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Supplementary Materials

8 Auxiliary Results via Deep Neural Networks

8.1 Estimation via Deep Neural Networks

Since the most general estimator Dsc(qu) proposed in (4.2) requires solving an optimization problem over a
function space, which is usually intractable, we introduce an estimator of the f-divergence Dy (¢||p) using the
family of deep neural networks in this section. We now define the family of deep neural networks as follows.

Definition 8.1. Given a vector k = (ko,...,kr+1) € NET2 where kg = d and kg1 = 1, the family of deep
neural networks is defined as
O(L, k) = {p(x; W,v) = Wrii0y, - Wao,, Wia:
W; € RFixki-1 g, € RF}.

where o0, (z) = max{0,x — v} is the ReLU activation function.

To avoid overfitting, the sparsity of the deep neural networks is a typical assumption in deep learning literature.
In practice, such a sparsity property is achieved through certain techniques, e.g., dropout (Srivastava et al., 2014),
or certain network architecture, e.g., convolutional neural network (Krizhevsky et al., 2012). We now define the
family of sparse neural networks as follows,

Dar(L ke, 5) = { ol W,0) € B(L,d): [[9llow < M, [ Wjlo < 1for j € [L+1],
L+1 L
loslloe < 1for g€ (L, S IWslo+ 3 usllo < s}, (8.1)
j=1 j=1

where s is the sparsity. In contrast, another approach to avoid overfitting in deep learning literature is to control
the norm of parameters (Li et al., 2018). See Section §8.4 for details.

Consider the following estimators via deep neural networks,

tspog) = argmin Epop, [fT(H(2))] = Eong, [H(@)],
te®p (L,k,s)

Dy(qllp) = Eong, [E(; 9, @)] — Eonr, [f1 #2510, 9))]. (82)

The following theorem characterizes the statistical rate of convergence of the estimator proposed in (8.2).

Theorem 8.2. Let L = O(logn), s = O(Nlogn), and k = (d,d,O(dN),O(dN),...,0(dN),1) in (8.1),
where N = n%(8+d)  Under Assumptions 3.1, 3.3, and 3.4, if d < 28, then with probability at least
1 — exp{—n¥2f+d) 1og° n}, we have

1Dy (qllp) — Dy(qlp)| S n=?/ P+ 10g™/2

We defer the proof of the theorem in Section §10.4. By Theorem 8.2, the estimators in (8.2) achieve the optimal
nonparametric rate of convergence (Stone, 1982) up to a logarithmic term. We can see that by setting vo = d/8
in Theorem 4.3, we recover the result in Theorem 8.2. By (3.2) and Theorem 8.2, we have

dn)=1- exp{—nd/(2B+d) log® n}, e(n)=c- n A/ (2B+d) 10g7/2 n,

where c is a positive absolute constant.



Wei, Fu, Liu, Li, Yang, and Wang

8.2 Reconstruction via Deep Neural Networks

To utilize the estimator ﬁf (¢llp) proposed via deep neural networks in Section §8.1, we propose the following
estimator,

q= argminﬁf(qﬂp), (8.3)
qEQ

where ﬁf(qu) is given in (8.2).

We impose the following assumption on the covering number of the probability density function space Q.
Assumption 8.3. We have Ny(5, Q) = O(exp{d~%F}).

The following theorem characterizes the error bound of estimating ¢* by ¢.

Theorem 8.4. Under the same assumptions in Theorem 8.2, further if Assumption 8.3 holds, for sufficiently
large sample size n, with probability at least 1 — 1/n, we have

Dy(dlp) S n” 7 -log"n + min Dy (lp).
qe

The proof of Theorem 8.4 is deferred in Section §10.6. We can see that by setting v = d/8 in Theorem 8.4, we
recover the result in Theorem 5.2.

8.3 Auxiliary Results on Sparsity Control

In this section, we provide some auxiliary results on (8.2). We first state an oracle inequality showing the rate of
convergence of ¢(z;p, q).

Theorem 8.5. Given 0 < ¢ < 1, for any sample size n satisfies that n > [y +~~!log(1/¢)]?, under Assumptions
3.1, 3.3, and 3.4, it holds that

[P~ g It = )| oy + v~/ * logn+n~ "2 [\/log(1/e) + 7~ " log(1/e)]
L M sK,S

with probability at least 1 — e - exp(—+?). Here v = s'/?log(V2L) and V = Hf:ol(kj +1).

We defer the proof of to Section §10.7.

As a by-product, note that t*(x;p, q) = f'(0*(z;p,q)) = f'(q(x)/p(x)), based on the error bound established in
Theorem 8.5, we obtain the following result.

Corollary 8.6. Given 0 < ¢ < 1, for the sample size n > [y + v~ !log(1/¢)]?, under Assumptions 3.1, 3.3, and
3.4, it holds with probability at least 1 — ¢ - exp(—~?) that

0= 0laiey S _jmin (7= lsagey + 02 log -+ /20 Tog(T/2) 4+ og(1/2))
M(LsR,S

Here v = s'/2log(V2L) and V = HJL:_(J1 (kj +1).

Proof. Note that (')~ = (fT)" and fT has Lipschitz continuous gradient with parameter 1/ from Assumption
3.4 and Lemma 12.6, we obtain the result from Theorem 8.5. O

8.4 Error Bound using Norm Control

In this section, we consider using norm of the parameters (specifically speaking, the norm of W; and v; in (8.1))
to control the error bound, which is an alternative of the network model shown in (8.1). We consider the family
of L-layer neural networks with bounded spectral norm for weight matrices W = {W; € RE: kafl}f:f, where

ko =d and k11 = 1, and vector v = {v; € RF JL:D which is denoted as
Crorm = Prorm (L, k, A, B) = {p(x; W,v) € ®(L, k) : |Jvj|l2 < A; for all j € [L], (8.4)

|Wjll2 < B; for all j € [L+ 1]},
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where o, (2) = max{0,z — v;} for any j € [L]. We write the following optimization problem,

t(x:p.q) = argmin Bq.p, [1(#(2))] — Eong, [t(2)],

Dy (qllp) = Egng, [Ha;p, @) — Eonr, [T (# @ p, 0)))- (8.5)

Based on this formulation, we derive the error bound on the estimated f-divergence in the following theorem. We
only consider the generalization error in this setting. Therefore, we assume that the ground truth t*(x;p,q) =
f(q(z)/p(x)) € Pporm- Before we state the theorem, we first define two parameters for the family of neural
networks ®,,orm (L, k, A, B) as follows,

L1 L-(JSi B+ A) &
n=B][B;- Yo = TN, (8.6)
i=1 2j=o kj - min; B; j=1

Now, we state the theorem.

Theorem 8.7. We assume that t*(z;p, q) € Pporm. Then for any 0 < e < 1, with probability at least 1 — ¢, it
holds that

L+1

D¢ (qllp) — Dy (gllp)| < 71 -0~ ?log(van) + [ By -n~'/2\/log(1/e),
j=1

where 71 and s are defined in (8.6).

We defer the proof to Section §10.8.

The next theorem characterizes the rate of convergence of ¢ = argmin, o D #(qllp), where D #(q|lp) is proposed in
(8.5).
Theorem 8.8. For any 0 < € < 1, with probability at least 1 — ¢, we have

L+1
Dy (@lp) S ba(nsm,72) + [ By -0 /log(Nafba(n,71,72), Q1/2) + min Dy (dllp),
j=1

where by (n,71,72) = y1n~"/?log(yan), and Ny(6, Q) is the covering number of Q.
We defer the proof to Section §10.9.

9 Exemplary ¢ and ff

As for experiments on MNIST and CIFAR-10, we choose to skip Step 1 in Algorithm 1 and 2 and instead adopt ¢
and fT as suggested by (Nowozin et al., 2016). Exemplary ¢ and fT are specified in Table 2.

Table 2: Exemplary ¢, fT.

Name D (P)|Q) t(v) dom + T (w)
Total Variation J %\p(z) —q(2)|d= %tanh(v) u € [—%, %}
p(z) 2 Clog (2 — et
Jenson-Shannon J p(z)log ) log Trer U < log2 lqi)g (2—e")
Squared Hellinger  [(1/p(z) — \/q(2))?d= 1—¢ u <1 T
_ 2
Pearson x J (a(2) — p(2)) dz v R “u?tu
p(2) 4
- 2
Neyman x J (p(2) (;;(Z)) dz 1—e¢" u<l1 2-2y1-u
p(Z) u—1
KL p(2) log —=dz v R e
()l
Reverse KL Ja(z)log q(—zidz —e" R_ —1—log (—u)
p(z
Jeffrey J(q(z) — p(2))log %dz v R Wi(e™™) + 1 +u—2
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10 Proofs of Theorems

10.1 Proof of Theorem 3.5
If the player truthfully reports, she will receive the following expected payment per sample ¢: with probability at
least 1 — §(n),
E[S(ri, )] = a — b(Eang, [{(2)] = Eayp, [T ({(2:))])

=a—"b-Dy(qllp)

>a—0b-(Dys(qllp) + €(n)) (sample complexity guarantee)

>a—0b-(Dys(pllp) +€(n)) (agent believes p = q)

=a—be(n)

Similarly, any misreporting according to a distribution p with distribution P will lead to the following derivation
with probability at least 1 — §

E[S(ri, )] = a = b(Eang, [(2)] - E,, 5, [FT (@)
=a~b-Dy(qllp)

<a—0b-(Ds(plp) — e(n))
< a+be(n) (non-negativity of Dy)

Combining above, and using union bound, leads to (2d(n), 2be(n))-properness.

10.2 Proof of Theorem 3.7

Consider an arbitrary agent i. Suppose every other agent truthfully reports.
E[S(ri, {rj}jzi)] = a + b(Exnr, 0. [[3)] = Excr,x, i {f (X))
= a+ bE[Exnp, 50, r, [H(2)] = Exnr, x i {1 (E(x))}]

Consider the divergence term E[Ey p, o0, | [t(x)] — B, xQufri LT (1(x))}]. Reporting a r; ~ P # P (denote its
distribution as p) leads to the following score

E,. 5, Bt 00 E)] = Exs g LT ()]
=E, 5. 00, [t(x)] — B, 5,x0, {f1(#(x))} (tower property)
<maxE_5 oo FX)] —E 5 .o {f (t(x))} (max)
= Ds(pe qllp x q)
< Ds(pqllp x q) + €(n)
= I;(p;q) + €(n) (definition)
< I¢(p;q) + €(n) (data processing inequality (Kong and Schoenebeck, 2019))

with probability at least 1 — §(n) (the other §(n) probability with maximum score S).
Now we prove that truthful reporting leads at least
Iy(p;q) — e(n)
of the divergence term:
i [Exnb @0, 2 E(X)] = Exnb, x@u e LT (E(x))}]
= Ex~r, 50, [[(X)] — Ex<p, xq, {/T({(x))} (tower property)

=Di(p®qlp x q)
> Dy(p@qllp x q) — €(n)
= 1I;(p;q) — €(n) (definition)
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with probability at least 1 — §(n) (the other d(n) probability with score at least 0). Therefore the expected
divergence terms differ at most by 2e(n) with probability at least 1 — 2§(n) (via union bound). The above
combines to establish a (2d(n), 2be(n))-BNE.

10.3 Proof of Theorem 4.3

We first show the convergence of ¢, and then the convergence of D?-

write Ep(0) = Esvplo(7)]; Eq(0) = Esnolo()]; Er, (0) = Exnp, [o(x)
convenience.

(qllp). For any real-valued function g, we
,and Eq, (¢) = Eyz~q, [0(z)] for notational

For any t € ®, we establish the following lemma.
Lemma 10.1. Under the assumptions stated in Theorem 4.3, it holds that

1/(4Lo) - [[t* = ¢°[13, ) < {Ba, [(¢° —*)/2] — Eq[(t —¢*)/2]}
—{Be, [fT((tF +7)/2) — 1)) = Be[fT((tF + ) /2) — f1(#")]}
Here po and Ly are specified in Assumption 3.4.

We defer the proof to Section §11.1.
Note that by Lemma 10.1 and the fact that f' is Lipschitz continuous, we have

1 — 117, S {Ban [t —7)/2] — Eg[(t* —t*)/2]}
—{Ep, [FT((FF +1%)/2) = F1()] = EplfT((#° +17)/2) — f1(¢)]}- (10.1)
Further, to upper bound the RHS of (10.15), we establish the following lemma.
Lemma 10.2. We assume that the function ¢ : R — R is Lipschitz continuous and bounded such that | (z)| < My

for any |z| < M. Then under the assumptions stated in Theorem 8.5, we have

P{ [Ep, [ (8) = ()] = Er[(t) — $(E7)]]

sup
t:p(t)ew n=2/(a+2)

> CQ} <c exp(fn%/(?ﬂ“/@)/c%)’

where ¢; and ¢y are positive absolute constants.

We defer the proof to Section §11.2.

Note that the results in Lemma 10.2 also apply to the distribution @, and by using the fact that the true density
ratio 0*(z;p, q) = q(z)/p(x) is bounded below and above, we know that Ly(Q) is indeed equivalent to Ly (P). We
thus focus on Ly(P) here. By (10.1), Lemma 10.2, and the Lipschitz property of f! according to Lemma 12.6,
with probability at least 1 — ¢, exp(—n?®/+7%) /c2) we have

[#7 = (| Ly SO0 2 (10.2)

Note that we have
1D (qllp) — Dy(qllp)]
< [Eq, [t* — t*] — Eq[t" — t*]| + [Ep, [f1(t%) — f1(¢")] — B [f1(t) — fT(¢7)]|

+ [Eq[t* — ] — Ep[f1(t*) — f1(¢"))| + |Eq, [t] — Eqlt*]| + e, [fT(*)] — Ee[fT(t")]]
= By + By + B3+ By + Bs. (10.3)

We upper bound By, Bs, B3, By, and Bj in the sequel. First, by Lemma 10.2, with probability at least
1 — c1 exp(—nr*/(+72) /c2) we have

B <n~ 2 (et2), (10.4)

Similar upper bound also holds for By. Also, following from (10.2), with probability at least 1 —
c1 exp(—n®/+72) /c2) we have

Bs <n~t/0e+2) (10.5)
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Meanwhile, by Hoeffding’s inequality, with probability at least 1 — ¢y exp(—rﬂ“’/ (2+7e) /c3), we have

By <n~V0e+2), (10.6)

Similar upper bound also holds for Bs. Now, combining (10.3), (10.4), (10.5), and (10.6), with probability at
least 1 — c¢1 exp(—n®/(2+72) /c2) we have

D (allp) — Dr(allp)| S n~ /0= +2),
We conclude the proof of Theorem 4.3.

10.4 Proof of Theorem 8.2

Step 1. We upper bound ||t* — ﬂ|L2(]p) in the sequel. Note that t* € Q C [a,b]¢. To invoke Theorem 12.5, we
denote by t'(y) = t*((b — a)y + aly), where 14 = (1,1,...,1)T € R% Then the support of #' lies in the unit
cube [0,1]%. We choose L' = O(logn),s’ = O(N logn),k’ = (d,O(dN),O(dN),...,0(dN),1), and m' = logn,
we then utilize Theorem 12.5 to construct some t' € ®,(L', k', s") such that
1E =l 0,110y S NTF/4.
We further define £(-) = #' o £(-), where £(-) is a linear mapping taking the following form,
t(x)

oz a
T b—a b-a

To this end, we know that te O (L, Kk, s), with parameters L, k, and s given in the statement of Theorem 8.2.
We fix this ¢t and invoke Theorem 8.5, then with probability at least 1 — ¢ - exp(—v?), we have

[Tt llagey S N = ¢ llace) + 7m0+ n=Y/2[y/log(1/&) + 7~ log(1/2)]
SN L= Y21ogn + n~ 2 [/log(1/e) + L log(1/€)). (10.7)

Note that + takes the form v = s*/?1log(V?L), where V = O(d* - N*) and L, s given in the statement of Theorem
8.2, it holds that v = O(N'/21og®?n). Moreover, by the choice N = n% 28+ combining (10.7) and taking
e = 1/n, we know that

1,.

[T =t Loy S n P/ @D 10g™2n (10.8)
with probability at least 1 — exp{—n®/2#+ log® n}.
Step 2. Note that we have
[Dy(allp) = Dy (allp)|
< [Eq, [t = t*] = Eqlt — t*]| + |Ee, [fT(?) — f1(t)] — Ee[f(®) — £1 ()|
+ [Eqlt — ] — Ep[fT() — f1(t")]| + [Eq,[t"] — Eq[t*]l + |Ee, [F1(¢")] — Ee[f'(")]]
= By + By + B3 + By + Bs. (10.9)

We upper bound B;, Bs, B3, By, and Bj in the sequel. First, by Lemma 10.6, with probability at least
1 — exp{—n¥2f+d) 1og° n}, we have

By < n~28/@0+d) 10g7/2 (10.10)

Similar upper bound also holds for B;. Also, following from (10.8), with probability at least 1 —
exp{—n®¥ A+ 1og" n}, we have

By < n~A/(R0+d) 1667/ . (10.11)
Meanwhile, by Hoeffding’s inequality, with probability at least 1 — exp(—nd/ (26+d)) | we have
By < n~B/28Fd), (10.12)

Similar upper bound also holds for Bs. Now, combining (10.9), (10.10), (10.11), and (10.12), with probability at
least 1 — exp{—n%(2F+d) 1og® n}, we have

D -D < P/RBHd) 00T/
[Dy(allp) = Ds(allp)l < g
We conclude the proof of Theorem 8.2.
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10.5 Proof of Theorem 5.2

We first need to bound the max deviation of the estimated f-divergence D?c(q|| p) among all ¢ € Q. The following
lemma provides such a bound.

Lemma 10.3. Under the assumptions stated in Theorem 8.4, for any fixed density p, if the sample size n is
sufficiently large, it holds that

sup D¢ (qllp) — Di(gllp)] S n~"/*F2) - logn
q

with probability at least 1 — 1/n.

We defer the proof to Section §11.3.

Now we turn to the proof of the theorem. We denote by ¢’ = argming. o Dy (g||p), then with probability at least
1—1/n, we have

Dy(¢llp) < |Dys(¢*lp) — D% (¢ lIp)| + D' (gflp)
< sup 1Dy (qllp) — Di(qllp)| + D%(@ Ip)
q

< sup D¢ (allp) — Di(allp)| + |D%(@ llp) — Dy(@ |Ip)| + Dy (|Ip)
q

<0 VO g+ Dy (7 ). (10.13)

Here in the second inequality we use the optimality of ¢% over ¢’ € Q to the problem (5.2), while the last inequality
uses Lemma 10.3 and Theorem 4.3. Moreover, note that D;(¢’||p) = mingeo Dy(¢]|p), combining (10.13), it holds
that with probability at least 1 — 1/n,

Dy(g*|lp) Sn~ 0242 logn + min D (7llp).

This concludes the proof of the theorem.

10.6 Proof of Theorem 8.4

We first need to bound the max deviation of the estimated f-divergence lA)f(qH p) among all ¢ € Q. The following
lemma provides such a bound.

Lemma 10.4. Under the assumptions stated in Theorem 8.4, for any fixed density p, if the sample size n is
sufficiently large, it holds that

sup D¢ (qllp) — Dy(qllp)| < n~P/+28) 10T n
qe

with probability at least 1 — 1/n.

We defer the proof to Section §11.4.

Now we turn to the proof of the theorem. We denote by ¢’ = argmingc o Dy (g||p), then with probability at least
1 —1/n, we have

Dy(dllp) < |D¢(@lp) — D;(@llp)| + Dy (allp)

< sup |D¢(qllp) — Dy(qllp)| + Ds (7 ||p)
q

< sup | Dy (gllp) - Dy (qllp)| + |Ds (@ |lp) — Dy (@ |Ip)| + Dy (@ llp)
q

< P@28) og™n 4+ Dy (§ ||p). (10.14)

Here in the second inequality we use the optimality of g over ¢ € Q to the problem (8.3), while the last inequality
uses Lemma 10.4 and Theorem 8.2. Moreover, note that D;(¢’||p) = mingeo Dy(¢]|p), combining (10.14), it holds
that with probability at least 1 — 1/n,

Dy(qllp) < n P28 g n + min Dy(dlp).
qge

This concludes the proof of the theorem.
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10.7 Proof of Theorem 8.5

For any real-valued function p, we write Ep(g) = E,p[o(2)], Eg(0) = Ezglo(®)], Ep, (¢) = Ezp, [0(z)], and
Eg, (0) = Ez~q, [o(x)] for notational convenience.

For any t € ® (L, k, s), we establish the following lemma.
Lemma 10.5. Under the assumptions stated in Theorem 8.5, it holds that
1/(4Lo) - It = 217, py < Lo - IE = Bl paey - IIE = 1| oy + {Ea, [(F = £)/2] — Eol(F - 1)/2]}
— {Ee, [F1(E+8)/2) - 1B - Eelf1((E+1)/2) — [T}
Here pg and L are specified in Assumption 3.4.

The proof of Lemma 10.5 is deferred to Section §11.5.

Note that by Lemma 10.5 and the fact that f1 is Lipschitz continuous, we have

17~ Ty S I = Tliage - 17 = £ lace) + {Bo. [~ 5)/2) — Eol@ - B)/2)}
—{Er, [F1 (T +1)/2) = f1(O] = EelfT((F +1)/2) — fT(D)]}- (10.15)
Furthermore, to bound the RHS of the above inequality, we establish the following lemma.

Lemma 10.6. We assume that the function ¢ : R — R is Lipschitz continuous and bounded such that
[¥(x)] < My for any |x| < M. Then under the assumptions stated in Theorem 8.5, for any fixed t(z) € @y,
n 2 [y +7 tlog(1/¢)]? and 0 < € < 1, we have the follows

[z, [(t) — v(@)] — Eslv(t) — ()] i
P su Pl M e exp(—?)
{t(.)ebMI()L,k,s) max{n(n,v,) - [[(t) = (@) oy A(nsv,€)} <16 0} >1—c-exp(—y”)

where n(n,v,e) = n~2[ylogn + v 'log(1/e)] and A(n,7y,e) = n~'[y?> + log(1/¢)]. Here 7 takes the form
v = s'/2log(V2L), where V = HL+1(k +1).

We defer the proof to Section §11.6.

Note that the results in Lemma 10.6 also apply to the distribution @Q, and by using the fact that the true density
ratio 6*(z;p, q) = q(z)/p(x) is bounded below and above, we know that Lo(Q) is indeed equivalent to Lo(P). We
thus focus on Lo(P) here. By (10.15), Lemma 10.6, and the Lipschitz property of fT according to Lemma 12.6,
with probability at least 1 — ¢ - exp(—v?), we have the following bound

1E =82, S W= lra@ - 1E =t llLam)
+O0(n2ylogn + " og(1/e)] - [t = tl| ey V 0 [y + log(1/e)]), (10.16)

where we recall that the notation v = s/2 log(V2L) is a parameter related with the family of neural networks
® . We proceed to analyze the dominant part on the RHS of (10.16).

Case 1. If the term ||t — fHme - t*||,(») dominates, then with probability at least 1 —¢ - exp(—7?)

1= tll @) S NE =1 Lo
Case 2. If the term O(n='/?[ylogn + v log(1/e)] - ||t — ﬂ|L2(]p)) dominates, then with probability at least
1— e exp(—n?)

||tA— ﬂ\L2(P) < n_l/z[v logn +~~1 log(1/¢)].

Case 3. If the term O(n~1[y? + log(1/¢)]) dominates, then with probability at least 1 — ¢ - exp(—~?)

It =l Loy S 7120y + Viog(1/e)].
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Therefore, by combining the above three cases, we have
£ =t ro@) S 1T =t llo@) + v~ logn + n~/2[y/log(1/e) + v * log(1/e)].
Further combining the triangle inequality, we have
1= e S I = #*ll1ae) + 702 log n +n~/2[\/log(1/e) + 7~ log(1/e)] (10.17)

with probability at least 1 —e - exp(—y 2). Note that (10.17) holds for any t € ®;(L, k, s), especially for the
choice £ which minimizes [[£ — ¢*|| ). Therefore we have

I1E =" Laey S S reelin )Hf—t*IILQ@)+W‘”Qlogn+n_1/2[\/10g(1/8)+7‘110g(1/€)]
D p S

with probability at least 1 — ¢ - exp(—v?). This concludes the proof of the theorem.

10.8 Proof of Theorem 8.7

We follow the proof in Li et al. (2018). We denote by the loss function in (8.5) as L[t(z)] = fT(t(z")) — t(2™),
where z! follows the distribution P and 2! follows Q. To prove the theorem, we first link the generalization error
in our theorem to the empirical Rademacher complexity (ERC). Given the data {x;}}_;, the ERC related with
the class L(®Pporm) is defined as

R [£(@rorm)] = [ sup \3251 elais W,0))

PEDnorm | TV

{xi}?—l] ) (10.18)

where ¢;’s are i.i.d. Rademacher random variables, i.e., P(¢; = 1) = P(¢; = —1) = 1/2. Here the expectation E.(-)
is taken over the Rademacher random variables {&;};cy,-
We introduce the following lemma, which links the ERC to the generalization error bound.

Lemma 10.7 ((Mohri et al., 2018)). Assume that sup,cg L(p)| < My, then for any € > 0, with probability
at least 1 — &, we have

norm

sup {EALI@s W0} = & 3 Llei Wl | S RolLl@m)] + My -2 Tog(1/5)

PEPnorm P

where the expectation E,{-} is taken over z! ~ P and z'! ~ Q.

Equipped with Lemma 10.7, we only need to bound the ERC defined in (10.18).

Lemma 10.8. Let £ be a Lipschitz continuous loss function and ®,;, be the family of networks defined in
(8.4). We assume that the input x € R is bounded such that ||z|| < B. Then it holds that

R [L(Prorm)] S 71 - n!/? log(y2n),
where 71 and ~, are given in (8.6).

We defer the proof to Section §11.7.

Now we proceed to prove the theorem. Recall that we assume that t* € ®,,.n. For notational convenience, we
denote by

H(t) = By, [fT((2))] = Bong, [t(2)],  H(t) = Bons[fT(t(2))] — Eunglt(x)]
T}‘lhen E[i](t)] = H(t). We proceed to bound |f)f(q\|p) — D¢ (qllp)| = |H (%) — H(t*)|. Note that if H(f) > H(t*),
then we have

~

0< H()— H(t*) < H(t*) — H(t"), (10.19)
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where the second inequality follows from the fact that 7 is the minimizer of H (-). On the other hand, if

A~ o~

H(t) < H(t*), we have
0> H(t)— H(t") > H() — H(D), (10.20)

where the second inequality follows that fact that ¢* is the minimizer of H(-). Therefore, by (10.19), (10.20), and
the fact that £(p) < Hf:ll B; for any ¢ € ®porm, we deduce that

L+1
HE) = H(E) < swp [HE) = HOlS RalL@aorm)] + [T By -0/ log(1/2) (10.21)
t€Pnorm j=1

with probability at least 1 — . Here the second inequality follows from Lemma 10.7. By plugging the result from
Lemma 10.8 into (10.21), we deduce that with probability at least 1 — ¢, it holds that

L+1
Ds(allp) = Ds(gllp)| = [H(E) = H(t*)| S 7 -0~ log(ven) + [ By -n™/?V/log(1/e).
j=1

This concludes the proof of the theorem.

10.9 Proof of Theorem 8.8

We first need to bound the max deviation of the estimated f-divergence D #(q|lp) among all ¢ € Q. We utilize the
following lemma to provide such a bound.

Lemma 10.9. Assume that the distribution ¢ is in the set Q, and we denote its Ly covering number as Ny (4, Q).
Then for any target distribution p, we have

L+1
max | Dy(allp) = Dy(alp)| S ba(n,31,92) + [ Bi - 0712 Vlog(Nalba(n, 11, 72), Q1/2)
j=1

with probability at least 1 —e. Here by(n,v1,72) = y1m~/?log(y2n) and ¢ is a positive absolute constant.

We defer the proof to Section §11.8.

Now we turn to the proof of the theorem. We denote by ¢’ = argming. o Df(q]|lp). Then with probability at least
1 — e, we have

Dy(@lp) < D5 (@lp) = Ds(@lp)| + Dy (@lp)
< max | Dy (gllp) = Dr(allp)] + Ds(lp)

L+1
S ba(n, 71, 72) + H Bj-n % \/log(Na[ba(n, 71,72), Ql/) + Dy (d|Ip),

j=1

where we use the optimality of ¢ among all § € Q to the problem (8.3) in the second inequality, and we uses
Lemma 10.9 and Theorem 8.2 in the last line. Moreover, note that Df(¢'||p) = mingeg D#(q||p), we obtain that

L+1
Dy(@lp) S ba(n,m,72) + [ By -0V 1og(Na[ba(n, 11, 72), Ql/e) + min Dy(qlp)-
j=1

This concludes the proof of the theorem.

11 Lemmas and Proofs

11.1 Proof of Lemma 10.1

For any real-valued function p, we write Ep(g) = E,plo(x)], Eg(0) = Eznglo(2)], Ep, (0) = Ezop, [0(z)], and
Eg, (0) = Ez~g, [0(z)] for notational convenience.
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By the definition of #* in (4.2), we have
Ep, [fT(t)] — Eq, (%) < Ep, [fT(t")] — Eq, (t").

Note that the functional G(t) = Ep, [f(t)] — Eq, (t) is convex in ¢ since f is convex, we then have

th 4+ t*
)_

GE) -GE) _
. .

G <

G(t*) <

By re-arranging terms, we have
{Ee, [f1((#F 4+ 1)/2) = F1(¢)] = Ea[f1((#* + ) /2) = F1(¢)]} = {Ea. [(#* — ¢7)/2] - Eol(t* — t*)/2]}
< Bo[(t* — t*)/2] — Ee[fT((#" +t*)/2) — £1(¢")]. (11.1)
We denote by
By(t*,t) = Ep[fT(t) — f1(t")] — Eq(t — t*). (11.2)

then the RHS of (11.1) is exactly — B (¢, (t! +t*)/2). We proceed to establish the lower bound of By (t*,t) using
Ly(P) norm. From t*(x;p,q) = f'(q¢(x)/p(z)) and (f1)" o (f")(z) = z, we know that q/p = dfT(t*)/0t. Then by
substituting the second term on the RHS of (11.2) using the above relationship, we have

T
By(t*,t) = Ee | f1(t) — f1(t") - %(t*) -t =t7)

Note that by Assumption 3.4 and Lemma 12.6, we know that the Fenchel duality f' is strongly convex with
parameter 1/Lg. This gives that

f
FIt@) = f1(t* (@) - %(t*(x)) [t(x) = t°(2)] = 1/Lo - (t(x) — " (2))?

for any z. Consequently, it holds that
By(t*,6) > 1/Lo - It — £*2, 0. (11.3)
By (11.3), we conclude that
1/(4Lo) - |t = *]17, ) < {Eq, [(F — t*)/2] — Eq[(f — t*)/2]}
— {Bp, [F1((E+7)/2) = f1)] = Be[fT((E+17)/2) — 1))}

This concludes the proof of the lemma.

11.2 Proof of Lemma 10.2

For any real-valued function p, we write Ep(g) = E,plo(x)], Eg(0) = Ez~glo(2)], Ep, (0) = Ezop, [0(z)], and
Eg, (0) = Ez~g, [0(z)] for notational convenience.

We first introduce the following concepts. For any K > 0, the Bernstein difference p7 p(t) of ¢(-) with respect to
the distribution P is defined to be

Picp(t) = 2K* - Eplexp(|t|/K) — 1 - [¢t|/K].

Correspondingly, we denote by H g g the generalized entropy with bracketing induced by the Bernstein difference
pr,p. We denote by H, g the entropy with bracketing induced by L, norm, H, the entropy induced by L, norm,
Hy, (p),p the entropy with bracketing induced by L4(P) norm, and Hy, (py the regular entropy induced by L, (IP)
norm.

We consider the space
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For any ¢ > 0, we denote the following space
V(6) ={v(t) € ¥ [[(t) = ¥(t7)| Lopy < 0},
U'(6) = {Ap(t) = p(t) — () : 9(t) € U(d)}.
Note that supayew (s) 1A% (1) [loo < 2Mp and supayyew (s) [[A%(#) [l < 6, by Lemma 12.4 we have

sup sy plAY(t)] < V26

AP (t)eT’ ()

To invoke Theorem 12.3 for G = W'(§), we pick K = 8My. By the fact that supayiecw(s) 1A% (0)]lo < 2Mo,
Lemma 12.1, Assumption 4.2, and the fact that ¢ is Lipschitz continuous, we have

Henry,5(u, ¥ (9),P) < Hy g(V2u, ¥'(35),P) < u™7®

for any u > 0. Then, by algebra, we have the follows

P
/ Hihr 5w, U'(6),P)du < e R /241

We take C' =1, and a,C; and Cj in Theorem 12.3 to be
a = Ol\/ﬁR2/K, Co = 20202 V 20, Ol C()CQ,

where Cs is a sufficiently large constant. Then it is straightforward to check that our choice above satisfies the
conditions in Theorem 12.3 for any & such that § > n~/(*+2) when n is sufficiently large. With §,, = n=1/(7+2),
we have
P{ e, [0(t) — ¢(t")] — Ep[(t) — ()]
(

>0y /K
O LU n=2/(et2) =G/ }

- |Ep, [0(t) — ()] — Ep[y(£) — ()]
= P{t' w(t)G\I? wl()t)¢\11( ) () — )7, @

<Z{

— & zp(t)ew,w(t)ew s+15,)

C%/KQ . 925 . pre/(2+72) (24 )
< ZCexp <— C2(Cr+ 1) <c exp(—nvq/( 71»)/01),

> o/

Ep, [0(t) — $(t")] — Bel(t) — ()] = Cr /K - <235n>2}

for some constant ¢; > 0. Here in the last line, we invoke Theorem 12.3 with R = 2%4,,. Therefore, we have

]P){ sup ‘E]P’n W(t) — qp(t*)] - ]EIP’WJ(t) _ w(t*)H > Cl/K} < exp(—n”""/@"'“"l’)/cf).

i n—2/Ca+2)

We conclude the proof of Lemma 10.2.

11.3 Proof of Lemma 10.3

Recall that the covering number of Q is Na(d,Q), we thus assume that there exists q1,...,qn,(5,0) € Q such
that for any ¢ € Q, there exists some g, where 1 < k < No(d, Q), so that ||g — gx||2 < 0. Moreover, by taking
§ =6, =n /0*+2) and union bound, we have

Plsup Dy (allp) - Di(qllp)| > e1 - n =/ 0*F2) L logn]
qe

NQ(‘SnyQ)

< > PUDs(allp) — Di(akllp)| = e1 -0V O# 4D logn]
k=1

< N3(0n, Q) - exp(—n"*/(*F2) . log ),
where the last line comes from Theorem 4.3. Combining Assumption 5.1, when n is sufficiently large, it holds that

P[Sug D¢ (allp) — Di(qllp)| > c1 - n~ /O logn] < 1/n,
qe

which concludes the proof of the lemma.
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11.4 Proof of Lemma 10.4

Recall that the covering number of Q is Na(0,Q), we thus assume that there exists g1,...,qn,(5,0) € Q such
that for any ¢ € Q, there exists some ¢, where 1 < k < Ny(d, Q), so that ||¢ — gx||2 < . Moreover, by taking
§ = 6, = n~A/(d+26) and union bound, we have

Plsup D (qllp) - Dy(qllp)| = ¢ - n=7/(@+20) 107 ]
qe

N2(6,,9) N
< Z P(|D¢(qkllp) — D (gellp)| > e1 - n= /(425 1ogT n]

< N2(5n, Q) - exp(—n~(@+20) . 1ogp),
where the last line comes from Theorem 8.2. Combining Assumption 8.3, when n is sufficiently large, it holds that

Plsup [Dy(allp) = Dy(allp)| = e -n= /425 dogT n] < 1/n,
qeQ
which concludes the proof of the lemma.

11.5 Proof of Lemma 10.5

For any real-valued function g, we write Ep(9) = E,.plo(2)], Eg(0) = Exglo(x)], Ep, (0) = Ez~p, [0(z)], and
Eqg, (0) = Ez~g, [0(z)] for notational convenience.

By the definition of ¢ in (8.2), we have

p. [fT ()] — Eq, (t) < Ep,[fT()] - Eq, (%)
Note that the functional G(t) = Ep, [f(t)] — Eq, (t) is convex in ¢ since f is convex, we then have
G(%;) o < G0-C0
By re-arranging terms, we have
{Ee, [F1((E+1)/2) = f1(O)] = BelfT((F+1)/2) — fT(D)]} — {Eq, [(F —1)/2] — Eql(t —1)/2]}
< Eq[(t - #)/2] — Ep[f((E+1)/2) — F1(@))- (11.4)

We denote by
By(t,t) = Ep[f1 () — fT(£)] — Eq(t — 1) (11.5)

then the RHS of (11.4) is exactly —By(t, (t+1)/2). We proceed to establish the lower bound of By(t,t) using
Ly(P) norm. From t*(z;p,q) = f'(q(x)/p(x)) and (f1)" o (f')(z) = z, we know that ¢/p = 9fT(t*)/0t. Then by
substituting the second term on the RHS of (11.5) using the above relationship, we have

~ ~ t ~
By(0) = B | 10~ 1) - () (¢ D)

~ e[t - 110 - L0 - 8] +me{ [ - 2] -8

=A; + As. (11.6)
We lower bound A; and As in the sequel.

Bound on A;. Note that by Assumption 3.4 and Lemma 12.6, we know that the Fenchel duality fT is strongly
convex with parameter 1/Lg. This gives that
off
0

FHt@)) = f1(#Hw)) = - (t@) - [tHw) = H@)] 2 1/Lo - (t(x) — Hx))?



Wei, Fu, Liu, Li, Yang, and Wang

for any x. Consequently, it holds that
A1 > 1/Lo - [t =17, @) (11.7)

Bound on A;. By Cauchy-Schwarz inequality, it holds that

Ap > —\/Ep{ [%Jj('tﬁ - %f(t*)r} -\ Ee((t - 1)2].

Again, by Assumption 3.4 and Lemma 12.6, we know that the Fenchel duality f' has 1/ug-Lipschitz gradient,
which gives that

T T ~
G ) = e @) < Vo o) — )

for any z. By this, the term Aj is lower bounded:
Ap 2 —1/po - [E =\ Loey - It — Tl ace)- (11.8)
Plugging (11.7) and (11.8) into (11.6), we have
By(t,t) 2 1/Lo - [t — €13,y — 1/po - I =t oy - 1t — Ellzace)-
By this, together with (11.4), we conclude that
1/(4Lo) - It = 217,y < 1o - IE = Bl paey - IIE = ¢ 1| oy + {Ea, [(F = £)/2] — Eol(F - 1)/2]}
—{Ee, [T ((F+1)/2) = f1O)] - E=[f1((F+1)/2) = F1(@)]}-

This concludes the proof of the lemma.

11.6 Proof of Lemma 10.6
For any real-valued function o, we write Ep(9) = E,plo(2)], Eg(0) = Ezglo(2)], Ep, (0) = Ez~p, [0(z)], and
Eg, (0) = Ez~q, [o(x)] for notational convenience.
We first introduce the following concepts. For any K > 0, the Bernstein difference p7 p(t) of #(-) with respect to
the distribution P is defined to be

picp(t) = 2K2 - Eplexp(|t|/K) — 1 — [t|/K].

Correspondingly, we denote by Hx g the generalized entropy with bracketing induced by the Bernstein difference
pr,p. We denote by H, g the entropy with bracketing induced by L, norm, H, the entropy induced by L, norm,
Hp, (p), the entropy with bracketing induced by L,(P) norm, and Hy_(p) the regular entropy induced by L(P)
norm.

Since we focus on fixed L, k, and s, we denote by ®5; = ®p/(L, k, s) for notational convenience. We consider the
space

Uy = ’(/J(q)M) = {’Q/J(t) : t(l‘) S @]\/[}.

For any ¢ > 0, we denote the following space

Uar(6) = {(t) € Uar : [[9(t) = (@)l o) < 6},
U (0) = {Av(t) = (1) — ¥ (T) : ¥(t) € Tar(8)}-

Note that SupAw(t)e\p}u(&) ||A¢(t)”oo < 2M0 and SupAw(t)e\p;\J(é) ||A’lp(t)||oo < (S, by Lemma 12.4 we have

sup  psy,p|AY(t)] < V20
Ay(t)ew (9)
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To invoke Theorem 12.3 for G = ¥/,(0), we pick K = 8M, and R = \/26. Note that from the fact that
SUP Ay (ryews, (5) 1A% (1)[loo < 2Mo, by Lemma 12.1, Lemma 12.2, and the fact that ¢ is Lipschitz continuous, we
have

Hento, 5 (1, Ur(6), P) < Heo(u/(2V2), W)y (8)) < 2(s + 1) log(4vV2u™ (L + 1)V?)
for any u > 0. Then, by algebra, we have the follows

/ Hehg p(u, Wy (8), P)du < 35125 - log(8V2L/9).

For any 0 < ¢ < 1, we take C' =1, and a,Cy and Cj in Theorem 12.3 to be
a = 8Mylog(exp(v?)/e)y~* - 6,
Co = 6Myy~'+/log(exp(y?2
Oy = 33MZy 2 log(exp(v?)/e).

Here v = s'/? log(V2L). Then it is straightforward to check that our choice above satisfies the conditions in
Theorem 12.3 for any & such that § > yn~'/2, when n is sufficiently large such that n > [y +~y~!log(1/e)]%.

Consequently, by Theorem 12.3, for § > yn~/2, we have
P{ sup [Ep, [6(t) — (@) — Belp(t) — $(B]] > 8Mplog(exp(r?)/e)y 1 -8 - nV/2)
t() €D 11 (5)
=P{ sup [Ep, [A¢(t)] — Ep[A¢(t)]| = 8Molog(exp(y®)/e)y~" -6 -n~ 2}
A (t)eT, (6)
< e exp(—?).
By taking § = 8,, = yn~'/2, we have

Es, [0(t) — 0(@] - Eel(t) — v (@]
P{mf“p T2 1 Tog(1/2)]

€T E@M(5)
On the other hand, we denote that S = min{s > 1 : 275(2Mp) < 6,} = O(log(y~'n'/?)). For notational
convenience, we denote the set

Ag = {(t) € War (1) € War (27572 Mo), (t) & War (27 M)} (11.10)
Then by the peeling device, we have the following

< SMO} >1—c- exp(—72). (11.9)

1)~ D)= Exl6) =0 1,
(t) - w(t>”L2(P) : T(nv’yv 5) -

i
PO eV, (1) EW n (6n)

s E @ _E o
- ;P{w(??p e e = vy ()}

S

<D P( swp [Be, () ~ p(D] = Belu(t) ~ v 2 8My - (27 Mo) - T, ,9))

S
< Z B, [(t) — (@) — Eplio(t) — w(D]] > 8Mo - (272My) - T(n, 7,2)}

t)e\pM(2 s+2 M)
< S-e-exp(—?)/log(y 'n!?) = ¢ e exp(—?),

where ¢ is a positive absolute constant, and for notational convenience we denote by T(n,v,e) = 4~
n~/?1og(log(y~'n'/?) exp(y?)/e). Here in the second line, we use the fact that for any 1 (t) € A,, we have
l(t) — z/;(t~)||L2(@) > 275T1 My by the definition of A, in (11.10); in the forth line, we use the argument that
since A; C W (27°F2 M), the probability of supremum taken over W, (27512 M) is larger than the one over Ag;
in the last line we invoke Theorem 12.3. Consequently, this gives us

Ep, [1(t) — ¥ (8)] — Ep[v(t) — »(1)]]

IP’{ sup ~
wwewy [[U(E) — @) La@) - n1/2[ylogn + 4~ log(1/e)]
w(t)é‘I’M(%)

Combining (11.9) and (11.11), we finish the proof of the lemma.

1 .

< 16M0} >1—¢-exp(—7?). (11.11)
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11.7 Proof of Lemma 10.8

The proof of the theorem utilizes following two lemmas. The first lemma characterizes the Lipschitz property of
(x; W,v) in the input z.

Lemma 11.1. Given W and v, then for any ¢(-; W, v) € ®pomm and 1, 2o € R?, we have
L+1

lp(1; W, v) = p(@2; W, 0)|l2 < [lz1 — 2|2 - [] By-
j=1

We defer the proof to Section §11.9.

The following lemma characterizes the Lipschitz property of ¢(z; W,v) in the network parameter pair (W, v).
Lemma 11.2. Given any bounded x € R? such that ||z|s < B, then for any weights Wl = {Wl}L+1 W2 =

Jj=1-
(W2 ot = {v} and functions (-, W', v1), (-, W?2,0?) € ®porm, we have

P v—{v

11’ Jl’

||<,0(SU, levl) - QO(iL', WQ,’UQ)H
Bm HL+1 L L+1 L
win, B ZA DW= W2+ S o} = o313

j=1 j=1

We defer the proof to Section §11.10.

We now turn to the proof of Lemma 10.8. Note that by Lemma 11.2, we know that ¢(x; W,v) is L,,-Lipschitz in
the parameter (W,v) € R, where the dimension b takes the form

L+1 L+1

bkakleer <Zk+1 (11.12)

and the Lipschitz constant L,, satisfies

/7 L+1
Ly = Bvab+1 H ZA (11.13)

IIllIlj

In addition, we know that the covering number of W = {(W,v) € R® : ZLH |Wille + Z] 1 lvjlle < K}, where

L+1

Zk2B2+ZA], (11.14)

satisfies
N(W,d) < (3K51)°.
By the above facts, we deduce that the covering number of L(®porm) satisfies
N[L(®porm), 6] < (c1 K Ly6™ 1),

for some positive absolute constant ¢;. Then by Dudley entropy integral bound on the ERC, we know that

O [£ ()] < 0 7+ / /108 NTZ(@norm). 5146, (11.15)

where ¥ = SUp, (.., v)e (@ nomm) vk [9(2; W, v)|. Moreover, from Lemma 11.1 and the fact that the loss function
is Lipschitz continuous, we have

L+1
¥<c-B-]] B (11.16)
j=1
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for some positive absolute constant co. Therefore, by calculations, we derive from (11.15) that

R [L(Pnorm)] = (’)(\1/5% 1 /b-log W),

then we conclude the proof of the lemma by plugging in (11.12), (11.13), (11.14), and (11.16), and using the
definition of v; and 7, in (8.6).

11.8 Proof of Lemma 10.9

Remember that the covering number of Q is N3(d, Q), we assume that there exists qi,...,qn,5,0) € Q such
that for any ¢ € Q, there exists some g, where 1 < k < Ny(d, Q), so that ||¢ — qx|l2 < 6. Moreover, by taking
§ =mn~21og(v2n) = ba(n,71,72) and Ny = Na[ba(n,71,72), Q], we have

L+1
P{max|Dy(qllp) — Dy(qllp)l = ¢+ [ba(n,71,72) + [ By - n™/? - Vlog(Ns/e)]}
j=1
N2 R L+1
<> P{|Ds(qllp) — Ds(allp)| > c- [ba(n,71,72) + [[ Bj-n'/? - Viog(N2/e)]}
k=1 j=1

< Ny-¢/Ny=¢,

where the second line comes from union bound, and the last line comes from Theorem 8.7. By this, we conclude
the proof of the lemma.

11.9 Proof of Lemma 11.1
The proof follows by applying the Lipschitz property and bounded spectral norm of W; recursively:

lp(z1; Wov) — o(@2; Wov)|l2 = (Wit (0w, - Waoy, Wiz1 — 0y, -+ Waoy,, Wizs)||2
< |[Wiriill2 - llow, (WL - - - Wao,, Wizy — Wp - - Wao,, Wiz2)||2
< BL+1 : ||WL ce W20v1W1$1 -Wrg - W20v1W1$2||2
L+1

<< ] B o = walfo.
j=1

Here in the third line we uses the fact that ||W;||2 < B; and the 1-Lipschitz property of oy, (-), and in the last
line we recursively apply the same argument as in the above lines. This concludes the proof of the lemma.

11.10 Proof of Lemma 11.2
Recall that ¢(x; W, v) takes the form
o(x; Wyv) = Wrpr0,, Wi - - 0, Wiz

For notational convenience, we denote by ¢%(z) = Ty (Wjx) for i = 1,2. By this, p(z; W,v) has the form
o(z; Wi o) = W£+1g0iL o---0h(x). First, note that for any W' W?2 v! and v2, by triangular inequality, we
have
lp(a, W ot) — oz, W2, 0?) 2 = [Wipp 00 pi(@) = Wi 97 00 pi(2)|2
< |[Wispp o opi(a) = Wipp o opi(a)]2
+IWEipp o -opi(a) = Wi 9t o0 @i(@)]la
< Wi =Wiialle - log oo pi(@)]2
+Bryi-llpp oo p1(x) — 9o 0 pi(a)]l2- (11.17)
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Moreover, note that for any ¢ € [L], we have the following bound on ||¢} o--- 0] (x)|a:

lph o opi(@)lla < IWiph 1000 (@)ll2 + [lvill2
<Bé'H<P% 10"'0<Pi( )H2+Ae

< - HB +ZA H B;, (11.18)

_J+1

where the first inequality comes from the triangle inequality, and the second inequality comes from the bounded
spectral norm of W}, while the last inequality simply applies the previous arguments recursively. Therefore,
combining (11.17), we have

o, W, ') — o, W2, 02)]z < (B T8+ 4 1 Bi) W~ Wl
j=1 j=1  i=j+1
+ Bry1 - pp o opi(x) — 93 o0 pi(a)]a. (11.19)

Similarly, by triangular inequality, we have

L oo pi(x) —pF o---0@i(z)|2
<|lppopr_10---opi(e) —piopr_i0--opi(x)l:
+llpF opr_yo-opi(@) —pFow] _jo--0@i(x)2
<llpropr_1o---opi(a) —plopr_io0---opi(x)l: (11.20)
+BL - lpp_10-0pi(@) — @iy 00 @i (x)2;

where the second inequality uses the bounded spectral norm of W, and 1-Lipschitz property of o, (). For
notational convenience, we further denote y = ¢! | o---0¢l(z), then

ler () =i Wll2 = llo(WLy —vp) — o (Wiy — i)} 2
< o = villa + WL = WEle - llyll2,
where the inequality comes from the 1-Lipschitz property of o(-). Moreover, combining (11.18), it holds that
L—1
o) = pE Wl < o = cEla + IWE - WEle - (B H B+ 34 11 = )
=741

By (11.20) and (11.21), we have

lop 0 0pi(x) — ¢l 0 0pi(x)|2

L-1
< k=il vt =il (5 1T 5+ -, ] )

1=j+1

+Br|ler 10 opi(x) —¢f_ 10~-~Os01( )Ilz

L L B- HLJrl
<3 I1 B lof —efle+ =05 ZA anl W2

it
B 1—[L+1 L L
ZAj D (o) = o3llz + W) = WEe).
min; B = =
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Here in the second inequality we recursively apply the previous arguments. Further combining (11.19), we obtain
that

(e, W o) = oz, W2, 0%)|2
3. HL+1 L L+1
< g A (- W2|F+va - 21k
]

BV2L +1 HL“ L L+1 L
S SR DML S Rt

Jj=1 Jj=1

where we use Cauchy-Schwarz inequality in the last line. This concludes the proof of the lemma.

12 Auxiliary Results

Lemma 12.1. The following statements for entropy hold.

1. Suppose that sup,cg [|gllc < M, then

Man,5(V26,G,Q) < Hy 5(5,G,Q)
for any § > 0.
2. For 1 < ¢ < 0o, and Q a distribution, we have
Hp (6,G,Q) < Hx(0/2,9),
for any § > 0. Here H is the entropy induced by infinity norm.

3. Based on the above two statements, suppose that sup,cg [|gllc < M, we have

Hanr,5(V2-6,G,Q) < Hu(6/2,6),
by taking p = 2.
Proof. See van de Geer and van de Geer (2000) for a detailed proof. O
Lemma 12.2. The entropy of the neural network set defined in (8.1) satisfies
Hoo[6, @0 (L, p,s)] < (s+1)log(26~ (L + 1)V?),
where V = HL+1(pl +1).

Proof. See Schmidt-Hieber (2017) for a detailed proof. O

Theorem 12.3. Assume that SUPgeg pr(g) < R. Take a, C, Cy, and C; satisfying that a < C1v/nR?/K,
a <8nR, a> Co- [ Hil%(u,G,P)duV R], and C3 > C(Cy +1). It holds that

2
E S g .n-1/2] < N
[ilelp| Pn( ) ]P’(g)| Za-n ] = C’exp( CQ(Cl ¥ 1)R2)

Proof. See van de Geer and van de Geer (2000) for a detailed proof. O

Lemma 12.4. Suppose that ||g|lcc < K, and ||g|| < R, then pgKJp(g) < 2R?. Moreover, for any K' > K, we
have p3p p(g) < 2R,

Proof. See van de Geer and van de Geer (2000) for a detailed proof. O
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Theorem 12.5. For any function f in the Holder ball Cg([O7 1]¢, K) and any integers m > 1 and N > (8+1)%v
(K+1), there exists a network f € ®(L, (d,12dN,...,12dN, 1), s) with number of layers L = 8+ (m-+5)(1+[log, d])
and number of parameters s < 94d?(5 + 1)2N(m + 6)(1 + [log, d]), such that

1F = fll=qoyy < 2K + 1)34 N2 4 K28 N—8/4,

Proof. See Schmidt-Hieber (2017) for a detailed proof. O

Lemma 12.6. If the function f is strongly convex with parameter pg > 0 and has Lipschitz continuous gradient
with parameter Lo > 0, then the Fenchel duality fT of f is 1/Lo-strongly convex and has 1/o-Lipschitz continuous
gradient (therefore, fT itself is Lipschitz continuous).

Proof. See Zhou (2018) for a detailed proof. O

13 Experiment details

To evaluate the performance of our mechanism on the MNIST and CIFAR-10 test dataset, we first observe that
for high-dimensional data, the optimization task in step 1 may fail to converge to the global (or a high-quality
local) optimum. Adopting a fixed form of t can still guarantee incentive properties of our mechanism and also
consumes less time. Thus, we skip Step 1 in Algorithms 1, 2, and instead adopt t from the existing literature.

13.1 Evaluation with ground-truth verification

To estimate distributions w.r.t. images, we borrow a practical trick as implemented in Nowozin et al. (2016):
let’s denote a public discriminator as D which has been pre-trained on corresponding training dataset. Given a
batch of clean (ground-truth) images {z;}" ;, agent A’s corresponding untruthful reports {z;}?_,, the score of
A’s reports is calculated by:

SUEN L ) =0 © - 3 [fD() — FHEDE)]

i=1
13.2 Evaluation without ground-truth verification

Suppose we have access to a batch of peer reported images {Z;}?_,, agent A’s corresponding untruthful reports
{Z;}. For P, = {Z;}1 1, Q, = {Z}1,, we use (D(Z;) + D(F;))/2 to estimate the distribution x ~ P& Q, and
D(Z;) - D(%;) is the estimation of  ~ P x Q. The score of A’s reports is calculated by:

SUF Ny Zi}y) = a + % . Z F(@

) = f1@DG:) - D))

13.3 Computing infrastructure

In our experiments, we use a GPU cluster (8 TITAN V GPUs and 16 GeForce GTX 1080 GPUs) for training and
evaluation.



