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Abstract

We study the problem of online learning a hypothesis class and a given binary 0-1 loss function,
using instances generated ¢.i.d. by a given distribution. The goal of the online learner is to make
only finitely many errors (loss 1) with probability 1 in the infinite horizon. In the binary label case,
we show that hypothesis classes are online learnable in the above sense if and only if the class is
effectively countable. We extend the results to hypothesis classes where labels can be non-binary.
Characterization of non-binary online learnable classes is more involved for general loss functions
and is not captured fully by the countability condition even for the ternary label case.

In the computational bounded setup, we compare our results with well known results in recur-
sive function learning, showing that the class of all total computable functions is indeed learnable
with computable online learners and randomized sampling. Finally, we also show that the finite
error guarantee will not be affected even when independent noise is added to the label.
Keywords: Online Learning, Finite Error, Almost Surely, Consistency

1. Introduction

Let # be a set of functions from X — {0, 1}, where X’ is an instance space. The online learning
setup is a game between two parties, Nature and the learner, both of whom know the class . Nature
chooses a function h € H at the beginning of the game. The game proceeds in steps. At each step
n, the learner is provided with an instance x,, € X. The learner has to guess the label h(zy,),
potentially using the history built up till that step. Subsequently, the true label h(x,,) is revealed to
the learner, and the learner incurs a binary loss—1 if her guess differs from h(x,,) that indicates an
error, O for no error. The goal of the learner is a strategy that minimizes the number of errors made.

In his seminal work, Littlestone (1988) showed that the number of errors is bounded by what is
known as the Littlestone dimension Ldim(#) of . This dimension is independent of the number
of steps the game goes on for. When the class H is finite, Littlestone (1988) proved that the number
of errors is bounded by log |#| using a halving argument.

However, the Littlestone dimension can be too restrictive a measure to handle really rich classes
that may not have finite Littlestone dimension, such as the class P of all polynomial time decid-
able problems. One common approach that circumvents this difficulty considers the non-realizable
setup, where the goal of learner is competitive optimality with respect to a reference class H. Ben-
David et al. (2009) showed that one can achieve an expected O(+/T log(T)Ldim()) regret in a
horizon T' game using a weighted-majority algorithm. See (Shalev-Shwartz and Ben-David, 2014,
Chapter 21) and the references therein for more results in this line. However, the regret bound
doesn’t really tell how many actual errors the learner could make.
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One common approach that deal with rich classes in the realizable case is to relax the require-
ment of uniform bound to point-wise bounds that could depend on individual hypotheses in the
class. Perhaps the most well-known setup of this flavor in learning theory literature is non-uniform
PAC learnability and the concept of Structural Risk Minimization by Vapnik and Chervonenkis
(1974); Vapnik (2013). A more related scenario in the online learning setup was studied in the
theory of learning recursive functions. In this setup, one assumes the class H to be functions from
N — {0, 1}, and the instances are presented sequentially as {1,2,---}. A class H is said to be
recursively learnable if there exist a computable learner such that the number of errors is finite, no
matter what model is selected from H. See Zeugmann and Zilles (2008) for a survey on this topic.

This paper generalizes the deterministic finite error setting in the recursive function learning
literature with a more realistic randomized setup. Instead of the learner observing instances in a
predetermined order, we assume that they are sampled from a distribution i over X" independently
at each time step. A class H of functions from X — {0, 1} is eventually almost surely (or eas for
abbreviation) online learnable with respect to p, if there exists an online learner that makes only
finite many errors with probability 1, no matter what function is choosen from .

The conceptual basis of our problem setup lies in the almost sure hypothesis testing framework
studied in the statistics and information theory communities. See Cover (1973); Dembo and Peres
(1994); Kulkarni and Tse (1994); Santhanam and Anantharam (2015); Wu and Santhanam (2019)
for a sample of results along this line in hypothesis testing, classification and prediction. There
has been work in this line along the computability angle as well, see for example Leshem (2006).
We make a note of other related work on an infinite horizon machine learning framework Mitchell
et al. (2018), the universal prediction framework in Merhav and Feder (1998), and randomized
online learning scenario in Haussler et al. (1994) as well. Novel modifications to the Littlestone
dimension have also been considered, see for example, Sayedi et al. (2010); Li et al. (2011); Zhang
and Chaudhuri (2016).

Characterization Our first result fully characterizes eas-online learnability in the binary label
case. We show that for all instance spaces X satisfying a regularity condition (satisfied by most
common spaces, including e.g. the Borel space over R%) and distributions y with potentially infinite
support, a class H of measurable functions from X — {0, 1} is eas-online learnable if and only
if H is effectively countable. Informally, a class H is countable if we do not distinguish between
hypotheses that agree with probability 1 under p (see Definition 3 for a more complete definition).

Applying our characterization to the class 7 of all linear threshold functions from [0, 1] —

{0, 1}, i.e. functions of form
1, ifx >
ha(x>:{ o

0, otherwise,

shows that 7~ above is not eas-online learnable for any probability measure over [0, 1] that admits

a continuous density. However, the class 7 has VC dimension 1. For a uniform distribution over

[0, 1], an empirical risk minimization approach will result in an online learning strategy for the

linear threshold functions. The probability of making an error with this approach at time step n is at

most O(lo%). Because 7 is not effectively countable, and hence not eas-online learnable, we can

logn ¢,
n

m with any € > 0. If it could, the Borel-Cantelli lemma would imply that the class T

conclude immediately that the empirical risk minimization bound cannot be improved from
e.g.
with uniform distribution would be eas-online learnable, since 1/nlog! "¢ n is summable over n.
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The lower bound only differs by a poly log(n) factor compared to the optimal 1/n lower bound as
showed in Schuurmans (1997), and we only needed to observe that the set of all linear threshold
functions is not effectively countable to infer this result!

Countable label spaces Departing from the basic result, we show that the characterization of
online learning still holds for classification loss even if the label space is countable. However, when
more general binary losses are allowed, there exist distributions with infinite support and effectively
uncountable classes that are eas-online learnable, even when the label size is 3.

Computable learners Suppose the learner is required to be computable in addition. We show
that there exist distributions over N with infinite support, such that the class of all total computable
functions from N — {0, 1} is eas-online learnable with a computable learner. This is in contrast to
the sequential sampling scenario of recursive learning, see Zeugmann and Zilles (2008).

Noisy labels We finally consider online learning with noisy labels, and show that effectively
countable classes with binary labels are still online learnable when labels are corrupted with in-
dependent Bernoulli noise. Surprisingly, we show that one could also learn effectively countable
classes with binary labels when the instances are presented sequentially with noisy labels and in
deterministic order. Here we would only see any instance only once with a noisy label, yet we could
leverage the noisy labels from different instances to learn the underlying hypothesis.

2. Problem setup

Let & be the instance space that endowed with some fixed separable o-algebra F. We say F to be
separable, if for all probability distribution 1 on F, we have a countable set G of measurable sets in
F, such that for any measurable set A € F and € > 0, there exist G¢ € G such that

W(AAG,) <'e,

where A is symmetric difference. Clearly, the Borel o-algebra over R is separable (e.g. we can take
G to be the algebra generated by the set of all cuboids in R¢ with vertices at rational coordinates).
We will also assume the single point set of X" is measurable.

Let )Y be a label space that is often assumed to be finite or countable. A binary loss is a function
0:Y x Y — {0,1} that is symmetric and reflexive, i.e. £(y1,y2) = ¢(y2,y1) and £(y1,y1) = O for
all y1,y2 € Y. And a learning strategy is function

D (X XY)'xX =),

that is measurable over cylinder o-algebra on (X x J)*® x X.

We consider the following learning game between Nature and a learner that proceeds by time
steps. Let H be a class of measurable functions from X — ) and p be a probability measure
over X', which are known to all parties. At the beginning, the nature chooses a function h € H.
At each time step n, the nature independently samples X;,, ~ p and provides it to the learner.
The learner then outputs an estimate Y;, of the true label h(X,,), potentially using the history
{(X1,h(X1)), -+, (Xpn-1,h(X,—1))} thus far. Nature then provides the true label h(X,,) to the
learner, and the learner incurs the binary loss ¢(Y,,, h(X,,). The learner makes an error at time step
nif £(yn, h(xy,)) = 1.

Denote Z; = (X;, h(X;)) to be the instance-label pair at time step i, and Zi = (Z1,--- , Z;) is
the history observed by the learner upto time step ¢.
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Definition 1 A class H is said to be eas-online learnable w.r.t. distribution u, if there exists a
learning strategy ® such that

Pr (i HO(Z7 1 X)), (X)) < oo> =1,

n=1

forall h € H with X1, Xo, -+ % .

We also introduce the following stronger version of eas-learnability when the distribution is
unknown to the learner.

Definition 2 A class H is said to be strongly eas-online learnable, if there exists a learning strategy
® such that

Pr (i HO(Z7 1 X)), h(Xn)) < oo> =1,
n=1

forall h € H and p with X1, Xa, -+ & 1.

In both cases above, we will say that the strategy ® eas-online learns (or strongly eas-online
learns) H w.r.t. p. For notational convenience, we drop the reference to 1 where doing so leads to
no ambiguity.

The following notion will be used frequently in this paper.

Definition 3 A class H’ effectively covers a class H w.r.t. distribution jv and loss ¢, if forall h € H
there exists h' € H' such that

p{z : b(h(z), W (z)) =1} = 0.

We say H is effectively countable (respectively size n) w.rt. u and ¢, if there exist H' that is
countable (respectively size n), such that H' effectively covers H w.r.t. i and (.

We begin with the following lemma, an online learning version of Structural Risk Minimization.

Lemmad4 Let Hi,Ha, - be countably function classes that share the same instance space and
loss function. If H,, is eas-online learnable for all n € N w.r.t. distribution p, then

H=JHn
neN

is also eas-online learnable w.r.t. p.

Proof Let ®; to be the strategy that eas-online learns class Hy. We define a strategy for H as
follows. At each time step n, denote by e(n, k), the number of errors that ®;, would made if it were
employed in the first n — 1 time steps. Let

Jn = argmin{e(n, k) + k}. (1)
keN

We then use ® ;. to make the prediction at time step n.
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We now show that this strategy indeed makes finitely many errors with probability 1 no matter
what A is chosen from H. Assume h € H; for some ¢t € N. Let B C X°° be the set such that ®;
would make finite errors on all realizations in B. We have p(B) = 1 because ®; eas-online learns
‘H:. Fix any x € B and denote s to be the number of errors ®; would make on x. We have

e(n,t)+t<s+t

for all n and from (1), note that therefore for all n, J,, the index chosen is < s + ¢.

Furthermore, for any ®; withi € {1,--- , s + t}, once ®; makes more than s + ¢ errors, it will
no longer be chosen in (1). Therefore, we will make at most (s + ¢)2 errors, and thus finitely many
errors on X. Therefore, our strategy also makes finite errors with probability 1 when £ is selected.
The lemma follows. |

Remark 5 Note that Lemma 4 holds for strong eas-online learning as well, since the construction
of learning strategy does not depend on the knowledge of underlying distribution.

We prove the following technical lemma that relates deterministic sampling with randomized
sampling.

Lemma 6 Let ay,as,--- be an arbitrary ordering of N, and sy, s2,--- € NT be an arbitrary
sequence. Then there exist a distribution p over N, such that

p3N:Vn>N, T, —Th_1>8p-1)=1
where T, is the first time a,, appears in an i.i.d. sample from p.

Proof Let p, = p(X = ay). Since T,, — T,—1 < $,—1 implies that a,, appears earlier than the
Sn—1 th appearance of a,,_1, we have

Sn—1
P(Ty =Tt < 1) < 1— <pl> . )
Pn + Pn—1

Taking
1

(M2 TS si
we have that (2) is further upper bounded by # Since # is summable, an application of the
Borel-Cantelli Lemma completes the proof. |

Pn =

)

3. Binary label

In this section, we will consider the case when the label is binary and the loss is £(y1, y2) = 1{y; #
y2}. We will refer to this loss as the classification loss in the sequel. Note that since our loss
function is binary valued on binary labels, the only losses can either be trivial or classification loss.
We say a distribution over X’ to be non-degenerate if it has infinite support.

The following theorem fully characterizes the eas-online learnability in the binary label case.
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Theorem 7 A class H with binary labels is eas-online learnable w.r.t. distribution p iff H is
effectively countable w.r.t. p.

Proof To see that if H is effectively countable, it is eas-online learnable, note that for any class
that contains effectively 1 hypothesis is trivially eas-online learnable. Therefore, any class # with
effectively countably many hypotheses is eas-online learnable by appealing to Lemma 4.

For the necessary part of the proof, we will assume w.l.o.g. that for all hy # hs € H we have
Prx~,(h1(X) # ha(X)) > 0. Note that any hypothesis class can be reduced to one satisfying
the above property by choosing a representative function in each equivalence class defined by the
relation hy ~ hy : Pry,(hi(x) # he(z)) = 0.

We now prove that if H admits a function ® : (X' x{0,1})*x{0,1} — {0,1} such thatVh € H

Pr <§: Ho(Zr 1 X,,) # (X))} < oo) =1, 3)

n=1

where Z" ! = (Zy,--+ , Z,_1) and Z; = (X;, h(X;)) is the instance-label pair at step  generated
by u, then H is countable.
Define the event

Al = {Xfo DY WY, Xeyr) # (Xpr)} > 0} ;

k=n
and let )
_ . h -
Hn—{heH.Pr<An)§4}. 4)

From equation (3), we must have % = J;~ | H,,. Since for any h € H, we have Pr(A") — 1 as
n — 0o, there exist some k such that Pr(AZ) < %, i.e. h € H;. We show that H,, is countable for
all n € N, which will prove the Theorem.

Central to our proof is our claim that for all n € N we have

inf{Prx~,(h1(X) # ho(X)) : by # ha € Hp} > 0. 5)
Now equation (5) implies that H,, is countable. To see this, let
d(h1, ha) = Prx,(hi1(X) # ha(X)).

The o-algebra over X is separable, so by definition, there is a countable dense subset of the
o—algebra with respect to the distance d. Since each set in the o—algebra can be represented
by a measurable function from X — {0,1}, we conclude that there is a countable collection
G = {g1,92 -} of measurable functions from X — {0, 1}, such that G is dense in the set of
all measurable functions from X — {0, 1} under the distance d defined above.

Suppose the infimum in (5) is € > 0. Since G is dense in the the set of all binary valued
measurable functions on X, for each h € H,,, there is a function g € G such that d(h, g) < €/2. By
the triangle inequality, for all A’ # h, we will also have d(h’, g) > ¢/2. Therefore every h € H,
can be associated with a distinct g € G, which then implies that #,, is at most countable.

We now establish equation (5). The intuition behind this claim is that if the infimum in (5) were
0, then we could choose two hypotheses in H,, that were arbitrarily close in the distance d—and
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hence close enough that they are indistinguishable with sample size n on a large enough subset
A. However, these hypothesis will eventually differ in the suffix of the strings in A, therefore no
predictor could agree with both of them in the suffix past step n. But if the probability of A is large
enough, it contradicts the definition of H,, in (4).

Formally, suppose (5) did not hold. Then there exist hy, ho € H,, such that 0 < d(hq, ha) < 0n,
where 4, is chosen so that (1 — §,)" > 3.

Let A C A be the event that hq, ho cannot be distinguished with n samples. By construction,
we have Pr(A) > 1. For j € {1,2}, let

pj = Pr(® makes error after step n on h;).

We show that max{p;,ps} > %, which will then contradict equation (4) since hy, he € H,, thus
establishing equation (5). To see that max{pi,pa} > i, we use a probabilistic argument. Let h be
the random variable uniformly chosen from {h1, ho}. We only need to show

1
EnE x o0 [1{® makes error after stepnonh} | X € A] > 3 (6)

Let B C X be the event that there exists a instance Y after step n that first reveals h;(Y) #
ho(Y'). We have Pr(B) = 1, since d(hq, he) > 0. Note that

1
Ex o0 [En[1{® makes error after stepn onh}] | X € AN B] > 3 (7

since condition on any X € A N B event C' = {® makes error at sample Y on h} implies the event
in the equation above, and because Ey[1{C}] = 1. We now have

1
Ex~ o [En[1{® makes error after step i on h}] | X € A] > > (8)

since Pr(B) = 1. Finally (8) implies (6) by exchanging order of expectation, which is justified by
Fubini’s theorem. u

Example 1 Let X = [0, 1] and p be the uniform distribution over [0,1]. We consider the linear
threshold functions
ho(x) =0ifa > x and he(x) = 1 otherwise.

Denote H = {hq : a € [0,1]}. By Theorem 7 we know that H is not eas-online learnable.

A couple of observations need to be emphasized here. Note that the VC dimension of ‘H is 1.
Therefore the VC-theorem (Shalev-Shwartz and Ben-David, 2014, Thin 6.7) posits that there is a
learning rule hu, such that for any hy, € H and a sample S, of size n, with high probability say
1-— 7712 over S,, we have

Promullin(Sny ) # hala)] < O (log”) .

n

. . . 1
Theorem 7 implies that we cannot improve the upper bound from O (%) to, say, O(%)

nlog

with € > 0. If we could, note that since > - — < 00, an application of the Borel-Cantelli

n=1 plog!te
lemma would imply that h,, only makes a finite number of errors no matter the hypothesis in force,
thus violating Theorem 7.



EAS ONLINE LEARNING

We observe the following simple corollary.

Corollary 8 If a binary measurable function class ‘H has finite Littlestone dimension, then H is
effectively countable w.r.t. any distribution. In particular, if the domain is countable, then H is
countable.

Proof Finite Littlestone dimension implies H is online learnable with bounded number of errors and
an adversarial sampling process (Shalev-Shwartz and Ben-David, 2014, Chapter 21). The corollary
follows by Theorem 7 and notice that the learning strategy is independent of the distribution. The
second part follows by the fact that for any hypothesis class H over a countable domain X, if H is
effectively countable w.r.t. a distribution with supported of the whole of X, then H is countable. H

The proof of the necessary condition of Theorem 7 also yields that if a class 7 is strongly eas-
online learnable, then H is effectively countable w.r.t. any distribution. By Corollary 8 above, this
implies that the restriction of H on any countable subset of X must be countable. However, this
doesn’t mean that the class H have to be countable. To see this, consider the class 7 of all functions
tq : [0,1] — {0,1} with a € [0, 1] that has the following form:

() 1, ifx=a
€Tr) =
¢ 0, otherwise

It is easy to see that 7 is strongly eas-online learnable (in fact has Littlestone dimension 1), but
the class is uncountable. We leave it as an open problem to determine whether a class that is eas-
online learnable w.r.t. any distribution is also strongly eas-online learnbale. (Note that, in the former
setting the learning strategy can be different for different distribution, while the strongly eas-online
learnable requires a universal learning rule.)

4. Multi-Class label

We consider the case when the output set )) has more than 2 elements and we assume the loss £ to be
an arbitrary function. Before analyzing the randomized setting, we consider a simpler deterministic
setup. A deterministic sampling process in the most general setting is a function S : (X xY)* — X,
which select the next sample based on the previous sample-label pairs (but not the learner’s answer).
For any class H and process S, one can construct an infinite |)|-nary tree 7 = (), £) with a label
function L (for both vertices and edges) such that

1. Each edge has a label in ) and the label of edges with same parent are distinct.

2. Each vertex in 7 has a label in X'. The root vy has label L(vg) = S(e€), where € is empty
string. For each vertex v € T, we denote vg — v; — - - - v, = v to be the unique path from
roottov. Let z; = (L(v;—1), L(vi—1 — v;)), the label of v is given by L(v) = S(z1,- - , 2n).

3. Each vertex v in 7 has a child u such that L(v — u) = y if and only if 34 € H such that
h(L(v;)) = L(v; = viy1) forall 0 < i < nand h(L(v)) = y, where v; is defined in item 2.

Clearly, every function h € X will associated with a unique infinite path vy — U{L — vé’ — e

in T such that (L(v")) = L(v}' — v}, ;). However, not every infinite path will have a function
in H associated with it. The learning process can be viewed as traversing an infinite path in 7.
Such a tree is also known as the mistake tree in the binary online learning literature, see Zhang and
Chaudhuri (2016). A valuation of 7 is a function v : V — N such that for each v € V we have
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1. v(v) > max,cc(w){v(w)}, where C'(v) is the children vertex set of v;

2. v(v) > 1+ max,ecw {v(w)} if LY = {L(v — u) : u € CM(v)} cannot be covered by V,
where CM (v) is the set of children vertex of v that has maximal value. We say a set A C Y
can be covered by ) if there exists y € ) such that Vo € A, ¢(y,x) = 0.

Note that the valuation may not always exist. The following theorem relates the existence of valua-
tion to the bounded error guarantee.

Theorem 9 A class H is online learnable with < B errors and a deterministic sampling process
S if and only if there exists a valuation v on T such that v(vy) < B, where vy is the root of T.

Proof If 7 has a valuation such that v(vg) < B, we simply predict the element that would cover
LM at vertex v in the traversing (if no such element, predict anything). Note that the learner makes
an error only if the value of the child vertex is reduced by at least 1. Therefore, there will be at most
B errors.

If H is online learnable w.r.t. S with at most B errors, we define the value at vertex v to be the
maximum number of errors that the learning rule could make on the subtree rooted by v.

To prove this is a valid valuation, note that condition 1 can be verified easily. To see condition
2 holds as well, we resort to a proof by contradiction. If condition 2 does not hold at some vertex
v, i.e. we have v(v) = max,cc(,){C(v)} but LM cannot be covered by ). We can choose a path
to a child in C™ (v) that has label differs from the prediction given by the learner, thus incuring
max,ec(y) V(u) + 1 errors starting from v, contradicting our premise. The theorem follows. |

To capture the finite error guarantee, we will need a notion of ranking on the hypotheses in .
A ranking of H is a function r : H — N. For any vertex v € 1, we denote H,, to be the hypotheses
in 7 that share the path from vy to v in 7, where vy is the root of 7. For a given ranking r, we
denote H)" to be the hypotheses in H,, that have minimal rank, i.e.

H' ={h € Hy:r(h) = min{r(H,)}},

where r(#H,) = {r(h) : h € H,}. Now let LI" = {h(L(v)) : h € H]'}.

We say a class H to be rankable w.r.t. a deterministic sampling process S, if there exists a
ranking r such that for each h € H there exists a number Ny, such that for every vertex v € V on
the infinite path of i with depth larger than Ny, we have h € H" and L] is coverable.

Intuitively, the smaller the rank of a function in #, the higher priority we will assign in the
learning process. Formally, we prove the following theorem:

Theorem 10 A class H is online learnable with finitely many errors w.r.t. a deterministic sampling
process S if and only if H is rankable w.r.t. S.

Proof If # is rankable, we show that # is online learnable with finitely many errors. The prediction
rule works as follows, we predict an element that covers L at each vertex v in the traversing (if
it doesn’t exist we predict anything). By definition of rankability, the learner will not make errors
after step Ny, if the underlying hypothesis is h.

To see the converse, suppose @ is a online learning rule which makes only finitely many errors
no matter what the hypothesis A € 7 is. The rank of each hypothesis h is the number of errors ®
would make against h.
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To conclude the proof, we will show that this is a valid ranking. Fix any A and let N}, be the
time step of the last error ® make on h. Suppose there exists some vertex v at depth more than Ny,
such that L is not coverable. Now the rule ¢ will make more errors on at least one of hypotheses
h' € HI* than it made on h. This is because h and b’ share the same prefix up to vertex v and hence
have the same error pattern till then, but differ on their label in L!"*. Thus this hypothesis 4’ must
have a higher rank by definition, and therefore could not have been in H!". |

Note that both Theorem 9 and Theorem 10 work only for deterministic sampling process where
there is one mistake tree. However, in the randomized setup the mistake tree will be different for
different realization of the sampling. A sufficient condition is to have a universal ranking that works
for almost all realizable mistake trees. The following theorem shows that it will happen when the
class is effectively countable. We leave the proof to Appendix A.

Theorem 11 Let H be a set of measurable functions from X — ). Then H is eas-online learnable
w.r.t. distribution p and loss ¢, if H is effectively countable w.r.t. i and £.

Moreover, the effective countability of H is necessary for eas-online learnability (w.r.t. any
distribution 1) if ) is countable and { is the classification loss, i.e. {(y1,y2) = 1{y1 # y2}.

Corollary 12 Let H be the class of all continuous functions from [0,1] — [0,1], £ = 1{|y1 —y=2| >
B} for some B > 0. Then H is eas-online learnable w.r.t. the loss ¢ and any distributions.

Proof By the Stone-Weierstrass theorem, 7 can be covered by polynomials with rational coeffi-
cients under the supremum norm. Since polynomials with rational coefficients are countable, H is
effectively coverable w.r.t. any distribution. Theorem 11 then implies that 7{ is eas-online learnable
w.r.t. any distribution. |

Moreover, the covering set in Corollary 12 is independent of the distribution. Therefore, we
know that the class of all continuous functions in Corollary 12 is actually strongly eas-online learn-
able.

We provide the following example, which shows that if we have || > 3 and X = N, then there
exists a class H, distribution p and loss ¢, such that H is eas-online learnable w.r.t. p and £, but H is
not effectively countable. Thus, the condition in Theorem 11 can’t be necessary for arbitrary losses
and distributions.

Example 2 Let Y = {0, 1,2}, we define a loss ¢ as follows: { is symmetric in its two arguments
and
£(0,1) =0and ¢(0,2) = £(1,2) = 1.

We now construct the class H as follows. Since the domain is N, we will denote each function in
H as infinite sequences in {0,1,2}°°. Let B = {0,1} be the class of all binary sequences. We
define the following transformation T that maps {0,1}>° — {0,1,2}*°. For any b € B, T'(b)
is the sequence that inserts number 2 that follows each appearance of 0 in b. For example, if
b = 00100101011 ... then T'(b) would read 02021020210210211 . . .. Now, we define

H=1{T():bc B}

We now define the distribution. By Lemma 6, we have distribution p over N such that the i.i.d.
samples from p will appear in increasing order of N eventually almost surely—namely for all m

10
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large enough, the instance m — 1 will appear prior to instance m with probability 1. Therefore, one
may assume, w.l.o.g., that the sample is generated sequentially as 1,2,3,- - -.

To see that the class H is eas-online learnable w.r.t. to p and loss ¢, for any instance m € N
we simply predict 2 for the label of instance m if the label of instance m — 1 is 0 and predict O if
the label of m — 1 is 1 or 2. It is easy to check that the rule makes only finitely many errors with
probability 1.

Clearly, the class H is uncountable and for any two different elements b1,bs € B we can find
I € N such that £(T(b1)(1), T(b2)(1)) = 1. Therefore, we have H is not effectively coverable by
any countable set H'.

Even though the class in Example 2 is not effectively countable, it has a trivial universal ranking
that ranks all functions in 7 to 0. We conclude this section with the following conjecture.

Conjecture 13 A class H is eas-online learnable w.r.t i iff there exist a universal ranking r of H
such that ‘H is rankable with ranking r for almost all mistake tree generated by p.

5. Computable learner

As we have mentioned in the introduction, our setup has a close connection with learning of recur-
sive functions, where one considers the domain to be N and the instances are presented sequentially,
but in addition, the learning rule is required to be computable as well.

Definition 14 A function h : N — {0, 1} is computable if there exists a Turing machine TM such
thatVn € N, TM(n) halts and outputs h(n), where the number n is in its binary representation.

Clearly the class of all computable functions from N — {0, 1} is countable, since there are
only countable Turing machines (Arora and Barak, 2009, Chapter 1). We have the following simple
corollary that follows from Lemma 4.

Corollary 15 Let H be the set of all computable functions from N — {0, 1}, and let p be an
arbitrary distribution over N. Then H is eas-online learnable using i.i.d. samples generated from

.

Unfortunately, the learning rule that derived from Lemma 4 cannot be computable for arbitrary
distribution as shown in the following theorem of Barzdins and Freivald (1972) (restated here in our
notation).

Theorem 16 ((Zeugmann and Zilles, 2008, Thm 5)) Let H be a class of computable function
from N — {0, 1}. Then there exists a computable learner that eas-online learns H with sequential
sampling if and only if there exists a computable function g : N — N such that the time complexity
of each function in H is eventually dominated by g(n).

It is easy to show that if 7 is the class of all computable functions then g in Theorem 16 cannot
exist by a simple diagonalization argument. Therefore, by Lemma 6 there exists a distribution p
such that 7 is not computationally eas-online learnable even with i.i.d. sampling from p. However,
we will show in the following theorem that there are also non-degenerate distributions over N such
that the class of all computable functions is indeed computationally eas-online learnable with i.i.d.
sampling.

11
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Theorem 17 Let H be the class of all computable functions from N — {0, 1}. Then there exists a
non-degenerate distribution (i.e. has infinite support) q such that H is computationally eas-online
learnable w.r.t. q.

Proof Let TM;, TMs,, - be an fixed enumeration of all Turing machines. The main idea is
to construct a distribution ¢ such that for almost all numbers n, n appears much later than any of
{1, ...,n—1} with probability 1. We choose the gap period between the first appearances of n—1 and
n to be max{C(h;(n) : i < n}, where C'(h;(n)) is the computational time for the ith computable
function with input n to stop when computing with a feasible Turing machine of smallest index.
Such a distribution ¢ exists by Lemma 6.

We now construct the computable predictor using a back and forth trick. The predictor goes as
follows:

1. Initialize index I, J = 1;

2. In the idle period between the appearance of n — 1 and n, the predictor do the following. It
simulates the computation of TM; on n with one computational step per time step. (For other
samples that encountered in that period, one simply predicts the memorized labels.)

3. At time step of first observing n, output the result of the simulation. (Output arbitrary if the
simulation has not stopped.) If the the result matches with the true label, keep I, J. Else:

a. IfI<J,setI=I1I+1andJ = J;
b. Else,set/ =1land J = J + 1.

Since the underlying function is computable, there exists a Turing machine TM; that computes it.
Now, by construction the index I changes if and only if the predictor makes an error.

We show that the predictor only makes finitely many errors by a proof by contradiction. If
indeed the predictor makes infinite errors, we known that I would repeatedly hit ¢ until the sample
is coming sequentially. By construction of the idle time, TM; would then finish the computation
and make the right prediction in the following times steps, which is a contradiction. |

Remark 18 Note that the reason why Theorem 17 does not contradict to the impossibility result
implied by Theorem 16 is that, even though the gap period we constructed in the proof of Theorem 17
is information theoretically deterministic, it is not (computationally) known to the learner, i.e. the
learner would never be able to (computationally) figure out when the sample n will arrive.

We now consider a different scenario where we require the learner to be not only computable,
but also has limited computational resources. We need the following notion. A online learning
scheme is a triplet (D, R, @), where

1. D € {0,1}* is an unlimited database which the learner can use to store anything learned,
initially an empty string;

2. @ is the predictor which maps N — {0, 1}, using the database D as an oracle;

12
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3. Riis the recorder that maps {0,1}* x N x {0,1} — {0, 1}*, which updates the database D
every time a new example and its label are revealed. Where needed, we use D,, to denote the
state of the database after n instances and their labels have been revealed.

Definition 19 (Exact online learnable) Let H be a class of functions from N — {0, 1}. H is said
to be exact online learnable, if there is an online learning scheme (D, R, ®) such that for all h € H

S 10D (n) # h(n)} < ox,
n=1
where D updates after every n,
Dn+1 = R(Dy,n, h(n)).

For any computable online learning scheme (D, R, ®), we will specify R and & as algorithms.
The time complexity of R, ® and & is expressed in terms of log n, i.e. the binary representation size
of n. However, we use D as an oracle of R and ¢ with no computational cost.

We focus on the worst case time complexity for R and @, i.e. over the most inconvenient
database and function we are trying to learn. We say an online learning scheme runs in uniformly
exponential time, if, no matter what database D is and what function A is in force, there exist some
¢, N € N such that both R and ® run in exp(clogn) = n time for all n > N. We define uniform
polynomial time similarly.

Theorem 20 Let H be the class of all exponential time computable functions from N — {0, 1}.
Then there is no computable online learning scheme (D, R, ®) that exactly learns H such that both
R and ® run in uniformly exponential time.

We leave the proof of Theorem 20 to the appendix A. We made the following conjecture for
polynomial time computable functions.

Conjecture 21 Let H be the class of all polynomial time computable functions from N — {0, 1}.
Then there is no computable online learning scheme (D, R, ®) that exactly learns H such that both
R and ® uniformly run in polynomial time.

While we are unable to prove the conjecture, we can prove the following specialized version
(see appendix A for a proof). We say the recorder R to be a naive recorder, if it simply appends
h(n) to the database D at the update of step n.

Theorem 22 Let H be the class of all functions from N — {0, 1} whose time complexity is eventu-
ally bounded by log"*! n time for some k > 1. Then there is no computable online learning scheme
(D, R, ) that exactly learns H such that R is a naive recorder and ® runs in uniformly logk n time.

We note the following interesting connection with time hierarchy theorem. Denote

Hy, = {h : ITM s.t. ¥n € N,TM(n) = h(n) and C(TM, n) < log® n}.
Corollary 23 Theorem 22 implies that Hy o\ Hy. is not empty.

Remark 24 The time hierarchy theorem (Arora and Barak, 2009, Theorem 3.1) does not necessar-
ily imply Theorem 22, since the predictor uses the database D as an zero-computational cost oracle
when computing on n.

13
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6. Noisy labeling

In the previous sections we considered various setups in the eas-online learning paradigm when the
labels are presented accurately. However, it is possible that the labels are corrupted by some noise.
Surprisingly, we will show in this section that our eas-online learning paradigm are actually resistant
to independent noises even if the sample are presented sequentially.

For simplicity, we will assume the domain to be X = N and that the label is binary. We consider
the following noisy process. At each time step i, we denote Z; = (X;, h(X;) & Ry,) to be the noisy
sample-label pair, where R,, is a binary random variable with Pr(R,, = 1) < 7 and variables R,
are independent of the instances, labels, and in addition R,, are independent for each n.

We prove the following result.

Theorem 25 Let ‘H be a function class from N — {0,1}, p is a distribution over N. If H is
effectively countable w.rt. p and n < %, then there exists a learning strategy ®, such that for all
h € H we have

Pr (Z UD(Z07Y, X)), (X)) < oo> =1,
n=1
where the randomness comes from both the sample and noise.

Proof Let 7’ a countable class that effectively covers # such that any two distinct functions in H’
differs by a positive measure set in N. Let %} C H5 C - - - H’ be an nesting such that |} | = k and
Uper By = .

The prediction happens in stages. At stage 0, we initialize by choosing an arbitrary function hg
from H’'. Let hy_1 be the function we have after stage k — 1. We will use hy_1 to make prediction
in each stage k. At stage k we try to identify the underlying function as if it were in #). To do
so, we note that each function in H)_differs other functions by a positive measure subset of N. One
observes the samples sufficiently long so that there are mj, samples (instances may be repeated) in
the difference sets of each pair of functions. We define hj, € H) to be a function that has a smaller
Hamming distance to the noisy labeling of samples at the difference positions relative to all other
functions in #;.. If no such function exists, choose an arbitrary function in 7.

We now show that the strategy indeed works. To do so, we choose m; = %. By
the Hoeffding bound and union bound, with probability at least 1 — k—g, we will find the correct
underlying function at stage k, if it is in ). Now, since the underlying function must be in some
‘H}, the predictor must find it in finite steps. And by the Borel-Cantelli lemma, we will only miss it
finitely many times with probability 1 since ) _; - 1%2 < o0. After that we will make no errors. The
theorem follows. |

In the proof of Theorem 25, the exact probability Pr(R,, = 1) is not required to be known, only the
upper bound 1 need be known. However, even the requirement of knowledge of 7 can be eliminated
by a simple application of the doubling trick. Note that, Theorem 25 also holds if the instances
are presented sequentially. In such a case, one observes for each instance exactly one noisy label.
Therefore, there is no way estimate any single label (which would have been possible in the i.i.d.
case). However, the proof of Theorem 25 shows that one would be able to identify the correct
function with arbitrary high confidence by leveraging noisy labels of different instances.

14
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7. Discussion

In this paper, we introduced an online learning paradigm where a learner is required to make only
finitely many errors with probability one in an infinite horizon. The setup generalized the well
known online learning setup of (Littlestone, 1988) to a more relaxed non-uniform consistency. We
also demonstrated the relationship of our setup with the classic learning of recursive function liter-
ature as surveyed in (Zeugmann and Zilles, 2008), and showed that the randomness and resource
restriction could bring richer picture when considering computability. We also investigated the case
when noisy labels are presented, and showed that our setup are actually resistant to independent
Bernoulli noise.

While our setup does not provide bounds (or rates) on how many errors will the learner be
made, we should emphasize that we are also dealing with very rich classes that do not admit uniform
consistency results. Our work is more focused on the conceptual foundation of learning and is meant
to understand large scale problems that we have little prior knowledge in. Indeed, our approach
also provide a different angle for a theorist to rethink ”no free lunch” theorems. Philosophically,
this is a question that underlies much of our scientific endeavor—can a physicist make only finite
errors before finding a universal theory? Or will she perpetually move between models without
every converging on one? See Cover (1973) and Appendix C for more discussions on this type of
problems.
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Appendix A. Omitted proofs

Proof [Proof of Theorem 11] The sufficiency follows directly from Lemma 4. To prove the neces-
sary condition, by the argument in the proof of Theorem 7, it is sufficient to show that there exists a
countable dense subset of measurable functions from X — ) with the following metric

d(f,9) = Pro~pu(f(z) # g(2)).

To do so, we use a truncation argument. Wolog, we assume ) = N. We observe that there exists a
class of countable measurable functions P, that is dense in the measurable functions from X' — [m)]
for all m € N, since the o-algebra on X’ is separable. We claim that | J,._, Py, is dense in the
measurable functions from X — N. Let A : X — N be an arbitrary measurable function and € > 0.
There exists m € N such that
Pryu(h(z) > m) < €/2.

Let A™ be the function such that A" (z) = h(x) if h(z) < m and h™(z) = 1 otherwise. We have
d(h™, h) < €/2. Now, choosing h’ € H,, with d(h™,h’) < €/2, we have d(h,h’) < e. This
completes the proof. |

Proof [Proof of Theorem 20] We actually prove a stronger version of the theorem. Let H be the
set of functions that can be computed within time n*! (hence exponential in logn), we show that
there is no online learning scheme (D, R, ®) that exactly learns H such that R and ® uniformly runs
in n¥ /2 time.

The proof uses a diagonalization argument. Assume to the contrary that we have such a scheme
(D, R, ®). We construct the following algorithm ExpDiag(n):

1. Input: n

2. If n = 1 Output 1.

3. Run scheme (D, R, ®) on samples (k,ExpDiag(k)) with k < n — 1.
4. Output 1 — ®P(n).

To analyze the running time of ExpDiag(n), let f(n) be the time needed to compute ExpDiag with
input n. We have

f(n) =n"+ f(n-1),
since R and ® run in n* /2 by assumption and one may reuse the database at the recursion steps.
We have

n—1
=1

Therefore, the function that computed by ExpDiag is in . However, by construction ExpDiag(n) #
®P(n) for all n > 2 which yields a contradiction as before. [ |

Remark 26 Note that similar argument cannot be generalized to the functions that computed in
time log"*t! n against predictors runs in log® n because establishing the database in step 3 will
require )(n) steps in the naive way. However, we still believe this is true as in Conjecture 21.
Theorem 22 establishes the conjecture when the database simply appends the true labels without
processing.

17
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Proof [Proof of Theorem 22] We use a standard approach that reduces the polynomial to exponential
case. Let H be the class of all functions that can be computed in time logh*t!n. Suppose to the
contrary, (D, R, ®) is a scheme that exactly learns H such that R is naive recorder and ® runs in
log” n. For any function 7/ that can be computed in n**! time, we construct a function / that can
be computed in log"** n time as follows

h(n) = {h’(t), if n = 2¢ for some t € N

1, otherwise

Consider the following predictor ®’:
1. Input: n and naive recording D of A/ upton — 1

2. Simulate ® with input 2" as follows: if ® queries database at position 7" such that T = 2! we
query the tth position in D. In all other positions, we know A took value 1.

3. Output ®P(27).

By assumption ® makes finitely many errors on h, thus ® makes finitely errors on A’ as well.
Clearly, we have ®' runs in (log 2")* = n* time and it exactly learns the class of functions that can
be computed in n**1. This contradicts Theorem 20. |

Proof [Proof of Corollary 23] Suppose not. We will construct an online learning scheme (D, R, ®)

that exact learns Ho such that R is naive recorder and ® runs in log’“rl n, which will contradict
Theorem 22.
To do so, we enumerate all Turing machines TM;, TMs, - - -. The predictor & maintains two

indices ¢, 7. At each time step n, both ¢ and ¢ are initialized to 1. The predictor simulates log’lC )
instructions on TM, () . If it stops within those log” i instructions and its output matches h(i), keep
t = t and increment ¢ = ¢ + 1. Else, move to the next machine, ¢t = ¢t + 1 and increment 7 = 7 + 1.

This process continues for % log"*! n net time (this includes the time taken to simulate steps on
all Turing machines thus far, and all relevant overheads, including that for incrementing indices).
Then set i = n and simulate TM,(n) till the run for a net log“*1(n) time. If TM stops by then, the
predictor outputs TM;(n), otherwise it outputs 1.

We show that this scheme is an exact online learning scheme for Hy5. For any h € Hy10, we
have an Turing machine TM; that outputs ~(n) for all n within log" n time, since Hy4o = My, by
assumption. Note that ¢ increases iff the predictor makes errors. Since in addition, 1 logh*t! n — oo,
we know that ¢ will hit j eventually. Once ¢ hits j, note that we never increment it since TM; ()
outputs h(7) within log” i time for all 4. If the time runs out before we complete the simulation of
TM;;, note again that ¢ is not incremented. Finally, since the overhead on universal Turing machine
is a loglog n factor on time complexity (Arora and Barak, 2009, Theorem 1.13), we know that for
large enough n, the algorithm above actually completes the simulation of TM;;(n). |

Appendix B. Non-uniform time complexity

If we relax the requirement of worst case time complexity, we show that polynomial time com-
putable functions can be learned exactly in (pointwise) polynomial time.

18
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Theorem 27 Let H be the class of all polynomial time computable functions from N — {0,1}.
Then there exists a computable exact online learning scheme (D, R, ®) that exactly learns H such
that both R and ® run in point-wise polynomial time.

Proof The database D consists of a triplet D = (D;, Dy, k) where D1, Dy encodes for Turing
machines and k£ € N. The predictor ® works as follows:

1. Input: n with database D
2. If D; is not a valid encoding of a Turing machine, Output 1.
3. Simulate the Turing machine encoded by D; on input n for log” n steps.
4. If Dy stops in < log® n steps Output Dy (n). Else, Output 1.
The recorder R works as follows:
1. Input: Old database D, prediction ®(n) and n, h(n)
2. Output: New database D
3. Ifn=1,set D = {¢, ¢}, where ¢ is empty string.
4. If ®P(n) = h(n), do not change on D and Return.
5. Else:

a. If D; # Ds, Set D; = NEXT(D; ), where NEXT maps strings in {0, 1}* to the next
string in alphabet order, and k = k£ 4 1

b. Else, Set D; = ¢ and Dy = NEXT(Dy).

Suppose that the underlying function & € H can be computed in O(log’ n) time by some Turing
machine with encoding Dj,. By the construction of R, the database D changes iff the prediction
made by ® is wrong.

We show that the database changes only finitely many times, thus proving that the total number
of errors is finite. If the database changes infinitely many times, note that it will also hit Dy, infinitely
many times. Dy, is simulated for logh n steps in Step 3. of the predictor, where k increases every
time there is an error. Therefore, k£ will eventually be large enough that Dy, is simulated for enough
steps that it halts and outputs the correct value of h(n). Following this, the database can not change,
contradicting the assumption that the database changes infinitely many times. |

Appendix C. More variations

Contrast to the finite error guarantee, perhaps a more natural non-uniform consistency of online
learning one may think is to let the average loss per time step convergence to zero. More formally,
one may wish to find a predictor such that
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However, such a guarantee might not be attractive if one only considers the consistency. Since we
can show that the class of all measurable functions from R — {0, 1} are actually learnable in that
sense.

Theorem 28 Let H be the class of all measurable functions from R — {0, 1}, u is an arbitrary
distribution over R that is unknown to the learner, { is the classification loss. Then there exist a
learning strategy ® such that for all h € H we have

(jvlganK (Z07 X)), h(Xy)) = 0) =1,

where Z; and X; are defined as in Section 2.

Proof [Sketch of Proof] Let G be a countable class of function from R — {0, 1} that is dense in
‘H. Note that, since the Borel o-algebra is separable, we known such a class exist and independent
of the underlying distribution. The prediction partitioned into stages. At stage k, the learner tries
to identify a function hj in G that is eg-close to the underlying function with confidence at least
1-— k—lz This can be easily achieved by using a structural risk minimization argument. Note that
we will use hi_, to make the prediction at stage k, and use the sample observed at stage k to find
hj for the next stage. We now choose ¢ small enough so that the probability that it has average
error jump above € in the infinite horizon is at most k: . This can be done by Chernoff bound with
a union bound, and observe that )~ | exp(—2ney) convergence and goes to zero when ¢, goes to
zero. The theorem now follows by Borel-Cantelli lemma, since k% is summable. |

One may also consider the scenario when the rate of convergence to zero is controlled. It can be
shown that if the class has finite VC-dimension, then we can have rate of O(k’fl") in expectation,
see Haussler et al. (1994). However, this does not automatically give us an almost sure upper bound

on the cumulative errors, since the errors at different time steps are correlated. We now show that we

can indeed achieve a O(@) rate almost surely. To do so, we use a doubling trick. We partition the
prediction into stages. At stage k, we will see 2 sample-label pairs, and we generate a hypothesis
hy, using the observed pairs. We then use hy, to make predictions for another 2 steps, at the end of
which we move to stage k + 1. To see why this approach works, we denote I,, to be the indicator
that an error occurred at step n. By construction, we know that the indicators in each phase are
independent. We can therefore employ multiplicative Chernoff bound to show that with probability
at least 1 —O(1/2%) the number of errors at stage k is upper bounded by O(k) (using empirical risk
minimization to obtain hy is sufficient to achieve this). Therefore, by the Borel-Cantelli lemma, the
partial sums of the indicators {I,,} up to stage k will be eventually upper bounded by O(k?) with
probability 1. Since the first n steps will cover at most log(n) stages, the result follows. Note that,
the O(log? n/n) rate is not meant to be optimal, it is not hard to see that similar argument could
establish a O(log nloglogn/n) rate almost surely by replacing the hj with an optimal predictor
that has errors O(log k/2*) with probability 1 — O(1/k?). We leave it as an open problem to obtain
the optimal almost sure rate with finite VC-dimension.

A binary hypothesis class H is said to be closed, if for any measurable function f and distribu-
tion 1 we have

jnf Proulh(z) # f(2)] =

20
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then f € H. Recently, Bousquet et al. (2020) showed that for closed hypothesis classes the expected
rate (i.e. E[]},,]) can either be exponential or linear or arbitrary slow (here we have used the closeness
notion in replacing of the adversary setting in Bousquet et al. (2020)). Note that the closeness of the
class is a crucial part to establish their lower bounds. For example, consider the class R of all linear
threshold functions over [0, 1] with rational parameter, we know that the class can be learned with
finitely many errors almost surely. However, R is not closed and it has an infinite Littlestone tree,
the result of Bousquet et al. (2020) only implies that the closure of R has E[I,,] = Q(1/n). Itis
therefore an interesting problem to investigate whether similar phenomenon will happen for general
classes (i.e. not necessarily closed) and in the almost sure scenario.
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