,a',y)-error at level i. Note

acx’ _ abx j0.5-3
l3y/2 = y2

Since ¢ < ¢/, we can iteratively apply Claim C.1, similar to the method at the end of Sec-

//b// 1

tion C.1, to find an (a”, 0", 2", y")-error with & i ll% and b” > 3" at some level ¢/ < i,

contradicting the minimality of 7. |

Appendix E. 2D Multiscale Sort Analysis

We now analyze our 2D MULTISCALE SORT algorithm when the columns may not be perfectly
sorted. Throughout this section, when we say pivoting algorithm, we are referring to the 2D P1v-
OTING ALGORITHM. Our main theorem is stated below.
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Theorem 27 Assume we observe a matrix M7/m = M, + E where M € BISO, «, and E is
drawn from the error distribution. When we run the 2D MULTISCALE SORT on Mfm, then with at
least 1 — ﬁ probability, the final result will be a matrix M;ma such that

| My i — M|[3 < nsto)

| Migy — M|[3 < nstot)

Remark 28 The precise bounds that we will show are

5 loglogn

7
M jg — MIJ3 < 671 Viosn
and similar for || Mg, — M| 5.

At a high level, we will show that if when sorting the rows, our algorithm makes an (a, b, z, y)-
error, then there must be an (a’, b, 2/, y')-error in the column permutation that either has signifi-
cantly larger size or has almost the same size and 2’ >> x. This will then allow us to conclude that
at each iteration, our algorithm makes “progress” and eventually corrects all relevant (a, b, x,y)-
errors.

Definition 29 Say we run our 2D pivoting algorithm on a matrix containing the noisy rows r, . .., rh.
such that their non-noisy versions satisfy r1 < --- < roc and (ri,...,r.) and (req1, ..., T2c) form
a (c,z,y)-difference. We say that the algorithm resolves the difference if either all of (r1,...,rc)
are added to the lower set or all of (rc41, - .., r2c) are added to the upper set.

The first key result is stated below. Claim We have a matrix M, , and its noisy version M7/7,7' Con-
sider running the block sorting algorithm on M,’W on all dyadic blocks of size J; for some i. Note
that this involves many iterations of running the 2D pivoting algorithm on various blocks.

Assume that with non-negligible probability, there exist disjoint blocks By, ..., B, of sizes k1, ..., k,
respectively and parameters (c, z,y) such that for each block By, ..., B,, the 2D pivoting algo-
rithm failed to resolve some (c, z, y)-strongly detectable difference when run on it. Also assume

7 .5 .
4% > nisl 10%°% "Then one of the following must hold
2 lOA5
o My — Mygall§ 2 2521500

e There exists some ¢’ such that in the column permutation -, there exists an (a’, V', 2, y')-error
at level 7/ with
a'b'x 1 acw
y/ — 1020730 y2
2 > l490010-5x

Remark 30 7o simplify the explanation, throughout the proof we will assume that the blocks By, . . ., B,
and (¢, x,y)-strongly detectable differences within each block are fixed ahead of time. Following the
exact same method (and noting that we only run the pivoting algorithm polynomially many times),

we can prove that the statement holds simultaneously for all blocks on which we run the 2D pivoting
algorithm and all (c, x,y)-strongly detectable differences.
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The proof consists of several steps. First we will “regularize” the structure of the (¢, x, y) differences
in each block. We will then analyze the possible failure modes of the pivoting algorithm and show
that if the differences are not resolved with high probability then the column permutation y must
have certain structural properties. Finally, we will use these structural properties to show that the
conditions of Claim E are satisfied.

E.1. Regularization Step

First if for at least % of the blocks, B, ..., B, we have
cx 0.5
|R(Myy, Bi) — R(Myjg, Bi)|l3 > ?lmom
then we immediately deduce

) 2 a CX 7000[05 acx 6900[05
Han_Mn,ldH2Z§'?l > 72 !

Otherwise, for at least § of the blocks (WLOG By, .. ., B%)

[ R(M,, Bi) — R(My

i Bi)ll5 < %1700010‘5 (6)
Yy

For each of these blocks, apply the marking and highlighting described in Claim 23 on the (¢, x, y)-

detectable difference. There are at most [ distinct possible values for the parameters (I, z) so at

least 575 of the blocks (WLOG By, .. ., Bza ), share the same parameters I, z. Set

12

20y
T = T 00005
y2n & (20000
Now we will first modify the marking and highlighting scheme. First, for each i € [57;] and each
marked dyadic cluster Dy ; in R(M,, 4, B;), mark the corresponding submatrix R(M, 4, B;, Dr ;)
of M, jq. Foreach(0 < g < % —1landindex: € [%], let W, ; be the number of marked submatrices
in R(Mn,idv Bia Inr,g)'

Let W be a parameter that will be chosen later. For each index i, let C; y be the number of
indices g € {0,1,...,% — 1} such that Wy; > W. For each g,i, if W,; < W, unmark all
submatrices in R(M, 4, B;, In;4). Otherwise, arbitrarily choose W of the marked submatrices in
R(Mn,id, B;, In, 4) to keep marked and unmark the rest. Claim There exists a choice of ¥ such that
W is a power of 2 and for at least ;75 of the indices i € [ ],

X
Wiw = 1518

Proof For each index i € [5}] let ¢; be the number of marked dyadic clusters in the original
marking. Since
Woit--+Wn_y; =e
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we can use the standard argument about dividing into scales and find some parameter W (i) that is
a power of 2 such that W (i)C; yy(;) > 5. Overall i € [55], there must be some parameter IV such
that W = W (i) for at least ;75 distinct values of 7. For these indices we have
ze; x
WCiw > — > ——=
W= = 10A3
[

WLOG forall 7 € {1,2,..., ;53 }, the statement of the above claim is satisfied. Restrict i to this
set from now on. We will now find a subset G C {0,1,...,% — 1} such that for all g € G, the
interval In, 4 contains many marked submatrices. Claim There exists a subset G C {0, 1,...,%—1}
and a parameter h such that h is a power of 2 and the following properties hold

o hGIWz> 2

e For each g € G, the submatrix R(M, 4, By U --- U BM%, In,. ;) must contain at least A1/

marked submatrices. Note each submatrix R(M,, 4, B;, In;. ;) either contains 0 or W marked
submatrices.

Proof For each element g € {0,1,..., % — 1}, let H, be the number of marked submatrices in

R(M,

n,id> Bl u---u Bﬁa Inr,g)

Let Dy be the number of indices g € {0,1,...,% — 1} such that H, > H. Using a standard
argument, there exists some parameter H that is a power of 2 such that

Hy+---+Hn_4 W(C'ljw—i-"‘-i-C%,W)
HDH 2 2l - = 2l “

Leth:%andGbethesetofallge{0,1,...,%—1}suchthatHgZH.

ZW(CLWJF“'JFC“%,W) 1 a x ax
> -4 >
20 =90 4B 1048 < (100)°

hGWz=hDygWz=HDyz >

The second condition is clear by the way we defined h and G. |

Now for some i € [4j5], g € G, we can unmark all submatrices in R(M,, 4, B, In,. ;) so that for
each g € G, the submatrix R(M,, jq, B1U- - ~UB41L3 ,In,. 4) contains exactly AW marked submatrices.
To summarize the properties of the final marking scheme

e Each marked submatrix R(M,, 4, B;, Dy j) contains exactly z highlighted columns with re-
spect to the (c, z,y)-difference in R(M,, jq, B;) (note we simply unhighlight some columns
within each submatrix to ensure that exactly z columns are highlighted).

e Foreachi € [g5],9 € {0,1,..., 7 — 1}, the submatrix R(M,, 4, B;, In;. 4) contains either 0
or W marked submatrices

e For each g € G, the submatrix R(M,jq, B1U---U BM%, In,.4) contains exactly hW¥ marked

submatrices
o h|GIWz > %
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E.2. 2D Pivoting Algorithm Analysis

For i € [475] let Z; be the number of marked submatrices in R(M,id, Bi, Uyeq INr,g)- Let Y be the
set of ¢ such that Z; > gh!G\W.

Now we consider the behavior of the pivoting algorithm when run on a block R(Mfm, B;) for
each ¢ € Y. To simplify notation, we will fix ¢ = 1 (assume 1 € Y as clearly Y is nonempty)
and let £ = k; be the size of the block B;. Say R(Mn,id, By) consists of rows 71, . . ., 7 such that
ry <---<rgand (ry,...,r.) and (rg—c41, ..., %) forma (¢, z, y)-strongly detectable difference.
Recall the following conditions for a (c, z, y) difference to be strongly detectable.

1. The matrix R(M,,jq, B1) does not contain a (¢, ', y/')-difference with % > 177 3

2.c>y

3 % > knél104l0.5
2 =

4. & < /nl?

Let hy,...,hy € G be the indices such that R(M,,jq, B1, In, ;,,) contains (exactly) W marked
submatrices. Note

3
oW = 7 > %h|G|W

We will analyze the possible failure modes of the pivoting algorithm. Let Sy and S be the starter
set and preliminary setIthat we construct when running the pivoting algorithm on R(M{m, By) with
2'x
2n%1200050-5

negligible probability

parameters r = and t = y. Claim The following conditions must hold with all but

o |So| < 300t
e Let () be the set of indices 1 < f < b such that hy € Sy. Then |Q| > 0.99b.
Proof First note that as g ranges over {0,..., ™}, we have

1

|\ (R(Myyig, B1, Inyg) — g (R(M, g, Ba,Inyg—1)| > 505

for at most 50y values of g. If [Sy| > 300t = 300y, then there must be at least 100y values of g
such that the following two conditions hold

[ (R0, B ) = 1 (RO By o1)| < o
|1 (R(M], ., By, Iny.g]) — p (R(M; ., B, Ingg_1)| > ?)(l)y
Since k > ¢ > y and
. 2l x x x k79001 S ylmOOlO's

T y2p1/6]2000005 = 512 4,2091/6]2000005 = 512 c

37



BETTER ALGORITHMS FOR ESTIMATING SST MATRICES

we deduce that with all but negligible probability,

1
!
‘/J, (R(Mn;yv B17 In?“,g) — K (R<M'f],’)/7 B17 Inr,g)} S m (7)
forall g € {0,..., % — 1}. Thus, for at least 100y distinct values of g
1
‘I’L (R(M"]:'W Bl’ Inrvg) .y (R(Mn,ida B17 In’r‘,g)‘ Z m
This implies
R(M, ., BI)~R(M, g, BD)|2 > 100y > K __© v > KL o000 €2 7000103
|| ( 7,779 1)_ ( n,id>s 1)”2 = y(lOOOy)2 = 104y 5y12 y2n1/6l2000l0,5 = ? = ?

which contradicts our assumption (6) about the block Bj.
Now we consider the second condition. Using the third clause of Lemma 23 and the properties of
our marking scheme, we deduce that one of the following two conditions holds forall 1 < f < b

w
|\ (R(Myig, B, 0y, ) — o (R(Myyig, B, I 1) | > 30y
w
|\ (R(Myig, By 0y, ) — o (R(Myyig, By, In 1) | > 207

Note we can construct a set @' C [b]\Q such that |Q'| > b%@l and for any f1, fo € @,
|hf, — hy,| > 3. By the definition of our pivoting algorithm, for any f € @’

1
}H (R(M;],'y? Blv In’r’,hf) — K (R(M'rly,fyv Bla InT,hf—l—l) < ﬁy
1
}/’L (R(M;y"y? B17 InT‘,hf) — M (R(M'r/],’w Bla InT,hf*l) S %
If |@Q| < 0.990 then using the above and (7), we deduce that
1 (W 1 1 ?
R(M,,,,B1) — R(M, iq, B1)||? > kr|Q'|- | — — | —
R0 . B0) = ROy, 51 > k115 (500~ (50 + 100000 ) )
o W krbW 1 k2! Bh|GIW
> krlQ | 1557 ) 2 om0, 2 1000 4T '
10°y 10<% 1027 44y 5 72000002 a
- kx _ W |G|hI3 - ka? - x L CET o CT 7000105
102072000005y 54 4 a T 102072100005 504 T 1205521000002 y2 T y?
which again is a contradiction. |

Note that we highlight some subset of columns of M, iq, When we apply the permutation -y
on the columns, the highlighted columns move to new locations. Naturally this gives us a way to
highlight some subset of the columns of M,, ..

Definition 31 We say a permutation -y moves a column c; by at least v distance if when {1,2,...n}
is divided into intervals of length v, v~ (i) and i are in non-neighboring intervals.
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Claim Assume that the starter set Sy satisfies |So| < 300¢ and |Q| > 0.99b where @ is the set of
indices 1 < f < b such that hy € Sp. One of the following must be true

e When applying the permutation y to the columns of R(M,, 4, B1), for at least 0.98b indices
f € Q, the following holds:

— For at least 0.99W of the marked submatrices within R(M,, jq, B1, In,.;, f), the permu-
tation v moves at least 0.99z highlighted columns by a distance of at least r.

e There exists a parameter w such that when running the 2D pivoting algorithm with parameter
w, with all but negligible probability

2
- IR <
— When considering the matrix R(M,, ~, B1), the set of columns indexed by elements of
R contains at least ;5 highlighted columns.

Proof We will follow the same outline as the proof of Claim D. The intuition is that if the permuta-
tion v does not move the highlighted columns too far from their original locations, then the test set
we construct is essentially the same as the one we would have constructed if the columns were fully
sorted and will contain sufficient signal to separate the rows. We break into two cases depending on
how large r is compared to z, y.

Casel: r < m

Here we claim that if the first condition is not satisfied then any w > 1000y will suffice. Note
that |\S| < 1000y so T = S. If the first condition does not hold, the number of highlighted columns
among R (Mn,id, By, Uaeso Inm) that are moved by a distance less than r is at least

zWb - Bzh|G|W Sz
1010 = 1010q — (6

However, these highlighted columns will all be in R = (J,cgIN;q4. Also note |R| < 1000yr <

22

Y2(A0

2
Case 2: r > IOQOQlSWy?’
We first set up notation. Most variables are defined similarly to in the proof of Claim D.

e Let Aj,..., An bethe k x r matrices that we construct in the first step when running the 2D
pivoting algorithm on R (Mrlm’ By)

e Let ¢;, ¢} be the columns that we construct in Step 2 of the pivoting algorithm
e Define d;, d; analogous to ¢;, ¢; for the de-noised matrix R (M, -, B1)
e Define v; = ¢; — d;, v} = ¢, — d]

2[
If there are at least 1060572

1 0.5
7l18001
[d4]| > 10720v/2¢ (yn
T

highlighted columns in Af for some 1 < f < % then
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Next note that for all 7, ||v;|] < 10l\/> with all but negligible probability and also ||v}|| < ||v]|.
Therefore with all but negliglble probability

k k
et =100/ < ey < 1+ vony 2 ®
1 0.5\ 2 2
fl1800l k
1090 2¢ (st > 10 ( 100/~ ©)

The above rearranges into

Now we claim,

2rey?ns 3 {36001

> 10°21%k
1,2

However note that

1 0.5 1 0.5
27“cy2n 3 l36001 cn3 l36001

cry L0 5272
) = 10207420, Z?; nsl > 1071k

where we used the assumption that the (¢, =, y)-difference is strongly detectable in the last step.
Let C be the number of indices f such that

7180010
]| > 0.9- 1072 - v/2¢ (W

T

We show that setting w to be the unique power of 2 between C' and 2C' suffices. By (8) and (9), to
bound C, it suffices to upper bound the number of indices 1 < f < ™ such that

0.
Hd || >0.8-107%. \ﬁ<yn611800l>

x
Note
l2 10-5 2

ry?
where the second inequality follows from the second clause in the definition of (¢, z, y)-detectable
and Lemma 16. Therefore, with all but negligible probability

1
][+ + llda][* < ~V({ry,....m}) <32

32l2[0'5ﬁ 100,,.3
Cc< ry? _ < 101 x
(08 10-20. f(ynﬁllm”os’>> Y4 3 (3000005
Since
20022 o ol p . 22
y2n%l190050.5 = y2n%l2000l0'5 1020742043
we have

10% > 10%n3

l14001045n% - l1400l0‘5

—<\f12 <\F12<
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and thus
z? 10100 z?
=<5 1 0.5 = g 2]400010-5
Y y2n§l3000l . ry [
Since, |R| = rw < 2rC we deduce that | R| is within the desired range. Now we analyze whether

the set of columns indexed by R contains a sufficient number of highlighted columns.

If the first condition fails, then for at least 0.01b values of f € (), one of the submatrices
R(Mnﬁ, Bl, |nr7hf,1), R(Mn,’ya Bl, Inr,hf), R(Mn,’ya Bl, |nr7hf+1)
must contain at least 1032 highlighted columns. Note,
I
-3 z 2
S R T
so with all but negligible probability, the index ¢ € {hy—1, hy, hy+1} such that R(M,, -, By, In;.;)

contains at least 10321/ highlighted columns will be added to 7'. The total number of highlighted
columns in R will be at least

1 Wb _ Bzh|GIW _ x
~-107% - zW(0.01)b > > > =
3 WOOb = 65 =2 5, 2 5
(note the factor of % is because we might count some index 7 up to 3 times) |

E.3. Completing the Proof of Claim E

We will now combine the previous two claims and the assumption that the (¢, x, y)-detectable dif-
ference in Bj is not resolved by the pivoting algorithm with all but negligible probability. First,
we make a simple observation that with all but negligible probability, the pivoting algorithm never
incorrectly adds rows to the upper or lower set. Claim Say we run the pivoting algorithm with index

1 < d < k on a block consisting of rows 71, ..., 7}, where their non-noisy versions, 71, ..., 7
satisfy 7 < --- < 7. Then with all but negligible probability, only rows among 77, ..., r} are
added to the lower set and only rows among 77, FRTRR 7). are added to the upper set.

Proof For each set of parameters r, ¢, w, let R, ,, be the test set that is constructed when running
the pivoting algorithm with parameters 7, ¢, w. With all but negligible probability

|O'(7“£, Rr,t,w) - 0'(7”7;, Rr,t,w)| <5l (10)

for all parameters r,¢,w and 1 < ¢ < k (note here we use the fact that the we re-sample the noise
after constructing the test set ). If the above is satisfied then we claim the pivoting algorithm will
not make any errors. Fix 7, ¢, w. Let A be a permutation on {1, 2, ..., k} such that

0'(7”‘3\(1), Rr,t,w) S T S U(T/)\(k)y Rr,t,w)

Now assume for the sake of contradiction that some row r; is incorrectly added to the lower set.
Then there must be some row r; among rf\( 1) ,ri\( k) that should actually be in the lower set.
Note since r; < r; we have

o(r}, Rypw) < U(T/)\(d+1), Ry i) — 100 < a(r;, Ryt ) — 101

U(Tj7 Rratﬂﬂ) < O-(Th Rr,t,w)
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However this contradicts (10). We conclude that with all but negligible probability, the pivoting
algorithm does not incorrectly add any rows to the upper or lower set. |

Claim Foreachi € Y, letb; = % be the number of indices g € G such that R(M,, i4, B;, In;. 4)
contains W marked submatrices. When applying the permutation + on the columns of R(M,, 4, B;),
for at least 0.98b; indices 1 < f < b;, for at least 0.99W of the marked submatrices within
R(M,, g, Bi, In,.p, f), the permutation v moves at least 0.99z highlighted columns by a distance
of at least r.

Proof Let the rows in R(M,) 4, B;) be 71,...,7 such that (r;,,...,r;) and (rj,,...,r;,) form
a (c, z,y)-detectable difference. Let v(r;) denote the row obtained by applying the permutaion -y
to the entries of r;. By Claim E.2 and E.2, if the desired condition does not hold then for some
parameters 7, t, w, when we run the pivoting algorithm on R(M{m, B;) we construct a test-set R

such that for i € {i1,...,ic},7 € {j1,---+Jc}

x
—o(y(rj), R) 2 ———= > 1000!
0B 2

This implies that with all but negligible probability

O-(fy(ri)v R)

o(y(ri), R) — a(y(r}), R) = 9001

where ~y(r}) is the noisy version of (r;). In particular this implies that with all but negligible prob-
ability, either all of the rows y(r;, ), ...,7(r;.) are added to the upper set or all of (7}, ), ..., v(rj.)
are added to the lower set and the (¢, x, y)-detectable difference is resolved. However, this contra-
dicts the assumption in Claim E. |

We will now essentially aggregate the above result over all B;,7 € Y.
Definition 32 Fori € Y, call an index g € G B;-important if the following conditions hold.
o There are W marked submatrices in R(M,, jg, B;, In;. )

e For at least 0.99W of the marked submatrices within R(M, jg, B;, In,. 4), the permutation -y
moves at least 0.99z highlighted columns by a distance of at least .

Note Claim E.3 can be rephrased as follows. For a block B;, let b; = % be the number of indices
g € G such that R(Mn,im B;, In, 4) contains W marked submatrices. Then for each i € Y, there are
at least 0.98b; indices ¢’ € G that are B;-important. Claim Consider applying the permutation - to

the columns ¢y, . . ., ¢, of M, jq. Consider the dyadic decomposition of vy = id,y1,...,7 = vand
let A = |log, 7 |. Either there are at least 0.01W |G|z indices j € [n] such that ¢, (; is (%, %)—
above ¢; or there are 0.01W |G|z indices j € [n] such that ¢; is (%, %)—above Cyn(j)-

Proof For an index g € G let w(g) be the number of indices ¢ € Y for which g is B;-important.
Call an index g heavy if w(g) > % Let G}, C G denote the set of heavy indices.

Note that the total number of marked submatrices among R(M,, jq4, Uie[ﬂ%]\Y B;,U e In,.4) is at

h|GIW
4

most . On the other hand the total number of marked submatrices among R(M,, iq, Uie[%] Bi,U,eq INrg)
41
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is exactly h|G|W. Therefore, there are at least W

This implies Y,cy bi > 24l By Claim E 3,

S w(g) > 098y, > 22MC

4
geG €Y

marked submatrices among R(M, i, U;cy Bis Uyeg INrg)-

Note since R(M, 4, Bi, In, 4) contains exactly 21V marked submatrices for all g

i€[;75]

Ywle) = 3 wlo)+ Y wlo) < 516l +1Gu)

geG geGy, geG\Gp,

In particular, we deduce |G| > %-

Now fix an element g € G, and focus on the submatrix R(M, 4, |J;cy Bi, Inyg). Foreachi € Y,
R(M,, g, Bi, I, 4) can be viewed as 57 disjoint k; x 2! submatrices arranged horizontally.

There are at least % indices, say ¢1,...,¢n € Y such that g is B;-important. This means that
2
fori € {i1,...,in}, the matrix R(M, 4, B;, In,4) contains W marked submatrices and for at
2

least 0.99W of these submatrices, the permutation v moves at least 0.99z highlighted columns by
a distance of at least 7. For a given i € {i1,...,in}, let Mov; C In, 4 be the set of indices of
2

the highlighted columns in R(M,, jq, B;,In, ;) that are moved by a distance of at least . Note
IMov;| > 0.98Wz. For a set S of integers and an integer 1 < j < |S|, let S@() be the ;™
smallest element of .S.

First we claim there must exist some imjg € {i1,...,7x } such that the following properties hold
2

o Letlow; = Mov2™ %11 and high, = Mov/2(IIMevil=0-11W=)

i

e For at least % distinct values of ¢ € {i1,...,4n }, we have
2

low; < lowimid
high, > high, _

This is because there are at most 1% values i such that low; is among the %-smallest elements of
{low;,, ..., low; %} and at most 1% values ¢ such that high; is among the 1%—largest elements of

{high, , ..., high,, } (ties broken in an arbitrary but consistent manner).
2

Now consider the highlighted columns indexed between low;, and high,  (inclusive) in R(M,;id, Biqg: Nrg)-
Let ¢; be such a column and since ¥ moves c; by at least 7 distance, WLOG v71(j) < r(g — 1).
Note this also implies y;l(j) <r(g—1).

Note that for each index ¢ € {i1,...,%x} such that low; < low; , and high; > high, ., there
2

mid’

are at least 0.1WW 2 highlighted columns in R(M,, 4, B;, In; 4) to the left and right of ¢;. This means
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there are at least 0.1/ marked submatrices to the left and right of c; (both inclusive). This is
because each marked submatrix has exactly z highlighted columns.

Using the last property in Claim 23, we claim that c;, when restricted to the entries in B;, is at

least (43, %)—above <) To see this restrict ¢; — i) o the rows of B; that form a (¢, x,y)

difference and call this restriction v € R2¢. v is lower bounded entry-wise by a sum of the form
v1 + -+ + v, where e > 0.05W and each v; is a vector with nonnegative entries and at least g

entries larger than % This is because the permutation «y moves c¢; “through” 0.1W distinct marked

i s (ch 100y
submatrices. Thus, ¢; is ({55, 777 )-above Gy

Next note that there are at least 0.7W z columns c; for which we can apply the above argument.
Also there are at least |G| > % elements g € G for which we can apply the same argument. Thus

either there are 0.01W|G|z columns ~; ' (5) such tlliat 100]-0 is (%, %)—above 75 1(4) or there are
e y A . . .
0.01W\G].z column§ C5t0) such that i) 18 (156> “~ )-above c;. From this, we immediately
get the desired condition. |
Lemma 33 Say we have a matrix M € Perm,, «,, with rows 1 < --- < 1y, in order. Let 7 be a
permutation on [n| and say its dyadic decomposition is wo = id,m1,...,m = 7. Let 1 < dy <1

be some index and assume that there are at least t distinct values of j € [n] such that r 40 (7) is
(20, Y0)-above r;j. Then My must contain an (a,b, x,y)-error at some level d < do with a,b,z,y
all powers of 2 such that

o

° T = op

o y < 2yl

o 4bT 1 txo
y2 - 104[20 y(2)

Proof Let S C [n] be the set of indices j € [n] such that r 40 (7) 18 (20, yo)-above ;. Consider the

SEqUENCE 7, 'y () -« + » Ty (5)- First we claim there must be an index 1 < < do such that 7, ;)

is (2—8, doy()) -above . ;. This is because for each entry where r i) i is at least - there

1
) Yo
must be some index 1 < ¢ < dp such that the corresponding entry of rr, ;) — 7r,_,(;) is at least
1

i N . o : 1
dovo” Therefore for some 1 < ¢ < dj, Tri(j) — Tri1(G) has at least o entries that are at least dovo”

We now deduce that for some 1 < i < dy, there is a set S’ C [n] with |S'| > % such that for

allj € S, 1y, is (2—2, doyo) -above ., (;). For each of the 211 dyadic clusters R(M, Di_it15)
for j € {0,1,...271 — 1}, let S; = "N D11 5.

Let k = 3; and consider j = 0. Let the elements of Sp be j1 < --+ < jj. R(My,_,, Di—it10)
consists of the 2k rows s; < --- < sg9 in order. We will slightly abuse notation and view 7; as a
permutation on {1,2,...,2k}. We use s,(;) to denote the row among {s1, ..., s} that is moved
to location j in R(Mz,, Di—it10).

Say that in 7;, exactly m rows are swapped between (si,...,s;) and (Sky1, ..., Sox). Note that
Sri(k—m+1)s - - -+ S;(k) are the rows from among (Sk+1, - - - S2) that are moved to the first half and
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Sry(k41)s - -  » Smy(k-m) are the rows from among (s1, ..., s;) that are moved to the second half.

Consider the following chain foreach 1 < f <m
Cr={mk—f+1),k—f+1l,m (k—f+1),m %k~ f+1)...}

where we continue the chain until the first time that 7, “(k— f+1) > k. Note that since we assumed
that Sy, (k—m+1),-- - S, (k) are the rows from among (Skt1,- -, Sor) that are moved to the first &

positions, the chain eventually terminates. Say the chain continues until 7, “ (k— f+1) so we have
wi_(cf+l)(k — f+1) > k. Note that as f ranges over 1,2, ...m, the values W;(Cfﬂ)(k: —f+1)
must exactly be the set k + 1,..., k + m. Thus, there are exactly m distinct chains. Also note that

for every index 1 < j < k, either m;(j) = j or m;(j), j occur as two consecutive terms in one of the
chains.

Consider the set of pairs P = {(m;(j1),j1),--.,(mi(jp),jp)}. Note we must actually have 1 <
Ji,--+,Jp < k. For each chain C, let oy be the number of pairs from P that occur as consecutive
elements in the chain. For each integer g, let 3, be the number of indices 1 < f < m such that
ay > g. Using a standard argument, there must exist a g such that

ar+ -+ om

>
98q = 2

If the chain C'y contains at least g pairs of consecutive elements from the set P then Claim C gives us

that s, (p—p41) is (@', y)-above s_—c; (ke f41) for some x’, 1/ that are both powers of 2 and satisfy
7T,L- —

where I = %,yl = yodo.
There are only 212 possibilities for z’, 3’ so over all By chains containing at least g pairs from
the set P, at least [&] of them must share the same parameters 2/, y’. This implies that the block

212
R(My,, D;_;1+10) contains a (co, 2, y') error for some ¢g such that ¢y is a power of 2 and ¢y > By

42"
We have

o’ N 9Ber1 _ (a+ -+ am)rr | S|z
Y2 T 3203y 6414y? 6414y?

We can repeat the above argument for all 0 < j < 2¢ — 1. Using a standard argument, must
exist some integer p such that for at least A indices 0 < j < 2¢ — 1, |S;| > pand

Sol + -+ 1S4 19

>
Ap = 2 9
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For each of these A indices say j1, ..., ja, there exists some (co, 2, y') error in R(My,, D;—i+1,;)
and since there are at most 4/ possibilities for the triple (co, z’, %) we can choose some (cg, 2, y/')
that is common for at least % of the blocks R(Mx,, D;_;11;). Let a be the largest power of 2 at

most %. Setting b = ¢, x = z’,y = v/, we deduce that M, must contain some (a, b, z, y)-error

with
I i)
> 20
TP
y < 2y1 < 2yl
abx - A o - Apzy i To o 1 txg
2 T 8B Y7 T 210377 = 41095 423 = 10420 42

Now we are ready to complete the proof of Claim E.

Proof [Proof of Claim E] Combining Lemma 33 and Claim E.3, we get that there must exist some
index 1 < dgy < [ such that

02d0§%

e ~ contains an (a’, b, 2’,y')-error at level dy in its dyadic decomposition such that

! ch
-T2 500
/ 200yl
-y < =
a’d'a’ - 1 chW3|G|z
- y’2 = 104720 ° 101042

Note that
a't's! 1 chW3|G|z 1 acx

2
y? = 104720 7 101042 = 1020730 42

. 0.5 aNE 0.5 .. . .
so if W > 1300077 then “;% > ay%lwoot . However, this implies that  contains an (a’, b, 2/, y/')-
error and we get
2 o ACT 15000105
HMn,'y B Mn,idHQ > y2 !

Otherwise note |G|z < 2/ . We then have

/ ch acx acx acx 1 X 490010-5
ez 2 20012 = (100)8W |G| = 21%13100105 2 y2 n%l510010'5 x>l x

a'b'z’ 1 acx

y/2 — 1020730 y2
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E.4. Completing the Analysis of the Full Algorithm

We need a few more technical tools. First we prove a slightly more precise version of Claim C.1.
Claim Let M € BISO,,«,, be a matrix and let 7 be a permutation on [n|. Assume we have an
(a, b, z,y)-difference at level 7 in the dyadic decomposition of M, such that ay% > 4nf(n) and
y > b. Then there must exist some i’ < [i — log, f(n)] such that there exists an (a’, b, 2, y/')-error
at level ¢’ in the dyadic decomposition of M, such that

/ x

* T 2 p

o 7y < 16yl
a'b'z’ 1 abx
y/2 - 108[20 y2

Proof Note it suffices to consider i > log, f(n) since a < 2¢. Consider the dyadic blocks at level
io = [i —logy f(n)]. say Di_iy0,-..,D)_;, »io_1- Let X be the largest L' distance between two
rows of R(M, D;_;, ;). Note Xo + -+ + Xgig_; < n. LetT C {0,1,...,2°° — 1} be the set of
indices j such that | X;| > 35 We have |T| < Q"Ty

Also, the (a, b, z,y)-difference we start with can naturally be viewed as the union of a disjoint
(b, x, y)-differences. Call these selected differences. At most

2ny 2 _ 2nyf(n)
x 20 — T

of the selected (b, =, y)-differences can be contained in dyadic blocks R(My, D;_;, ;) for j € T.
Thus, for j € {0,1,...,2% — 1}\T, there are at least

. 2wfn) a
T -2
selected differences remaining.
Consider such a selected difference consisting of rows (rw(jl), ey r,r(jb)) and (rﬂ(ji), . Tﬂ(jl/))>

contained in R(My, D;_;, ;) where j ¢ T'.
By the definition of dyadic decomposition, forall 1 < f < bwe have 7; Y(w(ip), L Ym( Ji¥)) €
Dy_;, j. Also forany 1 < f,g < b, the L' distance between T (x(ip) and =1 (x(j1)) is at most
20 J ) g
25~ We claim that this implies, either for all 1 < f < b, ry(;, is (%,8y)-above "L (n(

0 4 ']f
alll < f <, et n(7)) is (£, 8y)-above r

) or for
m(5%)"
ab

Now we can apply Lemma 33 with t = 9,79 = $,y0 = 8y to deduce that for some i < i
M contains an (a’, b, 2/, y')-error at level ¢’ such that

/ x

T Z

o y < 16yl
a't'z' 1 abzx
y/2 — 108720 y2
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We are now ready to complete the proof of the main result, Theorem 27.
Proof [Proof of Theorem 27] Throughout this proof we will let 74, oy be our algorithm’s estimated
row and column permutations after ¢ rounds of alternately sorting (running the full row sorting al-
gorithm) the rows and columns. Let T" = [ 10 pe the number of total rounds. Note 77 = 7,07 = 0.

First note that using the same argument as Claim D, we can ensure that with all but negligible
probability, we never create any (a,b,x,y)-errors in the row or column permutation such that

% > 1004/nl. Now assume that the desired claim is not true for M, jq (the exact same argu-

) 7 1 5 loglogn . .
ment will work for My ,). Let E = ne 10 Uioen | By Lemma 18, there must exist some integer

1 <4 <l and some (a, b, z,y)-error at level ¢ such that

e b>y

10-5

b E 779000
i %leoﬁ>n6l

Also note that we can assume % < 1004/nl. Note the (a, b, z, y)-error can be viewed as a union
of a disjoint (b, z,y)-errors. Consider the blocks R(My 4, Di—; ;) with 0 < j < 2¢ — 1 that
contain (b, x, y)-errors. First we consider the case where for at least § of the blocks, there exists a
(v, 2',y')-difference such that
y >0 (11)
ba' _ psbx
P
Y Y
Note there are at most [® distinct triples (b',2’,7') so there must be some triple that occurs at
least 57z times and this implies that M, jq contains an (5%, ', 2’,y/)-difference at level i in its
dyadic decomposition. We can now iteratively apply Claim E.4 (since we cannot decrease the level
¢ indefinitely) to deduce that M jg must contain, at some level in its dyadic decomposition, an
(a”, V", 2" y")-error with " > " and

(12)

AN
a"bt"z abmlo.Sl”

y//2 — yQ

Otherwise, we for at least § of the blocks that contain (b, x, y)-errors, there are no (v, z',y/)-
differences for o', 2,y satisfying (11, 12). Fix such a block R(M 4, D;—; ;). Consider running

the full row sorting algorithm on M . Consider the i™ round when we run the block sort-
n

ing algorithm on blocks of size 5;. The blocks before the i" round of sorting are the same as
R(M] . ,Di_;) for j = {0,1,...,2" — 1}, except the rows may be permuted within each
block. For a given block R(ler,w, s Diig), let B!, ; be the set of rows remaining after running

t rounds of the pivoting algorithm. Note that in the ¢ iteration of running the pivoting algorithm,
we run the pivoting algorithm on R(M;r,'y:n . Blt:i j) (technically Blt_i7 ; 1s an unordered set, but
the order does not matter when we run the pivoting algorithm).

Let Tpivor = e
(b, ', y')-differences for b', 2’, 3/ satisfying (11, 12) and Tpivor = TS sufficiently large, there
must exist some 1 < ¢ < Ty such that R(MT’WP I,Bf:l.l j) contains a (b, 2’,y)-difference that
satisfies

be the number of times we run the pivoting algorithm. Since there are no
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e Either (¢/,2',y) = (b, z,y) or Izg’ > 510‘5%

e The (V',2',y')-difference is detectable in R(M . ., B~} ;) but is not resolved by the ¢
iteration of the pivoting algorithm

Since there are only /3 possibilities for (&', 2’,y'), among the 5 blocks in consideration, there
is some triple (b, 2’,y") such that the above condition holds for at least 55 blocks. We now apply
Claim E to deduce that there is some “larger” error in y7_; from the previous round of sorting the
columns. First if (V/, 2',y") = (b, z, y) then either

ab(L' 5000[05

|[Mig T

o1 — Migiall5 >

or there exists some 4" such that in the column permutation 7 _1, there is an (a”,b", 2", y")-error
at level i’ with
a'bt"x" S 1 abx
y//2 — 1020730 2l3y2
2 > 4900095

In the first case we can apply Lemma 18 to conclude that there exists an (a”,b”, 2", y")-error at
some level 7’ in the dyadic decomposition of y7_1 such that

"yt 0
a’bx 0.5 abx
> 740001 2
Y Y
If (b, 2',y') # (b, x,y) then combining Claim E.4 and Lemma 18, there must exist an (a”, 0", 2", y")-
error at some level ¢’ in the column permutation 71 with

a"t' " S 0910 abx
y//2 - y2
. . . T 0.5
Overall, we have shown that if 777 contains an (a, b, x, y)-error with b > y and % > n 6900007 g¢
some level 7, there must exist one of the following

. 3 1"y 0.5
e An (a”, V", " y")-error in 7wy at some level i’ such that b” > 3" and 45~ > abz 0.5l
y y

. . ANy 0.5
e An (a”,b", 2" y")-error in yp_1 at some level i’ such that b” > ¢” and yb,,g‘” > ‘;‘%ZO'W

e An (a”,b" 2" y")-error in yp_; at some level ¢’ such that b > y” and both of the following
hold

We consider replacing a quadruple (a, b, z, y) with a quadruple (a”,b”, 2", y"") using one of the

above rules a “step” of type 1, type 2 or type 3. Note there can be at most % steps of type 3 in a
7 5 7

row since for any error with z > 0.1n and %2 > ns, we must have y < ni2 and thus £ > 0.1n1z.

However, as noted at the beginning of the algorithm, such errors occur with negligible probability.

. . o 7 5
Thus if 777 contains an (a, b, x, y)-error at some level ¢ with b > y and ‘z%"’ > 1o 119" there must
exist one of the following
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”/b”/$/”

. . 0.5
e An(a” b 2" 4y") error in 7 at some level 7’ such that & > 3 and % > abz 10.517°

y///2 y

. 0.5 .
e An (a"b" 2" y") error in wps or yps for T > T — (1{)@ + 1) rounds earlier such that

b/// 2 y/// and
10.5

a” " " o (L logl 0,505 abx S (0419 abx
12 — \ J200 2 = 2
Yy Yy Y

However we run a total of O(/*?) rounds of alternately sorting the rows and columns so the above
immediately gives a contradiction since there cannot be any (a, b, z, y) errors with 2% > n2. Thus,
our initial assumption about the existence of an a, b, x, y error in the final output was false and we
are done.
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