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Abstract

We study a novel variant of online finite-horizon Markov Decision Processes with adversarially
changing loss functions and initially unknown dynamics. In each episode, the learner suffers the
loss accumulated along the trajectory realized by the policy chosen for the episode, and observes
aggregate bandit feedback: the trajectory is revealed along with the cumulative loss suffered, rather
than the individual losses encountered along the trajectory. Our main result is a computationally
efficient algorithm with O (VK) regret for this setting, where K is the number of episodes.

We establish this result via an efficient reduction to a novel bandit learning setting we call
Distorted Linear Bandits (DLB), which is a variant of bandit linear optimization where actions
chosen by the learner are adversarially distorted before they are committed. We then develop a
computationally-efficient online algorithm for DLB for which we prove an O(VT) regret bound,
where T is the number of time steps. Our algorithm is based on online mirror descent with a
self-concordant barrier regularization that employs a novel increasing learning rate schedule.

1. Introduction

Markov Decision Processes are a ubiquitous model for decision making that captures a wide array
of applications including autonomous road navigation, robotics, gaming and many more. In the
finite-horizon version of the model, the goal of the agent is to minimize her expected total loss over
a fixed number of time steps. Classic results in finite-horizon MDPs state that the optimal policy of
the agent is deterministic; namely, a mapping between each state and time step to an action for the
agent to play.

In this paper, we study the problem of Online MDPs with Aggregate Feedback which is played
for K episodes. The dynamics of the MDP are fixed but unknown to the learner. After each episode,
in addition to observing her trajectory within the MDP, the agent also gets to view her total loss
along this trajectory. The agent, however, does not get to observe the individual losses of specific
states and actions that comprise the trajectory. This setting was recently considered in Efroni et al.
(2020) where the authors derived computationally-efficient learning algorithms for the case where
the losses are sampled i.i.d. from some unknown distribution. In this work, we assume that the losses
are non-stochastic and may be chosen by an adversary—a significantly more challenging task. This,
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for example, can be seen as a relaxation of the Markov assumption, where some complex part of the
environment that is hard to model influences only the learner’s losses.

The adversarial setting is a variant of online MDPs (Even-Dar et al., 2009) with initially unknown
model dynamics, previously considered either when full information about the losses is received (Neu
et al., 2010), or with traditional bandit feedback where the agent sees the individual losses of all
states and actions that were visited along each of her generated trajectories (Rosenberg and Mansour,
2019). Commonly, the main solution technique is to separate the K episodes into O (log K) epochs;
in each epoch, the agent runs a no-regret algorithm using an estimate of the dynamics obtained from
observations accrued up to the beginning of the epoch. To tackle bandit feedback in general, it is
common practice to employ a full-information learning algorithm which is fed with an unbiased
estimate of the losses in each episode. Nevertheless, in our setup we do not know the MDP
dynamics, so it is hopeless for the learner to generate such an unbiased estimate since it is impossible
to calculate the probability of visiting each state and action without exact knowledge of the transition
distributions. This impediment was overcome in Jin et al. (2020) that followed the “optimism in
the face of uncertainty” principle: they fed the learning algorithm with a certain underestimate of
the loss. This drives the agent to explore under-sampled state-action pairs, helps to obtain better
estimates of the dynamics, and reduces the overall bias of the loss estimators over time.

We utilize a similar approach to tackle the aggregate feedback by reducing the problem to
O (log K) epochs in each of which we solve a variant of linear bandits over our current estimate of
the model dynamics. We name the learning problem in each epoch Distorted Linear Bandits (DLB).
This is a variant of the linear bandits problem in which, after choosing an action, it can be distorted
(i.e., perturbed) in an adversarial manner before it is played. This distortion unavoidably introduces
a non-negligible bias when trying to generate an estimate of the loss vector. The DLB problem is
also interesting in its own right, capturing scenarios where there is uncertainty regarding the action
that is actually taken, which might deviate significantly from the action intended to be taken—a
phenomenon that occurs in applications in robotics and control, where the actions are continuous
in nature.

We derive two learning algorithms for the DLB setting that yield a O(VK) regret bound, yet
mitigate the estimation bias in different ways. Our first algorithm, based on EXP2 (Awerbuch
and Kleinberg, 2004; McMahan and Blum, 2004), utilizes an optimistic approach by feeding the
algorithm with underestimates of the loss similarly to Bartlett et al. (2008). This technique, it turns
out, is not computationally efficient due to the non-convex nature of these underestimates. Our
second algorithm, however, runs in polynomial-time per episode. It is a variant of Online Mirror
Descent that uses a self-concordant barrier function as a regularizer (Abernethy et al., 2009) with a
series of increasing learning rates. The idea of using increasing learning rates to alleviate estimation
bias is used in various recent works (Bubeck et al., 2017; Agarwal et al., 2017; Lee et al., 2020).
Intuitively, it gives the learner a “boost” towards playing better actions whenever the estimation bias
is large.

1.1. Summary of Contributions
The main contributions of the paper are as follows:
* We introduce the setting of Online MDPs with Aggregate Bandit Feedback, where the dy-

namics are initially unknown and costs may be chosen by an adversary; to the best of our
knowledge, such a problem has not been studied before.
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* We establish an efficient reduction from Online MDPs with Aggregate Bandit Feedback to the
novel Distorted Linear Bandits (DLB) problem.

* We give a computationally-efficient online learning algorithm for the DLB problem with
O (NVT) regret over T rounds.

* Combining the two techniques, we obtain a computationally-efficient online learning method
for Online MDPs with Aggregate Bandit Feedback with O (VK) regret over K episodes.

In Section 3 we present the Online MDP with Aggregate Feedback model explicitly and give our
main result. We also present the Distorted Linear Bandits (DLB) setting, the reduction between the
two models, and prove our regret bound for online MDPs. In Section 4 we give our two algorithms
for the DLB setting and analyze their regrets.

1.2. Additional Related Work

The study of regret minimization in reinforcement learning dates back to Jaksch et al. (2010) who
considered an MDP with unknown dynamics and losses, but where the losses are sampled i.i.d.
This model was further studied in Azar et al. (2017); Zanette and Brunskill (2019) that provided
improved bounds.

Online MDPs were introduced in Even-Dar et al. (2009) who studied MDPs with known dynamics
and adversarially changing losses. Later Neu et al. (2013) extended the online MDP to handle bandit
feedback. Abbasi Yadkori et al. (2013) considered MDPs where both the dynamics and the losses
change adversarially. Their algorithm, however, is not computationally-efficient as they show in
a hardness result. All the above results assume access to individual losses while in this work we
assume the learner observes only the aggregate loss of an episode.

Bandit linear optimization has been extensively studied under both semi-bandit and bandit feed-
back; for an extensive survey of this literature, see Slivkins et al. (2019); Lattimore and Szepesvdri
(2020). Misspecified linear bandits were introduced in Ghosh et al. (2017) where the loss of each
action can be perturbed arbitrarily. They give an impossibility result for large sparse deviations
and a regret bound for small deviations (see also Lattimore et al., 2020). Our model differs from
misspecified linear bandit, most importantly, in that we allow for adversarial losses. In addition, we
also differ both in the fact that the deviations might be large (and we can only globally bound them)
and the fact that the loss is linear but with respect to a distorted action.

2. Preliminaries

Finite-Horizon MDPs. A finite-horizon Markov Decision Process is a tuple (S, A, s1, P, ¢, H)
where S is a finite set of states; A is a finite set of actions; s; € § is the start state; the integer H
defines the horizon. The transition function P defines a probability distribution P(s’ | s, a, h) of the
next state s’ given the current state s, action a, and time 4 € [H]. The loss function is ¢ defines a
loss ¢(h,s,a,s’) € [0,1] for every time h € [H] state s, action @, and next state s’.

A (randomized) policy 7 : SX[H] — A(A) maps each state and time to a probability distribution
over the actions. A trajectory is a sequence (si,ai,...,SH,dH,Sg+1). The probability of such
trajectory with respect to a policy m and a transition function P is ﬂhH:1 w(ay | sp, W)P(spe1 |
Sh,ap, h). The accumulated loss of such a trajectory using a loss function ¢ is Zle O(h,sp,an, Sh+1)-
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The expected loss of a policy 7 with respect to a transition function P and loss function ¢ is

H
Lt = [E[Z/(h, sh,ah,sh+1)] = Z O(h,s,a,s") Prlsp =s,ap =a,spe =5'].
h=1

(h,s,a,s")€
[H]xSxAXS

Occupancy Measures. A combination of a policy m and a transition function P provide an
occupancy measure x™ such that x™¥ (h, s, a, s’) is the probability, according to P and 7, of being
at state s at time 4, playing action a, and transitioning to state s’. Formally,

P (h, s, a,s") = P;[sh =s,ap=4a,sps1 =5'].
2

Any x : [H] X § X A X § — R is an occupancy measure, if and only if

x(h,s,a,s") >0, V(h,s,a,s’) € [H] X SXAXS,
Zx(h, s,a,s’) =1, Vh e [H],
(s,a,s") ESXAXS
Zx(h +1,s,a,s") = Zx(h, s',a,s), V(s,h) e Sx [H-1]. €))
(a,s’)eAXS (s',a)eSXA

Indeed, any x that satisfies the conditions above corresponds to an occupancy measure for some
policy 7 and transition function P, both can easily be extracted from x—this correspondence is
therefore one-to-one. That is, given an occupancy measure x we can define the corresponding policy
and dynamics as follows:

Zs’esx(ha s, a, S,)
Z(G,S') €AXS X(h, s, a, S’) ’

x(h,s,a,s’)
Y vesx(s,a,h,s’)’

X (a | s, h) = and PW (s |s,a,h)= 2)

For more on occupancy measures, see Rosenberg and Mansour (2019).

Self-concordant Barriers and Bregman Divergence. We next briefly review self-concordant
barrier functions—a fundamental tool in interior-point methods that was also shown to be highly-
useful in linear bandit optimization (Abernethy et al., 2009). Self-concordant barriers are discussed
in-depth in Nemirovski (2004); we give the technical definitions in Appendix C and here focus on
some useful properties of such functions that we use.

We consider a 9-self-concordant barrier function R over a convex set 8. In particular, for a
self-concordant barrier R, the function ||A||x = vVATV2R(x)h is a norm, and also VR : int(8) — R¢
is invertible. In addition, an important property of the norm || - || is that for any point y € R¢ and
x € int(8),

ly-xllx <1 = yein(8). A3)

We define the Bregman divergence with respect to a 9-self-concordant barrier R as follows:
Br(yllx) = R(y) - R(x) = VR(x) - (y — x).

The Bregman divergence is always nonnegative: Br(y || x) > O for any x, y € int(8). Moreover, we
shall need the following lower bound on the Bregman divergence (see Nemirovski, 2004):

Br(yllx) 2 p(lly —x[ly) for p(z) =z —log(1 +2). “4)

We also require the following lemma whose proof is found in Appendix B.
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Lemma 1. Define 8y = {(1 —y)x +yx1 | x € 8} for x| = argmin, g R(x) and some y € [0, 1].
Then Bgr(y || x1) < Olog(1/y) foranyy € §,.

Online Mirror Descent with Barriers. We rely on standard properties of the Online Mirror
Descent (OMD) algorithm with a self-concordant barrier function R for adomain 8 as regularization,

applied to an arbitrary sequence of loss vectors 1, ..., /7 € R? (Abernethy et al., 2009). Starting
from an initial x; € 8, OMD makes the following updates for¢r =1, ...,T:!
X1 = VRTH(VR(xe) = 17:4;). (5)

This version of OMD has the following guarantee (we include a proof in Appendix B for complete-
ness); here we use the notation ||£||% = \/¢TV2R(x)~1¢ for x € S and ¢ € R4,
1

Lemma 2. Let R : int(8) — R be self-concordant and assume that n;||¢; II;r < 5 forallt. Then,
foranyu € §,

AR PR (unx)—i( 1 —i)B e+ Y medlels)?
t t = R 1 1 m R t L Nt tilx,) -

t=1 =2 t-1

Observe that when the learning rate sequence is strictly increasing, the middle term in the above
bound becomes negative and can potentially serve to decrease the regret of OMD when the divergence
Bgr(u || x;) is large. This observation is key to our algorithmic development in Section 4.2.

3. Setup and Overview of Results

3.1. Online MDPs with Aggregate Bandit Feedback

We consider an online version of finite-horizon MDPs in which the interaction between learner and
the MDP proceeds for K episodes. Before the interaction begins, the environment assigns a sequence
of loss functions £y, ..., ¢ : [H] XS X A X S + [0, 1] one for each episode k € [K]. The choice
of loss functions is done in an arbitrary, possibly adversarial, manner.

At the start of each episode k the online algorithm defines a policy . At the end of the episode
the online algorithm receives the trajectory realized by mg, i.e., (s’l‘, a’l‘, . sz, a’;J, qu ,1)» and the
aggregate loss incurred during this trajectory with respect to ¢y, i.e., Zthl li(h, s’;l, a';l, SZ+1)-

We define the regret of the learner over the K episodes as

K K
RegK — E Lﬂk,PJk —rr}Tin E Lﬂ,P,fk’
k=1 k=1

where the minimum is taken over all policies 7, and we let 7* denote a minimizer. The regret can
also be written in terms of occupancy measures, by noticing that the expected loss of a policy 7 and
transition function P with respect to a loss function ¢ is L™>¢ = x™F . ¢. Thus, the regret of the
learner over the K episodes can be written as:

K K
Regy = E x™F . ¢ — min E Pl
m
k=1 k=1

1. Typically, OMD has an additional projection step when employed on a bounded domain. However, when R is a
barrier, such a projection is redundant as the OMD update never steps out of the domain (as a consequence of Eq. (3)).
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The main result of this paper is a computationally-efficient learning algorithm for the setting
described above.

Theorem 3. There exists an online learning algorithm for finite-horizon MDPs with aggregated
bandit feedback that guarantees

E[Reg] = poly(H, |S|, |A]) O(VK).

Moreover, the per-episode runtime complexity of the algorithm is polynomial in H, |S|, |A|, and K.

We prove the theorem by efficiently reducing the online MDPs setting to a sequence of instances
of a novel setting we term Distorted Linear Bandits (DLB). In what follows, we describe the DLB
setting, the reduction, and prove the correctness of the reduction.

We note that the dependence on K in Theorem 3 is optimal due to a lower bound in the simpler
setting of stochastic MDPs with bandit feedback (Osband and Van Roy, 2016). The dependence on
H,|S|, |A|, however, is likely to be suboptimal. We defer the reader to Section 5 where we describe
the regret bound with more explicit dependence on the problem parameters.

3.2. Distorted Linear Bandits (DLB)

In this game, the learner plays by picking vectors from a compact and convex body 8 C R¢. We
assume that ||y||; < H for all y € 8 for some H > 0. Further, let § > O be a bias parameter.
Learning in the DLB setting proceed according the following protocol: Initially, the adversary
privately chooses a sequence of loss vectors ¢1,...,¢r and a sequence of perturbation vectors
€1,...,€T € [O,ﬂ]d. Then, atroundsr=1,...,T,

(i) Learner selects y; € 8.
(i) Adversary picks z; € R, where ||z;||; < H such that ||z, — y;||; < min{|z; - &1, |y; - €]}

(iii) Arandom Z; is sampled such thatE,[Z, | z;] = z; and ||Z;||; < H, where E, denotes expectation
conditioned on all randomness prior to round ¢.

(iv) The action Z; is played; the learner suffers and observes the loss ¢, - Z;; the learner additionally
observes Z; and €;.

We emphasize that the z; are arbitrary and can be chosen in an adaptive manner after the learner
chooses y;. Note, however, that we assume that the loss vectors (as well as the perturbation vectors)
are chosen before the game starts; namely, the adversary is oblivious.

We define the regret in the DLB setting as follows:

T T

Reg; = Zit <Y —gleiélZz-Z,.

=1 =1

The learner’s goal is therefore to minimize the losses attained by the perturbations 71, ..., Z7 of the
actions yi, ..., yr chosen by the learner. Clearly, the regret necessarily scales with the magnitudes
of €1,...,€er, and our regret bounds will ultimately depend on a parameter B that upper bounds the
magnitude of the perturbations via the quantity Z,T=1 (% - €,)%. The following theorem is the main
technical result of our work.
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Theorem 4. There exists an efficient (poly-time) online learning algorithm for the DLB setting whose
regret is at most poly(H, d, B, B) O(NT).

We prove this theorem by showing two online learning algorithms (one is computationally-
efficient; the other is not) in Section 4. We conclude this current section by describing the reduction
from online MDPs with aggregate bandit feedback to DLB.

3.3. The Reduction

We now show how to reduce the MDP with aggregate feedback problem to instances of DLB
described above (proofs of results of this section appear in Appendix B.) Our algorithm for learning
MDPs with aggregate feedback is depicted in detail in Appendix A, and here we give a verbal
description of the algorithm. The algorithm assumes the existence of a computationally-efficient
online learning algorithm for DLB with O (VT) regret which exists due to Theorem 4.

The algorithm partitions the K episodes into epochs, where epoch i contains episodes k; through
kiz1 — 1 (k; = 1). Each epoch ends whenever the number of visits to some state-action pair s, a at
some time step 4 is doubled. Thus, the total number of epochs is at most 2H|S||A|log K.

In epoch i, we produce an empirical estimate of the transition probabilities P based on all
observations prior to epoch i. We apply a high probability argument to bound the estimation error
P of the dynamics as: WP(- | s,a,h) — P(- | s,a, m|ly < €;(s,a, h)/H for a confidence parameter
€; : SXAX[H] — [0, B] associated with epoch i. (¢;(s, a, h) decreases as a function of the number
of times each (s, a, 1) has been visited up to epoch i.)

We fix a convex and compact 8; to be the set of all feasible occupancy measures based on our
current estimate of the dynamics of the MDP. We claim that in each epoch, the setting admits to the
distorted linear bandits problem. Indeed, we show that with high probability, 8; contains X" P —the
occupancy measure associated with the optimal policy and the true dynamics. Now, throughout
epochi, fork =k;, ..., kiz1 — 1:

(i) Learner picks a policy ;. associated with some occupancy measure y; € 8;.

ii) my is played on the true and the learner observes a trajectory 2, such that Zx (h, s, a, s”) =
(ii) my is played on the true MDP and the 1 b trajectory Z h that Zx (h !
1 iff the trajectory passed through state s at time /4, played action a and transitioned to state
s’. Otherwise Zx (A, s, a,s”) = 0. The learner suffers and observes the loss of ¢ - 2.

(iii) Let z; be the occupancy measure of 7y and the true dynamics P; then E[Zg | zx] = zx. We
prove that ||zx — y«|l; < min{e; - z7, €; -y}

Moreover, we give a bound of Zi:};l (i - 20)? = O(H*|S|2|A]) as required by the DLB setting.

We consequently apply the DLB algorithm to obtain a regret bound of O (Vk;+1 — k;) = O(VK)
in each epoch, and as the number of epochs is only at most O(log K) this gives an overall regret
bound of O(VK) as required. The complete proof of this claim appears in Appendix B. The analysis

of the running time of the algorithm is found in Section 5.

4. Algorithms for Distorted Linear Bandits

In this section we prove Theorem 4 by presenting our online algorithms for the DLB problem. The
difficulty of this setting lies in the fact that the main mechanism to cope with lack of information in
bandit optimization is to construct unbiased estimates of the loss vectors. In the DLB setting this is
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impossible to do since the actions chosen by the learner are shifted by the adversary. Nevertheless,
having erzl (2; - €;)? bounded, intuitively means that the estimation bias at the actions played by the
learner is bounded in an amortized sense—a useful property that we utilize in our algorithms.

4.1. Simple Approach via Optimism

Our first algorithm is based on what is arguably the most straightforward approach to the problem:
construct an “optimistic” estimator to the player’s loss—one whose expectation underestimates the
loss of all actions at a given round, yet is sufficiently accurate in estimating the player’s loss at the
same round—and feed it to a standard bandit linear optimization algorithm. However, as we show
in this section, such a loss estimator becomes a non-convex (in fact, concave) function of the played
action, thus overall this approach leads to a computationally inefficient algorithm. We nevertheless
present the algorithm in this work to illustrative why this approach fails before moving on to a more
sophisticated approach in Section 4.2.

Throughout this section, we assume that the decision set 8 is finite of size O ((HT)?); since for
now we are not bound by computational complexity considerations, if 8 is a larger (or infinite) set
we may replace 8 with a 1/(HT)-net of 8, which has the required size. The algorithm we describe
below (Algorithm 1) assumes as input an exploration distribution u over the set 8, such that fory ~ u
it holds that E[yy'] > AI for a constant A > 0. Standard techniques in linear bandit optimization
(e.g., Bubeck et al., 2012; Hazan and Karnin, 2016) show that under fairly general conditions on 8,
one can pick an exploration distribution y so as A = Q(1/Vd).2

Algorithm 1 Distorted Linear Bandits via Optimistic Biases
1: input: n > 0, y > 0, exploration distribution p.
2: initialize: w;(y) = 1forall y € 8.
3: fort=1,...,T do
4:  define probability density p, o« w,, and let g, = (1 — y)p; + yu.
5:  sample point y; ~ ¢, in the domain 8.
6:  adversary chooses z; such that ||z; — y/[|; < min{|y; - €[, |z, - €[}, and plays Z, where
B2 | 2] =z
observe ¢; and loss ¢; - Z; € [0, H].
compute the second moment of y,: M, = E,[y,y]].
:  compute l?t =(4;- 21‘)Mz_1))t and Zt()’) = ét Y- \/EHYHM;I ||€t||Mt'
10:  update wyi i (y) = wi(y) -exp(-n4:(y)),  VyeS.
11: end for

% X

The algorithm relies on a standard estimator ?, = (b - Z)M; 1y, to estimate the loss vector
¢,. Note that if it were that z; = y, then this would have been an unbiased estimator for the loss,
ie., E; [?,] = ¢;. However, due to the adversarial perturbations z; might be shifted away from the
intended y,. We thus modify the estimator to account for this shift and make it “optimistic,” in the
sense that its expectation is a lower bound on the real loss function. Given these corrected estimates,
the rest of the algorithmic development follows standard lines in the linear bandit optimization
literature (Dani et al., 2008; Bubeck et al., 2012).

2. Some of these techniques rely on solving intractable optimization problems, but recall that in the context of this
section we are not concerned by the computational complexity of the resulting algorithm.
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Concretely, we define the following bias-corrected loss functions:

Ci(y)=broy=Ndyllpy-illedlly,,  Yie[T],yeS.

Then, the algorithm essentially performs multiplicative-weights updates on the modified loss func-
tions #,(y), which can be seen to be a concave function of y. In general, it is a hard problem to
sample from the resulting distributions ¢, given that these losses are concave. (If, on the other hand,
they were convex, then the resulting distributions would have been log-concave for which efficient
sampling algorithms are well-known.) Therefore, the algorithm is computationally inefficient.

We prove that Algorithm 1 provides the following regret guarantee.

Theorem 5. Sern = (2HBd) ' \/log |S|/T, y = 2H?*(H + pNd)n/A. Then, giventhat B > Y !_ (3, -
€,)* (almost surely), for any y* € 8, Algorithm 1 satisfies that

T

th'(ft )

t=1

E

HZ
O|HBd + ,Bd\/_ B+ — +——|VT,
d "
provided that B > 1 and T > (4H*(H + BVd)*log |8|)/ (A2 p2d>).
We only sketch the proof here, deferring details and precise bounds to Appendix B.

Proof (sketch). We begin by showing that /; is indeed an underestimate of the true loss (see Lemma 6
below): E;[¢;(y)] < ¢, -y for any y € 8. For the converse direction, we show that in expectation
over the learner’s decision, ¢, is close to ¢, in the following sense:

E ) ()| = Ll 2] = yH = 5dllesl -
ye8

With these two results at hand, we argue that the regret of Algorithm 1 is bounded by the regret of the
MutripLIcATIVE WEIGHTS updates, plus an additive error term that scales with the perturbations €;:

T
Z& - (% —y*)] < [ZZP:()’) (2:(y) = €, (y™))

t=1 t=1 ye8

E

+yHT +5d [E[Znetth] (©6)

Next, we apply a standard second-order regret bound of MULTIPLICATIVE WEIGHTS to obtain the
following:

Zsz(y) (0 = (y) < Og| | +n) pME),

t=1 ye8 ye8

and we bound the term E; [Zyes pt(y)(f,(y))2] < 8(Hpd)? using simple algebra.
The theorem is now given by combining the second-order regret bound above together with
Eq. (6), and by bounding the bias terms using the DLB setting assumptions, as [E[ZZT=1 llerllpg, 1 <

2BVBT. [ ]

We now prove that as mentioned, the expectation of l7, is an underestimate of the true loss.

Lemma 6. E,[/,(y)] < ¢; -y foranyy € 8.
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Proof. Observe that

[Et[@t] =E[(4;- Zt)Mt_lyt]
= [Ez[Mt Yzyté ]+ [Et[Mt_lyt(z, = yt) + 4]
=0+ M, [Et[)’t(Zt = yi) 4]

Our assumptions imply that |(z; — y;) « €| < ||zt = el 1€¢lo < 3¢ « €¢]- Thus, by two applications
of Cauchy-Schwartz, for any y € 8§ we obtain

Ec[1(6r =€) -yl = Ec[ly"™™M; yel - 1(ze = i) - 4]
< ||)’||M;1[Et [”ytHM;l lye €t|]

< Iyl B LDyl TEA e - €0)?] o

= 17l E T M 311y €T [yiy T e
= V| yllpg-1 et lag,

This means that
E[0:(y) = -yl =E([(6; = £,) - y] - ‘/EIIyIIMt—l lleellps, <0
which proves that E[#,(y)] < ¢; -y forany y € 8. |

4.2. Efficient Approach via OMD with Increasing Learning Rates

Our previous algorithm enjoys an o (VT) regret bound, but it is inherently computationally inefficient.
In this section we take a different approach that leads to an algorithm with O(VT) regret, but one
that can also be implemented efficiently.

Algorithm 2 Distorted Linear Bandits via Increasing Learning Rates
1: input: n¢ > 0, 9-self-concordant barrier R : int(8) — R.
2: init: x; = argmin, g R(x).
3: fort=1,...,T do
4:  sample u; uniformly at random from the unit sphere of R¢.
5 predict y; = x, + V2R (x;) "V 2u,.
6:  adversary chooses z; such that ||z; — y/[|; < min{|y; - €[, |z, - €[}, and plays Z, where
E, [21 | Zt] =2t
observe Z;, €;, and loss ¢, - Z, € [0, H].
construct Bt d([, z,)VzR(x,)l/zut
. updaten;' = ’7t—1 —2d|Z; - €.
10:  setx;y; = VR™Y(VR(x;) — n.4,).
11: end for

%

Algorithm 2 is based on Online Mirror Descent with a self-concordant barrier R as a regularizer
(Abernethy et al., 2009). The algorithm maintains a sequence of points x,...,xr € 8. In

10
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line 5, the algorithm makes a prediction y, by sampling uniformly at random from the ellipsoid
{y o lly = x¢lly, < 1}, known as the Dikin Ellipsoid associated with R at x;, that is always contained
in 8 (this follows from Eq. (3)). Then, according to the DLB protocol, the algorithm receives €;, Z;
and loss ¢, - Z; such that z; = E,[Z; | z;] where z, is a perturbation of y,.

The algorithm proceeds to construct an estimator 7, of the loss vector ; in line 8. Note that
if we replace Z; with y; in line 8, then 1 + would be an unbiased estimator. However, as this is not
the case, the algorithm must mitigate the bias in the #,, and does that by increasing its learning rate
according to the perturbation magnitude |Z; - €;| (line 9). Finally, in line 10, the algorithm performs
the mirror descent update.

Algorithm 2 can be implemented efficiently as long as 8 is not degenerate (namely, 8 is compact
and has volume in R, and thus admits a proper self-concordant barrier R) and as long as gradients and
Hessians of R can be computed efficiently. We defer a more detailed discussion of implementation
issues to Section 5.

Our main result regarding the algorithm is as follows.

Theorem 7. Algorithm 2 with 19 = O(9/(dOVBT + dHVOT)) provides the following regret guar-
antee, for any y* € 8:

= O(d9VBT + dHVOT),

T
[E[Z(zt SRR?
t=1

provided that B > max{thzl (2 - €)%, H} (almost surely).

Here we sketch the proof of Theorem 7 highlighting the key ideas; the complete proof and
precise bounds can be found in Appendix B.

Proof (sketch). The first part of the proof is straightforward. We split the regret into three terms:

T T T T
E|) o=yt =E|) (=x)-&|+E[) (x=y)) -0, Z(y;—y*wt], ®)
t=1 t=1 t=1 t=1

where y¥ = (1 —y)y* +yx; € 8, for sufficiently small y. (Following a standard technique,
we introduce y;‘ as otherwise we would eventually have to bound Bg(y* || x;) which might be
arbitrarily large; by introducing y}, we instead would have to bound Bg (y;,‘ | x;), which is bounded
by Lemma 1.) The first summand in Eq. (8) pertains to the bias generated by the perturbation of y,
to z;, and is bounded by VBT; the third summand bounds the loss difference between that of y* and
of y¥, and is bounded by 2yHT. All of these quantities are O (d9VBT + dHNIT).

The heart of the proof focuses on bounding the second summand. To this end, we apply Lemma 8
(see below) to bound the instantaneous regret of the algorithm at each time step #, by the instantaneous
regret using the loss estimator Z; plus an additional bias term that scales with ||x; — y;‘ |, This
results with

+E +E

(x; = )’;) <l <E[(x - )’;) 0] +dlx; - )’;”xt[Ez“ft €], ©)

and we proceed in bounding [ [ZtT:1 E,[(x; — y;) 0]l =E [Zthl (x; —y’y") -Z,]. Since the algorithm
is taking OMD steps with loss vectors ;, we can apply Lemma 2 to get

| L
—Br(y} I x1) - (
m Y Z n

) t-1

_}’;)’it} <E

. —)BR@Y lx) + Xm(nan

11
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Handling the first and third terms is standard (following Abernethy et al., 2009), and they are shown to
be bounded by O((9/n¢) log(1/y)) and O(nod*>H?>T) respectively, both are O(d9VBT + dHVOT)
for our choice of parameters. The middle term in the bound above is what enables the algorithm to
compensate for the bias in the loss estimation by employing an increasing learning rate schedule.
Indeed, together with Eq. (9) we obtain

T
[E[X(xt —) -l
t=1

T

llx: — )’;”xtﬁt - €|
t=1

+O(d9VBT + dHVIT).

<dE -E

1 1
Ni-1 Nt (10)

. —)BR@; ||x,>]

X

The key observation is that the divergence Bg (y)’,‘ || x;) here is directly related to the bias term
lly¥ —xll,, via Lemma 9 (found below), as Br(y5 |l x,) = 3lly} —x:ll,, — 1. Now, with our
particular setting of learning rates (line 9) the second term in Eq. (10) is upper bounded by
—d Z,T:1 IIy; = Xtlly, Ee[12: - €] + O((9/mo) log(1/y)) (El expectation), which precisely cancels
out the first summation over the bias terms and gives the O (d9VBT + dHVIT) regretbound. W

The following lemma bounds the instantaneous regrets suffered by the algorithm, by the algo-
rithm’s estimates of the instantaneous regret plus an additive bias term that scales as ||x; — x|, .

Lemma 8. Let x € 8. Then, (x; —x) + ; < E;[(x; —x) + ;] +d||x; = xlly, Ee[12: - €]
Proof. Recall that x, is determined given the randomness up to time ¢. We have that
= [(xt -x) - it] =k [(xt —x)-d(l;- 2t)V2R(xt)1/2ut]

=[E; [(xt —X) - d([t <E. (2 | ZZ])VZR()C;)]/ZL[I]
=E/[(xe —x) »d(lr + 2) VPR (x,) P, |

=k, [(xt —x)-d(¢, -x,)V2R(x,)l/2u,] +E; [(xt - x) - d(ft - (v —xz))VZR(xz)l/zut]

(1) (2)
- E; [(xt —X)- d([t < (yr - Zt))VZR(xt)l/zut] .

(3

Next, we analyze each of the three summands above. As the only randomness given the history up
to time  is in u;, we have (1) = 0, and as y; — x; = V2R (x;)~"/?u;, we have

(2) = IE,[(x, —Xx)- deR(xt)l/zut (Ve = x¢) - tﬂt]
=, [(x, —X)- dVZR(x,)1/2ututTV2R(xt)_1/2€,]
= (x; —x) - d V’R(x;)'’E, [ututT]VzR(x,)_]/zft
= (x, —x) - d V*R(x;)"/* - 11 V*R(x,)""?¢,
= (x; —x) - ly.

For term (3), two applications of Holder’s inequality yield

(3) < dE[llxe = xll, IV RG) e 15, 12 Mool ye = 221l ]

12
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Now, to obtain the lemma, we use our assumption that ||¢;||,, < 1, that

Eelllye — zelli] < Eellze - €] = [Et[l[Et (2 | 2] '€t|] < Bl - €],

1/2

by Jensen’s inequality, and finally ||R(x;) Mt||;, = 1 due to Lemma 19 (see Appendix B). |

The next lemma lower bounds the Bregman divergence of any point x € 8 from x, by an order
of their distance in local norm; i.e., ||x — x;||x, -

Lemma9. Let x € 8. Then, Br(x || x;) > %llx —X¢llx, — 1.

Proof. Recall that Bg (x || x;) > p(|lx —x/|lx,) by Eq. (4) where p(z) = z — log(1 + z). Since p(z)
is convex, we can lower bound

p(2) 2 p()+p'(1) - (z= 1) = 5 ~log(2) + 322 321,

which yields the lemma’s statement for z = ||x — x;||y, . |

5. Efficient Implementation of the Reduction

In this section we complete the proof of Theorem 3 by showing a computationally-efficient reduction
between Finite-Horizon MDPs with Aggregate Feedback and that of distorted linear bandits.

Recall the reduction in Section 3.3 in which we showed how to solve a Finite-Horizon MDPs with
Aggregated Feedback by constructing a sequence of O(log K) instances (epochs) of the distorted
linear bandits problem and running a no-regret algorithm in each such instance (which exists due
to Theorem 4). In subsequent sections we reviewed Algorithms 1 and 2, both of which guarantee
no-regret for DLB. In this section we make the choice of the algorithm for the reduction explicit
by fixing it to be Algorithm 2. Note that the reduction itself, as well as Algorithm 2, can be
implemented in polynomial-time as long as in each epoch i, the barrier R chosen for 8; can be
computed efficiently. However, Algorithm 2 is made for the case in which 8 has volume in R¢ which
is not the case of our body 8;. Thus, in what follows we give two options on how to alleviate this
problem and build an efficiently-computable barrier function for each option. In option 1, we show
how to alter Algorithm 2 to accommodate the case for 8; not being fully-dimensional. In option 2,
we keep Algorithm 2 as it is, but change the reduction so that 8; has a small volume in R<.

Option 1. We follow a technique used in Lee et al. (2020). The set 8; consists of an intersection
between linear equations (Eqgs. (17) to (19)) of the form ¢; -+ x = d; fori = 1,..., p and linear
inequalities (Eqgs. (16) and (20)) of the form a; - x < b; fori = 1,...,m where m = O(|S|>H|A|).
Our approach is to set the log barrier R(x) = — ) ", log(b; — a; + x) over the inequalities (note that
its barrier parameter 9 is m; see Nemirovski, 2004). However, we still have to handle the linear
equations in order to make sure that Algorithm 2 will not generate predictions that are not in 8;.
Recall that Algorithm 2 is essentially a variant of OMD, which commonly has a projection
step that does not appear in Algorithm 2. First, we add a projection step in Algorithm 2 after
line 10 onto the affine subspace defined by the linear equations of 8;: we replace line 10 with
X = VR~ (VR(x;) — n:¢;), and then add after line 10: x,,; = arg min,.c,_, Br(x || x7,,), where
C is a matrix whose columns are cy, ..., ¢,. This validates that the iterates x,x», ... are in §;.
Second, recall that originally yg, is sampled uniformly at random from the Dikin ellipsoid
centered at x;: {y : ||y — x¢[lx, < 1}. Concretely, yx = xx + V2R (x)""2uy, (line 5) for uy sampled

13
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uniformly at random from the unit sphere of R?. We also like to make sure that y; is in the
aforementioned affine subspace, by instead sampling yx uniformly at random from the intersection
of the Dikin ellipsoid with the affine subspace. To achieve this, we let W be an orthogonal matrix
whose range spans the null space of C. We now sample u; uniformly from the unit sphere in R”.
We replace line 5 in Algorithm 2 by choosing yx = xx + WWTVZR (xx) /2 Wuy, so now y —xy is in
the null space spanned by c1, ..., c,. Moreover, we have y; € 8; as we show that ||y, — xgll,, =1
and by Eq. (3) (proof in Appendix B).

The estimators {{7,}?=1 have to be changed accordingly. We change line 8 by redefining ¢, =
p(l; - 2)WWTV2R(x;)'"*Wu,. The proof of Lemma 8 is altered to accommodate for these changes,
using the fact that xx — x is in the span of W. In addition, we replace the technical results in
Lemma 19, by these of Lemma 21 (both found in Appendix B). The rest of the proof of the analysis
of Algorithm 2 remains without any further changes.

Option 2. In this option, instead of altering Algorithm 2, we alter §; to give it a small volume in
R<. We replace the p linear equations of the form ¢; - x = d; with linear inequalities of the form
|c; +x —d;| < 1/poly(K). We then set the barrier on the new body to be the log barrier of the new
set of linear inequalities:

m )4
R(x)==) log(bi —a;-x) = ) log(poly(K)™" = |d; - c; - x]),
i=1 i=1

which also has a barrier parameter of 9 = O(|S|?|A|H) (number of linear inequalities defining the
new body; see Nemirovski, 2004).

The issue here is that, when running Algorithm 2 on the new body, we might choose y; that is
on the exterior of 8§;. However, we could then replace y by its projection, which we denote by y;,
onto 8; and play that projection instead. Note that [|yx — y; |l; < O(1/poly(K)). This ensures that
vk = zxlly < l€i = zr| + O(1/poly(K)) and fulfills the assumptions of the distorted linear bandits
setting (Section 3.2) thus ensuring that Algorithm 2 will maintain its 0 (VK) regret bound.

Finally, we note that taking either option 1 or option 2 yields the following, more explicit, regret
guarantee (proof in Appendix B).

Corollary 10. There exists a learning algorithm for finite-horizon MDPs with aggregate bandit
feedback that attains a regret bound of

E[Regk] = O(|S|°|AP?HVK),

and runs in time per episode that is polynomial in H, |S|, |A|, K.
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Appendix A. Reduction Algorithm

Algorithm 3 Reduction from online MDPs with aggregate feedback to DLB
1: Init: Ni(s,a,h) =0, N(s,a,h,s’) =0, V(s,a,h,s’)eSXAX[H]XS, k=1.
2: forepochi=1,2,...do
3:  construct empirical transition function:

Ni(s,a,h,s")

Pi(s’ | s.a,h) = ,
5 s h) = NG ), 1

V(s,a,h,s’) € SXx Ax[H] X S. (11)

4: set confidence bounds:

_ _ |S| +log(H|S||A|K/6)
€i(s,a,h) = SH\/ max (N, G ) 1] Y(s,a,h) € SxAX[H]. (12)

5 construct polytope of feasible occupancy measure 8; (Egs. (17) to (20)).

6:  init: n;(s,a,h) =0, n;(s,a,h,s’) =0 forall (s,a,h,s’) e SXAX[H]XS.
7. while n; (s, a, h) < max{N;(s,a, h),1} forall (s,a,h) € SX A X [H] do

8: predict occupancy measure y; € 8; using algorithm from Theorem 4.

9: play ;. such that m; = %) (recall Eq. (2)).

10: observe trajectory Zj, and aggregate loss ¢y, - Zk.

11: feed DLB algorithm with Zj, £ - Zx, and €;.
12: increment: k = k + 1, n;(s,a,h,s’) = n;(s,a, h,s’) + Zr(s,a, h,s’), and n;(s,a, h) =

Y yesni(s.a,hs'),
13:  end while
14:  update: Ny (s,a,h) = N;(s,a,h) + n;(s,a,h), Ni(s,a,h,s’) = Ni(s,a,h,s’) +
ni(s,a,h,s’).
15: end for

Appendix B. Deferred Proofs
B.1. Proof of Lemma 1

Proof. Note that BR(y || x1) < R(y)—R(x;) since VR(x1)+(y—x1) = 0by the first-order optimality
criterion of x;. Since y = (1 — y)x + yx; for some x € 8,

Ty, () =inf{t >0:x +17(1=y)(y—x)) € S} <1l-v.
We now bound R(y) — R(x;) using Eq. (22). |

B.2. Proof of Lemma 2

For the proof we shall need the following fact about Bregman divergences. For any x, y, z € int(8),
it satisfies the following equation (easily shown):

Br(yllx) = Br(y |l z) + Br(z||x) = (VR(x) = VR(2)) - (y - 2). (13)
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Proof. First let us show that Bgr(u||x;,;) > Bgr(u || x/+1). Note that Bg is convex in its first

argument, and x,4; minimizes Bg( - || x;,,), entails (VR(x;+1) — VR(x/,,))  (x;+1 —u) < 0, due to

the first-order optimality of convex functions. Therefore, by Eq. (13),

Br(ullxiyy) = Bru | xee1) + Br(xeer | x75) = (VR(xp41) = VR(x; ) + (ee1 — 1)
2 Br(u || xi+1), (14)

by the first-order optimality criterion of the projection step and the non-negativity of the Bregman
divergence.
Next, we follow the standard mirror-descent analysis, reusing Eq. (13), to obtain

Mele = (xr —u) = (VR(x) = VR(x7,1)) « (xp — ) = Brlu |l xe) = Br(u || x7,1) + Br(xe 17,

Combining with Eq. (14) and summing over ¢t = 1,...,7T:

N

T T

D=1 < ) —(Brlllx) = BGull o) + ) Bl 157,)

t=1 t=1 =1 1!

where, using Br(u || x7+1) = 0,

L 1 T(l |
Nt 1 -1 t

Do (Brlull ) = Br(ull ) < -Brlulle) = )| —)BRw %),

=1 t=2

Now denote z = x; — x;,,. For the term Br(x; || x/,,), Eq. (4) entails that

Br(x; || x7,,) = R(x;) = R(x;,;) = VR(x/,) - 2
< (VR(x;) = VR(x7,))) - z = p(llzlly, )
=00 -z —p(llzlly,)
<0l - Nzl = e(lzlly, ) (Holder inequality)
< SUPaeR{ntII&IIQ ~a—p(a)}
= P*(ntllleli,),

where p* is the Fenchel conjugate of p: p*(x) = —x — log(1 — x) defined for any x < 1. The final
statement is then given using p* (x) < x? for any x € [0, 1/2]. |

B.3. Proof of Theorem 3

Theorem 3 (restated). There exists an online algorithm for Finite-Horizon MDPs with Aggregated
Feedback of expected regret,

E[Regx ] = poly(ISI,|Al, H) O(VK),

in K episodes.

In the remainder of this section we prove that the assumptions of the DLB setting hold in each
epoch with high probability, and bound the constants 8, H, B (defined in Section 3.2). The following
lemma quantifies how concentrated are our empirical estimates of the dynamics (Eq. (11)) around
the true values.
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Lemma 11. With probability at least 1 — J, the following holds for all epochs i = 1,2, ... simulta-
neously:

S| +log(H|S||A|K /)

max{N; (s, a, h), 1} . VY(s,a,h) e SxAx[H]. (15)

”P( | S’a’h) _ﬁl( | S,a,h)“] < 5\/

To prove the lemma, we need the following simple technical result.

Lemma 12 (Weissman et al., 2003). Let p(-) be a distribution over m elements, and let p;(-) be
the empirical distribution defined by t i.i.d. samples from p(-). Then, with probability at least 1 — 6,

17:0) - pOll = 2¢O,

Proof of Lemma 11. Note that any state-action pair can be sampled at time / during the episode at
most K times over the entire K episodes. Then, the lemma from Lemma 12 and a union bound over
all (s,a,h) € S X A X [H] and over all possible number of times in which (s, a, &) can be sampled
in total. |

Now, let i be any epoch. Before defining the set of feasible occupancy measures for epoch i, 8,
let us first simplify our notation. We write for any occupancy measure x,

x(h,s,a) = Zx(h, s,a,s’); x(h,s)= Zx(h, s,a); and x(h) = Zx(h, s).

s’eS acA seS

We define 8; as follows:

S = {x c R[H]XSXAXS .
i = :

x(h,s,a,s") >0, V(h,s,a,s') e [HI] xSXxAXS (16)

x(h) =1, Vh € [H], (17)

x(1,s) =l{s =51}, Vs € S. (18)

x(h+1,5) = Z x(h,s',a,s), V(h,s) € [H—-1] xS. (19)
(s’,a)eSXA

€i(s,a, h)

||j5(x)(. | s,a,h) —ﬁ,-(- | s,a, h)||; < H

, V(h,s,a)e[H]xSxA}. (20)

Egs. (16) to (19) simply define an occupancy measure, while Eq. (20) requires that the next-state
distribution associated with the occupancy measure, P& (Eq. (2)), are close to the empirical next-
state distribution (Eq. (11)). The following lemma states that 8; contains all occupancy measures
associated with the true model dynamics P.

Lemma 13. Suppose that Eq. (15) holds, and let x™, P be an occupancy measure corresponding to
some policy ©t and the true model dynamics. Then x € 8;.

Proof. By definition of an occupancy measure, we have that Egs. (16) to (19) hold, and that
PY(s" | s,a,h) = P(s" | s,a,h),  Y(h,s,a,s)e[H XSXAXS,

where P is the true dynamics. Thus Eq. (20) holds by Lemma 11 and our claim follows. |
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The next lemma bounds the difference in norm between any two occupancy measures in 8; that
correspond to the same policy (proof is lone and deferred to Appendix B.4 below).

Lemma 14. Suppose that Eq. (15) holds, and let x € 8;. Let x’ be the occupancy measure of 1'*)
under the true model dynamics P. Then, ||x — x'||; < min{e; - x,€; +x"}.

Lastly, note that according to the DLB setting, one has to know an a-priori upper bound on
ZzT=1 (2 - €;)%. The bound is given by the following lemma.

Lemma 15. Let k1, ko, . . . be such that k; is the initial episode for epoch i. Then, for every epoch i,

kiz1—1
Y (ei-2)> < 25HIS||A] IS+ log
k=k;

HIS||A|K
5 :

Proof. We have that %, (s, a, h) is the empirical trajectory of episode k € [k;, k;+1 — 1]. Therefore,
n;i(s,a, h) = ]]zgllc__l Zx (s, a, h). Since during epoch i we have n; (s, a, h) < max{N;(s, a, h), 1}, at
the end of epoch i we have n; (s, a, h) < max{N;(s,a, h), 1} + 1, since the last trajectory might add

1. Also note that Z; is a vector whose elements are zero or one with exactly H non-zeros. Therefore,

kis1—1 kiy1—1
Y ezt Y H ) z(sah)-esah)?
k=k; k=k; (s,a,h)
eSXAX[H |
S| +log(H|S||A|K /6
_ ni(s,a,h)-25H3-| | +log(H|S||A|K/b)
max{N;(s,a, h), 1}
(s,a,h)
eSXAX|[H ]
IS| +log(H|S||A|K/6)
< Ni(s,a, h),1} - 25H> -
= Z max{Ni(s, a, h), 1} max{N;(s,a, h), 1}
(s,a,h)
eSXAX|[H |
H|S||AIK
3
< Z 25H (|S|+log 5
(s,a,h)
eESXAX|[H |
H|S||A|K
< 25H*|S||A| (|S| +log %)

where the first inequality is by Cauchy-Schwartz, the second is replacing the sum over Zr (s, a, h)
by n;(s,a, h), and the third uses the inequality n;(s, a, h) < max{N;(s,a, h), 1} from definition of
Algorithm 3. |

We now prove the main theorem.

Proof of Theorem 3. We run the algorithm of Theorem 4 on §; in epoch i, for every i, resetting
the algorithm between epochs. Theorem 4 bounds the expected regret in each epoch, whereas
Lemmas 11, 13 and 14 imply that the DLB setting holds in each epoch with high probability.

To avoid having to deal with probabilistic dependencies, we only bound the expected regret.
To do so, we can assume that there are exactly 2H|S||A|log K epochs (by adding epochs with zero
episodes), and that each epoch is run for exactly K episodes (by padding with zero losses and the
remaining episodes).
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The analysis proceeds as follows. We set § = 1/(HK), B = SH+/|S| +log(H|S||A|K/b),
B = B%|S||A|H?, and d = |S|?|A|H. Recall that Eq. (15) holds with probability at least 1 — &,
and consider some epoch i. When Eq. (15) holds, we have x € 8; by Lemma 13 as well as that
lyk = zxll; < min{yg + €;, zx « €;} for all episodes k during the epoch by Lemma 14. Moreover,
we have that ||¢;]|, < B and that Ziiz*,lc:l(ei -21)? < B (Lemma 15). Thus, conditioned on that
Eq. (15) holds up to epoch i (which depends only on randomness prior to epoch i), the algorithm of
Theorem 4 obtains an expected regret bound in epoch i of

poly(d, B, H, B) O(VK) = poly(H, |S|, |A]) O(VK).

If, on the other hand, Eq. (15) does not hold, the regret in epoch i is at most HK which happens with
probability at most §. Therefore, by the choice of §, we obtain that the expected regret in epoch i is at
most poly(|S|, |A|, H) O(VK), where now the expectation is taken with respect to any randomness
prior to the start of the epoch as well as during the epoch.

We conclude the proof by summing over all epochs, which yields the final regret bound. |

B.4. Proof of Lemma 14

Proof. To simplify notation, we write

x(h,s,a) = Zx(h,s,a, sy, and x(h,s)= Zx(h, s,a).

s’eS acA

Define P(s’ | s,a, h) = x)(f(lhs—f’as)/) and recall that 5 (a | s) = % For h = 1, we have

Z |x(1,s,a,s') —x'(l,s,a,s’)| = Z |x(1,s)§(s' | s,a,1) —x"(1,s)P(s" | s,a, 1)|n1(a | )

(s,a,s’) (s,a,s’)
eSXAXS €SXAXS

= Z |ﬁ(s' | s1,a,1) = P(s" | s1,a, l)fﬂ](a | s1) (Eq. (18))

(a.s")

€AXS
[ b ’1
<y el s (Eq. (20))
acA
€i(s,a, 1),
< Z —g X (1,s,a).
(s,a)
eESXA
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Next, for h > 1,

Z |x(h, s,a,s’)—x'(h,s,a, s')!

(s,a,s’)
eSXAXS
= ) K(h$)P(s | 5,a,h) =X (h, )P(s" | s,a, )| - wu(a | s)
(s,a,s’)
eSXAXS
= (x(h -1,5",a”, s)ﬁ(s' | s,a,h) —x"(h—1,s",a"”,s)P(s" | s,a, h)) n(als)
(S,a’s,) (a//’sl/)
ESXAXS €AXS
(Eq. (19))
< (x(h=1,s",a",s)—x"(h—1,5",a",s))|" P(s" | s,a,h) -mp(als)
(s,a,s’) '(a”,s”)
ESXAXS €AXS
+ Z x'(h-1,s",a", s)(ﬁ(s' | s,a,h)—P(s" | s,a,h)) ~tp(als)
(S’a,sl) (aI/’S/I)
ESXAXS €AXS
= Z (x(h=1,5",a",s)—x"(h—1,5",a",s))
seSl(a”,s”)
€AXS
+ x'(h-1,s5",a", s)(ﬁ(s' | s,a,h)—P(s" | s,a,h)) ~wp(als)
(s’a’s/) (a//’sf/)
ESXAXS €AXS
< |x(h— 1,s",a”,s) —x"(h - 1,s",a",s)|
(S’a//’s//)
eSXAXS
+ Z x'(h-1, s",a”,s)|ﬁ(s' | s,a,h) —P(s"|s,a, h)| ~mp(al s)
(S,U,S,,(,l”,s//)
ESXAXSXAXS
< |x(h— 1,s"”,a"”,s)—x"(h- l,s",a",s)|
(S,a”,s”)
ESXAXS
+ Z x'(h=1,s",a",s) €i(h, 5, a) wn(als) (Eq. (20))
) ) ) H h q
(s,a,a”,s”)
ESXAXAXS
[ h’ 9
= Z |x(h -1,s8,a,8")—x"(h- 1,s,a,s’)| + Z x'(h,s) - % -7tp(a | s) (Eq.(19))
(s,a,s’) (s,a)
eSXAXS eSXA
= Z |x(h—1 s,a,s’)—x"(h—1,s,a s’)|+ Zx'(h s a)-w
9 b b 9 b 9 b 9 H .
(s,a,s’) (s,a)
eSXAXS eSXA
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Applying this argument recursively, we obtain

’

1 x' €
Z lx(h,s,a,s") =x"(h,s,a,s")| < I Z x'(h,s,a) -€i(s,a,h) = - L

(s,a,s’) (h,s,a)

€SXAXS e[H]XSxXA
so that

lx —x'll, = Z k(h,s,a,5") = %" (h,s,a,8")| < x" - €.
(h,s,a,s’)
€[H ]XSXAXS

A symmetric argument also provides [|x — x||; < x - €;. |

B.5. Proof of Theorem 5
In this section we prove:
Theorem 5 (restated). Consider Algorithm 1 with n = (2HBd) '\log|8|/T and y = 2H*(H +
BNd)n/A. Then, given that B > ZIT:I (2 - €)? (almost surely), we have for any y* € 8:
T N H3 H2 \/7 \/_
O (2 =y < (4H,Bd+ —— + —— |/Tlog|8| + 108d VBT,
Z] o BAd " AVd

provided that B > 1 and T > (4H?(H + pVd)*log|8|)/(A2p2d?).

The proof uses the following series of lemmas. The following lemma argues that the regret of
Algorithm 1 is bounded by the regret of the multiplicative weights updates, plus an additive error
term that scales with the perturbations ¢;.

E

Lemma 16. Assume y < % For all y* € 8 it holds that

iét - (% —y*)‘ <E

t=1

T

DI AT AT ACY)

t=1 ye8

E

T
+yHT +5d [E[Znetth].
=1

Proof. We prove that E,[}_ s PNl = €, -2, —3d lle |l ps, Which, together with Lemma 6,
will imply the lemma by taking expectation and summing over r = 1,...,T. To see this, observe
that by Eq. (7), for all y € 8 one also has E;[¢;(y)] = ¢; -y — 2\/3||y||M;1 Il [l 5z, thus

E; .

Y 2Oy lag Nl

ye§

Zpt(y)it(y)] >l Zpr(y) y - 2VdE,

yeS yes

Now, g; = (1 — y)p; + yu together with y < % implies g; — yu < p; < 2q,. Therefore, (defining
X =) yes 41 () y)

E

sz(y)?z(y)] >l x; —YZH()’) liey —4‘/3”51

ye8 ye8

Zq,@)nyuM,lnetnM,]

ye§
> 0+ x; = YH = 4Vd lle g, Ee [1yellyg1 ]
>l x; _YH_4d||€z||M,,
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where the final inequality used E;[||y:|| M- ] < JEDIM 1y, = Vd. Finally, observe that
(Eely: +€)? < Ec[(yr - €)*] = €] E[yiy] e = ||€z||Mt s0

Cooxy =B [0r - 2 ) + B [lr - (yr — 24)]
> E/ [0 2] — Eflys - €]
> B[4+ 2] = llecllpg, -

Thus we have

E,

Zm(ym(y)] > E([0- 2] = yH = (4d + Dllerllyg, = Er[£; - 2] = yH = 5dllellys, -
ye8

This concludes the proof. |

Next, we apply a standard second-order regret bound for the multiplicative weights method to
obtain the following:

Lemma 17. Provided that v > 2H? max{H, fVd}n/A, the following regret bound holds for any
y* €8:

ZZm(y) L) -20M) < 28 Y hm@ o

t=1 ye8 ye8

Proof. The claim would follow directly from the classical second-order bound for multiplicative
weights (e.g., Cesa-Bianchi et al., 2007; Dani et al., 2008) once we establish that |¢;(y)| < 1/n for
all  and y € 8. Indeed, for all 7 and y we have

16e) = 1(C0 - 20)y™M ye =V Iyl lledllag, |
<102l - 1Yyl + N Nyl iy el ag, -
Recall that |4, - Z;| < ||4;]lllZ:]l; < H, |lyll £ H and ||y;|| < H (see Section 3.2). Further,
||€t||ﬁ,1t = E,[(y; - €)%] < (BH)>. Hence, we obtain that |/,(y)| < (H> + ﬁHz\/E)IIM[IH. To
conclude, recall that M; > yAI thanks to the added exploration, so ||M;!|| < 1/(Ay). Substituting

this in the right-hand side and using the assumption that y > 2H? max{H, fVd}n/A, the desired
bound on |Z,(y)| follows. |

Finally, we establish a bound on the second-order variance term.

Lemma 18. Assume $2d > 1. It holds that

E,

th(y)?z(y)zl < QHpd)*.

yeS

Proof. Using the inequality (a + b)? < 2a® + 2b?, we have

E (0507 = E(0r -y = Va Iyllpg llecllag)*] < 2B [ )21+ 241V, ey,
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Now, for the first term we have
E[(0r 30" = Ee[(€r-20)° yTM; o yI M) < B2 yTME T [yeyi 1My = H2YTME y = HPIIYIIG .
For the second term, notice that

llecllas, = E:[(ye - €)?] < (BH)*.

Hence E, [Z;(y)2] < 2H2(1 +dB*)|y|?,., < 4H*B%d||y|?,.,, thus we can bound

M;l Mt—l’
E Y a0 <4262 Y a0IIE, .
yes ye8
To conclude, observe that
Y aOMIIR,- = Tr(M-1 ) a (y)ny) = Tr(M; ' M) = d. u
Mt_ t t t t

ye8 ye8
We can now prove Theorem 5.
Proof. Combining Lemmas 16 and 17 and using Lemma 18, we have

T

Zﬁt (& =y")

t=1

log|8|

E < +4(HPBd)*nT +yHT +5d E

T
ZnezllM,]. 1)

t=1

To bound the final term, we use two applications of Jensen’s inequality,

T T T
[E[ZnetnM, < JTZ[EIIQII?W, = JTDE[@I ce)?].
t=1 t=1 t=1

Further, observe that since ||;||,, < B and ||y, — z;|l; < |z - €], we have

E[(y: - €t)2] < 2E[(z - Ez)z] +2E[((yr — 21) - €t)2]
< 2E[(z; - €)1+ 2E[llys — 25 lleM12]
<2(1+BHE[(z - €)°],

and by Jensen’s inequality we obtain

E[(z - €t)2] =E[(E/[2 | z] - Et)z] < E[(Z ‘€t)2]-

Thus,
T T
[ElZuetuM,] <\|T-48>) El(4-e)?] < 2BVBT.
t=1 t=1
Plugging this into Eq. (21), and using the choices of 1 and 7y, the statement follows. |
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B.6. Proof of Theorem 7
Here we prove:

Theorem 7 (restated). Consider Algorithm 2 with

_ min [91og(HT) 1
0= d?H2T ° 44vBT)

Then, for any y* € 8 we have

T
[E[Z(ft - y*) <Y
=1

provided that B > max{ZtT:1 (3; - €)%, H} (almost surely).

- O(d,BHﬂ log(HT) + dOVBT log(HT) + dH~JOT log(HT)),

To prove the theorem, we first prove a few lemmas that will aid in the main proof. Our first lemma
shows some necessary technical results, the first of which is that indeed y, e Sforallt=1,...,T.

Lemma 19. Forallt=1,...,T: y, €8; |[V2R(x)"?u, |}, = 1; and ||0,||}, < dH.

Proof. Since R is a self-concordant barrier function over a compact set 8, following Eq. (3), it
suffices to show that for all 7, ||y, — x;||,, <1, and indeed

lye = x|z, = IV2RCGe) ™ 2u |13, = u] V2R (x) " 2V2R (x ) VAR (x,) ™ 2u, = 1.

Similarly,
2 _
(IV2RGe) Pue|[},)? = uf VPR (6) VPR () VPR () Vs = 1,

and
101 = d 1 2| IV*R(x) P Pu I, < dH. u

Lemma 20. Suppose g < 1/4dVBT, thenng <n; <219, Vt=1,...,T.

Proof. no < n; holds by definition. The other direction is because

4 t
1
-1 -1 A -1 n 2 ~1 _1
U —2d§1|2t'€z|2770 -2d T°§1(z,-et) > 1, —2d\/BT2§no, ]
s= 5=

Finally, we combine the lemmas above with the guarantee of OMD to yield the main theorem.

Proof of Theorem 7. Observe the three summands of Eq. (8). For the first summand, we have

T [ T T
Z(Zt_xl)'ét =k Z(Q‘)ﬁ)'& Z|Z1'6t|]
t=1 L =1 t=1
[ T T
SE|) lz-el| <\|TE|) (Gi-e)
t=1

| =1
where the first inequality uses that ||¢;|| < 1 and the assumption that ||z, — y/||; < |z - €], the
second inequality is by Jensen’s inequality, and the third inequality is due to Cauchy-Schwartz. For

E <E

< VBT,

26



ONLINE MDPs witH AGGREGATE BANDIT FEEDBACK

the last inequality we recall that Zthl(it ce)? < B by the assumptions of the DLB setting (see
Section 3.2).

For the second summand in Eq. (8), since B > H, by our choice of 1, and by Lemma 20 we
have n, < 2n¢ < 1/2dH, so n,||l7,||;’t < % by Lemma 19. We can therefore apply Lemma 2 to get

T
E Z(xt—)’;)‘gz‘ <E
=1

T T
1 11 .
—B *x—E(———)B *x+§ AP
m r(yy Ilx1) L\ ROy [lx0) L n:(1€e11x,)

(€V) (2 (3

We now bound each of the three terms (1), (2), and (3). We have (1) < 1761 9log(y~") by Lemma 1
and as 177 > 1o (Lemma 20). For term (2), we have

T
(2)=2d ) |z elBr(y} | %)
t=2

T
=2d ) |z - elBryy llx) = 2d |21 - 1] Br(yy |l x1)
=1 —
<lzZilhllerllo<HpB

T
1 1
> ZdZIE, ~€t|(§||xt - y;llxt - 1) —2dpH - 9log — (Lemmas 1 and 9)
Y
t=1
o 1
Zeedll = 2N, —2d;|2t il = 2dpH - Olog -
1
2 erlllee = ¥} lly, —2dVBT — 2dBH - ﬁlog)—/,

T
:dZI
t=1
T
2dZ|
t=1

where the last inequality is since Y '_ |2, - €, < \JT Y.I_, (% - €;)% by Cauchy-Schwartz and as
Zthl (% - €;)? < B by assumption. We lastly employ Lemma 19 and that i, < 219 by Lemma 20 to
bound (3) < 2nod?H*T. All in all, this obtains us Eq. (10).

We sum Eq. (9) over all ¢ and take expectation. Together with Eq. (10) this replaces the perceived
losses, Z;, by the real losses, ¢;. The terms d [E[Zthl 1Z¢ « €] llxr — ¥*|lx,] in Eq. (9) and in Eq. (10)
cancel out, and we get

T
1 1
E Z(x, —y) b < (— + ZdﬁH)ﬁlog ~ +2dVBT + 2nod*HT.
po Mo Y
Finally, for the third summand in Eq. (8), we have
T T
Y 5=y li=7) (x1—y*)- £ <2yHT.
1=1 r=1

Combining the bounds on all three summands and setting y, ¢ as in the theorem’s statement yields
the final regret bound. |
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B.7. Proof of Corollary 10

Lemma 21. For option I in Section 5, the following holds:
(i) llye = xill, = 1.
(ii) (IWWTV2R(x)' 2Wu,|l}) = 1.
(iii) |11}, < pH.

Proof. We have,

Iy = xill%, = 0k = x) V2R (xe) (i — xx)
= u] WIV2R (x) " PWWTVER (x )WW T VAR (xi) ™ 2 Wy
= ul (WTV2R(xp)W) 2 (WTV2R (xi )W) (WTV2R (x)W) ™2y = 1.
(W is orthogonal)

In addition,

(IIWWT2R (x) PWu,|I% ) = ul WIVER (x,) PWWT V2R (x,) ' WWT V2R (x,) W,
= u] (WIV2R(x )W) 2(WTV2R (x )W) (WT VPR (x )W) 2u,

T
=u,u =1,

where the second equality is as W is orthogonal.
Finally,
12e11%, = p 16 2l IWWTVPR(x) Wt |1}, < pH.
|

Proof of Corollary 10. The proof follows that of Theorem 3 but uses the the regret bound obtained
from Theorem 7 with 9-self-concordant barrier for 9 = O(|S|?|A|H). To prove Theorem 7, we
replace the results of Lemma 19 by these of Lemma 21. The computational efficiency of the
algorithm stems from the discussion in Section 5. |

Appendix C. Self-concordant Barriers: definitions and basic properties

For a k-array tensor U € Rk we define

k
Ulhi,... he] = Z U(il,---,ik)l_[hj(ij)-
T j=1

For k = 2 we have that U is a matrix, h; and h; are vectors, and U[hy, hy] = hIUh2.

Definition 22. For a convex set 8 ¢ R”, a self-concordant function R : int(8) — R is a C3-convex

function such that
|D*R(x)[h, b, h]| < 2(D*R(x)[ L, h])3/2,

In words: the third derivative of R at x in direction & is upper bounded by a constant times the
second derivative of R at x in direction A, raised to the 3/2 power.

Definition 23. A self-concordant function R is a 9-self-concordant barrier if

IDR(x)[h]| < 0'>(D*R(x)[h, h])">.
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We have the following upper bound on the difference a 9-self-concordant barrier R at two points
x,y e K:

1

where 7, (y) is the Minkowski function of 8§ w.r.t. x: 7, (y) =inf{t > 0: x +1 ! (y —x) € 8}.
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