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Abstract
We characterize the complexity of minimizing max;e[n fi(x) for convex, Lipschitz functions
fi,-., fn. For non-smooth functions, existing methods require O(N¢~2) queries to a first-order

oracle to compute an e-suboptimal point and O(Ne~1) queries if the f; are O(1/¢)-smooth. We
develop methods with improved complexity bounds of 6(1\7 €23 8/ 3) in the non-smooth case
and O(Ne2/3 ++/Ne 1) in the O(1/¢)-smooth case. Our methods consist of a recently proposed
ball optimization oracle acceleration algorithm (which we refine) and a careful implementation of
said oracle for the softmax function. We also prove an oracle complexity lower bound scaling as
Q(Ne2/3), showing that our dependence on NN is optimal up to polylogarithmic factors.
Keywords: Convex optimization, Min-max problems, Monteiro-Svaiter acceleration, Ball opti-
mization oracle, Stochastic first-order methods.

1. Introduction

Consider the problem of approximately minimizing the maximum of N convex functions: given
fi, ..., fn such that for every i € [N] the function f; : R — R is convex, Lipschitz and possibly
smooth, and a target accuracy e,

find a point = such that Fiax(z) — inf Fpax(zs) < € where Fax(z) = max fi(z). (1)
T ER? i€[N]

Problems of this form play significant roles in optimization and machine learning. The maxi-
mum of N functions is a canonical example of structured non-smoothness and several works de-
velop methods for exploiting it [31, 30, 36, 9, 12]. The special case where the f;’s are linear
functions is particularly important for machine learning, since it is equivalent to hard-margin SVM
training (with f; representing the negative margin on the ith example) [38, 13, 21]. Going beyond
the linear case, Shalev-Shwartz and Wexler [36] argue that minimizing the maximum classification
loss can have advantageous effects on training speed and generalization in the presence of rare in-
formative examples. Moreover, minimizing the worst-case objective is the basic paradigm of robust
optimization [4, 27]. In particular, since Fiax(7) = max,can Zie[ N Di fi(x) the problem cor-
responds to an extreme case of distributionally robust optimization [5] with an uncertainty set that
encompasses the entire probability simplex A'V.
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The goal of this paper is to characterize the complexity of this fundamental problem. We are
particularly interested in the regime where the number of data points NV and the problem dimension d
are large compared to the desired level of accuracy 1/e, as is common in modern machine learning.
Consequently, we focus on dimension-independent first-order methods (i.e., methods which only
rely on access to f;(x) and a (sub)gradient V f;(x) as opposed to higher-order derivatives), and
report complexity in terms of the number of function/gradient evaluations required to solve the
problem.

1.1. Related work

To put our new complexity bounds in context, we first review the prior art in solving the problem (1)
with first-order methods. For simplicity of presentation, throughout the introduction we assume each
fi is 1-Lipschitz and that F},,,x has a global minimizer x, with (Euclidean) norm at most 1.

The simplest approach to solving the problem (1) is the subgradient method [33]. This method
finds an e-accurate solution in 0(6*2) iterations, with each step computing a subgradient of Fi .y,
which in turn requires evaluation of all N function values and a single gradient. Consequently,
the complexity of this method is O(Ne2). We are unaware of prior work obtaining improved
complexity without further assumptions.'

However, even a weak bound on smoothness helps: if each f; has O(1/¢)-Lipschitz gradient,
then it is possible to minimize F,.x to accuracy € with complexity 6(N 6_1) [31].% This result
relies on the so-called “softmax” approximation of the maximum,

Fsmax,E(x) = log Z efi(x)/él , where —
1€[N]

2

It is straightforward to show that | Fymax,e(7) — Fax(2)| < § forall z € R?, and that V Fymax,e 18
O(1/€)-Lipschitz if V f; is O(1 /€)-Lipschitz for every i. Therefore, Nesterov’s accelerated gradient
descent [31] finds a minimizer of Fypax e to accuracy % in O(\/m /+/€) iterations, with each itera-
tion requiring N evaluations of f; and V f; to compute V Fyax ¢, yielding the claimed bound. The
assumption that V f; is O(1/¢)-Lipschitz is fairly weak; see Appendix A.1 for additional discussion.

Given more smoothness, further improvement is possible. Nesterov [33, Section 2.3.1] shows
that it suffices to solve O(/Ly /) linearized subproblems of the form min,,cga max;epn { fi(y:) +
(Vi) T (@ —ye) + % |z — y¢||?}. This yields a query complexity upper bound of O(N /Ly /e),
Though the complexity of solving each subproblem is not immediately clear, in Appendix A.3 we
explain how a first-order method [10] solves the subproblem to sufficient precision. Additional
schemes for solving (1) in the special case of linear functions (i.e., L, = 0) are discussed in Ap-
pendix A.2.

A powerful technique for solving optimization problems with a large number N of component
functions is sampling components in order to compute cheap unbiased gradient estimates. However,
both Fjax and Finax e are not given as linear combinations of the f;’s. Consequently, it is not clear
how to efficiently compute unbiased estimators for their gradients. Several works address this by

1. The center of gravity method [24, 35] yields a query complexity O(Ndlog(1/¢)) which is an improvement only for
sufficiently small problem dimension d.
2. Throughout the paper, the O(-) and €(+) hide polylogarithmic factors.
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Smoothness Method Upper bound Lower bound
_ Subgradient method Ne 2 _9/3 9
None (Ly =00) [ © N2y ss Ne 34 e
AGD on softmax Ne™! 5
~ —2/3 1
Weak (L~ 1/e) Ne-23 4 Nt NP+ VNe
Strong (L, < 1/€) AGD on linearization* N/Lge~! NLSI,/?’E_U3 + /NLge !

Table 1: The complexity of solving the problem (1) in terms of number of (i,z) queries for computing
and f;(x) and V f;(x). The tables assume each f; is convex, 1-Lipschitz and (optionally) has L4-Lipschitz
gradient, and that Fi,.x has a minimizer with norm at most 1. The stated rates omit constant and (in the
upper bounds) polylogarithmic factors. *For this algorithm only, the computational complexity is not simply
d times the query complexity; see Appendix A.3.

considering the saddle point problem

min max Fyq(z;p) E pifi(x
z€R4 pe AN
1€[N]

which is equivalent to minimizing to Fi,.x. One can obtain unbiased estimators for V F,q (z;p), and
apply stochastic mirror descent to find its saddle-point [30, 36, 27]. However, all known estimators
for V,F,,q have complexity-variance product (2(N). Consequently, the best general guarantees
known for such methods are 5(N €~2) iterations and total complexity.? Shalev-Shwartz and Wexler
[36] analyze a stochastic primal-dual method from an online learning perspective. They show that if
the online method producing the primal updates admits a mistake bound (as is the case for learning
halfspaces), then the complexity of the approach improves to 5(]\7 ¢~ 1). We show that adopting a
primal-only perspective and iteratively restricting x to a small ball (i.e., “thinking inside the ball”)
allows us to make better use of the scalability of stochastic gradient methods.

1.2. Our contributions

To motivate our developments, note that the general complexity guarantees described above all scale
linearly with the number of functions /N. On the one hand, this is to be expected, as even evaluating
the maximum of N numbers requires querying all of them. On the other hand, a linear scaling
in N stands in sharp contrast to guarantees for minimizing the average of N functions, which are
typically sublinear in N. Since good scaling with dataset size is crucial in machine learning, we
wish to precisely characterize the number of dataset passes (that is, the coefficient of V) in the
complexity of minimizing Fi,ax.

Towards that end, we prove an oracle complexity lower bound. The bound shows that any algo-
rithm that operates by repeatedly querying i, z and observing f;(x), V f;(z), must make Q(Ne~2/3)
queries in order to solve problem (1) for some convex, 1-Lipschitz problem instance fi, ..., fxy with
domain in the unit ball. The same bound continues to hold even when constraining the f; to have
O(1/¢)-Lipschitz gradient, and when using high-order derivative oracles. This result further sharp-
ens the contrast to average risk minimization, as it implies 9(6_2/ 3) dataset passes are required in

3. Exact-gradient primal-dual methods such as mirror-prox [28] and dual-extrapolation [32] have complexity guarantees
scaling as O(N¢ ') under the stronger smoothness assumption L, = O(1) [cf. 8, Section 5.2.4].
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the worst case. However, it also suggests the potential for significant improvement over existing
algorithms and their complexity bounds.

We realize this potential with new algorithms whose leading complexity term in N matches
our lower bound up to polylogarithmic factors. In the non-smooth case, our approach solves (1)
with complexity O(Ne~2/3 + ¢~%/3), dominating prior guarantees for N' = Q( =2/3). For O(1/e)-
Lipschitz gradient functions, we obtain the stronger rate O(N €23 4+ \/Ne™ 1), which dominates
prior guarantees for N = Q(l) At the core of these algorithms is a technique for accelerated
optimization given a ball optimization oracle [12]; we make several improvements to this technique,
which may be of independent interest.

Table 1 summarizes our results and their comparison to prior art. In addition to the results
described above, the table also contains lower bounds on sublinear terms in /N (that follow from
standard arguments), as well as a lower bound for the smooth regime where L, = o(1/¢). In this
regime there exists a gap between the linear terms in the upper and lower bounds.

1.3. Overview of techniques

Our algorithms rely on a new technique introduced by Carmon et al. [12] for acceleration with a
ball optimization oracle (BOO). For any > 0 and F : R? — R, a BOO of radius r takes in
a query point Z € R? and returns an (approximate) minimizer of F' in a ball of radius r around
Z. The technique, wkiich is a variant of Monteiro-Svaiter acceleration [26, 17, 7, 9], minimizes F’
to € accuracy using O((1/7)%/3) oracle calls (with poly(log(1/€)) factors hidden). Carmon et al.
[11] apply their technique to the special case of (1) with linear losses (see also Appendix A.2),
showing that the log-sum-exp function is quasi-self-concordant and implementing a BOO of radius
r = O(e) using O(1) linear system solves. However, this approach does not extend to general f;
because quasi-self-concordance no longer holds for Fi,ax ., which might not even be differentiable.
The main technical insight of our paper is that it is possible to efficiently implement a BOO of
radius r, = @( ) for Fymax e using stochastic first-order methods. More precisely, for any Z € R4
we can minimize Fymax e in a ball of radius r around Z to any poly(e) accuracy with precisely N
function evaluations and poly(1/¢) (sub-)gradient evaluations. Using BOO acceleration, this imme-
diately implies an O(Ne~2/3 + poly(1/€)) complexity bound exhibiting optimal N dependence.
To implement the BOO for Fypax, e, We consider instead the “exponentiated softmax” function

Fymax,e(T) — Fsmax,e(T (@)= £;@) fi(@)/€¢
( SThax, (1‘) S Sma 76(.'1})) = Z piel.eeil where pi = e—fW7
¢ ic[N] 2 jeln) 7

Te(x) = € -exp

and ¢ = ¢/(2log N) as in eq. (2). Note that I is a monotonically increasing transformation of
Fymax,e, and is therefore convex with the same minimizer as Fyyax .. Moreover, it is a (weighted)
finite sum, and consequently amenable to stochastic gradient methods. It remains to verify that the
functions &;(z) = € @)= fi(@)/€ gre well-behaved, which might look difficult since exponentials
are notoriously unstable. However, our choice of r and Lipschitz continuity of f; implies that
elfil@)—fi(@)/e = ©(1) inside the ball, and consequently &; is indeed well-behaved, with Lipschitz
constant O(1). We thus minimize I'c (and hence Fynax,) With stochastic gradient descent [20],
sampling ¢ from p. Moreover, if V f; are Lipschitz, then V¢; are also Lipschitz, and we apply an
accelerated variance reduction method [1] for better efficiency.

To complete the analysis of our methods it remains to determine how accurately we need to
solve each ball subproblem. Unfortunately, the analysis of [12] makes fairly stringent accuracy
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requirements, and also requires V Fypax ¢ to have a finite Lipschitz constant. To obtain tighter guar-
antees, we significantly rework the analysis in [12], modifying the algorithm to make it applicable
without any differentiablility requirements. Our improved analysis takes into account the fact that
the acceleration scheme only requires ball minimization with strong ¢ regularization, which further
improves the oracle implementation complexity.

Our lower bound follows from a variation on the classical “chain constructions” in optimization
lower bounds [29, 39, 18, 14], where in order to make a unit of progress on our constructed function,
any algorithm must (with constant probability) make {2(N') queries in order to discover a single new
link in the chain. We build a chain of length Q(e‘z/ 3) for which querying any € minimizer of F.y
requires discovering the entire chain, giving the Q (N e 2/ 3) complexity lower bound. To prove this
result for arbitrary randomized algorithms, we randomize both the order of the functions and the
rotation of the domain.

Paper outline. Section 2 provides some additional preliminaries and notation. Section 3 gives
our improved derivation of the BOO acceleration method of [12], and Section 4 develops a BOO
for Fymax,e, culminating in our upper complexity bounds for the problem (1), stated in Theorem 6.
Section 5 gives our lower bounds with the main result stated in Theorem 10. Section 6 includes
some comments on our results and potential future work.

2. Preliminaries

General notation. Throughout, ||-|| denotes the Euclidean norm. We write B, (z) for the Eu-
clidean ball of radius  centered at z, and B%(z) when emphasizing that the ball is d-dimensional.
We use Ly to denote a function Lipschitz constant and L, to denote a gradient Lipschitz constant;
we say that f is Lg-smooth if it has Lg-Lipschitz gradient. To disambiguate between sequence
and coordinate indices, in Section 5 we denote the former with normal subscript and the latter with
bracketed subscript, i.e., x; is the ith coordinate of = and xj, is the kth element in the sequence
x1,T2,. ... We also write vj<,) to denote a copy of v with coordinate ¢ + 1,7+ 2, ... set to zero. We
use a A b := min{a, b} to abbreviate binary minimization. We write the binary indicator of event A

as I{A}.

Complexity model. We mainly measure complexity through the number individual function and
gradient evaluations required to solve the problem (1). We write T for the cost of evaluating
fi(z) for a single ¢ and x, and similarly write 7, for the cost of evaluating V f;(z). Assuming
T, Tg = §2(d), our evaluation complexity upper bounds translate directly to runtime upper bounds.

Proximal operators. For any function f and regularization parameter A > 0, we define the stan-
dard proximal mapping prox) (z) = arg min,cga{ f(z) + 3|z — Z||?}. We also define the ball
constrained proximal mapping bprox{ (T) = argmingcp, (z) {f(z) + 3|lz — Z||?}. Finally, we

define the notion of an approximate oracle for bprox{ ,» which plays a key role in our analysis.

Definition 1 BROO) We say that a mapping Oy s(-) is a Ball Regularized Optimization Oracle
of radius r (r-BROO) for f, if for every query point X, regularization parameter \ and desired
accuracy 9, it return T = O, 5(Z) satisfying

A

f(i?)%—éch—:EHQ < min {f(x)+/2\|a:—a‘:||2}+252. 3)

2 z€B,(Z)
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Note that when f is convex, the strong convexity of f(z) + %|lz — Z||* and the approximation
requirement (3) guarantee that ||O) 5(Z) — bproxA @) <.

3. BROO acceleration

In this section, we describe a variant of the ball optimization acceleration scheme of Carmon et al.
[12], given as Algorithm 1. Both methods follow the template of Monteiro-Svaiter acceleration [26],
but our algorithm improves on [12] in two ways. First, it accesses the objective strictly through the
ball oracle, while [12] also uses gradient computations. Second, our algorithm requires an oracle
that solves regularized ball optimization problems, which are easier to implement.*

As a consequence of these differences, our accelerated algorithm’s guarantee does not require
any smoothness of the objective function. Moreover, our setup allows for far less accurate solutions
to the ball optimization subproblems: Carmon et al. [12] require § = O(LG—R) while we only require
§ = O(5%)- While our requirement becomes stricter as the regularizer )\ grows, it also becomes
easier to fulfill since the ball optimization problem becomes more strongly convex and hence easier
to solve. Our relaxed accuracy requirement ultimately translates to an improved ¢ ~! dependence in
the sublinear-in-/V term in our upper bound.

With the key innovations of Algorithm 1 explained, we now formally state its convergence
guarantee; we defer the proof to Appendix B.

Theorem 2 Let f : RY — R be convex and L ¢-Lipschitz, and let z € R?. For any domain bound

R > 0, ball radius r € (0, R], accuracy level € > 0, and initial point x¢ € R4, Algorithm 1 returns
a point x € RY satisfying f(x) — Min, e, (o0) f(2) < € using at most

- O((R> 2/3 1Og([f(aco) — MiN, R (z0) f(z)]R) log<LfR2>)

queries to an r-BROO. Moreover, the BROO query parameters (\(1),0(1)); - - -, (A(r), O()) satisfy

1 Q%) < Aoy < O(E) and 5y > Q5 ) foralli € [T

LfR )

2. ZZG[T]F<O(Rlog

We remark that Theorem 2 requires a bound on the Lipschitz constant of f solely to bound the
complexity of the bisection procedure for finding {\;}.

4. BROO implementation

In this section, we develop efficient BROO implementations for Fyyax,e, the softmax approximation
of Finax (2). In Section 4.1 we develop our main analytical tool in the form of an “exponentiated
softmax” function approximating Fgmax . and facilitating efficient stochastic gradient estimation.
We then minimize the exponentiated softmax with standard tools from stochastic convex optimiza-
tion. In Section 4.2 we give a BROO implementation for the non-smooth case using restarted

4. We note that X in our notation corresponds to 1/ in the notation of [12].
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Algorithm 1: BROO acceleration

Input: Initial xy € R, Lipschitz and distance bounds Ly, R, r, accuracy ¢, BROO O ,\75(-)
Output: z;e such that f(zret) — argmin, g, ) f(2) <€

Let vg = 29, Ag =0
fort=0,1,2,...do

2L
At+1 = A-BISECTION(¢, vt, Aty Amax = Tf, Amin = gof)
> Finds A\;11 such that x4 ~ pmxﬁ/ . (y¢) and either ||z44+1 — y¢|| & 7 or x4+1 is e-optimal
ag4+1 = ﬁ(l + \/ 1+ 4)\t+1At) and At+1 = At + ag4+1 > A4 = (l}“) 1A 41
_ A at41
Yo = At + A Ut

Ti41 = Oy 0001 (U), Where 01 = 1555
Ury1 = argmingep (o) {arr1 A1 (e — o1, 0) + llv —ve]|?}
if Ay q > RTZ, M1 < 5 [|Te01 — vega]] > 2R, or Agq < exp (Tg/s (t— 1)) A; then

R2T3

‘ return Tpe; € argming ey o 4y f(z)

function \-BISECTION(z, v, A, Amax, Amin)

For all X, let yy == cgan -« + (1 — agayn) - v, where o = m

Define A(}\) = HO}M% (y,\) — y)\H > approximation of A()) := [bprox] . (yx) — ya|
Let A = A\jnax

while A > A\;ip and A()) < % do A+ \/2 > terminates in O (log i“‘) steps
if A < Ao then return 2\ > happens only if bprox/, _(y2x) is O(e)-optimal for small Amin
Let A\, = 2\, Ay = Aand A\, = VAN

if A(N\) < % then return )\, > happens only if A(\¢) € [, 2]
while A(\,,) ¢ [%, 11—55] and log, ’;—’Z > m do

if A(\,) < 11—36?" then \, = )\, else \y = \,,
Am = VAu e

return )\, > the while loop terminates in ()(]ng(% + Ly

. )) steps

Amin”

SGD [20]. In Section 4.3 we instead apply an accelerated variance reduction method (Katyusha [1])
that offers improved performance when the f; are even slightly smooth. Finally, in Section 4.4
we combine our BROO implementations with Algorithm 1 and its guarantees to obtain our main
results: new convergence guarantees for minimizing Fi,,.. We defer proofs to Appendix C.

4.1. Exponentiating a softmax

Recall that € = ¢/(2log N) and that (for nominal accuracy €) the softmax function Fypax () =
€' log (Zz‘e[ N efi@)/ 6/) approximates Fi,,x to within €/2 additive error. The key challenge in de-
signing an efficient stochastic method for minimizing Fimax i a lack of cheap unbiased gradient
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estimators. Specifically, we have V Fypnax () = Zie[ N] pi(z)V fi(x), where
efi(@)/e
> ey €7@

Given access to p(z), we could easily obtain an unbiased estimator for V Fypax () by sampling i ~
p(z) and outputting V f;(x). However, computing p(x) itself requires evaluating all N functions,
making it basically as costly as computing V Fypax . €xactly.

This difficulty, however, is greatly relieved when we operate in a small ball of radius r. = €'/Ly
centered at some point Z. To see why, note that for every ¢ and every x € B, _(Z), Lipschitz
continuity of f; implies | f;(x)/€' — fi(Z)/€'| < Lyre/€’ = 1. Consequently, p(Z) is a multiplicative
approximation for p(z) throughout the ball, satisfying e 2p;(z) < pi(z) < e?p(Z) for all x €
B, (z). Our high-level strategy is thus: perform a full data pass once to compute p(Z), and then
rely on the stability of p(x) within B, (Z) to efficiently estimate gradients by sampling from p(Z).
However, simply sampling i ~ p(Z) and returning V f;(x) is not enough, because it leads to a
biased estimator of V Fymax (). Instead, we define below a surrogate function “exponentiating
the softmax” that closely approximates Fgmayx  and for which elfil@)=fi(2)) /€7 fi(x) is an unbiased
gradient estimator when i ~ p(Z).

To precisely define the surrogate “exponentiated softmax” function, we require some additional
notation. Fixing a ball center & and regularization parameter A, let

pi(z) = “)

A _ A _ N,
fMx) = fi(x)+5 o=z and Finax, (%) = Famaso(2)+5 o —7[|* = 'log > el
1€[N]
be the regularized counterparts of f; and Fypax e, respectively. Then, we define the exponentiated
softmax as

_ , S2@-1@
= Z pi(Z)7vi(z) where y;(z) = ee” .
1€[N]

Fea(z) = € - exp

(Fs)l\nax,e(x) - Fs)r\nax,s('i.)>

®)
Clearly, I  is a finite sum objective (weighted by p(Z)), making stochastic first-order methods
applicable. Moreover, as the following lemma shows, when the ball radius r and A are not too large,
I'c  closely approximates F) and is as regular as ) up to a constant.

smax,e smax,e

Lemma3 Let fi,---, fy each be Ly-Lipschitz and Lg-smooth gradients. For any ¢ > 0, r <
c€' /Ly, and X < cLy/rletC = (14 c+ )e“t* /2. The exponentiated softmax [ x satisfies the
following properties for any T € R%.

1. Foxc(z) and T, 5 have the same minimizer x in B,.(Z). Moreover, for every x € B,.(%),

) (z) — ) (24) S C(Tep(x) —Ten(ay)).

smax,e smax,e

2. Restricted to B,.(T), each function ~y; defined in (5) is C L¢-Lipschitz, C ~1)\ strongly convex,
and C(Lg + X + L?/e’)-smooth.

The proof of Lemma 3 follows from a straightforward calculation, and we defer it to Appendix C.1.

5. We remark that g;(z) = e(fi(”)_fi(i))/EIVfi(m) is also nearly unbiased for Fymax,c in the sense that Eg;(z) =
Z(x)V Fymax, () for some Z(x) that is close to 1 when inside B,._ (Z). Estimators of this form suffice for SGD, but
are less amenable to variance reduction.
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4.2. The non-smooth case: SGD implementation

To take advantage of the strong convexity of of I'c y we use the restarted SGD variant of Hazan and
Kale [20], which finds an e-suboptimal point of a G-Lipschitz and p-strongly convex function with
O(G?/(ue)) iterations (with high probability). To estimate the stochastic gradients, we sample
i ~ p(z) and output V~;(x); this takes O(7, + Ty) time per stochastic gradient, plus O(N7Ty)
preprocessing time to compute p(Z). We provide pseudocode for the algorithm in Appendix C.2,
where we also prove the following complexity bound.

Corollary 4 Let fi, fo,--- , fn be Ly Lipschitz, leto € (0,1), €,0 > 0andr. = €/(2log N - Ly).
Forany T € R and \ < O(Ly/re), with probability at least 1 — o, Algorithm 2 outputs a valid
7¢-BROO response for Fymax ¢ to query T with regularization X and accuracy 9, and has cost

L3 log(L /A6
@) <7}N + (Tg + 7}))\2—(];2 log <0g(;/)>> : (6)

4.3. The (slightly) smooth case: accelerated variance reduction implementation

If we further assume smoothness of fi,..., fi, we can use stochastic variance reduction to obtain
an improved runtime. With these methods, we estimate the gradient of ', y as VI \(2)+V~;(x) —
V7i(x'), where i ~ p(Z) and 2’ is a reference point which we recompute O(1) times. Here, the
O(NTy) cost of computing p(Z) is essentially free compared to the cost O(N7,) of computing the
exact gradients of I'¢ ) at the reference point. We again take advantage of the regularization-induced
A-strong-convexity a variant of the Katyusha method of Allen-Zhu [1]. This results in the following
complexity guarantee; see Appendix C.3 for a proof.

Corollary 5 Let fi, ---, fy be Ly-Lipschitz and Lg-smooth, let o € (0,1), €,6 > 0, € =
¢/(2log N) and rc = €' /Ly. Forany & € R and A < O(Ly/r), with probability at least 1 — o,
Katyushal [1] outputs a valid r.-BROO response to query T with regularization \ and accuracy 9,
and has computational cost

\/N(Lf‘i‘ \/E/Lg) Lf're
0] ((7} +74) <N+ NV log ()\520> . 7

4.4. Main result

With our oracle implementations in hand, we are ready to state our main result.

Theorem 6 Let f1, fa, ..., fx be Ly-Lipschitz, let v, be a minimizer of Finax(z) = max;e[n) fi(x)
and assume ||zo — x4 || < R for a given initial point xo and some R > 0. For any ¢ > 0, Algorithm 1

with the BROO implementation for Fgyax e in Algorithm 2 solves the problem (1) with probability
at least % and has computational cost

L;Rlog N'\*/* LR\
O<<fR€0g> (TfN+<fR> '(7}4‘7-9)10%—’()10%2}{)7 ®

€
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where K == LyRe 1 log N. If moreover fi, fa, ..., fx are each Ly-smooth, then Algorithm I with
a BROO implementation for Fsyax . using Kayushal solves (1) with probability > % and has cost

L:Rlog N\?/3 LRIog N L, R2
O((ﬁ+7;><<fReog ) J\er(fReog +\/96R>\/ﬁ>log3K>.

The proof of Theorem 6, which we provide in Appendix C.4, follows straightforwardly from Theo-
rem 2 and Corollaries 4 and 5. When applying Corollary 4 with § = (1% ) the dependence of the

complexity on A cancels, and we get that each oracle call costs O(N Tr+ L?R2672(7} +74)). The

complexity bound then follows from multiplying the per-call cost with the bound O((R/r.)~2/3)
that Theorem 2 provides on the total number of oracle calls. When applying Corollary 5 we obtain

an oracle implementation cost of O(N (T} + T;) + A~/2V/N [Lie=t + Ly(Tj + Ty)). The com-
plexity bound again follows by multiplying the per-call cost again with the total number of calls, ex-

cept that to bound the contribution of v/ N term we invoke the the guarantee )\6)1 /2 < O(Re1/2)
in Theorem 2 to a tighter bound.

5. Lower bounds

In this section, we prove oracle complexity lower bounds showing that the results of the previous
section are order optimal for sufficiently large N and L,. While our algorithms are first-order
methods, our lower bounds remain valid even for other algorithms that use high order derivatives,
as is typical for our proof technique.

We begin by providing a formal definition of the oracle-based optimization model we consider
(Section 5.1). In Section 5.2, we define an /N-element variant for the zero-chain concept, and prove
that it allows us to control the progress of any (possibly randomized) algorithm. Then, in Section 5.3
we construct a particular /N-element zero-chain for which slow progress implies a large optimality
gap. Finally, Section 5.4 ties these results together, giving our lower bound and providing some
discussion.

5.1. Optimization protocol

Consider problem instances of the form (f;);c[n}, where f; : D — R for some common domain D
and all i € [IN]. We say that an algorithm operating on ( fi)ie[ ~] is an N-element algorithm if it uses
the following iterative protocol. At iteration ¢, the algorithm produces a query i, x;, with i; € [N]
and z; € D. It then observes the output of a local oracle for f;, at the point x;, which we denote by
O (@)

Formally, ©'°° can be any mapping that satisfies (’)}Oc(x) = (’);?C(a:) whenever f(y) = f (y)
for all ¥ in some open set containing = (subsequently referred to as a “neighborhood” of z). In
particular, the first-order oracle used for our upper bounds corresponds to (’)}OC () = (f(z),Vf(x))
and is valid local oracle. The pth order derivative oracle Oi?c(m) = (f(x),Vf(z),...,VPf)isalso
a valid local oracle. The notion of local oracles is classical in the literature on information-based
complexity [29, 18].

The algorithms we consider may be randomized, and we use ( to denote the algorithm’s ran-
domness. Beyond (, the query of the algorithm at iteration ¢ may only depend on the information it

10
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observes from the oracle. That is, for any ¢ > 1, we have

it 2 = Qi (¢ OF (@), OFF (1) ©)

for some measurable function Q);.

5.2. Progress control argument

Following well-established methodology [33, 18, 11], instead of directly bounding the sub-optimality
of the queries x1,...,z; we first bound a surrogate quantity we call progress. Informally, the
progress is the highest coordinate index that the algorithm managed to “discover” using the oracle
responses. Formally, we define the progress of a point x as

prog, () == max{i > 1 ‘ |lzp| > o} (where max () := 0). (10)

The parameter « is a significance threshold for declaring a coordinate “discovered;” it allows us to
prevent algorithms from trivially discovering coordinates by querying directions at random.

We next define a structural property that facilitates controlling the rate with which prog,, (z;)
increases. For this definition, we recall that v<; denotes the vector whose first I coordinates are
identical to those of v and the remainder are zero. Recall also that BY (0) is the unit ball in R

Definition 7 A sequence fi, ..., fx of functions f; : BT (0) — R is called an a-robust N-clement
zero-chain if for all = € BT (0), all y in a neighborhood of x, and all i € [N], we have

fily<y) i<p+1
prog,(z) <p = fi(y) = filyi<pyy) i=p+1 an
IN(<p) i>p+1

To unpack this definition, consider any first-order algorithm with the following two simplifying
properties: (1) the queries i1, io, . . . are drawn i.i.d. from Uniform([N]) and (2) every query x; lies
in the span of previously observed gradients V f;, (z1), ...,V fi, , (z¢—1) [cf. 33]. The first query
of the algorithm must be 1 = 0, and consequently prog, (1) = 0. Definition 7 then implies that
fo, ..., fn are all constant in a neighborhood of x1, while f; depends only on the first coordinate.
Therefore, the span of the gradients (and the next query’s progress) can only increase to 1 after
the algorithm queries ¢ = 1 for the first time. With uniformly random index queries, that takes
Q(N) queries with constant probability. Repeating this argument, we see that every increase of
the gradient span (and hence query progress) takes (2(/V) queries with constant probability, and
therefore reaching progress 7" takes Q2(/N'T") queries with high probability.

To extend this conclusion to general algorithms of the form (9), we perform two types of ran-
domization. First, to handle arbitrary strategies for choosing i; (as opposed to uniform sampling),
we apply a random permutation to fq, ..., fy. Second, to handle arbitrary queries x; (as opposed
to queries in the span of observed gradients), we randomly rotate the coordinate system. This ran-
domization scheme guarantees that no algorithm can materially improve on uniform sampling and
span-preserving, as we formally state in the following.

Proposition 8 Let 6, € (0,1) and let N,T € Nwith T < N/2. Let (f;)ic|n) be an a-robust
N-element zero-chain with domain BT (0). Ford > T + % log 4]\gT2’ draw U uniformly from the

11
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set of d X T orthogonal matrices, and draw 11 uniformly from the set of permutations of [N]. Let
fi(z) = fuq) (UTx). Let {(is, 21) }1>1 be the queries of any N-element algorithm operating on
fl, e ,fN. Then with probability at least 1 — § we have

prog, (U z;) < T forall t < LN(T —log2).

See Appendix D.1 for a proof. Our definition of N-element zero-chains and our proof of their
progress control property builds on the notion of (single element) zero-chain functions [11]. It is
also closely related to probability-p zero-chains [3]; Proposition 8 essentially shows that N-element
algorithms interacting with an /V-element zero-chain make progress about as slowly as stochastic
algorithms interacting with with a probability-N ! zero-chain.

5.3. Hard instance construction

With the progress-control machinery in hand, we proceed to constructing a specific [V-element zero-
chain that also guarantees a large optimality gap for points with progress smaller than 7. Toward
that end, we first define the “link function” ¥, ¢ : R — R as

0 It < «
Yap(t) =4 §t—a)?  a<[t|<li+a
t| —a — 5, otherwise.

Clearly, 1, ¢ is 1-Lipschitz, £-smooth, and is identically zero for all |t| < . We note that v, 4 is
the composition of the Huber function [22] with max{0, |[t| — a}.

Chain constructions of the form Zie[ N] waTx(.%‘[i] — T[;_1)) are common in lower bounds for
convex optimization [cf. 33, 39]. For our construction, we instead spread the link components across
the different elements. Formally, for i € [N], we define the ith function in the our hard instance as

and .’I}[O] = i (12)

L) 1] :
MT,N ¢ ) Ya ,e( ) i <T ‘
fi{ }(35) = { g 2 where a7 = =

0 otherwise 4T3/2

The following lemma summarizes the properties of our construction. The proof of the lemma is
straightforward and we provide it in Appendix D.2

Lemma9 ForeveryT, N € Nand ¢ > 0, such that T' < N, we have that
. HT,N,t} . .
1. The hard instance ( fi )ien is an cp-robust N-element zero-chain.

2. The function fi{T’N’é} is 1-Lipschitz and (-smooth for every i € [N].

3. Forz € R withprog,, (z) < T, the objective FIENG (z) = max;e (] fi{T’N’e} (x) satisfies

) ) 3 1
{T7N7é} J— ] {T,N,K} —_— i oA e~
Frad V(@) = min | By (@) 2 v <8T3/2> = mm{ 8T5/2" 327 }

12
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5.4. Lower bound statement
Finally, we combine the results of the previous sections to state our lower bound. In the statement,

we use a A b := min{a, b} to abbreviate binary minimization.

Theorem 10 Let Ly, Ly, R >0, ¢ < LyRAL,R?* N € Nand § € (0,1). Then, for any (possibly
randomized) algorithm there exists an L ¢-Lipschitz and Lg-smooth functions ( fi)z’e[n] with domain

B%(0) ford = O ( [(@)2 A (LQGR2 )} log N(LfRE/\LgRQ)> such that with probability at least 1 over
the randomness of the algorithm, the first

([ (E22 0 (B2)7] [0 (SEY)

queries of the algorithm are all e-suboptimal for Fiax(v) = maxe|n fi(7).

See Appendix D.3 for a proof of this result. The first (linear-in-/V) term in the lower bound
follows from Proposition 8 and Lemma 9 via a re-scaling argument. The second (sublinear-in-N)
lower bound term is a direct consequence of existing lower bounds [14, 39, 15].

We remark that our lower bound is stated for optimization constrained to a ball of radius R,
while our upper bounds assume unconstrained optimization given a minimizer of norm at most R.
These two settings are essentially equivalent; in Appendix D.4 we sketch a general technique for
transferring lower bounds to the unconstrained setting.

In Table 1 we specify our lower bound in the special cases Ly = oo and L, = @(L?E /€), showing
that they match our upper bounds (up to polylogarithmic factors) for N = Q((LsR/ €)?) in the
former case and for any NV in the latter. More broadly, when L, = @(L?Jquq /el *4) our lower and

upper bounds match for any N and g € [0,2/3]. For Ly, = o(L%/¢) and Ly = w(L§/3R2/3/e5/3),
however, there remain gaps between our upper and lower bounds. We discuss these gaps in the
following section.

6. Discussion

To conclude the paper, we provide some commentary on our results and the possibilities of im-
proving them. For simplicity, in this section we revert to the setting Ly = R = 1 used in the
introduction. We also use a < b as a shorthand for a = O(b), and ignore constant and logarithmic
factors throughout.

6.1. Gaps between the upper and lower bounds

Regimes where a gap exists. Comparing our upper bound in Theorem 6 to our lower bound
in Theorem 10, we identify two regimes where our upper and lower bounds disagree by more than

polylogarithmic factors. The first is the smooth regime L, < ¢~ 1, the lower bound is (N L};/ Se-1/3 4

/N Lgye~1) while our upper bound is 6(]\7 e 23 4/N ¢~1), and a different algorithm gives a better
oracle complexity O(N/Lge~1) (see Appendix A.3) which still falls short of the lower bound.
The second regime is the non-smooth regime Ly >> ¢~ 1, where both the upper and lower bounds
share the term Ne~2/3. Comparing the lower bound to the variance reduced upper bound (6), we see
that they disagree if and only if Ne=2/3 + ¢ 2 <« N Lge~! which is equivalent to N < Lgel/3

13
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and N > ¢ 3/ L. Clearly, this is only possible only when L, > ¢ °/3, and so we conclude that
the rate (6) is in fact optimal whenever e ! < L, < ¢~5/3. Moreover, the upper bound (8) matches
the lower bound whenever N > ¢ 2 for any L, > ¢ !. We conclude that gaps in the non-smooth
regime exist only for L, > ¢ /3 and ¢ 3 /L, < N < min{e 2, ¢'/3L,}.

Closing the gap in the non-smooth regime. Improving the bound (8) from O(Ne~2/3 + ¢=8/3)
to O(Ne 2/3 4 ¢=2) would imply that (13) gives the optimal rate for any L, > ¢~!. The main
barrier for obtaining such improvement is our accuracy requirements 6; = O(e/\;) in Algorithm 1.
Meeting this requirement with SGD means that each oracle implementation costs 5(]\7 + €72)
function/gradient evaluations, and multiplying this cost by the number of rounds 5(6_2/ 3) yields
the exponent 8/3. A variant of Algorithm 1 which can handle less accurate BROO outputs could
close this gap by allowing a more efficient SGD-based implementation.

Closing the gap in the smooth regime. The gap between our upper and lower bounds when
L, < ¢! is more fundamental than the one arising for Ly > €%/, because it affects the term
linear in N. The barrier for improving the linear term in our algorithm is the ball radius. Any 7.-
BROO implementation with (N') cost will have overall complexity Q(Nr. 2/ 3). The techniques
we develop in Section 4 only allow us to support r. = 6(6) because this is the largest radius where

the exponentiated softmax is stable (see Lemma 3).

Conjectures and future work. We conjecture that our lower bound is in fact optimal in both
smoothness regimes. In future work we will attempt to close the remaining complexity gaps de-
scribed above.

6.2. Some necessary algorithmic structures

Several aspects of our method, namely functions value access, individual function queries and ran-
domization are necessary for any method that achieves (or improves on) our complexity bounds.
See Appendix A.4 for detailed discussion.

6.3. Practical considerations

The main purpose of the algorithms we develop in this paper is to clarify the complexity of the
fundamental optimization (1). Nevertheless, since this problem formulation is relevant for a number
of machine learning tasks [13, 21, 36], it is interesting to try and develop a more practical variant of
algorithms. Two aspects of our method which we believe will be particularly useful in practice are
the gradient estimation scheme we use in Algorithm 2 and the momentum scheme in Algorithm 1.
However, a number of aspects of our method seem rather impractical. First, the theory instructs
us to constrain subproblem solutions to a very small ball of radius r. of roughly €/L ;. Since usually
neither € or Ly are known in advance, the parameter 7. must be tuned. Moreover, choosing 7. to
be small in keeping with the theory would likely mean very slow progress in the early stages of the
algorithm. A second impractical aspect is the bisection stage in Algorithm 1: while in theory the
bisection only increases complexity by a logarithmic factor, in practice it entails solving a consid-
erable number of sub-problems without making progress. This bisection overhead is an issue with
Monteiro-Svaiter acceleration more broadly and a topic of active research [37, 34].
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Appendix A. Additional discussion

Here we discuss three important points that exceeded the scope of our introduction. First, Ap-
pendix A.l explains what makes Lfc /€ a natural smoothness scale and when we can expect the f;
to be at least that smooth. Then, Appendix A.2 discusses the maximally smooth case of linear loss
functions, and compare our results to guarantees of methods specialized to this setting. Finally,
Appendix A.3 considers the computational complexity of implementing the steps in the accelerated
iterative linearization scheme of [33, Section 2.3.1].

A.1. The generality of the smoothness assumption L, = O(Lfc /€)

Let f be a convex, Ly Lipschitz function. When f is not continuously differentiable, it is still
possible to uniformly approximate it with a continuously differentiable function, that moreover has
a Lipschitz gradient. More concretely, for every € > 0, we may consider the infimal convolution of
f with a quadratic regularizer (also known as its Moreau envelope):

. L3 )
f(x)=;21i[{g{f(y)+25!!m—yll } (14)

It holds that 0 < f(x) — f(z) < /2 for all z € R? and moreover that f is Lfc/e smooth (i.e., with
L?c /€ Lipschitz gradient) [see, e.g., 18]. Therefore, if we wish to minimize f to accuracy €, we may

choose € = € and replace f with the O(L?c /€)-smooth function f.

The computational cost of such replacement depends on the application. In certain cases,
smoothed versions of the f;’s have closed-form expression, and we may simply define the prob-
lem with them instead. Moreover, in several machine learning applications each function f; is
“simple,” and querying index ¢ really corresponds to obtaining full access to this function, in which
case directly computing (14) might be feasible.

However, when we are truly restricted to accessing f; through a gradient and value black box,
there will be some instances where computing (14) (and indeed any other smoothing) is substantially
more expensive than a single oracle query. To see this, note that the worst-case oracle complexity
of minimizing a single non-smooth convex function scales as Q(L}RQG_Q), while the complexity

of minimizing an L,-smooth function scales as O(y/LyR%*e~1). If T, is the worst number of oracle
calls required to compute an O(¢€)-accurate O(L?c /€)-smooth approximation for any L ¢-Lipschitz,
we immediately have a general complexity upper bound of O(T.L fRe_l). Comparing it to the
lower bound Q(L?CRQGJ) immediately yields that 7. = Q(LsRe™') in the worst case. Therefore,
the fact that our algorithm maintains the same leading order dependence on N even for L, = oo is
nontrivial and potentially useful.

A.2. The special case of linear loss functions (L, = 0)

When the losses are linear (i.e., f;(z) = a?m—i—bi) exactly IV function value and gradient evaluations
suffice to completely identify the problem instance, so the optimal oracle complexity should never
be more than /N. In this setting, then, it is more relevant to discuss the computational (runtime)
complexity of solving the problem (1). To simplify the following discussion, we return to the setting
in the introduction where each f; is 1-Lipschitz (i.e., V f; has norm at most 1) and we assume the
existence of a minimizer of Fi,,x with Euclidean norm at most 1.
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In the linear setting, an equivalent form of the problem (1) is

minimize max p' (Az — b)
x€RI  peAN
where A is a matrix whose ith row contains V f;. Stochastic primal-dual methods are able to take
advantage of this matrix structure to obtain cheap unbiased estimates for the gradients of p” Az with
respect to both x and p, sampling rows and columns of A respectively. Assuming that reading a row
and a column of A takes O(N + d) time, the stochastic primal-dual method has runtime complexity
O((N + d)e~?) which, for sufficiently large e, is sublinear in the problem size Nd [13]. For
lower values of €, a variance reduction technique [10] has preferable runtime complexity O(Nd +
Nd(N +d)e ).

In comparison, in the linear case our method has runtime complexity 9] (N de 23 + /N de 1)
assuming that sampling a row takes O(d) time. This improves on the variance reduction method
in the somewhat narrow parameter regime N = Q(d) and d = O(e~2/3). However, we note that
our method operates under a strictly weaker access assumption, since it only samples rows and not
columns. In scenarios where accessing a column takes w(V) time, the relative merit of the methods
changes. In the most extreme case where reading a column of A is as expensive as reading the entire
matrix (e.g., because the rows are scattered across many devices), the stochastic primal-dual meth-
ods become less efficient than exact-gradient counterparts with runtime O (N de_l) [31, 28, 32],
while the runtime of our method is unchanged and always superior. To the best of our knowledge,
this is the first guarantee for a stochastic gradient method that improves on exact gradient methods
in a first-order oracle model that can only provides rows of A.

The literature also considers high-order methods for solving the linear case of problem (1) to
better accuracy but with potentially worse dependence on problem dimension. Bullins [9] proposes
a fourth-order accelerated regularization method that requires 0(6*4/ %) solutions of linear systems
of the form AT DA = b for a positive diagonal matrix D. Carmon et al. [12] use ball oracle ac-
celeration to obtain an improved method requiring only O(e=2/ 3) linear system solutions. They
also propose to solve these systems using an efficient first-order method, resulting in a runtime
guarantee of O(Nde 2/3 4 d3/2¢75/3). We believe more careful reasoning about the condition-
ing of each linear system to be solved (as we do in Section 4.3) would improve this guarantee to
O(Nde=2/3 + d3/2¢~1) under the assumption that individual entries of A take O(1) time to read.
In the linear case, this improves on our result when d < [N, albeit with stronger matrix access
assumptions.

For even higher accuracy, it is possible to express the linear case of problem (1) as a linear
program and solve it using interior point methods. The best existing theoretical runtimes for these
methods are O((Nd+ (N Ad)?)V' N A d) [23] or O(Nd+d?®) [6], both depending logarithmically
on the desired accuracy 1/e. When the problem dimensions N and d are sufficiently large compared
to 1/e, first-order methods are preferable.

A.3. The computational complexity of accelerated iterative linearization

This subsection uses our full notation defined in Section 2. We suggest considering this section after
reading Sections 3 and 4 as well.
In [33, Section 2.3.1], Nesterov shows how solving O(y/L,R?¢~!) subproblems of the form

min maX{fxyt) (V) (@ — ) + yt”g}
z€R4 i€[N] 2
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allows solving the problem (1) when the functions are L,-smooth. We note that each subproblem is
equivalent to

L
. T g 2
min max Ax —b + =z
zGdeGAN{p ( ) 2 H ” }

for a matrix A € RV*? whose rows have norm at most L - Consequently we may apply a variance-

reduced bilinear saddle-point method to solve the subproblem to additive error v in time

6<Nd+\/m L )
\/ gl/

see Proposition 6 and the subsequent discussion in the arXiv version of [10].

Applying the same arguments used to prove Theorem 2—but with \; = L, for all t—we have
that the required subproblem solution accuracy is O(fj%?)’ and consequently we can solve each
problem in time

€

9 (NaH— m”ﬂ .

Assuming 77 + T, = §(d), the overall cost of the method is

3/2

. 2 L¢\/L,R?
0<N(7}+7;,) LgeR - Nd(N+d)f~">.

A.4. Some necessary algorithmic structures

We now argue that several aspects of our method, namely functions value access, individual func-
tion queries and randomization are necessary in any method that achieves (or improves on) our
complexity bounds.

Function value access. It is possible to minimize a convex function f by iterative (sub)gradient
evaluations, without access to the value of f itself. In contrast, all algorithms for minimizing
Frax = max;e|n) fi(x) must query the values of the f;’s in addition to their gradients. To see
why this is so, consider the case where f;(x) = II(¢) — x;, where II is a random permutation
of [N] and the domain is the unit Euclidean ball. The global minimum of max;c(n fi() is the
11! (N)-th standard basis vector. However, gradients provide no information about IT~*(V'), since
V fi(x) = —e; for all z, independent of II.

Individual-function access. The algorithms from prior work in Table 1 (namely the subgradi-
ent method, AGD on softmax and AGD on linearization) are full-batch methods: they proceed by
querying all IV functions f1, ..., fx at the same point x; and using the result to generate the next
query point x441. In contrast, our BROO implementations proceed by sampling an index %;, com-
puting V f; at x; (and potentially another point), and generating the next query x;;. Full-batch
methods are more amenable to parallelization, but for our problem have demonstrably worse oracle
complexity. To see this, consider the case where all the f;’s are identical and equal to standard hard
instance for convex optimization. For such input, any full-batch methods will have oracle complex-
ity Q(N min{e~2, \/Lye1}) [14], which is worse than our upper bounds for any L, > ¢~'/3 and
sufficiently large N.
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Randomization. Another contrast between the prior algorithms in Table 1 and our algorithm is
that the former are deterministic while ours is randomized. Woodworth and Srebro [39] prove a
lower bound of Q(N min{e 2, \/Lye~1}) gradient queries for any deterministic method for min-
imizing the average of N functions. Observing that the maximum of the N functions in their
construction has the same minimum value as their average (and that the maximum upper bounds
the average in any other points), we conclude that this lower bound is also valid for any determin-
istic method for solving the problem (1). Therefore, randomization is necessary for obtaining our
improved rates of convergence.

Appendix B. Proof of Theorem 2

In this section we give the analysis of our accelerated algorithm. Our analysis builds off of [12]
and proceeds in several parts. We first prove several standard technical results Appendix B.1. Then,
in Appendix B.2 we give the proof of Theorem 2 assuming the correctness of the A-BISECTION
subroutine. Finally in Appendix B.3 we prove this correctness.

B.1. Preliminary technical results

First, we observe that O) 5(y) returns a point which is close to bprox{vr(y), the true minimizer of

the proximal objective.

Lemma 11 Let f be a convex function and let x = bproxf\c ~(y). Then if O 5(-) is an r-BROO for
f, the point T = O, 5(y) satisfies ||z — z|| < 0.

Proof By Definition 1 of the BROO, we have

oA A PV e
v=|f@)+SlIF - yl?| - | @)+ Sllz —yl?| <=~
2 2 2
Since the function f(z)+%||z—y||? is A-strongly convex, we obtain v > 3|z —Z||2, and substituting
v < \62/2 gives the result. [ |

Second, we provide standard facts regarding proximal mappings. Though this follows from
standard facts regarding subgradients we provide a self-contained proof for completeness.

Lemma 12 Let f : RY — R be a convex function, S C R? be a closed convex set, X > 0, and
Ty, xg € S satisfy

. A
on =argminf () + o — ol
zeS

Then gy == X(xo — xy) is a subgradient of f, i.e.,

f) > f(zx) + (9rn,y —x5) forally € S. (15)
Further, we have
A A A
g3 (ox = 2) = S llz = wol* = Sz = aall* = Sllaa — wol® forall z € R (16)
and
A 9 A 9 A 2
Flan) < f) + 5lly —2oll” = Slly = 2all” = Sllex = ol" forally € 5. (17
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Proof Let 2% := o - y + (1 — «) - x for all @ € (0, 1]. Note that z* € S for all a € (0, 1] since S
is convex and z,y € S. Consequently, (15) and convexity of f imply that for all « € [0, 1]

Flo) + Gllar = woll? < £ + Jllao — 2
< af(y) + (1 - ) f(z) + Sl (e —v) + (1 - )z — ax)|.

Rearranging yields that for all > 0 implies

Fla3) = F0) < 2= oo — yll + 201 — ) (w0 — ,20 — 22) + (1~ @) far — o’  [lar — ol

Taking the limit as o — 0 yields that
F(@x) = fy) < Mwo —y) (2o — 23) = 2X[|2x — o]|* = A — 20) T (20 — 2)

The remaining claims (16) and (17) follow from direct algebraic manipulation of this inequality and
the definition gy = A(xg — x)). |

Third, we bound the function error induced by proximal mapping.

Lemma 13 Let f : R? — R be a convex function, A > 0, and x5, xy € R satisfy xy = proxf\c(acg).
If y € R satisfies ||y — xo|| < R and ||z — x0|| < © then f(z)) — f(y) < A\OR.

Proof Bound (15) in Lemma 12 yields

flxx) = f(y)

—AMzo — 2x,y — ) = —A {0 — T,y — T0) — Al|To — 52
Axn — w0,y — xo) < A||lwg — 2] - ly — 20l < AOR.

IAIA

Fourth, we prove that for any constrained minimizer of f (denoted x,), BROO calls either
decrease the distance to x,. or have objective value not much worse than z,.

Lemma 14 Let [ be a convex function, e, R > 0, xg € RY 2, € Br(zo), y € Br(zy), and
1" = Oxs(y) for 6 < pg and X > z5. If f(2') — f(xi) > § and prox{(y) = bprox{r(y) then
2" — 2|l < |ly — o]

Proof Let x) = proxf\c(y). Since proxf\c (y) = pr‘OX{ (), Definition 1 of O} s(-) implies
A A A2
Fla) < 7(a) + Slla’ —yl < Flaea) + Sllar — ol + o

Further, Equation (17) implies that
A A A
Flan) < Fla) + Sz =yl = e — ol = Sllan — ol
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Combining these inequalities, rearranging, and using f(z') — f(z,) > § yields

A A € A2
Sllex =l < Slly — 2l - 5+ 5o

2 "2 (18)

Since \6? < ﬁ < & < §, thisimplies [z — 24| < ||y — 24]|.

By the triangle inequality, we have ||2' — z,|| < ||z)x — 24| + ||2" — x|. Thus,

2" = 2| < floa — aull® + 2llzy — 2| - J2" — 22l + |2 — 2l
< lza — x*HZ + 20|y — || + 52 < |z — a:*HQ + 20R + 62,

where we have used ||z) — z4|| < ||y — || (argued above) along with ||z’ — Z|| < § (Lemma 11)
and the assumption that y € Br(x,). Substituting into (18), we have

Mz’ = 22 < AMly — 24]|* — € + 206 R + 2)6.
To conclude the proof we note that —e + 2A\J R + 2X62 < 0 since A\J < ¢/(4R) and 6% < ¢/6. W

Fifth, we bound the movement of the proximal operator by the Lipschitz continuity of the ob-
jective.

Lemma 15 Let f : R — R be convex and L ¢-Lipschitz. Then for all A > 0 and y € R?,

L
Iprox] (y) — y|| < Tf

Proof Let x, := prox{(y) — 3. Equation (15) of Lemma 12 implies that

F@) = F(2) = Xwo — 2, 19 — 7)) = A||mo — 25 ]|%.

Further, L ;-Lipschtiz continuity of f implies f(y) < f(zx) + L¢|lzo — x,||*. Combining and
noting that the claim is trivial when ||zo — || = 0 yields the claim. [

Finally, we mention a standard lemma about the relation between the sequences { A;} and {\;}
in accelerated proximal methods.

Lemma 16 ([cf. 12, Lemma 23]) For any iteration t of Algorithm I, we have A; = a?)\; and

YRS

i€lt]

1

B.2. Main algorithm analysis

In this section we give the analysis of our accelerated algorithm. Before going into the technical
details, let us provide a brief overview of the algorithm and its analysis. At its core, our algorithm
is an accelerated proximal point method [19, 25, 16]. These methods iteratively compute proxi-
mal points of the form ¢y ~ plroxi+1 (y¢) and then use a momentum-like extrapolation scheme
to compute y; 1. Accelerated proximal points methods differ in the methods they employ to (ap-
proximately) compute that proximal points and the choices of {\;}. Our method approximates
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Tyl = proxf\ctﬂ(yt) using calls to a BROO, and employs a bisection procedure that finds val-

ues of \; for which such approximation is valid because the ball constraint is inactive, i.e., when
w41 —yell <7

The crux of the analysis of our method is showing that the optimization error decreases roughly
as exp (—Q(1) Diciy (w1 — well/ R)?/3). By requiring our bisection procedure to find values for

which ||z1 — y|| € [r/2,7), we obtain the claimed O((R/r)?/3) complexity bound. Our analysis
of our method closely follows the previous ball-oracle acceleration proof of [12], which itself draws
from prior analyses of Monteiro-Svaiter-type algorithms [17, 7].

The differences between our algorithm and proof and those in [12] center around handling
non-smoothness and less accurate ball oracle outputs. In particular, in Line 7 of Algorithm 1 we
estimate V f (prox{t+1 (y¢)) as Adet1(ys — x¢+1), which allows us to avoid smoothness assumptions
but requires a somewhat different proof of the main potential bound. We also remove the assumption
that x( is within distance R from a global minimizer of f, and instead compare the function value
of our output to the minimizer of f in a ball of radius R. Our bisection subroutine and its analysis
also differ from its counterpart in [12]; we explain these differences in the next subsection.

Our analysis of the Algorithm 1 outer loop relies on the following guarantee for our bisection
subroutine, which we prove in Appendix B.3.

Proposition 17 (Bisection) Ler f : R — R be L ¢-Lipschitz and convex, and let x,v € R?,
e,r,R € Ryg satisfy e < LyR, r < Rand ||x — v|| < 2R. Given Apax > # and Apin €
(0, Amax), A-BISECTION(z, v, A) outputs A\ € [Amin, Amax] such that

prox{ (y) = bproxy , (y»)

(i.e., proxf\c(yk)—yAH < r). The subroutine uses O(log(’/\\’r‘rﬁ)—i—log(w)) callsto Oy = (-)
with N € [%)\, Amax). Moreover, for agya = m and yy = agyax + (1 — aiona)v one

of the following outcomes must occur:
(@) X € [2Amin, Amax] and Hprox{(y)\) — > 2 or
(b) A< 2)‘min-

2
When taking Apyax = 2Ly Amin = g the number of calls to Oy = (-) is bounded by O(log LiR ).

17 re

For the remainder of this section, we fix a parameter R and let

x, € argmin f(x)
SCE]BR(x())
denote a minimizer of f in a ball of radius R around the initial point xg. (If it is not unique, we
choose one arbitrarily). Based on the iterates {z;, vy, A;} generated by Algorithm 1, we define the
following quantities:

N € 1 o
Et = f(xt) — f(:c*), Et = Et — Z, Dt = §”’Ut — .T*H2, and Pt = AtEt + Dt. (19)

In the following lemma we prove our main potential decrease bound, under the conditions that
the iterates x;, v; are within distance 2R of each other and (implicitly) that a suitably good solution
has yet to be found. We establish these conditions inductively in subsequent lemmas and leverage
this to lower bound the growth of A, and prove Theorem 2.
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Lemma 18 Let f be a convex function, o € R% and e, R > 0. If at iteration t of Algorithm 1 the
following conditions hold,

(a) ||xy —ve|| < 2R
(b) M+1 2 3R
we have

2
Appi Nar

Py — P < —
t+1 t S 0

Proof Let

. . At+1
Ty = bproxff’)\tJrl (yt) = al;gBI?H)l{f(.%') + 5 [ERTA
x r (Yt

Condition (a) and Proposition 17 guarantee that the ball constraint is inactive, i.e.,

R . At41
Li+1 = pr‘OX{’AtJrl (yt) = pI‘OX{Hl (yt) = arg E}iln{f(x) + 2 HCE - yt”2 :
T

(Note that y; is precisely v, defined in Proposition 17). Consequently, by Lemma 12 we have that
ge+1 = A1 (Y — Bey1) € Of (B41), e,

flu) > f(#e41) + gloq (u — B441) for all u € R (20)

Further, since vt41 = arg min, g, (4 {ars1 (ye — 2e41,0) + 3|lv — v¢||*} and z, € Bp(zo) ap-
plying Lemma 12 again (with u = x, € Br(x()) yields that

1 1 1
A1 41 (Yt — Tig1, Vg1 — Ty) < §||Ut —z,]]? - §||Ut+1 — x| - §\|Ut+1 — vg)?

1
=Dy — Dyy1 — §Hvt+l — 2. (20

Our proof strategy is to upper and lower bound the inner product (g;11,v¢+1 — ). In particu-
lar, we will lower bound this inner product using (20) and upper bound it using (21). Towards this
end, we define the point

Ay at41
Tt + A Vt+1-
t+1

e =
T A

We remark that the use of ¢, is inspired from the acceleration analysis of Allen-Zhu and Orecchia
[2]. From the definition of y;, we obtain

A1

1 _
vp = —— (App1ye — Avry)  and vy — vy = (Yt — Tt) - (22)
Ag+1 at+1
Recalling that A; 11 = Ay + a44+1, we have
1 - . Ay . A1, -
Vi1 = —— (App1Ge — Apty) = Bpg1 + — (Te41 — T4) — —0 (Fe01 — ). (23)
at41 a1 at41
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To begin our inner product lower bound, we note that

) A N A . .
<gt+17Ut+1 - 95*> = <9t+1, Ti4+1 — l‘*) + — <gt+17$t+1 - Hft) — <gt+17$t+1 - yt)
at+1 at+1
~ At ~ At—i—l N ~
> [ (@41) = f(2e) + ——[f (@t41) — [ (20)] — (Ge41, Teg1 — Tt)
Qi1 At41
A R A A . -
= [ (Be51) — (@] = — [f (20) = f (2] = =55 (g1, Bes1 — G)
Q41 at41 at41

(24)

where the inequality follows from (20). To relate f(Z+1) to f(z¢+1) in (24), we use the approxi-
mation guarantee (3) defining O s(-) to obtain

X At41 9 A4l 5 Ap1074
f(@eg1) > floer) + THfEtH —yel]” — Tth-&-l —yl|" = ————

2
At+1 . . At+1 . At4102 4
> f(xegr) + THfEt—H - yt||2 + (gt+1,Te41 — Ut) — THyt - yt||2 - TH
. _ A _ At || » _ A1 || .
where we used (gi11, 21411 — Jt) = “5= [y — Gel|* — 55 1 Ze1 — Bell* — 52 | 8041 — we]|? (as in

Lemma 12) to obtain the second inequality. Substituting into (24) and recalling that E; = f(xy) —
f(zy) yields
At+1 At AtJrl )\t+1

Eyiq — E, + Tee1 — yel® = 6701 — llve — 3el?]-
g = A A 2 8~ -l

(Gt41, V41 — Tye) >

The lower bound A\;41 > 57 implies that §41 = m < 7. Moreover, by condition (b)
(At+1 > 37) and Proposition 17 we have that ||Z441 — || > 3r/4. Applying Lemma 11 we
conclude that

7,2

@1 — well> — 0701 = (121 — well — 641)* — 67 = P2 [(3 = 3)° = ()] = e
Substituting back, we have
A1 Ay App1der? A Mg

Eiyyn+—FE; —
a1 a1 12a4.41 2a441

(G141, Vi1 — Tu) > lye — il (25)

We now proceed to upper bound (g;+1, vr+1 — T«). Recalling gi+1 = A\¢1(y¢ —T¢41) We obtain

<gt+1, Vt41 — l“*> = )\t+1 <yt — Tt41, Vt4+1 — 33*> + )\t+1 <90t+1 - it+1, Vt41 — 96*>
S A1 (Yt — Te 1, Vi1 — ) + M1 |21 — Dol [Jveer — 2| (26)

To bound the term A\11||Z¢+1 — Ze41]|[|ve+1 — x|, note that ||z 41 — Z41]] < d441 by Lemma 11,
|ve41—24|| < 2R since vy41 and x4 are both in B (o) by assumption, and Ay y16:41-2R = § < {.
To bound the term \;+1 (y: — Z+1, Vi+1 — T«) We apply (21). Applying these bounds to (26) yields

1 1 a¢41€
(9e+1, V001 — T4) < —— [Dt — Dyt — 2 llopn — vl + =25 ]
ati1 2 4
1 A? 5 €
=— [Dt — Dy1 — 5 lye — Gell* + (A — At)], (27)
a¢4-1 2at+1 4
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where the equality is due to (22) and a1 = Arr1 — As.
Combining the lower and upper bound (25) and (27) and rearranging, we have

€ € At+1)\t+1T2 A%_A'_l 1 ~ 2
At (B = D+ D = Al B =) =D < —— o+ Aerdenn = —— ) Sllve=7ell”
t+1

2
Ain

2
A1

Py = A+ Dy = Ay(Ey — §) + Dy |

The proof is complete upon noticing that A1 11 — = 0 (since Ay = a? ', 1At+1) and that

Lemma 18 shows that the potential P, decreases significantly whenever A;;1 is not too small
and ||z+ — v¢|| < 2R holds; we now the latter condition inductively.

Lemma 19 Fixt > 1. In Algorithm 1 if f(x;) — f(w,) > eand \; > 35 forall 0 < i <t then

2
Airi Nipar

o = .| < R >

|ve —z4|| < R, and P, — Py < — Z
i€t—1]

Proof We proceed by induction on t. For the base case of ¢ = 0, we note that [[vg — z4|| =
|lzo — z4|| < R by assumption, and that Py — Py < 0 trivially. Therefore we assume the inductive
hypothesis that the lemma statement holds for iteration ¢, and show that it also holds for ¢ 4 1. First,
we note that ||z —2.[| < R, [|vs—24| < Rand A\;y1 > 55 satisfy the conditions of Lemma 18 and
consequently P11 < P — %At+1 A¢4172; together with the inductive hypothesis this establishes

t
A1\
P — PR < —Z %
i=0

Next, we note that f(z;11) — f(z,) > e implies that By 1 = f(z¢41) — f(e) — 7 > 0. Recalling
the definition (19) and Ay = 0, this implies

1 A 1
§||Ut —IL‘*HQ =D <AEi+Di =P, <Py=Dy= §|’$0—$*H2 < -R%

DN | =

and consequently
i1 — 2| < R.

To complete the induction step we need to argue that ||x¢11 — x| < R. To that end, we invoke
Lemma 14 (recalling that f(z+1) — f(xx) > € by assumption) which shows that ||x;11 — z4|| <

llye — x|l or f(ze41) — f(x4) < §. The definition y; = ﬁxt + jf;ll vy gives
A A1
e = @ell < Hlys = 2l € =Nl = @l + 7 [loe — 2] < R,
A1 A

where the final bounds holds since A;+1 = A;+a+1 and ||z — x|, ||vs —z4]| < R by the inductive
assumption. |
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Lemma 20 Fixt > 1. In Algorithm 1 if f(x;) — f(w,) > eand \; > 35 forall 0 < i <t then

r2/3
Atzexp R2/5( ) Ay

Proof Lemma 19 implies that

t
3 A1
Pt _ PO < - z+lf2 141 )
=0

Further, that f(z;) — f(x,) > eforall i < ¢ implies E, > 0 and therefore P; > 0. Combining these
facts with the facts that Ay = 0 and the A; increase monotonically yields

6R2

2

_ 12
ZAi+1)\z+1 < *Po = ﬁDo < (28)

Next, note that the reverse Holder inequality with p = 2/3 states that for any u, v € Rio

3/2 —1/2
v) > Z u22/3 . Z ’U;2
1€[d] i€[d]
We therefore have
3/2 ) —-1/2
(1) 1 2/3 1 B
\/>_QZ 25 Z(\/XZ> ' Z( Ai)\i>
iclt] i€[t]
3/2
i) 1 2/3 r
Z 5 Z(\/>> " JoR

1€[t]

where we used () Lemma 16, (i) the reverse Holder inequality with u; = v/A; and v; = 1//A;\;,
and (777) the bound (28). Rearranging, we have

2/3
1/3 r 1/3
A"z > oA (29)

1€[t]

Lemma 28 of [12] shows that for any sequence of A; that satisfy (29) for all ¢ € [T'] also satisfies

A1/3 > exp < T (T — 1)) Al/3

3R2 /3
and the result follows. [ ]

2/3

We are now ready to prove our main theorem.
Proof [Proof of Theorem 2] This proof proceeds in parts. First, we show that whenever the algo-
rithm terminates, i.e. one of the conditions of Line 8 is met, then Algorithm 1 outputs a point z ¢
with f(xyet) — f(2+) < eonLine 9 . Next, we bound 7}, the value of ¢ at termination on Line 9, and

show that T, = O <( )2/ ®lo <w> ) Leveraging these facts we complete the proof.
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Termination due to small A7 ;. Consider the case where the algorithm terminates because
AT,+1 < g on Line 8. Further, suppose that f(z;) — f(zx) > eforall 0 < i < T, as oth-
erwise f(Zret) — f(7+) < € as desired. By definition of T, we have \; > 55 forall t < T,
(otherwise we would have terminated earlier). Applying Lemma 19, we conclude it must be that
lzr, — xx|| < Rand ||vr, — z.|| < R and therefore ||yr, — z4|| < R. By Proposition 17 we have
that 7, 11 = proxi(yTo) = bproxf\c,r(yTo) and thus || 27,41 —y7,|| < r. Lemma 13 with g = y7,,
Ty = 27,41, Y = T« and © = 7 then yields

S €
Moreover, the BROO guarantee (3) gives

AT, +1
2

AT, +1
2

frr, 1) < f(@71,41) + (r? 467, 41)-

&4+ — yell? = llers1 — well> + 67, 14] <

Noting that At 1 € [5°R, 3-5) and that 7, 11 = m, we have have A7, 4172 <€ 3% < ¢€/3
and )\To+15%0+1 <e- ﬁ 5 < €/24. Substituting back, we have

fxr,q1) — f(2e) < f(@1,41) — fwi) + % < g + % <e

Termination due to large A7, ;. Next consider the case where \py; > ﬁ forall t < T, but

A1 41 > %2. In this case, Lemma 19 implies that unless f(xret) — f(2x) < €

2

€ . 1 R
A7, 41 (f(ﬂUTOH) — flae) — Z) = Ar, 1 Er,41 < Pr,y1 < Py=Dg = §HUCO —z? < 5

Dividing by A7, 1 > £, we obtain

€

f(xToJrl) - f(l’*) < Z + - <e

N

Termination due to distant 7, 1, v, 1. Next consider the case where A\ry; > ﬁ for all
t < T,but ||xr,+1—vr,+1|| > 2R. This implies that either ||z, 41 — .|| > Ror ||vr,+1—xx|| > R.

Consequently, Lemma 19 implies that f(x;) — f(xs) < e forsome 0 <i < T, + 1.

Termination due to slow A; growth. Next consider the case where A\; 11 > 5. forall t < T,
r2/3

but A7, 1 < exp (W(TO - 1)) Aj. In this case Lemma 20 implies that f(x;) — f(z,) < € for
some 0 < ¢ < T, + 1 and therefore f(xet) — f(z4) < € as desired.

We conclude that in each of the four possible causes for the algorithm to terminate, i.e. one of
the conditions in Line 8 to be true, the algorithm x,¢ such that f(zet) — f(24) < € as desired.

Iteration Bound. We now show that 7, = O (R2/3 log ( [f(wo)—f (x*)]R)) . Note that by definition

r2/3 er

of T, as the iterate index ¢ for which termination on Line 9 occurs, we have

7,,2/3 R2
exp (_R2/3 . (TO — 1)) Al S ATO S ?
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since otherwise we would have terminated on at ¢ = T, — 1. Consequently we have that

R2/3 R2
T, = O( 273 log <A16>> (30)

and it remains to lower bound A1 = a1 = ﬁ (since Ag = 0).
Note that since xg = vy it is the case that yg = zg. Consequently, if 7, > 0, Line 8 implies that

A1 > 3.5, 1.e., item (b) of Proposition 17 does not hold). Consequently, Proposition 17 implies that

||p1ro><];1 (z0) — o € [, r] and therefore

A2
32

Flao) > f (prox], (20)) + Jliprosc], (wo) — aol? > f (prose], (w0)) +

Further, since ||prox{l(x0) — zo|| < r < R we know that f (prox§1 (z0)) > f(z4). Consequently,
32[f (zo) — f(z4)] 1 9r?
A < dA .
VT e TN ) - ()

Substituting back to (30) yields the claimed bound on 75.

Remaining guarantees. To complete the proof, we observe that in each of the algorithm’s

o((%) " (*2))

: . . L
iterations, Proposition 17 guarantees that we perform at most O(log =L

2
f ) queries to Oy 5(-). It
also guarantees that the queried A satisfies A € [5557, 4LTf] yielding item 1 in Theorem 6. Finally,

for the sequence A(q), ..., () of A values queried during the execution of Algorithm 1, we have
1@ o(1 LyR?
S Y Y =2y De(HF)
i€[T] (4) t€[To+1] i seen in ling search () i€[To+1] t

for iteration ¢

(i) 1 LfR2
< A 1
_O< To+\/)\min> Og< re )j

due to (1) Proposmon 17 and (7i) Lemma 16 and )\T +1 > Amin = g5 for all ¢. Finally, Line 8
guarantees A7, < ?, and (since r < R) /A1, + \/7 = O( \/) glVlng item 2 in Theorem 6. W

B.3. Bisection analysis
In this section we prove Proposition 17, a guarantee on our bisection subroutine, restated below.
Proposition 17 (Bisection) Let f : R — R be L f-Lipschitz and convex, and let x,v € R,

e,r,R € Ryg satisfy e < LyR, r < Rand ||z — v|| < 2R. Given Apax > 2Lf and Amin €
(0, Amax), A-BISECTION(z, v, A) outputs X\ € [Amin, Amax] Such that

proxf\c(yx) = bproxf\c,r(yk)
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(i.e.,

T(yx)=yall < r). The subroutine uses O(log()‘ma")—i—l g(m)) callsto Oy - (-)

with ' € [%)\, Amax). Moreover, for agya = 2AA

m and Y\ = Q) AT + (1 — CXQ)\A)U one

of the following outcomes must occur:

(@) X € [2Amin, Amax) and Hprox{(y)\) — > 2, or

(b) A < 2Xnmin-

When taking Amax = 2L7f, Amin =

&R the number of calls to Oy = (-) is bounded by O(log Lf§2 ).

B.3.1. PRELIMINARIES AND DISCUSSION

Notation. To analyze the bisection procedure, we use the following functions of A > 0. Fixing
z,v € R*and A > 0, we define

-
=gy - T+ (1 —agqy), where a, = .
‘We also define
. . A
i = prox{ (o) = argamin 1)+ Slle —
xER4
and

A = |J@x — yall- G1)

We approximate & using the BROO output O} 5(y») with 6 = /17, and write
A(A) = [[Oxs(yr) — wall

for our approximation to A()). Note that, depending on the BROO implementation, A()\) need not
be deterministic. Our bisection procedure implicitly assumes that the BROO is called only once per
input x, v, A and distinct value of \, and that subsequent references to A(\) use cached values of

Oxs(yr)-

Algorithm overview. The goal of A-BISECTION is to find a value of A\ where A(\) < r so that
Ty = prox{(y)\) = bprox]; (1) is well-approximated by the BROO output Oy s(y,). In addition,
the bisection has to guarantee that either

. A()\) > 3r/4, which implies that the outer loop of Algorithm 1 makes sufficient progress
(see Lemma 18), or

* A\ < 2Anin, which implies that ) is near-optimal (as we argue in the proof of Theorem 6).

Our procedure (given in Algorithm 1) starts with A = A ax sufficiently large to guarantee A(A) <.
It then iteratively halves A until finding Ao such that A(\g) > 137’ or A\g < Amin. In the latter case
it returns 2Ag < 2Apmin and we note that A(2)g) < 13” 1mp11es A(2)\0) < r. In the former case
we perform a binary search in the interval [\g, 2] untll we find Ay, such that A(\,,) € [, 127],
which implies A(\,,) € [3r/4,r).
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Comparison to the bisection in [12]. Our bisection procedure essentially attempts to find A such
that A()\) is close to (but smaller than) r. In contrast, Carmon et al. [12] use the implicit relation
yr — &x = sV f(&) and attempt to find A such that |V f(2,)]|/A is close to 7. Consequently, the
iteration count bounds on the bisection of [12] depend on the continuity V f, whereas our bisection
succeeds even when f is non-smooth and hence V f is discontinuous. The key to this improvement
is a careful analysis of the continuity of A()\) (see the following subsection). Another novel aspect
of our procedure is the two-stage structure where we first iteratively halve A and only then perform
a binary search. This structure allows us to guarantee that we never query the BROO with )\’ that
is much smaller than the A we eventually output. This guarantee is necessary for proving statement
2 in Theorem 6, which in turn is necessary for establishing an optimal complexity bound in the
weakly-smooth regime L, = @(Lfc /€).

B.3.2. CONTINUITY ANALYSIS OF A(-)

We begin by proving a bound on the Jacobian of §y = &) — y) with respect to A (Lemma 21)
under the assumption that f is twice differentiable. We subsequently remove this assumption via a
smoothing argument (Corollary 22).

Lemma2l Let f : R® — R be convex and twice differentiable, let yy € R? be a differentiable
function of A > 0, &\ = prox{(y,\), and 6y = Ty — yx. Then for all X\ > 0 we have

5] = Izl + 310

Proof Note that V f(Z) + A(Zx — y») = 0. Differentiating yields

. d d d
V2f(2) - CD\$A+($A?JA)+)\(CM$A d)\yx> =0.

Rearranging the terms, we obtain

d . d . .d
(V2f(&x) + AI) - <d)\96A - d}\?/A> =y — Iy — v2f(l’)\)ay>\ :

Since f is convex, V2 () is PSD and therefore

(3 gy ) = (@) + )" (=2 P21 - )

Note that (V2 f (&) + Al) ~''V2£(2,) is a symmetric PSD matrix with all eigenvalues € [0, 1] and
(V2f(@5) + M )71 is a symmetric PSD matrix with all eigenvalues at most 1/\. Consequently,
(V2 f(22) + AI)*1 V2f(z)|| < 1and |[(V2f(Zy) + M)’lu < 1 yielding the claim. [ |

We now relax the assumption of twice differentiability.

Corollary 22 Let f : R — Rbe L ¢-Lipschitz and convex, let y) € R? be a differentiable function
of A\ >0, )= proxf\c(y,\), and 0y = ) — yx. Then for all A1, Ao > 0 we have

/)\2 d A2 1 (5
< [ Nl [ Sl
A=\ dA A=\ A

32

o




THINKING INSIDE THE BALL

Proof For o > 0, let v = N(0; 021 4x4) and let f,(x) = Ef(x + v). Then £, is convex, infinitely
differentiable and satisfies 0 < f, () — f(x) < L{E|v| < LyV/do for all z € R?. Thus, applying
Lemma 21 for f, and 6§ = prox{" (yx) — yx, we have

- [ e [
A=Ay HAA

Noting that proxf" (y) is at most L ¢v/do-suboptimal for f(z) + 3|z — ya||%, we have

. 2L \/&U
93 = &5 = llprox] (ya) — prox] (w)ll < ) =5

by A-strong-convexity of z — f(z) + 5|z — y,||%. Substituting back, we find that

o _5§1

</)\2 H d " 5llax + Vo - 5)\2L}/2d1/4
< o ar+ / Sln]ar+ v e T
A=\ d\ A=\ )\ )\?/2

For all o > 0. Taking the limit ¢ — 0 concludes the proof. |

o

With this, we prove our desired bound on the continuity of A()\)

Lemma 23 Let f : R* — R be convex and L ¢-Lipschitz, and for R > 0 let x,v € R? such that
|lx — v|| < 2R. Forany 0 < A1 < Ay, the function A(\) defined in eq. (31) satisfies

A2

A~ AQ)| < ( il)logh

Proof Note that for all ¢ > 0

d 1 tHt(l 272 (T4t 2t+142t—t/1TF2t—t
— O = — =
dt ' 1+t+/I+2t (L+t+/I+20)2 (1+t+ /142021 +2t

1 1
= €10, —
(14+t+V1+2t)/1+2¢ [ 2t]

Consequently,

500 - 300 = [ ] = 10~ 1 < 2

By Lemma 21 we have

o

/)\2 d A2 1 5
< [ Nammlors [ Sl
A=)\ dA A=\ A

We also have ||, < f from Lemma 15. Substituting back and using A > \;, we obtain

Ly [ d)\ Ly A2
<e ) 75 = (0 3o

1

.
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as claimed. [ |

Proof [Proof of Proposition 17] We first prove the correctness of our procedure, recalling the nota-
tion & = prox)(yx), A(\) = [|Zx — yall and A(N) = |Or5(yr) — yall, where § = = through-
out. Our analysis will use the following fact: whenever A(\) < r — § then (by Lemma 11)

we have prroxf\cT(y)\) — ya|]l < r and consequently bprox{r(y,\) = proxi(yA) = Z) and

AN — AQ)| <0,

By Amax > 2LTf and Lemma 15, we have A(Apay) < /2 and bprox{max L) = prox{max (yxr)-
By Lemma 11 we have ||Ox,... 6(Yrmar) — Zamael| < 6 = /17, and consequently A(Amax) <
r/2 4 r/16 < 13r/16. Therefore, the first while loop (Line 14) executes at least once.

Suppose the procedure terminates on Line 15. Denoting the return value as A, by the condition
on Line 14 we have A(\) < %, which by Lemma 11 implies AN < ¢ < r. Consequently,
outcome (b) in Proposition 17 occurs.

Next, consider the case where the procedure terminates due to the condition A(\) € [%, %]
(either in line 17 or in line 18). Applying Lemma 11, we conclude that A(\) € [3°,r). Conse-

quently, outcome (a) in Proposition 17 occurs.
It remains to check the case where the procedure terminates due to the condition log ’>\“ <

m in line 18. Note that the binary search maintains the invariant A()\y) > 1—57’ and
A(A,) < 132 By Lemma 11, this implies
7
A(N) > §T >A(\).

By continuity of A()), we therefore always have A(\) = % for some X' € (A, \y,). Therefore, if
lx — v|| < 2R, Lemma 23 guarantees that

Ly )\ Ly Ay
< (7 g ) oo 3 = 2 (7 5 e
m and ||z — v|| < 2R, we are guaranteed that A()\,,) €
(3r/4,r), and outcome (a) in Proposition 17 occurs, concluding the proof of correctness.

Next, we briefly justify the bounds on the )\’ values with which we query the BROO in the
A-BISECTION procedure. By construction, we have N € [Amin, Amax)- Let A, and \g be the
procedure’s output and smallest queried A values, respectively. When terminating on lines 15 or 17,
we clearly have A\; = \,. Furthermore, when terminating on line 18 A, equals A\, when entering
line 18 for the first time, and consequently A, < 2A;.

Finally, we bound the total number of BROO queries. The first while loop requires at most
logy 4 )‘ma" querles In the second while loop, initially we have log, 4 )‘“ = 1 and each query decreases

‘A(Am) - gr] - ‘A(Am) — AW

Consequently, when log ’;—Z <

log, /\“ by a factor of 2. Therefore, using Ay > Anin, the stopping condition log % < m

must hold after O log<m>> queries. Given Apax = % Amin = ﬁ the total number of
BROO queries is bounded as

Amax R+ L¢/Amin L R? L R? L R?
1og< )+10g<+ i/ >:O<log I 4 og 2 >:O<log ! >
A r re re

min re

queries, giving the claimed complexity bound.
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Appendix C. BROO implementation

C.1. Proof of Lemma 3

Recall that the “eponentiated softmax” function is defined as follows

Froe (@) — Fan (T R@-@
Lon(a) = - exp( e L7 P )> = 3 p@ila) where yi(a) = e
1€[N]
and note that ', ,(Z) = €'.
Lemma 3 Let f1,---, fn each be Ly-Lipschitz and L,-smooth gradients. For any ¢ > 0, r <

c€' /Ly, and X < cLy/rletC = (1+c+ 02)60“2/ 2. The exponentiated softmax T,  satisfies the
following properties for any & € R

1. Fs’}nw’6 (x) and T'c \ have the same minimizer x, in B, (z). Moreover, for every x € B,.(Z),

F (z) — F (24) S CTep(x) = Ten(ay)).

smax,e smax,e

2. Restricted to B,.(T), each function ~y; defined in (5) is C' Ly-Lipschitz, C —1\ strongly convex,
and C(Lg + X + L?/e’)—smooth.

Proof For the first statement, we note that I'c  is a monotonic increasing transformation of FS)];nM6
and consequently they have the same minimizer z, in B, (Z). Further

T (2) _ Pea(@) = Tea(zy)
A A _ —eA) ) o2 e
Fsmax,e (.T) Fsmax,e ('Z*) € 10g <Fe,)\ ($*)> FG)\($) log (1 " Fe,)x (1‘*)
_ T
- Fey)\(m*)

where the final inequality uses log(1 4+ x) < x. Next, note that Lipschitz continuity of each f;
implies

(Cen(x) = Ten(my)),

f@e) = filws) 2 fi@) = Lyllos = 2] = @) = Lyllz - 2.
Substituting ||z, — Z|| < < c€’/Ly and C' > €°, we have that

SN S @ %emfc)_

Consequently, we have

A z) /€

Tea(Z)  Dieln] el @/
- BN ; S C

Fe,)\(-r*) E i€[N] efi (wx)/€

which proves the first statement.
For the second statement, we first compute the gradient and Hessian of the function ~; () as

V() = exp (;;/Hx _ gzyyz> exp<w> (Vfi(z) + Mz — 7)], and

V2y;(z) = exp(W)Hi, where

Hy =V fi(a) + AT+ SV @) V()T + (e~ )~ 2)T

6/
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(Note that the expression for V2+; assumes that f; is twice differentiable almost everywhere; we
only rely on it for Section 4.3 where this holds.)
Now we note that for any ¢ € [V]

IV (@) < exp(Ar?/2€¢ + Lyr/e')(Ar + Ly),

and
)\e—ATQ/Qe’—Lfr/e’I < VQ'YZ(J}) < ez\r2/26’+Lf7"/e’( —|—)\—|—L /6 +)\2 2/6)

where for the inequality we use the fact that f; is L;-Lipschitz, Lg-smooth, and that € B, (7).

Now by plugging in the assumption that 7 < ce’/Ly and A\ < cLy/r we have A\r < cLy,
N2 /e < 2\, and exp(Ar?/2¢’ + Lyr/€e') < exp(c + ¢?/2). Thus we can further simplify the
bounds on the gradient and Hessian of +;(x) by definition of C' as

IV7i(@)| < CLy and CT'AI < V2yi(z) < C (Lg + A+ L2/€) 1,

which completes the proof. |

C.2. SGD implementation

We first cite the following stochastic gradient method with restarts that obtains an 6(1 /T) bound
for p-strongly convex function.

Lemma 24 (Theorem 11 in Hazan and Kale [20]) Given a u-strongly-convex objective function
[+ X — R with minimizer x, with an unbiased stochastic estimator with norm at most G in the
convex compact set X, Epoch-SGD-Proj algrotihm finds an approximate minimizer T satisfying with
probability 1 — o

G? log(log(T )/0)>

@)~ flo < 0 (0B

using 'T" stochastic gradient queries.

Applying the lemma immediately gives the following guarantee for minimizing I'c ) inside a
ball of radius r. and hence implementing an 7.-BROO for Fax e.

Corollary 4 Let fi, fo,--- , fn be Ly Lipschitz, let o € (0,1), €, > 0andr. = €¢/(2log N - Ly).
Forany & € R and X\ < O(Ly/r.), with probability at least 1 — o, Algorithm 2 outputs a valid
7¢-BROO response for Fynax e to query T with regularization \ and accuracy 9, and has cost

2
(7}1\7 (T, + ) s log <1°g(Lj/A5)>> | ©)

Proof We first note that by choice of r. and bounds on A, I'¢  is £2(\)-strongly convex according to
Lemma 3. At each iteration, we sample i € [IN] with probability p; and compute stochastic gradient

V7i(z) = vi(x) <2(x —I)+ Vfi(x)/e’> bounded by G' = O(Ly)
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Algorithm 2: Epoch-SGD-Proj on the exponentiated softmax
Input: Functions f1, ..., fa, ball center Z, ball radius ., regularization strength A\, smoothing
parameter €', failure probability o
Parameters: Step size 71 = 1/(3)), domain size D1 = O(G+/log(log(T")/d)/\), T1 = 450
and total iteration budget T’
Output: Approximate minimizer of I'c 5 (and hence Fs)r‘nax75) inB, (7))

Precompute sampling probabilities p; = efi(#)/¢'/ > ielN] efi®)/< forall i € [N]
Initialize x1 € B, (7) arbitrarily, set k = 1
while 3, T; < T do
fort=1,...,T;do
Sample i € [N] with probability p;
Query stochastic gradient g, = e(/i @ —f@)/¢'y M)

Update af ; « Il (f)nBDk(l«f)(fﬂf — kgt)
k+1
Let2y ™ < 7 Yoyeqn o
Update parameters Ty 1 < 2Tk, Nps1 < Mk/2s D1 < Di/V2, k +— k +1

return x’f

following from the second statement of Lemma 3. Thus by directly applying Lemma 24 with T' =
G)(L?c)\_%_2 log(log(Ls/Ad)/0)) the algorithm outputs an approximate minimizer & satisfying

L2
- . f
RM@-@&@RM@SO(WE%%UW®>S%y

Fsmax,e

By the first property of Lemma 3, bound above implies that for x, = bprox,~’

2
FA (@)= FA - (22) < 362(Ter(z) — Ter(es)) < 22

smax,e smax,e 2
i.e., algorithm outputs a valid 7.-BROO response for Fymax.e.

The bound on the total computational cost follows from noticing that the initialization cost is
dominated by N function value queries, and that the cost of each step in the stochastic gradient
descent is dominated by a function and a gradient query at the current iteration. |

C.3. Accelerated variance reduction implementation

We first cite the following accelerated variance reduction guarantee.

Lemma 25 (Theorem 5.4 in Allen-Zhu [1]) Let fi,..., fn be L-smooth and p-strongly-convex,
let F(x) = 3 ;cpy wifi(z) with wi > 0 and 3-,cyywi = 1, and let z, € argmin F(z). For
any s € N, Katyushal with batch size b = 1 and initial point T finds an approximate solution T
satisfying .

E[F(3.,) ~ F(@.)] < 5

[F(Z) = F(xs)]
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using

L

@) (s . (N + NL)) evaluations of V f;(x).

An immediate corollary of Lemma 25 provides a high-probability guarantee.

Corollary 26 Under the same assumptions as Lemma 25, for any € > 0 and o € (0, 1) Katyushal
with batch size b = 1 and initial point X finds an approximate solution T satisfying

F(z) — F(z4) < € with probability at least 1 — o

IN.- L F(z) — F(z,) .
0] ((N + M) log <60>) evaluations of V f;(x).

Proof Since F'(Z;) — F(x,) > 0, Markov’s inequality and Lemma 25 imply that for any ¢ > 0,

(1/2)* (f(7) — f(21))

)

using

E[F(#) ~ ()] _

€ €

B(F(,) — F(x,) > €) <

and thus the high-probability bound follows . |
Specializing Corollary 26 for I'c x(z) = }_;¢(n) Pi(Z)7i(2), we obtain the following guarantee.
Corollary 5 Let fi, ---, fn be Ly-Lipschitz and Lg-smooth, let o € (0,1), €,6 > 0, € =
¢/(2log N) and r = € /Ly. Forany & € R and A < O(L¢/r.), with probability at least 1 — o,

Katyushal [1] outputs a valid r.-BROO response to query T with regularization A and accuracy 9,
and has computational cost

\/N(Lf—F\/E/L ) Lf’l”6
0((7}+7‘g) <N+ v 92 | log <Wa> . (7

Proof

By the choice of r. and the bound A\ = O(L?c /€'), Lemma 3 guarantees that the -y; have strong
convexity 1 = Q(A), and smoothness L = O(Ly + X + L} /€ + N*r2/¢') = O(Ly + L}/€). In
addition, for z, := arg mingep,_(z) I'e,A(2) one has

Lea(Z) = Dep(@e) < (Valen(a), T — 24)
S ||V£EF€7A('Z.*)H||'T - 33*” = O(Lfr€)7

where we use the second property for bounding V,I'c »(Z) from Lemma 3. Plugging these into the

complexity of Lemma 25 and noticing that each evaluation of V~; requires evaluation of f; and V f;
(assuming f;(Z) is pre-stored) gives the stated complexity bound. |
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C.4. Proof of Theorem 6

With Corollaries 4 and 5 established, we prove Theorem 6.

Theorem 6 Let f1, fo, ..., fx be Ly-Lipschitz, let x, be a minimizer of Fiax(7) = max;en) fi()
and assume ||xo— .|| < R for a given initial point x and some R > 0. For any ¢ > 0, Algorithm 1
with the BROO implementation for Fgnax . in Algorithm 2 solves the problem (1) with probability
at least % and has computational cost

LjRlog N\ %/? LiR\?
0 <<f€g> T¢N + <J;> (T +Ty)log K | log* K |, (8)
where K = LfRe_l log N. If moreover f1, fa,..., fn are each Lg-smooth, then Algorithm 1 with
a BROO implementation for Fynax e using Kayushal solves (1) with probability > % and has cost

2/3 2
0 ((7} +7;) ((LfRiOgN ) N+ (LfRV;"gN iy ) m) log? K> .

Proof We use guarantees of Theorem 2 and Corollaries 4 and 5 on the problem min, Fymax (), ||2—
xo|| < O(R) to prove the correctness and bound the complexity of the algorithm.

Correctness. We first note that Theorem 2 guarantees that we only make BROO calls with A <
O(L¢/rc), making Corollaries 4 and 5 applicable. Let

2/3 2
T_O<<R) log2<LfR >> (32)
Te Te€

be the upper bound on the total number of oracle calls guaranteed in Theorem 2. Taking o =
ﬁ in Corollaries 4 and 5 and applying a union bound, we see that with probability at least
99/100, the outputs of the corresponding BROO implementations are valid throughout the exe-
cution of Algorithm 1. Consequently by Theorem 2 we have that Algorithm 1 with accuracy €/2
outputs z, such that Fymax (7o) — Milg:|y—a0(|<r Fsmax,e(z) < €/2. Using the fact that 0 <
Fymax,e () — Fnax(z) < ¢/2forallz € R [see, e.g., 12, Lemma 45], we conclude that Fy., (x,) —
ming Frax () = Fmax($0)_min{x:ux—xougR} Frax(z) < FsmaX,s(xO)_minx:Hx—zOHgR Famax,e(r)+
€/2 < e, establishing correctness.

Complexity. Substituting 7. = €/(2Lslog N) into (32), we see that the total number of oracle

calls is 23
LsRlog N L¢Rlog N
T:O((f °8 > logQ(f o8 >>
Te €

To bound to complexity of the SGD implementation, we simply multiply 7" by the per-call complex-
ity bound (6) where we substitute 6 = Q(e/(AR)) as guaranteed by Theorem 2 and o = 1/(1007").

To bound the complexity of the accelerated variance reduction implementation, we similarly
substitute § = Q(e/(AR)), A = O(Ly/re) and o = 1/(1007") into (7). Summing the result over all
oracle calls yields the complexity bound

LyRlog N log N 1
log| —— | | NT N|{+/Ly+ L
Of (Ty +7y) 0g< c ) +\/>< g T L7y . )Z Vol

€T
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where {\(;)} is the sequence of \ values with which Algorithm 1 calls the BROO implementation.

2
Theorem 2 guarantees that Zz’e[T} \/iﬁ < O(% log L;f ) = O(% log M), completing
the proof. |

Appendix D. Lower bound proofs
D.1. Proof of Proposition 8

In this section, we make frequent use of the indication notation I{-}, where [{A} = 1 if event A
holds and I{ A} = 0 otherwise.

Proposition 8 Let 6, € (0,1) and let N,T € Nwith T < N/2. Let (fi)ic[n) be an a-robust

N-element zero-chain with domain BT (0). Ford > T + % log 4]\gT2’ draw U uniformly from the
set of d X T orthogonal matrices, and draw 11 uniformly from the set of permutations of [N]. Let
fil®) = fru—) (UTx). Let {(is, 21) }1>1 be the queries of any N-element algorithm operating on

fi, ..., fn. Then with probability at least 1 — & we have

proga(UTg;t) <T forall t < %N(T —log %)

Proof Let us define several quantities that are important for our proof. First, we track the maximum
progress attained by the algorithm queries.

pt = prog, (U ' z;) and p = max ps.

Next, we recursively define a sequence that tracks the algorithm’s progress in “unlocking” the rele-
vant elements of the finite sum,

By :=T{IT"'(i;) = C; + 1} where C; = min{z BS,T}.

s<t
To understand these definitions, note that C} is the largest number & such that 1,2, ..., k is a sub-
sequence of IT-1(i1), 171 (i3),..., I~ 1(i;). Therefore, a “zero-respecting” algorithm (satisfying

pr < maxs<t{proga(VfH_1(i)(UT:ES))}) can only query points with progress at most C;. We
define the event that the general algorithm under consideration behaves as though it was zero-
respecting for the first ¢ iterations as

3R = {ps < Cs forall s <t}
We also define the stopping time
O == min{t | C; = k}

and the difference sequence
Ak = @k — ®k—1-

Let . 5
= —N|[T —log -
T 16 ( °8 5)
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so that our goal is to prove that IP’(ﬁLT | < T) > 1 — 4. Note that the intersection of the events
C|;| < T and 3Ryr C 3R, imply the desired event p|,| < T. Moreover, C|,| < T'is
equivalent to ©7 > 7. Consequently, we can upper bound ]P’(ﬁLT |2 T) by the probability that
3Ry does not occur plus the probability that both ©7 < 7 and 393y occur, i.e.,

P(pr) > T) <P(3R%r) + P(Or < 7, 3RN7).

Our strategy is to bound each of P(39%) and P(O1 < 7, 3R 1) by §/2.
As one final piece of of notation, we write U<, for the first k£ columns of U, and I1|x, as shorthand
for I1(1), ..., II(k).

Lemma 27 Foranyt > 1 and k < T, if the events 3R,_1 and Cy < k hold, the oracle responses
1o queries (is, Ts)s<t, as well as the queries (is, xs)s<t, are deterministic (measurable) functions of
¢, | and U<y. Moreover,

(a) The random variable ©,1{3Re, } is measurable w.r.t (, 11|, and U.
(b) When 3R, holds, I{Cy = k} is measurable w.r.t. {,1I and U<y,

Proof Consider the query i, x5 for s < t; we first show that under 39R;_; and C; < k we can
compute the oracle response to this query using only II|; and U<j. Since 393;_; holds, we have
that prog,, (U TiL'S) = ps < (. Invoking Definition 7 of the /N-element zero chain, there exists a
neighborhood of x; such that for all y in that neighborhood we have

) fnfl(is)(Uchsy) 1 (is) < Cs+1
fis) = fa16)(UTy) =S fumray(Udeqy) T740) = Co +1 (33)
IN(UZey) I-1(is) > Cs + 1.

Recall that By = I{I17!(i5) = Cs + 1} and that Cs41 = min{Cy + B, T} < C; < k and let

1y - .
- {10 120

The relationship (33) implies that

J?z's (y) = fH*1|k(is)(U;—ky)

for all y in the neighborhood of x;.

The above discussion shows that (under 39R;_1) the oracle response to (is, ) is measurable
with respect to iy, x5, II|; and U<y, for every s < t. Moreover, (i1, 1) is measurable with respect
to ¢, and consequently the first oracle response and the second query (i, z2) are measurable with
respect to ¢, IT|; and U<j. Repeating this argument inductively shows that (under 393;_; and C; <
k) we can generate the entire query sequence (is, T5)s<¢, as well as the oracle responses to all but
the last query, from ¢, I1|;, and U<y, as claimed.

To show part (a) of the lemma, note that with access to the entire matrix U, after generating
queries z1, ..., zs we can test whether 393 holds. Moreover, the knowledge of I1|; suffices to test
(for any query sequence i1, iz, . ..) Whether Cy > k for every t. Therefore, using (, II|; and U<,
we can iteratively compute (is, z5)s<¢ until arriving at an iterate ¢ where either (a) Cy < k but 3R,
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does not hold (which implies that 3%Rg, fails as well), or (b) C; = k (in which case we have found
©). In either case, we know the value of ©,I{3Re, }.

Finally, to show part (b) of the lemma, note that with full knowledge of II we can track the
values of C1, .. ., C; for any sequence of queries iy, . .., #;—1. Therefore, given 393;_1, we may use
¢, 11| and U<y, to iteratively generate queries until either (a) we arrive at an iteration s < ¢ where
Cs > k, in which case I{C; = k} = 0, or (b) we successfully generate iteration ¢ — 1 in which case
we can compute Cy. In either case, we know the value of I{C; = k}. |

Lemma 28 Forevery k < T, and j > 0, we have
y<—d

N-k+1
Proof Suppose the algorithm could access the random permutation II via an alternative oracle that,
when queried at index i € [IN] returns the number I1-1(7). We say that the algorithm succeeds if
one of the first j queries is II(k) (so that the oracle returns k). Given II|;_1, the random variable

I1(k) is uniformly distributed over Z = [N] \ TI([k — 1]). Therefore, for any set 7 of j queries, we
have

P(Ar <j,3Re, | ¢, I|x—1, U

E\7NT| _EJ|_
Zl ~ |Z| N-k+1

and so for every algorithm the probability of success is at most j /(N — k + 1).
Now return to the original problem and the original oracle, and note that for A; < j to hold,

P(II(k) € T [ Mlp-1) =

we must have IT1(i;) = k for some ¢ in {©_1,...,0,_1 + j — 1}, corresponding to “success”
in the problem described above. Moreover, when the event 39%@k holds, Lemma 27 guarantees
that the oracle responses to the queries at iteration 1,...,0;_1; — 1 are deterministic functions of

¢,U and II|;_; (since Cg, , = k — 1 by definition). Consequently, when 3%Rg, , holds, the
true optimization algorithm operates with no more information that the alternative oracle setting
described above, giving the claimed probability bound. |

Lemma 29 We have 5
% IOg %)73mNT) < 5

Proof Let 7.5 := % (T =+ log %) e begin with a sequence of straightforward inequalities:
P(Or < tNT_5,3%N7) < P(Or < INT_5,3%Re,)

<P Z {A, > N} < T_5,3%Re,
ke[T)

=P( > I{A, < §N} > Tys,3Re,
ke[T)

<P > I{Ap < iN,3%Re,} > Ths
ke[T)

< 6_2T+6E|:€2Zk€[T] H{AkSéNh’)m@k}]’ (34)
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where the last transition is an application of the Chernoff bound (with parameter A = 2).
By Lemma 27, the random variable I{A;, < £ N, 3%, } is measurable with respect to ¢, 1|
and U since it is a function of ©4I{3%Re, } and ©;_11{3Re, _, }. Therefore,

E [62 2 ke[ H{AkSéN&fRek}}
—B[(1+ (¢ — DP(Ar < 1, 3%, | G Mp1,U))e Sher yToetvamne, ]

< (1 + i(eQ - 1)>E[62ZkE[T—1] H{AkS%N&%k}},

where the inequality follows from Lemma 28 with j = N/4 and k = T < N/2. Noting that
1+ 1(e* — 1) < e and iterating this argument, we conclude that

E[e2 2ke[T) HA’VS%N’B’%%}} <l

Substituting this bound into eq. (34) and recalling that e 27+ = %e*T concludes the proof. |
Lemma 30 We have 5
P(3%5r) < 5
Proof By definition, we have
P(3RG7) = D Pl > Cr, 3% 1), (35)
te[NT]

We fix t < NT and argue that P(p; > Cy, 3R, 1) < %. Let k < T'; by Lemma 27 events 30R;_;
and C; = k hold, we have z; = h((,II, U<y) for some measurable functions h. Therefore, we have

P(pr > Co,3%Re1 | Co = k, (1L U<i) L P(py > k, 3%y | ¢, 11, Usy)
:IP’<proga(UT:ct) > k3%, ‘ 0, ng)

=P (proga (U h(¢,11,Usy)) > £, 3% 1 | ¢, 11, Usy)

i) L
S]P’(proga(UTh(C,H, Usp)) > k ‘ ¢, ng) ? 3 P(}ujh(g,H,USk)\ > a ‘ ¢ ng),
j=k+1

where (7) follows from part (b) of Lemma 27, and (ii) follows from the definition of prog, and a
union bound, where we write u; for the jth column of U.

Conditionally on ¢, II, U<y, u; is uniform over the unit ball in the subspace of R? orthogonal
to U<j. Moreover, the magnitude of the projection of h((, II, U<) to that subspace can be at most
1, since z; is a unit vector. Therefore, the probability that ’u}h({ , 11 ng)’ > « holds is at most
the probability that a coordinate of a uniform unit vector in R%~* has magnitude greater than a.. By

standard concentration of measure arguments, this probability is at most 2 exp(— dgsjl ). By our
choice of d (and recalling k¥ < T'), we have that
0 o
P Ci, 3R 1 | Cr =k, 1L, U<) < (T — k) - < —
(pt> taS t 1‘ t an 5 Sk)_( ) 2NT2_2NT7
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and substituting back into eq. (35) concludes the proof.

D.2. Proof of Lemma 9

Lemma9 ForeveryT,N € Nand ¢ > 0, such that T' < N, we have that

f{T,N,E}

1. The hard instance ( )ien is an ap-robust N-element zero-chain.

2. The function fZ{T’N’Z} is 1-Lipschitz and {-smooth for every i € [N].

3. Forz € R withprog,, (z) < T, the objective piING (7) = max;e|y] fl.{T’N’e} (x) satisfies

N . 3 1 y4
{T7N7£} — 1 {T7N7e} 1
Fmax (x) :B*IEn]B}?(O) Fmax (.I'*) = waT,Z (8T3/2> Z mln{ 8T3/2 73273 }

HIN @) =

Proof To see why part 1 holds, fix € R” and let p = prog,,.(z). First, we have

fi{T’N’é} (w[gi}) for every ¢ and x, which immediately gives the first two cases of eq. (11). Second,

when i > p + 1, we have |z;) — z};_yj| < 2ar and therefore f‘i{T’N’Z}(x) = Yo, 0(t)I{i < N} for

Vis identically zero in a neighborhood of z, giving the third

some |t| < «. Consequently fi{T’N’K
and final case in eq. (11).
Part 2 is immediate because fi{T’N’Z} is a composition of a 1-Lipschitz and ¢-smooth function

with the linear transformation (;) — x;_1))/2 which has operator norm smaller than 1.
Finally, to see part 3, first note that the global minimum of FIBCQ;{N’” satisfies F&E;(N”f}(x*) =0
and (7)) = ﬁ for every ¢ < T (and therefore has unit norm). Consider any = for which

prog,,.(z) < T, so that rjp) < ar < ﬁ We have

S 1 < 1 > 1 1 < 3
max|ey; — @] = 7 g{;}\x[z’—u —oil 2 plew —oml 2 7\ m e ) 2
K3
. . . . ~{T,N,l} . 1
Since ¥q;.¢(t) is non-decreasing in [t|, we have Fiak  (2) = tape(5 maxicr|zy_1) — 27)).
and consequently FNG () > Yare (EBT%/Q) . To obtain the final bound, we observe that 1, ¢(t) >

min{%(t—a),g(t—a)Q}foranyt2a. [ |

D.3. Proof of Theorem 10

Theorem 10 Let L¢, Ly, R >0, ¢ < LR A LyR% N € Nand § € (0,1). Then, for any (possibly
randomized) algorithm there exists an L ¢-Lipschitz and Lg-smooth functions ( fi)z‘e[n] with domain

IB%dR(O)for d=0 ( [(@)2 A (L"ER2 )} log N(LfRE/\LgR2)) such that with probability at least % over
the randomness of the algorithm, the first

([ (Y 0 (B2 ) [ (P2 )

queries of the algorithm are all e-suboptimal for Fiyax(z) = max;en) fi(z).
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Proof We first show that an (N [(@)Z/ 3A (LgTRZ)l/ 3]) lower bound follows from our construc-
tion in the previous section. Fix any 7" > 1 and £ > 0 and let d = (T + 4(1;2 logdN TW with

ar = 1/(4T3/2). Let II be random permutation of [N] and let U be drawn uniformly from the set
of d x T orthogonal matrices. For i € [IN], let

filw) = LU ).

Then, by Proposition 8 and Lemma 9.1, any optimization algorithm 1nteract1ng with ( fi )i<N satis-
fies with probability as least 1/2 that prog,,,. (U z;) < T for every i < g&;NT.

I [ OGN [

We may assume 7' < N/2 without loss of generality, since otherwise the second term in the lower
bound dominates. Let

filz) = LiRfi(z/R).
With these settings, we have that f; is both L ¢-Lipschitz and L4-smooth for every ¢ due to Lemma 9.2,
the choice of ¢, and the fact that U is orthogonal. Moreover, if x1, x2, ... are the iterates of an al-
gorithm interacting with a finite sum oracle for (f;);c(n) then 21/ R, x2/R, ... are the iterates of an

algorithm interacting with ( ]Fi)ig[ ~]- Therefore, by the above discussion, with probability at least

1/2 the firstp . L;R\2/3 LyR2\1/3
64NT:9<N[<6) /\< € ) D

iterates of the algorithm satisfy prog,,,. (U T2) < T, and consequently, by Lemma 9.3, they are

) 1 { . [ LyR L,R?
Lmem{gTS/z’ 321’3} = min {8T3/2’ 3973 } > €

suboptimal for max;c(y) fi- To conclude the linear in N lower bound, we note that since the sub-
optimality bound holds with probability at least 1/2 over II, U and the algorithm randomness, for
every algorithm there must exist fixed IT and U for which the bound holds with probability 1/2 over
the randomness of the algorithm alone.

To show the remaining Q([(L’; R)2 A (NL" )1/ 2]) term in the lower bound, we recall the
following classical result. For every R’ > 0 there exists a distribution over functions F' : Ry —

R with d' = O([(LfR ) A (Lg )1/2} log NLf ) that are Lg-Lipschitz, L ;-smooth and has
a global minimizer W1th norm at most R, such that for any algorithm interacting with F', with

probability at least 1 — the first
(LfR’)Q A (LgR’2>1/2] )
€ €

TR,:Q(

iterations are e suboptimal for F'. This result follows from smoothing Nemirovski’s function; see Di-
akonikolas and Guzman [14, Theorem 14 with p = 2 and x = 0, 1]. To strengthen the smooth term
in the lower bound, we consider N copies of this construction with R’ = R/+/N that operate on
distinct coordinates, i.e., we let fi(z) = F(2[4—1)a]; - - - » T[iq))> SO that the global minimizer of

2N’
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max; f;(x), which consists of N copies of the global minimizer of F, has norm at most R'v/N = R,
and consequently we may constrain the domain to IB%%N without decreasing the optimality gap of
any point in the ball. For any algorithm interacting with (f;);c[n}, the first

=[50 (42

queries of the algorithm must select one of the N' components at most 7', IVN times and therefore

(with probability at least %) be € suboptimal for at least one component, and hence for their max-
imum. This gives the sublinear in NV term of the lower bound. We remark that the “hard instance
duplication” argument is at the core of existing lower bounds for finite sum optimization [39, 15];
our argument for proving the linear in N lower bound is inherently different. |

D.4. Extension to unconstrained setting

While we state and prove our lower bound for optimization problems whose domain is a ball of
radius R, it also extends to the case of unconstrained setting of our upper bounds. That is, when the
domain is R? and we are guaranteed a local minimizer exists in a radius of R from the initial point.

One way to show this extension is the technique of [14] where we replace fi{T’N’K} with

_ . 1
F (@) = min{max{ffT’N’”(y» Iyl =1 =7+ Sy - x||2}. (36)

yER 2
The definition above consists of two modification: pairwise maximum with ||-|| — 1 and infimal

convolution with £||-|2. The pairwise maximum guarantees that large norm queries cannot break
the zero-chain progress control mechanism: responses to query points with norm (1) will not
depend on the random transformation U at all, while for responses with norm O(1) we can control
the progress using the zero-chain structure of f {TN.£} a5 before. The infimal convolution guarantees
the function remains ¢ smooth (and also does not increase the Lipschitz constant).
Finally, it remains to check that the new construction still satisfies property 3 of Lemma 9
up to a constant. To see that it does, first note that the global minimizer of Féﬁf’“ (x) =
#ANT,0} . . . ={N,T,0}
max;e(n] f; () still satisfies Tyf] = 1/\/T for all ¢ < T, and that Finax "~ (z4) = 0. More-
over, we clearly have

ANTLY (N S L VI el K 1 B G ¥
f; <x>_£§g{waT,e<y/2>+2Hy 5 H = 5 ,

and it is not hard to verify that qﬁ(t) > ta, ¢(ct) for some constant ¢ > 0 (in fact, @(t) = Yap.co(t)).
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