On the Privacy Properties of GAN-generated Samples

Appendix
A Proof of Lemma 2

i

Assume that the samples of D; datasets are z¢, ..., . Without loss of generality, we assume that ¥ = z} for
1 <4< m—1. Then we have

dr (fty,, fim) = sUp {Eqrpo [f(2)] = By, [f(2)]}

feF
1 & 1 &
= ;gg{m;f(x?) - m;f(wi)}
1
= s {f () = fen)}
21
S -

B Proof of Lemma 3

From Lemma 1, we know that

R 1
P {d}' (49, 90) > 2Tk,§] <¢

1
P {df (firy, 91) > 2%5] <¢

Therefore,

. 1 R 1
P [d}‘ (> 90) < 3Tk AN dF (fi, 91) < 2%6] >1-2¢
With probability at least 1 — 2£, we have

dr (90, 91) = sup {Eqrg, [f(2)] = Eang, [f(2)]}
fer

= sup {Earg, [£(2)] = Eong, [F ()] + Banpo, [f (@)] = Eanpy, [f(@)] + Eonr, [f(@)] = Eang, [f(2)]}

feF
< sup {Bango [f(@)] =~ Eung, (@]} + 500 {Eorvp, /()] = Baray, [f(@)])
+ sup {]Ewwﬂ}” [f(l‘)] - ]El'Ngl [f(l‘)]}
feF
= sup {Eqmg, [f(2)] = Eong, [f(@)]} + sup {Eomg, [f(@)] = Epnps, [F(2)]}
feF fer
+sup {E;vpn [f(2)] = Eong, [f(2)]}
feF
(F is even)

=dr ({1, 90) + dr (19, fi,) + dF ({11, 91)
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C Proof of Lemma 5

Define p,, p, as the probability (density) functions of p and ¢ respectively. Assume set Sy = {z : log p,(x) —
log py(z) > €}, then Vz € Sy, we have p,(z) > pg(x)ef, and

s >dkr (p, q) + dkw (¢, p)
- / (9p(@) — py()) (log pp () — log py())
> / (po(@) — py()) (log py () — log pg())
S
(because (pp(x) — pq(x)) (log pp(x) —log pe(x)) = 0 Vz)
> /S po()(1 — e~ e

ie. P[M(Dyg) € Sp] < For any set S, we have

PM(D) € S\ Sl = [ py(o)is
S\ So
S/ pg(x)efdx
S
=eP[M(Dy) € S\ So]
D Proof of Lemma 6

Recall that in Appendix D we get

1 R 1
P |dr (i, 90) < 3The ANdz (fin,, 91) < 5Tk >1-2¢

With probability at least 1 — 2£, we have

dF (90, 91) = 5P {Eongy [f(2)] = Bang, [f(2)]}

feF

i {Eango [f(2)] = oo, [f(@)] + Eonpio, [f(2)] = Eanpir, [f(#)] + Egnpir, [f(@)] = Bang, [f(2)]}
> — sup {Egng, [f(2)] = Eonpg, [f(@)]} + sup {Eonpo, [f ()] — Eonp, [f(2)]}

fer feF

= sup {Eanpr, [f(2)] = Eang, [f ()]}

feF

=—dr (ﬂ?mgo) +dr (ﬂ?ﬂ?ﬂ}n) —dr (,a'}rugl)
2% — Tk,

E Proof of Lemma 7

Assume that S = {z € X[p(z) > q(x)} and T = X \ S = {z € X[p(z) <=q(z)}. Let ay = [ _gp(2)dr,
by = fxes q(z)dz, ag = fxeT p(z)dx, and by = waT q(z)dx. Because of the the differential privacy guarantee, we
have

al ) S eebl
bg -0 S 86(12

Note that a; + as = 1, by + by = 1. Therefore, we have

b+ >2—25
a
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and

a1 +by — by —as <€€+2(5—1
2 - e 41

drv (p,q) =



