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Abstract

We consider the problem of the Zinkevich (2003)-style dynamic regret minimization in online
learning with exp-concave losses. We show that whenever improper learning is allowed, a Strongly
Adaptive online learner achieves the dynamic regret of O*(nl/ 303/ By 1) where C,, is the roral
variation (a.k.a. path length) of the an arbitrary sequence of comparators that may not be known
to the learner ahead of time. Achieving this rate was highly nontrivial even for square losses in
1D where the best known upper bound was O(y/nC,, V logn) (Yuan and Lamperski, 2019). Our
new proof techniques make elegant use of the intricate structures of the primal and dual variables
imposed by the KKT conditions and could be of independent interest. Finally, we apply our results
to the classical statistical problem of locally adaptive non-parametric regression (Mammen, 1991;
Donoho and Johnstone, 1998) and obtain a stronger and more flexible algorithm that do not require
any statistical assumptions or any hyperparameter tuning.

Keywords: Non-stationary Online Learning, Dynamic Regret, Strongly Adaptive methods, Online
Non-parametric Regression

1. Introduction

We consider a generic online learning framework which is modelled as an interactive n step game
between a learner and adversary. At each time step , the learner predicts a p, € D C R%. Then the
adversary reveals a loss function f; : R — R. The objective of the learner is to minimise its regret
against a predefined set of strategies }V that is known to the learner before the start of the game. We
call a learning algorithm to be proper when D = W. Further when D = )V are convex sets and
the losses f; are convex in D, the generic learning framework reduces to the one studied in Online
Convex Optimization (OCO) (Hazan, 2016). On the other hand, we call the learning algorithm to be
improper when D D W. A commonly used metric to measure the performance of the learner is its
static regret defined as

R, = Z;ft(pt) — inf z;ft(w)
= =

wew

A sub-linear static regret implies that the average loss incurred by the learner converges to that of the
best comparator strategy in hindsight.

A canonical example of an improper algorithm can be found in an online linear regression setting
where f;(u) = (y; — x] u)? with |y;|< 1, ||z¢||2< 1 and we are interested in controlling the static
regret against against a set of linear predictors with bounded norm, W = {w € R? : ||w|2< 1}.
One popular learning algorithm in this framework is the Vovk-Azoury-Warmuth (VAW) forecaster

(Vovk, 1997; Azoury and Warmuth, 2004) (or see Section 11.8 in (Cesa-Bianchi and Lugosi, 2006)).
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The VAW forecaster attains an O(d logn) static regret against V). However predictions of VAW at
time ¢ denoted by u; may not necessarily satisfy ||u;|2< 1 hence making it an improper algorithm.

The notion of static regret is not befitting for non-stationary environments — such as financial
markets — where it could be inappropriate to compete against a fixed comparator due to the changes
in the dynamics of the environment. The work of (Zinkevich, 2003) introduces the notion of dynamic
regret defined as

Ry, o = fi(Dy) = frlwy), (1)
t=1

for any sequence of comparators w; in V. The dynamic regret bounds are usually expressed in
literature as a function of number of time steps and some path variation metric that captures the
degree of non-stationarity in the comparator sequence. In this paper, we study the following path
variation:

n
TV(wi,...,w,) = > |lwy —w;1]ls.
t=2

The maximum dynamic regret against all comparator sequences whose path variation is bounded by
a number C), can then be defined as

R, (Cy) := sup R»

Wi, Wn "
Wi,...,; Wn

Tv(wla“-»'wn)gcn

There is a complementary body of work on Strongly Adaptive (SA) algorithms (Daniely et al.,
2015) where the static regret in any sub-interval of [n] := {1,...,n} is controlled (see Section 2 for
areview). Hence SA algorithms have the nice property of being globally and locally optimal. The
work of (Zhang et al., 2018b) exploits this property of SA algorithms to control their dynamic regret
in terms of a variational metric that measures how much the losses f; change over time. In particular,
whenever the losses have extra curvature properties such as strong convexity or exp-concavity, they
show that one can get fast dynamic regret rates. However, it was unclear if SA methods can lead
to optimal dynamic regret guarantees in terms of the path length of the comparator sequence — an
open question raised in (Zhang et al., 2018b).

The works of (Zhang et al., 2018a) and (Yuan and Lamperski, 2019) attains a dynamic regret
of O*(y/n(1+ Cy)) and O*(/nC,, V log n) respectively, where O*(-) hides dependence on the

dimension and (a V b) = max{a, b}. However, we show a lower bound of Q*(n}/3C*  log n) in
Proposition 11 applicable to the case when losses are strongly convex / exp-concave. Hence, there is a
large gap between this lower bound and existing upper bounds. In this work, we show that whenever
improper learning is allowed and when the loss functions are strongly convex / exp-concave, one can
leverage SA algorithms to attain the sharp rate of O*(n'/ 8023y logn) for R, (C,) where O*(:)
hides dependence in the dimension and factors of logn (see section 4 for formal statements and
complete list of assumptions). Further, the SA algorithms need not require the apriori knowledge of
C), to attain this rate.

As a concrete use case, we show that our results have interesting implications to the problem
of online Total Variation (TV) denoising. The offline version of TV-denoising problem has seen
many influential applications in the signal processing community. For example, algorithms that use
TV-regularization has been deployed in every cellphone, digital camera and medical imaging devices
(we refer readers to the book (Chambolle et al., 2010) and the references therein) as well as other
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tasks beyond the context of images such as change-point detection, semisupervised learning and
graph partitioning.

We proceed to formally introduce the non-paramteric regression problem behind TV-denoising.
Define a non-parametric class of TV bounded sequences as

TV(Cy) = {(wl, Cwn) Y |wy = wp|< cn} :
t=2

where > )" o|w; — wy_1] is termed as the TV of the sequence w1, := (w1, ..., w,). In the offline
TV-denoising problem we are given n observations of the form y; = wy + €; where ¢; are iid zero
mean subgaussian noise, ¢ € [n] and w;.,, is an unknown sequence in 7V(C),). We are interested
in coming up with estimates 1, such that R7Y(C,,) := E [>7"_ (¢ — wy)?] is controlled. Several
non-parametric regression algorithms such as Trend Filtering (Tibshirani, 2014) are known to achieve
a near minimax optimal rate of O(n'/ 302/ 3) for R7Y(C,,) where O(-) hides dependence on factors
of log n.

We can instantiate an online version of the above non-parametric regression problem behind
TV-denoising into our learning framework with slight modifications. We consider a TV class with
bounded sequences

TVB(C'n) = {wlm : Z|wt —wp—1|< C, |w|< BVt € [n}} ) )

t=2

When viewed through our online learning framework, we take f;(z) = (y; — x)? where |y;|< B,
D = W = [-B, B]. Labels yi., is a fixed sequence in contrast to the stochastic noise setting
discussed earlier, and we are hoping to compete with the best approximation from sequences in
TVE(C,) for all C,, > 0 at the same time. We remark that to compete with the entire 7V(C,,) class
it is sufficient to compete with 7VP(C),) due to the property |y;|< B. We show in Section 3 that by
using appropriate SA algorithms, one can attain a dynamic regret of R,,(C,,) = O(n'/ sc2/ 3). This
in turn implies the minimax estimation rate in the iid stochastic setting (see Appendix A for details).
Further our results have the added advantage of providing an oracle inequality. We conclude this
section by summarizing our key contributions below.

* We show that Follow-the-Leading-History (FLH) algorithm (Hazan and Seshadhri, 2007) with
Follow The Leader (FTL) as base learners can achieve the optimal minimax regret (modulo
log n factors) of O(n'/3C%/*B4/3 v B2logn) for the problem of online non-parametric
regression with TV bounded sequences — 7 V5 (Cy) — as the reference class. The policy is
adaptive to the TV budget C,,. Further, we demonstrate that the same policy is minimax
optimal for smoother non-parametric sequence classes such as Sobolev class or Holder class.

* When improper learning is allowed and when the loss functions revealed by the adversary
are exp-concave, strongly smooth and Lipschitz on a box that encloses the set of comparators
W, (see Section 4) we show that FLH with ONS as base learners attains a dynamic regret of

0) <d3'5(n1/3C’,2/3 v 1)) when C,, > 1/n and O(d" logn) otherwise, without prior knowl-
edge of C), — the path variation of the comparator sequence. This rate is shown to be minimax
optimal modulo polynomial factors of log n and d.
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* The proof of the regret bound is facilitated by exploiting a number of distinct structures of
primal and dual variables in KKT conditions of the optimization problem solved by the offline
oracle. We believe that this style of analysis can be useful in bounding the regret of online
algorithms in a broader context.

2. Related Work

We begin by recalling works that are most relevant to our setting. We reserve the term OCO setting
when W = D and loss functions are convex in D.

For an arbitrary comparator sequence in ¥ denoted by w1 ., := (w1, . .., w,),(Zinkevich, 2003)
introduces a path variational defined as

n
Po(wi,. . wn) = [lwy — wi]f2. 3)
t=1

They show that in the OCO setting, the Online Gradient Descent (OGD) algorithm can attain a
dynamic regret (Eq.(1)) of O(v/n(1 + P,)), butif P, is known'!, O(y/n(1 + P,)) can be achieved
by simply increasing the learning rate appropriately. By hedging over a collection of OGD algorithms
defined by exponential grid of step sizes, (Zhang et al., 2018a) proposes an algorithm that achieves a
faster rate of O(y/n(1 + P,)) which is shown to be minimax optimal when the loss functions are
convex. (Yuan and Lamperski, 2019) proposes strategies that can attain regret rates of O(v/nP,, V
logn) and O(v/dnP,, V dlogn) for strongly convex and exp-concave losses respectively. However,
this regret rate is only optimal when P,, approaches n or P,, = O(1/n).
(Besbes et al., 2015) introduces the functional variation defined as

Dy = Y mas|fi(w) — fiy ()] @)
t=2

They show that by using a restarted variant of OGD, one can attain the dynamic regret rate of
O(nz/ 3D,1/ 3) and O(\/nDn) for convex and strongly convex losses respectively using noisy-gradient
feedback. This setting is incompatible to ours as it exploits smoothness in fi, ..., f, while we allow
f1, .-, fn to be arbitrary. Moreover, they need to know D,,.

There is a parallel line of work (Hazan and Seshadhri, 2007; Daniely et al., 2015; Adamskiy
et al., 2016) that focuses on controlling the static regret in any sub-interval of [n] . In particular,
(Daniely et al., 2015) proposes the notion of Strongly Adaptive algorithms. An algorithm is said to
be Strongly Adaptive (SA) if for every continuous interval I C [n], the static regret incurred by the
algorithm is O(poly(logn)R*(|I|)) where R*(|I]) is the value of minimax static regret incurred in
an interval of length |7|. In this viewpoint, the algorithms proposed by (Hazan and Seshadhri, 2007)
for strongly convex / exp-concave losses are in fact Strongly Adaptive.

(Zhang et al., 2018b) shows that SA methods enjoys a dynamic regret of O(nz/ 3D71/ 3) for convex
functions and O(v/nD,,) and O(v/dnD,,) for strongly convex and exp-concave losses respectively
without prior knowledge of D,,. We refer the reader to Appendix A for a discussion on various other
dynamic regret minimization strategies such as (Jadbabaie et al., 2015; Yang et al., 2016; Mokhtari
et al., 2016; Chen et al., 2018; Zhao et al., 2020).

1. In a sense that we are to only compete with sequences with path length < P,, rather than simultaneously competing
with all sequences P, > 0.
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The setting of learning with squared error losses we consider in Section 3 can be regarded
as an online version of the batch Total Variation denoising problem. The corresponding offline
problem has been studied extensively in the non-parametric regression literature. Many algorithms
such as Wavelet Smoothing (Donoho and Johnstone, 1998), Locally Adaptive Regression Splines
(van de Geer, 1990) and Trend Filtering (Kim et al., 2009; Tibshirani, 2014; Wang et al., 2014, 2016;
Guntuboyina et al., 2017) have been shown to acheive the optimal minimax rates of O(nl/ SC’,%/ 3)
under squared error loss where n is the number of samples and C), is the TV of the ground truth.
All of these estimators have a key property of local adaptivity where the estimators are able to
detect abrupt local fluctuations in the ground truth signal and adjust the amount of smoothing to be
applied which is essential for optimally estimating TV bounded sequences that can exhibit spatially
in-homogeneous degree of smoothness.

(Baby and Wang, 2019; Baby et al., 2021) studies the problem of estimating TV bounded
sequences in an online stochastic optimization framework. They assume that the labels revealed
by the adversary is the noisy realization of a ground truth sequence that belongs to a T’V (C,) ball.
However, the absence of such statistical assumptions on revealed labels in our setting makes the
problem significantly more challenging. Interestingly, a lower bound from (Baby and Wang, 2019)
implies that the meta-hedge algorithm of (Zhang et al., 2018a) requires 2(v/nP,) dynamic regret
even if the loss functions are strongly convex, despite the fact that OGD achieves O(logn) static
regret. Extension to higher order TV classes are considered in (Baby and Wang, 2020).

We refer the reader to Appendix A for an elaborate description on how our TV-denoising
framework fits under the umbrella of online non-parametric regression framework developed by
(Rakhlin and Sridharan, 2014) and others (Gaillard and Gerchinovitz, 2015; Koolen et al., 2015;
Kotlowski et al., 2016).

3. Performance guarantees for squared error losses

In this section, we focus on the online TV-denoising problem which is a special case of our online
learning framework with squared error losses as discussed in Section 1. This will help to build the
intuitions behind the analysis for general exp-concave losses as well. All unspecified proofs of this
section are deferred to Appendix C. We consider the following interaction protocol.

* Attime ¢ € [n] learner predicts x; € D = [—B, B|.
* Adversary reveals a label v, € [—B, B].

* Learner suffers loss (y; — x)*.

We define the comparator class as the set of TV bounded sequences that takes values in W =
[—B, B] as in Eq.(2). The performance of the learner is measured using dynamic regret against the
sequences that belongs to 7VZ(C,,), for all C,, > 0 simultaneously.

The main SA method that we will be relying on throughout this paper is the FLH algorithm
from (Hazan and Seshadhri, 2007). We provide a description of this algorithm in Appendix B for
completeness. We have the following regret guarantee for FLH with Follow-the-Leader (FTL) as
base learners (in this case, FTL is equivalent to simple online averaging).
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Theorem 1 Let x; be the prediction at time t of FLH with learning rate ( = 1/(8B?) and base
learners as FTL. Then for any compararator (wy, . .., w,) € TVE(Cy,)

S (= w)? — (g —wi)? = O (n3CHBYS v B,

t=1

where the labels obey |y;|< B, O(-) hides dependence on logarithmic factors of horizon n and
aV b:=max{a,b}.

Remark 2 (Adaptivity to C,, and (non-stochastic) oracle inequality) We remark that FLH-FTL
does not require Cy, as an input thus Theorem 1 implies the following oracle inequality

n

Z(?Jt —2;)* < min Z ye —wi)> 4+ O ( VBTV (w1 )22 BY3 v BQ> .

W1y Wn
t=1

Such result is not known for any algorithm even in the offline case when vy, ..., yy is known. Notice
that wy does not need to be constrained because —B < y; < B.

The strongest oracle inequality for TV-denoising to our knowledge is that of (Guntuboyina
et al., 2017; Ortelli and van de Geer, 2019), which shows that the fused-lasso estimator with
tuning parameter X obeys > ¢ (ye —x4)? < mityy, . w, Doreq (Yt —we)? +O (NTV(wy.y,)) , under
additional stochastic assumptions of y;. Our results eliminate the need to choose hyperparameter \
all together and achieve the same rate achievable by the optimal choice of .

For the sake of clarity we next present the strategy we adopt for proving Theorem 1. We also highlight
the main technical challenges that are needed to be overcome along the way. This is followed by
some useful lemmas and proof of the main theorem in Section 3.2.

3.1. Proof strategy for Theorem 1

Let uy,...,u, be the offline optimal sequence (see Lemma 3) in 7V5(C,,) which attains the
minimum cumulative squared error loss. Note that this offline optimal can depend on the entire
sequence of labels y1, . . ., ¥, chosen by the adversary.

Consider a partitioning of [n] into M sub-intervals {[i,, ]} ;. We will also use the number i to
refer to the interval [is, ;). For the interval 7, define the quantities: nl =i—is+1,7 = 1 Z i Yis
= 1 it

U; = I G=is Uj.

We start by the following regret decomposition.

it it M
n—zz i =) = (Y5 — 9i) +ZZ ) = (g —w) Y (g — ) — (g — )’

1=1 j=1s =1 j=1s =1 j=1s

T To,i Ts,;

&)

Now the task of bounding R,, reduces to bounding T4 ;, T> ;, T3 ; for each bin and adding them
up across all M bins. Let C; be the TV within bin ¢ incurred by the offline optimal. In Lemma 5, we
exhibit a partitioning P of [n] into M = O(n'/3C2/* B=2/3) bins such that C; < B/ /ni for each
bin.
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Due to strong adaptivity of FLH, the term Ty, = O(B?logn) since it is the static regret
against the fixed comapartor §;. Hence adding them across all bins in the partition P yields
Zi\il Tl,i = O~(n1/3C,%/SB4/3)

By exploiting the KKT conditions satisfied by the offline optimal and using strong smoothness,
we show in Lemma 9 that 73 ; can be at-most O(niC'Z-2 + AC;) in general. Here A > 0 is the optimal
dual variable arising from the KKT conditions (Lemma 3). Since C; = O(B/,/n;) for bins in the
partition P, we have n;C? = O(B?). However, it is not possible to bound AC; = O(1) since A can
be even O(n) in some cases (See Example 21 in Appendix C).

This is where the term 75 ; plays a crucial role. Note that since g; is the minimizer of g(x) =
Z;t:is (y; — )2, we conclude that T ; < 0. For simplicity of exposition, let’s assume that 75 ; <
0, deferring formal arguments for the general case to Section 3.2. We show that this negative
term diminishes the AC; arising from the bound on 73 ; to a quantity that is O(1). Specifically,
Ty; + Ts; = O(B?) even though individually |T» |, |T3 ;| can be very large. The desired regret

bound now follows by summing it across all M = O(n'/3C2/* B~2/3) bins in P.

3.2. Regret Analysis

Define the sign function as sign(x) = 1if z > 0; —1if x < 0; and some u € [—1, 1] if x = 0. For
a vector ¢ € R?, sign(x) € R? is defined by the coordinate-wise application of this rule. We start
by presenting a sequence of useful lemmas.

Lemma 3 (characterization of offline optimal) Consider the following convex optimization prob-

lem (where Z1, ..., Zn—1 are introduced as dummy variables)
. 1 o
i 5By 2 tz_;(‘% W)
s.t. Zt = U1 — W VE € [n — 1],

n—1
> lal< Cy (62)
t=1

Letuy, ..., Uun, 21, .., 2n—1 be the optimal primal variables and let X > 0 be the optimal dual

variable corresponding to the last constraint (6a). By the KKT conditions, we have

e stationarity: vy, = u; — NS¢ — si—1), where sy € 0|z| (a subgradient). Specifically,
s = sign(uprr — ug) if |ugr1 — we|> 0 and sy is some value in [—1,1] otherwise. For
convenience of notations later, we also define s,, = sg = 0.

* complementary slackness: X (>} o|luy —ui—1|—Cy) = 0.

Remark 4 We enumerate some elementary observations about the optimal primal variables in
Lemma 3 that will be used throughout.

Pl For any time point t, if the optimal solution ui11 > uy, then sy = 1. Similarly sy = —1
whenever w1 < ug. If uy = w1, the s; can be any number in [—1, 1].

P2 Consider a sub-interval [a,b] with 2 < a < n — 1 such that the optimal solution jumps at both
the end points. i.e uy # ug_1 for k € {b+ 1,a}. Define As,_p := sp — Sq—1. Then either
|ASa—p|= 0 0r |Asq_p|= 2 since sq—1 € {—1,1} and s € {—1,1}.
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P3 Consider a sub-interval [1,b] with b < n such that uyq # up. Then |Asy_p|= 1 since so =0
by convention (Lemma 3). Similarly for a sub-interval [a,n] with a > 1, such that ug—1 # Uq,
we have |Asq—n|= 1.

Terminology. We will refer to the optimal primal variables uq, ..., u, in Lemma 3 as the offline
optimal sequence in this section.
Next, we exhibit a useful partitioning scheme of the interval [n].

Lemma 5 (key partition) Initialize Q < ®. Starting from time I, spawn a new bin [is, i;] whenever
Z;ﬁ:i;rl]w —w;j_1|> B/\/ni, where n; =iy — is + 2. Add the spawned bin [is, | to Q. Consider
the following post processing routine.

1. Initialize P < ®.
2. Fori e ||Q|):

* fui, = wi g
(a) Let p be the largest time point with uy.;, being constant and let q be the smallest
time point with w;,1.q being constant.

(b) Add bin [is,p — 1] 10 P.
(c) If (i+ 1) > q then add [p,q] to P and set (i + 1) < q + 1.
(d) Goto Step 2.

* Add [is, it] to P. Goto Step 2.

Let M := |P|. We have M = O (1 Vn1/3C’721/3B*2/3>. Further for any bin [is,it] € P, it
holds that Z;t:is+1|uj —uj_1|< B/\/n; where n; = iy —is + 1.

Remark 6 Consider a bin [is, i) € P. Let As; := s;, — si,—1. By virtue of the post processing
routine of Lemma 5, the bin [is, i;] will conform to either of the cases P2 or P3 in Remark 4. So we
have |As;|> 0 implies |As;|> 1.

We emphasize that the bins [is, i;] we consider in Eq. (5) belong to the partition P of Lemma 5.
We proceed to bound 74 ;, 75 ; and T3 ; in the regret decomposition of Eq.(5).

Lemma 7 (bounding T ;) Assume that we run FLH with the settings described in Theorem 1. For
any bin i we have T ; = O (32 log n)

Lemma 8 (bounding T ;) Define C; := Z;t:is+1|uj —Uj_1

offline optimal solution. Let As; := s;, — s;,—1 and n; := iy — is + 1. We have Ty ; <

, the TV within bin © incurred by the
—\2 (Asi)2
n; :

Lemma 9 (bounding T3 ;) Let C; and As; be as in Lemma 8.

Case(a) If |As;|> 0then T3; < B? + 6)C;.
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Case(b) If As; = 0 with s;,_1 = s;, = 1 and the offline optimal u is non-decreasing within bin 1,
then Tz ; < B2

Case(c) If As; = 0 with s;,_1 = s;, = —1 and the offline optimal w is non-increasing within bin i,
then T37l‘ < B2

Proof of Theorem 1 Tree diagrams that represent the flow of arguments in the proof is displayed in
Fig.3 and 4 in Appendix C. We start from the regret decomposition in Eq. (5).

Case (a) in Lemma 9. First we handle case(a) in Lemma 9 where |As;|> 0. Define T; :=
Th; +T5; + T3;. From Lemmas 7, 8 and 9 we have

A2(As;)?
T, < O (Blogn) —(72§)+BQ+6A01-

)\Q(Asi)2

1

I, C2 ([ AAs;  3Ci/mi\>
< le (e v 1 )
S OFloBn) + (5, (m )
<@ O(B’logn) +9B*

< O(B?logn),

<O (B*logn) — + 6AC;

where line (a) is obtained by completing the square. For line (b) we dropped the negative term used
Remark 6 to conclude |As;|> 1. Further n;C? < B? for bins in the partition P of Lemma 5.

Case (b) and (¢) in Lemma 9. To handle case (b) and case (c) in Lemma 9 where As; = 0 and
monotonic, we have T ; = O(B2 log n) due to Lemma 7, 75 ; < 0 due to Lemma 8 and 73 ; < B?
due to Lemma 9. So T; < O (B?*logn) + B* < O(B?logn).

Other cases:

(A1) Consider the case when As; = 0 with s;,_1 = s;, = —1 and the offline optimal w is
non-decreasing within bin ¢. If the sequence is constant within the bin, then trivially we have
T; = O (B?logn) due to Strongly Adaptivity of FLH. Otherwise, we the split the original bin into
two sub-bins [is, k] and [k + 1,4;] such that s = 1 with ug1 > ug. See config (a) in Fig.1 for an
illustration. Then the two sub-bins falls into the category of case (a) in Lemma 9. By bounding the
regret within each sub-bin separately by following the previous arguments for case (a) and adding
them up, we can get 1; < O (32 log n) regret for the original bin. The arguments for the case when
As; = 0 with s;,_; = s;, = 1 and the offline optimal u is non-increasing within bin ¢ are similar.

(A2) To handle the case when As; = 0 and the optimal sequence is not monotonic, we split the
bin into two parts. Consider the case s;, = s;,—1 = 1. We can split u;,.;, as u;.;; and ug1.;, such
that the sequence ;i is non-decreasing and s = —1 with u; > ug4;. See config (b) in Fig.1 for
an illustration. Notice that both the sub-bins w;.;; and wj.1.;, now falls into the category of case(a)
in Lemma 9. Adding the bounds within these sub-bins by following the treatment for case (a) above
yields T; < O (B2 log n) The arguments for the scenario s;, = s;,_1 = —1 are similar.

Now the theorem follows by summing Zf\il T; for the M = O (1 \% n1/3C'E/SB_2/3) bins in
the partition P of Lemma 5.

The previous results generalize to online TV-denoising framework in higher dimensions.
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Si,—1 = —1,5,‘, = —1,AS,' =0 Siy—1 = 1.,8,‘, = LAS,‘ =0
: P e o 6 P o o o
o o o o o o o o o o o o
o o o o o ¢ 9 *—o 00—
—0— e 0o 0 :
i k 7, ig k n
config (a) config (b)

Figure 1: Examples of configurations referred in the proof of Theorem 1. The blue dots corresponds
to the offline optimal sequence.

Proposition 10 (Extension to higher dimensions) Consider a protocol where at each time the
learner predicts a vector ¢, € RY after which the adversary reveals y, such that |y;| < B.
Consider a comparator sequence of vectors wi, ..., wy such that TV (wi.,) == Y, o|lwy —
wy_1]1< Cy. By running d instances of FLH with learning rate ( = 1/(8B?) and FTL as base
learners, where instance i, i € [d], predicts x.[i] at time t, we have

Ro(wia) i= Y llye = @il3— [y, — wili= O (dB>logn v &'l P2 B1%)
j=1

Proposition 11 (Lower bound) Assume the protocol and notations of Proposition 10. For any
algorithm, we have

sup Ry (wig,) =Q (dB2 logn Vv d1/3n1/3Cg/3B4/3) .
wl:n:TV(wlzn)SCn

By comparing the upper and lower bounds, we conclude that the FLH-FTL strategy in Proposition
10 is minimax optimal (modulo log factors) wrt all parameters d, n, B and C,.

Remark 12 Several other non-parametric sequence classes such as the Holder ball HP (B!, =
{wlzn : ||Dw1n||oo§ B7/17 ||w1n||00§ B} and Sobolev ball SB(C’/,I) = {wlzn : ||Dw1n||2§
C! |l wim|lw< B} can be shown to embedded inside a TV (C,,) ball for appropriate choices
of Cp, By, and B), (see (Baby and Wang, 2019)) with all classes having the same minimax rates of
estimation in the iid setting. So the minimax optimality on TV ball for FLH with FTL as base learners
implies minimax optimality on the embedded Holder and Sobolev balls as well.

4. Performance guarantees for exp-concave losses

We begin by listing all the assumptions we make about the loss functions.

EC-1 Without loss of generality, we assume 0 € W. Let B := sup,cyy |||/ Define D~ := {x €
RY : ||z||oo< B}. The loss functions f;(z) : R? — R are G Lipschitz in D~.

10
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EC-2 The loss functions are 3 strongly smooth in D = {x € R? : ||z||< B + G}. i.e fi(y) <
fi(@)+(y—x)TV fi(x)+ g |z —vy||3, forall z,y € D. We assume without loss of generality
that 5 > 1.

EC-3 The loss functions are o exp-concave in D. ie fi(y) > fi(x) + (y — )TV fi(x) +
2 ((y—2)'Vfi(x))’ forall @,y € D.
EC-4 The loss functions f;(z) : R¢ — R are G' Lipschitz in D.

Below, we give an example of a family of loss functions that satisfy the above assumptions.

Example 13 (Generalized linear models) Let f;(x) = g(v]x), where g : R — R is a convex
function and v is a feature vector. Let ||v¢||2< R. Assume thatfor all x € D~ we have |g} (vl z)|<
a. Further for all x € D, let |g,(v] x)|< a¥, g/ (v x) <b, g/ (v]'x) > ¢ > 0. Then Assumptions
EC 1-5 are satisfied by by the losses f; with G = aR, 3 = bR?, a = ¢/((a™)?) and GT = Ra™.

We are interested in characterizing the maximum dynamic regret

RI(CM = sup th xy) — fi(wy),
ZLQHwt—wt_ﬂhﬁC B

where x; are the predictions of the learner. Since YV C D™, the dynamic regret against comparators

in D~ trivially upperbounds the dynamic regret against V. The algorithms that we study throughout

this section are improper in the sense that the predictions of the algorithms belong to D D W.
Before diving into the details, we remark that our main focus is to get optimal dependence on

n and C),. The dimension d is considered as a constant problem parameter and we do not try to

optimize its polynomial dependence. All unspecified proofs of this section are given in Appendix D.
We have the following regret guarantee for exp-concave losses.

. . . 1
Theorem 14 By using the base learner as ONS with parameter ( = min {—4 GT@BVAT2G/B) a},

decision set D and choosing learning rate n = o, FLH obeys Rt (Cy,) = O <d3'5(n1/3C’2/3 Y 1))
(

if Cy, > 1/n and O(d"® log n) otherwise. Here a ' b := max{a, b} and O
the constants B, G, G', a and factors of log n.

-) hides dependence on

Proof [proof sketch] Let wy, ..., u, be the offline optimal sequence such that » ;" | fi(u) is
minimum across all sequences that obeys: (a) >_)" ,[|us — us—1][1< Cy; (b) uy € D~ forall t € [n]
(see Lemma 29 in Appendix D for more details).

Let P be a partition of [n] into M = O*(n 1302/ 3) bins obtained by a similar scheme in Lemma
5 where within each bin, we have Z il — w1 < B/y/ng. Let [ig, i) denote the " bin in

P and let n; be its length. Define u; = 7%1 Zj:is wj and i; = u; — L ZJ ";. Vfj(u;) where 3 is

nif

as in Assumption EC-2. Let x; be the prediction made by FLH at time j. We start with following
regret decomposition.

M it M it
W <Y filws) = Sl + >0 Y fia) - fi(u +Z Z fi(@) = fi(uj) (D
=1 j=1s =1 j=1s =1 j=1s

T4 Ts; T5,;

11
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Unlike the squared error case, for the term 77 ;, we do not compete with the minimizer of
g(x) = Z;t:“ fj(z). Instead we compete with 7¢; which is obtained by a one-step gradient descent
of g(x) from the point u; where the step size is set as 1/(n;03).

Recall that the purpose of g; in Eq. (5) was to make 75 ; non-positive thereby facilitating potential
cancellation of terms arising from the bound on T3 ;. Since g(x) is n;/3 strongly smooth, by the well
known descent lemma in first order optimization (eg. see Eq. 3.5 in (Bubeck, 2015)), we can bound
T»; in Eq. (7) with a “sufficiently negative” term —ﬁ | Vg(@;)||* as well. Also, observe that

> =i IV Fi(@)leo
nf

where in the last line we used the fact w; € D™~ and the Lipschitzness assumption in EC-1 along with

B > 1 by assumption EC-2. So in T} ; the comaparator term 1t; € D. The base learners of the FLH

produce predictions in D to compete with such a comparator hence making the overall algorithm

improper. We do not project % to the set V), because doing so appears to make 75 ; not negative

enough to adequately diminish the terms arising from 73 ;.

Rest of the proof proceeds by introducing lemmas analogous to the squared error case, carefully
bounding T4 ; + 15 ; + 13; for each bin in P and summing them up across all bins. However, we
remark that the analysis is significantly more involved in comparison to that of squared error case
due to dual variables introduced by the additional constraint that u; € D™

We first present the proof for the 1D-exp-concave case in Appendix D.1, which illustrates how
boundedness constraints are handled by the structures in the KKT-conditions (Lemma 23) and by
discussing various combinations (see Fig. 6-8). Then we present the full proof for the higher-
dimensional exp-concave losses in Appendix D.2, where the structure becomes too complex for us to
enumerate all combinations. We address this by constructing an iterative algorithm that generates

[2lloe < [Jts][oot < B+G,

bins and prove that the algorithm is guaranteed to find a partition with cardinality O* (nl/ 3 C’g/ 3) that
satisfies a number of additional properties that give rise to the regret bound we claim. |

Proposition 15 For strongly convex losses, the regret bound can be improved to O (dQ(nl/ 30,2/ 3y 1))

if C,, > 1/n and O(log n) otherwise by using OGD as base learners in the FLH procedure. See
Appendix D.2 for a proof.

By comparing with the lower bound in Proposition 11 we conclude that the dynamic regret bound
of Theorem 14 is minimax optimal (up to log n factors) in n and C,,.

Remark 16 (Implications in statistical methodology.) Example 13 and Theorem 14 extends the
locally-adaptive nonparametric regression theory that are typically studied for square loss to an
arbitrary strongly convex / exp-concave loss while allowing covariates (exogenous variables) to be
modeled. Moreover, the method enjoys strong oracle inequalities (e.g. Remark 2) that certifies the
predictive performance in a fully agnostic / model-misspecified setting with no stochastic assumptions.
In addition, the method does not introduce additional tuning parameters at all.

5. Conclusion and further discussions

In this paper, we considered the problem of dynamic regret minimization with exp-concave losses
and showed that SA methods are minimax optimal (modulo factors of log n and d) in a setting where

12
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improper learning is allowed. To the best of our knowledge this is the first work that attains optimal
dynamic regret rates under this setting. The resulting algorithms are adaptive to the path variation of
the comparator sequence. Further, our results have far reaching consequences in locally adaptive
non-parametric regression as mentioned in Remark 16.

An open problem to investigate is if SA methods can still perform optimally in a proper learning
setting. If we consider a very restrictive setup where the loss functions are exp-concave and for
each function, at-least one of the global optimal points lie in the comparator set WV, it is indeed the
case. An example of this scenario is the squared error loss f;(z) = (y; — x)? with |y|< B and
W = [—-B, B] as in the TV-denoising setup. On the other hand, if there exists an SA learner that
can guarantee O(logn) static regret against any point in R? in any time interval, then our results
provides optimal proper learning when D = WV = R%.
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Appendix A. More on Related Work

Throughout this section, we refer to the variationals P, in Eq.(3) and D,, in Eq.(4) where the
arguments are dropped for brevity. In the OCO setting, when the environment is benign, (Zhao
et al., 2020) replaces the v/n dependence in the regret of O(1/n(1 + P,)) attained by (Zhang et al.,
2018b) with problem dependent quantities that could be much smaller than /n. Although the linear
smoother lower bound in Proposition 2 of (Baby and Wang, 2019) would imply that an OEGD
(Online Extra Gradient Descent) (Zhao et al., 2020) expert with any learning rate sequences require
Q(+/nP,) dynamic regret for the 1D-TV-denoising problem.

Interestingly in (Yuan and Lamperski, 2019) the authors mention that even in the one-dimensional
setting, a lower bound on dynamic regret for strongly convex / exp-concave losses that holds uniformly
for the entire range 0 < P, < n is unknown. However, we find that one can combine the existing
lower bounds on univariate TV-denoising in a stochastic setting (Donoho and Johnstone, 1998)
with the lower bound construction of (Vovk, 2001) (or see Theorem 11.9 in (Cesa-Bianchi and
Lugosi, 2006)) for online learning with squared error losses to obtain an Q(logn V nt/ 302/ 3) in
one dimensions (see Appendix C for details). In this work, we show that SA methods can achieve
a regret that matches this lower bound (modulo polynomial factors of dimension and log n) when
losses are strongly convex / exp-concave.

When the loss functions are strongly convex, (Mokhtari et al., 2016) studies the dynamic regret
against the comparator points that are the unique minimizers of the revealed losses in the set W
(= D). Specifically when w; = argmingcy fi(x), and C}; := > ,||w; — w;_,||2, they show
that OGD can be used to get the rate of O(1 + C};) for the dynamic regret against the sequence w7 .,,.
However, as noted in (Zhang et al., 2018a), that even though this implies an O(1 + C}) bound on the
dynamic regret against arbitrary comparator sequences in Eq.(1), the resulting bound can be overly
pessimistic. As an example, in TV-denoising, fi(z) = (y; — ) where 3; = w; + Noise. Even if w;
obeys that TV (w1.,) = O(1), we would still have E[C;] = > 7" 5 El|ys — ye—1|] > Q(n) , thus the
O(1 + C}) regret bound does not imply any non-trivial bounds in our setting, e.g., if we take the
comparator sequence to be wy, ..., Wy,

Different variational measures capture different aspects of the online learning problem and are
not comparable in general. (Jadbabaie et al., 2015) introduces a policy that attains dynamic regret in
terms of D,, and P,, simultaneously. Various other interesting variational measures and strategies to
control dynamic regret can can be found in the works of (Yang et al., 2016; Chen et al., 2018).

The seminal work of (Hazan and Seshadhri, 2007) introduces the notion of weakly adaptive regret
which is defined as the maximum static regret incurred by the learning algorithm in any continuous
interval. They propose algorithms that obtain static regret guarantees of O(\/ﬁ) for convex losses
and O(l) and O(d) for strongly convex and exp-concave losses respectively. This has been further
developed in (Adamskiy et al., 2016). However, one drawback of weakly adaptive regret stems from
its trivial regret guarantees on short intervals. For example, an O(ﬁ) static regret guarantee on an
interval of length /n is meaningless. This drawback is overcame by the notion of Strongly Adaptive
regret as discussed in Section 2 by taking into account the length of the interval where the static
regret is computed.

(Zhang et al., 2018b) shows that SA methods enjoys a dynamic regret of O(n2/ 3 D,l/ 3) for convex
functions and O(\/nD,,) and O(+/dnD,,) for strongly convex and exp-concave losses respectively
in an OCO setting. Thus when combined with our results, we can conclude that SA methods are
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simultaneously optimal wrt to the dynamic regret based on D,, and P, in an application that allows
improper learning.

Our online TV-denoising setting studied in Section 3 can be cast into the framework of (Rakhlin
and Sridharan, 2014). They study the regret against non-parametric function classes under squared
error loss as follows

n

R, =" —w)? - }g;;(f(wt) — ).

t=1

Our TV-denoising setting setting becomes identical to (Rakhlin and Sridharan, 2014) if one takes the
comparator class F to be space of TV bounded functions and when the features x; are revealed in
an isotonic order: z; < ... < z,. All the results can be trivially extended to the case of arbitrary
covariates that may be non-isotonically revealed by maintaining online averages across all intervals
in a Geometric Cover on [n] and using the specialist aggregation scheme in (Adamskiy et al., 2016)
(see (Baby et al., 2021) for an illustration of this idea in a stochastic setting). We do not follow this
path for the sake of simplicity of exposition.

The results of (Rakhlin and Sridharan, 2014) establish the minimax rates for the quantity R), when
F is taken to be a Besov ball. It is known that a TV ball is sandwiched between two Besov spaces
(see for eg. (Donoho and Johnstone, 1998)) that have the same minimax rate for R},. Hence results of
(Rakhlin and Sridharan, 2014) establishes that minimax regret of our problem is O(nl/ 3). However
their bounds don’t capture the correct dependence on C), and are obtained by non-constructive
arguments. In contrary we obtain upper bounds with optimal dependence on both n and C), by an
efficient algorithm.

(Kottowski et al., 2016) proposes a policy that achieves a rate of O(nl/ 3) for R/, when F is the
family of isotonic functions that take values in [0, 1]. This class is indeed a subset of 7VZ(1). They
exploit the property that the optimal isotonic function is piecewise constant and within a constant
section, it takes the value equal to mean of labels y; within that section. However for our case the
offline problem solved by the oracle is an instance of a constrained fused LASSO which doesn’t
yield such nice closed form expression for value of optimal function within a constant section.

(Gaillard and Gerchinovitz, 2015) proposes a novel chaining algorithm that achieves optimal rate
for R], when F is the family of Holder smooth functions. The functions residing in this class are
spatially homogeneous and more regular than the TV class. We show that our policy is also optimal
for regret against Holder ball embedded within a TV? space (see Remark 12). Interestingly the
generic forecaster they proposed can be shown to yield the optimal O(nl/ 3) rate for our problem.
However, the run-time of that policy is exponential.

Our setting is closely related to the setup studied in (Koolen et al., 2015). Their setting can be
viewed as competing against Sobolev sequences which are more regular than TV bounded sequences.
We show that our policy is also optimal for regret against Sobolev ball embedded within a TV
bounded space (see Remark 12).

We now proceed to explain how the model agnostic regret guarantees presented in this paper
imply minimax statistical estimation rate in a stochastic setting. When applied to squared error losses,
the FLH-FTL procedure can yield

n

S —20)® — (e — we)? = O(n3C2?), ®)

t=1
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where z; are the predictions of FLH-FTL procedure and wy., € TVE (Ch) (see Eq.(2)). We
demonstrate how this implies minimax estimation in an iid setting which is the usual subject of study
in non-parametric regression among the statistics community. In the stochastic setting we have the
following observation model:

Yt = wy + €, t € [n]

for some fixed wy., € TVE (C,,) and ¢ are iid zero mean subgaussian noise with magnitude at-most
B (We could relax the boundedness to be obeyed with high probability). We have,

n

> Ellye — 2)%] = Ellye — w)?] = Y El(we — wy)?] = 2Ees(w — wy)] + Elef] - E[e]]
=1 =1

=) O El(ze —wy)?] — 2E[e) E[(2, — wy)]
t=1

= Bl(x; — w)?]
t=1
=@n) O(n'2C23),

where line (a) is due to the fact that x; and ¢; are mutually independent and line (b) is due to Eq.(8).
From (Baby and Wang, 2019), this is indeed the minimax rate of estimating w;.,, under the stochastic
setting.

Thus we conclude that the model agnostic regret guarantees presented in this paper implies
minimax estimation rate in a stochastic setting and hence the former is strictly stronger.

Appendix B. Preliminaries

In this section, we recall the Follow-the-Leading-History (FLH) algorithm from (Hazan and Seshadhri,
2007) along with some basic definitions.

Definition 17 (Strong convexity) Loss functions f; are said to be H strongly convex in the domain
D if it satisfies

Fily) 2 fula) + (y — =)V fula) + 5 o~y

forallx,y € D.

FLH enjoys the following guarantee against any base learner.

Proposition 18 (Hazan and Seshadhri, 2007) Suppose the loss functions are exp-concave with
parameter o. For any interval I = [r, s| in time, the algorithm FLH Fig.2 with learning rate { = «
gives O(a~(logr + log|1|)) regret against the base learner in hindsight.

Definition 19 ((Daniely et al., 2015)) An algorithm is said to be Strongly Adaptive (SA) if for every

contiguous interval I C [n], the static regret incurred by the algorithm is O(poly(logn)I'*(|1]))
where I'*(|1]) is the value of minimax static regret incurred in an interval of length |I|.
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FLH: inputs - Learning rate ¢ and n base learners E', ..., E"

1. Foreacht, v, = (vgl), cee Ugt)) is a probability vector in R’. Initialize vgl) = 1.

2. Inround ¢, set Vj < t, xi < FI(t) (the prediction of the j*" bas learner at time t).
Play x; = Z§:1 véj)xgj).

3. After receiving f;, set @Eil) = 0 and perform update for 1 < < ¢:

Z;:l Ugj)efcft(xz(fj))

NO.
Vpr1 =

4. Addition step - Set Uﬁiﬁl) tol/(t+ 1) and fori # t + 1:

o = 1=+ 1) e,

Figure 2: FLH algorithm

It is known from (Hazan et al., 2007) that OGD and ONS achieves static regret of O(log n) and
O(dlogn) for strongly convex and exp-concave losses respectively. Hence in view of Proposition
18 and Definition 19, we can conclude that:

* FLH with OGD as base learners is an SA algorithm for strongly convex losses.

* FLH with ONS as base learners is an SA algorithm for exp-concave losses. (We treat dimension
d as a constant problem parameter and consider minimaxity only wrt 7n.)

We have the following guarantee on runtime.

Proposition 20 (Hazan and Seshadhri, 2007) Let p be the per round run time of base learners and
rn be the static regret suffered by the base learners over n rounds. Then FLH procedure has a
runtime of O(pn) per round. To improve the runtime one can use AFLH procedure from (Hazan and
Seshadhri, 2007) that incurs O(plogn) runtime overhead per round and suffers O(ry, logn) static
regret in any interval.

Appendix C. Proofs for Section 3

We start by providing an example of a scenario where A in Lemma 3 can scale linearly with n.

Example 21 Consider the TV(C,,) class with C, = 1 and n > 6. Let the offline optimal be given
by the step sequence uy = ... = U, 2y—1 = 0and u, /o = ... = up = 1. Our aim is to generate
a sequence of labels y, such that this sequence w is indeed the offline optimal in the class TV(1)
along with the property that the optimal dual variable ) scales linearly with the horizon n.

Clearly we must have sy, /9)1 = 1. For some appropriate parameter €, consider the following
sign assignment:
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® S(nj2)—2 = 1-— €,5(n/2)—-3 = 1-— 26, e, 81 = 1- ((n/2) - 2)6,
* Sp—1 =6 8n-2=26...,5,9 = (n/2)e

By setting e = 2/n for n > 6, we get a consistent sign assignment because s; € [—1, 1] for all
1 <t < (n/2) — 2 which corresponds to the portion where uy = 0; 5(,,/9y—1 = 1; and s; € [—1,1]
foralln/2 <t < n — 1which corresponds to the portion where u; = 1.

By taking \ = n/2 the adversary can generate labels y; according to the stationarity condition
in Lemma 3 as follows:

° y1:_2,'
sy =—1, for2<t<(n/2)—1,
* yn/2:1’

sy =2, for(n/2)+1<t<n.

Since the TV of the sequence wu is 1, the complementary slackness is also satisfied. Thus we
conclude that if the labels y, € [—2,2] are generated as above, the offline optimal sequence in
TV(1) class is given by the step sequence w. Furthermore, the optimal dual variable \ = n/2 scales
linearly with the horizon.

Lemma 3 (characterization of offline optimal) Consider the following convex optimization problem
(where Z1, ..., Z,—1 are introduced as dummy variables)

. RS o
G By B 2 ;(yt @)
s.t. Zp = Upp1 — 4 VE € [n — 1],
n—1
> lal< C, (6a)
t=1
Letuy, ..., un, 21,...,2n—1 be the optimal primal variables and let X\ > 0 be the optimal dual

variable corresponding to the last constraint (6a). By the KKT conditions, we have

e stationarity: y; = u; — NS¢ — si—1), where sy € 0|z| (a subgradient). Specifically,
st = sign(uppr — ug) if |ugr1 — ue|> 0 and sy is some value in [—1,1] otherwise. For
convenience of notations later, we also define s,, = so = 0.

* complementary slackness: X (>} o|us — ui—1|—Ch) = 0.

Proof We can form the Lagrangian of the optimization problem as:

n n—1 n—1
S 1 - N ~ . ~
L(u,z,0,\) = ) Z(yt —@)? + A <Z|Zt|_cn) + th(utﬂ — U — Zt),
t=1

t=1 t=1
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for dual variables A > 0 and @ € R™ ! unconstrained. Let the (u, z, v, \) be the optimal primal and
dual variables. By stationarity conditions, we have

Ut — Yt = Ut — U1,
where we take vg = v,, = 0 and
Ve = )\St

Combining the above two equations and the complementary slackness rule yields the lemma. W

Lemma 5 (key partition) Initialize Q <— ®. Starting from time I, spawn a new bin [is, it] whenever
Z;§1+1|uj —uj—1|> B/\/ni, where n; =iy — is + 2. Add the spawned bin [is, is| to Q. Consider
the following post processing routine.

1. Initialize P < ®.
2. Forie||Q|):

* ifui, = witrs
(a) Let p be the largest time point with ., being constant and let q be the smallest
time point with w;, 1.q being constant.

(b) Add bin [is,p — 1] 10 P.
(c) If (i+ 1) > q then add [p,q] to P and set (i + 1) < q + 1.
(d) Goto Step 2.

* Add [is, i) to P. Goto Step 2.

Let M := |P|. We have M = O (1 Y nl/?’C’g/?’B_Z/?’). Further for any bin [is,i;] € P, it
holds that Z;}:iSH’“j —uj_1|< B/\/n; where n; =iy — i, + 1.
Proof Let’s use the notation 7'V [a, b] to denote the TV incurred by the optimal solution sequence in

the interval [a, b]. Let @ = {[t1,¢1],..., [tn, tn]} with ¢ty := 1 and tx :=n. Letnj :=t; —t; + 1
We have,

N-1
j=1

By construction we have TV [t;,t; + 1] > v/, /n;. So,

N-1
C, > Z v/\/1;
j=1
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where the last line follows by Jensen’s inequality. Rearranging gives the bound on N = O (1 v nt/ SC’TQL

Now the post processing step only increases the number of bins by O(N). Thus we get M =
O (1vniBci®B=2/3). m

Lemma 7 (bounding 17 ;) Assume that we run FLH with the settings described in Theorem 1. For
any bin i we have T1 ; = O (B2 log n)

Proof Note that FTL with squared error losses outputs predictions which are online averages of the
past labels that the algorithm has seen so far. Hence the predictions of all base learners as well as
FLH belong to the interval [— B, B]. It is known that (see for eg. (Cesa-Bianchi and Lugosi, 2006),
Chapter 3) squared error losses are 1/(8B?) exp-concave in the interval [~ B, B] . Further FTL
with squared error losses suffers only logarithmic regret of O(B?logn) ((Cesa-Bianchi and Lugosi,
2006), Chapter 3).

Hence due to the adaptive regret bound of FLH (Theorem 3.2 in (Hazan and Seshadhri, 2007))
by setting the learning rate ¢ = 1/(8B?), we have that the static regret of FLH in any interval [i, ;]
is also O(logn). This proves the lemma. |

Lemma 8 (bounding Ty ;) Define C; := " |uj — w;j—1|, the TV within bin i incurred by the

Jj=is+1
offline optimal solution. Let As; := s;, — s;,—1 and n; := iy —is + 1. We have T ; < #?51)2
Proof From the stationarity conditions in Lemma 3, we can write
B 3 AAs;
up — Y = . ©)
n
Further,
it it
S - ) — (- w)? =ni( —5:)2 + 2> (y; — ) (T — i)
j=is =is
_ 2
= —ni(U; — ¥;)
Now plugging in Eq. (9) yields the lemma.
|

Lemma 9 (bounding T3 ;) Let C; and As; be as in Lemma 8.

Case(a) If |As;|> 0then Ts; < B? + 6)C;.

Case(b) If As; = 0 with s;,_1 = s;, = 1 and the offline optimal w is non-decreasing within bin 1,
then Tz ; < B2

Case(c) If As; = 0 with s;,—1 = s;, = —1 and the offline optimal w is non-increasing within bin 1,
then T37i < B2

22
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Proof Applying stationarity conditions, we have

it

Ts; = Z(yj —;)* — (y; — uy)?

j:is
= Z i) (2y; — Ui — uy)
J=ts
=S a0 20y )
J=ts
_Z F— ;)% + 2\ (uy — @) (sj-1 — )
J=is
it
< nzCZQ + Z 2)\(Uj — ’l]i)(Sj_l — Sj), (10)

J=ts

where in the last line we used |uj — @;|< C;. Also observe that niCE < B? for bins in the partition
P by Lemma 5. Now by expanding the second term followed by a regrouping of the terms in the
summation, we can write

it
Z 2\ (u V(sj—1 = s5) = 2A (Si,—1(wiy, — @) — 84, (i, — ;) + 22 Z luj — uj1|
j=is j=ist1
=2)\C; + 2\ (sirl(uis — ﬂz) — 84, (uit — Hz)) (11D

Now we discuss the three cases.

Case (a) When |As;|> 0, then by triangle inequality we have
2\ (sis_l(uis — ﬂl) — sit(uit — ﬂz)) < A4MNC;.

Case (b) In this case we have 2 (s;,—1(u;, — ;) — Si, (ui, — @i)) = Mwi, — ui,) = —2AC; since
the sequence is non-decreasing within the bin. Hence this term cancels with the corresponding
additive term of 2AC; in Eq. (11).

Case (¢) By similar logic as in case (b) we can once again write
2 (Sis—l(uis — ﬂz) — Si, (uit — ﬂz)) = —2)C;.

Substituting the bound of each case into (10). we obtain the expression as stated. |

Proposition 10 (Extension to higher dimensions) Consider a protocol where at each time the
learner predicts a vector x; € R? after which the adversary reveals y, such that ||y,||sc< B.
Consider a comparator sequence of vectors wi, ..., wy such that TV (wi.,) == Y, o|lws —
wy_1|1< Cp. By running d instances of FLH with learning rate ( = 1/(8B?) and FTL as base
learners, where instance i, i € [d], predicts x+[i] at time t, we have

Ry (w1:n) : leypmb Iy, — will3=0 (dB*logn v d'/*n}PC22 513
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Proof Let w1, ..., u, be the offline optimal sequence. Let Cy,[k] = > ;" 5 |us[k] — u—1[K]| be its
TV allocated to coordinate k. WLOG, let’s assume the FLH for coordinates k € [k'] for k&' < d
incurs O (n'/3(C,[k])2/*B*/3) regret and the regret incurred by FLH for coordinates k > k' is
O(logn). Since squared error losses decomposes coordinate-wise, we have

Rn('wlzn) § sup Rn(wlzn)
wl:nZTv(wl:n)SCn

= Rn(ulzn)
k/
— (d—K)B%logn+3_0 (nl/3(Cn[k])2/3B4/3>
k=1
2/3

k/
< (d—K)B?logn + O | n*/3(k)/3B*/3 (Z C’n[k]> ,
k=1

where the last line follows by Holder’s inequality 2"y < [|z[|3]|y]|3/2, where we treat @ as just a
vector of ones in R¥'. The above expression can be further upper bounded by
O (2d32 logn V 2d'/3p1/3G2/ 334/3).

|

Proposition 11 (Lower bound) Assume the protocol and notations of Proposition 10. For any
algorithm, we have

sup Rp(wi) = Q (dB2 logn V d1/3n1/3cg/334/3) .
wl:n:TV(wlzn)Scn

Proof Consider a fixed (but unknown) sequence wq, ..., u, such that TV (u1.,) < C,, with
|lut||]oo < B/2 and TV along the coordinate k£ € [d], TV (u1.n[k]) < Cp/d for all k. Let the
labels be y, = u; + € where each coordinate of €; is generated by iid U[—B/2, B/2|. Further
€1,...,€y are also iid. Then by the results of (Donoho and Johnstone, 1998), for any prediction
strategy that produces outputs x;, we have

_ Q(d1/3n1/3CZ/?’B4/3),

where in line (a) we used the fact that «; [k] is independent of y, [k] and y, [k] —u:[k] ~ U[-B/2, B/2].
The dB? log n part of the lower bound is implied by the lower bound construction of Vovk (Vovk,
2001) (or cf. proof of Theorem 11.9 in (Cesa-Bianchi and Lugosi, 2006)).
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Not monotonic

(A2)

ASZ‘:O
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Monotonic

Siy = 1
Si—1 =1
Non-decreasing

Sip — —1
Sj—1 = —1
Non-increasing

Siy = —1
Sig—1=—1
Non-decreasing

Siy = 1
Si—1 =1
Non-increasing

case (b) and (c)

case (b) and (c)

(AD

Similar to (A1)

Figure 3: Various configurations of the optimal sequence within a bin [is, i) with As; = 0. The leaf
nodes indicate the labels of the paragraphs in the Proof of Theorem I to handle each scenario.

ASZ'#O

case (a)

Figure 4: A configuration of optimal sequence within a bin [is, i;] with |As;|# 0. The leaf node
indicate the label of the paragraph in the Proof of Theorem 1 to handle this scenario.

Close comparison to lower bound in (Baby and Wang, 2019). For the case of 1D forecasting
of TV bounded sequences, (Baby and Wang, 2019) consider a stochastic setting where the labels
obey y; = wy + € for some iid o subgaussian noise €; and w; € TVE (Ch). They provide a lower

bound of € ((nB2 Ano? Anl/3C2364/3) + (nB2 A BC,) + B2) where (a A b) = min{a,b}.

In accordance with the proof of Proposition 11, we can take o = B/2 and w1, € TVB/ 2(C'n) to
translate this lower bound into our setting for 1D case to get a lower bound of:

R (Cy) =0 ((nB2 AnY3C2BBY3Y 1 (nB2 A BC,) + 32) : (12)

Any learner must have to incur O(B?) loss in the first round. Combining this with the upper
bound in Theorem 1 along with the trvial regret bound of O(n.B?) we can get a refined regret upper
bound of:

Rp(Cy) = O <(n32 A n1/303/3B4/3) + B). (13)
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Comparing Eq.(12) and (13) seems to falsely suggest that during the regime where n'/ 36’3/ Spa/ss <
BC,, < nB? upper bound in Eq.(13) is smaller than the lower bound in Eq.(12). Butn'/3C2/3B4/3 <
BC, happens when C), > nB, in which case BC), < nB? is not satisfied. Hence we conclude that
this regime is not realisable implying no contradictions.

Close comparison to lower bound in (Yuan and Lamperski, 2019). Proposition 1 of (Yuan
and Lamperski, 2019) considers squared error losses in 1D and show that when C,, = ni% for all
~ € (0, 1), the dynamic regret obeys

R, (Cp) =8 <logn v (nCn)'Y/2> .

We proceed to show that our lower bound of 2(logn V nt/ 3072/ 3) is tighter than this. Whenever
24
C, = nﬁ we have

(nCy)"/? = n%,
and,

8+~
n1/3C’T2L/3 = nl2-3v,

3 84
It can be verified that for all v € (0, 1), ni-= <n EE making our lower bound tighter.

Appendix D. Proofs for Section 4

D.1. One dimensional setting

In the section, we adopt all the notations used in Section 3. For the sake of simplicity of exposition,
we first present the results in one dimensional setting and extend it later to higher dimensions. We
have the following guarantee in one dimension.

1
AGT(2B+2G/B)’ O‘}
and decision set D and choosing learning rate 1 = «, FLH guarantees a dynamic regret R,,(C),) =

O (n1/3C721/3 V log n)

Theorem 22 (d = 1) By using the base learner as ONS with parameter ( = min {

We start the analysis by inspecting the KKT conditions.

Lemma 23 (characterization of offline optimal) Consider the following convex optimization prob-
lem.

_min > fulin)
t=1

ﬂla oo sUnsR1, -0 y2n—1

s.t. 2t = ’th_;,_l - &t YVt € [n - 1],
n—1
> |EI< Cn, (14a)
t=1
—B<aVteln], (14b)
iy < BVt € [n], (14c)
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Let uy,...,Un,21,...,2n—1 be the optimal primal variables and let A > 0 be the optimal dual
variable corresponding to the constraint (14a). Further, let v, > 0, ’yt"' > 0 be the optimal dual
variables that correspond to constraints (14b) and (14c) respectively for all t € [n]. By the KKT
conditions, we have

o stationarity: V fi(u;) = X (s¢ — s¢—1) + v, — 'yj, where sy € 0|z| (a subgradient). Specifi-
cally, sy = sign(ug+1 — wg) if |ug+1 — we|> 0 and s, is some value in [—1, 1] otherwise. For
convenience of notations later, we also define s, = sg = 0.

* complementary slackness: (a) A (D>} o|ut — ui—1|—Cr) = 0; (b) v, (s + B) = 0 and
v (uy — B) = 0 forall t € [n]

Terminology. We will refer to the optimal primal variables w1, ..., u, in Lemma 23 as the
offline optimal sequence in this section.
Next, we record an easy corollary of Lemma 5.

Corollary 24 (key partition) Assume the notations of Lemma 5. Create a partition of P of [n] with
the procedure mentioned in Lemma 5 . Then for any is, i;] € P, we have

* (TV constraint) Z;t:¢s+1|uj —uj—1|< B/,
* (Bins bound) M := |P|= O(n1/302/3).
* (Structural property) If is > 1 then w;, # w;,—1. Similarly if iy < n then u;, # i, 1.

Now we make an important observation regrading the dual variables ;" and 'y;f. The following
property will be used several times in the proofs to follow.

Lemma 25 Define I'j := Z;t:zs ’y;f andT'; = Z;t:zs v; - Consider a bin [is,i;] € P, where P is
the partition of [n| constructed in Corollary 24. Then at-least one of the following is always satisfied.

° ’7; = OfOl" all] S [isait]'

. f)/;_ = OfOl" Clll] S [isait]‘

Consequently we have Z?:Z-S |fy;|+|7;.r|: T =T, for any bin [is, ] € P.
Proof From the properties of the partition P in Corollary 24, we have that the TV of the offline
optimal incurred within each bin is at-most B/,/n; < B. Hence within bin [i,, i;] € P, if the optimal
sequence attains the value — B at some time point, it can never attain the value B and vice-versa.
So due to complementary slackness rule in Lemma 23, either 'y;f = 0or~; = 0 uniformly for all
J € [is, ). The last line in the statement of lemma follows by recalling that 7; = 0and 7;-“ >0
from Lemma 23.

|

For convenience, we recall here the regret decomposition of Eq.(7) specified to one dimensional
setting. Let P be a partition of [n] into M bins as specified in Corollary 24. Let [i, 7] denote the
it" bin in P and let n; be its length. Define @; = - > . w; and u; = u; — Wlﬁ Z;t:zg V fi(u;)

ng j:7«s
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where 3 is as in Assumption EC-2. Let x; be the prediction made by FLH at time j. We start with
following regret decomposition.

M i M 4
Cn) <Y filay) = fila) + Y > filw) — f +ZZfa i) = fi(uj) -

i=1 j=is i=1 j=is i=1 j=is

~~ ~~

T4 T T3,

We proceed to bound the terms 77 ;,T5 ;, T3 ; for the bins that belong to the partition P.

Lemma 26 (bounding T4 ;) Let the experts in FLH be the ONS algorithms with parameter
¢ = min {WEJ&G)’ a} and decision set D. Also choose learning rate n = «, for FLH. Then for

any bin [is, it] we have,

lo
ij xj) — fi(u;) = O ( BG'logn + GG logn + in>
J=ts

= O(logn).
Proof First we proceed to bound |i;|. Since |V f;(u;)|< G by Assumption EC-1, we have

. e
|| < || +—

B
<B+GaG,

since § > 1 by Assumption EC-2. For any = € D, we have |x — 1;|< 2B + 2G by triangle inequality.

By Assumption EC-4 we have |V f;(z)|< G' for any = € D. Also, recall that by Assumption
EC-3, the loss functions f; are o exp-concave in the domain D. Let p; be the predictions of ONS in
the interval [is, i;]. If we choose ( = min {
2 of (Hazan et al., 2007) implies that

m, a} as the parameter of the ONS, Theorem

Z fi(pj) — f;(i) = O (BGT logn + GGH 1ogn)
J=1s

= O (logn).

Now the Lemma is implied by the SA regret bound of FLH (Theorem 3.2 of (Hazan and Seshadhri,
2007)).
|

Lemma 27 (bounding T ;). For a bin [ig, it € P, let C;,n; and As; be as in Lemma 8 and
Fj, I'; be as in Lemma 25. We have

— (\As; +T7 —TH)?
> fili) = fi() < ( %é 0 + N Asi|C; + Ty = TG
J=ts ¢
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Proof We start with the short proof the descent lemma. Let g(z) be a L strongly smooth function.
Let 2zt =z — uV f(z) for some p > 0. Then we have

o) ala) < (Vo()? (52~ )

_ —(Vg())?
2L ’

by choosing i = 1/L. By taking g(z) = Z;t:zg fj(x) and noting that g is n; 3 gradient Lipschitz
due to Assumption EC-2, we get

TQz:—ij uz f] uz)

J=ts
2
_ (S vh)
a 2n;f3
it 2
—1
= 2B Z: V fi(ug) + V f(a:) =V f(uy)
i 2 ‘
_1 t i
= 2ni3 2 Vi) Z VEiup)| | Y Vi) =V fj(uy)| -
j=is = et

From the KKT conditions in Lemma 23 we have Z;t:is Vfi(uj) = Ms; + I'; — T Since f; are
B-gradient Lipschitz and |u; — u;|< C;, we also have

3 V@) — V()| < niBC

J=is
Substituting these we get,

— (MAs; +T; —T7)°

Tr, <
2= 2n; 3

+ MAsi|Ci + [T = TG

Lemma 28 (bounding T3 ;) For a bin [is, i) € P, let C;, n; and As; be as in Lemma 8 and F;r, I
be as in Lemma 25.
case(a) If |As;|> 0 then we have,

ij — fi(uy) < 6”2 L 130G + [T —TF |G

J=ts
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case(b) If As; = 0 with s;,_1 = s;, = 1 and the offline optimal u is non-decreasing within bin 1
with —B < u; < B foralli € [is, 1), then

ng = [i(u;) < 5n;

J=ts

case(c) If As; = 0 with s;,_1 = s;, = —1 and the offline optimal w is non-increasing within bin i
with —B < u; < B foralli € [is, 1], then

ij — filu;) < Bn;

J=ts

Proof Due to strong smoothness, we have

TSZ:_Zf] ;) fj uj)

J=ts
<N Vi) (@ — wy) + ng u;)”
j=is
i0F | &
Bn + Z Vf] u] uj).

J=ts

Now by expanding the second term and using the structure of gradients as in Lemma 23 followed by
a regrouping of the terms in the summation we can write,

it
Z V£ (ug) (T = ) = A (56,1 (wi, = W) = s (ws, — W) + A Y uj —ujy
j=is j=is+1
+ Z - 7] — )
J=ts

< )‘(sis—l(uis - al) — Siy (uit - az)) + AC; + ‘Fz— - FT’CH (15)

where the last line follows due to Lemma 25 and |u; — u;|< C; for all j € [ig, 1]

Now we consider three cases in the statement of the lemma.

case (a) When |As;|> 0, then by triangle inequality we have
A (Sisfl(uis — ’l_J,,L) - sit(uit — ﬂl)) < 2XC;.

case (b) In this case we have
A(Sig—1(wiy, — @i) — si, (wi, — ;) = Mui, — ui,) = —AC; since the sequence is non-decreasing
within the bin. Hence this term cancels with the corresponding additive term of A\Cj; in Eq. (15).
Further v;” = 'y;f = 0since —B < u; < Bforall j € [ig,i].

case (¢) By similar logic as in case (b) we can once again write
A (sig—1(ui, — @) = s, (ui, — U)) = —AC.

Putting everything together now yields the lemma.
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Proof of Theorem 22. The strategy of the proof is to bound the regret incurred within each time
interval [is, ;] € P where P is as in Corollary 24 and add them up towards the end. We annotate
several key paragraphs for the purposes of referring the arguments contained in them at later points.
If the the partition P contains only one bin, then we split it into at-most two bins [1, a] and
[a+ 1, n] such that the optimal sequence is constant within [1, a] and hence regret incurred within this
bin is 0(1) by Strong Adaptivity of FLH. The regret incurred in the bin [a + 1, i;] can be bounded by
using the arguments below. So in what follows we assume for a bin [is, i) either i5 > 1 or i; < n.
By virtue of Lemma 25, any bin [i,, i¢] € P will have either v;” = 0 forall j € [is, 7] or fy;L =0
for all j € [is,7¢]. Below we bound the regret for bins with vj = 0 uniformly for all j € [is, i¢]. The

arguments for the alternate case where v, =0 follows similarly. Figures 6, 7 and 8 sketch the floor
plan of the proof pictorially. Throughout the proof, we will use the properties in Corollary 24 in
conjunction with the observations in Remark 6.

(S1): Consider a bin with As; = 0 with s;, = s;,_; = 1 and the optimal sequence is non-
decreasing within the bin. By the structural property of Corollary 24, this happens when u;, > u;,_1,
ui,+1 > u;, where 1 < i3 < ¢ < n. Since the sequence is non-decreasing, it never attains — B
within this bin. Hence this is the same situation as in case (b) of Lemma 28. We have 17 ; = O(l)
due to Lemma 26. Tb; = 0 due to Lemma 27 as '] = I'; = 0 since the sequence never attains
+ B within the current bin combined with the fact that As; = 0. T3; = O(1) due to Lemma 28
combined with the fact that C; < B/ /n; due to Corollary 24. So the total regret within the current
bin is bounded by Ty ; 4+ Ty ; + T3, = O(1).

The total regret for a bin satisfying case (c) of Lemma 28 can be bound using similar arguments
as above.

The three cases where (i) As; = 0 with s;,_; = s;, = —1 and the offline optimal u is non-
decreasing within bin ¢; (ii) As; = 0 with s;,_1 = s;, = 1 and the offline optimal w is non-increasing
within bin ¢ and (iii) As; = 0 and w is not monotonic will be covered shortly in the arguments to
follow.

Consider a bin with |As;|> 0 and 'y;f = 0 uniformly. From Lemmas 27 and 28 and using the
fact that |As;|< 2 we have,

AAs; I

C?  —)\2(As;)? —1)?
b€ + A(As) +7AC¢+U+2FiC¢—W.

2 27’Liﬁ 2”16
(1) (2)

Ty, +T3; <

By completing the squares with the terms (1) and (2) in the above display and dropping the negative
terms, we get

Bn;C?  49C?n;f D ViVY b
To; +1T3; < L L 28n;C; — ——+
0i+ T3, > + 2(As,)? + 26n,;C; i
AAs; I
< 27325 _ gv
nif

where in last line we used the facts that C; < B/,/n; by Corollary 24 and |As;|> 1 whenever
|As;|# 0 by Remark 6.
Define T; := >_%,; fj(x;) — f;j(u;). Notice that:

* (A1): WhenT; = 0 and |As;|> 0, combining Lemma 26 we have 7; = O(1);
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* (A2): Similarly when As; > 0, we get T; = O(l) as I, > 0 by Lemma 23.

In what follows, we try to split an original bin [is, i;] with As; < 0 into sub-bins that satisfy the
above conditions (A1) or (A2).

If optimal sequence is uniformly constant, we can appeal to the static regret guarantee of FLH
to get logarithmic regret over n rounds. So we assume that the optimal sequence is not constant
uniformly in the analysis below.

Next, we consider the case when As; < 0. We start with the following observation.

(B1): Consider a bin [is, ;] that satisfies the structural property in Corollary 24. When either
is > lori; < nand As; < 0, then s;, € {—1,0} and s;,_; € {0,1} with at-least one of them
being non-zero.

Since by our assumption |P|> 1, i and i; can’t be 1 and n simultaneously. So for any bin [i, 7]
with As; < 0, observation (B1) has to be satisfied.

When As; < 0, we can have three cases as follows.

Case (1): If the optimal solution is constant (i.e C; = 0) within the bin 7. Then we trivially get
T; = O(1).

Case (2): If the optimal solution is monotonic within bin ¢ (see config (a) in Fig.5 for an example
of this configuration). Then we split the original bin [is, 7;] into at-most 2 bins. Let ji, j2 be such
that u,, = —BYm € [is, j1 — 1] U[jo + 1,4 and uj, > —B,u;, > —B. If u;, > —B, then j1 = i,
and [is, j1 — 1] is viewed as an empty interval. Similar logic applies for the right interval [ja + 1, 4¢].
Since the optimal sequence is monotonic within [ig, 3], either j; = i5 or jo = ;. Without loss of
generality let’s assume that jo = ;. We proceed to bound the regret incurred within each of the two
sub-bins separately.

Let’s annotate bin [, j; — 1] by i(!) and bin [j1,%;] by i(?). For the bin i(1), the optimal solution
is constant and hence the regret T;1) = O(1). For the bin i(?), notice that v, =0Vj€e [71, 1] since
the sequence is monotonic with u;, > —B and since our assumption jo = i; implies u;j, > —B.
Hence we have I, ;) = 0. Since s;, 1 € {0, 1} and by observation (B1), s;, € {—1,0} with at-least
one of them being non-zero, we have |As;|# 0. Hence the bin i(?) falls into the category (A1). So
T,z = O(1). Adding the regret incurred in each sub-bin separately yields 7; = O(1).

Case (3): Consider the alternate case where we have As; < 0 and the sequence is not monotonic
(see config (b) in Fig. 5 for an example of this configuration). We split the original bin [i, i

into at-most three sub-bins [is, j1 — 1], [J1,j2], [j2 + 1,4 such that (i) If v;, = —B, then u,, =
—BVm € [is,j1 — 1] and u;, > —B. If u;;, > —B, then we take j; = i, and view [is, j1 — 1] as
empty interval. (ii) j> is the smallest point in [y, ;] such that s;, = —1 and uj, > uj,41.

Let’s annotate bins [is, j1 — 1], [j1, j2], [j2 + 1, 4] by i), i(®) i) respectively. If bin i(?) is not
empty, then we have T,y = O(1) since u is constant within that bin.

Since As; < 0, we must have s;,_1 € {0,1} even if j; = i;. By construction the sequence
w never attains the value —B in the bin i(?) since uj, > —B and j» is the first time point since j;
after which the optimal sequence jumps downwards. So we have I';2) = 0. Further we also have
|As,(2)|> 0 within bin i?). So we get Tj2y = O(1) since (%) falls into category (A1)

For simplicity let’s assume that u;, > — B, otherwise we can create another bin that ends at time
1y where optimal solution assumes a constant value of —B and proceed with similar arguments as
before to bound the regret in the constant interval.

(S2): If the sequence w is not monotonic in i(3), we split the bin i®) into two parts [72 +
1, js], [js + 1,1 such that js is the largest point in [jo + 1,4;] with s;, = 1 and wj, < ujy41.
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Let’s annotate the bins [j2 + 1, jis], [j3 + 1,1t by ¢}, ¢®) respectively. We have As, ), > 0 since
sj, = 1 and sj, = —1. Hence the bins ¢! falls into the category(A2) mentioned before and we
getT o) = O(1). Notice that s;, € {—1,0} as As; < 0. Since j3 is the largest point in [ja 4 1, 4]
with s;, = 1 and it is assumed before that u;, > — B, we conclude that the sequence in the interval
¢ is a non-increasing sequence that never attains the value —B. So Fq_(2> = 0. Further we have

|As,2|>1.80T @) = O(1) since ¢ falls into the category (A1). We pause to remark that the

arguments we used to bound the regret in the bin i(3) can be used to bound the regret of any bin
[rs, ] € P with As, = 0 and the sequence u being not monotonic within bin r.

Note that since uj, 1 < uj,, bin i(®) satisfies the structural property of Corollary 24. So if the
sequence w is non-increasing in bin i(3) and s;, = —1, it fits into case (c) of Lemma 28. So we can
bound T}y = O(1) using arguments presented in (S1).

If the sequence u is monotonic in bin i) and s;, = 0 (which happens when i; = n), then we
have As;3 =0—(—1) =1 > 0. So bin i®® falls into the category(A2) mentioned before. Hence
the regret T3 = O(1).

(S3): If the sequence w is non-decreasing in bin i), we split the bin into two intervals [ja +
1, k], [k 41, 4] such that k is any point in [jo + 1, 3¢] with s = 1 and w11 > wuy. (This configuration
is similar to that of config (a) in Fig.1). Annotate [j; + 1, k], [k + 1,4,] by ¢V, ¢ respectively. In
bin ¢ we have As,) = 2 and hence T,y = O(1) since ¢! falls into the category (A2). Within
bin ¢ due to the assumption that u;, > —B, we have Fq_<2) = 0. We also have |Asq(2> |> 0 and

consequentl q(2) falls into category (Al). So we have T 2y = O(1). We pause to remark that the
q y gory q p

arguments we used to bound the regret in bin i for the case where w is non-decreasing, can also be
used to bound the regret of any bin [rg,r;] with As, = 0 and s,, = s,,_1 = —1 and the sequence
u is non-decreasing. The regret for the alternate case where As, = 0 and s,, = s,,—1 = 1 and the
sequence u is non-increasing can be bounded similarly using a mirrored argument.

So summarizing, in case (3) we get T; = O(l) Since the intermediate splitting operations can
only increase the number of bins to at-most 6 M/, adding the regret across all O(M) bins in Corollary
24 yields the Theorem.

|
50:0751¢:*17A5i:*1 siﬁflzl,sitzf]\,Asi:*Q
o oo eeoe oe o
o o o e o o i i ]
oo oo ¢ eoe
_p [ A - PR I T
is=1 1 it i's J2 J3 it
config (a) config (b)

Figure 5: Examples of configurations referred in the proof of Theorem 22. The blue dots corresponds
to the offline optimal sequence.
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Not monotonic

Similar to (S2)

ASZ‘:O
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Monotonic

Siy = 1
Si—1 =1
Non-decreasing

Sip — —1
Sj—1 = —1
Non-increasing

Non-decreasing

Siy = —1
Si—1 = —1

Siy = 1
Si—1 =1
Non-increasing

ShH

Similar to (S1)

Similar to (S3)

Mirrored (S3)

Figure 6: Various configurations of the optimal sequence within a bin [is, i) with As; = 0. The leaf
nodes indicate the arguments used in the proof of Theorem 22 to handle each scenario.

(AD)

As; <0

I, >0

AN

constant

Monotonic

Not monotonic

Case (1)

Case (2)

Case (3)

Figure 7: Various configurations of optimal sequence within a bin [is, i) with As; < 0. The leaf
nodes indicate the arguments used in the proof of Theorem 22 to handle each scenario.
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As; >0

(A2)

Figure 8: A configuration of optimal sequence within a bin [is, ;] with As; > 0. The leaf node
indicate the arguments used in the proof of Theorem 22 to handle each scenario.

D.2. Multi dimensional setting

We start by inspecting the KKT conditions.

Lemma 29 (characterization of offline optimal) Consider the following convex optimization prob-
lem.

_min Z fr(we)
t=1

U, ..., Un,21, ... ,2n—1

s.t. ét = ﬂt+1 - ’l~1,t Vt € [n - 1],
n—1
ZH%tHlS Ch, (16a)
t=1
[@t|loo< BV € [n], (16b)
Letwy, ..., Up, 21, .., 2n—1 € R? be the optimal primal variables and let X > 0 be the optimal

dual variable corresponding to the constraint (16a). Further, let 'y;r Y € R? with ’yf > 0 and
~; > 0 be the optimal dual variables that correspond to constraint (16b). Specifically for k € [d],
~; [k] corresponds to the dual variable for the constraint wi[k] < B induced by the relation (16b).
Similarly ~y; [k] corresponds to the constraint —B < wu[k|. By the KKT conditions, we have

o stationarity: N fi(u;) = \(8; —8i_1) + v, — v, , where s, € 0|z| (a subgradient).
Specifically, s[k] = sign(wsy1[k] — we[k]) if |uer1[k] — we[k]|> 0 and si[k] is some value in
[—1, 1] otherwise. For convenience of notations later, we also define s, = sy = 0.

* complementary slackness: (a) X (D>} ,||us — ui—1]1—Cy) = 0; (b) v; [k](ui[k]+B) =0
and ~v [k])(u.[k] — B) = 0 for all t € [n] and all k € [d).

The proof of the above lemma is similar to the 1D case and hence omitted.
Terminology. We will refer to the optimal primal variables u1, .. ., u, in Lemma 29 as the offline
optimal sequence in this section.

Next, we claim the existence of a partitioning of [n] with some useful properties.

Lemma 30 (key partition) There exist a partitioning P of [n] into M = O(ng 307%/ 3) intervals viz
{lis, it]}ﬁ\il such that for any interval [is, i) € P, C; < B/\/n; where C; := Z;t:isﬂuuj_uj—l”l
and n; is the length of the interval. ‘

Define T’} := > i, 'yj andT'; := 37", ~;. Let As; = si, — 8;,—1, where s is as defined in
Section 3.2. We also have that each bin [is, i;] € P satisfies at-least one of the following properties.
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Property 1 Across each coordinate k € [d], the sequence u;lk],j € [is,i4] is either non-decreasing or
non-increasing.

Property 2 |[AAs; +T; — T ||la> \/4.

The proof of the above lemma is deferred to Section E.
We recall Eq.(7) here for convenience. Let P be a partition of [n] into M bins obtained in
Lemma 30 Let [is, i¢] denote the i bin in P and let n; be its length. Define @; = 1 Z J—i, ujand

W = — L S i—i, Vfj(w;) where 3 is as in Assumption EC-2. Let ; be the predlctlon made

nif

by FLH at time j. We start with following regret decomposition.

M i M i
W) SO Fimy) = i)+ YD i) — fi(a +Z Z Fi(@i) = f(u;) -

i=1 j=is =1 j=is i=1 j=is

T Ts,; T3,

Lemma 31 (bounding T4 ;) Let the experts in FLH be the ONS algorithms with parameter

- mi 1
¢ = min {4GT(2B\/&+2G\/&)’
Then for any bin [is, i) we have,

a} and decision set D. Also choose learning rate n = «, for FLH.

ng i) — [i(i) = O <cl3/2BGT logn + d*/2GGT log n + 25" i”)
J=is
= O(d*?logn),

where x; € R? are the outputs of FLH.

Proof First we proceed to bound ||%; ||s. Since ||V f;(u;)||2< G by Assumption EC-1, we have

[illoo < flwilloot—

G
<B+—
B

< B+G,

where we used 5 > 1 from Assumption EC-2.

For any © € D, we have ||z — 4;]|2< 2B+v/d + 2G/d by triangle inequality and the fact
Iyll2< Vdd||yllso-

By Assumption EC-4 we have ||V f;(z)||2< G for any = € D. Also, recall that by Assumption
EC-3, the loss functions f; are o exp-concave in the domain D. Let p;, j € [is,1¢) be the predictions

of an ONS algorithm when run in the interval [is, i;]. If we choose ( = min { TeHE Bx/13+ 2V’ a}
as the parameter of the ONS, Theorem 2 of (Hazan et al., 2007) implies that

Z fipj) = fi(u;) = O <d3/2BGT logn + d*?GGT logn + lo gn)
[0

J=ts

-0 (d3/2 log n) .
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Now the Lemma is implied by the SA regret bound of FLH (Theorem 3.2 of (Hazan and Seshadhri,
2007)). |

For strongly convex, losses the tern 71 ; can enjoy a better bound.

Lemma 32 (bounding T4 ; for strongly convex losses) Suppose that the losses are H strongly
convex. Take experts in FLH as OGD with step size 1/(Hn) and decision set D. Also choose
learning rate 1 = H/(G")2, for FLH. Then for any bin [is, i;] we have,

i fix;) = fi(u;) = O ((GT)zHlOgn> :

J=ts
where x; € R? are the outputs of FLH.

Proof [Proof Sketch] The lemma follows by using the regret bound of OGD with strongly convex
losses from (Hazan et al., 2007) and following similar lines of arguments as in Lemma 31. |

We state the next lemma to be generically valid for any bin which is not necessarily a member of P.

Some notations. For a bin [a, b], introduce the notations As,_, := s(upt1 — up) — S(Ug — Ua—1),
+ N0 + S ey - — - _ 1 b

r: ., = Zj:a v, and T, = Zj:a Y- My =b—a+ 1 ey = Zj:a u; and

O > Vi(Tasy).

Lemma 33 For any bin [a, b], we have

b
TQ,[a,b} = Z fj(’ua—ﬂ)) - fj (ﬂl)
j=a

-1t H2
b bll2 — +
27”La—(>lb/—8> = + ||)\Asa_>b + Fa—>b - Fa—>b||1ca—>b‘

< _HAASCL*)b +T

Proof Let g(x) be a a-strongly smooth function. Let ™ = x — uV f(x) for some ;1 > 0. Then we
have

=
!

o

&
A

SIOIHETE

_ —Ive@)3
2c¢ ’
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by choosing ;. = 1/a. By taking g(z) = Z?:a fj(x) and noting that g is n;3 gradient Lipschitz
due to Assumption SC-2, we get

b
Tofap) = O fi(tasss) — fi(T@amsp)
j=a

2
< 2=a '(ﬁaﬁb) H2
B 2na—>bﬁ
1 b 2
™ B | 2 V) * Vi) = Vo) |
2
-1 b b b
ST ;ij(w) T3 jZij(Uj> jZij(qu) ~ Vi)
=a 9 . = 2

where we used (x,y) < ||z||2]|y||2< ||«||1||y]|2 and dropped a negative term from expanding the
squared norm. From the KKT conditions in Lemma 29 we have Z;’ _o Vfi(uj) = Msqp +

., —T" . Since f; are -gradient Lipschitz and || %, — w;|[2< || Basb — w;j][1< Cusp, We

a—b a—b*
also have
b
> Vii(@ams) = V()| < naspBCassp
j=a )
Substituting these we get the statement of the lemma. |

Lemma 34 For any bin [is, it] € P, we have

ij — filuy) < *B”Z L4+ 5XCi + |[MAs; + T =T/ ||, C;

J=ts

Proof Due to strong smoothness, we have

T3Z:_Zf] uz fj uj)
J=ts
o e B
_(a)z< fi(uj), u; u])+2||uz u]”l

J=ts

C? d
5” + 3 (V) @i — ), 17

J=ts

where in line (a) we used ||@; — u;|2< ||w; — u;l1.
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Further,
it
> AV Fiug), @ — wy) = A (81,1, wi, — Wi) — (8w, — W;))

J=ts

1t i
A g =il Y (v =) — )
j=is+l j=is

By triangle and Holder’s inequalities, the first two terms can be bounded by 3AC; (recall that
|lus — @;l|1< C; forall t € [is,i:] ). Let’s proceed to bound the last term in the above display.
From Lemma 30, we have C; < B/ /. So the TV incurred across each coordinate of the optimal
solution is at-most B. Using similar arguments as in Lemma 25, the complementary slackness in
Lemma 29 implies that for each k € [d], if ; [k] > 0 for at-least one j € [is, 4;] then fyj [k] = 0 for
all j € [is,i;]. Similarly for each k € [d], if 'y;r [k] > 0 for at-least one j € [is, i;] then v, [k] =0
for all j € [is, ;). This observation allows us to write,

it
> Iy K] =~ K] = [T [} —TF (k]| (18)
J=ts

Define CF := Y%, |u;[k] — w;_1[k]|. We have,

it

d i
Doy s a gy =) Y vy [k = [R]) (@ilk] — uylk])

j=is k=1 j=is
d
<@ Y|y [k] - T [K]| CF
k=1

d
= (Ms;[k] sign (T [k] — T} [k]) + sign(T; [k] — T [k]) (T, [k] — T [K])) CF
k=1

d
— ) AAs;[k] sign(T; [k] — T [k]) CF
k=1

<) |[MAs; + T, —Tf||, Ci + 2XC,

where in line (a) we applied (z,y) < ||z|1||y||c along with the Eq. (18). In line (b) we applied
(x,y) < ||@||2]|y||1 for the first term and (x,y) < ||@|/co|ly||1 for the second term. Putting

everything together yields the Lemma.
|

Lemma 35 Ler splitMonotonic in Fig.9 be run with an input [is, i|. Then the partition S it
return obeys |S|= O(d).

Proof From the psuedo-code in Fig. 9 it is obvious that each coordinate can contribute to increasing
the bin count by O(1). Hence the overall bin count in S is O(d). [

An illustrative example of the input and output of splitMonotonic is given in Fig. 10.
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splitMonotonic: Inputs- (1) aninterval [is, i;] such that the offline optimal is monotonic
across each coordinate k € [d]; (2) offline optimal sequences w;., and the sequence of
subgradients (dual variables) s;.,—1 (recall that sg = s, = 0 by convention.).

1. Initialize 7 < ®, S <+ .

2. Addig, i to T.

3. For each coordinate k € [d]:

(a) If w[k] is constant in [ig, ], then skip the current coordinate.
(b) Initialize 21 < 15, 22 < it.

(c) If u; [k] = £B, let z; be the first time point in [ig, i;] Where u, [k] # £ B. Add
z1— 1,21 to T.

(d) If u;, [k] = £B, let 22 be the last time point in [is, i;] where u., k] # £B. Add
20,29 +1t0 T.

(e) If ulk] is non-decreasing in [is, ;] then let p > z; be the first point with
Sp—1lk] =1.Ifp > z,addp—1,pto T.

(f) If w[k] is non-decreasing in [, 7] then let ¢ < zo be the last point with s, [k] = 1.
Ifg< 2z9,add g, g+ 1to T.

(g) If w[k] is non-increasing in [ig,i;] then let p > z; be the first point with
Sp—1lk] = —1.Ifp> z;,addp—1,pto T.

(h) If w[k] is non-increasing in [ig, i;] then let ¢ < 2o be the last point with s, [k] =
—1.1fqg < z9,add g, g+ 1t0 T.

4. For eachentry tin T :

(a) If t appears more than 2 times, delete some occurences of ¢ such that ¢ only
appears 2 times in 7.

5. Sort 7 in non-decreasing order. For each consecutive points s,t € T, add [s, ] to S.

6. Return the partition S.

Figure 9: splitMonotonic procedure
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coordinate 1
coordinate 2
coordinate 3

+—o—t—9—o—o—o—o—s—9—o—9

b—0—b—b-—06—6-—0-0-0-06—0b—-0 6009

i ay ap as 1t

Figure 10: An example of the partitioning created by splitMonotonic (See Fig. 9). The partition
S returned by splitMonotonic is {[is,a1 — 1], [a1,a2 — 1], a2, a3 — 1], [as,i¢]}. Blue dots
indicate the offline optimal sequence.

. . o . 1
Theorem 14 By using the base learner as ONS with parameter ( = min {—4GT(QB\/8+2G/B) , a},

decision set D and choosing learning rate ) = o, FLH obeys R (C,,) = O <d3'5(n1/3072/3 v 1))

if Cy, > 1/n and O(d" log n) otherwise. Here a \/ b := max{a, b} and O(-) hides dependence on
the constants B, G, GT, a and factors of log n.

Proof Consider a bin [i4, ;] € P. By Lemma 30, the bin has to satisfy one of the two Properties.
Let’s first focus on the scenario where [is, i;] satisfies Property 2.

Combining the results of Lemmas 33, 34 we can write,
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—[AAs; + Ty — T3
Ty + Ty < i =
2,z+ 3,0 = 2n15
2
+ MO 5+ s + T - T,

BB%  ||\As; +T; — T2

+ H/\Asz + Fi_ — I‘j_HQCZ

S@w 5~ on B +7([[AAsi + T =T, v A) G
BB (IMAsi+T; —Tf s TCx/miB (MAsi +T; — T [, v )\’
) V2n;B AAs; +T; — T ||2v2
49n,802 [ |Mas, +T; —TF [, v A\

2 [AAs; +T; — T |2

2
<@ B% +3928n,C;
< 393582,

where in line (a) we used C; < B/ \/n; for partitions in P (Lemma 30). In line (b) we used

o
”T‘\fj?ff__rfﬂ]w‘ > 4 since |AAs; + T, — '} ||2> \/4 by Property 2 of Lemma 30.
i i 2

Now using Lemma 31, for the bins [is, 7] that satisfy property 2, we can write

Tii+ Ty + Tz, = O(d™9). (19)

Now suppose that the bin [¢, ¢] satisfies Property 1 in Lemma 30. In this case, via a call to
splitMonotonic function with the input interval as [t, ], we split the original bin into O(d)
sub-bins (see Lemma 35). Further for a fixed k, if u;[k], j € [t,] is non-decreasing, then we can
group those consecutive sub-bins into at-most three categories: (a) a section of time where u;[k] is
constant; (b) a section of time where w;[k] is non-decreasing; (c) a section of time where u;[k] is
constant.

We proceed to define these sections formally (where p, m, q are indices defined for convenience)

» For section (a) let A = {[t,t_, — 1], [t—p,t_p], . - - [t0, 0]}
* For section (b) let B = {[t1,t1],. .., [tm,tm]}
* For section (¢) let C = {[tm+1,tm+1],-- -, [tqg + 1,1]}

As mentioned before, these sections are constructed so that the oflline optimal satisfy the
following properties.

(i) w;lk] j € [t,to] is constant.
(ii) Uy [k] > uh—l[k] and ulm+1[k] > ulfmﬂ—l[k]'

(iii) w;[k] j € [t1, ) is non-decreasing.
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(iv) u;[k] j € [tm+1,1] is constant.

We remark that the grouping may be different for different coordinates k. Further some of A, B or C
can be empty. In the example we gave in Fig. 10:

* For coordinate 1 A = ¢, B = ¢,C = {[is, a1 — 1], [a1,a2 — 1], [az, a3 — 1], [a3, it] }.
¢ For coordinate 2 A = [is, a1 — 1], B= ¢, C = {[a1, a2 — 1], [a2, a3 — 1], [as, i¢] }.
* For coordinate 3 A = {[is, a1 — 1], [a1,a2 — 1]}, B = {[az, a3 — 1]}, C = {[as, it]}

We fill focus on the aforementioned scenario where w;[k], j € [¢, ] is non-decreasing. The
arguments for the case where u;[k], j € [t,] is non-increasing are similar. Further similar to the
proof of Theorem 22, we give arguments for the case where vj [k] = 0 for all j in the interval [t, ]
stating that arguments for the case 7; [k] = 0 uniformly in [t, t] are similar.

From Lemma 33, we have

b
> Fiitasb) = f(tasp) <

j=a

—||AASsq—p + T _
H a— 2na_(:b~ﬁ>b a—)bHQ + H>\A3a—>b + ]-‘a_>b . F;__ﬂ)HlCa—)b-

(20)

Observe that the relation in Eq. (17) holds for any generic bin [a, b] that may not be a member of
P (replacing C;, n;, u; with Cy_p, Mg b, Ua—sp). SO

a Ca
T3, [a,b] - Zf] (Wq—sb) fj 'u,] ZB 0 ah +Z vf] U]) Uq—sb — 'u,]> (21)

Note that Eq. (20) and (21) decompose coordinate-wise. So for the bin [t, f] € P where the optimal
sequence is monotonic across each coordinate, our strategy is to bound

— (MAsu_p[k] + T, [k] — T, [k])°
S plk] := (Mg ]—;na:bﬁ[ | =T, k) + AASq k] + T k] = T k]| Cass
atCa ° i
% + Z ij (uj)[k](uaab[k] — Uy [k]), (22)
Jj=a

for each k € [d] and [a,b] € AU B UC and finally adding them across all coordinates to bound
ZZ 1 Sa—sb[k]. Doing so will result in a bound on T (4 3 + T [4 5. Further, T; [, 3 can be bound by
strongly adaptive regret. This enables us to bound Z [a,b]€AUBLC 11 [ap) T T2,jap) + 13,a,p) thereby
leading to a regret bound in the parent bin [t,¢] € P which was the input interval for the call to
splitMonotonic that we started with.

Let Clyy[k] be the TV of offline optimal incurred in the interval any interval [a, b] along
coordinate k. First we focus on the bins in B. If B is not empty, then v,[k] = 0Vj € [t; — #,,] due
to property (ii) and (iii) above. By using the stationarity conditions in Lemma 29, we can write

b
0D Vi) k) (as k] — wjlk]) = ACy, gy, [K] + A (51,1 [k, [k] — 7, [Klug,, [K])
[a,b]eB j=a

+ > Migp[k]Asq[k].
[a,b]eB
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So we have,

/anl_)t_'mcl?l*)fm
> Susulh 2L NGy K]+ X (st 1 R ] — s, [, 1)
[a,bleB

~A2(As,plk])? T
+ Z %b[ ]) +)"Asaﬁb[k”0§1%{m+)\uaﬁb[k]Asa%b[k]

(o bleB 2143

5”1Ht0

<(a) TH ACy, Sz, (K] 4+ A (st -1 [Kug, [K] = s, [Kug,, [K])
Asa [k])? _

Py 7‘; D 4 A ASablMIC, 7 + Mg} A8, lK]
[a,b]eB Ma=b
B2 N2 (As,_p[K])? _

(b) 67 + Z (2 =0iGl) + )\|A3a—>b[k]|01§—>f + Mg k] Asap K],
a.b]eB N

where in line (a) we used the fact that Cy, 7, < C;_,zand ny, 7, < n,_zsince [t1,t,,] is contained
within [¢, ¢]. In line (b) we used Cy_,z < B/, /m; 7 (since [t, ] € P) along with the fact that

A (.s;l,l[k]'u@1 (k] — sz, [k]ug,, [k:]) = —\Cy, g, since
st,—1[k] = sz, = 1 due to property (ii) and (iii) above.
Define i := ﬁ >_lableB Wa—b- Observe that since sy, —1[k] = sz, [k] = 1, we can write

> [abjes Asa—p[k] = 0 by the telescoping structure.
By noting that we can subtract 0 = Aug[k] Z(a,b)el’j‘ As,_p[k] and that |u,_p[k] — aplk]|<
Ci_, we have

B2 “A2(As,_,lk])2 )
S Suulh] < 527 s 3 St sy A (@K — ) Al
(a,b]eB a,b]eB a—b

_A A a k ’
+ Z Sq5p[k]) + 2X|As, 3 [K][Crt
ab]EB 2na~)b5

B2 AAs, |k ?
[a,b]eB “

2

< Td + 2B”t—>t t>E

ﬁBQ 9
28B
< =57 T2
< 38B2.

Next, we address bins present in A and C. We provide the arguments for bounding Z[ ableA Saplk].
Bounding the sum for bins in C can be done using similar arguments.

Observe that by property (i) above, the sequence u;[k] for j € [is, to] is a constant. So the last
term in Eq. (22) is zero for any S,_,,[k] where [a,b] € A. Now proceeding similar to above by
completing the squares and dropping the negative terms, we get
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- 2
S Sl < 23(_QA%%M+FWMM L)

[a,b]€A [a,b]eA 2103

ﬁna a
+’)‘A3a~>b[k] + Pa%b[k] a—>b[ ]‘Ca%b _>b Hb)

V 2na—>b5 b

2
- Z . <)‘A3a—>b[k] + Fa—>b[k] F(—;—>b ] C na%bﬁ)
a,b]€A 2

na—>b50§_>b T 6na—>b02_>b
2 2d

2
[a,b]e A
< ntatﬁ s

< BB2.

Similarly it can be shown that 3, ;1 Sa—s[k] = O(1). Recalling that | A|+[B[+|C|= O(d) we
have

d
Topg + To g < Z Z Sasl[k] = O(d).
k=1 [a,b]e AUBUC

From Lemma 31 we have
Ty = O(d*?), (23)

for bins [t, ] € P that satisfy property 2 in Lemma 30.
Comparing Eq. (19) and (23) we conclude that

Ty + Toi+ Ts,; = O(d*?), (24)

for all bins [is, ] in the partition P of Lemma 30. Since |P|= O(dn'/ 302/ 3), adding the above
bound across all bins leads to the theorem.
If C,, < 1/n, then we have

n

D fil@g) = filwe) <D fulmg) = filw) + Y folwn) = fi(w)
=1

t=1 t=1
<o) O(d") + GInC,
— O(d15)

where line (a) follows from the fact that f; is GT Lipschitz in D.
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Proposition 15 For strongly convex losses, the regret bound can be improved to O (d2 (nl/ SC,%/ By 1))

if C,, > 1/n and O(logn) otherwise by using OGD as base learners in the FLH procedure. See
Appendix D.2 for a proof.

Proof [Proof Sketch] First we consider the case where the offline optimal in monotonic in each
coordinate of a bin in P. The static regret in any bin for strongly convex losses is O(logn) by
Lemma 32 (as opposed to O(d1'5) for exp-concave losses). Hence Eq.(23) can be re-written as
Tyeq = O(d) By following similar arguments as in proof of Theorem 14, we can re-write Eq.(24)
as

Tl,i =+ TQ’Z‘ + T3,i = O(d)
If the offline optimal is not monotonic, in each coordinate, we can write
Tii+Toi+ T3, = O(1),

by following similar arguments for the corresponding case in the proof of Theorem 14.
Finally we sum across all |P|= O(dn'/ 302/ 3). The case C), < 1/n can be handled similar to
that of the exp-concave case. |

Appendix E. Technical Lemmas

We start by describing a partitioning procedure namely generateBins.

generateBins: Inputs - the offline optimal sequence.

ie+1

Step 1 Initialize Q <— ®. Starting from time 1, spawn a new bin [is, i;] whenever > 2, [lu; —
w;j_1|1> B/\/n;, where n; = i; — i, + 1. Add the spawned bin [i, 3| to Q.
Step 2 Initialize P <— ®, R < .
Step 3 For each bin [is, ;] € O:
(a) Let As; = s, — Si,—1- I‘;r = Z;t:“ 'y;“. I, = Z;t:“ v -
(b) If for each k € [d], the sequence wy, is monotonic in [is, 7;], then remove [is, i;] from

Q and add it to P.

(c) If there exists one coordinate k € [d] such that s;,_1[k] € [-1,—1/4] and s;,[k] €
[0, 1] and *y;“ [k] = 0Vj € [is, 3], then remove [is, i;] from Q and add it to P. Goto
Step 3.

(d) If there exists one coordinate k € [d] such that s;,_;[k] € [-1/4,0] and s;,[k] €
[1/4,1] and 'y;“ [k] = 0Vj € [is, it], then remove [is, 7] from Q and add it to P.
Goto Step 3.

(e) If there exists one coordinate k € [d] such that uj, is non-monotonic in [is, i¢] and
Si,—1[k] € [-1/4,1] and s;,[k] € [-1/4,1] and vj[k:] =0V € [is, 1] then:

i. Initialize z < is. Remove [ig, i¢| from Q.
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ii. if u; [k] = — B, then split [is, %;] into [is, a] and [a + 1, ;] where a is the first
time point within [is, i;] such that u,[k] > —B. Add [is,a — 1] to Q. Set
Z 4+ a.
iii. Let j be the first time in [z, 4;] such that s;_1[k] = —1 with u;[k] < w;_1[k].
Add [z, j — 1] and [j, i¢] to P. Goto Step 3.
(f) If there exists one coordinate k € [d] such that uy, is non-monotonic in [is, i¢] and
si,—1]k], si,[k] € [-1/4,1/4] and 'y;L[k:] =0V € [is, 1] then:

i. Initialize z < is. Remove [ig, i¢| from Q.

ii. if uw;,[k] = —B, then split [is, i;] into [is, a] and [a + 1,;] where a is the
first time point within [is, %;] such that u,[k] > —B. Add [is,a] to Q. Set
z4a+1

iii. Let j be the first time in [z, %;] such that s;_; [k] = —1 with u;[k] < u;_1[k]. .
Add [z, 7 — 1] and [j, 4] to P. Goto Step 3.
(g) If there exists one coordinate k € [d] uy, is non-monotonic in [is, i;] and such that
Si,—1[k] € [-1,—1/4] and s;,[k] € [-1,1/4] and 'yj[k] =0V € [is, i) then:
i. Initialize z < ;. Remove [i, i;] from Q.
ii. If w;,[k] = —B, then split [is, ;] into [is, a] and [a + 1, ;] where a is the last
time point within [is, ;] such that u,[k] > —B. Add [a + 1,%] to Q. Set
Z < a.
iii. Let j be the last time in [i,, 2| such that s;_;[k] = 1 with w;[k] > w;_;[K]..
Add [is,j — 1] and [4, 2] to P. Goto Step 3.
(h) If there exists a coordinate k € [d] such that u is non-monotonic in [is, i¢] and
Si.—1]k] € [-1/4,1] and s;,[k] € [-1,1/4] and vj[k:] =0,V € [is, ] then:
i. Initialize p < is — 1. Remove [is, i;] from Q.
ii. If u; [k] = —B, then let p be the largest point in [ig, i¢] such that u;[k] =
—BVt € [is,p|. Add [is, p] to Q.
iii. Let j be the first point in [p + 1,4;] with s;_;[k] = —1 with u;_1[k] > —B
and u;[k] < u;_1[k]. Add[p+1,j — 1] to P.
iv. If w,[k] is monotonic in [7, 4], add [j, i;] to Q. Goto Step 3.
v. Initialize q < 74 + 1.
vi. If uw;, [k] = —B, let ¢ be smallest point in [j, i;] such that w,[k] = —B Vr €
[q,7¢]. Add [g, 7] to Q.
vii. Let h be the last time point in [j, ¢ — 1] such that sp_1[k] = 1 with up[k] >
up—1]k]. Add [j,h — 1] to P.
viii. If h < ¢ —1,add [h,q — 1] to P.
ix. Goto Step 3.
(i) If there exists one coordinate k& € [d] such that s;,_1[k] € [0,1] and s;,[k] €
[—1,—1/4] and v; = 0Vj € [is, i), then remove [is, i;] from Q and add it to P.
Goto Step 3.
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(j) If there exists one coordinate k € [d] such that s;,_1[k] € [1/4,1] and s;,[k] €
[~1/4,0] and v; = 0Vj € [is, 4], then remove [is, 4] from Q and add it to P.
Goto Step 3.

(k) If there exists one coordinate k € [d] such that uy, is non-monotonic in [is, 7;] and
8i,—1lk], si,[k] € [-1,1/4] and v; = 0V € [is, i;] and there exists a coordinate
J € [is, %] such that s;_1[k] = 1 and u;_;[k] < B then:

i. Initialize p + is. Remove [is, 3] from Q.
ii. If u;, [k] = B, then let p be the largest point in [is, i;] such that u,[k] = BVt €
[is, p]. Add [is, p] to Q.
ili. Let j be the first pointin [p+ 1,4 such that s;_1[k] = 1 with u;_[k] < u;[k].
Add [p+1,j — 1] to P. Add [j, 4] to Q. Goto Step 3.

(1) If there exists one coordinate k € [d] such that uy, is non-monotonic in [is, i;] and
si,—1[k], si,[k] € [-1/4,1] and v; = 0V € [is, i;] and there exists a j € [is, i]
such that w;[k] — w;_1[k] = —1 and u;[k] < B then:

i. Initialize z; < i, 29 < ;. Remove [is, i;] from Q.
ii. If u; [k] = B, then let p; be the last point in [is, 7] such that u,[k] = BVt €
[is,p1]- Set z1 < p1 + 1. Add [is, p] to Q.
iii. If w;,[k] = B, then let py be the smallest point in [is, i;] such that w[k] =
BYt € [pa,iy]. Set zo « pa — 1. Add [pe, i¢] to Q.
iv. Let j be the last point in 21, 2] such that s;_1[k] = —1 and u;[k] < B with
wj_1[k] > u;lk]. Add [21,j — 1] and [j, 22] to P. Goto Step 3.
(m) If there exists one coordinate k € [d] such that u;, is non-monotonic in [is, i;] and
Si,—1lk] € [-1,1/4] and s;,[k] € [-1/4,1] and y; = 0V € [is, iy] then:
i. Initialize p < is — 1. Remove [is, i;] from Q.
ii. If u;,[k] = B, then let p be the last time point such that u;[k] = BVt € [is, p|.
Add [is,p] to Q.
iii. Let j be the first point in [p + 1,4;] such that s;_;[k] = 1 with u;_1[k] < B
with U,jfl[k‘] < uj [k’] Add [p +1,5— 1] to P.
iv. If w,[k] is monotonic in [7, 4], add [j, i;] to Q. Goto Step 3.
v. Initialize q < 74 + 1.
vi. If u;,[k] = B, let ¢ be smallest point in [j, i;] such that u,.[k] = B Vr € [q, i].
Add [g, ] to Q.
vii. Let h be the last time point in [j, ¢ — 1] such that s, [k] = —1 with uj,_1[k] >
up[k]. Add [j, h — 1] to P.
viii. If h < ¢ —1,add [h,q — 1] to P.
ix. Goto Step 3.

Step 4 Return P.

Lemma 36 The partitioning routine generateBins halts. Further we have |P|= O(dnl/?’Cﬁ/g).

Proof We need to argue that the loop in Step 3 halts.
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FACT1: Notice that in the loop of Step 3, we add a bin to Q only if u[k] is monotonic in that bin
for a coordinate k. Once such a bin is added, in the later steps we do not create new bins across the
previous coordinate k.

FACT2: Step 1 ensures that within each bin we consider, a TV of at-most B will only be incurred.
Due to Lemma 235, this TV constraint implies that both v [k] and v~ [k] cannot be simultaneously
non-zero within any bin [is, i;]. Consequently we consider all possible configurations of such TV
constrained bins in Steps 3(b-m). See Table 1 for a comprehensive summary.

Combining the previous two facts, we conclude that any time point in [n] will be into some bin
in P or R in at-most d (maybe non-consecutive) iterations of the loop in Step 3.

By using similar arguments as in proof of Lemma 5, we have |Q|= O(n!/3 c?/ 3) after Step 1
gets finished. Due to FACT1, the loop in Step 3 can split a bin that was originally present in Q at the

end of Step 1 into at-most O(d) sub-bins. Hence |P| can be O(dn'/ 302/ 3) after Step 3. [ |

Lemma 37 Let P be the partition produced by generateBins. Consider a bin [is,i;] € P.
Using the notations of Lemma 33, the bin [is, iy| satisfy one of the following properties.

* Property 1: Across each coordinate k € [d|, the sequence u;k|, j € [is, 1] is non-decreasing
or non-increasing. Or,

e Property 2: |AAs; + T, — T |]2> \/4.

Proof To prove the properties satisfied by each bin in P we inspect the steps in generateBins
and verify the stated properties. Below when we refer the coordinate k, we mean the same coordinate
that is used by the corresponding steps in generateBins. For a bin [a, b], we also recall the
notations As,_.p, F:—w and I'__,,. We use the short hands As;, I‘j, I’ as in Lemma 33 for a bin
referred by [is, i¢].

1. For the bin added in Step 3(c) we have As;[k] > 1/4. Also T'; [k] — T [k] = T'; [k] > 0.
Hence Property 2 is verified.

2. Step 3(d) can be verified as above.

3. In Step 3(e), we add [z, j — 1] and [, i¢] to P. By construction, the u[k] solution do no attain

the value —Bin [z,j — 1]. Hence I'_,, | — Fj—)j—l = 0. Since s,_1[k] € [-1/4,1] and
sj—1[k] = —1, wehave [AAs,_,; 1 [k] + T, 4 [k] — I‘j_m._l[k}’ > \/4. Hence Property 2
is verified for [z, j — 1]. For the bin [4, 7] we have ~;" [k] = 0, Vr € [j,i]. Since s;_1[k] = —1
and s2(k] € [~1/4,1], we have As;;, [k] > 1/4. So AAs;;, [k] + T, [k] — F}:it (k] >
AAsj_;,[k] > A\/4. Thus Property 2 is verified for [j, i;]. See Fig. 11 for an example of this
configuration.

4. Step 3(f) can be verified using similar arguments as above.

5. In Step 3(g) we add [is, j — 1] and [j, 2] to P. Since s;[k] € [-1,—1/4] and s;_1[k] = 1. So
we have As; _,;—1 > 0 and hence Property 2 is satisfied for [is, j — 1]. By construction there
ul[k] do not attain the value —B in [j, 2]. SoI';_, [k] — I‘;r_m = 0. Since s,[k| € [-1,1/4]

and s;_1[k] = 1, we conclude that Property 2 is satisfied for [, z]. See Fig. 12 for an example

of this configuration.
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6. By construction of Step 3(h) v, [k] = 0Vr € [p+1,j —1]. Thus T, [k] —
F:+1_>j_1[k] = 0. Since s;_1[k] = —1 and sp[k] € [—1/4, 1], we can conclude that Property
2 is verified for [p + 1,7 — 1]. Since s,_1[k] = 1 we have AAs;,,1[k] + T, [k] —
F;L—>h—1[k] > MAs;_,p—1[k] > A/4. Thus Property 2 is verified for [j, h — 1]. By construc-
tion, u[k] do not attain the value —B in [h,q — 1]. Hence I'; , | — I‘Zﬁq_l = 0. Since
sq—1]k] € [—1,1/4] and s;,_1 [k] = 1, Property 2 is satisfied for [h, g — 1]. See Fig. 13 for an
example of this configuration.

The Properties stated in the Lemma can be verified for all bins that get added to P in steps 3(i-m)
using similar arguments as above. |

Proof of Lemma 30. The proof is completed by the partitioning produced by generateBins and

results of Lemmas 36 and 37. |
si,—1[k] | si[k] [T/} =0]T; []=0
[-1,-1/4] | [-1,-1/4] (2) (k)
[-1/4,0] (2 (k)
[0,1/4] (2 (k)
[1/4,1] (©) (m)
[-1/4,0] | [-1,-1/4] (h) (k)
[-1/4,0] () @
[0,1/4] () @
[1/4,1] (d) )
[0,1/4] | [-1,-1/4] (h) k)
[-1/4,0] () (k)
[0,1/4] () (k)
[1/4,1] (e) )
[1/4,1] [-1,-1/4] (h) 1)
[-1/4,0] (h) g)
[0,1/4] (h) )
[1/4,1] (e) @

Table 1: Various configurations of a non-monotonic coordinate within a bin [is, ;| and their as-
signments to the corresponding steps of generateBins routine for the cases 'yj [k] = 0 for all

J € lis,it] and ~y; [k] = 0 for all j € [is, is].
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V2]
<
|
A
o
|
-

; Sj_l[k] = —1, Sit[k] : 1

Figure 11: An example of a configuration corresponding Step 3(e) of generateBins. Here z = i,.

. Sis—l[k] = _%7 Sj—l[k] — 17 slt[k] — % _

Figure 12: An example of a configuration corresponding Step 3(g) of generateBins. Here z = iy.

S; _1[16] : 1, 87'_1[]{2] = —1, Sh_l[k‘] = 1, Sit:[k] =—1

Figure 13: An example of a configuration corresponding Step 3(h) of generateBins. Here
p+l=is qg=u+1
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