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Abstract

We consider the problem of estimating a d-dimensional s-sparse discrete distribution from its sam-
ples observed under a b-bit communication constraint. The best-known previous result on {5 es-
timation error for this problem is O (%) Surprisingly, we show that when sample size n
exceeds a minimum threshold n* (s, d, b), we can achieve an {5 estimation error of O (ﬁ) This
implies that when n > n*(s, d, b) the convergence rate does not depend on the ambient dimension
d and is the same as knowing the support of the distribution beforehand.

We next ask the question: “what is the minimum n*(s, d, b) that allows dimension-free con-
vergence?”. To upper bound n*(s, d, b), we develop novel localization schemes to accurately and
efficiently localize the unknown support. For the non-interactive setting, we show that n*(s, d,b) =
0] (Inin (d2 log? d /2%, s log? d / 2b) ) Moreover, we connect the problem with non-adaptive group

testing and obtain a polynomial-time estimation scheme when n = Q (54 log® d/ 2b). This group
testing based scheme is adaptive to the sparsity parameter s, and hence can be applied without
knowing it. For the interactive setting, we propose a novel tree-based estimation scheme and show
that the minimum sample-size needed to achieve dimension-free convergence can be further re-
duced to n* (s, d, b) = O (s?log® d/2°).

1. Introduction

Estimating a distribution from its samples is a fundamental unsupervised learning problem that has
been studied in statistics since the late nineteenth century (Pearson, 1894). Motivated by the fact
that data is increasingly being generated “at the edge” (Kairouz et al., 2019) by countless sensors,
smartphones, and other devices, away from the central servers that churn through it, there has been
significant recent interest in studying this problem in a distributed setting. Assume we observe
n i.i.d. samples from an unknown discrete distribution p, X1, Xo, ..., X;, ~ p, but each sample
X, is observed at a different client 7. Each client has a finite communication budget, say b bits
to communicate its sample to a central server which wants to estimate the unknown distribution
p under squared ¢ loss. Recent works (Han et al., 2018a; Barnes et al., 2019; Han et al., 2018b)
showed that the estimation error in the distributed case can be as large as O (%) where d is the
domain size of the distribution. As compared to the classical (centralized) case where a simple
empirical frequency estimator yields an ¢ error of O(%), this implies a significant penalty when
b is small and d is large. Moreover in the classical case, the empirical frequency estimator can be
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applied without any knowledge of the domain of the distribution while the distributed scheme in
(Han et al., 2018a) requires d to be known ahead of time at all the nodes.

Fortunately, in many real-world applications such as location tracking, language modeling and
web-browsing, the underlying distribution is often supported only on a sparse but unknown subset
of size s, denoted supp(p), of the ambient domain of size d. Motivated by the utility gains due to
sparsity in many high-dimensional statistical problems, we can ask whether the factor of d penalty
in distributed estimation can be avoided in settings where the underlying distribution is inherently
sparse. For example, compressed sensing (Donoho, 2006; Candes et al., 2006) suggests that a sparse
vector of dimension d with s non-zero elements can be losslessly compressed into a slog(d/s)-
dimensional vector. This may lead one to suspect that in the sparse case, the dimensionality penalty
d can be replaced by the “effective” dimension of the problem slog(d/s), yielding an ¢ error of

(@] (Sl%;l/s)) for distributed estimation (assuming that b < log s). This result has been recently
shown in (Acharya et al., 2021). Note that when the support of the sparse distribution is given
beforehand, the earlier results of (Han et al., 2018a; Barnes et al., 2019; Han et al., 2018b) imply an
{5 error of O (ﬁ) However, the additional logarithmic dependence on d in (Acharya et al., 2021)

appears natural and inevitable in light of classical results on sparsity.

Our contributions In this paper, we prove that one can surprisingly eliminate the logd term
and achieve a dimension-free' convergence rate O (ﬁ), as long as n is larger than a threshold
n*(s,d,b). To achieve O (ﬁ) convergence, we propose a two-stage scheme where in the first stage
we use a subset of the samples to localize the support of p, and then use the remaining samples to
refine the estimation. Our key contribution is to carefully design the localization stage, which allows

us to improve the best-known result O (81057%/5)) to O (-55). Note that O (-55) is optimal since

it is also the minimax convergence rate when supp(p) is given beforehand. To our knowledge, this
is the first work that observes such dimension independent convergence in a sparse setting.

A natural next step for the sparse distribution estimation task is to ask: “what is the minimum
sample size n* (s, d, b) needed to achieve the dimension-free convergence rate O (ﬁ) ?” We inves-
tigate this question in the non-interactive (each client encodes its observation independently) and
interactive settings (the clients can interact in a sequential fashion). For the non-interactive setting, a
simple grouping scheme for localization leads to an upper bound of n*(s, d, b) = O (d2 log®d/ 2b).
On the other hand, by using carefully constructed random hash functions in the localization step,
we show that n*(s,d,b) = O (s* log®d/ Qb), which depends only logarithmically on d. However,
the decoding algorithm for this scheme involves searching over all possible s-sparse supports and
is computationally inefficient. To resolve the computational issue, we make a non-trivial connec-
tion to non-adaptive group testing, showing that as long as n = (54 log*d/ 2b)2, we can achieve
the optimal estimation error in poly(s,logd) time. The resultant group testing based scheme
adapts to the sparsity parameter s, and can be applied without knowing it. For the sequentially
interactive case, we propose a tree-based scheme that achieves the optimal convergence rate when
n =9 (52 log? d/ 2b), showing that interaction between nodes can lead to smaller sample size.
Lower bounds on ¢; sample complexity developed in (Acharya et al., 2021, 2019a) imply that 1)

n*(s,d,b) = Q (%) in the non-interactive case; and n*(s,d,b) = Q (;—,2,) for the interac-

tive setting. This implies that the requirement on n in our sequentially interactive scheme is tight

1. This means that the convergence rate does not depend on the ambient dimension d.
2. For ease of presentation, we use the notation O(-) and £2(-) to hide all dependence on log s and log log d.
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up to logarithmic terms, while there is a gap between upper and lower bounds on n*(s,d,b) (in
terms of their dependence on s) in the non-interactive case. See Table 1 for a comparison between
different localization schemes.

We also study several natural extensions of sparse distribution estimation. When the data is
distribution-free and the goal is to estimate the empirical frequency of the symbols held by different
nodes, we show that our schemes extend naturally and we obtain the same convergence guarantees
as in the distributional settings. Second, we show that our schemes extend to the case when p is
approximately-sparse, and we provide an upper bound on the estimation error.

Notation and setup The general distributed statistical tasks we consider in this paper can be
formulated as follows: each one of the n clients has local data X; ~ p and sends a message Y; € )V
to the server, who upon receiving Y aims to estimate the underlying distribution p € P; 4, where

Ps,d é P = (p17 --~7pd) p S [07 1]d7zpj = 17 HpHO S S
J

is the collection of all d-dimensional s-sparse discrete distributions.

At client 4, the message Y; is generated via some encoding channel (a randomized mapping that
possibly uses shared randomness across participating clients and the server) denoted by a condi-
tional probability W;(-|X;) (for the non-interactive setting) or W;(-|X;, Y*~1) (for the interactive
setting). The b-bit communication constraint restricts || < 2°, so without loss of generality we
assume ) = [2°]. When the context is clear, we sometimes view W; (in the non-interactive setting)
as a 2° x d stochastic matrix, with [I¥;] i £ W;(y|z). Finally, we call the tuple (W™, 5(Y™)) an
estimation scheme, where p (Y™) is an estimator of p.

Let IT,,on_int be the collection of all non-interactive estimation schemes (i.e. W, is non-interactive
for all i € [n]) and I1sq be the collection of sequentially interactive schemes. Our goal is to design
a scheme (W™, (Y™)) to minimize the {5 (or ¢1) estimation error:

Tron—int (¢2,m,b) = min max E —-p(Y" 2}
non mt( 2,104, ) (W 5)ElTon_int pEP;{d Hp p( )HQ ’
and 7seq defined similarly with the minimum taken in Ilseq. For ¢; error, we replace ||H§ in the
above expectations with ||-||;.

Related works Estimating discrete distributions is a fundamental task in statistical inference and
has a rich literature (Barlow, 1972; Devroye and Gébor, 1985; Devroye and Lugosi, 2012; Silver-
man, 1986). In the case of communication constraints, the optimal convergence rate for discrete

n* (d, s, b) Decoding time Interactivity | Randomness

A. uniform grouping | € <d21+§2d> O (n2%) non-interactive | public-coin
. s* log2 ( Q) b . . . .

B. random hashing Q 5 O (n2 d? ) non-interactive | public-coin

C. group testing e 1§§4 d O (n2° + poly(s,logd)) | non-interactive | public-coin

D. tree-based Q <32 1;’;52 d) 0 (n2° + slogd) interactive private-coin

Table 1: Performance of using different localization schemes.
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distribution estimation was established in (Han et al., 2018b,a; Barnes et al., 2019; Acharya et al.,
2019a,b; Chen et al., 2020) for the non-interactive setting, and (Barnes et al., 2019; Acharya et al.,
2020) for general interactive models. The recent work of (Acharya et al., 2021) considers the same
problem under an s-sparsity assumption for the distribution. Our result improves on their result by
removing the dimension-dependent log (%) term in their upper bound and hence matching a natural
lower bound for the error (i.e. when the sparse support is known beforehand).

A slightly different but closely related problem is distributed heavy hitter detection and distribu-
tion estimation under local differential privacy constraints (Bassily and Smith, 2015; Bassily et al.,
2017; Bun et al., 2019; Zhu et al., 2020) where no distributional assumption on the data is made.
Although originally designed for preserving user privacy, the non-interactive tree-based schemes
proposed in (Bassily et al., 2017; Bun et al., 2019) can be modified to communication efficient
(indeed 1-bit) distribution estimation schemes. However, in the heavy-hitter problem, most of the
results optimize with respect to £, error, and directly applying their frequency oracles leads to

s(log d+logn)
n

a sub-optimal convergence O ( ) in /5 (see Section 3 for a brief discussion). On the

other hand, the interactive scheme in (Zhu et al., 2020), which identifies (instead of estimating the
frequencies of) heavy-hitter symbols, is similar to our proposed interactive scheme in nature. Nev-
ertheless, we extend their result to a communication efficient scheme and explicitly characterize the
convergence rate.

In our construction of a non-interactive polynomial-time decodable scheme (Section 4.3), we
map the support localization task into the non-adaptive combinatorial group testing problem (Dorf-
man, 1943; Du et al., 2000; Ngo and Du, 2000). In particular, we show that the Kautz and Sin-
gleton’s construction of test measurement matrices (Kautz and Singleton, 1964) can be used to
design the local encoding channels and obtain a polynomial time decoding algorithm at the cost
of a slightly larger sample size requirement. This novel connection opens the possibility to further
harness the rich literature on group testing for building structured schemes for high-dimensional
statistical problems with sparsity of the type we study here.

Organization The rest of the paper is organized as follows: in Section 2, we present our main
results, including the convergence rate and bounds on the minimum sample size requirement. In
Section 3, we introduce the main idea of the generic two-stage scheme and propose a non-interactive
construction for the second stage (i.e. the estimation phase). In Section 4, we give three non-
interactive localization schemes with different sample size requirements and decoding complexity.
In Section 5, we introduce a tree-based interactive localization scheme and show how interactivity
can be beneficial. Finally, we conclude our paper with a few non-trivial extensions and interesting
open problems in Section 6.

2. Main Results

Our main contribution is the design of both non-interactive and interactive schemes that achieve a
dimension-free convergence rate O (ﬁ) for the problem described in the earlier section. These
schemes can generally be described by a two-stage protocol (see Algorithm 1): the server uses the
first ny clients to localize the support of p, denoted supp(p), and the remaining n — n; clients, in
addition to the output of the first stage, to estimate p. We will later see that to estimate supp(p)
accurately, there is a minimum requirement on n. We then propose different localization schemes
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that aim to minimize this requirement on n in different parameter regimes. See Table 1 for a detailed
comparison. Our first theorem upper bounds the requirement on n under the non-interactive setting.

Theorem 1
41 2(d
1. Aslongasn = Q (min < d?log?d s log (S)>> the {5 and {1 error for the non-interactive

min(d,2%)’ min(2%,s)

scheme is

Tnon—int (627 n, b) =0 (max (ﬁ’ %)) ’ (1)
Tnon—int (fl,n, b) =0 (maX (\/27217’ %)) :

4 4 2
2. Moreover, ifn = () (s log dr(Ii;)ng(;ng))g log d) ) then there exists a non-interactive scheme based
on group testing that achieves the convergence rate (1) with polynomial time decoding com-
plexity O (n2b + poly(s, log d)) Further, the scheme is adaptive to s (i.e. requires no knowl-

edge of s).

Note that (1) is the convergence rate with the knowledge of supp(p) given beforehand, so the
lower bound follows directly from standard distribution estimation results under communication
constraints (by assuming supp(p) is known). See, for instance, (Barnes et al., 2019). The achiev-
ability schemes (i.e. the upper bounds) are given in Section 3 and Section 4. Our results improve
slog

n.

%) , by a factor

the best-known result (Acharya et al., 2021), which has convergence rate O ( 5

of log (d/s).
We next show that with interactive schemes, we can further reduce the minimum sample-size
requirement to n = Q (s log d/2°).

52 log? d(log s+loglogd
min(2,s)

schemes T'seq ({2, M, b) and reeq (€1,1,b) are the same as (1).

2
Theorem 2 As long as n = ) ) the errors for sequentially interactive

The lower bound on the convergence rate also follows from (Barnes et al., 2019), and the upper
bound is proved in Section 5.

To translate Theorem 1 and Theorem 2 into the language of sample complexity, let SCpon—int(53, d, s, b)
be the ¢, sample complexity of non-interactive setting, which is defined as

SChon—int(8,d, s,b) £ mi eN i P{llp—p(¥" <B}y>09},
on—int(8,d, 5,b) mm{n ’(wn,ﬁl)%ﬁlnmimp?gfd {lp—p(Y")llyy <8} = }

and let SCseq be defined in the similar way.

Corollary 3 (Sample complexity) For 3 € (0, 1), SCron—int and SCseq satisfy

52 [ d?log’d s'log® (£)
SCoon-int(0, d, 8,6) = O (max (,8211111(2b)mn <min<2b,d>’ min(@,s) ) ) |+

2 s2log? d (log s + loglog d)?
SCse0| (/87 d, s, b) =0 (max (,32 min (Qb7 8) ’ min(2b, S) .

3. Note that for discrete distributions, ¢1 distance is the same as total variation distance.
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Moreover, it holds that

| B 52 s?log (d/s)
SChon—int(8, d, 5,b) = Q2 (maX (52 min (20,5)" B2 )) and

2
s
SC ,d,8,0) =Q 50— ).
w09 = (G )

The lower bounds in Corollary 3 are from (Acharya et al., 2021, 2019a). Corollary 3 directly im-
plies the following two facts. First, comparing the lower bounds with the upper bounds, we see
that our achievability results are tight when 1) 0 < 8 < W%d/s) for the non-interactive setting,
and2) 0 < 8 < Tog d(log S%Hog Togd) for the sequentially interactive setting. This suggests that for
small enough [, increasing the ambient dimension d does not increase the sample complexity at

all. Second, we observe from Corollary 3 that the ¢; estimation error must be at least ©(1) when
Dn=0 (M) for the non-interactive model and 2) n = O (L) for the sequentially

min(2°,s) min(2°,s)
interactive model. This results in the following lower bounds for the minimum sample size require-

ment: 1) n*(s,d,b) = Q <%) in the non-interactive case and 2) n* (s, d, b) = Q <ﬁ;bs))
for the interactive setting. This implies that the requirement on n in our sequentially interactive
scheme is tight up to logarithmic terms, while there is a gap between upper and lower bounds on
n*(s,d,b) (in terms of their dependence on s) in the non-interactive case. We believe that the lower
bound on n*(s, d, b) is also tight in the non-interactive case and the non-interactive schemes can be
further improved.

Next, we show that our results extend naturally to the distribution-free setting where we do not
assume any underlying distribution on X", and the goal is to estimate the empirical distribution
m £ (m1,...,mq) of n local observations Xi,...,X,, € (ji,...,js) = J C [d]. Formally, let

mj £ 5 2is1 L{x,=j, and define

- . . 2
Tron—int (£2,7,0) £ (anﬁr)nelﬁnoniim Xq}g%ﬂ £ [Hﬂ' — 7 (Y3

and 7'seq similarly. The expectation is over the (possibly shared) randomness used in the algorithm.

Theorem 4 The convergence rates as well as the sample-size requirements given in Theorem 1 and
Theorem 2 hold for Tyon—int and Tseq.

Finally, when the target distribution p is no longer s-sparse, we have the following bound on the
{5 estimation error:

Theorem 5 There exists a non-interactive scheme such that as long asn = 2 (54 log? (%) /min(2°, s))

EY G —p) 302-(max(5 1))+03-m-2b-<1—f>s>,

, n2b’ n
Jeld]

where Ps = Z;Zl p(j) and pjy is the j-th largest value of p.

Remark 6 Note that if p is exactly s-sparse, then Ps = 1, and Corollary 5 recovers the convergence

rate and the second bound on the sample-size requirement in Corollary 1. Moreover, if 1 — Ps <
min(l,s/2b) . ,

———1—~, then we recover the convergence rate with exact s-sparsity.

n2 log2 n2b

The proofs of Theorem 4 and Theorem 5 can be found in Section E.
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Algorithm 1: Two-stage decoding alg Algorithm 2: Encoder in estimation stage
Input: Y = (Y™, Y™),a >0 Input: X; € [d,be N
Output: p = (p1, ..., pa) Output: Y;
Jo 4= support_localization (Y, av); Generate random hash function
p <— estimation (Y”Q, ja>; hi(+) : [d] — [2°] by shared randomness;
return p return Y; = h;(X;)

3. A Two-stage Decoding Algorithm

All of our schemes, both interactive and non-interactive, can be generally described by a two-step

protocol (Algorithm 1): we partition all participating clients into two groups, such that

¢ the first group of ny < n/2 clients are used to localize the support of p, i.e. estimate supp(p). In
particular, let 7, = {j € [d] | p; > «} be the collection of high probability symbols. Then from
the reports Y™ of the first group of clients, the server generates an estimate on 7, such that 1)
Jo C Ju with high probability; and 2) |7,| < s almost surely.

« the reports Y2 of the second group of ny = n — n; clients are used to estimate pj with the
knowledge of 7, from the first stage.

Notice that although the decoding algorithm is two-stage, encoding at each client can be done

simultaneously and does not require the knowledge of Ju. Also note that ny,ny and o are design

parameters that will be specified later. For ease of presentation, we call the first phase localization

and the second phase estimation.

For the estimation phase, we adopt a scheme similar to (Acharya et al., 2021), where each client
encodes their local observation via an independent b-bit random hash function® h; : [d] — [2°] as
described in Algorithm 2. Upon receiving the hashed values from no clients in the second stage, the
server estimates the empirical frequencies of all symbols j € A by counting the number of clients
i € [n1 + 1 :n] such that Y; = h;(5), and sets p; = 0 for all j & Jy:

(2b71)' Z:’:n 1 v (3)=Y; . . -
gy = | Bt 4ty g,

0, else.

We provide a more formal description of the scheme in Section A of the appendix. The ¢5 estimation
error of this scheme can be controlled by the following lemma:

Lemma 7 The estimation error of the two-stage scheme is upper bounded by

E > 3 —pi)? §2P{Ja¢ﬁa}+sa2+i+i. )

ny2b  n
jeld) 2 2

The first term in the left side of (2) corresponds to the probability of failure in the first stage, and
the remaining terms correspond to the the /5 error resulting from the second stage provided that the
localization was done correctly in the first stage.

4. A randomized mapping [d] — 2° is called random hash function if Vz € [d], y € [2°], P{h(z) =y} = -
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We will later see that we can make the failure probability decay exponentially fast with n;« (re-
call that n; is the number of clients participating in the localization phase), that is, P {ja 4 ja} =

ni 1

exp <_Wz)) , where f(s,d) depends only on s and d. Therefore, if we pick @ = Tt and

ny = ( f(s, d)\/@ log n), we arrive at the dimension-free convergence in Theorem 1.
However, the condition that n; < n imposes a minimum requirement on the amount of partic-
ipating clients in the first stage, i.e. n = Q (f?(s,d)log? f(s,d)). Hence it is critical to carefully
design the localization scheme to get the best scaling for f(s, d) with s and d. For instance, if we
use count-sketch based methods as in the heavy-hitter literature (Bassily et al., 2017; Bun et al.,

2019), we can only localize to the resolution level o = O (\/ (logn +logd)/ n)s , which is not

enough to get the O (ﬁ) rate. In the next two sections, we introduce three non-interactive and

one interactive localization schemes, which have different minimum sample-size requirements and
decoding complexities, as summarized in Table 1.

4. Non-interactive (SMP) Localization Schemes

In this section, we present three non-interactive schemes for the localization stage, each offering a
different trade-off between the minimum number of samples to achieve the dimension-free conver-
gence rate and decoding time.

4.1. Localization scheme A: uniform grouping

Under the b-bit communication constraint, our first encoding scheme is based on the grouping idea
(Han et al., 2018a), where each client only encodes symbols in a pre-specified subset of [d] and
ignores others. In particular, we partition the d symbols and n; clients into M equal-sized groups
(disjoint subsets) denoted by By, ..., Bys and Gy, ..., Gy, respectively. Clients ¢ € G, are assigned
to the subset of symbols ,,. This means that they only encode symbols in 5,, (and ignore their
sample if it is not in B, and set Y; = 0). We set M = d/(2° — 1) so that each 3, contains exactly
20 — 1 symbols, and thus the encoded message can be described in b bits. Upon observing all
messages from the clients, the server computes Ja that contains all symbols successfully signaled
to it. Note that a symbol j € J, N B, will be in ja if a client ¢ € G,, observes j. We derive the
following bound on the failure probability.

Lemma 8 Under the above encoding and decoding schemes (see Algorithm 4, 5 in Section D for
the formal descriptions), we have P {ja ¢ ja} < sexp (—n1(2b — 1)a/d) .

We describe the details of the encoding and decoding schemes in Section B, and leave the proof
of Lemma 8 to Section E.

. . 1
Finally, taking o = —%

bound for rnon—_int(¢2, 1, b):

and combining Lemma 7 and Lemma 8, we arrive at the following

) _mell 2 1 s 1
E|S (b —py)?| <2sc avew <o (2 v= 3

! (P = pj)”| < 2se * (n—mny)-2° + n—mny (nQb n> O
j

5. See, for instance Table 1 in (Bun et al., 2019), where we pick e = ©(1), § = ©(1/n) and | X| = d to translate to
our settings.
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2 2
where in the last inequality we choose ny = n/2 and assume n > %. This gives the first
sample-size requirement in Theorem 1. To bound 7non—int(¢1, m, b), we apply Jensen’s and Cauchy-
Schwarz inequalities to obtain

Fron—in(£1,,8) = E[[J5 = pl] < \/E [EEHE ¢2s Ell-pl) @
The last inequality holds since by our construction, |supp (p) U supp (p)| < 2s.

4.2. Localization Scheme B: non-uniform random hashing

Though Scheme A achieves the minimax estimation error when p € Py (see (Han et al., 2018a,b)), it
is indeed inefficient under the s-sparse assumption. This is because only a small fraction of symbols
can be observed with non-zero probability, so for clients assigned to blocks that did not contain
these symbols, they always encode their observations to ¥; = 0. In our second localization scheme,
we aim to improve the encoding efficiency by using random hash functions. However, unlike in
the estimation stage described in Section A, the random hash functions we use for localization are
generated non-uniformly.

Encoding For i € [n4], client i generates their local random hash function W;(y|z) as follows:

each column of W;, denoted W;(+|z) € {0, l}zb, is defined as the one-hot representation of L; ,
where L; ., € [2°] follows a multinomial distribution

. 11 1 2b 1
Liz "% Mult (1, < R >> . 5)
S S S S

Formally, we can be express

Wi(-|z) £ er,, € {0,132 6)

for all z € [d] (where ey, is the L-th standard basis vector). Since the W; corresponds to a determin-
istic mapping (but randomly generated as described above), sometimes we write Y; = h;(X;) for
simplicity. The encoding algorithm resembles the one in the estimation stage (Algorithm 2), except
that now the random hash functions are generated according to (6).

Decoding The decoding rule is based on exhaustive search. Due to the s-sparse assumption, there
are at most N £ (Csl) possibilities for supp(p), which we index by Cy, ...,Cn. Hence the localization
step can be cast into a multiple hypothesis testing problem: let H, be the hypothesis such that
Ja C Cy, for £ € [N]. To proceed, we first define the notion of consistency.

Definition 9 We say H, (or C;) is consistent with observations (W™, Y™) if P{Y"|H,, W"} > 0.

The decoding rule is as follows: upon observing local encoding functions and reports {(W;,Y;),
i =1,...,n1} from all clients, the server searches for all candidates Cy, ...,Cy and randomly picks
one which is consistent with (1", Y"™) as our estimate of 7,. By using non-uniform hash functions
(i.e. generating W;(-|z) according to (6)), we can improve the distinguishability of W; (which is
formally defined in Definition 18), which reduces the probability of accepting false hypothesis Hy
for some J, ¢ Cy. Indeed, we can obtain the following bound on {ja ¢ ja :
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Lemma 10 Under the above encoding and decoding rules,
P {Ja 4 ja} < exp (—ma(?b —1)/4s + Cpslog (d/S)) :

for some universal constant Cy > 0. Moreover, with probability 1, |ja\ =s.

. . . 1 .. .
Again, we pick n; = 5§ and o = o By combining Lemma 7 and Lemma 10, we arrive at

2
S (5, - p)° n(2—1)72 1 d 3s 2
g 4e[d1(pj_p) SZep | S\ T gy TCsles | O g e @)
J

To ensure the first term less than O(1/n), we introduce the following simple but useful lemma.

Lemma 11 Let fi(s,d,b) > 300, fa(s,d,b) > 0. Then as long asn > 4-f-max (f22, 16 log? (fl)),

Jn 1
P <_f(db) T Jols,d, “) S

Taking f1 = 8s/v20 — 1, fo = Cyslog (%) and applying Lemma 11, we see that as long as
n = st log2 (g)/Qb, the /5 error (7) is O (ﬁ Vv %) By (4), we obtain the upper bound on ¢; error.
This gives the second bound on the sample-size requirement in Theorem 1.

4.3. Localization Scheme C: non-adaptive combinatorial group testing

The non-uniform random hashing scheme presented in Section 4.2 provides a substantial reduction
in the minimum number of samples needed to break the dimension dependence in sample complex-
ity. However, this comes at the expense of increased decoding complexity as it relies on exhaustive
search. We now present a group testing based scheme that combines the best of both worlds.

Group testing preliminaries Group testing is the problem of identifying s defective items in a
large set of cardinality d by making tests on groups of items. A group test is applied to a subset of
items S C [d]. The test outcome Z is positive (i.e. Z = 1) if at least one item in S is defective. A
group testing algorithm describes how to design &1, ..., St and select 1" such that the defective items
can be identified from the test outcomes Z1, ..., Zr. In the non-adaptive setting, all 7" tests must be
designed and fixed before they are conducted. Therefore, each single test S; can be characterized
by a row vector m; € {0,1}'*%, where m,(j) = 1 if the j-th item is included in the ¢-th test.
Therefore, the collection of T tests can be represented by a 7' X d binary measurement matrix
M = [m{, e mHT

The goal of non-adaptive combinatorial group testing (NCGT) is to design the measurement
matrix M such that 1) the number of tests 7" is minimized, and 2) the defective items can be iden-
tified correctly (i.e. with zero-error) and efficiently (i.e. in O (poly (logd)) time). In particular, if
a matrix M satisfies the s-disjunct property described below, then a cover decoder (summarized in
Algorithm 8 of Section D) can identify all s defective items in O(7T'd) time.

Definition 12 (s-disjunct) Let M be a T' x d binary matrix, M; be the j-th column of M, and
supp(M;) £ {t|t € [T, My j = 1}. Then M is said to be s-disjunct if supp(M;) ¢ Ujrexc supp(Mj),
forall K C [d] such that 1) |K| = s and 2) K does not contain j.

10
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Let Tyisjunct (8, d) denote the minimum number of rows of an d-column s-disjunct matrix. It has
been known for about 40 years (D’yachkov and Rykov, 1982) that when s = O(\/&),

Q (52 log d/log s) < Tiisjunct (s,d) < O(s*logd).

4.3.1. SUPPORT LOCALIZATION VIA GROUP TESTING: 1-BIT CASE

Next, we map the support localization problem into NCGT for the case b = 1 by viewing J, C
supp(p) as the defective items that need to be identified (recall that our goal here is to only specify
Jo and | 7| < s). The main difference between the localization task and group testing is as follows:
in group testing, a group test provides information about all the defective items participating in the
test, while in the localization task each client can observe only a single symbol, and hence makes
an observation regarding only one "defective item".

To match the two problems, we use multiple clients to simulate a single group test. We partition
clients into 7" bins, and the clients in the 7-th bin encode their observations according to the same
group test S;. If the clients in the 7-th bin observe all symbols in 7, then by taking the Boolean
OR of their reported bits, the server can recover the outcome corresponding to the test S;.

Encoding Let M = [m],...mL]" € {0, 13774 be any zero-error NCGT measurement matrix
satisfying the s-disjunct property. Each client encodes their local observation according to a row (i.e.
an individual group test) of M. Define ¢(i) £ i mod T'. We then uniformly partition n; clients into
T bins by assigning client 7 into the ¢(i)-th bin. Client 7 then generates their 1-bit report by setting
Y; = My x,- Equivalently, client 4’s 1-bit encoding channel matrix W; is Wi(y = 1|z) = my ;).

Decoding Let G, £ {i € [n1]|t(i) = 7} denote the 7-th bin of clients. For each 7 € [T, the
server computes Z, = Vicg, Yi- If all symbols in 7, appear at least once in G;’s observations (i.e.

if 7, C {X;|i € G+}), then Z, is the same as the result of the 7-th group test of M measuring on
iz, = ZT} holds with
high probability, and the server can then identify 7, by running a standard cover decoder (which is
summarized in Algorithm 8 of Section D).

Ja, which we denote by Z. Therefore, as long as n; is large enough, | J

Lemma 13 Under the above encoding and decoding schemes (see Algorithm 7, 8 for the formal
descriptions) with measurement matrix M € {0, l}TXd, we have

P{ja Z ja} <exp (—ma/T + (logs+1logT)) .

In addition, with probability 1, ja\ < s, and the decoding complexity is O(n + dT).

4.3.2. GENERAL b-BIT CASE

For the general b-bit case, one may attempt to repeatedly apply the 1-bit encoding scheme for b
times. That is, each bin of clients G, simulates b group tests at a time. This can reduce the total
number of bins required from 7" to 7'/b (and thus increases |G| by a factor of b), equivalently
yielding a boost on the sample size from n; to n1b. However, according to Lemma 10, we see that
by carefully designing the encoding channels W;(y|x), it is possible to achieve an exponential gain
on the sample size, i.e. from n; to n;2°. Therefore, our goal is to design the measurement matrix
M in a way that each bin of clients G, can simulate ©(2%) group tests at a time. Towards this goal,
we want M to have the following properties:

11
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1. M is s-disjunct (so that the cover decoder applies).
2. T =0 (s*- polylog(d)).

3. Mis (2b — 1)-blockwise sparse, that is, for each column M, every block

M; ((T —DEP—1)+1:7(2" - 1)) , VT € [2121;1]

contains at most one 1.
With the (2° — 1) block-wise sparse structure, the 7-th bin of clients select their channel matrices as

T

I/I/Z-(I:Qb—l‘j>:Mj ((7’*1)'(21)*1)+127’-(217*1)),\#]'6[(1],7'6 [2b-1

] ®)

Notice that 1) W;(1 : 2° — 1]5) determines W;(2%|5), and 2) the (2° — 1) block-wise sparse structure
ensures that WW;’s are valid channels.

To find a measurement matrix M that satisfies the above three criterion, we use the celebrated
Kautz and Singleton’s construction (Kautz and Singleton, 1964). This construction uses a [m, k4
Reed-Solomon code as an outer code Cqy¢ and the identity code Cj, (i.e. one-hot encoding I, :
[q] = {0,1}7%") as the inner code, and the measurement matrix is the concatenation of Cpy and
Cin: Mis 2 Cout 0 Cin € {0,1}79%4",

For NCGT, we pick m = ¢ (so T = ¢* and d = ¢*) and set the rate % = sJ%l to ensure that
Mpks is s-disjunct. Thus by selecting ¢ = O (slogd), Mks satisfies Property 1 and is © (slogd)-
blockwise sparse (so Property 3 holds for all b < log (slog d)), with Txs = O (52 log? d) rows. For
more details on Kautz and Singleton’s construction, we refer the reader to (Inan et al., 2019; Indyk
et al., 2010). By adopting Mks as the encoding channel matrix (as described in (8)), we extend the
previous scheme to the b-bit setting (see Algorithm 9 and Algorithm 10 in Section D for the details).

Lemma 14 Under the above encoding and decoding schemes (i.e. Algorithm 9, 10) with measure-
ment matrix Mgs, we have

n12ba

P{j& Z ja} < exp <—CO ' 2logld

+ (log s + log log d)) .

In addition, ja| < s with probability 1, and the decoding complexity is O(n2° 4 s>dlog? d).

Picking n; = %, o= \/%, and combining Lemma 7 and Lemma 14, we arrive at (12) as long
asn = 541%4})(51/5) (log s + loglog d)z. This proves the second part of Theorem 1.

Remark 15 [n Algorithm 10, we present a naive NCGT cover decoder, which takes O (d - Tks) =
O(szdlog2 d) time. However, since Mys is constructed based on Reed-Solomon codes, one can
leverage the efficient list recovery algorithm (i.e. Guruswami-Sudan algorithm (Guruswami and
Sudan, 1998)) to decode J,, in poly(s,logd) time, improving the dependency on d from poly(d) to
poly(log d).
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Removing the use of shared randomness In Scheme C, the local encoding functions are con-
structed deterministically according to Mys and hence do not involve any randomization, so the
only use of shared randomness is in the estimation phase. However, we can circumvent it by con-
sidering the following two-round encoding scheme: the second n2 clients encode their observations
according to J,, (Y™ ), which can be done, for instance, by using the grouping idea in Algorithm 4,
but now we only group symbols in Ju. Unlike the interactive scheme in the next section (i.e.
Scheme D) that requires log d rounds of interaction, the resulting scheme involves only two-round
interaction and no longer needs shared randomness.

5. Interactive Localization Scheme: Tree-based Approach

Unlike non-interactive localization schemes introduced in the previous section, if we allow for se-
quential interaction between the server and clients, we can localize J, more efficiently (i.e. using
less samples) and obtain a smaller requirement on the sample size (as described in Theorem 2). We
briefly introduce a tree-based log d-round interactive localization scheme below. We refer the reader
to Section C for the details of the tree-based interactive scheme.

Sketch of the scheme We represent each symbol j € [d] by a log d bits binary string, and our
algorithm discovers elements in 7, by learning the prefixes of their bit representations sequentially
across log d rounds. In particular, at each round ¢, the goal is to estimate the set of all length-¢
prefixes in J,, which we denote by T, ; £ {prefix,(j) | j € Ja} (50 T = Jalogd)-

Towards this goal, we first partition n; clients into log d equal-sized groups G1, ..., Giog 4 With
clients in G, participating in round ¢. At round ¢, clients encode their observations according to
jomf_l, where joévt_l is an estimate of 7, ;—1 obtained from the previous round. The encoding
rule is based on the grouping idea described in Scheme A, but since now each client has partial
knowledge ja’t_l, they only group symbols whose prefixes lie in ja,t—l (instead of grouping the
entire [d]). This leads to a more efficient way to use the samples and improves the sample size
requirement from O(d? log? d/2°) to O(s?log? d/2°).

Upon observing G;’s reports, the system (i.e. all subsequent clients and the server) updates
A t—1 accordingly to generate A t- When n; is large enough, this protocol successfully localizes
Jo with high probability. Indeed, we have the following bound on the probability of error:

Lemma 16 Under the above encoding and decoding rules, the failure probability is bounded by

A n1(2° — 1)a 2s
]P’{ja ¢ ja} < exp <_2slogd + <loglogd—i— log (21)_1>>> )

Pickingny = §, o = \/7% and combining Lemma 16 and Lemma 7, we conclude that as long

asn = Slgibgd (log s + loglog d)2, (1) holds. This establishes Theorem 2.

6. Concluding Remarks and Open Problems

In this work, we characterize the convergence rate of estimating s-sparse distributions, showing that
by carefully designing encoding and decoding schemes, one can achieve a dimension-free estima-
tion rate, which is the same rate as knowing the sparse support of the distribution beforehand. As a
natural next step, we study the threshold on number of samples needed to achieve such a dimension-
free estimation rate. We give upper bounds on this threshold by developing three non-interactive
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schemes and one interactive scheme. Our results establish an interesting connection between dis-
tribution estimation and group testing, suggesting that non-adaptive group testing can be useful in
designing efficient decoding and encoding schemes with small sample complexity.

There are several open research directions emerging from our work. First, under the non-
interactive model, there exists a gap between our upper and lower bounds on the minimum sample
size required n* (s, b, d) to achieve dimension-free convergence (see the discussion after Corollary 3
for more details). We conjecture that the lower bound on n*(s, b, d) is tight, and the non-interactive
schemes can be further improved. Closing this gap remains an open problem. Second, we note
that in the estimation phase of our two-stage scheme, we rely on random hash functions to encode
local data. It remains unclear whether or not there exists private-coin schemes that achieve the same
estimation error.

Finally, we note an interesting contrast with sparse distribution estimation under local differ-
ential privacy (LDP) constraints. There are several recent works in the literature that observe a
symmetry between LDP and communication constraints (Chen et al., 2020; Acharya et al., 2019a,b;
Han et al., 2018b; Barnes et al., 2019, 2020). In particular, without the sparse assumption, previous
works (Barnes et al., 2019, 2020; Acharya et al., 2019a; Han et al., 2018b) show that the minimax
{5 estimation error under b-bit and e-local differential privacy (LDP) constraints are © (ﬁ) and
e (ncela) (for e = Q(1)). This implies that in the non-sparse case, compression and LDP have

the same sample complexity as long as b ~ . This symmetry between communication and LDP
constraints has also been observed in other statistical models such as mean estimation.

To the best of our knowledge, the result we derive in this paper is the first to break the symme-

try between communication and privacy constraints in distributed estimation. Under the s-sparse
slog(d/s)

ne¢

assumption, (Acharya et al., 2021) shows that © ( ) error is fundamental under e-LDP.

Given the symmetry between communication and LDP constraints in previous results as mentioned
earlier, one might have been tempted to expect the error under a b-bit constraint to be of the form

O (Slongigbi/s’)) Our results suggest that one can achieve © (ﬁ) error under a b-bit constraint,
implying that when estimating sparse distributions, the communication constraint and the LDP con-
straint behave differently and the latter is strictly more stringent than the former. This loss of
symmetry makes it difficult, for example, to postulate the fundamental limit (and how to achieve it)
under joint communication and LDP constraints, a direction that has been settled in (Chen et al.,
2020) in the non-sparse case. Understanding the convergence rate for sparse distribution estimation
under joint communication and LDP constraints remains an open problem. Further, exploring in-
teractions with secure aggregation is of practical interest, especially in the federated learning and
analytics settings.
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Appendix A. Estimation stage: random hashing

Encoding For the second group of clients i € [n + 1 : n], they report their local samples through
ng independent random hash functions hy, 41, ..., hy(Which are generated via shared randomness).
Equivalently, client i’s encoding channel W;(y|z) is constructed as follows: each column of the
channel matrix WW; can be viewed as the one-hot representation of L; ., where

L, "X uniform <2b> , Vie[ni+1:n], zel[d.

Formally,
T
Wi(+|x) £ [E{Li’le}, ey H{Li@:Qb}} .

. b : L :
Note that since W; € {0,1}2 %4, the local encoder is deterministic, so we can also write Y; =
h; (X;) for some deterministic hash function h;(z).

Decoding Upon obtaining Ja from the first stage and receiving Y29, the server computes count
on each symbol j N;(Y"2) £ |{i € [n1 +1:n]:hi(j)=Yi}|. Note that P{h;(j) =Y} =

(b _
15(22# £ b;. The final estimator p; (Y"2) is then defined as
N;(26-1 e ;
ﬁj (YnQ) = JrEz-?” ) o 2%7’ ifjeJa 9)
0, else.

We summarize the encoding algorithm in Algorithm 2. The decoding algorithm (Algorithm 3)
can be found in Section D.

Bounds on the estimation error Let &£, be the event that the localization phase succeeds, i.e.

&y £ {ja - ja} Then conditioned on &,, we can control the /5 estimation error as follows:

Lemma 17 Let £, and p be defined as above. Then conditioned on £, we have

H 2 2 S 1
E Z(pj(YnZ)_pj) gg < sa +m+a.
Jj€ld]
Proof The proofs of Lemma 17 can be found in Section E. -

Appendix B. Localization scheme A: uniform grouping

Under b-bit communication constraint, a straightforward encoding approach is based on the group-
ing idea (Han et al., 2018a), where each client only encodes symbols in a pre-specified subset of
[d] and ignores others. The subset assigned to each client contains 2° — 1 symbols, so the encoded
message can be described by b bits.

6. With a slight abuse of notation, we use Y2 to denote the collection of (Ys, +1, ..., Yn).
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Encoding We partition the first n1 clients into M = d/(2° — 1) equal-sized groups Gy, ..., Gy
such that |G| = n1 (2 — 1) /d and G,,, = {i € [n1]|i =m (mod M)} . For client i € G,y,, they
only reports information about j € [(m — 1) (2° — 1) + 1 : m - (2* — 1)], i.e. symbols that lie in
the m-th block of [d]. Equivalently, for clients in group m, their encoding channel matrices are

W’L — [ 62b e 62b ‘ e1 €9 . 62b_1 ‘ €2b e €2b } , (10)

(m—1)2° —1)+1:m(2° - 1)

b . .
where e; € {0,1}* ! is the /-th coordinate vector.

Decoding Due to our construction of encoding functions, we see that as long as
Y40 X; € [(m—l)-(Zb—l)—l—l:m-(2b—1)}

(recall that m is the index of the block containing ¢), the server can specify X; upon observing Y;
by computing X; = (m — 1) - (2® — 1) + Y;. Therefore, defining

X(YZ) A {Xi, if X; € [(m_l)'(Qb—l)-i-l:m~(2b_1)}

null, otherwise,

then we can estimate 7, by T 2 {X (Y;)
and successfully decoded symbols from the first n; clients. The details of the encoding and decoding
algorithms are given in Algorithm 4 and Algorithm 5 in Section D.

i€ [nl]}, that is, 7, is the collection of all observed

Appendix C. Tree-based Interactive Scheme (Detailed)

Encoding Let 7,0 = 0. Atround ¢ > 0, let G 2 {i € [n1]|7 = t(mod logd)} be the partici-
pated clients, and let C (ja,t—1> be the set of all candidates of length-¢ prefixes, that is,

C (jayt,l) £ {append(v, 0),append(v, 1) ‘ vE ja,tfl} i

If round ¢ — 1 succeeds, then ’C <ja,t_1>‘ < 2 -s. We then partition C (ja,t—l) into M £
% blocks By, ..., Bas, each contains 2° — 1 possible length-¢ prefixes. We also partition G;
into M groups Ky 1, ..., K¢ ar by setting Ky, = {z € G ‘ é?td = m( mod M)} When client 7 in
ICt,m observes X; with prefix,(X;) € By, it reports the index of prefix,(X;) in By, (where we index
elements in 13, by 1 to 2° — 1), and otherwise it reports 0. Then the message can be encoded in b

bits. Formally, we have

Vi — index (B, prefix,(X;)), if prefix,(X;) € By,
o 0, else.
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Decoding Since each client is assigned to each group Ktm deterministically, from the client’s
index i and J,,;—1, one can compute the group index (¢(7), m()) explicitly. Therefore, upon ob-

serving Y;, we can estimate prefix,(X;) by

PFft(}/i) £ {

null,

Finally, we estimate J, + by ja,t £ {pfft(}/i)

1€ gt}

Appendix D. Algorithms

the Y; + (m(i) — 1) - (2> — 1) -th element in C (ja,t_1> . ifY; #£0,

else.

Algorithm 3: Decoding for estimation phase

Input: Y2, b € N, 7,
Output: p
Set p = 0;
for j € T do
| N;(Y™2) & |{i € [+ 1:n) s hi(f) = Vi
end

for j € T do

. N;(20—1
‘ py(ymy =M o

ny-20
end
return p

Algorithm 4: Localization via uniform grouping: encoding

Input: X; € [d,be N

Output: Y;

Compute M = d/ (2 —1);

m < imod M;

if X;€e[(m—1)-(2°—1)+1:m-(2°—1)] then
| Y; « X,; mod?2°

else
| V<0

end

return Y;
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Algorithm 5: Localization via uniform grouping: decoding

Input: Y™ € [2°]
Output: 7,
Initialize 7, = 0;
Compute M = d/ (2" — 1);
for i € [n1] do
m < imod M;
if Y; # 0 then
| AddX £m- (2" —1) +Y;into Jus
end
end

return 7,

Algorithm 6: Localization via random hash: decoding

Input: Y™ € [2°]
Output: 7,

Initialize consist « True;
Let Cy, ...,Cy be an enumerate of all N = (f) size-s subsets of [d];
for ¢ € [N] do
consist « A;cin Viee, Livi=hi()} // check consistency
if consist then
Ja  Cu;
break;
end

end
return 7,

Algorithm 7: Localization via NCGT: 1-bit encoding

Input: X; € [d], M € {0,1}7¢
t(i) < imod T,

Yi &= My x5

return Y;

Algorithm 9: Localization via NCGT: b-bit encoding

Input: X; € [d], Mys € {0, 10" 1" dxd

t < imod [%L

Yi < My_1y@2v—1)41:4(20—1), X, // Can be represented in b bits
return Y;
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Algorithm 8: Localization via NCGT: 1-bit decoding

Input: Y™, M
Initialize J,, = 0;
for 7 € [T] do
‘ 7, \/i:iET(modT) Y ; // simulate the 7-th group test
end
. A 7T
Z « [Zl,...,ZT} ;
for j € [d] ; // run the cover decoder
do
if supp (M;) C supp (Z) then
| Addjto J,
end
end
return ja

Algorithm 10: Localization via NCGT: b-bit decoding

Input: Y™, Mks
Initialize J,, = 0:
for 7 € [QbT_J do

for x € [2° — 1] do

‘ ZAT(H) < \/i:iz‘r(mod[

T 1) Yi(k); // simulate the 7-th group test
29—-1
end

end
Z |:21, ...,ZAT}T;
for j € [d] ; // run the cover decoder
do

if supp (Mks(j)) € supp (Z) then

| Add jto J,

end
end
return ja
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Appendix E. Missing Proofs
E.1. Proof of Lemma 17

Proof Notice that N; ~ Binom (ng,b;), so forall j € T pj (Y™) yields an unbiased estimator on
pj. Moreover,

Var (Binom (n2, b)) = b—J

E[(]ﬁj_pjﬂjeja}:Var(ﬁj‘jeja)ﬁnlg -

Summing over j, we obtain
1+ 5

SB[ -m)fieda] < ,

. n2
€T

with probability 1 since )ja‘ < s almost surely. This implies

N 2 s+ 2b
E Y 0 —p)&| < —p
; n22
JE€ETa
Together with the fact that
E Z pjz &l < sa?,
J¢Ja

we establish Lemma 17. ]

E.2. Proof of Lemma 7

Proof Observe that

E Y (3 —p)? =P{E} B | D0, (V™) —p)°|E5 | +P{ES-E | D (5 (V™) —pi)?|&,
jeld jeld] jeld]

<W{EF+E | D (5 (V") —p))°|&

jeld]
<P {E) +50% + —— + 1
- 9 n22b n9 ’
where the last inequality is due to Lemma 17. |
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E.3. Proof of Lemma 8

Proof If j € [(m—1)-(2°— 1)+ 1:m-(2° — 1) — 1] N Ja, symbol j can be successfully in-
cludedin J,, only when at least one of clients in G,,, observes it. Therefore, let £; 210X i #J, Vi€ G}
be the event of failing to include symbol j, then

P{JaC T} =1-PS U &3 2110l - (1-a)" 2 1—s-e7,

J€EIJa

b
where n’ £ |G| = %1). [ ]

E.4. Proof of Lemma 10

Proof Let & be the event such that 1) 7, ¢ C, for some ¢ € [N] and 2) Cy is consistent with
(W™, Y™). Then the error J, ¢ J; can happen only if Uze[ ) €e occurs. Hence it suffices to
control the probability of £, and then apply union bound.

To bound &, denote j € J, \ Cp. Note that as long as the server ensures a client observes
symbol j, they can rule out C, from the candidates set. However, since each client only reports
the hash value of their observation, the server cannot directly obtain such information. To address
the difficulty, the following definition describes the condition that makes a channel W “good” with
respect to Cy and j:

Definition 18 We call a channel W distinguishes j under Hy, if for all j' € Cy, we have W (-|j") #
W(:[5)".

Then &, cannot happen if there exist a client ¢ 1) who observes j and 2) whose channel W;
distinguishes j. Notice that due to our construction of localization channels,

P {W; distinguishes j|H,} = P {Vj' € Co, W; (-5) # Wi (-15) }
@
= Z P{L;; =y} H P{Li; # y}

y€[2?] J'eCy

2b 1 1\°
> 1= =
S S
® 20—
> )
4s

1D

where L; ; in (a) is defined in (5), and (b) is due to the fact that f(s) £ (1 — %)S increasing in s and
s > 2. We also have P {X; = j} > «, and since we generate W; independently,

2b 1

P{{X; = j} n{W; distinguishes j}} > « - 1
s

Thus we can upper bound the probability of error by

26 —1\™ 2b —1
< — . < — .
P{&} < <1 @ — > < exp < na— >

7. Note that due to our construction, W is deterministic, i.e. W (-|) = e, for some [ € [2°].
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Finally applying union bound, we arrive at

d 20 1 2b 1 d
P ZEL[]JV} Erp < <5> - exp (—nla i > < exp <—n1a 1 + Chslog (3))’

establishing the lemma. |

E.5. Proof of Lemma 11

Proof
Observe that the condition

n>4- ff-max(f3,161og? (f1)) (12)
implies

n n

“rp = np
(12) also implies

8- f1-log fi Vn
> 64 f2.1 2 O VI > 2 VI g

n 2 64-fi-log (f1) :>logn_2logf1+210g10gf1+210g64_ h= 2 2 fi-logn,

where (b) holds since 1) % is increasing when n > 10 (note that by assumption, f; > 300, so

4 - f% - log f2 > 10), and 2) log f1 + loglog f1 + log 64 < 2log f when f; > 300. Therefore we
have

vn > fi-logn+ fi - fo = exp <—\J{f+f2> S—%-

E.6. Proof of Lemma 13

Proof Recall that G is the 7-th bin of clients. Notice that as long as the decoding succeeds ( i.e.
{ja ¢ ja}) if for all 7 € [T, all symbols in 7, appear at least once in G.’s observation. Let &,

denotes the error event &, = {J, ¢ {X;|i € G;}}. Then we have

P{Ja¢ Ju} <P | &1 < D PLS,

T€[T] T€[T]

so it suffices to lower bound the probability of £, .
Recall that for each symbol j € J,, P{X; = j} > «, and we also have |7,| < s. Therefore
by union bound,

P{E&} < |Jal- (1 - )% <exp (=707 +logs)

Finally, applying union bound on 7 € [T'] again, we arrive at the desired bound. [ |
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E.7. Proof of Lemma 14

Proof The proof is the same as in Lemma 13, except for replacing |G, | from ny /T to n,2%/Tks. B

E.8. Proof of Lemma 16

Proof Let T £ logd and & be the event that round ¢ succeeds for all 1 < ¢ < T. Then
{ja 4 ja} = &%. By union bound, we have

T T
P{EF} <P{&}+ ) P{ENE 1} <D PLEIE Y, (13)
t=2 t=1

where & always holds since the length-0 prefix set is always empty. Therefore, it suffices to control
P{&FIE -1} X
Note that according to our decoding rule, every element in J,; must be a length-¢ prefix of

symbols in supp(p), so we always have ‘ja,t‘ < |supp(p)| < s. Hence to bound the failure
ja,tfl c ja,tfl}'

If Jat—1 C ja,tq holds, then J,, ; must be contained in the candidate set C (ja,t) , so the only

probability P {&f|E;_1 }, we only need to control P {jmt ¢ ja,t

way that {ja,t ¢ ja,t} can happen is that there is some symbol in B,,, N 7, that is not observed
by Kt,m. Therefore, we have

P{gﬂgtfl} = ]P){ja,t ¢ ja,t

ja,tfl C ja,tfl} < P{HJ € Bm s.t. Vi € Km,t XZ 7é ]}

2s niQ
< Bl - (1 — a)ffmtl < : _ 14
S | m’ ( Oé) =9b _ 1 exXp 2slogd ) (14)
where the last inequality follows from |KC,,, | = % > nlgibliggld. Plugging into (13), we obtain
P{est <T 2s nio n1(2b—1)0¢+ loglosd -+ 1 2s
-———exp | — =exp| ——-— oglo og | /—— .
TE=Sgp TP 2slogd P 2slogd 6708 g\ 1

E.9. Proof of Theorem 4

Proof We prove that if we first randomly permute all of n clients with shared randomness, then all
of previous schemes apply to distribution-free setting. We start with introducing a few notation.
Let f1, fa, ..., fa € [n] be the empirical frequencies of each symbol, i.e. f; = nm;, and let o be a
n-permutation drawn uniformly at random from the permutation group S,, with shared randomness.
We set n; = ny = n/2 in the two-stage generic scheme Algorithm 1, and use F1, ..., Fy to denote
the empirical frequency of the second half of samples, i.e. F; = Y1 o411 (X0 =i} Notice

that F}; is a random variable (since o is random) with hyper-geometric distribution HG (n, %, fj).

Finally, let I1; = % be the empirical distribution of the second half of clients.
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Let J, (Y™) be an estimate of J,, 2 {j € [d]|7; > «} and II; (YJ*) be an estimator of II;
(both will be explicitly defined later), then the final estimator p; is defined in the same way as (9),
ie.

T 210 1gje g,y
Now, consider using the same estimation scheme defined in Section A (i.e. Algorithm 2 and Algo-
rithm 3) with clients’ index being replaced by o (z). Then II; (Y"2) is

N 2.20 1
IL; (Y"™) = @1 ;1 Livi=ni()} = 5 (15)
=3

Notice that condition on o, Ly, (;)} follows distribution 1¢x,—;3 + Lx,»; - Ber (2—1[,), SO

n

. n 1
Z Lyv,=n,(j)y ~ Fj + Binom (2 - F}, 2b> _
i=5+1

Thus ﬂj (Y5") yields an unbiased estimator on II; with variance bounded by

R 2.20 n 1
Var <HJ‘O'> = Var <n(2b_1)Blnom <2 — Fj, 21))

4.4 1 4
<— - (5-B) 5 < (16)
n? (20 —1) 2 2 n2
Next, we control the estimation errors by
E Y (rj—m)?| <2B | (7 —1L)%| +2E | Y (I —m)* . (17)
j€ld] j€ld] j€ld]

To bound the first term, consider two cases j € J, and j € J,. For j € J,, we have

E [(frj - Hj)QM

:P{ja C ja‘a} E [(H] ij)Q Ju C ja,o] +]P>{ja ¢ ja‘a} E [(frj ~ 12|, ¢ ja,o'}
(—i)IP’{ja C G a} E [(H] —Hj)z a] +]P’{ja ¢ T a} E [(frj ~ 11,27 ¢ ja,a}

<E [(HJ = Hj)Q

where (a) holds since conditioned on o, I is independent with ja. Summing over j, we obtain

Jo & ja,a} ;

a} +2IP>{ja ¢ T

~2 2
0} -E [ﬂj + II;

E[S (7 -1)%e| < 3 Var (ﬂj‘(;) +2P{Jo ¢ alo} 3 B[#2 41270 ¢ Jaro]
Jj€Ja Jj€Ja Jj€ETa
S%—i—zﬂP{Janga a}, (18)
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where the last inequality follows from (16) and the fact that 3 ; sz. <land}; 7%]2- < 1. Similarly

for j & J., we have
E{(ﬁj—r{jﬂa} <p{jcda a}-E[<ﬁj—Hj)2 o} T8

U] +P{j¢ja

Summing over j, we obtain

| Y -] < o S P{icdifot+ S

J€Ta JETa JE€Ta
<‘g 1 112
S o 2. {jeda} + 215
Jjeld] JETa
4s 9
< S+ 2 IL, (19)
VNS
where in the last inequality we use the fact that Ja| < s with probability 1. Plugging (18) and (19)
into (17) yields
8s
. 2 2 2
E| D Gy —m)*| < 5+ 4P{Ja ¢ Do} +E | DTG 2B | D (I~ )
JEld] JETa jE[d]
@ &8s
< W—i-llﬂp{jagz a} 7T +Var(Hj))+ ZVar(Hj)
J€Ta JEld]
®) &8s N
< @Mp{j@ ¢ ja}—l—sa +2 3 Var (11
Je[d]
© 8s
< 5 +4P{Ja ¢ Ja} + 50’ +f (20)

where (a) holds since 1) IT; ~ 2HG (n, 2, f;) so E [I;] = m;, and 2) E [X?] = (EX)* + Var (X),
(b) holds since by definition, for all j & J,, m; < «, and (c) follows from the fact Var (II;) < iy

2n
Hence it remains to bound P {ja o A }

Next, we prove that the localization schemes (Scheme A, B, D) yields the same (oder-wise)
bound of failure probability.

Scheme A (uniform grouping) We slightly modify the encoding scheme Algorithm 4 such that
each client 7 in the localization stage (i.e. ¢ satisfies o (i) < n/2) is assigned to a randomly selected
group G,,, with m € uniform(M) chosen by shared randomness, where M = ﬁ. Follow the
same analysis as in Lemma 8, for any j € 7, it can be successful localized if one of symbol j in
the first half sequence is assigned to G, with j € [(m — 1)(2° — 1) + 1 : m(2% — 1)]. Denote such
event by &£;. Since there are F’ ]’ = f; — Fj clients in the first stage observing j, the probability that
symbol 7 is not detected is

1 Fy F! Fl(28-1)
P{&|o} < (1 — M) <e WM =e Ta . (1)
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To further bound it, we apply Hoeffding’s inequality on hyper-geometric distribution (notice that
Fi ~HG (n, %, f;)).

Lemma 19 (Hyper-geometric tail bound) Let F' ~ HG(n, k, f) and define p = k/n. We have
P{F < (p—1)f} < e,
forallt € (0,p).

Applying Lemma 19 on (21) with ¢ = i, we have

E[P{cf|o}] < P{F; > ifj} I +IP>{FJ’- < ifj} <D Y
Therefore
P U & ¢ < Z 6_%:71) +e_% < se_m(iz_l) +se 2,
j€ETa JE€ETa
pick a = \/7% and by the same argument as in (3), the /5 estimation error can be bounded by
O (% V =).aslongas n = Q (%).

Scheme B: random hashing Let & be defined as in the proof of Lemma 10, and j € 7, \Cy. Note
that symbol j € J, can be detected if a client 7 in localization stage observes 7 and W; distinguishes
7 under hypothesis Hy. Since every channels are generated identically and independently, such
probability can be controlled by (11). Also notice that there are FJ’ clients in the first stage who
observe j, the failure probability can be controlled by

20— 1\" 2b 1
P{ci’ela}s(l— - ) Sexp(—Fj - )

applying Lemma 19 gives us

20 —1 ] 2 1 e
E[P{Sg\a}]gexp _nfjlitis +e 2 <exp | —na 395 +e 2.

Taking union bound over ¢ € [N], we obtain

20— 1 o
P U Er p < exp (—na + Chslog (j)) + e‘TJFCOleg(g),

32s
LE[N]
Selecti =1 d as in Section 4.2 lude th 1 (e e
eectmga—\/@an as in Section 4.2, we conclude that as long as n = —p |, the {2

error (7)is O (ﬁ V %) . Scheme A and Scheme B establishes the non-interactive part of Theorem 4.
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Scheme D: tree-based recovery As in Scheme A, we replace every deterministic grouping with
a randomized one. That is, in the localization step in Scheme D, instead of set client ¢ with o (i) =
t(mod logd) into G;, we assign it to group t; ~ uniform(logd). Similarly, they will later be
assigned to /C; ,,, with m ~ uniform(M). Then conditioned on o, all of the analysis in the proof of
Lemma 16 holds, except that we replace (14) with

P{gﬂgt_ho'} =P {ja,t §Z joc,t ja,t—l - joc,t—lyo'}

<P{3j e By st Vie X #jlo}
= ‘Bm| P{Vi S ]Cm,t Xz' 7£ ]|U}

@ 25 1 \%
< = (1 -——
— 21 MT

25 Fi(2° —1)
< A=
_Qb—leXp< 2slogd

where (a) holds because we assign each client uniformly at random in [T'] x [M]. Applying
Lemma 19, we have

2s na(2’ — 1) no
c < ——).
Pi&ilei} < 2b_1exp< 8slogd ) +exp( 2 )

A

8s
2b—1

4s no n(2 — Da 4s
P{EN<<T ——. — = S loglogd + 1 —_ .
tert = 20 —1 exp< 8310gd) exp( 8slogd + <og 0+ log <2b—1>)>

Finally, picking n; = 5 and o = \/:F and combining Lemma 16 and Lemma 7, we arrive at

X n(2’ — 1)« 4s 35 2
E Y (3 —-p)?| < ————— 4 [loglogd +log [ &—— — 4=
(P = p) —eXp< 8slogd +<°g ©8 +Og<2b—1>>>+n2b+n

s 1
§00'<712b\/n>>

where the last inequality follows from Lemma 11 and the assumption

Plugging into (13) and assume > 2, we obtain

s?log?d
n =~ <2bg (log s + loglog d)2> .

This establishes the interactive part of Theorem 4.

E.10. Proof of Theorem 5

Proof Let S be the set of symbols with s-highest probabilities, that is, S = {j € [d] : p; > p(s)}*
and let § £ P(s+1)- As In previous section, write J, = {z 1 pj 2> max (a,p(s)) }9 where a > 0
will be specify later. Let Ja be the output of the localization step in Scheme B.

8. In case that p(,y = p(s+1), we define S to be an arbitrary set such that |S| = s and p; > pes) Vi € S.
9. Again, with a slight abuse of notation, if & = p(s) = p(s41), We require Jo = S.
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Claim E.1

b

20 1
4s

P{ja z ja} <m

(1 — Ps) + exp <—n1a
s

+ Cpslog d> .

Moreover,

ja‘ < s almost surely.

Proof Recall the in the decoding step of Scheme B, we define all the candidate supports as C, for
¢ € [N] (where N 2 (%)) and reduce the problem into multiple hypothesis H; : Jo C Cp. Now,
without s-sparse assumption, we need a more detailed analysis and carefully bounding the failure
probability.

To begin with, define B C [N] to be the indices of “incorrect” hypotheses, that is, B =
{¢ € [N]: Jo ¢ C¢}. Then observe that the error event £ = {Ja 7 ja} occurs when 1) there

exist one incorrect but consistent'” candidates ¢ € B, i.e. for ¢ € B, define
Fi = {Cy is consistent with (Y™, W)} ;
and 2) for all ¢ ¢ B, C; does not consistent with (Y1, W), i.e. forall £ & B,
G¢ = {Cy is not consistent with (Y™ W)},
Therefore, we can bound the failure event by
& C (U fz) U ﬂ Ge
eB Le[N\B

Bounding F; We bound F; as in previous section: observe that F, cannot happen if there exist a
client ¢ 1) who observes j € J, \ C¢ and 2) whose channel W; distinguishes j. Thus we have

P{F} < (1 -P{{X; = j} n{W, distinguishes j}})™*

20 —1\™ 20 1
<[1l-«- <exp| —mna«a . (22)
4s 4s

Bounding G, Let ¢* be the index such that ;- £ S. Then

() 6] CGe (23)

te[N]\B

10. Recall that the consistency is defined in Def 9
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Observe that Gy« happens if there exist a client ¢ who 1) observes j # S and 2) W; distinguishes j.
Therefore

P{Ge} <PS | J {X:=3}n{W distinguishes;}
i€[n] je[d)\S

@ C .
<n Z P{{X; = j} N {W; distinguishes; } }

JEl\S
b 201
< =1
JEL\S
20 1
=n=— (1 - Ps), (24)

where (a) is due to union bound, and (b) is because we generate W; independently with X;.
Finally, combining (22), (23) and (24), we obtain

P{Ef} <P <U}‘g>u N

leB Le[N]\B
20 —1 b_
<m 1 (1 — Ps) +exp (—nla + C’oslogd) ,
s 5
where the last inequality is due to union bound over [N] = (‘j) |

. . . . . _ 1 .
As in previous section, picking o = T and by Claim E.1, we can show that

n? (20 —1)* 1

20— 1 d
E § p. —p)?| < 1)a-P Y S A log [ —
(pj —p) _<n1 ” + )( s) + exp R 48+Cgs 0g<8>

2s 1
(n—mn1)2" n-—ny

Finally, picking n1 = Cy - vnlogn - s - log (%), we have

n-20 " n

E Z(ﬁj—p)Q SC’Q-< i \/1)+03-\/nlogn-2b~(1—P5).
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