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Abstract

While classic work in convex-concave min-max optimization relies on average-iterate convergence
results, the emergence of nonconvex applications such as training Generative Adversarial Networks
has led to renewed interest in last-iterate convergence guarantees. Proving last-iterate convergence
is challenging because many natural algorithms, such as Simultaneous Gradient Descent/Ascent,
provably diverge or cycle even in simple convex-concave min-max settings, and there are relatively
few papers that prove global last-iterate convergence rates beyond the bilinear and convex-strongly
concave settings. In this work, we show that the HAMILTONTIAN GRADIENT DESCENT (HGD)
algorithm achieves linear convergence in a variety of more general settings, including convex-
concave problems that satisfy a sufficiently bilinear condition. We also prove convergence rates
for stochastic HGD and for some parameter settings of the Consensus Optimization algorithm of
Mescheder et al. (2017).

Keywords: last-iterate convergence, min-max, convex-concave

1. Introduction

In this paper we consider methods to solve smooth unconstrained min-max optimization problems.
In the most classical setting, a min-max objective has the form

minmax g(x1,x2)
x1 x2
where g : R? x R® — R is a smooth objective function with two inputs. The usual goal in such

problems is to find a saddle point, also known as a min-max solution, which is a pair (z7],z3) €
RY x R? that satisfies

g(x],m2) < g(af, 25) < g(z1,23) o))

for every z1 € R? and 5 € R%. Min-max problems have a long history, going back at least as far as
Neumann (1928), which formed the basis of much of modern game theory, and including a great deal
of work in the 1950s when algorithms such as fictitious play were explored Brown (1951); Robinson
(1951).
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The convex-concave setting, where we assume g is convex in x; and concave in xg, is a classic
min-max problem that has a number of different applications, such as solving constrained convex
optimization problems. While a variety of tools have been developed for this setting, a very popular
approach within the machine learning community has been the use of so-called no-regret algorithms
(Cesa-Bianchi and Lugosi, 2006; Hazan, 2016). This trick, which was originally developed by
Hannan (1957) and later emerged in the development of boosting (Freund and Schapire, 1999),
provides a simple computational method via repeated play: each of the inputs x; and x5 are updated
iteratively according to no-regret learning protocols, and one can prove that the average-iterates
(Z1,Z2) converge to a min-max solution.

Recently, interest in min-max optimization has surged due to the enormous popularity of Genera-
tive Adversarial Networks (GANs), whose training involves solving a nonconvex min-max problem
where x; and x5 correspond to the parameters of two different neural nets (Goodfellow et al., 2014).
The fundamentally nonconvex nature of this problem changes two things. First, it is infeasible to
find a “global” solution of the min-max objective. Instead, a typical goal in GAN training is to find
a local min-max, namely a pair (z7, x3) that satisfies (1) for all (x1, z2) in some neighborhood of
(x7,x%). Second, iterate averaging lacks the theoretical guarantees present in the convex-concave
setting. This has motivated research on last-iterate convergence guarantees, which are appealing
because they more easily carry over from convex to nonconvex settings.

Last-iterate convergence guarantees for min-max problems have been challenging to prove since
standard analysis of no-regret algorithms says essentially nothing about last-iterate convergence.
Widely used no-regret algorithms, such as Simultaneous Gradient Descent/Ascent (SGDA), fail to
converge even in the simple bilinear setting where g(x1,x2) = xlTng for some arbitrary matrix
C. SGDA provably cycles in continuous time and diverges in discrete time (see for example
Daskalakis et al. (2018); Mescheder et al. (2018)). In fact, the full range of Follow-The-Regularized-
Leader (FTRL) algorithms provably do not converge in zero-sum games with interior equilibria
(Mertikopoulos et al., 2018). This occurs because the iterates of the FTRL algorithms exhibit cyclic
behavior, a phenomenon commonly observed when training GANS in practice as well.

Much recent research on last-iterate convergence in min-max problems has focused on asymptotic
or local convergence (Mertikopoulos et al., 2019; Mescheder et al., 2017; Daskalakis and Panageas,
2018; Balduzzi et al., 2018; Letcher et al., 2019; Mazumdar et al., 2019). However, only recently
have works focused on giving global non-asymptotic last-iterate convergence rates. Provable global
convergence rates allow for quantitative comparison of different algorithms and can aid in choosing
learning rates and architectures to ensure fast convergence in practice. Yet despite the extensive
amount of literature on convergence rates for convex optimization, global last-iterate convergence
rates for min-max problems were limited to the bilinear or convex-strongly concave settings until
recently (Tseng, 1995; Liang and Stokes, 2019; Du and Hu, 2019; Mokhtari et al., 2019). Recent
work has expanded the guarantees to some broader contexts, but many questions still remain Azizian
et al. (2019, 2020); Lu (2020); Grimmer et al. (2020); Golowich et al. (2020).

Our Contribution While previous works have focused on the extragradient and proximal point
methods, we focus on another natural algorithm for min-max optimization that we call HAMILTONIAN
GRADIENT DESCENT (HGD). HGD is gradient descent on the squared norm of the gradient, and
it has been mentioned in Mescheder et al. (2017); Balduzzi et al. (2018). Our results show non-
asymptotic last-iterate convergence of HGD in settings that are not linear or strongly convex in either
input, under conditions that resemble those in recent papers. In particular, we prove convergence
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under a “sufficiently bilinear” condition on the second-order derivatives of the objective g and show
that this condition is sufficient for HGD to achieve linear convergence in settings where a min-max
exists and all critical points are min-maxes (such as the convex-concave setting). In fact, our results
apply even to some special nonconvex-nonconcave cases — we provide an example of such a case in
Appendix J.

As aresult of our analysis, we are also able to prove new convergence rates for a related algorithm
known as Consensus Optimization (CO), which Mescheder et al. (2017) show can effectively train
GAN:S in a variety of settings, including on CIFAR-10 and celebA. We show that CO can be viewed
as a perturbation of HGD, which implies that for some parameter settings, CO converges at the
same rate as HGD. Thus, our results provide new last-iterate convergence results for two natural
algorithms: HGD and CO.

The “sufficiently bilinear” condition resembles conditions in other works, such as some of
the conditions in Proposition 1 of Lu (2020), the interaction dominate regime in Grimmer et al.
(2020), and Theorem 4 of Azizian et al. (2019)." Our analysis relies on showing that the squared
norm of the gradient satisfies the PL condition in various settings, which is a classic condition that
implies exponentially fast convergence of gradient descent on a function. As a corollary of this
result, we can leverage Karimi et al. (2016) to show that a stochastic version of HGD will have a
last-iterate convergence rate of O(1/+/k) in the “sufficiently bilinear” setting (where k is the number
of iterations), albeit with an additional smoothness assumption.

We begin in Section 2 with background ma-
terial and notation, including some of our key
assumptions. In Section 3, we discuss Hamilto-
nian Gradient Descent (HGD), and we present
our linear convergence rates for HGD in var-
ious settings. In Section 4, we present some
of the key technical components used to prove
our results from Section 3. We present our
results for Stochastic HGD in Section 5, and
we present our results for Consensus Optimiza-
tion in Section 6. The details of our proofs
are in Appendix H. We include an example of
a nonconvex-nonconcave objective on which
HGD converges in Appendix J. We also provide plots and illustrations of HGD on toy examples in
Appendix J.

Figure 1: HGD converges quickly, while SGDA
spirals. This nonconvex-nonconcave ob-
jective is in defined in Appendix J.

2. Background
2.1. Preliminaries

In this section, we discuss some key definitions and notation. We will use ||-|| to denote the Euclidean
norm for vectors or the operator norm for matrices or tensors. For a symmetric matrix A, we will use
Amin(A) and Apax(A) to denote the smallest and largest eigenvalues of A. For a general real matrix
A, omin(A) and omax(A) denote the smallest and largest singular values of A.

1. We note, however, that those papers appeared after this paper appeared on Arxiv.
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Definition 1 A critical point of f : R? — R is a point x € R such that V f (z) = 0.

Definition 2 (Convexity / Strong convexity) Let i > 0. A function f : R* — R is p-strongly
convex if for any u,v € R, f(u) > f(v) + (Vf(v),u —v) + §|lu—v||. When f is twice-
differentiable, f is p-strongly-convex iff for all x € R4 V2 f(x) = ul. If i = 0 in either of the
above definitions, f is called convex.

Definition 3 (Monotone / Strongly monotone) Let 1o > 0. A vector field v : R? — R% is u-
strongly monotone if for any x,y € R% (z — y,v(z) — v(y)) > pllz —y||> If p = 0, v is called
monotone.

Notation Since g is a function of x; € R? and 25 € R%, we will often consider z; and z5 to

be components of one vector x = (x1 , x2). We will use superscripts to denote iterate indices.

Following Balduzzi et al. (2018), we use £ = (V,, 9, —V4,9) to denote the signed vector of partial

derivatives. Under this notation, the Simultaneous Gradient Descent/Ascent (SGDA) update can be

written as z(#t1) = (k) _ p¢ (x(k)), where 7) is a fixed step-size parameter and k is the iterate index.
We will use J to denote the Jacobian of &, i.e.

2 2
J=ve- <_V§5“g _va%””g ) :

3325!?19 szgg

Note that unlike the Hessian in standard optimization, .J is not symmetric, due to the negative sign
in £. When clear from the context, we often omit dependence on  when writing £, J, g and other
functions. Note that £ and J are defined for a given objective g — we omit this dependence as well for
notational clarity. We will always assume g is sufficiently differentiable whenever we take derivatives.
In particular, we assume third-order differentiability in Section 3.

We will also use the following non-standard definitions for notational convenience:

Definition 4 (Higher-order Lipschitz) A function g : R — R is (Lg, L3)-Lipschitz if for all
r € RY, we have ||VE(z)|| < L and ||VJ(2)|| < La.

Definition 5 (Smoothness at a point) A function f : R¢ — R is L-smooth at a point x if ‘ ‘VQ f(x) { ]
L.

Note that since £ is already expressed in terms of the gradients of g, bounds on ||V¢]|| can be
considered analogous to smoothness in convex optimization.

Notions of convergence in min-max problems The convergence rates in this paper will apply to
min-max problems where g satisfies the following assumption:

Assumption 6 All critical points of the objective g are global min-maxes (i.e. they satisfy (1)).

In other words, we prove convergence rates to min-maxes in settings where convergence to critical
points is necessary and sufficient for convergence to min-maxes. This assumption is true for
convex-concave settings, but also holds for some nonconvex-nonconcave settings, as we discuss
in Appendix D. This assumption allows us to measure the convergence of our algorithms to e-
approximate critical points, defined as follows:

Definition 7 Let ¢ > 0. A point x € R? x R? is an e-approximate critical point if ||£(x)|| < e.

IN
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Convergence to approximate critical points is a common goal in standard convex and nonconvex
optimization (see for example (Allen-Zhu and Hazan, 2016; Ghadimi and Lan, 2016; Carmon et al.,
2017; Agarwal et al., 2017)), as it is a necessary condition for convergence to local or global minima,
and it is a natural measure of convergence since the value of g at a given point gives no information
about how close we are to a min-max. Our main convergence rate results focus on this first-order
notion of convergence, which is sufficient given Assumption 6. We discuss notions of second-order
convergence and ways to adapt our results to the general nonconvex setting in Appendix A.

2.2. Related work

Asymptotic and local convergence Several recent papers have given asymptotic or local con-
vergence results for min-max problems. Mertikopoulos et al. (2019) show that the extragradient
(EG) algorithm converges asymptotically in a broad class of problems known as coherent saddle
point problems, which include quasiconvex-quasiconcave problems. However, they do not prove
convergence rates. For more general smooth nonconvex min-max problems, a number of different
papers have given local stability or local asymptotic convergence results for various algorithms,
which we discuss in Appendix A.

Non-asymptotic convergence rates Work on global non-asymptotic last-iterate convergence rates
for efficient algorithms has until recently been limited to relatively restrictive settings. Classic results
by Rockafellar (1976) show convergence for the proximal point method (PPM) in a wide variety of
settings, including monotone variational inequalities—however the proximal point method update itself
may be difficult to compute and does not transfer straightforwardly into running time guarantees.
Another classic result, by Tseng (1995), shows a linear convergence rate for the extragradient
algorithm in the bilinear case. Liang and Stokes (2019) show that a number of algorithms achieve
a linear convergence rate in the bilinear case, including Optimistic Mirror Descent (OMD) and
Consensus Optimization (CO). They also show that SGDA obtains a linear convergence rate in
the strongly convex-strongly concave case. Mokhtari et al. (2019) show that OMD and EG obtain
a linear rate for the strongly convex-strongly concave case, in addition to proving similar results
for generalized versions of both algorithms. Du and Hu (2019) show that SGDA achieves a linear
convergence rate for a convex-strongly concave setting with a full column rank linear interaction
term.? Finally, concurrent work by Azizian et al. (2019) shows global linear convergence rates for
various algorithms in a very similar setting to ours. Other concurrent work by Azizian et al. (2020)
provides convergence rates for an accelerated variant of Consensus Optimization. Lu (2020) shows
linear convergence of EG and PPM under a similar condition to ours, and our setting also resembles
the “interaction dominate” setting of Grimmer et al. (2020). Finally, Golowich et al. (2020) show
last-iterate convergence of EG for smooth convex-concave problems, which is a very general setting
and much less restrictive than previous works.

Non-uniform average-iterate convergence A number of recent works have studied the conver-
gence of non-uniform averages of iterates, which can be viewed as an interpolation between the
standard uniform average-iterate and last-iterate. We discuss these works further in Appendix B.

2. Specifically, they assume g(21,22) = f(x1) + x3 Az1 — h(z2), where f is smooth and convex, h is smooth and
strongly convex, and A has full column rank. We make a brief comparison of our work to that of Du and Hu (2019)
for the convex-strongly concave setting in Appendix C.
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3. Hamiltonian Gradient Descent

Our main algorithm for finding saddle points of g(x1,x2) is called HAMILTONIAN GRADIENT

DESCENT (HGD). HGD consists of performing gradient descent on a particular objective function H

that we refer to as the Hamiltonian, following the terminology of Balduzzi et al. (2018).% If we let
9g

&= (871’ — E%’;) be the vector of (appropriately-signed) partial derivatives, then the # is defined
as:

Hiw) = 3@ = § (122 @12 + 125 @)12)

Since a critical point occurs when £(z) = 0, we can find a (approximate) critical point by finding

a (approximate) minimizer of H. Moreover, under Assumption 6, finding a critical point is equivalent

to finding a saddle point. This motivates the HGD update procedure on (%) = (:cgk), x;k)) with
step-size 7 > 0:

2EFD — (k) _ nVH(x(k)), )

HGD has been mentioned in Mescheder et al. (2017); Balduzzi et al. (2018), and it strongly
resembles the Consensus Optimization (CO) approach of Mescheder et al. (2017). The HGD update
requires a Hessian-vector product because VH = ¢'.J, making HGD a second-order iterative
scheme. However, Hessian-vector products are cheap to compute when the objective is defined by a
neural net, taking only two gradient oracle calls (Pearlmutter, 1994). This makes the Hessian-vector
product oracle a theoretically appealing primitive, and it has been used widely in the nonconvex
optimization literature. Since Hessian-vector product oracles are feasible to compute for GANS,
many recent algorithms for local min-max nonconvex optimization have also utilized Hessian-vector
products (Mescheder et al., 2017; Balduzzi et al., 2018; Adolphs et al., 2019; Letcher et al., 2019;
Mazumdar et al., 2019).

While previous work has proven linear convergence rates in similar settings to ours, we give the
first rates for HGD.

3.1. Convergence Rates for HGD

We now state our main theorems for this paper, which show convergence to critical points. When
Assumption 6 holds, we get convergence to min-maxes. All of our main results will use the following
multi-part assumption:

Assumption 8 Ler g : R x RY — R.
1. Assume a critical point for g exists.
2. Assume g is (Lo, L3)-Lipschitz.

Our first theorem shows that HGD converges for the strongly convex-strongly concave case.
Although simple, this result will help us demonstrate our analysis techniques.

3. We note that the function H is not the Hamiltonian as in the sense of classical physics, as we do not use the symplectic
structure in our analysis, but rather we only perform gradient descent on .
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Theorem 9 Let Theorem 8 hold and let g(x1, x2) be a-strongly convex in x1 and a-strongly concave
in x9. Let L%_[ = Hf(x(o))H - Ly + L. Then HGD with step-size n = 1/L3{ starting from some
(0 e R x R? will have the following convergence rate:

o= (1= 55" e

Next, we show that HGD converges when g is linear in one of its arguments and the cross-
derivative is full rank. This setting allows a slightly tighter analysis compared to Theorem 11.

Theorem 10 Let Theorem 8 hold and let g(x1,x2) be L-smooth in z1 and linear in xo, and
assume the cross derivative V> 1z s full rank with all singular values at least v > 0 for all
z € R x RY. Let Lg_[ = Hﬁ(a:(o))H - L3 + L3. Then HGD with step-size n = 1/L§{ starting from
some (9 € R? x R will have the following convergence rate:

4

k/2
el < (1~ eizmzg) - el @

Finally, we show our main result, which requires smoothness in both players and a large, well-
conditioned cross-derivative.

Theorem 11 Let Theorem 8 hold and let g be L-smooth in x1 and L-smooth in xs. Let u?> =
ming, z, )\min((VgﬂQg(a:l,a:g))Q) and p* = ming, 4, Amin((V?Clxlg(xl,xg))Q), and assume the
cross derivative V%m g is full rank with all singular values lower bounded by v > 0 and upper
bounded by T for all x € R x R, Moreover, let the following “sufficiently bilinear” condition
hold:

(7% + p2) (1% +42) — 4L2T2 > 0. (5)

Let L%—L = Hf(x(o))H - Ly + L3. Then HGD with step-size 1 = 1/L3_L starting from some =0 €
R? x R? will satisfy

B k/2
et < (1 - ) o ®

Note that there is no requirement that ;> and p? are non-zero, which means that Theorem 11
provides last-iterate convergence rates for min-max problems that are neither strongly convex nor
linear in either input. For example, the objective g(x1,x2) = f(z1) + SLxlTa:Q — h(z2), where f
and h are L-smooth convex functions, satisfies the assumptions of Theorem 11 and is not strongly
convex or linear in either input. Moreover, g need not even be convex-concave— in Appendix D, we
discuss a simple example satisfying the conditions of Theorem 11 that is not convex-concave. We
also show how our results can be applied to specific settings, such as the Dirac-GAN, in Appendix F.

The “sufficiently bilinear” condition (5) is in some sense necessary for our linear convergence rate
since linear convergence is impossible in general for convex-concave settings, due to lower bounds on
convex optimization (Agarwal and Hazan, 2018; Arjevani et al., 2017). We give some explanations
for this condition in the following section. In simple experiments for HGD on convex-concave and
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nonconvex-nonconcave objectives, the convergence rate speeds up when there is a larger bilinear
component, as expected from our theoretical results. We show these experiments in Appendix J.

Also worth noting is that while we require smoothness of g, we do not require bounded gradients.
Moreover, since gradient descent is a descent method, we can always guarantee that Hf (z%) H is
non-increasing as k increases, even without the sufficiently bilinear condition.

3.2. Explanation of “sufficiently bilinear’’ condition

In this section, we explain the “sufficiently bilinear” condition (5). Suppose our objective is
g(z1,22) = g(z1,22) + c:r]—xg for a smooth function §. Then for sufficiently large values of
c (i.e. g has a large enough bilinear term), we see that g satisfies (5). To see this, note that if
we have y* > 4L?I'2, then condition (5) holds. Let 4/ and I’ be lower and upper bounds on the
singular values of V2 _ g. Then it suffices to have (' + ¢)* > 4L?(I” + ¢)?, which is true for
¢ =3max{L,I"} (i.e. ¢ = O(L) suffices).

This condition is analogous to the case when we use SGDA on the objective g(x1,x2) =
§(z1,2) + ¢||z1||* — ¢||z2])* for L-smooth convex-concave §. According to Liang and Stokes

(2019), SGDA will converge at a rate of roughly % log(1/€) for L-smooth and c-strongly convex-
strongly concave objectives.> For ¢ = 0, SGDA will diverge in the worst case. For ¢ = o(L), we
L+c

get linear convergence, but it will be slow because == is large (this can be thought of as a large

condition number). Finally, for ¢ = (L), we get fast linear convergence, since £¢ = O(1). Thus,
to get fast linear convergence it suffices to make the problem “sufficiently strongly convex-strongly
concave” (or “sufficiently strongly monotone”).

Theorem 11 and condition (5) show that there exists another class of settings where we can achieve
linear rates in the min-max setting. In our case, if we have an objective g(z1, z2) = §(x1, x2)+ca:1r;v2
for a smooth function g, we will get linear convergence if | V2 . g|| < §L and ¢ > 3(1+6)L, which
ensures that the problem is “sufficiently bilinear.” Intuitively, it makes sense that the “sufficiently
bilinear” setting allows a linear rate because the pure bilinear setting allows a linear rate.

Another way to understand condition (5) is that it is a sufficient condition for the existence of a
unique critical point in a general class of settings, as we show in the following lemma, which we

prove in Appendix E.

Lemma 12 Let g(x1,72) = f(x1) + cx{ 20 — h(x2) where f and h are L-smooth. Moreover;
assume that V2 f (x1) and V?h(z2) each have a 0 eigenvalue for some x1 and xs. If (5) holds, then
g has a unique critical point.

4. Proof sketches for HGD convergence rate results

In this section, we go over the key components of the proofs for our convergence rates from
Section 3.1. Recall that the intuition behind HGD was that critical points (where {(x) = 0) are
global minima of H = 1 [¢| 2. On the other hand, there is no guarantee that  is a convex potential
function, and a priori, one would not assume gradient descent on this potential would find a critical
point. Nonetheless, we are able to show that in a variety of settings, H satisfies the PL condition,
which allows HGD to have linear convergence. Proving this requires proving properties about the
singular values of J = V¢.

4. A formal version of this argument appears in the proof of Lemma 18.
5. The actual rate is g log(1/¢), for some parameter 3 that is at least (L 4 c).
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4.1. The Polyak-t.ojasiewicz condition for the Hamiltonian

We begin by recalling the definition of the PL condition.

Definition 13 (Polyak-Y.ojasiewicz (PL) condition Polyak (1963); Lojasiewicz (1963)) A function
f: R? — R satisfies the PL condition with parameter o > 0 if for all x € R, % IV f(z)]]* >

a(f(z) — ming.cga f(x*)).

The PL condition is well-known to be the weakest condition necessary to obtain linear convergence
rate for gradient methods; see for example Karimi et al. (2016). We will show that H satisfies the PL
condition, which allows us to use the following slightly modified form of a classic theorem.

Theorem 14 (Linear rate under PL Polyak (1963); Lojasiewicz (1963)) Let f : RY 5 R satisfy

the PL condition with parameter o and let x* € arg min,cga f(x). Suppose we run gradient descent

from 0 e R with step-size % and suppose that f is L-smooth at each x*). Then we have:

Fa®) = f(a*) < (1= §F (@) = F2)).

The proof for this is classic and we include it for completeness in Appendix G.
To show that H satisfies the PL condition, we will use the following key lemma:

Lemma 15 Let Theorem 8 hold and assume we have a twice differentiable g(x1, x2) with associated
E,H,J. Let ¢ > 0. IfJJT > ol for every x, then H satisfies the PL condition with parameter c.

Proof Consider the squared norm of the gradient of the Hamiltonian:
1 1 o
SIVHIP = S1T7€” = S (6 (JT 1) = 5 [[€]* = o,

By Theorem 8, we are guaranteed that g has a critical point. The proof is finished by noting that
H(z) = 0 when z is a critical point. [

To use Lemma 15, we will need control over the eigenvalues of J.J T which we achieve with the
following linear algebraic lemmas.

—BT —M;
eigenvalues A of HH'T, we have \ > €.

Lemma 16 Let H — ( M, B ) and let ¢ > 0. If My = el and My < —el, then for all

Lemma 17 Let H = (72& (5), where C is square and full rank. Then if X is an eigenvalue of
o—fnin(c)

(©)+]]AI1*

2
2o-min

HHT, then we must have \ >

Lemmas 16 and 17 are nontrivial and are a crucial component of our proofs. We prove these lemmas
in Appendix H.

Finally, to use Theorem 14, we will also need to show that ‘H is smooth at all l‘(k), which holds
when ¢ is (Lg, L3)-Lipschitz.

Lemma 18 Consider any g(x1, x2) which is (Lo, Ls)-Lipschitz for constants Lo, L3 > 0. Suppose
we run HGD initialized at some x(©) and with n = 1/L§_L. Then for all %) encountered during
HGD, we have that H(x®)) is (’ ‘5(33(0))“ - L3 + L3)-smooth.
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Proof Note that VH = ¢ .J and V?H = £TV.J + J T J. Then we have:
1923 = |7V + 57| < V0 - lell + ||| te el - £ + 13

Thus, it suffices to show that H{(x(k))H < Hg(x@)) H for all £ > 0. Suppose we take a gradient
descent step on ‘H with parameter n = 1/ L"2H from some point x to some point z’, and let L% be
such that || V2H(z)|| < L. Then by (39), we must have 7 (z’) < H(z). Then we always have that
H(z*+1)) < H(z®) for k > 0, which implies that ||¢(z®))|| < |[€(2(9)]| for all & > 0. This
completes the proof. |

4.2. Proof sketches for Theorems 9, 10, and 11

We now proceed to sketch the proofs of our main theorems using the techniques we have described.
The following lemma shows it suffices to prove the PL condition for ‘H for the various settings of our
theorems:

Lemma 19 Given g : R x RY — R, suppose H satisfies the PL condition with parameter o.

Suppose we use HGD starting from some () € R x R% with step-size n=1/ L%_L and suppose H
is L%_L-smooth at all %) visited by HGD. Then we have the following:

5\ k)2
@] < (1-2)" 1))

Proof Since  satisfies the PL condition with parameter o and H is L?H—smooth at all z(®),
we know by Theorem 14 that gradient descent on H with step-size 1/ L%{ converges at a rate of

H(z®) < (1 - g‘—;)k?{(x(o)). Substituting in for #H gives the lemma. [ |
H

It remains to show that H satisfies the PL condition in the settings of Theorems 9 to 11. First, we
show the result for the strongly convex-strongly concave setting of Theorem 9.

Lemma 20 (PL for the strongly convex-strongly concave setting) Let g be c-strongly convex in
2

x1 and c-strongly concave in xo. Then H satisfies the PL condition with parameter o = c°.
Proof We apply Lemma 16 with H = J. Since g is c-strongly-convex in z; and c-strongly
concave in z2 we have M; = Vzlwlg = cl and My = —ngmg > cI. Then the magnitude of the
eigenvalues of J is at least c. Thus, JJ T =21, s0 by Lemma 15, H satisfies the PL condition with
parameter ¢ |

Next, we show that H satisfies the PL condition for the nonconvex-linear setting of Theorem 10.
We prove this lemma in Appendix H.3 by using Lemma 17.

Lemma 21 (PL for the smooth nonconvex-linear setting) Let g be L-smooth in x1 and linear in

xo. Moreover, for all z € R x R?, let V%lng(azl, x39) be full rank and square, and4further let

amin(VfCl 2,9(1,22)) > . Then H satisfies the PL condition with parameter o = W’YW

Finally, we prove that H satisfies the PL condition in the nonconvex-nonconvex setting of
Theorem 11. The proof for Lemma 22 is in Appendix H.4, and it uses Lemma 28, which is similar to
Lemma 17.

10
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Lemma 22 (PL for the smooth nonconvex-nonconvex setting) Let g be L-smooth in x1 and L-
smooth in xo. Also, let szmg be full rank and let all of its singular values be lower bounded by
~ and upper bounded by T for all v € R? x R%. Let p? = ming, g, Amin (V2 (r1,72))?) and

g
T1T1
p? = ming, 2, Amin((V2,,,9(21, 2))?). Assume the following condition holds:

(v + p*)(v* + p?) — ALPT? > 0.

(’+p?) (72 +p?) —4LT?
22+ +p? :

Then H satisfies the PL condition with parameter o =

Combining Lemmas 20, 21, and 22 with Lemma 19 yields Theorems 9 to 11.

5. Extension to Stochastic HGD

Our results above also imply rates for stochastic HGD, where the gradient VH in (2), is replaced by a
stochastic estimator v of VH such that E[v] = V7. Since we show that # satisfies the PL condition
with parameter « in different settings, we can use Theorem 4 in (Karimi et al., 2016) to show that
stochastic HGD converges at a O(1/v/k) rate in the settings of Theorems 9 to 11, including the
“sufficiently bilinear” setting. However, we need to explicitly assume that H is L%_[—smooth at each
iterate of the algorithm. While this assumption may seem strong, it will be satisfied as long as the
iterates of the algorithm remain in some bounded region.

Theorem 23 Let g : R? x RY — R. Assume a critical point for g exists and suppose H satisfies the
PL condition with parameter o®. Suppose we use the update gk t1) = g(k) _ nkv(ﬂs(k)), where v is
a stochastic estimate of V'H such that E[v] = VH and E[||v(z*))||2] < C? for all x*). Moreover,
assume that H is Ly, smooth at all z*). Then if we use n, = 2(12&7111)2, we have the following
convergence rate:

L2 C?
Blle@™ T < =4 @

We prove Theorem 23 in Appendix I.

6. Extension to Consensus Optimization
The Consensus Optimization (CO) algorithm of Mescheder et al. (2017) is as follows:
e = 2 —p(¢(@®) + yVH (M) ®)

where v > 0. This is essentially a weighted combination of SGDA and HGD. Mescheder et al.
(2017) remark that while HGD has poor performance on nonconvex problems in practice, CO can
effectively train GANSs in a variety of settings, including on CIFAR-10 and celebA. While they frame
CO as SGDA with a small modification, they actually set v = 10 for several of their experiments,
which suggests that one can also view CO as a modified form of HGD.

Using this perspective, we prove Theorem 24, which implies that we get linear convergence of
CO in the same settings as Theorems 9 to 11 provided that -y is sufficiently large (i.e. the HGD
update is large compared to the SGDA update). The only work prior to ours was Liang and Stokes
(2019), which proved that CO achieves linear convergence in the bilinear setting, so our result greatly
expands the settings where CO has provable non-asymptotic convergence. We note that Azizian et al.
(2019) concurrently gave similar convergence results for CO.

11
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Theorem 24 Let Theorem 8 hold. Let g be Ly smooth and suppose H satisfies the PL condition
with parameter o®. Let L2 = Hf H L3 + L2. Then if we update some 20 € R? x R? using

the CO update (8) with step-size n = ; L2 and ¥ = AL 2 we get the following convergence:

o] < (1—4L2) e} ©

We also show that CO converges in practice on some simple examples in Appendix J.
The key technical component to proving Theorem 24 is showing that HGD still performs well
even with small arbitrary perturbations, as we show in the following lemma:

Lemma 25 Let z(Ft1) = g(k) — nVH(x(k)) + 1,0 *) where v\®) is some arbitrary vector such that

| ‘v(k) ‘ } = ‘ |§ (x(k)) ‘ ‘ Let g be Lg-smooth and suppose H satisfies the PL condition with parameter
a. Letn = L% and let 1, = § L2 . Then we get the following convergence:
H
Hf(w““)H < (1-2) e (10)
From Theorem 25, it is simple to prove Theorem 24.
Proof [Proof of Theorem 24] Note that the CO update (8) with v = — is exactly the update in
Theorem 25 with v(*) = —¢ (:z:("C ), so we get the desired convergence rate. |

Our result treats SGDA as an adversarial perturbation even though this is not the case, which
suggests that this analysis may be improved. It would be nice if one could directly apply the PL-based
analysis that we used for HGD, but this does not seem to work for CO because CO is not an instance
of gradient descent on some proxy objective.

Finally, we prove Theorem 25.

Proof [Proof of Theorem 25] Let (#+1/2) = 2(k) — nUH (2*)), so 2+ = (:+1/2) 4y (k)
From (41) in the proof of Theorem 14 with n = L%, we get

|t/ H<<1—) e[ < (uﬁ e®)]|- (11)

Next, note that the triangle inequality and smoothness of g imply:
||e@ )| < Hg(w(kﬂm))u I Hf(x(kJrl)) _ g(x(k+1/2))H
< Hg(m(kﬂ/m)u + L, Hx(k-i-l) _ x(k+1/2)H

= ||e@® /)| + Ly ool

Using the above result and ‘ |v(k) | =| ‘f(x(k)) } |, we get:
o2
le@®D)]| < (1— ) +Lgm) e (12)
Setting 7y, = L22L gives the result. |

Note that for this result, we assume g is L, smooth in 1 and x> jointly, whereas in other parts of
the paper we assume g is smooth in x; or x9 separately. If g is L-smooth in 27 and L-smooth in x5
and valmg (z1,22) H < L, for all z1, x2, then g will be L + L. smooth.

12
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Appendix A. General nonconvex min-max optimization

In standard nonconvex optimization, a common goal is to find second-order local minima, which are
approximate critical points where V2 f is approximately positive definite. Likewise, a common goal
in nonconvex min-max optimization is to find approximate critical points where an analogous second-
order condition holds, namely that V2 _ g(x) is approximately positive definite and V2, g(x) is
approximately negative definite. Critical points where this second-order condition holds are called
local min-maxes. When Theorem 6 holds, all critical points are global min-maxes, but in more
general settings, we may encounter critical points that do not satisfy these conditions. Critical
points may be local min-mins or max-mins or indefinite points. A number of recent papers have
proposed dynamics for nonconvex min-max optimization, showing local stability or local asymptotic
convergence results (Mescheder et al., 2017; Daskalakis and Panageas, 2018; Balduzzi et al., 2018;
Letcher et al., 2019; Mazumdar et al., 2019). The key guarantee that these papers generally give is
that their algorithms will be stable at local min-maxes and unstable at some set of undesirable critical
points (such as local max-mins). This essentially amounts to a guarantee that in the convex-concave
setting, their algorithms will converge asymptotically and in the strictly concave-strictly convex
setting (i.e. where there is only an undesirable max-min), their algorithms will diverge asymptotically.
This type of local stability is essentially the best one can ask for in the general nonconvex setting,
and we show how to give similar guarantees for our algorithm in Section A.1.

A.1. Nonconvex extensions for HGD

While the naive version of HGD will try to converge to all critical points, we can modify HGD
slightly to achieve second-order stability guarantees as in various related work such as Balduzzi et al.
(2018); Letcher et al. (2019). In particular, we consider modifying HGD so that there is some scalar
o in front of the VH term as follows:

2B = 20 _ o (™) (13)

We now present two ways to choose «. Our first method is inspired by the Simplectic Gradient
Adjustment algorithm of Balduzzi et al. (2018), which is as follows:

2+ = 20 _pe(®)y - AATe(2h)) (14)

where A is the antisymmetric part of J and A = sgn ((¢, J) (AT¢, J)). Balduzzi et al. (2018)
show that A is positive when in a strictly convex-strictly concave region and negative in a strictly
concave-strictly convex region. Thus, if we choose a = A = sgn ((¢, J) (AT¢, J)), we can ensure
that the modified HGD will exhibit local stability around strict min-maxes and local instability around
strict max-mins. This follows simply because we will do gradient descent on H in the first case and
gradient ascent on H in the second case.

Another way to choose « involves using an approximate eigenvalue computation on anm g and
V%ZIQ g to detect whether V?zl . 9 18 positive semidefinite and mem g is negative semidefinite (which
would mean we are in a convex-concave region). We set o = 1 if we are in a convex-concave region
and —1 otherwise, which will guarantee local stability around min-maxes and local instability around
other critical points. This approximate eigenvector computation can be done using a logarithmic
number of Hessian-vector products.
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Appendix B. Background on non-uniform average iterates

A number of recent works have focused on the performance of a non-uniform average of an algo-
rithm’s iterates. Iterate averaging can lend stability to an algorithm or improve performance if the
algorithm cycles around the solution. On the other hand, uniform averages can suffer from worse
performance in nonconvex settings if early iterates are far from optimal. Non-uniform averaging is a
way to achieve the stability benefits of iterate averaging while potentially speeding up convergence
compared to uniform averaging. In this way, one can view non-uniform averaging as an interpolation
between average-iterate and last-iterate algorithms.

One popular non-uniform averaging scheme is the exponential moving average (EMA). For an
algorithm with iterates z(¥), ..., 2(T), the EMA at iterate ¢ is defined recursively as

A = Bania + (1= B)ze )

where zg)])WA = 2(9) and 8 < 1. A typical value for 3 is 0.999. Yazic1 et al. (2019) and Gidel et al.
(2019) show that uniform and EMA schemes can improve GAN performance on a variety of datasets.
Mescheder et al. (2018) and Karras et al. (2018) use EMA to evaluate the GAN models they train,
showing the effectiveness of EMA in practice.

In terms of theoretical results, Kroer (2019) studies saddle point problems of the form min,, max,, f(x1)+
g(z1) + (Kx1,x9) — h*(x2), where f is a smooth convex function, g and h are convex functions
with easily computable prox-mappings, and K is some linear operator. They show that for certain
algorithms, linear averaging and quadratic averaging schemes are provably at least as good as the
uniform average scheme in terms of iterate complexity. Abernethy et al. (2018) show how linear
and exponential averaging schemes can be used to achieve faster convergence rates in some specific
convex-concave games.

Overall, while non-uniform averaging is appealing for a variety of reasons, there is currently no
theoretical explanation for why it outperforms uniform averages or why it would converge at all in
many settings. In fact, one natural way to show convergence for an EMA scheme would be to show
last-iterate convergence.

Appendix C. Comparison of Theorem 11 to Du and Hu (2019)

In this section, we compare our results in Theorem 11 to those of Du and Hu (2019). Du and Hu (2019)
prove a rate for SGDA when g is L-smooth and convex in z1 and L-smooth and p-strongly concave in
xo and V2 129 18 some fixed matrix A. The specific setting they consider is to find the unconstrained
min-max for a function g : R% x R% — R defined as g(x1,x2) = f(x1) + 29 Az1 — h(22) where
f is convex and smooth, A is strongly-convex and smooth, and A € R%*%1 has rank d; (i.e. A has
full column rank).

Their rate uses the potential function P, = A\a; + by, where we have:

2
A: 2LT(L + 17)

(15)

py?
ay = ngk) — (16)
by, = ng“ — 2 (17)
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where (x7, x3) is the min-max for the objective. Their rate (Theorem 3.1 in Du and Hu (2019)) is

M2’74 k
Pei1 < 1_Cm Py (18)

for some constant ¢ > 0. To translate this rate into bounds on ||€

, we can use the smoothness of g in

both of its arguments to note that ‘ ‘ % (z1,22) ‘ ‘ = )

P (w1, w9) = F (a7, 03)|| < Lol - a3
and likewise for x2. So the rate on Py, translates into a rate on ||¢|| with some additional factor in
front.

Their rate and our rate are incomparable — neither is strictly better. For instance when v = I

k
is much larger than all other quantities, their rates simplify to (1 -0 <%§>) , while ours go to
k/2

(1 -0 (g—j)) . While our convergence rate requires the sufficiently bilinear condition (5) to

H
hold, we do not require convexity in 1 or concavity in z2. Moreover, we allow V2 12,9 to change as
long as the bounds on the singular values hold whereas Du and Hu (2019) require V%l 2,J tobea
fixed matrix.

Appendix D. Nonconvex-nonconcave setting where Theorem 6 and the conditions for
Theorem 11 hold

In this section we give a concrete example of a nonconvex-nonconcave setting where Theorem 6 and
the conditions for Theorem 11 hold. We choose this example for simplicity, but one can easily come
up with other more complicated examples.

For our example, we define the following function:

—3(z+ §) forex < —%
F(x) =< —3cosx for -5 <z <3 (19)

—cosx +2x —m forx > %
The first and second derivatives of F' are as follows:

-3 forz < —%

F'(z) =< 3sinz for -5 <z <73 (20

sinz +2 forz > 5

0 forz < —
F'(z)={3cosz for —F <z <% 2D

From Figure 2, we can see that this function is neither convex nor concave. We note that although
this function is not thrice differentiable, which is technically required to prove smoothness of H in
our paper, we can instead show this smoothness for the iterates of the algorithm by showing it is true
for all points on the line between z*) and z(*+1) for k > 0.

18
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Figure 2: Plot of nonconvex function F'(x) defined in (19), as well as its first and second derivatives
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= f(x)
f'(x)
=ee f(x)

for all z. Also, v =1 = 4 since Vimg =41.

that this holds because 7* = 4* = 256 and 4LT'? = 4 % 3 % 4% = 192.

Therefore, the assumptions of Theorem 11 are satisfied.
We can also show that this objective satisfies Theorem 6, so we get convergence to the min-max
of g. We will show that g has only one critical point (at (0, 0)) and that this critical point is a min-max.
We first give a “proof by picture” below, showing a plot of g in Figure 3, along with plots of g(-,0)

and g(0, -) showing that (0, 0) is indeed a min-max.

19

10

Our objective will be g(1, g2) = F(z1) +4x] 2o — F(x3). Note that L = 3 because F"(x) < 3

First, we show that g satisfies Theorem 8. We see that g has a critical point at (0, 0). Moreover, g
is (Lo, L3)-Lipschitz for any finite-sized region of R2. Thus, if we assume our algorithm stays within
a ball of some radius R, the (Lo, L3)-Lipschitz assumption will be satisfied. Since our algorithm
does not diverge and indeed converges at a linear rate to the min-max, this assumption is fairly mild.

Next, we show that ¢ satisfies condition (5). Condition (5) requires v* > 4L?I"? for g. We see
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Figure 3: Plot of nonconvex-nonconcave g(z1,z2) = F(x1) + 42 2 — F(22)

We can also formally show that (0, 0) is the unique critical point of ¢ and that it is a min-max.
We prove this for completeness, although the calculations more or less amount to a simple case
analysis. Let us look at the derivatives of g with respect to 1 and x3:

9 —3 + 4w forz; < —%
a_l.,gl($1,$2) = ¢ 3sinz] + 4zo for — % <z < g (22)
sinzy +2+4xy forz > 7§

9 3+ 4xy forwy < —%
8_52($17l’2> = -3 SinZCQ —|-4561 for — % <z < % (23)
—sinxg +2+4x; formy > 5
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X1

Figure 4: Plot of ¢(-,0). We can see that there is only one min and it occurs at x; = 0.

Observe that 1f x1 € [—7, 5] then critical points of g must satisfy 3sinz1 + 422 = 0, wh1ch implies
that zo € [—2, 2]. Likewise, if 2, € [—Z, 2], then critical points of g must have 21 € [—2,2]. We
show that this implies that g only has critical points where 1 and x5 are both in the range [, 7].

Suppose g had a critical point such that z; < —7. Then this critical point must satisfy To = 5
But from our observation above, if a critical point has xo = %, then x1 must lie in [—3 1 4] Wthh
contradicts 1 < —7.

Next, suppose g had a critical point such that x1 > 5. Then this critical point must satisfy
x9 = —i(sin 1 + 2), which implies that 25 € [—2, 2]. But then by the observation above, 21 must
lie in [—3, 3], which contradicts 21 > %

From this we see that any critical p01nt of g must have x; €
arguments to show that any critical point of g must have x5 € [—

[, 5]. We can make analogous
z 1]
202/

)
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0
-5
-10
%—15
—20
-25

~100 -75 -50 -25 0.0 2.5

Figure 5: Plot of g(0, z2). We can see that there is only one max and it occurs at x2 = 0.

From this, we can conclude that all critical points of g must satisfy the following:

3sinx; +4x9 =0
—3sinxzo +4x1 =0

These equations imply the following:

T1 = —sinxy

4
To = 1 sin z
=T = §Sim <—3 sinx2>
4 4
= Io = —§ sin <3 sinx2>
4 4

22

10.0

(24)
(25)

(26)
27)

(28)

(29)
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That is, for all critical points of g, 1 must be a fixed point of k1 (z) = 3 sin (—3 sinz) and 2o must
be a fixed point of ho(z) = —3 sin (2 sinz). Since |R(z)| < 1 and |k} (z)| < 1 always, hq and ho
are contractive maps, so they have only one fixed point each. Thus, g will only have one critical
point, namely the point (z1,z2) such that z; is the unique fixed point of h; and x5 is the unique
fixed point of hs.

Finally, we can observe that (0, 0) is a critical point of g, so it must be the unique critical point

of g. One can also see that this is a min-max by looking at the second derivatives of F'in (21).

Appendix E. Proof of Theorem 12

To prove Theorem 12, we will use the following lemma:

Lemma 26 Let g(w1,72) = f(x1) + cx] 2 — h(z2) where f and h are L-smooth. Then if ¢ > L,
g has a unique critical point.

Proof [Proof of Theorem 12] Condition (5) is as follows:
(V" + p°)(4* +9%) — 4L*T* > 0. (30)
Note that in our setting, ¥ = I' = c¢. Next, observe that if V2 f(x1) and V2h(z2) each have a 0
eigenvalue for some x; and xz9, condition (5) reduces to:
c>2L. (31)
Then by Theorem 26, we see that g must have a unique critical point. |
Next, we prove Theorem 26.

Proof [Proof of Theorem 26] Suppose our objective is g(x1, x2) = f(x1) + cx{ x2 — h(w2) where
f and h are both L-smooth convex functions. Critical points of g must satisfy the following:

Vf(r1)+cxa=0 (32)
—Vh(za) +cx1 =0 (33)
= x = %Vh(xg) (34)

= X9 = —%Vf (th(m)) (35)

In other words, z2 must be a fixed point of F'(z) = —1V f(1Vh(z)). The function F will have a
unique fixed point if it is a contractive map. We now show that for ¢ > L, this is the case.

1#) - Pl =297 (2vae0) - Lvr (Svaw)| a6
< 2|/ vnw) - Lone ‘ (37)

2
< ol < a9

where the inequalities follow from smoothness of f and h. An analogous property can be shown by
solving for z; instead. Thus, if ¢ > L, then g will have a unique fixed point.

Condition (5) is thus a sufficient condition for the existence of a unique critical point for the class
of objectives above. |
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Appendix F. Applications

In this section, we discuss how our results can be applied to various settings. One simple setting
is the Dirac-GAN from Mescheder et al. (2018), where g(1, x9) = min,, max,, f(x{ z2) — f(0)
for some function f whose derivative is always non-zero. When f(t) = t, the Dirac-GAN is just
a bilinear game, so HGD will converge globally to the Nash Equilibrium (NE) of this Dirac-GAN,
as shown in Balduzzi et al. (2018). Our results prove global convergence rates for HGD on the
Dirac-GAN even when a small smooth convex regularizer is added for the discriminator or subtracted
for the generator. Moreover, Lemma 2.2 of Mescheder et al. (2018) shows that the diagonal blocks
of the Jacobian are 0 at the NE for arbitrary f with non-zero derivative. As such, HGD will achieve
the convergence rates in this paper in a region around the NE for the Dirac-GAN for arbitrary f with
non-zero derivative even when a small smooth convex regularizer is added for either player.

Du and Hu (2019) list several applications where the min-max formulation is relevant, such as in
ERM problems with a linear classifier. Given a data matrix A, the ERM problem involves solving
ming £(Ax) + f(z) for some smooth, convex loss ¢ and smooth, convex regularizer f. This problem
has the saddle point formulation min, max, y ' Az — £*(y) + f(z). According to Du and Hu (2019),
this formulation can be advantageous when it allows a finite-sum structure, reduces communication
complexity in a distributed setting, or allows some sparsity structure to be exploited. Our results
show that linear rates are possible for this problem if A is square, well-conditioned, and sufficiently
large compared to £ and f.

Appendix G. Proof of Theorem 14

Proof Using a second-order Taylor expansion, we get:
F@D) < f@®) 1 <v F@®)), z+D _ x(k)> L L qum) a $<k>H2
— ) 2
Using the update rule for gradient descent and using the fact that ’ ’VQ f (CL‘(k)) ’ ‘ < L gives:

Ft0) < @) - o [[w5E®)|] (39)

|
2L

Subtracting f(x*) from both sides of (39) and applying the PL condition gives:

F@*) = f@) < f@W) - f(z¥) - %(f(w(’“)) — %) (40)
= (1-7) U@®) = @) (1)
Applying the last line recursively gives the result. |

Appendix H. Proofs for Section 4

In this section, we prove our main results about the convergence of HGD, starting with some key
technical lemmas.
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H.1. Proof of Lemma 16

M2+ BBT  —M,B— BM M, -B\’
T 1 1 2 . 1
Proof Note that HH ' = (—(M1B+BM2)T M2+ BTB ) = <_BT M2>
M,y

_BT

Now let Z = < MB>. It suffices to show that for any eigenvalue ¢ of Z, |0| > €. For the
2

.. . . . (Y
sake of contradiction, let v be an eigenvalue of Z with eigenvalue § such that |§| < e. Let v = <v1> .
2

Since Zv = v for |§| < eand M; > el and My < —el, we must have v; # 0 and vy # 0. Then

we have:
Mlvl — BUQ . V1
<M2’U2 — BT7)1> =0 (1)2) (42)
This implies
(Ml — 5[)1]1 = BUQ (43)
(My — 61)vy = BTy (44)

Let M1 = My — 61 and let Mg = My — §1. Note that Ml > 0 and Mg < 0. Then we can write
vy = M 1Bv2. Further, we can substitute into (44) to get

Myvy = BT M; ' Buy (45)
= —My'B" M Bvy = —vy (46)
In other words, v> is an eigenvector of —MQ_ lBTMl_ ! B with eigenvalue —1. Let A = —MQ_ !and

T=B"M 1 1 B. Note that A is positive definite and 7" is PSD. Then we have:
AT = AV2(AYPT AV A2 (47)

Since A/2T A2 is PSD, and AT is similar to A'/2T°A'/2, we must have that all of the eigenvalues
of AT are nonnegative. This contradicts that vs is an eigenvector of AT with eigenvalue —1.
Thus, all eigenvalues of Z must have magnitude greater than e. |

H.2. Proof of Lemma 17

U1

Proof Suppose ) is an eigenvalue of HH | with eigenvector v = (v
2

) . Without loss of generality,

2

suppose A < o7 . (C). Since v is an eigenvector, we have:

A2 + cct —AC U1 U1
( —CTA CTC> (m) =2 <v2> %)
Thus, we have:
(A2 4+ CCT = X)vy — ACvy =0 (49)
—CTAv + (CTC = Ay =0 (50)
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Since A < o2, (C), we have that CTC — A is invertible, so we can write v2 = (CTC —

min

M) ~LCT Av; from the (50). Plugging this into (49) gives:
(A24+CCT =X —AC(CTC - A)7ICT A =0 (51)
(Al —c(CTC =AD)TCTHA+CCT = Ay =0 (52)
Write the SVD of C as C' = UXV ' Then we have:
ce'c-xn et =usvi(veuTusvT —antvsuT (53)
=Usvi(v(E2- ANV tvsuT (54)
=Uxvv I - antvltvsu’ (55)
=Us(2? - A)"tUut (56)
=UDU" (57)
where the second line follows because VV' T = I when C is full rank and where D is a diagonal
matrix such that D;; = U; (’QC()CE 5
Let M =1 — D, so M is diagonal with M;; = ﬁ(ﬁT/;*)\ Then (52) becomes:
(AMA+CCT —Xv; =0 (58)

This means T = AM A + CC" — AI has a 0 eigenvalue. A simple lower bound for the eigenvalues
of T'is

A
)\min(T) > - HAH2 27_)\ + G?nin(c) - (59)
We will show that if A\ < 4, where § = o2, (C) + % - \/( Oinin T HA” )2 — ol . then
Amin(T') > 0, which is a contradiction. It suffices to show the following 1nequa11ty
A
—HAI* 5 + omn(C) = A > 0 (60)
9 A
— Gmln(c) —A> ||A|| BN (61)
Omin — A
= (00(C) = A7 > ] AP A (62)
= N = (200, (C) + [[AIA + 03,10 (C) > 0 (63)
(63) has zeros at the following values:
> Bk 141" 1
Umin(c) + T + mm + T o-min(c) (64)

Since (63) is a convex parabola, if ) is less than both zeros, we will have proved (63). This is clearly
true if A < 6.
As a last step, we can give a slightly nicer form of §, using Lemma 27. Letting x =02, (C)+

min

©) S0 to reiterate. i (©)

%92 (CV+IIAZ" o to reiterate, if A\ < L < (5,
202 ., (C)+][ AT 202, (C)+] AT

mln

then (63) holds, so T" > 0, which contradicts (58).

4
”A” and ¢ = ot (C), we have § > - min

min
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Lemma 27 Forx € (0,1) and c € (0,22), we have:

Proof

H.3. Proof of Lemma 21

Proof Let C(z1,22) = V2 ,,9(x1,22). Forall z € R? x RY, C(x1,x3) is square and full rank
by assumption, so we can apply Lemma 17 with H = .J at each point z € R? x R¢, which gives

4
A T > Gllllll(c(xl’xQ)) We h < L'si . thi
SERE 202, (Clw1.22)) 4[| V2,4, g(@r02)[ [ © have Hvxlmlg(xl’xQ)H = L/sInce g 18 smooth 1m

min

z1. Also, 02, (C(z1,72)) > ~. Then we have that J.J | =

I, so by Lemma 15, H satisfies
|

(- 2 N2 L T2 +L2
4

.. . o

the PL condition with parameter 2L

H.4. Proof of Lemma 22

To prove Lemma 22, we use the following lemma:

A C
Lemma 28 Let H = ( cT _B
(02, (C) + Amin(A42)) Amin(B?) + Umm(C’)) — o2 (C)(J|A|| + ||B|)? and assume ¢ > 0. Then

o A2+ CCT  —AC-CB
T
if X is an eigenvalue of HH ' = _CTA_BCT B2+CTC

), where C' is square and full rank. Moreover, let ¢ =

, we must have

Tamin(C) + Amin (A7) Amin(B?) + 0730in (C)) = e (C) (1Al + || BI)*
(202, (C) 4+ Amin(A2) 4+ Amin(B2))?

min

Proof [Proof of Lemma 28] This proof resembles that of Lemma 17. Let v = <U1

) be an eigenvector
V2

of HH " with eigenvalue \. Expanding HH "v = \v, we have:

(A2 +CCT —XD)vy — (AC 4+ CB)vy =0 (65)
—(CTA+BC)u, + (B> +C"C —A)vy =0 (66)
- 2
= vy =M Y CTA+ BC ) (67)
= (—(AC+CB)M Y CTA+BCT)+ A2+ CCT —A)v; =0 (68)

where M is invertible because C'' C' is positive definite and WLOG, we may assume that \ <
)\mm(C’TC )=o0 C'). We will show that if the assumptions in the statement of the lemma hold,

mll’l(
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then we get a contradiction if A is below some positive threshold. In particular, we show that the
following inequality holds for small enough A (this inequality contradicts (68)):

02:0(C) = A+ Amin(A2) > 62, (O) (| Al + | BID? || M|

 0200(C) = A+ Aun(4?) > Tinsx(C) (Al +11B1)?
min min >\min(B2) + 0-12nin(0) -\

= A = (202,.(C) 4 Muin(A?) + Amin(B?)) A+
(030 (C) + Amin (A7) Amin (B?) 4 01 (C)) =0imax (C) (1Al + 1| B|)* > 0

Letting b = 202 (C) 4+ Amin(A2%) 4+ Amin(B?), we can solve for the zeros of the above equation:

_bE VP -4

A 2

(69)

Note that we have ¢ > 0 by assumption, so this equation has only positive roots. Note also that

b2 > 4e, so the roots will not be imaginary. Then we see that if A\ < § = b=vb=dc ”;740, we get
&}

a contradiction. Using Lemma 27, we see that 6 > 7. So we’ve proven that A < { gives a
contradiction, so we must have \ > %, i.e.

(730 (C) + Amin (A)) (Awin (B?) + 05, (C)) — oman (C) (Al + 1| B]])?
202 (C) + )\min(Az) + )\min(BZ) .

min

A>
|

Proof [Proof of Lemma 22] The proof is very similar to that of Lemma 21. Let C(z1,22) =
V2 ..9(x1,22). Forallz € R? x R%, C(x1,z2) is square and full rank with bounds on its singular
values by assumption. Moreover, (5) holds, so we can apply Lemma 28 with H = J at each point
x € R x R?. Using the fact that g is smooth in 1 and 9, this gives

(Ufnin(C($1, $2)) + Amin(A2))(O-r2nin(C(l‘1v x2)) + :u2) - 4L20121r1ax(0(x17 132)) )

NJJTT) >
( = 202, (C(z1,72)) + Amin(A?) + p2

Using the bounds on the singular values of C'(x1, x2), we have that J.J T (72+/\’2“;1§(fji)ﬁ(:;ﬁ2;4]:2r2 1,

(72 +HAmin (A2)) (2 +2) —4 LT m
292+ Xmin (A2)+N2

so by Lemma 15, H satisfies the PL condition with parameter

Appendix I. Proof of Theorem 23

To prove Theorem 23, we need the following theorem from Karimi et al. (2016).6

Theorem 29 (Karimi et al. (2016)) Assume that f has a non-empty solution set and satisfies the
PL condition with parameter «. Let v be a stochastic estimate of V f such that E[v] = V.
Assume E[||v(z®)|?] < C? for all z®) and some C. Suppose we use the SGD update x*+1) =

6. The actual theorem in Karimi et al. (2016) is stated in a slightly different way, but it is equivalent to our presentation.
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k) — nkv(x(k)) with n, = 2(12(2111)2, and suppose [ is L-smooth at each ©*). Then we get a
convergence rate of
Blf(a) - £ < 2. 10)
k — 2ka?

If instead we use a constant N, = n < %, then we obtain a linear convergence rate up to a solution
level that is proportional to n,
LC?n

4o

E[f(z) — ] < (1 = 2an)*[f(2(0) — ]+

We now show how to use Theorem 29 to prove Theorem 23.
Proof [Proof of Theorem 23] If H satisfies the PL condition with parameter o, then we can apply
Theorem 29 to the stochastic variant of HGD. since H* = 0, we get

2 M2
B [3lee™IE| < S10 )

— 2kat

The theorem follows from Jensen’s inequality, which implies that E [Hf(:z:(k)) 1] < +/E [I€(z™)]12].
|

Appendix J. Experiments

In this section, we present some experimental results showing how SGDA, HGD, and CO perform
on a convex-concave objective and a nonconvex-nonconcave objective. For our CO plots, ~y refers
to the  parameter in the CO algorithm. All of our experiments are initialized at (5, 5). The step-
size n for HGD and SGDA is always 0.01, while the step-size n for CO with v = {0.1,1,10}
is {0.1,0.01,0.001} respectively to account for the fact that increasing 7 increases the effective
step-size, so the 17 parameter needs to be decreased accordingly. The experiments were all run on a
standard 2017 Macbook Pro.

The main takeaways from the experiments are that CO with low  will not converge if there is a
large bilinear term, while CO with high v and HGD all converge for small and large bilinear terms.
When the bilinear term is large, CO with high v and HGD both will converge in fewer iterations (for
the same step-size). We did not optimize for step-size, so it is possible this effect may change if the
optimal step-size is chosen for each setting.

J.1. Convex-concave objective

The convex-concave objective we use is g(x1,z2) = f(z1) + cr1z2 — f(x2) where f(z) =
log(1 + e*). We show a plot of f in Figure 6.

When ¢ = 3, SGDA converges, and when ¢ = 10, SGDA diverges. We note that HGD and CO
(for large enough ) tend to converge faster when c is larger.
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] f"(x}
8
6 4
4
74
,—"'—-—__—________.
0 I'.--“.“'""ll-lllll-------------.
" 2 : ; : : : 5

Figure 6: Plot of f(z) = log(1 + ¢*) with its first and second derivatives. This is a convex, smooth
function

J.1.1. SGDA CONVERGES (c = 3)
These plots show g when ¢ = 3, so SGDA converges, as does CO with v = 0.1.
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Figure 7: SGDA vs. HGD for 300 iterations for g(xi,z2) = f(z1) + criz2 — f(x2) where
f(z) = log(1 + €*) and ¢ = 3. SGD4 slowly circles towards the min-max, and HGD
goes directly to the min-max.
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Consensus Optimization for different values of gamma
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2.5
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= CO with gamma = 10
Starting point
Min-max

-75 -5.0 -25 0.0 2.5 5.0 7.5 10.0
X1

(@)

= CO with gamma = 0.1
== CO with gamma =1
= = CO with gamma = 10
4 Starting point

(b)

Figure 8: CO for 100 iterations with different values of 7y for g(z1, z2) = f(x1) + cx1x2 — f(22)
where f(x) = log(1 + ¢*) and ¢ = §, The v = 0.1 curve slowly circles towards the
min-max, while the other curves go directly to the min-max.
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Consensus Optimization vs. Hamiltonian Gradient Descent
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Figure 9: HGD vs. CO for 100 iterations for g(z1,z2) = f(z1) + cxixe — f(z2) where f(z) =
log(1 + €*) and ¢ = 3 with different vgues of .
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J.1.2. SGDA DIVERGES (¢ = 10)

These plots show g when ¢ = 10, so SGDA diverges, as does CO with v = 0.1. Note that in this case,
CO with v > 1 and HGD both require very few iterations (typically about 2) to reach the min-max.
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Sin&tytaneous Gradient Descent/Ascent vs. Hamiltonian Gradient Descent

10
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x
-5
-10{
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=15
=15 =10 =5 0 5 10 15
X1
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—— HGD
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(®)

Figure 10: SGDA vs. HGD for 150 iterations for g(x1,22) = f(z1) + criz2 — f(x2) where
f(z) =log(1l + €”) and ¢ = 10. SGDA slowly circles away from the min-max, while
HGD goes directly to the min-max.
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Consensus Optimization for different values of gamma
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Figure 11: CO for 15 iterations with different values of 7y for g(z1, z2) = f(x1) + cx1ze — f(22)
where f(z) = log(1+€”) and ¢ = 1§¢The v = 0.1 curve makes a cyclic pattern around
the min-max, while the other curves go directly to the min-max.
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Consensus Optimization vs. Hamiltonian Gradient Descent
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Figure 12: HGD vs. CO for 15 iterations with different values of v for g(z1,x2) = f(z1) +cxi120—
f(x2) where f(x) = log(1 + ¢”) and¢ = 10.
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J.2. Nonconvex-nonconcave objective

The nonconvex-nonconcave objective we use is g(x1,x2) = F(z1) + cx1292 — F(x2) where F' is
defined as in (19) in Appendix D.

=3z + F) forz < -3
F(z) =14 —3cosz for -5 <z < 7§ (72)
—cosr+2r—nm forx> 7§
We show a plot of I in Figure 13.
f(x)

s == f(x)

10

5

o ".. ..‘Q.

Figure 13: Plot of nonconvex function F'(z) defined in (19), as well as its first and second derivatives

As in the convex-concave case, when ¢ = 3, SGDA converges, and when ¢ = 10, SGDA diverges.
Again, HGD and CO (for large enough ) tend to converge faster when c is larger.

J.2.1. SGDA CONVERGES (¢ = 3)
These plots show g when ¢ = 3, so SGDA converges, as does CO with v = 0.1.
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Figure 14: SGDA vs. HGD for 300 iterations for g(x1, z2) = F(z1) 4+ cx122 — F(z2) where F'(z)

is defined in (72) and ¢ = 3. SGDA sjgwly circles towards the min-max, and HGD goes
more directly to the min-max.
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Consensus Optimization for different values of gamma
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Figure 15: CO for 100 iterations with different values of «y for g(z1, x2) = F(z1) + cx122 — F(22)
where F'(x) is defined in (72) and c ;3. The v = 0.1 curve slowly circles towards the
min-max, while the other curves go more directly to the min-max.
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Consensus Optimization vs. Hamiltonian Gradient Descent
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Figure 16: HGD vs. CO for 100 iterations for g(z1,z2) = F(z1) + cx1x2 — F(x2) where F(z) is
defined in (72) and ¢ = 3 with differgnt values of ~.
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J.2.2. SGDA DIVERGES (¢ = 10)

These plots show g when ¢ = 10, so SGDA diverges, as does CO with v = 0.1. Note that in this case,
CO with v > 1 and HGD both require very few iterations (typically about 2) to reach the min-max.

Sim%ltaneous Gradient Descent/Ascent vs. Hamiltonian Gradient Descent
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Figure 17: SGDA vs. HGD for 150 iterations for g(x1,z2) = F(x1) + cx122 — F(22) where F'(z)
is defined in (72) and ¢ = 10. SGDA slowly circles away from the min-max, while HGD
goes directly to the min-max.
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Consensus Optimization for different values of gamma
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Figure 18: CO for 15 iterations with different values of ~y for g(x1,z2) = F(21) + cz122 — F(x2)
where F'(x) is defined in (72) and ¢ = 10. The v = 0.1 curve makes an erratic cycle
around the min-max, slowly diverging, while the other curves go directly to the min-max.
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10.0 Consensus Optimization vs. Hamiltonian Gradient Descent

== HGD
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CO with gamma = 10
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Figure 19: HGD vs. CO for 15 iterations with different values of «y for g(z1,x2) = F(z1)+cr100—
F(z2) where F(x) is defined in (72) and ¢ = 10.
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J.3. Convergence of HGD for nonconvex-nonconvex objective with different-sized bilinear
terms

In this section, we look at the convergence of HGD for the same objective as discussed in the previous
section, namely ¢(z1,x2) = F(z1) + cx1x2 — F(z2) where F' is defined as in (19) in Appendix D.

—3(z+ F) forz < -3
F(z) =14 —3cosz for -5 <z < 7§ (73)

—cosx+2x —7 fora:>§

In this case, we will vary c to show that HGD converges faster for higher c and will not converge
for sufficiently low c.
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Figure 20: Distance to minmax for HGD iterates for different values of ¢ in the objective g(z1, z2) =
F(x1) + cx1x9 — F(22) where F'(z) is defined in (72).
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Figure 21: Gradient norm for HGD iterates for different values of ¢ in the objective g(z1,z2) =
F(z1) + cx122 — F(x2) where F(z) is defined in (72). Since all runs are initialized at
(5,5), when c is increased, the initial gradient norm also increases. Nonetheless, HGD
still converges faster for the cases with higher c.
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