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Abstract

This paper proposes a thorough theoretical analysis of Stochastic Gradient Descent (SGD) with
non-increasing step sizes. First, we show that the recursion defining SGD can be provably ap-
proximated by solutions of a time inhomogeneous Stochastic Differential Equation (SDE) using
an appropriate coupling. In the specific case of a batch noise we refine our results using recent
advances in Stein’s method. Then, motivated by recent analyses of deterministic and stochastic
optimization methods by their continuous counterpart, we study the long-time behavior of the con-
tinuous processes at hand and establish non-asymptotic bounds. To that purpose, we develop new
comparison techniques which are of independent interest. Adapting these techniques to the discrete
setting, we show that the same results hold for the corresponding SGD sequences. In our analysis,
we notably improve non-asymptotic bounds in the convex setting for SGD under weaker assump-
tions than the ones considered in previous works. Finally, we also establish finite-time convergence
results under various conditions, including relaxations of the famous Lojasiewicz inequality, which
can be applied to a class of non-convex functions.

Keywords: Stochastic Gradient Descent, Stochastic Differential Equations, approximation results,
convergence rates

1. Introduction

Recently, first-order optimization methods (Su et al., 2016) have been shown to share similar long-
time behavior with solutions of certain Ordinary Differential Equations (ODE). One starting point
of this analysis is to remark that most of these algorithms can be regarded as discretization schemes.
For instance, gradient descent (GD) can be seen as the Euler discretization of the gradient flow cor-
responding to the objective function f, i.e., the ODE dx(t)/dt = —V f(x(t)). The analysis of the
long-time behavior of solutions of this gradient flow equation provides fruitful insights on the con-
vergence of GD. This idea has been adapted to the Nesterov acceleration scheme (Nesterov, 1983)
by Su et al. (2016), and in this case the limiting continuous flow is associated with a second-order
ODE. This result then allows for a much more intuitive analysis of this scheme and the technique
has been subsequently extended to derive tighter estimates (Shi et al., 2018) or to analyze different
settings (Krichene et al., 2015; Aujol et al., 2018; Apidopoulos et al., 2019).
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Following this approach this paper proposes a new analysis of the Stochastic Gradient Descent
(SGD) algorithm to optimize a continuously differentiable function f : R — R given stochastic
estimates of its gradient in convex and non-convex settings. Using ODEs, and in particular the
gradient flow equation, to study SGD and derive non-asymptotic convergence bounds has already
been applied in numerous papers (Ljung, 1977; Kushner and Clark, 1978; Métivier and Priouret,
1984, 1987; Benveniste et al., 1990; Benaim, 1996; Borkar, 2009; Tadi¢ and Doucet, 2017), see
also (Hauer and Mazén, 2019) for an extension to metric spaces. However, to take into account
more precisely the noisy nature of SGD, it has been recently suggested to use Stochastic Differen-
tial Equations (SDE) as continuous-time models for the analysis of SGD. Li et al. (2017) introduced
Stochastic Modified Equations and established weak approximations theorems, gaining more intu-
ition on SGD, in particular to obtain new hyper-parameter adjustment policies. In another line of
work, Feng et al. (2019) derived uniform in time approximation bounds using ergodic properties of
SDEs.

The first contribution of this paper is to show that SDEs can also be used as continuous-time
processes properly modeling SGD with non-increasing stepsizes. In Section 2, we show that SGD
with non-increasing stepsizes is a discretization of a certain class of stochastic continuous processes
(X¢)e>0 solutions of time inhomogeneous SDEs. More precisely, we derive strong and weak ap-
proximation estimates between the discrete and continuous processes. Our strong approximation
results are new and rely on some appropriate coupling between SGD and the associated SDE. These
new estimates highlight the advantages and limitations of the analysis of an SDE as a continuous-
time proxy for SGD. In the specific case of a batch noise we can sharpen our analysis using recent
advances in Stein’s method.

However, in general, these approximation bounds between solutions of SDEs and recursions
defined by SGD are derived under a finite time horizon T" > 0 and the error between the discrete and
the continuous-time processes does not go to zero as 1’ goes to infinity, which is a strong limitation
to study the long-time behavior of SGD, see (Li et al., 2017, 2019). We emphasize that our goal
is not to address this problem here by showing uniform in time bounds between the two processes.
Hence, as a second distinct contribution, we highlight how the long-time behavior of the continuous
process related to SGD can be used to gain insight on the convergence of SGD itself. In that
sense our work follows the same lines as (Su et al., 2016; Krichene et al., 2015; Aujol et al., 2018)
which use continuous-time approaches to provide intuitive ways of deriving convergence results.
More precisely, in the rest of the paper, we first study the behavior of (¢ — E[f(X;)] — minga f)
which can be analyzed under different sets of assumptions on f, including a convex and weakly
quasi-convex setting. Then, we propose an adaptation of the main arguments of this analysis to the
discrete setting. This allows us to show, under the same conditions, that (E[f(X},)] — minga f)pen
also converges to 0 with the same rates, where (X, )¢ is the recursion defined by SGD.

Based on this interpretation, we provide much simpler proofs of existing results and obtain
sharper convergence rates for SGD than the ones derived in previous works in the convex and
the weakly quasi-convex settings (Bach and Moulines, 2011; Taylor and Bach, 2019; Orvieto and
Lucchi, 2019). In the convex setting, we prove for the first time that the convergence rates of SGD
match the minimax lower-bounds (Agarwal et al., 2012) under the same assumptions as (Bach and
Moulines, 2011), i.e., for a convex objective function with Lipschitz gradient. Finally, we consider
a relaxation of the weakly quasi-convex setting introduced in (Hardt et al., 2018). Recent works
(Orvieto and Lucchi, 2019) use SDEs to analyze SGD and derive convergence rates in the weakly
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quasi-convex setting. However the rates they obtain are not optimal and we show that our analysis
leads to better rates under weaker assumptions. To summarize, our contributions are as follows:

(i) We derive strong approximation results between the discrete-time and the continuous-time
processes in Section 2. Our strong approximation results are new and rely on a specific coupling
between SGD and the associated SDE. Contrary to other works our bounds cover the case of non-
increasing stepsizes.

(i) We introduce our main tools for the analysis of discrete and continuous-time processes
and apply them in the context of strongly-convex functions to give intuition on our approach in
Section 3. Then, we use them to study SGD for the minimization of convex functionals in Section 4.
We show for the first time that the convergence rate is at least of order O(n~1/2), with stepsize
Yn = O(n~1/2), without bounded gradient assumptions (both for the continuous-time and discrete-
time processes). This disproves a conjecture of (Bach and Moulines, 2011).

(iii) In Section 5, we relax the convexity assumption (weakly quasi-convex assumption). In this
framework we improve on recent bounds by Orvieto and Lucchi (2019) and derive new convergence
results under general L.ojasiewicz-type assumptions.

2. SGD with Non-Increasing Stepsizes as a Time Inhomogeneous Diffusion Process

2.1. Problem Setting and Main Assumptions

Throughout this paper we consider the problem of the unconstrained minimization of f € C*(R¢, R),
an objective function satisfying the following regularity condition.

(z) =Vl <Llz—y

We consider the general case where we do not have access to V f but only to unbiased estimates.
There are classically two ways to handle this and we will treat both of them in this paper.

is L-smooth.

A2 There exists a Polish probability space (Z, Z,7%) and > 0 such that one of the following
conditions holds:
(a) There exists a function H : R? x Z — R? such that for any x € R,

JpH(z,2)dn?(2) = Vf(z), [ |H(x,2) = Vf(@)|*dn?(2) <.

(b) There exists a function f : R x Z — R such that for all z € Z, f(,z) c CHR R) is
L-smooth. In addition, there exists x* € R? such that for any x € R?

Sz @, 2)dn? (z) = f(z), [V (@, 2)dn?(z) = Vf(z), [ IIVf(a*2)]Pdn?(z) <.
In this case, we define H = Vf.

The first setting A2-(a) corresponds to the stochastic approximation setting with a square-integrable
noise term and has been studied in (Robbins and Monro, 1951; Bach and Moulines, 2011; Orvieto
and Lucchi, 2019). This is a weaker assumption than the bounded gradient assumption consid-
ered in (Kingma and Ba, 2014; Shamir and Zhang, 2013; Feng et al., 2019; Rakhlin et al., 2012).
The second setting A2-(b) relaxes the square-integrability condition, which is often not satisfied
in classical machine learning problems (logistic regression or smooth Support Vector Machines) at
the cost of imposing the Lipschitz regularity of H(-, z) for all z € Z. We also point out that the



CONVERGENCE AND APPROXIMATION FOR SGD

Polish assumption (i.e., the space Z is metric, complete and separable) is only used in the proof of
Theorem 1 and can be avoided in the rest of the paper.

Under Al and A2, we introduce the sequence (X, ),cn starting from Xy € R? corresponding
to SGD with non-increasing stepsizes and defined for any n € N by

Xn+1 =X, — '7(77/ + 1)7QH(X71’ Zn+1) s (D

where v > 0, a € [0, 1] and (Z, ),en is a sequence of independent random variables on a probability
space (2, F,P) valued in (Z, Z) such that for any n € N, Z, is distributed according to 7%. We
now turn to the continuous counterpart of (1). Define for any 2 € RY, the semi-definite positive
matrix X(z) = 7?({H(z,) — Vf(x)}{H(z,-) — Vf(x)}") and, for a € [0, 1), consider the time
inhomogeneous SDE,

dX; = —(ya + 1)~ {VF(Xe)dt +73/*5(X)/2dBy} 2

where v, = 'yl/ (1=2) and (B¢):>0 is a d-dimensional Brownian motion. For solutions of this SDE
to exist in a strong sense, we consider the following assumption on x — Z(m)l/ 2,

A3 There exists M > 0 such that for any x,y € R%, ||S(x)Y/2 — S(y)/2|| < M|z — y].

Indeed, using (Karatzas and Shreve, 1991, Chapter 5, Theorem 2.5), strong solutions (Xt)tzo exist
if A1 and A3 hold. Condition A3 can be hard to check in practice and can be replaced by the
following stronger (but easier to verify) assumption: ¥ € C2?(R? R%*?) with bounded Hessian,
see (Stroock and Varadhan, 2007, Theorem 5.2.3). In the sequel, (X;):>0 is referred to as the
continuous SGD process in contrast to (X, ),en Which is referred to as the discrete SGD process.

2.2. Approximations Results

In this section, we prove that (X;):>0 solution of (2) is indeed, under some conditions, a continuous
counterpart of (X, ),en given by (1). First, we informally derive the form of (2). Let (Xt)tzo be the
linear interpolation of (X, )nen. i.e., forany t € [n7a, (n 4+ 1)7al, n € N, Xy = ((t —170) Xni1 +
((n + Dya — ) X)) /Ya, with 4 = /1= Using a first-order Taylor expansion and assuming
that the noise is roughly Gaussian with zero-mean and covariance matrix E(Xn%), we have the
following approximation,

X(n—f—l)’ya - Xm/a =Xp1 — Xy = _'Y(n + 1)_aH(Xn7aa Zn+1)
~ Yo (n'Ya + 'Ya)_a{vf(Xnva) + E(Xn'ya)l/QGn+1}
~ = [ (s 4 ya) VS (R)ds = e [IE (s 4 90) TOR(X) V2B, ()

Yo Yo

where for any n € N, G,, is a d-dimensional standard Gaussian random variable. The next result jus-
tifies the ansatz (3) and establishes strong approximation bounds for SGD. We recall the definition of
the Wasserstein (extended) distance of order 2, denoted W5 : Z2(R%) x Z(R?) — [0, 4+-00] (where
P(R%) is the set of probability measures over (R?, B(R?)) and given for any u1, s € Z2(R?)
by W3(p1, p12) = i0fper(uy pia) Jrasea 01 — v2]|* dA(v1, v), where T'(piy, p2) C P(R*) is
the set of transference plans between p1 and po, ie., A € T'(u1, ) if for any A € B(R?),
A(A x R?) = p1(A) and A(R? x A) = s (A).
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Theorem 1 Lety > 0 and a € [0,1). Assume Al, A2-(b) and A3. Given (Z,)neN a sequence
of independent random variables such that for any n € N, Z,, is distributed according to w7, there
exists (B¢)>o such that the following hold:

(a) (Bt)i>0 is a d-dimensional Brownian motion.

(b) Forany T > 0, there exists C' > 0 such that for any v € (0,7], n € Nwithn < np = [T /4]
and o = v~ ywe have

EY? [ X, — Xnl?] < C(% +79)(1+1og(y™) . with § = min(1, (2 — 2a) ™),
where (Xy)¢>o is solution of (2), (Xyn)nen is defined by (1) with Xg = Xy € R% and
2 = SUPpe/o,...,n1} E[W%(Vd(Xn%), v (Xnra )l s “)

where for any & € RY, v4(%) is the distribution of H (&, Zo) and v°(%) is the distribution of V f () +
»Y2(%)G, with G a standard Gaussian random variable.

The proof is postponed to Appendix B.4. Note that the term log(y~!) can be avoided if o # 1/2.
However for the sake of simplicity we include it for all values of a € [0,1). Our proof relies
on a coupling argument which is made explicit in Appendix B.2 and uses tools from the optimal
transport theory. The rest of the proof extends approximation results from Milstein (1995) to our
coupled setting. To the best of our knowledge, this strong approximation result is new. A few
remarks are in order:

(a) This result illustrates the fundamental difference between SGD and discretization of SDEs
such as the Euler-Maruyama (EM) discretization. In the fixed stepsize setting, i.e., &« = 0, consider
(Y+)e>0 and its EM discretization (Y7, )nen givenby Yo = Y) € R? and for any n € N

dY; = b(Y)dt + o(Y)dBy, Yoot =Y, + () + v30(Yn) Gt (5)

withb : R? —» R? ¢ : R? — R4 and (Gpn)nen is a sequence of i.i.d. random variables such
that for any n € N, E[G,,] = 0 and E[G,,G,] = Id. Recall that using Theorem 1, we have that in
the Gaussian case the strong approximation bound for SGD is at least of order 1'. For SDE, this
depends on the structure of o. If ¢ is constant then the strong approximation is of order 1, otherwise
it is of order 1/2, see e.g., (Kloeden and Platen, 2011; Milstein, 1995). In addition, it can be shown
that if (G}, )nen is no longer a sequence of Gaussian random variables then for b = 0, o = Id, (but
it holds under mild conditions on b and 0), there exists C' > 0 such that for any 7" > 0, v > 0,
n € N, ny < T, EY2[|Y,, — Y,||?] > CVT , i.e., no strong approximation holds. The behavior
is different for SGD for which we obtain a strong approximation of order O(’yl/ 2¢), regardless the
structure of the noise.

(b) We remark that a strong approximation of order (’)('yl/ 2) can also be derived for the error
between SGD and the associated gradient flow ODE. Replacing the gradient flow by a stochastic
continuous-time process improves this error bound up to (’)(fyl/ 2¢), where ¢ is a measure of the
distance between the noise and some Gaussian distribution in Wsy. This highlights the fact that
the SDE (2) is well-suited to model SGD (1) in the case of a noise which is close to a Gaussian,
but might not be better than a classical ODE approach for a more general noise. In this case, we
conjecture that an appropriate Lévy process would further improve these bounds.

1. A method is of order p > 0 if E[||Yny — Yal?)] = O(P)
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(c) We highlight that Theorem 1 can be improved to obtain functional strong approximation
bounds using Doob’s inequality. Note also that we derive our results under the regularity assumption
A2-(b) which implies that for any z € Z, x — H (x, z) is Lipschitz continuous. It is not clear if our
results can be extended to A2-(a). We postpone these investigations to future work.

(d) Our current results do not cover the case « = 1. However, changing the sequence of step
sizes to v, = v/(yn + &) where § > 0 is some parameter a modified ansatz holds and our strong
approximation results can be adapted to this setting.

We now present a refinement of Theorem 1 in the case of batch noise. We begin by recalling the
batch noise setting. Assume that (Z, Z) = (YM, Y®M) 7% = 79M with M € N, 7 a probability
measure on the Polish space (Y,)) and for any = € RY, z = {3}, let

H(z,2) = (1/M) 3%, V f(,9:) - (6)
Note that ¥ = (1/M )X, where for any x € R, ¥4 () = m[(Vf = V@) (Vf—-Vf(z)T]

Corollary 2 Lety > 0and o € [0,1). Assume A1, A2-(b) and A3 (with respect to (Y,Y,)). Let
H be given by (6). Assume that there exists t* € R%, C,p > 0 such that for any x € R* and y € Y

JAV @ g)lltdn(y) < +oo,  [Z4(@) 2 < C A+ [J]”) -

Then, there exists a random variable ((B¢)i>0, (Zn)nen) such that for any T > 0, there exists
C > 0 such that for any v € (0,7], n € Nwithny, <T vo = /(=) ype have

EY2 [ X — Xal?] SCH°M ™ +9)(1 +1og(y™h) . with§ = min(1, (2 - 2a)7) .

The proof is postponed to Appendix B.5 and heavily relies on new quantitative bounds for the Cen-
tral Limit Theorem established using Stein’s method in Bonis (2020). Corollary 2 shows that in the
presence of batch noise (and in the fixed stepsize setting), choosing a batch size M = O(’y_l/ 2
is enough to obtain a linear approximation between the continuous-time process and SGD. In Ap-
pendix B.5, we also show that a batch-size of order M = O(y~!) is necessary to obtain a linear
approximation between the deterministic gradient flow and SGD. Finally, we also establish weak
approximation errors between continuous and discrete versions of SGD but due to space constraints,
they are stated and proved in Appendix B.6.

3. Convergence of the Continuous and Discrete SGD Processes

3.1. Two Basic Comparison Lemmas

We now turn to the convergence of SGD. Our general strategy is as follows: in the continuous-time
setting, in order to derive sharp convergence rates for (2), we consider appropriate energy functions
¥ : Ry x R — R, which depend on the conditions imposed on the function f. Then, we show
that t — v(t) = E[¥(t,X;)] satisfies an ODE and prove that it is bounded using the following
simple lemma.

Lemma3 Let F € CY(Ry x R,R) and v € CY(R,Ry) such that for all t > 0, dv(t)/dt <
F(t,v(t)). If there exists to > 0 and A > 0 such that for all t > to and for all u > A, F(t,u) <0,
then there exists B > 0 such that for all' t > 0, v(t) < B, with B = max(maxc[o 4, v(t), A4).
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Proof Assume that there exists ¢ > 0 such that v(¢) > B, and lett; = inf {¢ > 0 : v(t) > B}. By
definition of B, t; > to, and by continuity of v, v(¢1) = B. By assumption, F'(t1,v(¢1)) < 0. Then
dv(t1)/dt < 0 and there exists to < t1 such that v(t2) > v(t1) = B, hence the contradiction.

Considering discrete analogues of the energy functions and ODEs found in the study of the continu-
ous process solution of (2), we derive explicit convergence bounds for the discrete SGD process. To
that purpose, we establish a discrete analog of Lemma 3 whose proof is postponed to Appendix C.

Lemmad Let F : N x R — R satisfying for anyn € N, F(n,-) € CY(R,R). Let (up)nen be a
sequence of non-negative numbers satisfying for all n € N, up11 — up, < F(n,uy,). Assume that
there exist ng € N and Ay > 0 such that for all n > ng and for all x > Ay, F(n,z) < 0. In
addition, assume that there exists Ay > 0 such that for all n. > ny and for all x > 0, F(n,z) < As.
Then, there exists B > 0 such that for alln € N, u, < B with B = max(maxX,<ng+1 Un, A1)+ Asa.

3.2. Strongly-Convex Case

First, we illustrate the simplicity and effectiveness of our approach by recovering optimal conver-
gence rates if the objective function is strongly convex. Due to the two settings associated with A2,
we consider two versions of the strong convexity hypothesis, either directly on f if A2-(a) holds or
on f if A2-(b) holds.

F1 Either one of the following conditions holds:

(a) Case A2-(a): f is p-strongly convex with > 0, i.e., for any .,y € R%, (Vf(z) — Vf(y),z —
y) >l —ylf. N

(b) Case A2-(b): forall z € Z, f(-, z) is u-strongly convex.

Note that F1-(b) implies directly the strong convexity of f. The results presented below are not
new, see (Bach and Moulines, 2011) for the discrete case and (Orvieto and Lucchi, 2019) for the
continuous one, but they can be obtained very easily within our framework. We only derive our re-
sults in the continuous-time setting for pedagogical purposes, and gather their discrete counterparts
in Appendix C. First, we derive convergence rates on the last iterates. Denote by z* the unique
minimizer of f (which exists under F1).

Theorem 5 Let o,y € (0, 1) and (X¢)i>0 be given by (2). Assume A1, A2, A3 and F1. Then there
exists C' > 0 (explicit in the proof) such that for any T > 1, E[|| Xy — z*||*] < CT—*.

This result holds for both versions of F1 and we present below a proof under F1-(a). The result
under F1-(b) is stated and proved in Appendix D.

Proof Let o,y € (0,1) and consider & : Ry — R defined for ¢ > 0 by £(t) = E[(t +7a)* || X¢ —
x*||2], with v, = 71/(1_0‘). Using Dynkin’s formula, see Lemma 48, we have for any ¢ > 0,

_ L E(s) EMEX))] [ o
5(t)-8(0)+a/0 S+7ads+/0% AR 2/0E[<Vf(XS),Xs z)]ds .

We now differentiate this expression with respect to ¢ and using F1-(a) and A2-(a), we get for any
t>0,

dE(t)/dt = a€ () (t + va) " = 2E[(Vf(Xe), X¢ — )] + 7B [Tr(S(Xe))] (¢t + 7a) ™
< a€(t)/(t+ 7o) — 2LE[|Xs — 2*[1°] + van/(t + 7a)®
< F(tE() = af(t)(t+7a) " = 2uE @)t + 7o) ™" + Yan(t +7a) "
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084 * Regression rate *
Theoretical rate

o
g
rate of convergence

number of iterations value of o
Figure 1: Evolution of (log(E[f(X,)] — Figure 2: Empirical rates match theoretical
minga f))nen rates for different values of .

where we have used that Tr(X(z)) < 7 for any 2 € R? by A2-(a). Hence, since F satisfies the
conditions of Lemma 3 with tg = (a/p)"/(1=®) and A = 2,1/, applying this result we get, for
any t > 0, £(t) < B with B = max(max[o 4] £(s), A) which concludes the proof. [ |

Due to space constraints and to avoid over-complicated propositions, we do not precise the de-
pendency of C' with respect to the parameters i, 77 and the initial condition. However, in Theorem 34
we obtain that (i) the constant in front of the asymptotic term 7'~ scales as 7/ and (ii) the initial
condition is forgotten exponentially fast.

In Theorem 31, we extend this result to the discrete setting using Lemma 4 and recover the rates
obtained in (Bach and Moulines, 2011, Theorem 1) in the case where « € (0, 1]. In particular, if
o = 1, we obtain a convergence rate of order O(T~!) which matches the minimax lower-bounds
established in (Nemirovsky and Yudin, 1983; Agarwal et al., 2012). In Figure 1 and Figure 2, we
experimentally verify that the results we obtain are tight in the simple case where f(x) = ||z|2.

We emphasize that the strong convexity assumption can be relaxed if we only assume that f is
weakly pi-strongly convex, i.e., for any z € RY, (Vf(z),z — 2*) > p|z — 2*||%. In (Kleinberg
et al., 2018) the authors experimentally show that modern neural networks satisfy a relaxation of this
last condition and it was proved in (Li and Yuan, 2017) that two-layer neural networks with ReLU
activation functions are weakly p-strongly convex if the inputs are Gaussian. Finally, we show
in Corollary 30 and Corollary 32 that Theorem 5 also implies convergence rates for the process
(E[f(X¢)] — minga f)¢>0 and its discrete counterpart.

4. Convex Case

In this section, we relax the strong convexity condition. Again we need to consider two different
settings depending on the version of A2 we consider.

F2 Either one of the following conditions holds:

(a) Case A2-(a): f is convex, i.e., for any x,y € RY, (V f(z) =V f(y),x—vy) > 0, and there exists
a minimizer r* € arg minga f.

(b) Case A2-(b): forall z € Z, f (v, 2) is convex and there exists a minimizer r* € arg minga f.

Similarly to the strongly-convex case, we start by studying the continuous process. The discrete
analog of the following result is given in Theorem 8.
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Theorem 6 Let o,y € (0,1) and (Xy)i>0 be given by (2). Assume f € C?(R4,R), Al, A2, A3
and ¥2. Then, there exists C' > 0 (explicit and given in the proof) such that for any T > 1

E[f(Xr)] — mingaf < C(1+log(T))* /T =)

To the best of our knowledge, these non-asymptotic results are new for the continuous process
(X;)i>0 defined by (2). Note that for o = 1/2 the convergence rate is of order O(T~/210g?(T))
which matches (up to a logarithmic term) the minimax lower-bound for the discrete-time process
(Agarwal et al., 2012) and is in accordance with the tight bounds derived in the discrete case under
additional assumptions (Shamir and Zhang, 2013). The general proof is postponed to Appendix E.2.
The main strategy to prove Theorem 6 is to carefully analyze a continuous version of the suffix
averaging (Shamir and Zhang, 2013; Harvey et al., 2019), introduced in the discrete case by Zhang
(2004). We can relax the assumption f € C?(R%, R) assuming that the set arg minga f is bounded.

Corollary 7 Let o,y € (0,1) and (X¢)e>0 be given by (2). Assume that arg minga f is bounded,
Al, A2, A3 and F2. Then, there exists C > 0 (explicit and given in the proof) such that for any
T>1,

E [f(Xr)] — minga f < C(1 + log(T))?/T*"1=) .

The proof is postponed to Appendix E.2 and relies on the fact that if f is convex then for any € > 0,
f * g is also convex, where (g.)c>0 is a family of non-negative mollifiers. We now turn to the
discrete counterpart of Theorem 6.

Theorem 8 Ler v, € (0,1) and (X,,)n>0 be given by (1). Assume Al, A2 and F2. Then, there
exists C > 0 (explicit and given in the proof) such that for any N > 1,

E[f(Xn)] — mingef < C(1+1og(N +1))%/(N + )71

The proof is postponed to Appendix E.3 and takes its inspiration from the proof of the continuous
counterpart Theorem 6. Note that in the case & = 1/2 we recover (up to a logarithmic term) the
rate O(N~/2log(N + 1)) derived in (Shamir and Zhang, 2013, Theorem 2) which matches the
minimax lower-bound Agarwal et al. (2012), up to a logarithmic term. We also extend this result
to the case o # 1/2. Note however that our setting differs from the one of (Shamir and Zhang,
2013). Indeed, (Shamir and Zhang, 2013, Theorem 2) established the optimal convergence rate
for a projected version of SGD onto a convex compact set of R¢ under the assumption that f is
convex (possibly non-smooth) and (E[||H (X, Zn+1)||%])nen is bounded. Our result avoids the
boundedness assumption and the projection step of (Shamir and Zhang, 2013), since in Theorem 8§,
we replace the boundedness condition by the regularity condition A1 (actually our proof can be very
easily adapted to the setting of (Shamir and Zhang, 2013), see Corollary 61). Our main contributions
in the convex setting are summarized in Table 1 and Figure 4.

On the other hand, the framework we consider is the same as (Bach and Moulines, 2011), but we
always obtain better convergence rates and in particular we get an optimal choice for o (v = 1/2)
different from theirs (o« = 2/3), see Table 1. Hence, we disprove the conjecture formulated in
(Bach and Moulines, 2011) which asserts that the minimax rate for SGD in this setting is 1/3.

In Figure 3, we experimentally assess the results of Theorem 8. We apply SGD on the family of
functions (¢p)pen+, where for any x € R, p € N*,

op(z) = 2% if v € [-1,1] ,p,(z) = 2p(Jz| — 1) + 1 , otherwise .
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5 Reference || Thm.8 (L) | (BM'11) (B, L) | BM'11) (L)

Z .. a € (0,1/3) o X X

2. 1/3,1/2) a Ba_1)/2 X

g (1/2,2/3) -« a/2 a/2

s (2/3,1) l1-a l1-a -«
;oor o3 ok o5 e o7 0 Table 1: Convergence rates for convex SGD (B: Bounded

value of

gradients, L: Lipschitz gradient).
Figure 3: Convergence rates for ¢,
match the theoretical results of Theo-
rem 8 asymptotically.

Forany p € N, ), satisfies and A1 and F2. Denoting o, the non-increasing rate « for which the con-
vergence rate r is maximum, we experimentally check that limy,, . o 75 = 1/2 and limy,, 4 oo €y =
1/2. Note also that o, decreases as p grows, which is in accordance with the deterministic setting
where the optimal rate in this case is given by p/(p — 2), see (Bolte et al., 2017; Frankel et al.,
2015). As an immediate consequence of Theorem 8, we can show that (E[||V f(X,,)||?])nen enjoys
the same rates of convergence as (E[f (X}, )] — minga f)nen, using that f is smooth.

Corollary 9 Let v, € (0,1) and (X,,)n>0 be given by (1). Assume A1, A2 and F2. Then, there
exists C > 0 (explicit and given in the proof) such that for any N > 1,

E[|V(Xn)[?] < C(1 +log(N + 1))?/(N + 1)°"0=) |

In particular, (E[||V f(X,)||?])nen is bounded which is often found as an assumption for the study
of the convergence of SGD in the convex setting (Shalev-Shwartz et al., 2011; Nemirovski et al.,
2009; Hazan and Kale, 2014; Shamir and Zhang, 2013; Recht et al., 2011). Our result shows that
this assumption is unnecessary.

5. Weakly Quasi-Convex Case

In this section, we no longer consider that f is convex but a relaxation of this condition.

F3 There exist vy € (0,2), ro > 0, 7 > 0 such that for any x € R4
V@)™ lz — 2" = 7(f(z) — f(2z")), wherez* € argminga f # 0.

This setting is a generalization of the weakly quasi-convex assumption considered in (Orvieto and
Lucchi, 2019) and introduced in (Hardt et al., 2018) as follows.

F3b The function f is weakly quasi-convex if there exists T > 0 such that for any x € R¢

(Vf(x),z —a*) >7(f(x) — f(x*)), wherez* € argminga f # 0 .

10
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This last condition itself is a modification of the quasi-convexity assumption (Hazan et al., 2015).
It was shown in (Hardt et al., 2018) that an idealized risk for linear dynamical system identification
is weakly quasi-convex, and in (Yuan et al., 2019) the authors experimentally check that a residual
network (ResNet20) used on CIFAR-10 (with differentiable activation units) satisfy the weakly
quasi-convex assumption.

The assumption F3 also encompasses the setting where f satisfies some Kurdyka-F.ojasiewicz con-
dition (Bolte et al., 2017), i.e., if there exist € (0,2) and 7 > 0 such that for any z € R,

IVf@)" = 7(f(x) = f(2¥)),  where 2™ € argminga f # (. ()

In this case, F3 is satisfied with r; = r, 79 = 0 and 7 = 7. Kurdyka-Lojasiewicz conditions have
often been used in the context of non-convex minimization (Attouch et al., 2010; Noll, 2014). Even
though the case r; = 2 and 3 = 0 is not considered in F3, one can still derive convergence of order
a for a € (0, 1), see Proposition 36, extending the results obtained in the strongly convex setting.
We now state the main theorem of this section.

Theorem 10 Let o,y € (0,1) and (Xy)¢>0 be given by (2). Assume f € C?(R% R), Al, A2-(a),
A3 and F3. In addition, assume that there exist 3, > 0 and Cg . > 0 such that for any t > 0,

E[|[X¢ —a*|"*"*] < Cpe(va + 1) (1 +log(1+ 75 '))°

where v, = 71/(1_0‘) and r3 = (1 —r1/2)~ 1. Then, there exists C > 0 (explicit and given in the
proof) such that for any T' > 1

E[f(Xr)] = mingaf < CT°[1 +log(1 +75'T))° (8)
where 51 N0y, 61 = (r1/2)(1—r1/2) (1 —a) =B and 6y = (r1/2)a — B(1 —1r1/2) .

The proof is postponed to Appendix G. First, note that if f satisfies a Kurdyka-tf.ojasiewicz condition
of type (7) then F3 is satisfied with r; = r and r9 = 0 and the rates in Theorem 10 simplify and we
obtain that § = min((r/2)(1—7/2)"(1—a), (r/2)a). The rate is maximized for o = (2—7/2)~!
and in this case, = r/(4 —r). Therefore, if » — 2, then 6 — 1 and we obtain at the limit the same
convergence rate that the case where f is strongly convex F1.

In the general case o # 0, the convergence rates obtained in Theorem 10 depend on 5 where
(E[|X¢ — 2*||"2"3] (Yo + t)™?)¢>0 has at most logarithmic growth. If 3 # 0, then the convergence
rates deteriorate. In what follows, we shall consider different scenarios under which 5 can be
explicitly controlled and Theorem 10 improved.

Corollary 11 Let o,y € (0,1) and (X)¢>0 given by (2). Assume f € C2(R? R), Al, A2-(a), A3.
(a) If F3b holds, then there exists C > 0 such that for any T > 1

E[f(X7)] — mingaf < C[T1730)/2 4 p=e/2  pa-ly

(b) If F3b holds and there exist R > 0 and ¢ > 0 such that for any x € R? with ||z — 2*|| > R,
f(x) = f(z*) > c||lx — x*|| then there exists C' > 0 such that for any T > 1

E[f(X7)] — minga f < C[T~%/2 + 7971 )

11
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Reference Corollary 11-(a) | Corollary 11-(b) | (OL'19)
a € (0,1/3) X a2 X
a€ (1/3,1/2) (Ba—1)/2 a2 X
a=1/2 1/4 + log. 1/4 + log. X
a € (1/2,2/3) a2 1-—«a 200 — 1
a€(2/3,1) 1-a e 1-—«a

Table 2: Rates for continuous SGD with non-convex assumptions

(c) If F3 holds and if there exist R > 0 and m > 0 such that for any x € R? with ||z — 2*|| > R,
(Vf(z),z —a*) > ml|jx — x*||, then there exists C > 0 such that for any T > 1, (9) holds.

The proof is postponed to Appendix G. The main ingredient of the proof is to control the growth of
t + E[||X; — 2*||?] using either the SDE satisfied by (||X; — 2*||?)¢>0 in the case of (a) and (c), or
the SDE satisfied by (f(X;) — minga f);>0 in the case of (b).

Under F3b, we compare the rates we obtain using Corollary 11-(a) with the ones derived by
(Orvieto and Lucchi, 2019) in Table 2 and Figure 4. Note that compared to (Orvieto and Lucchi,
2019), we establish that SGD converges as soon as o > 1/3 and not > 1/2. In addition,
the convergence rates we obtain are always better than the ones of (Orvieto and Lucchi, 2019).
However, note that in both cases, the optimal convergence rate is 1/3 obtained using « = 2/3. In
addition, under additional growth conditions on the function f, and using Corollary 11-(b)-(c) we
show that the convergence of SGD in the weak quasi-convex case occurs as soon as a > 0. Finally,
as in the previous sections, we extend our main result to the discrete setting.

Theorem 12 Let o,y € (0,1) and (Xp)nen be given by (1). Assume Al, A2-(a) and F3. In
addition, assume that there exist 3,e,Cg. > 0 such that for any n € N, E[||X,, —2*||"?"] <
Cpe(n+ 1)P{1 +log(1 + n)}¢, where r3 = (1 — r1/2)~ L. Then, there exists C > 0 (explicit and
given in the proof) such that for any N > 1

E[f(Xx)] - mingaf < CN-5/% (1 + log(1 + N)))* |
where 61, 02 are given in (8).

The proof is postponed to Appendix G. We can formulate the same remarks as the ones after Theo-
rem 10, and Corollary 11 can be extended to the discrete case, see Corollary 80 in Appendix G.

6. Conclusion

In this paper we investigated the connection between SGD and solutions of appropriate time inho-
mogenuous SDEs. We first proved approximation bounds between these two processes motivating
convergence analysis of continuous SGD. Then, we turned to the convergence behavior of SGD and
showed how the continuous process can provide a better understanding of SGD using tools from
ODE analysis and stochastic calculus. In particular, we obtained optimal convergence rates in the
strongly convex case and new optimal convergence rates in the convex case. In the non-convex set-
ting, we considered a relaxation of the weakly quasi-convex condition and improved the state-of-the
art convergence rates in both the continuous and discrete-time setting.

12
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---strongly convex - -  deterministic ---- strongly convex - - deterministic
—— convex (Thm 8) — (BM’11, Table 1) b Cor.11-(a) --- Cor.l1-(b)
< 7 — (OL’19, Table 1)
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Figure 4: Comparison of convergence rates in convex (left) and weakly quasi-convex (right) settings.
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Appendix A. Organization of the appendix

In these appendices we gather the proofs of our results. We start by deriving strong and weak ap-
proximation bounds in Appendix B. We then turn to the study of the long-time behavior of SGD and
its continuous-time counterpart for the minimization of strongly convex functions in Appendix C
under A2-(a). The counterpart of these results in the case where A2-(b) holds is presented in Ap-
pendix D. In Appendix E, we analyze the convex setting under A2-(a). Again, the counterpart of
these results in the case where A2-(b) holds is given in Appendix F. We conclude with the proofs of
the weakly quasi-convex setting in Appendix G.
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Appendix B. Approximation Results

In this section, we present the proof of our strong and weak approximation results. In Appendix B.1,
we gather technical lemmas which will be of use throughout the section. Our coupling construction
between the discrete-time and continuous processes is presented in Appendix B.2. In Appendix B.3
we provide moment bounds which constitute the first step towards deriving the strong approximation
bounds in Appendix B.4. The refinement of our theorem in the presence of batch-noise is considered
in Appendix B.5. We also derive weak approximation bounds in Appendix B.6. Throughout this
section we will denote all the constants by the letter A followed by some subscript.
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B.1. Technical Lemmas

In order to derive the finite-time strong approximations from the one-step approximations we will
make use of the following version of the discrete Gronwall’s lemma.

Lemma 13  Let (un)nen, (Un)nen and (wy)nen such that for any n € N, uy, vp, w, > 0 and
Unt1 < (1 + vp)up + wy. Then for any n € N

n—1 n—1
Up < exp [Z vk] (uo + Zwk> .
k=0 k=0
Proof The proof is a straightforward consequence of the discrete Gronwall’s lemma. |

The sums appearing in Lemma 13 will be controlled with the following lemma.

Lemma 14 Letr > 0,7 > 0, a € [0,1) and v = /=9  Then for any T > 0, there exists
A, > 0 such that for any N € N with Nv, <'T' we have

N-—1 1 ‘
7S+ 1) ar<{Aw< Flog(y ))(1+1og(T)) . ifa>1/r,

Mgy tpl-ar otherwise .

k=0
Proof Letr >0, > 0and o € [0,1). If &« > 1/r then there exists A, > 0 such that

N—

VTZ k+1)7% < Ay
k=0

H

If o < 1/r then there exists A, , > 0 such that

=

,yr (k+ 1)—047" S Aam,er—ar—l-l S Aa Y ,Yar 1T1 ar
0

B
Il

if @ = 1/r then there exists A, > 0 such that

N—

VY (k1) <47 (1+10g(N)) < Aapy” (1+ log(T)) (1 +log(v 1) .
k=0

,_.

Note that if 7 = 1 then 7" Z o (E+1)70" < Ay T2 Using a slight modification of Lemma 14
we also obtain that there exists A such that if 7 = 1 then " S0 (k + 1)~ < T~ + &,
The following lemma derives upper-bound from the regularlty assumption A1 and A3.

Lemma 15 Assume Al and A3. Then there exists C > 0 such that for any = € RY,

Vi@l <CA+lzl), IE2@I<CO+zl), 2@ <CA+z]).
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Proof First, we have for any 2 € R? using A1
IVF@)I < IV + Lzl < (IVFO) + L) + [l2]]) -
Similarly, we have for any = € R¢ using A3,
I=2(@)] < (IV O +M)(L+ [l]]) - (10)

Denote for any = € R%, (a; (%)) 1<ij<a = 2(z) and (b; ;(z))1<i j<a = (x)"/2. Using the fact
that for any u, v € R, 2uv < u? + v? we get that for any = € R?

d d
[3(2)] < Z |a; j(x)] < Z 1bi.j (2)bj ()] < 2d| 512 ()% .
i.j=1 ij k=1

We conclude the proof upon combining this result and (10). |

B.2. Construction of the coupling

In this section, we describe and prove the existence of an appropriate coupling between the discrete-
time and continuous-time process. In the following sections, we always assume that (B;):>0 and
(Zp)nen are given by Theorem 16. The proof of Theorem 16 is based on an abstract construction
of an appropriate measure on a joint space. In order to construct such a measure we use the gluing
lemma (Ambrosio et al., 2008, Lemma 5.3.2) and tools from the optimal transport theory to impose
the desired properties on the marginals.

Theorem 16 Assume Al and A3. Let o € [0,1), ¥ > 0 and v € (0,7]. Then, there exists (Bi)t>0
a d-dimensional Brownian motion and (Zy,)nen such that the following hold:

(a) Forany k € N, Zy1 has distribution 7% and is independent from KCy,, where for any k € N
Ki=0({BZ; : t€[0,kva], j€{1,...,k}}),

with Ko = {0,Q}. Similarly, for any k € N, (By — By, )1>0 is independent from K,

(b) Forany k € N, there exists A, € B(RY) such that P (Xky, € Ar) = Land forany & € Ay,

(k+1)7a 2

'H(aix Ziy1) — V(&) — g 282 (2) /k dB,
Yo

W3(vg(2), v (7)) = E

where (X;)i>0 is a unique strong solution of (2) starting from Xo = X € RY, v4(Z) is the
distribution of H(&, Zo) and v°(%) is the distribution of V () + XY2(&)G with G a Gaussian
random variable with zero mean and identity covariance matrix.

Proof Leta € [0,1),5 > 0and~y € (0,7]. By recursion, we show that there exists ((Bf)te[o,ya]a Z ) keN
such that for any k£ € N, the following assertion H1(k) is true.
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H1 (k) We have that (Bfﬂ)te[o,ya] and Zj1 are independent from Hy, = o({B, Zj : te
0,7], 7 € {1,...,k — 1}}) (with Ho = {0,Q}) and there exists Ay, € B(RY) such that
P (Y, € Ar) = 1 and forany @ € Ay.

2

;o aDb

W,(vd(2),°(2)) = E [HH@: Ziy1) — V(&) — 5 V28V 2(%) /0% dB+1

where v3() is the distribution of H (&, Zo) and v°(%) is the distribution of V f(&) + XY/?(2)G
with G a Gaussian random variable with zero mean and identity covariance matrix, and for any
te [07 k’)/oa]

ng—1

=Xo+ Z ( / (4 Da +8) VI (Yjpats)ds
Al [T k) D)0 )
[ ) VY
o /0 T 4 Dt 5) TSR (Y s )BT (12)

where ny = |t/va|. Denote py, the distribution of ((B )tE[O val Zi)j€f0,.. k}-

We denote 78 € 2(C,,) = 2(C([0,74] ,RY)) the distribution of the Brownian motion up to
time 7. For any k € N we denote EF = (C% x Z)¥ and E = E!. Similarly, we denote 77 € 2(Z)
the distribution of Z. For any k € N, let F : R? x C,, such that for any z € R¢ and 75-almost
every w € C,_, we have

Yo
Filaw) = VH(o) + 9525 2(a) [ 7w,
0

Since x + F(x,w) is continuous for 72-almost every w € C,, by Al and A3, and for any
r € RY w — F(z,w) is measurable, we get that F' is measurable using (Aliprantis and Border,
2006, Lemma 4.51). In addition, using A1, A3 and (Rogers and Williams, 2000, Theorem 10.4), for
any k € N, there exists a measurable mapping S’k+1 R? x Cy, — R? such that for any Brownian
motion (Bt)ic(0,4.]5 Sps1(Z s (Bi)teloya]) = Yv . where (YF),¢[0.,.] is the unique strong solution
to the following SDE: for any ¢ € [0, 7]

t t
Yi=i- /0 ((k+ e + 5)“VF(YH)ds — 72 / ((k + 1y + ) *SY2(YH)dB, .

In addition, let Sp : R? x C.,, — R? such that for any w € C., So(#,w) = &. Forany k € N,
denote Sy, : EFF! — R? such that for any {(wY)te[o,.: Zj}5—o € EF, we have

Se{wW]) e Zitioy)
S (S ( .- (Sl(go(Xo, (W?)te[o,wa})ﬂ (Wt1>t€[0,'ya})) B (Wf_l)te[o,ya]>v (Wf)te[o,’ya])) :
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Finally, for any k € N, let %, : EFfl x C,, — R%and /%, : EFf! x Z — R? such that for any
keN, {(wg)te[o,%], Zj}?:() € EF 1, (Wt)te[0,ya] € Cra and 2 € Z

%({(W‘Z)te[o;ya], Zj}é?:m (Wt)te[o,va}) - F<Sk({(W{)te[o;ya]a Zj}fzo% (Wt)te[o,va}) )
AL e el Ziti—0,2) = H(S({(W])ieprals Zitizo), 2) -

Note that for any k € N, .%;, and .7, are measurable. For any k € N, let Q; : E x B(R?%) — [0, 1],
the Markov kernel given for any u € E**! and A € B(R? x R?) by

Qr(u, A) = Opt(F(u, ~)#7TB, 4 (u, ')#TI'Z)(A) ,

where for all u € E**1, 0pt(Fy (u, -) 478, 74 (u, -) x7%) is the optimal transference plan between
Fi(u, )P and G, (u, ) xm? wrt. to the Wy, which exists by (Villani, 2009, Theorem 4.1).
Note that for any k € N, Qy is well-defined since u — 0pt(Fy(u, -) 75, 7. (u, ) xm%) is mea-
surable, (Villani, 2009, Corollary 5.22).

We divide the rest of the proof into two parts. First, we show by recursion that for any £ € N
the assertion H1(k) is true. Second, we show that we can construct a Brownian motion from the
random variables introduced in H1(k) for any £ € N such that the proposition holds.

(a) We start by proving that HI1(0) holds. Let yig € &2(C,,, x Z) be any coupling between 7B and
2. Letn® € Z(E x Cy, x RIx E), n! € Z(R? x E x RY) and n? € Z(E x R? x E x Z) such
that

0’ = (1d, (Fo, )y (po @ 77) . n? = (T, 75), 1d) 4 (o @ 77)

where I1; is the projection on the first variable. In addition, let n' = 1o ®Qq, i.e., for any A € B(E)
and By, By € B(R?) we have

nt(By x A x By) = / Qo(x, By x By)dug(x) .
A

Note that 7Y = (F,1d)x (1o @ 7P) = nl,. Therefore, using the gluing lemma (Ambrosio et al.,
2008, Lemma 5.3.2) (which is valid since E, C,, and Z are Polish spaces), there exists a probability
measure 1] € Z(E x C,, R? x E x R?) such that 7,234 = 1° and 7345 = n'. In addition note that
s = (Id, 7) 4 (po ® 7%) = n?,. Therefore, using the gluing lemma, there exists a probability
measure 7 € P (Ex C.,, xR x E x RY x Z x E) such that 119345 = 7 and n4567 = 7. In particular,
23 = and n*°7 = n'. Let (Us);equ,.. 71 be a random variable with distribution 7. Then, using

-----

that n'234 = 1% and n?°57 = n!, we have almost surely
Us = Fo(Ur,Us) , Uy=Ur, U=Uz,  Us=(UUs).
Therefore, we get that
(Uy,...,Uz) = (Uh,Us, Fo(Ur,Us), Uy, 54U, Us), Us, Uy) .

Since U, is independent from U; and Ug is independent from Uy, we get that Uy is independent
from U;. Hence, there exists 1 € Z(E x C,, x Z) such that

n = Iy, Iy, Zo (111, 2), Iy, 5 (111, 3), 13, I1q ) .1
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Let ((BY)se[0,74]> Z0s (B} )ie[0,74]> Z1) be a random variable with distribution 1. Then (B} );[0,+,]
and Z; are independent from ((BY);c(0,,]> Z0)» (B} )ie[o,.] has distribution 78 and Z; has distri-
bution 7% . Hence, (B%)te[()%] and Z; are independent from . Finally, we show that (11) holds.
Denote by Ry the Markov kernel given for any u € E and A € B(R? x R%) by

Ro(u,A) = /Rd(e%(uaﬂz('))a%(%Hs('))))#mdﬂow) )

Note that ;11 = pg ® Ro. But by definition of ;7 we also have that 1 = pg ® Qo. Therefore, pg
almost surely we have Ro(z,-) = Qo(z,-), which concludes the proof of (11). Therefore H1(0)
holds. Assume that H1(k) is true with £ € N. Then H1(k + 1) holds. The proof is similar to the
one for H1(0) upon replacing g by ug, %o by Fi, 74 by 5, and Qg by Q. We conclude by
recursion.

(b) Finally, it remains to define a Brownian motion (B;);>¢ such that for any k& € N, K, = H, and
(Xt)t>0 = (Y¢)t>0. Forany t > 0, let ny = [t/7, ]| and (B¢)¢>0 such that for any ¢ > 0

ng—1

_ k
B, =B[_, . + Z Bf
k=0

Since ((Bf)te[ﬂ,fya]) ken is a sequence of independent Brownian motion, we get that (B;);>¢ is a
Brownian motion. In addition, there exists a measurable bijection mapping (B;);>¢ to ((Bf)te[o’%] VkeN
and therefore for any k& € N, K, = Hy,. Finally, we have that (Y}):>( solution to (12) is a solution

to (2) with initial condition Yo = X, i.e., (Y¢)t>0 = (X¢)+>0 which concludes the proof.

B.3. Moment bounds and one-step approximation

The following result is well-known in the field of SDE but its proof is given for completeness. For
anyt > 0and k € N, denote F; = 0({X, : s€[0,t]})and Gy =o({Z; : j€{0,...,k}}). We
derive classical moment bounds in Lemma 17. This bounds are then used in Lemma 18 in order to
provide one-step approximations. The proof of these lemmas is based on the repeated application
of the Gronwall’s lemma (both discrete and continuous) and It6’s formula.

Lemma 17 Letp € N, ¥ > 0and o € [0,1). Assume Al, A2 and A3. Then for any T > 0, there
exists Ap 1 > 0, such that for any s > 0 and t € [s,s + T, v € (0,7], we have

E[1+ X[ F] < Az (1+ [ X[*)

where (X;) > is the solution of (2). In addition, if there exists x* such that [, || H (z*, z) |1 drn? (z) <
400, then for any T > 0, there exists ISTJ > 0, such that for any ko > 0, v € (0,7] and
k€ {ko,..., ko + N} with Ny, < T, we have

E [1+ [|Xkl*?|Gro] < Ara(L + [ Xko|*)

where (Xy)ren satisfies the recursion (1).
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Proof We prove the result under A2-(b). The proof under A2-(a) is similar and left to the reader.
Letp e N,a €1[0,1), 5,7 € [0,+00),t € [s,5 + T], and g, € C?(R%, [0, +00)) such that for any
z e R, gy(z) =1+ ||z]|*. Let 7 > 0 and y € (0,7].

We divide the proof into two parts.

(a) Let (X;):>0 be a solution to (2). We have for any x € R?
Vop(z) =2p|*" Dz, Vgy(x) =4p(p—1)[|z[*"" 22" +2plz*P7V1d . (13)

Letn € N, and set 7, = inf{u > 0 : g,(X,) > n}. Applying It6’s lemma and using (2) and (13)
we get

E [gp(Xt/\Tn”Jrs] -E [gp(Xs/\Tn)’fs]

=1l () (V). (X} 7 o

t (1a/2E [ [ a5 ), 92, ()

NTn

.7-"5] . (14)

Using A1, (13) and the Cauchy-Schwarz inequality we get that for any u € [s, s + T

(V£ (Xa), Vgp(Xu))| < 2K |PEV LV F(Xu) = VF(0), Xu)| + IV SO X}
< 2p(L+ [V (0)[Ngp(Xu) - (15)

In addition, using Al, Lemma 15, (13) and the Cauchy-Schwarz inequality we get that for any
u€[s,s+T]

[(E(Xu), V2gp(Xa))| < O+ 1 Xul?) [| V25 (Xu) | (16)
< O(1+ [IXul?) (8p(p — 1)d + 2pd) | X, 2P~V
<4Cdp(4(p — 1) + 1)gp(Xy,) .

Combining (15) and (16) in (14) we get for large enough n € N
E I:gp(Xt/\Tn)“}—s] - gp(XS)

< oL+ Vs OE | T (X 7]+ suntep- v [ [ T (X

fs]
< (2p(L + [V FO)]) + 47aCip(4p — 1) + 1)} / E [g(Xrn )| Fs] dt

Using Gronwall’s lemma we obtain

E [gp(Xinr, )| Fs] < gp(Xs) exp [T {2p(L + [V f(0)[]) + 47aCdp(4(p — 1) + 1)}] .

We conclude upon using Fatou’s lemma and remarking that lim,, 7, = +00, since X; is well-defined
for any £ > 0.
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(b) Let (Xj)ken be a sequence which satisfies the recursion (1). Let Ay = Xpy(k + 1)~% and
By = —y(k+ 1)~V f(Xy) — H(Xk, Zx+1)}. We have, using Cauchy-Schwarz inequality and
the binomial formula,

p
I2ks1 17 = 14x + Byl = {ARI° + 20, Be) + 1B} a7

EZZZ()()HA [P0 By 7 2
< 14l + 2’”22( )( ) [ ARPE04 | By

=1 j=0

Using A1, there exists Ag?)l, 1159)1, Z\(Tc)l > 0 such that for any ¢ € {0, ..., 2p}

| Az

| /\

L
Z( ) a4 DL X (06 1) 9O

m=
< (1 (k4 D7 A Xl + 9k + 1) RZ) (1 + X))
< (LA + D)7 AL (L + [ X6
In addition, we have that for any ¢ € {1,...,p}, x € R? and z € Z,
|H (@, 2l < (1H . 2)| + L) < 2270 [ H, ) + 22112 o2

Therefore, there exists 7y > 0 such that for any ¢ € N, E [||By||*|Gr, ] < v*(k + 1)72*ne(1 +
|| X[|*). Combining this result, (17), Jensen’s inequality and that f we have

E [[| Xt [27]G]) < X0l 4y (k + 1) (B, + B2 (1 + | Xk ))
+1 —az(o) 2 b { 1/2 27;_‘ —a(2i—j
P2 Ak )R )+ 1] >ZZO<)(]>77 (4 1))

Therefore, there exists (T)l > 0 such that

E (14 1 Xes11 |Gy | < (14 B 50k + 1)7)E [1+ Xk |G| + A1 (R + 1)
We conclude combining this result, Lemma 13 and Lemma 14.

Lemma 18 Letp € N, 7 > 0and o € [0,1). Assume A1, A2-(b), A3 and that there exists x* such
that [, ||H (z* ,2)||?P dn?(2) < 4oc. Then for any T > 0, there exists App > 0 such that for any
v € (0,7], k € Nwith (k+ 1)y4 < T, t € [k7a, (k + 1)7a], we have

E [ Xks1 — Xel®[Gr] < Ara(k +1)72Py?P(1 + || X4 |*) |
E [|IX¢ = Xiyo || Frre] < Ara(k 4+ 1) 729 (1 + | Xy, |

where (X},)ren satisfies the recursion and (X¢)¢>0 is the solution of (2).
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Proof Letp e N,a €[0,1),7 > 0,v € (0,7], k € N, t € [kva, (k+ 1)7,]. We divide the rest of
the proof into two parts.

(a) Let (X5)s>0 be asolution to (2). Using A1, A2, Jensen’s inequality, Burkholder-Davis-Gundy’s
inequality (Rogers and Williams, 2000, Theorem 42.1) and Lemma 17 there exists B, > 0 such that

E [IX: — Xio || P |

+ 22714 PE

2p
S 22])— IE

/k (Yo + 8) OV (X, )ds

Yo

(Ya + 5)"2%PE [HVf(XS)HQP‘fm] ds

fkva]

t 2p
/ (o + 5)*5(X,)/2dB,
k

Yo

]:/wa]

¢
< 271421 /
kYo

t
# 8,227 ([ Gt ) B D) s ) i,

kYo

t
<ozt gy, 0 { B [I9)P]7L s

kYo

" /k E [Tr(2(X,)| Py ds}

t
< 2P (1 4 L)y (k + 1) 2P (B, + 1)/k % (14 [|IX,7| Fro ] ) s
Yo

<2P(1+ L)y (k4 1)72P(B, + 1) (1 + sup E [||Xs||2p(fm]>
s€kYa,t]

< 2P(1+ 1)y (k + 1) 2P (B + 1) (1 + A1) 9p(Xiry) -
(b) Let (X, )nen Which satisfies the recursion (1). Using A1 and A2-(b) we get that
E [[| X1 — X5lI*?|Gr]
= E [[| =k + )" (H (X, Zyy1) = H(a", Zysa) + H (", Zk+1))\\2p(gk]
< 2292 (k + 1)72% (L% | X — 27| + E [| H (2", Ze11) ) |Gi))
< 299 (1) (L2 X P+ 1% o7 P+ E [ H (@, Ze) ]G] )

which concludes the proof.

B.4. Mean-square approximation

In this section, we introduce an auxiliary process (X );>0. This process is a continuous interpolation
of the discrete-time process (X )ren such that for any k € N,

Ky = Xi = (1 + k) { VS (K0) + 9252 (X) G }
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where (Gj)ren is a sequence of i.i.d. Gaussian random variables with zero mean. For any x €
R? and k € N, Vf(x) + Vé/QEl/ 2(2)G}41 is a Gaussian approximation of the true noise term
H(x,Zy+1). Using Theorem 16, G1 and Zy; will be coupled in order to minimize the distance
between the two discrete-time processes.

We now introduce the continuous-time process (X );>0. Consider the stochastic process (X¢)¢>0
defined by X = X and solution of the following SDE

+oo
AX: = =72 D Ly s 170 DL+ )7 { V(R )t + 98/ 25 (X, ) /2B, |
k=0

Note that for any k£ € N, we have
X(kt1)ye = Xbya —(k+1)7¢ {Vf(fiwa) + E(Xlwu)l/QGk} ,

with G = Ya J1/2 f (k+1)e gg s- Hence, for any k& € N, Xk’Ya has the same distribution as X}, given
by (1) with H(z, 2) = Vf(z) + X(z)"/?2, (Z, Z) = (R% B(R?)) and 7% the Gaussian probability
distribution with zero mean and covariance matrix identity. In our proof, we will not consider this
process but a similar version whose initial point is given by the continuous-time process, see for
instance. However, we found that introducing (X;);>0 and its discrete-time counterpart provides
intuition for our derivation.

In Lemma 19, we bound the one-step difference between the continuous-time auxiliary process
(X¢)t>0 and the discrete-time process (Xj)ren. In Lemma 20, we bound the one-step difference
between the continuous-time auxiliary process (X;)¢>0 and the continuous-time process (X¢);>0-
We combine these estimates in Proposition 21. We conclude by proving Proposition 22 which is a
restatement of Theorem 1.

Recall that ny = |T'/v4|. In what follows, we denote

2= sup E|WEW (Xpno) v (Xka )| (18)
kG{O,...,nT}

where for any & € R%, v/4(%) is the distribution of H (%, Z,,11), V(%) is the distribution of V f (&) +

7;1/221/2(j) fk(’l:'i‘l)’m(,_ya_'_s) *dB,.

Lemma 19 Assume Al and A3. Let ¥ > 0 and o € [0,1). Then for any T > 0, there exists
A7z > 0 such that for any v € (0,7], k € Nwith (k + 1)y, < T and Xo € R? we have

[HX(k+1 - XkJrlHQ} < AT7372(]<; + 1)*2&82 ’
where for any k € Nand t € [ka, (k + 1)7a]
Fins = Xer, =9k ) H (X, Zi)

_ t
X = Xpyy — Va y(L+ k) {(t — k) Vi (X, ) + 782212 (X, / st} ,

kva

We recall that for any ¥ € R%, vi\(%) is the distribution of H(%, Zn+1), VS(Z) is the distribution of
V@) + e PEYA) [T ( + 5) B,
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Proof Leta € [0,1),5 > 0,7 € (0,7], k € N, t € [kya, (k + 1)74) and Xy € RY. Using
Theorem 16 we have

E [[IX (kt1)7a — Xk—i—lHQ]

2
= 1) [0, ) + X~ H X 20
< 292k + 1) | W (X, ) (X, )| -
which concludes the proof upon using (33). |

Lemma20 Let”y > 0and o € [0,1). Assume Al and A3. Then for any T > 0, there exists
A74 > 0 such that for any v € (0,7], k € Nwith (k + 1)y, < T and Xy € R? we have

B [IX k170 = Kot mal? [ Fina | < Az {740+ 1)1 4 420k + 1) 720590 L (14X, )

where (X¢)¢>0 be the solution of (2) and for any t € [k~y,, (k + 1)7va] we have

t

Xy = Xpo — 72 (L + k) {(t — k%) V f Kiya) + 7222 (X /k
Yo

dBS} . (19)

Proof Leta € [0,1),7 > 0,7 € (0,9, k € Nand t € [kva, (k+1)7a]. Let (X¢)> is the solution

of (2) and (Xt)te[k7a7(k+1)%] given by (19). Using Jensen’s inequality and that 7,7~ = 7 we
have
- 2
[ [HX(kH)va = X(k+1)7a fkva] (20)
<E||- [ et viads ol [ ) mx) B
kﬂ/a k"Ya
(k+1)7a
()7 (K, ) 40520+ )50 ) 2 [ dB| |7,
kya
(b+1)7a 2
<2E —’yaa/ (1+7,"s) *Vf(Xe)ds +7(k + 1)V (Xiy) || | Frra
kYo
(k+1)'7(x
+2E ||| =7/*7° / (1+75"5)"5(X,) B,
kYo
1/2 1/2 (k+1)7a ’
a2k + 1) 708Xy, )Y / dBg|| |Fer,
kYo
) (k+1)7a X 2
<o || [ (e )7 ) - () VA | | B,
Yoo
(k+1)7a 2
22 | [ (b )R, - (49 S(X) 2 B | |,
kva
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We now treat each term separately.
Using Jensen’s inequality, Itd isometry, Fubini-Tonelli’s theorem, A1, A3 and Lemma 18 we
have

2

(k)+1)’}’a
B / {(k+ )78 (X, )2 = (1495 19) "2 (X) 2} B, | | Fis, @)
kYo
(k+1)7a
<2|krn | [ R (19000, - S0 2R R, ] as
kYo

(k4+1)va
/ ((k+1)" — (1+~21s))2ds
k

Ve

11

|

<2 |[(k+1)72M2 sup E[||X — X, | Fiera] +n02(k + 1)‘““”]

s€lkva,(k+1)7al

< 290 |(k+ 1) MAz09? +ma(k + 17205 | (14 X, )

Using Jensen’s inequality, Fubini-Tonelli’s theorem, the fact that for any v > 0, u™® — (u +
1)~ < au~(@+t1) Al and Lemma 18 we get that

2

(k4+1)va
E /k [+ 1)V (Xp) — (14 72ts) VA (X)) ds| | @)

Yo

<2 s B[+ 1)V (Ken) = (149218) VS (X) || Frads )
Se[k"/av(k‘f'l)"/a]

<292 sup VX )IPI(E+1)7 = (L5 ts)
SE[k’Yav(k"Fl)'Va]

+(1 +7as DR[|V F(Xs) = VI Xyo)12] Fiora }
< 272 <a2|]Vf(Xk%)||2(k + 1)72(1+a)

+HEk+1)72L sup E Xy — Xy ] Frra )
s€[kYa,(k+1)7al

<2y [O‘ZHVf(Xma)HQ(k +1)720F) (k4 1) L2 A7 (1 + ||Xma||2)}
< 292 [02(IVF(0) 2 4+ L2)(k + 1) 7200 o (k + 1) 712709 (1+ Ko, |?)
Combining (20), (22) and (21) concludes the proof upon setting

Aty =4 [WAro +na® + o®([[VF(0)|* +L17) + L*A7y]
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Proposition 21 Let 5 > 0and a € [0,1). Assume Al, A2-(b) and A3. Then for any T > 0, there
exists Ap 5 > 0 such that for any y € (0,7], k € Nwith (k + 1)y, < T and Xo € R? we have

E |1 X170 = Kertl? | Fina | < Az {7k + 174 4+ 920 + 1722} (1+ Koo, )
where (Xi)>0 is the solution of (2) and for any k € N
X1 = Xy = Yk + 1) 7H Xy, Zip1) -

Proof The proof is straightforward upon combining Lemma 19 and Lemma 20. |

Proposition 22 Let 7 > 0, o € [0,1) and v € (0,7]. Assume Al, A2-(b) and A3. Then there
exists a coupling ((Bt)¢>0, (Zn)nen). such that the following hold:

(a) (Zn)nen is a sequence of independent random variables such that for any n € N, Z,, is dis-
tributed according to 7.

(b) For any T > 0, there exists C > 0 such that for any v € (0,7], n € N with v, = A/ (=a),
nye < T we have

EY2 [|[Xn, — Xal?] < C(y°e +7)(1+1log(y™")),  with§ = min(1, (2 —2a)7),
where (X¢)e>0 is solution of (2), (Xp)nen is defined by (1) with Xg = Xy € R? and

= s B[ W (Xi) Vi (Xin)| (23)
kG{O,...,nT}

where for any & € R%, v}(%) is the distribution of H (%, Zy11), V§(Z) is the distribution of V f (&) +
Y0 PE2(@) [T (a + )70 dBs,

Proof Leta € [0,1),5 > 0,7 € (0,7], k € N, and X € RY. The first part of the proof is a
direct consequence of Theorem 16. We now turn to the second part of the proof. Let ( E})ren such
that for any k € N, Ej, = E[||Xy,, — Xz|?]. Note that By = 0. Let X1 = X, — v(k +
1) H (X}, » Z+1). We have

Bt = E [[Xgs i1y, = Xera ] (24)

i - - 2
=K HX(ka — Xgg1 + Xpy1 — Xk+1H }

i ~ 2 ~ ~
=E HX(k-&-l)VQ - Xk:+1H } +2E [<X(k+1)ya = Xpy1, Xpep1 — Xk+1>}
) - 2
+E [HXIH—I - Xk+1H }

s 2 3 2
=K [HX(ka — Xk+1H } +E [HXk+1 - Xk+1H }
+2E [<X(k+1)%x — X1, Xy — Xk}

+ 2’7(]{‘1 + 1)_aE |:<X(k+1)'\/a - Xk-‘rlv H(Xk7 Zk:-‘rl) - H(Xk"yon Zk+1)>] .
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Letay = v*(k+ 1) ++2(k+1)72® and af = v*(k + 1) 7% +£2y%(k + 1) ~2%. We now bound
each of the four terms appearing in (24)

(a) First, using Proposition 21 and Lemma 17 we have

~ 2 ~ 2
E |:HX(k+1)'ya - Xk+1” ] =E [E [HX(kH)M - Xk+1”
<E [Ags(y 0+ 17 + 2292k + 1)) (14 X |1

< ApaArs(vHk + 1) 70 4+ 2292 (k4 1)72%) <1 + ||X0H2) <A %%

flma} } (25)

with Agﬂl % > 0 which does not depend on ~ and k.

(b) Second, using A1, A2-(a) and that for any a,b > 0, (a + b)? < 2a® + 2b* we have

- 2
E [HXkJrl - Xk+1H } =E [HXMQ — X —y(k+ 1) (H(Xpy, Zit1) — H( Xk, Zk+1))m
< (L+AL(k + 1)) E[[| Xy, — Xill’]
< (L4 29L(k + D)7 + 4Lk + )72 B < (1+ A0 Ex . (26)
with A(b) > 0 which does not depend on ~ and k.

(c) In what follows, let X(41)y, = Xkyo — 7k + 1)7{Vf(Xpy,) + 2(Xpyo)/2G }, with
a2 S 4B, Let by = 2 (k + 1) 75 4+ (k + 1) 205/,

Using A2 we have E[X(kH _|Kx] = E[Xg41|Ky]. Combining this result, the Cauchy-Schwarz
inequality, Lemma 20, Lemma 17 and that for any a,b > 0, (a 4+ b)'/? < a'/2 + b'/2 and 2ab <
a® + b2 we obtain

E [<X(k+1)% — Xps1, X, — Xk>}
= E [{(EXys10 = Kt Kel X, = Xi)|

= B [(EX 1y, — Xorryra Kkl X, = X0)]

i - 2
<E |E!/? [HX(ka = X(k41)7a Kk] X kye — Xkﬂ

<E'/? [HX(HD% - X(kﬂ)m

2} E'/? [HXW - Xkllﬂ

1/2
<A {7 e 1) 20+ 1)L (11X ) By
< A L0 1) 732 g 20 1) (D (1 X |2y 2+ 1) 2

< A%)ﬁ {’YS(IH‘ 1)73¢ 4y (k + 1)~ 20+/2) }/2+a1/2Ek/2 <Al c) ) by +a1/2 . @7
with Agﬂc’)(3 > 0 which does not depend on v and k.

32



CONVERGENCE AND APPROXIMATION FOR SGD

(d) Finally, using the Cauchy-Schwarz inequality, (25), A2 and Al and that for any a,b > 0,
(a+b)Y2? < a'’? + b1/2, we have

Yk + 1) (X150 = K, H(Xe, Zirt) = HXyy Zii)| (28)
~ 2
< y(k+1)°E? [mem ~ X ] B2 [||H (X, Zir) — H (K, Zasr)

< (S0 (k +1)"a)*LEy, < A arEy, .

)

with Agfl )6 > 0 which does not depend on v and &.
Let A7 = ALY + a%0 + 4 4+ 4l Finally, we have using (25), (26), (27) and (28) in (24)

Ej1 < Erg(a +a)*) By + Aro(af + by) - (29)
- 1/2 - R . 1/2
We denote vy, = Arg(a,’” + ap) and wy, = Apg(ag, + by). Using Lemma 14 and that ¢,/ ~ <

(k +1)"% +~2(k 4+ 1) 722, there exists Agf)ﬁ > 0 which does not depend on «y and k such that

N—

—_

v < AT (30)
k=0

In addition, we have that for any k£ € N,
vp < Arg(2 (k4 1)72%2 4 43k + 1) 73 444 (k + 1) 74 4 4 (k + 1) 7204/

Using that yy§ = 7, and Lemma 14 there exists Aéf % > 0 which does not depend on  and & such
that

N A1 +10g(r7 ) ifa>1/2,

Z’Uké

k=

D
A(TJT%VQEQ ifao<1/2.

0
Using (29) and Lemma 13 we obtain that

N-1 N-1
< Uk> (Z wk) . (32)
k=0 k=0

Combining (30), (31) and (32) concludes the first part of the proof. |

B.5. The case of batch noise

In this section, we refine our results in the specific case of a batch noise. We recall our main result
in this setting in Corollary 23. The proof is based on quantitative bounds in the CLT w.r.t. to Wy,
see Bonis (2020). In Proposition 24, we show that contrary to the SDE setting the gradient flow has
an error of order at least O(M~1).
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Corollary 23 Lety > 0 and o € [0,1). Assume Al, A2-(b) and A3 (with respect to (Y,Y,)).
Let H be given by (6). Assume that there exists z* € R?, C,p > 0 such that for any v € R* and
yeyY .

NV F@ry)ltdn(y) < +oo, [[S(a) 2] < O+ [|l=[|P) -
Then, there exists a random variable ((B¢)i>0, (Zn)nen) such that for any T > 0, there exists
C > 0 such that for any v € (0,7], n € Nwithny, <T vo = /(=) ype have

EY2 [ X — Xal?] €CH°M ™ +9)(1 +1og(y™h) . withd = min(1, (2 — 2a)7") .

Proof Lety > 0, « € [0,1) and M € N. Applying Theorem 1, there exists a random variable
((Bt)t>0, (Zn)nen) such that or any 7' > 0, there exists C' > 0 such that for any v € (0,7],n € N
with 17y < T o = ¥/~ we have

E'/? [HXn'ya - Xn||2] < C(’765 +7)(1+log(y™")), withd = min(1, (2 - 20)7"),
where (X;)¢>0 is solution of (2), (X, )nen is defined by (1) with Xy = X, € R? and

2= s E[WE0! (X)X (33)

kG{O,...,nT}
where for any # € R?, v4(%) is the distribution of H (&, Z,1) and v°(Z) is the distribution of
V(&) + v 2012 (2) fk(ﬁjl)va (Yo + s)~“dBg. Our goal is now to control ¢ in this specific
setting. Let z € R%, k € Nand (X ¥, X3) be an optimal coupling between V]g and v;. Note that

X is a Gaussian random variable with mean V f(z) and covariance matrix (z), where X(z) =
(1/M)S¢(x) with S¢ = 7[(Vf(2,-) — VF(2))(Vf(x,-) — Vf(z))]. In particular, we get that

W3(v(x),v%(2)) < MY (@) |PW(i(2), v(2)) | (34)

where (x) is the distribution of M~ 352 Sp(x) V2V f(2,Y;) — Vf(z)} with {V;}M, dis-
tributed according to 7% and v the distribution of a Gaussian random variable with zero mean and
identity covariance matrix. Denote {V;}M, = {X;(x)"/?(Vf(z,Y;) — Vf(x))},. The random
variables {Y;}, are i.i.d., E[Y;] = 0 and E[Y;Y;"] = Id. In addition, using A1 and A2-(b) we
have that

Y1l < 8125 (@)~ IV f (2, U+ 1V £ ()11
< 216C* (1 + [l[") IV £ (@*, U)I* + L l2]* + L% fl*|* + IV £ O +L* 1] *) -
Combining this result and the fact [, |V f(2*,y)||*dm(y) < +oo, there exists ¢ € N and C > 0

such that "
1= @) PE(vall!) < 0 + ||« ]*) -

Therefore combining (Bonis, 2020, Theorem 1) and (34), there exists C' > 0 such that for any
z € R?
Wi (@), vi(2) < CM (14 [[]*) .

Using Lemma 17, there exists C' > 0 such that e < CM —1_ which concludes the proof. |
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Proposition 24 Let o € [0,1/2), T > 0 and 5 > 0 such that for any v € (0,7], (T — 7o) 2% —
yLl720 > (T/2)1 22 Let f = 0 and f : R? — R such that for any x € R% and z € R?, f(x,z) =
(x,2), (Z,2) = (RHYM BRHEM), 77 = 79M with M € N, m a Gaussian distribution with
zero mean and identity covariance matrix. In this case, for any vy € (0,7] we have for n = |T /7|

EY2 [|| Xy — Xul?] > M7Y240(1 — 20)7V2(T/2)127 | with § = min(1, (2 — 2a) 1),
where (Xy¢)¢>0 is the solution of Xy = —V f(Xy)dt and (X,,)nen is a solution of (1).

Proof Note that forany ¢t > 0, X; = 0. In addition, for any n € N, we have X,, = (1/M)~ Zz;é (k+
1= M | Zkm where {ZF™ : k,m € N} is a collection of independent Gaussian random
variables with zero mean and identity covariance matrix. Therefore we get that

n—1

E[IXa]2] = (1/M)7* >k +1) 7%
k=0

> (1/M)’)/2/1 t72adt > Mfl,YQ,yiafl(l - 204)71/2((’1_' - ,ya)lfQ(x - 7{;72&) 7

which concludes the proof. |

B.6. Weak approximation

We also derive weak approximation estimates of order 1. Note that in the case where o > 1/2,
these weak results are a direct consequence of Theorem 1. Denote by G, ;. the set of k-times
continuously differentiable functions ¢ such that there exists K > 0 such that for any z € RY,
max(||[Vg(z),- .., |VFg(z)||]) < K(1+ ||=||"). We state our main result in Proposition 25.

Proposition 25 Let 7 > 0, a € [0,1) and p € N. Assume that f € Gp4, S'/% € Gp3, Al,
A2-(b) and A3. Let g € Gy . In addition, assume that for any m € N there exists x* € R? such
that [, || H (z*, 2)|IP™ dn?(z) < 4o0. Then for any T > 0, there exists C > 0 such that for any
v € (0,7], n € Nwithvq = Y1~ nr, < T we have

IE[9(Xnsa) = 9(Xn)] | < Cy(1 +log(y ™)) .

These results extend (Li et al., 2017, Theorem 1.1 (a)) to the non-increasing stepsize case. Once
again, the result obtained in Proposition 25 must be compared to similar weak error controls for
SDEs. For example, under appropriate conditions, (Talay and Tubaro, 1990) shows that the EM
discretization Y, | = Y, +vb(Y;,) + /70(Y,)G 41 is a weak approximation of order 1 of (5).
We now turn to the proof of Proposition 25. We start with a useful technical lemma in Lemma 26.
Then, before giving the proof of Proposition 25, we highlight that the result is straightforward for
a € [1/2,1) in Proposition 27. We provide a one-step approximation error bound in Proposition 28
and conclude in Proposition 29. We recall that G,, is the set of twice continuously differentiable
functions from RY to R such that for any g € G,, there exists K > 0 such that for any z € R?

max {||Vg ()], |

Vig(x)||} <KL+ [lz]P) (35)

with p € N.
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Lemma 26 Letp € N, g € G, and letK > 0 as in (35). Then, for any x,y € R?
l9(y) — 9(x) — (Vg(x),y — 2)] KA+ [|=]? + [[ylP) |z — ] .

Proof Using that for any = +— |[|z||P is convex, and Cauchy-Schwarz inequality we get for any
z,y € RY

1
lg(z) — g(y) — (Vg(z),y — x)| < /0 IV2g(z + t(y — 2))(y — 2)®|dt

1
<l —y|? /O V2 + ty — 2))(y — 2)®2|dt
<KL+ [l2ll? + Iyl?) llz — lf? -

Proposition 27 Lety > 0and o € [1/2,1) and p € N. Assume A1, A2-(b) and A3. In addition,
assume that for any m € N there exists x* € R such that [, |H(z*, 2)|IP™ dn? (z) < +oc. Then
forany T > 0 and g € Gy, there exists Ar7 > 0 such that for any v € (0,7], k € Nwith kyo < T
and Xo € R% we have

E [l9(Xkr) — 9(Xp)||IFi] < Argy(1+1log(v ™),
where (X)ien satisfies the recursion (1) and (X4)¢> is the solution of (2) with Xo = Xy
Proof Letp e N, g € Gp, a € [1/2,1),7 > 0,7 € (0,7], k € N, and X € R?. Using that for
any x — ||z||? is convex, for any z,y € R? we get
1 1
o) 9| < [ |(Valer+tly — ).y~ a)ldt < Iyl [ [Valer+ tly — )
0
< [ly = 2K+ [lz]I” + lly[”) -
Combining this result, Proposition 22, Lemma 17 and the Cauchy-Schwarz inequality we get that
E [|g(Xyo) — 9(Xi)|] < KAgv(1+log(y ™)) (A + Ar) /(1 + || Xo|)1/2
which concludes the proof. |
Proposition 28 Letp € Nand g € G,. Let ¥ > 0 and o € [0,1). Assume Al, A2-(b), A3 and
that for any m € N there exists x* € R? such that [, |H(z*, 2)|*™ dn? (2) < +oc. Then for any

T > 0, there exists Arg > 0 such that for any v € (0,7], k € Nwith (k+ 1)y, < T and X, € R4
we have

E [9(X(kt1)y0) — 9(Xit1)|Gk]| < Ars {72(’f + 1)+ (k + 1)7(1”)} (14 X P72

where (X},) is the solution of (1) and Xy is the solution of

t t
Xt = Xk - / (8 + ’ya)_an(Xs)dS + ’Yéﬂ/ (S + 'Ya)_az(Xs)l/Zst .
kYa kYo
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Proof Let X4 1), = Xp—(k+1) " {Vf(Xpy,) + B(Xp)/2G }. with Gy, = /2 [EH12 4B,
Using A2 we have E [X(kﬂ)%é }Qk] = E [Xk+1|Gk]. Using Lemma 17, Lemma 18, Lemma 20,
Lemma 26 and the Cauchy-Schwarz inequality we have

|E [9(X(kt1)70) — 9(Xi+1)|Gr] |
< ‘]E [<v9(Xk)7X(k+1)'ya - Xk+1>|gk] ‘

+KE [HX(kH)% = X)) @ IXk A+ X 1) Hp)‘gk}
o KE (1 X1 = Xl (1 Xl + X117 |G
<(Vg(X), E [X(ps1)ya — Xir1])]| G
- 1/2 1/2
+ 3Y2%kE X s 170 = Xk“4‘gk} E [(1 + 1| X[ + |!X1<:+1H2p)‘gk}
- 1/2 1/2
+3VE [ X anﬂgd [0+ 1567 + X )] 64]
) o 11/2
< K(L+ IXKIP)E [ X 1y — K |*[G4]

+ 3Y2KE [|[X 177 — X \gk} (14 Az 201+ [ X0)

4328 [1 X1~ Xel'|6e] " (04 )20+ 1x0P)
K(1+ XA {20+ 172 4 (k+ 1)~ (14 X))
+ 3Y2KAY 572 (h + 1) 72 (1 + | Xkl (1 + Ar) (1 + | X )
+31/2KA”2 Y2k A+ 1721+ Xkl *) (1 + Br) 2 (1 + ([ X 1P)

which concludes the proof. |

Proposition 29 Let 5 > 0 and o € [0,1). Assume that f € Gp4, Y2 € G, 3 Al, A2-(b) and
A3. Letp € Nand g € Gpg. In addition, assume that for any m € N there exists x* € R such
that [, ||H (z* ,2)|[*™ dn?(2) < 4-o00. Then for any T > 0, there exists Ao > 0 such that for any
~ € (0, ]kerzthkfya<TandX0€Rdwehave

IE [9(Xir,) — 9(Xp)] | < Anoy(1+log(v™)),

where (X}, )ken satisfies the recursion (1) and (X;):> is the solution of (2) with Xy = Xj.

Proof For any k € N with kv, < T, let gi(x) = E[g(Xkn,)] With Xg = 2. Since f € G, 4,
»/2 ¢ Gp,3 and g € Gy, 2 one can show, see (Blagovescenskii and Freidlin, 1961) or (Kunita, 1981,
Proposition 2.1), that there exists m € N and K > 0 such that for any k € N g, € C™(R? R) and

max {[|gr(@)l|, ..., V"™ gr(2) [} <KL+ [|2]") .

Therefore, g;, € Gy, With constants uniform in k& € N. In addition, for any k € N with kv, < T,

let hg)(x) = E [gr(Xk41)] with X, = = and h,(f) (2) = E [ge(X(k11)y, )] With Xp,, = z. Using
Proposition 28 we have forany £ € N, kv, < T

p (@) = b (@) < Ars {720+ )72 (e + )70 (1 ]
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Therefore, using Lemma 17 we have for any k € N with kv, < T and 5 < k,

B 12, (5) = b2 (X)]| < Aradrs {20k + 172 (e + 1)} (14 X0 ) |

, (36)

Now, let & € N with kv, < T and consider the family {(X])en : j =0,..., N}, defined by
the following recursion: for any j € {0,..., N} X! = Xo and for any ¢ € N:

(a) if € > j,

X

=X =+ 1) H(X], Zey)

(b) if £ < j, X}, = X/

(t+1)7a” where X%a = XZ and for any ¢ € [(y,, (¢ + 1)7,] we have

X} =X~ [ Gt o) VIO =2 [ (ko) S AXaB,

lya
We have
El9(Xnra) = (X0l = [E [9(XF) — (XD)] | = 3 [E [o(x]™) - g(xD)]| -
j=0
Using (36) we get

E [o(x7) = g(x))|

!
=
=
%

9(xi ™| x]]|
= ‘E[ k—j— 1 (X5) — hi(i)jq(Xj)”
< By {22 (k+ 172+ (k+ 170 L (14 X 7+)

< ACI (ke +1)72 (k4 1)~ ()

with Agpé > 0 which does not depend on k or v In addition, using Lemma 14 there exists Agr)g >0
such that

N—-1
Z {72(]{ + 1)—2& +'7(]€ 4 1)—(1+04)} < Ag?)g'y .
k=0

Combining these last two results concludes the proof. |

Appendix C. Strongly-Convex case (under A2-(a))

In this section, we gather the proofs for the study of the long-time behavior of SGD in the strongly
convex case. Note that all of our proofs are derived under A2-(a). We refer to Appendix D for
similar results under A2-(b). First, we start by deriving and proving our main results in the strongly
convex case both for the continuous-time and the discrete-time dynamics in Appendix C.1. Then, we
refine our study to explicit the dependency of the constant w.r.t. to the parameters of the problem in
Appendix C.2. Finally, we show that our results can be extended to cover the case where the strongly
convex assumption is replaced by a weaker Kurdyka-t.ojasiewicz condition, in Appendix C.3.
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C.1. Convergence results in the strongly convex case

First, we begin by deriving Corollary 30 which is a consequence of Theorem 5 and provides conver-
gence rates for (E [f(X;)]—minga f)¢>0. Then, we turn to the study of the discrete-time setting. We
start by giving the proof of Lemma 4. The discrete analogous of Theorem 5 is given in Theorem 31.
Similarly the discrete-time counterpart to Corollary 30 is given in Corollary 32.

Corollary 30 Let o,y € (0,1) and (X¢)¢>0 be given by (2). Assume A1,A2-(a), A3 and F1-(a).
Then there exists C' > 0 such that for any T > 0, E [f(X7)] — mings f < CT ™.

Proof The proof is a direct consequence of A1, (Nesterov, 2004, Lemma 1.2.3) and Theorem 5. B

Proof [Proof of Lemma 4] Assume that there exists n € N such that v,, > B, and let n
inf {n >0 : u, > B}. By definition of B we have n; > ng+1. Moreover we have u,, —un, -1
F(n1 —1, um,l). Since n; —1 > ng we get that Uy, — Un;—1 < As and Upy—1 = Un, — Ay > Ay
Consequently, F'(n; — 1,u,,—1) < 0and u,, < up,—1, which is a contradiction.

IA I

We state a discrete analogous of Theorem 5. Note that the proof is considerably simpler than the
one of (Bach and Moulines, 2011).

Theorem 31 Let v € (0,1) and o € (0,1]. Let (Xy,)n>0 be given by (1). Assume A2-(a) and
F1-(a). Then there exists Bs > 0 such that for all N > 1,

B Xy — %] < ByN~®
In the case where o = 1 we have to assume additionally that v > 1/(2p).

Proof Lety € (0,1) and a € (0,1]. Let (X,,)n>0 be given by (1). Using F1-(a) we get for all
n > 0,

B (101 o P[] =B [0 0"~ ) H (X Zu)|]
= X0 = ¥ + 420+ 1) | H(Xn, Zui) |7
—29(n+ 1) E[(X,, — «*, H(Xy, Zn+1))|Fn]
< 1 Xn = "7 + 220+ )72 [0+ VAP
—29(n+1)"X,, — 2", Vf(X,)) .
Therefore, we have
E 1 Xn41 - 2*|P]
<E [HXn — m*ﬂ [1-27(n+1)"*u+~%(n+ 1)L + ny?(n + 1) 72> . (37)
We note now u,, = E [HXn — x*]ﬂ and v, = n%u,. Using (37) and Bernoulli’s inequality we
have, foralln > 0

Unt1 — Up = (4 1)%Uupy1 — n%uy

— (0 1) (s — ) + im0+ 1)° — %)
< [-2vp+ 7 L2(n + )7 up + 72 (n + 1) 7% + upn® [(1+ 1/n)* — 1]
< [-2yp+ L2 (n+ 1)+ an® M u, + ny*(n+ 1)
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Therefore, in the case where o < 1, there exists ng > 0 such that for all n > ny,
Unt1 = U < =gty + 0y (n+ 1)7°
< —ypn” v, + 173 (n +1)7 < (n+ 1) (—ypvn +177) -

And in the case where o = 1, if v > 1/(2u) we have the existence of ny > 0 such that for all
nzni,

Unt1 —n < [(1/2 =) + L2 (0 + 1) 7% + an® M up + ny%(n+ 1)

Using Lemma 4 this shows that, for « € (0, 1], there exists a constant B3 > 0 such that for all
n > 0, v, < Bs. This proves the result. |

Using A1 and the descent lemma (Nesterov, 2004, Lemma 1.2.3) we have the immediate corollary

Corollary 32 Let o € (0,1] and v € (0,1). Let (X,,)n>0 be given by (1). Assume A1,A2-(a) and
F1-(a). Then there exists By > 0 such that for all N > 1,

E[f(Xn) — f*] <BsNT®.

If o = 1 we have also assumed that v > 1/(2p).

C.2. Quantitative constants in the strongly convex setting

We first state in Lemma 33 a specific version of Lemma 3 in the case where there exists ¢y > 0 such
that for any ¢ > 0 and F'(t,z) > —f(z)g(t) with f superlinear. In particular, this lemma allows
to obtain (i) an exponential forgetting of the initial conditions, (ii) a more explicit expression of
the constant appearing in Lemma 3. The improved version of Theorem 5 with explicit constants is
stated Theorem 34.

Lemma33 Let F € CHR. x R,R) and v € CY (R4, R.) such that for all t > 0, dv(t)/dt <
F(t,v(t)). Assume that there existf : R — R, g € C(R4,Ry), tg > 0, A > 0and > 0 such
that the following conditions hold.

(a) Foranyt >to, r € (0,1l andu > 0, rF(t,u) < F(t,ru).
(b) Foranyt > tyandu > 0, F(t,u) < —f(u)g(t).
(¢) Foranyu > A, f(u) > Pu.

Then, for any t > 0,

v(t) < max{A, exp[B(Glto) = G(1))] max v(s)},

with G(t) = [) g(s)ds.
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Proof Let T > 0 and vr(t) = v(t)exp|[p(G(t) — G(T))]. Using condition (a) and that G is
non-decreasing since for any ¢ > 0, g(¢) > 0, we have for any ¢ € (0, T

dor(t)/dt < exp[B(G(t) — G(T))]F(t,v(t) + Bg(t)vr(t) < F(t,vr(t)) + Ba(t)vr(t) -

Using this result and conditions (b)-(c), we have for any ¢ > t( such that vp(¢) > A

dor (1) /dt < —Hor(£))g(t) + Bor(t)e(t) < 0. (38)

Let B = max(A, max,cjo 4, v7(5)). Assume that A = {t € [0,T] : wvr(t) > B} # () and let
t; = inf A. Note that t; > g and vp(t;) > A. Therefore, using (38) we have dvp(t;)/dt < 0
and therefore, there exists 0 < to < t1 such that vp(t2) > vp(t1) but then to € A and ¢t < inf A.
Hence, A = () and we get that for any ¢ € [0, T|, vp(t) < B. Therefore, we get that for any ¢ > 0,

v(t) = vi(t) < max{4, exp[B(G(to) — G(1))] max v(s)},

which concludes the proof. |

Theorem 34 Let o,y € (0,1) and (X¢)i>0 be given by (2). Assume Al, A2-(a), A3 and F1-(a).
Then for any T > 0,

E[[[ X7 — a*|*] < max {4yan/p, CE[|Xo — a*|*] exp[-pu(va + T)' /(2 = 20)]} (ya+T) ™"

with
C = (14 n¥(a, to)) exp[u(ya + to)' /(2 = 20)] (Yo + t0)*

Proof Let o,y € (0,1] and consider £ : Ry — R, defined fort > 0by E(t) = E[(t + v4)*|| X —
2*||?], with 74 = v%/(1=®)_ Using Dynkin’s formula, see Lemma 48, we have for any ¢ > 0,

_ o €6 g, [ EMEXD] o, [ Y ds
£ =£0)+a [ = —|—/0’ya e Q/OE[(Vf(XS),XS ] ds .

We now differentiate this expression with respect to ¢ and using F1 and A2, we get for any ¢ > 0,

dE(t)/dt = a€ () (t + va) " = 2E[(V f(Xe), X¢ — 2*)] + Yo [Tr(S(Xe))] (¢t + 7a) ™
< af(t)/(t+ 7o) — 2UE[|X: — 2*[]] + van/(t + 7a)®
< F(t,E(t) = af(t)(t+7a) " = 2uE @)t + 7o) ™" + Yan(t +7a) "

where we have used in the penultimate line that Tr(X(x)) < 7 for any = € R? by A2. Let
to = max((a/ )17 — ~,. 74). We have for any t > to, and u > 0

F(t7u) < _f(u)g(t) ) g(t) = (t +’Yo¢)7a ’ f(u) = pU = Yall -

Hence the conditions (a) and (b) of Lemma 33 are satisfied. Let B = /2 and A = 4v,n/u. We
obtain that for any ¢ > ¢y and u > A, f(u) > pu/2 and therefore condition (c) of Lemma 33 is
satisfied. Applying Lemma 33, we obtain that for any £ > 0

E(t) < max(dyan/p, expl—u(ya +)7%/(2 — 22)]|B) ,
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with B = exp[u(ya + to)' /(2 — 2a)] max,cpo 1, £(s). We have that max e 4] £(s) < (to +
Yo)® maxgeo 1) B[|[Xs — 2*([]?. Using Dynkin’s formula, see Lemma 48, we have for any ¢ > 0,

E[IX¢ —a*l)* < E[IXo — 2*[]* + 0¥ (e to) ,
with
/(20— 1) if2a>1,
U(a,to) = { Yalog(va ' (fo +7a)) if2a=1,
Yalto + 7o) 72%/(1 — 2a)  otherwise .

We conclude the proof upon setting C' = (1 4+ n¥(a, tg)) exp[u(va +t0) /(2 — 2a)] (Yo + to)%.
|

C.3. Convergence results under Kurdyka-f.ojasiewicz conditions

We state now an equivalent result of Corollary 30 under weaker assumptions, namely the Lo-
jasiewicz inequality with » = 2, that we restate as it is usually given, with ¢ > 0, i.e., for any
x € R,

@) = fla*) < ellV @) (39)
Note that (39) is verified for all strongly convex functions (Karimi et al., 2016). The equivalent
of Corollary 30 is stated in Proposition 35 (for the continuous-time process). The equivalent of
Corollary 32 is given in Proposition 36 (for the discrete-time process).

Proposition 35 Ler o,y € (0,1) and (X;)i>0 be given by (2). Assume Al, A2-(a), A3 and that f
verifies (39). Then there exists Bs > 0 such that for any T' > 0,

E[f(Xp)— f*] <BsT *.

Proof Let a,y € (0,1) and (X;);>0 be given by (2). Without loss of generality we can assume
that f* = min,cga f(z) = 0. We note £(t) = (t + 7o) *E [f(X;)] and we apply Lemma 48 to the
stochastic process ((t + v4)“ f(X¢))t>0, and using A1, A2-(a), A3, (39) and Lemma 47 this gives,
forallt > 0,

t t
£ = £0) = [ ats+ ) EUX)ds - [ EB[I70K))] as
+00f2) [ (5-+0) "B [TV (XS] ds
d€(t)/dt < al(B)(t +7a) " = (L/)EWD)(E +7a) ™" + (Ya/2)Ln(t +7a) ™" -
We can now apply Lemma 3 to F'(¢,z) = az(t+va) "t — (1/0)2(t+7a) " + (Yo /2)L0(t + 7o)
with tg = (2ca)/(=%) and A = 2y,cLn, which shows the existence of B5 > 0 such that for all

t >0, £(t) < Bs, concluding the proof. [ |

And we now state its discrete counterpart, which is an equivalent of Corollary 32.
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Proposition 36 Let a € (0,1] and v € (0,1). Let (X,,)n>0 be given by (1). Assume A1, A2-(a)
and that f verifies (39). Then there exists Bg > 0 such that for all N > 1,

E[f(Xn) = "] <BeN ™.
In the case where o = 1 we have to assume additionally that v > 2/c.

Proof Let o € (0,1] and v € (0,1). Let (X,),>0 be given by (1). Let n > 0. Applying the
descent lemma (Nesterov, 2004, Lemma 1.2.3) (using A1) we get

E [f(Xn4)|Fal = E[f(Xn —v/(n + 1) H(Xy, Znt1))[Fn]
< J(Xa) =7/ (0 + DBV S(Xn) H(Xns Zns 1)) Fol
9/ (n+ 12 (/DB H (X, Zus)|” [ F)
< F(X0) = /(0 + D IV S (Ka) P + (L93/2) (0 + 1) [+ [V ()P
E[f(Xns1)] = f* S ELf(Xa)] = £ + 30+ DB VA [-1+ L/2) (0 +1) ]
+(Ly?/2)(n +1)7% .

This shows the existence of ny > 0 such that using (39) we have for all n > no,

E[f(Xnt1)] = F* SE[F(X0)] = £ = (1/2)(n+ D [|VF(Xa) ] + 142/2)(n + 1)
< (E[f(Xn)] = ) [1= (e /2)(n+ D)7 + (Ly?/2)(n + 1) 7> .
We note now for all n > 0, u,, = E[f(X,,)] — f* and v,, = n®u,,. We have
Unt1 — Up = (0 4+ 1)%upt1 — nuy
= (n+1)*(unt1 — un)) + up((n +1)* —n%)
< —(ye™/2)un + (Ly*n/2) (0 + 1)7% + uan® [(1+ 1/n)* — 1]
< un(—(7e71/2) + an7h) + (Ly*n/2)(n + 1)

Ifa<1,orifl —70_1/2 < 0 we have the existence of ng > no and B > 0 such that for all n > ns,

Upt1 — Up < _Eun + (L’YQU/Q)(TL + 1)—a
< {=Buvn + (L7°n/2)} (n+ 1)~

This proves the existence of Bz > 0 such that for all n > 0, v,, < Bg, which concludes the proof. B

Appendix D. Strongly convex case (under A2-(b))

This section gather the proofs for the study of the strongly convex case under A2-(b). It is the
counterpart of Appendix C. We start by establishing useful lemmas under A2-(b) in Appendix D.1.
Then we present the counterpart of the results obtained in Appendix C.1 in Appendix D.3.
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D.1. Technical results

We begin by several lemmas to control Tr ¥ and E[||V f]|2]. We will note Ly = 6L2 + 4L + 31.

Lemma 37 Assume A2-(b). Then, forall x € R? we have
/Z IV f (2, 2)|Pdn? (2) < Le(fla — 2*]* + 1) .
Proof Let z € R%. Using A2-(b) we have
L19FealPan? () = [ 197@.2) -V, 2) + Vi 2l (2
< 2/2 IVf(z,2) = Vfa*,2)|* + /Z IV f(a*, 2)[*dn? ()dn? (2)

< 2L2Hx — x*H2 + 27,

which concludes the proof. |

Lemma 38 Assume A2-(b). Then, for all z € R%, we have
Tr(2(z2)) < Lt (1 +lz— x*||2) .
Proof Let z € RY. Using A2-(b) we have
T(s(0) = T [(V7(0.2) = TNV Fe,2) - V1) an%())
= [19F@2) - Vi@lPan (s
= [I9f@.2) = V@ 2) + Vi, 2) - VH@)Par ()
<3 [ (I9F@2) = Vi Al + IVFa", 2 + IV @) dr()

< 6Lz — 2*||* +3n <Lp (14 ]z - 37*“2) ’

which concludes the proof. |

Lemma 39 Leta,b € R% Then ||a+ b|)* > |ja||* /2 — ||b]* .
Proof Let a,b € RY. Using the fact that 2zy < 2% + 22 /2 forall 2,y € R, we have

la+0]1* = llall* + [[b]* + 2(a, )
> flall* + [1ol* = 2lal loll > llall® + [IBl1* — 2 16" — llal* /2 > [lal* /2 — [[o]* -
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Lemma 40 Let f € C'(RY R). Assume that there exists L > 0 such that for any x,y € R%, V f is
L-Lipschitz. Then for any x € R?

[VF@)I” < 2L(f(2) ~ inf f) (40)

Proof Using (Nesterov, 2004, Lemma 1.2.3), we have for any z,y € R¢

f(y) = f(2) < (Vf(x),y — @) + (L/2) ly — =] .

We obtain (40) by minimizing both side of the previous inequality w.r.t. y. |

Lemma 41 Assume A2-(b). In addition, assume that f (+,2) is convex for all z € Z. For all
x € RY, we have

/Z IVF (2, 2)|*dn?(2) < Lt (f(2) — f(=) +1) .

Proof Letz € R?and z € Z. Using the smoothness and convexity of f (+, z), taking the expectation
and using Lemma 39 we have

fla,2) = fla*,2) 2 (Vf(a",2), 2 — 2*) + (1/2L) |V f (2, 2) — V[ (2", 2)|
f(z) = f(z*) = (1/2L)E[|V f(z, 2) = Vf(a*, 2)|?]
> (1AL)E(|V (2, 2)|*] = (1/2L)E[|[V f ()]

v

We conclude upon combining this result with Lemma 40. |

Lemma 42 Assume Al, A2-(b) and A3. Assume additionally that f(-,z) is convex for all z € Z.
For all x € R%, we have
Tr(E(2)) < Ly (f(z) — f(z*) +1) .

Proof Letz € R% Then using A2-(b) and Lemma 41 we have
Tr(2(e)) = | IVF(e.2) = Vi(a)|Pan? ()
= [I9F@ ) + IV @ - 2 @.2). Vi @)hn ()
= [ I9F@ )P () - [V 1@
< [ I9f@2)lPan(e) < L (1) = £ +1) |

which concludes the proof. |
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D.2. Equivalent to Appendix C.1

The equivalent of Theorem 5 and Theorem 31 are given in Theorem 43 and Theorem 44 respectively.

Theorem 43 Let o,y € (0,1) and (X4¢)¢>0 be given by (2). Assume Al, A2-(b), A3 and F1-(b).
Then there exists C > 0 (explicit in the proof) such that for any T > 1, E[[| X — 2*||?] < CT .

Proof Let o,y € (0, 1] and consider € : Ry — Ry defined fort > 0 by £(t) = E[(t +7a)*|| Xt —
x*||?], with 7 = 7*/(1=%)_ Using Dynkin’s formula, see Lemma 48, we have for any ¢ > 0,

E(t) = E(0) + 20) ds+/0 %W

0 S5+ Ya
We now differentiate this expression with respect to ¢ and using F1, A2 and Lemma 38, we get for
any t > 0,

ds — Q/OtE[(Vf(XS),Xs — )] ds .

dE(t)/dt = a&(t)(t +va) " — 2E [(Vf(Xe), Xi — 2)] + Y E [Tr(S(Xe))] (¢ 4+ 7a)
< a&(t)/(t+7a) — 2uB[IX¢ — 2*[*] + YaLt/(t + Vo)™ + YaLrE[|Xe — 2*[]*](t + 7a)™*
< aE)(t+7a) Tt = 2uE ) (4 Vo) T+ YLzt + Ya) " + YaLrE ()t + Vo) T2 .

Hence, using Lemma 3 we get, for any ¢ > 0, £(t) < B, which concludes the proof. |
Theorem 44 Let v € (0,1) and o € (0,1]. Let (Xy,)n>0 be given by (1). Assume A2-(b) and
F1-(b). Then there exists B3 > 0 such that for all N > 1,

E[|[ Xy — *|%) < BsN .
In the case where o. = 1 we have to assume additionally that v > 1/(2).

Proof Lety € (0,1) and a € (0, 1]. Let (X,,),>0 be given by (1). Using F1-(b) and Lemma 37
we get for all n > 0,

E X011 — 2" || 7] =E [Hxn A ) OV (X Zo) |

g
= X0 — 2*[” + 72 (n+ 1)"*E [HVJF(XM Z"H)HQ

g
—2y(n+1)"°E [(X,, — 2, VF(X,, Znﬂ))‘fn}
<X — 2| + L (0 + 1)72 14 | X — 2]
—29(n+1)" X, — 2", Vf(Xy)) .
Therefore, we have
E {1 X1 — 2]

<E [||Xn - mﬂ (1= 2y(n+ 1)+ +%(n +1)"2Ly] + Ly’ (n+1)72 . @41)
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We note now u,, = E [HXn - :c*]ﬂ and v, = n%u,. Using (41) and Bernoulli’s inequality we
have, forallm > 0

) g1 — nuy

) (tnt1 = un)) +un((n +1)% —n)

2yp +v°Ly(n + 1) up + Ley? (n + 1) 7% + wn® (1 + 1/n)* — 1]
[—2’pr + ’yzLT(n +1)7%+ omafl] Uy, + LT72(n +1)7*.

Unt1 —Up = (n+1
=n+1
<[-

<

Therefore, in the case where o« < 1, there exists ng > 0 such that for all n > ny,
Upt1 — Up < —YHUp + LT’VQ(TL + 1)—a
< —ypun” vy + Ly’ (n41)7%
< (n+1)"*(—=ypon +L1y?) .

And in the case where o = 1, if v > 1/(2u) we have the existence of ny > 0 such that for all
nzni,

Ul — Up < [(1/2 — ) + ”yQLT(n +1)7+ omo‘_l] Uy, + LTfyz(n +1)7>.

Using Lemma 4 this shows that, for a € (0, 1], there exists a constant B3 > 0 such that for all
n > 0, v, < Bs. This proves the result. [ ]

D.3. Equivalent to Appendix C.3

The equivalent of Proposition 35 and Proposition 36 are given in Proposition 45 and Proposition 46
respectively.

Proposition 45 Let o,y € (0,1) and (X¢)t>0 be given by (2). Assume A1, A2-(b), A3 and that f
verifies (39). Then there exists Bs > 0 such that for any T' > 0,

E [f(XT) — f*] < BT ¢.

Proof Let a,y € (0,1) and (X¢)¢>0 be given by (2). Without loss of generality we can assume
that f* = min,cga f(x) = 0. We note £(t) = (t + 7o) *E [f(X¢)] and we apply Lemma 48 to the
stochastic process ((t + va)®f(X¢))e>0, and using A1, A2-(b), (39) and Lemma 42 this gives, for
allt > 0,

)~ £0) = [ als+a0" B ds - [ B[k as

 (a/2) /0 (5 + 7a) " °E [Tr(V2 (X0 B(X,))] ds

dE(t)/dt < a€(t)(t +7a) " = (L/)E@)(t +7a) ™" + (Ya/2)LLr (1 + E[f (X)) (t + 7)™
< a€(t)(t+7a) 7 = (1/e)E)(t +7a) ™% + (Ya/2)LLrE(t)(t + 7a) >
+ (VQ/Z)LLT(t + ’Ya)ia .

We can now apply Lemma 3, concluding the proof. |
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Proposition 46 Let o € (0,1] and v € (0,1). Let (X,,)n>0 be given by (1). Assume Al, A2-(b)
and that f verifies (39). Then there exists Bg > 0 such that for all N > 1,

E[f(Xn)— f] <BsN .
In the case where o = 1 we have to assume additionally that vy > 2/c.

Proof Let o € (0,1] and v € (0,1). Let (X;)n>0 be given by (1). Let n > 0. Applying the
descent lemma (using A1) and Lemma 41 gives

E [f(Xn41) o] = E [£(Xa =7/ (0 + 1)V (X, Zot1) | Fa
< J(Xa) =7/ (0 + VOB [(V(Xa), VI (X, Zs))| Fo
+92/(n+ 1) (L/2)E [va(xn, Zn+1)H2‘}"n]
< J(Xn) =7/ (0 + D [V + (L2 /2) (n+ 1)L [1+ (X))
E[f(Xn)] - f* SE[f(Xa)] = £ = 3(n+ 1) °E [[V£(X,) ]
T (Lry?/2) (n+ 1) 7%+ (a7 /2) (n 4+ 1) (B [F(X0)] - /) -
This shows the existence of ng > 0 such that using (39) we have for all n > na,
E[f(Xar)] = £* < BLFX)] = £9) [1= (e /2)(n+ 1)) + (Lay?/2) (n+ 1) 72
We note now for all n > 0, u, = E[f(X,,)] — f* and v,, = n®u,. We have

n+ 1)%up+1 — nuy,
n+1)%(upt1 — un)) + un((n +1)% —n)

Vnt1 — Un = (
= (
< —(ye 1 /2)up + (LY*Lr/2)(n + 1) + upn® (1 + 1/n)* — 1]
< up(—(y¢7/2) + an® ) + (1L /2)(n + 1) .
Ifa<1,orifl —yc‘1/2 < 0 we have the existence of n3 > ny and B > 0 such that for all n > ns,
Ung1 — U < —Buy, + (L72LT/2)(n +1)7¢
< {=Bup + (Ly°L1/2)} (n+ 1)
This proves the existence of Bg > 0 such that for all n > 0,
un, < Bg

concluding the proof. |

Appendix E. Convex case (under A2-(a))

In this section we gather our results about the long-time behavior of SGD and its continuous-time
counterpart in A2-(a). In Appendix E.1, we derive technical results. In Appendix E.2 we provide
the proof of Theorem 6 (continuous-time setting). In Appendix E.3, we give the proof of Theorem 8
(discrete-time setting).
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E.1. Technical Results
Lemma 47 Let f € C?(R%,R). Assume Al and A2-(a). Then for any x € R? we have
[(V2f(@). @) <ty, [V @)Vf(@),Z@)] <n? V@)
Similarly, assume A1 and A2-(b). Then there exists C' > 0 such tha for any = € R% we have
(V2 (@), Z@)|CA+[2l”), V@) V@) Z@)] < CIVF@)]* @+ llz]?) .

Proof Letz € R%. Using Cauchy-Schwarz’s inequality, we have | (V2 f (), S(2))| < [V f(2)]|[|%(2)
where ||-|| is the operator norm and ||-||, is the nuclear norm. Using A1 we have ||V2f(z)| < L
for all z € R?. In addition, denoting (\;);c {1,....d) the eigenvalues of ¥(z), using that ¥ is positive
semi-definite and A2 we have

1S, = Sy [Nl = Sy A = Tr(S(x) <.

This concludes the first part of the proof. For the second part we have

k9

(Vf(@)Vf(@)",Z(2))| < o NIV @) < n? [V f@))*

which concludes the first part of the proof. The last part of the proof is an immediate consequence
of Lemma 15. u

The following lemma consists into taking the expectation in Itd’s formula.

Lemma 48 Let o € [0,1) and v > 0. Assume f,g € C?(R%, R), Al, A2 and A3 and let (X;)1>0
solution of (2). Then for any ¢ € C([0,400),R), Y € Foand E [|Y|]* + |g(Y)|] < +o0, we
have the following results:

(a) Foranyt >0,
E[IX: = YI?e()] = E [|1Xo = Y|* o(0)]
=2 [ G+ 9) RV X~ V)] ds
#70 [[Cat ) AR M ds + [ PERIX, - VIPNs. @

(b) Foranyt >0
E[(f(Xe) = g(Y)e(t)] = E[(f(Xo) — g(Y))»(0)]

- /O (Yo + 8)~p(8)E[| ¥ £(X,) | ds
 (a/2) /0 (o + 8) 2 (s)E [(V2(X.), £(X4))] ds
+ / J(S)E[f(Xs) — g(V))ds .

0
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(c) IfE[|Y||*"] < +o0, then for any t > 0
E[IX: = YIP o(t)] = B [IIX0 - Y[ (0)]
- 219/ (Ya + ) "@(s)E [(Vf(Xs),Xs —-Y)[IXs - YIIZ(”‘”} ds
0
7P / (Y + ) () | Tr(Z(X,)) 1%, = VPP ds
0
#2020 = 1) [ Ot ) () [(E0). (X = V)X = Y)Y X, - V[202] ds
+ [ ORI - gv)?) ds
0

(d) IfE[lg(Y)|P] < +oo, then for any t > 0

E[(f(X4) = 9(Y))Pe(t)] = E[(f(Xo) — 9(Y))P¢(0)]

=1 [ (o 9 (VSR (£K,) = 9V s
9 (p/2) /0 (o + ) () [(V2F(X,), S(X,)) ((Xs) — g(¥))P2] ds
+7ap(p —1)/2 /0 (Y + ) () [(VF(X) VF(Xo) T, B(X)) (F(Xs) = g(V))P
+ / & (S)E[(f(X,) — g(V))P)ds
0
Proof Let o € [0,1),y > 0 and (X¢)¢>0 the solution of (2). Note that for any ¢t > 0, we have

(X)t = Ya /0 (Vo + 8) 72 Tr(2(Xg))ds

We divide the rest of the proof into our parts.

(a) First, let y € R? and F, : [0,+00) x R? such that for any ¢ € [0, +o0), € RY, F,(t,z) =
o(t)|lz — y||*. Since (X;)>0 is a strong solution of (2) we have that (X;);> is a continuous semi-
martingale. Using this result, the fact that ' € C%2([0, +-00) ,R?) and It6’s lemma (Karatzas and
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Shreve, 1991, Chapter 3, Theorem 3.6) we obtain that for any ¢ > 0 almost surely
t t
Fy(t,Xt) = Fy(O,Xo) + / 81Fy(8, XS)dS + / <82Fy(S,Xs),dXs>
0 0
t
+1/2) [ (022F,(5,X).4(X).)
0
¢ ) ¢
= F,0.X0) + [ )X - ylPds+ [ (025 (5. X0).4X,)
0 0

(12 /0 (022F, (5, X,), d(X),)
t t
— F,(0,Xo) + /0 &(5) X, — gl ds — 2 /0 (o + 8) () (VF(Xo), X, — y)dls

+ 275/ / a4 ) ()X, — 3, B(X,) V2B,
0
t
e / (Yo + 5) 2% (s) Tr(Z(X,))ds . 43)
0

Using A1 have for any 2 € R?,

[(Vf(2),z =yl <[VFO) [z =yl + L]l =yl .

Therefore, using this result Lemma 17, Cauchy-Schwarz’s inequality and that E[||Y]|?] < +o0, we
obtain that for any ¢ > 0 there exists A > 0 such that

sup E[||Xs —Y|*] <&, sup E[[(VF(X,), X, —Y)|[] <A. (44)
s€[0,¢] s€[0,t]

In addition, we have using Lemma 15 that for any ¢ > 0, E[| Tr(X(X,))|] = E[Tr(2(Xy))] <
C(1 + A) if A2-(b) holds or E[| Tr(3(Xs))|] = E[Tr(2(Xs))] < 75 if A2-(a) holds. Combining
these results, (44), (43), that ([} (Y + )" p()(X: — ¥, B5(X;)/2dB;))e>0 is a martingale and
Fubini-Lebesgue’s theorem we obtain for any ¢ > 0

E () IX: = YI?| = E[E [Fy (¢ X0)| Fo]]
t
=B [p0) %o~ V1P| + [ (0 [1%, - V)] as
=2 [ (a4 8) RSB (VI(X.). X, V)] ds
0
t
- /0 (e + 8)~2%()E [Tr(Z(X,))] s ,

which concludes the proof of (42).

(b) Second, let y € R? and F : [0, +00) x R? such that for any ¢ € [0, +00), x € RY, F(t,2) =

o(t)(f(x)—g(y)). Using that (X;)> is a continuous semi-martingale, the fact that F' € C12(]0, +-00) , R?)
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and It6’s lemma (Karatzas and Shreve, 1991, Chapter 3, Theorem 3.6) we obtain that for any ¢ > 0
almost surely

Fy(t,Xt):Fy(O,XO)+/t81Fy(s,X8)ds+/t(82Fy(s,X5),dXs>
0 0
+(1/2) / (022F (5, X,), d(X).)
— Fy(0,X0) + / &(5)(F(Xs) - g(y))ds + / (02F (5, X,), dX,)
0 0

+(1/2) / (022F (5, X,), d(X).)

— F,(0,Xo) + /0 &(5)(f(Xa) — g(y))ds — /0 (o + 5)~ () [V £ (X4 [2 s
INTE /0 (o + 5) " 0(5)(V £(X.), B(X,) V2dB,)
T (a/2) /0 (o + 8) 25 (V2 £(X.), B(X,))ds

Using A1 and that for any a,b > 0, (a + b)? < 2(a® + b?) we have for any z,y € R,

(@) =g()] < [FO)HIVFO)lll+T/2) > +gw) V(@) < 2V FO0)I*+2L? ] .

Therefore, using this result Lemma 17, Cauchy-Schwarz’s inequality and that E[g(Y)?] < +o0, we
obtain that for any ¢ > 0 there exists A > 0 such that

sup E[|f(Xs) —g(Y)] <A, sup E[[VF(X)[?] <A, sup E[{VZf(X,),5(X,))|] <A,
s€[0,t] s€[0,¢] s€[0,¢]

Combining this result, Lemma 47, the fact that (fot (s (Vf(Xy), 2(X,)2dB,))>0 is a martin-
gale and Fubini-Lebesgue’s theorem we obtain that for any £ > 0

EF)(1, X)) = E[E [Fy (, X0)| o]
t
= Blp0)(/(Xo) ~aM)] + | ¢ GB[FX0) ~g(r))]ds
= [ Gt e [V ORI as

+ (’Va/2)/0 (Yo +5)*%(s)E [(V2f(Xs), B(Xs))] ds -

(c) Lety € R%and F, : [0,+00) x R? such that for any t € [0,+00), 2,y € RY, F,(t,x) =
©(t) ||z — y||*P. Using that (X;);>0 is a continuous semi-martingale, that F, € CH2(]0, +00) , R?)
and Itd’s lemma (Karatzas and Shreve, 1991, Chapter 3, Theorem 3.6) we obtain that for any ¢ > 0
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almost surely
Fy(t,Xy) = Fy(0,Xo) + /Ot 01 Fy (s, X)ds + /Ot<62Fy(S,XS),dXS>
+(1/2) /O (O (5.X.), d(X)s)
= B0.X0)+ [ GO % o ds [ (08 X0.0%)
+(1/2) /0 (O (5.X.), d(X)s)
= B0.X0)+ [ 61X, ol s
=20 [t ) ) TS X~ ) %)~ P s
+ 2l [ a3 )X~ BOK) X, — 27 B
[ ot ) 6l6) TS [ — 0 s
t
200 = 1) [ (a3 6)(K = ) (K = 9)T DX X =9l s

Using A1 and that for any a,b > 0, (a + b)? < 2(a® 4 b?) we have for any z,y € R?, Therefore,
using this result Lemma 17, Cauchy-Schwarz’s inequality and that E[||Y'||?] < +o0, we obtain that
for any ¢ > 0 there exists A > 0 such that

sup E[IX, ~ VPP <&, swp E[[(V/(X), X, = V) X, - V[P0V <&,
s€[0,2] s€[0,1]

and
sup E [|ZV2(X)[ X, = Y7 <E, sup E[IIR(X,)] X, - "] <&
s€[0,4] s€[0,t]

Combining these results, Lemma 47, that (fot () (Vf(Xs), 2(X)2(f(Xs)—g(Y))P1dBs)) >0
is a martingale and Fubini-Lebesgue’s theorem we obtain that for any £ > 0

E [Fy(t,Xy)] = E [E [Fy (¢, X¢)[| Fo]

— _ 2p ! '(s . 2p s

~E [@(0) 1Xo = Y| ] +/0 o' (s)E [HXS Y| }d

- 2?9/0 (Y + )G (5)E [(VF(X,), X, = 9) [Xs) = yl*#~"] ds

+ ’Vap/o (Yo + 8) 7 *p(s)E [TF(E(XS)) X — yH%”‘l)} ds

+ 27ap(p — 1) /0 (Yo + 5) >*@(s)E [((Xs —y)V(Xs —y) ", B(X)) IXs — yHQ(p‘Q)} ds .
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(d) Lety € R¥and F : [0,+00) x R? such that for any t € [0,+00), z,y € RY, F(t,x) =
o) (f(x) — g(y))*. Using that (X;);>0 is a continuous semi-martingale, the fact that F €
C12([0, +00) , R?) and It6’s lemma (Karatzas and Shreve, 1991, Chapter 3, Theorem 3.6) we obtain

that for any ¢ > 0 almost surely
Fy<t,Xt) = Fy(O,XO) + /t ale(S,Xs)dS + /t<82Fy($,XS), dXs)
0 0
+(1/2) /0 (05F, (5, X4), d(X).)
= Fy(0,Xo) + / &(5)(F(X,) — g(y))ds
0
b @R (6:X0, 4% + (1/2) [ (02085, X.),4(X).)
0 0
= B0.X0) + [ PE0X) - gl)Pds
0
2 / (o 5)20(5) [V FX) 2 (F(Xs) — 9(1))*® Vs
g2 /0 (o ) 0(5)(V F(X,), S(X0) V2(F(Xs) — g(1))2PDdB,)
- / (o + )20 ()(V 1 (X,), S(X))(F(Xs) — g(y))*# Vs

20 =1) [ 0 9700 (VX TLK) T BEDFK) = 90?0

Using A1 and that for any a,b > 0, (a + b)? < 2(a® + b?) we have for any z,y € R,
[f(@) = g(u)|* < 42PHFO)PF + 427V FO) P2l + (4P 71L/2) |2 ]|* + 4P~ g (y)
IVf@)I? < 2|V O + 202 2| .

Therefore, using this result Lemma 17, Lemma 47, Holder’s inequality and that E[g(Y)?] < +o0,
we obtain that for any ¢ > 0 there exists A > 0 such that

swp E[If(Xe) —gM)”] <&, sw E[IVSX)II£(X) - g(V)PP ] <&,
s€[0,t] s€[0,t]
sup B [[(VA(X) VAT BEX) = g(¥)P0 2] <8
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Combining this result, Lemma 47, that (f(f PNV F(Xs), Z(X)Y2(f(Xs) — g(Y))P~1dBy) )0
is a martingale and Fubini-Lebesgue’s theorem we obtain that for any ¢ > 0

B[t X0l = E[E (R (. X)| ]
— B [pO)/(X0) ~ 9V)?) + [ ¢ [(FX.) 1)) as
=2 [ Gt ) I [IVAO) I (F(X) - 90"V s
0
00 [ (a5 (008 (270K, BN X) 1)) as
+2plp = 1) [ (n+9) (8 (VXTI T X)) - o1)P0 2] s

The following lemma is a useful tool that converts results on C? functions to C! functions.

Lemma 49 Assume A1, F2-(a), A3 and that arg min,cpa f is bounded. Then there exists ( f:)e>0
such that for any € > 0, f. is convex, C? with L-Lipschitz continuous gradient. In addition, there
exists C > 0 such that the following properties are satisfied.

(a) Foralle >0, f. admits a minimizer x% and lim sup,_, f-(x%) < f(z%).
(b) liminf._,o ||z%]| < C.

(c) forany T > 0, lim. o E[|fo(X7) — f(X7)|]] = 0, where (Xy.)i>0 is the solution of (2)
replacing f by f-.

Proof Let o € C°(R% R, ) be an even compactly-supported function such that Jpa p(z)dz = 1.
Forany e > 0and z € R?, let p.(x) = e %p(x/c) and f. = . * f. Since p € CX(RY, R, ) and is
compactly-supported, we have f. € C*°(R%, R). In addition, we have for any ¢ > 0, (Vf). = V f..

First, we show that for any ¢, f. is convex and V f. is L-Lipschitz continuous. Let ¢ > 0,
z,y € R¥and t € [0, 1]. Using F2-(a) we have

fs(tw + (1 - t)y) f(tx + (1 - t)y - 2)@6(2:)(12’

/ (@ —2) + (L— ) f(y — 2)} pel2)dz
<tf€ ) (l_t)feS( )

Hence, f- is convex. In addition, using A1 and that fRd ©ve(2)dz = 1 we have

IVfe(z) = V() < /Rd IVf(x —2) = V[(y—2)ll¢e(2)dz <Lz -yl ,

which proves that V f. is L-Lipschitz continuous.
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Second we show that f. and V f. converge uniformly towards f and Vf. Lete > 0, z € R%
Using the convexity of f and that ¢, is even, we get

o) = @) = [ (fo=2) = Fla)pe(az
- [ (V@) ez
Rd

v

> —(Vf(a), |zl 20, (45)

Conversely, using the descent lemma (Nesterov, 2004, Lemma 1.2.3) and that ¢, is even, we have
o) = @) = [ (fo=2) = fla)pu(n:
< [ (FV8@.2) + @/ 1) wue)as

<@ [ R le el < w2 [ ol etwdn. @6)
Combining (45) and (46) we get that lim._q || f — f-||co = 0. Using A1 we have for any z € R?
IVfe(z) = V@) < [[(Vf)e(z) = V()]
< [ IVf@=2) = Vi@l <1e [ el
Hence, we obtain that lim._,¢ ||V fe — Vf|looc = 0. Finally, since f is coercive (Bertsekas, 1997,
Proposition B.9) and (f:).~o converges uniformly towards f we have that for any ¢ > 0, f. is

coercive.
We divide the rest of the proof into three parts.

(a) Lete > 0. Since f; is coercive and continuous it admits a minimizer x%. In addition, we have
fe@l) < fe(@) < f(@) + 1 fe = flloo - 47

Therefore, lim sup,_,q f-(z%) < f(z*).

(b) Let e € (0,1]. Using (47), we obtain that |f.(2*)| < [f(2*)] + sup.c(o,1) [|fe — flloo- Since

[ is coercive, we obtain that (z7).c(o,1) is bounded and therefore there exists C > 0 such that
liminf. o ||2%]| < C.

(c) Lete > 0,7 > 0 and (X;.)¢>0 be the solution of (2) replacing f by f.. Using (2), the fact
that lim._, ||Vf — Vf:]|loo = 0, Al and Gronwall’s inequality (Pachpatte, 1998, Theorem 1.2.2)
we have

2]

T
< 29,27 /0 EIV/(Xee) = VAX)?] dt + 29272V f = V|

T
E [|Xre - Xr|] SE” JRCE R A R AT

T
<2027 [ B [|Xee = X d 4 2002077 VS - VLI
0

< 29, 2TV f — Vfo||% exp [2Ly, 2 T?] . (48)
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Therefore lim,_,o E [HXT,e — XT||2] = 0. In addition, using the Cauchy-Schwarz inequality, A1
and Lemma 17 we have

1
E(lf(Xre) — F(Xr)[] <E [ [ 1950k + e — X)X~ XTudt}

SE[(IXrell + Xz || + [[2* DI X7, — X|]

<32 (a2 + E[1Xr ] + B [1Xrel] ) B 1% - X7
< 812l |+ 2A7.0) Y201 + [leol) 2B [1Xre - X)) (@0)
Therefore, using (48), (49) and the fact that lim._,¢ || f — f|lcc = 0 we obtain that
lim B[] fe(Xre) = f(Xr)[] < Im E[|f(X7e) = f(Xr)[] + lim [ f = felloo = 0,
which concludes the proof.
|

Lemma 50 Letx,y > 1. Leta € (0,1/2]. Ify < x then x* — y® < x1=% — yl=2,

Proof Let A\ € (0,1) such that y = Az. Then 2% — y® = z%(1 — \?) < z!79(1 — A7) =
r!7® —yl=%becausex > 1, A< landa <1 — . [ |

E.2. Proof of Theorem 6

In this section we prove Theorem 6. We begin with Lemma 51 which is a useful result to bound
E[||X;—a*||?]. Then, we introduce the averaging process in (50). The study of this process is central
in our proof. First we establish Lemma 52 which allows to control the time-derivative of the process
S. We show that the difference E[f(X7)] — f* can be rewritten as the sum of three terms involving
S. We bound each one of these three terms in Lemma 53, Lemma 54 and Lemma 55, concluding
the proof of Theorem 6. We finish this section with a proof of Corollary 7 which extends our result
to the case where f € C'(R% R).

Lemma 51 Assume F2-(a). Let (X¢)i>0 be given by (2). Then, for any o,y € (0,1), there exists
Cgclé > 0and Céc()x > 0 and a function <I>£5 ) Ry — Ry such that, for any t > 0,

E[[X; — 2% %] < ¢\ @) (¢ + ) + C52 -

Neallo"

And we have
=2 ifa<1/2,
®)(1) = {log(t) ifa=1/2,
0 ifa>1/2.
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The values of the constants are given by

Yan(1 —2a)7t ifa<1/2,

=S yan ifa=1/2,

0 ifa>1/2.

X — o o<1/,
céc,l = | Xo — 2*]* — yanlog(Ya) ifao=1/2,

1Xo — a*[2 + (20 — )72 2 ifa>1/2,

Proof Let o,y € (0,1) and ¢ > 0. Let (X¢)¢>0 be given by (2). We consider the function
F:R x R? — R, defined as follows

V(t,z) e R x RY, F(t,z) = ||z —z*|* .

Applying Lemma 48 to the stochastic process (F'(¢, X¢)):>0 and using F2-(a) and A2-(a) gives that
forall¢t > O,

E (1% - " I| — E [IXo — "]

T

T
S / (4 7a) (X, — 2, VF(X)dt + / a4 7a) 2 Tr(2(X,))dt
0 0

T
< ’yan/ (t+7a) 72t .
0

We now distinguish three cases:

(a) If & < 1/2, then we have
E[IX: = o*[17] < X0 = "I +7an(l — 20) 7 (T +7a) 72 = 7372%)
< 1Xo — 2% + van(l — 20) H(T + 7a) 72 .
(b) If « = 1/2, then we have
B {11 — 2*11] < X0 — 2* 2 + van(og(T +7a) — log(1a))
< Yanlog(T + 7a) + [ Xo — 2*[|* — vanlog(1a) -
(c) If @« > 1/2, then we have
E[IX: = 2*[17] < X0 = "7 + an(l — 20) 7 (T +7a) 72 = 4272)
< [ Xo — 2*|° + (2 — 1) 719272
[ |

We now turn to the proof of Theorem 6. Let f € C?(R%, R). Lety € (0,1) and o € (0,1/2] and
T > 1. Let (X¢)>0 be given by (2).
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Let S : [0,7] — [0,400) defined by

{s<t> =t [ AE[f(X)] - fHds,  ift>0,

(50)
S(0) =E[f(XT)] , otherwise.

With this notation we have
E[f(X7)] = f*=5(0) = S(1) +5(1) = S(T) + S(T) — f*.

We are now going to control each one of the three terms (S(0) —S(1)), (S(1)—S(T)), (S(T)— f*)
as follows:

(a) Case S(1) — S(T') (Lemma 53): we adapt the idea of suffix averaging of Shamir and Zhang
(2013) to the continuous-time setting. In particular, we control the time-derivative of .S in Lemma 52.

(b) Case S(T) — f* (Lemma 54): this result is known and corresponds to the optimal convergence
rate of the averaged sequence towards the minimum of f. We provide its proof for completeness.

(c) Case S(0) — S(1) (Lemma 55): this last term is specific to the continuous-time setting and is a
necessary modification to the classic averaging control of S(e) — S(7'), established in Lemma 53
for ¢ = 1, which diverges for € close to 0.

Before controlling each one of these terms we state the following useful lemma, which will allow
us to control the derivative of .S.

Lemma 52 Assume Al, A2-(a), A3, and F2-(a). Then, for any o,y € (0,1), T > 0, u € [0, T
and Y any R%valued random variable such that E[||Y — 2*||?] < C%?L@&C) (T + va) + Cgi with
Cgc) and c°)

o 5 o, given in Lemma 51, we have
b b

T
/T_ E[f(Xe) = f(Y)]dt < (C1/2) (T + 7va)* = (T —u+7a)%)
+ (1/2)(T — v+ 70) “E[|| Xr—u — Y[|?]
+(C1/2) (T +7a)' ™ = (T = u+7a)' ") 10g(T + 7a) ,

with C; = max(4cgf()x, (Yam + 4040&%)(1 — )b, with Cgcié and Cgcié given in Lemma 51.
Proof For any xy € R? we define the function Fpy Ry x R? — R by

Fay(t,2) = (t+7)* |z = 2ol . (51)
Using Lemma 51 and that for any a,b > 0, (a + b)? < 2a® + 2b%, we have

E[I1X: - Y| =E[I(Xe — ) + @ V)P

< 2E X, - ¥ + 2B |||y — 2*|]

< 200 @ (t + 7a) +4CY), + 2010 @ (T + 74)

< 20198 (t 4 70) + 2612, 2 (T +70) + 5
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with €y, = 4c}’)

et 2,

. This gives in particular, for every ¢ € [0, 77,

(t+7a)* 'E [th . Y;ﬂ < {cgfg + 2010 (T +7a) 2 log(T + %)} (t+7)*" (52)
+ 217 10g(T + 7a) (t +7a) " ,

with Cgc()l = 0if a > 1/2. Notice that the additional log(T" + ) term is only needed in the case
where o = 1/2. For any (¢, z) € R, x R%, we have

OrFy(t, ) = alt +72)* " ||z — wo|*
O Fpy(t,x) =2(t +va)¥(x — o), OpaFuy(t,x) = 2(E 4+ v4) .

Using Lemma 48 on the stochastic process (Fy (t, X;)):>0, we have that for any u € [0, T

E[Fy(T,X7)] —E[Fy (T —u, Xp_y)]
r a—1 2 T
- / oft +90)* B [IX, - Y] di — 2 / BIX,— Y, VAt oy

T—u T—u

T
4 / Yot + ) E [Te(S(X,))] dt .
T—u

Combining this result, F2-(a), A2-(a), (51), (52) and (53) we obtain for any u € [0, T

~ (T = u+7)°E | [ X7 = Y]
©) T T

< C3q . alt + 'Ya)a_ldt + Ma /T (t+7a)dt
—u —u
T

T
+2a¢\) 1og(T + 7a) {/ (t 4 o) ~¥dt + (T + 7o) 2 /

(i + Wldt}
T—u T—u

T
2 [ BIK) — £

<@+ = (T —utaa)) =2 [ B[X) - SVt

+ (Yan +2aC\ ) (1 = @) (T +72)' ™% = (T = u+ 7)) log(T + 7a)
+ 2649 Tog (T + 7o) {(T + 7a)®* = (T = 1 +72)} (T + 7a) 2 .

Therefore, we get for any u € [0, T

T
| BLAK) = F)d < (@/2) (T ) = (T = ut 7))
+ (1/2)(T = u+7a)°E [ X7 — Y]
+ (C1/2> ((T + ’Ya)lia - (T —u+ ’Ya)lia) log(T + ’Yoz) )

with C; = maX(Ci(,fL, (Yam + 404(352)(1 —a)™). u
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Lemma 53 Assume A1, A2-(a), A3, and F2-(a). Then, for any a,y € (0,1) and T' > 0 we have

S(1) = S(T) < 21 1og(T + 7a) log(1 + T)(T + 7o)~ ™=,
with S given in (50).
Proof In the case where o < 1/2, Lemma 50 gives that for all u € [0, T7:
(T +7)* = (T —u+7)") < (T +7) " = (T —u+7)"7%) ,
and we also have, for all u € [0, T):

(T 4+ 7)) = (T + 4 — u)t™®
= (((T+7)"" = (T+ 90— )" )T +7)* + (T + 70 — u)*))
X (T +90)" + (T 479 —w) )
<((TH+7) — T+ —w)+ (T +7%) T+ 70— )
—(T+7a)* (T + 7o — )" ™%) X (T +7a)"* < 2u/(T +7a)" -
And in the case where « > 1/2, for all u € [0, T7:
(T+79)" = (T = u+7)") < (T +7)* = (T —u+72)") ,

and we also have, for all u € [0, T:

(T+7a)* = (T + Yo —u)®
= (T +7)* = (T + 70 =) ) (T +7)" "+ (T + 70 —u)' ™))
(T +9a) " + (T + o — ) ™)~
<((T+72) = (T+70 —w) + (T +7)* (T + 70 —u)' ™

—(T +79) T+ 70 —w)*) X (T +7a) T < 2u/(T +72) 7.

Now, using Lemma 52 with Y = X_,, we obtain, for all u € [0, T7:

T
E [ F(Xe) = f(Xp_y)dt| <2C11log(T + v )(T + %t)_mm(a’l_o‘)u .

T—u

Since S is a differentiable function and using (55), we have for all u € (0,7),

T
S'(u) = —u_Q/ E[f(Xo)]dt + u ' E[f(Xr-u)] = —u"(S(u) = E[f(Xr-u)]) -

T—u

(54

(55)

This last result implies —S’(u) < 2C1 log(T + 7a)/(T + 7o)~ ™®(@1=)y~1 and integrating we

get |
S(1) = S(T) < 261 1og(T + 7o) log(T)(T + 7o)~ ™01 =),
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Lemma 54 Assume A1, A2-(a), A3, and F2-(a). Then, for any a,y € (0,1) and T' > 0 we have
S(T) — f* < 20, T~ ™10 J6g(T 4 ~,,) |
with S given in (50).

Proof Using Lemma 52, withu = T and Y = 2*, and || Xy — 2*|| < C; we obtain

T
/0 E[f(Xs)]ds — Tf* < (C1/2) (T +7a)* = v5 + {(T + )"~ =7} 10g(T + 7a))
+ (1/2%E |[Xo - 2*|°] -
Using this result we have

S(T) - f*< T71C1(T + fya)max(lfa’a) log(T + va)
+ C1vaT /2 < 20,7~ ™M@= 100 (T + 7,) .

Lemma 55 Assume A1, A2-(a), A3, and ¥2-(a). Then, for any o,y € (0,1) and T > 0 we have
S(0) - (1) < CILT - 1)2,
with S given in (50).

Proof We have

T
5(0) = 5(1) =E[f(Xr)] = 5(1) = / (E[f(Xr)] —E[f(Xs)]) ds . (56)

T-1

Using Lemma 48 on the stochastic process f(X¢);>0 and A1, we have forall s € [T'— 1,7
E[f(Xr)] - E[f(X)]

T T
= —/ (%H)QEHIVf(Xt)HQ]dH(L/2)'Ya/ (t+ 7a) 2B [Te(S(X))] dt

T
< (1L/2)7a / (+ 70) ~20dE < (CIL/2)(s5 + 70) 2 (T — 5)

Plugging this result into (56) yields
T
SO) - 50) < @L/2) [ (T=s)(s+0) s SGLIT ~14+790) > SQLT — 1) 2.
T—1
|

We now give the extension of Theorem 6 to the case where the function f is only continuously
differentiable and such that arg minga f is bounded, see Corollary 7.
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Proof Let o,y € (0,1] and T > 0. (f:)e>0 be given by Lemma 49. Let 6 = min(a, 1 — a). We
can apply, Theorem 6 to f, for each € > 0. Therefore there exists C§C> such that

E[f(Xr0)] = f(a?) < ¢ [log(T)* T~ +log(D) T + T~ +(T=1)7] . (57)
where (X ¢ )¢>0 is given by (2) with X; = z (upon replacing f by f.) and
Cgc) = 4max(2C§fL +2||xg — :c;H2 y (Yam + 20(C§?L)(1 —a)™ ).
Using (57) and Lemma 49 we have

E[f(Xr)] - f* < liminf B [£2(X,.)] — lim sup fo(a?)

e—0

<liminf {E [f.(X¢e)] — fo(22)}

e—0

< lim nf ¢ [1og(:r’)2T*‘S +log(T)T™° + T + (T — 1)*%}
e—

<cl [1og(T)2T—5 +1og(T)T 0+ T7% + (T — 1)—2a] :

with €} = 3max (265", +4 |0 |*+4C2, (1a7+2C1 ) (1—a) 1), where C' = maxcarg min, £ ¥l
|

E.3. Proof of Theorem 8

In this section we prove Theorem 8. The proof is clearly more involved than the one of Theorem 6.
We will follow a similar way as in the proof of Theorem 6, with more technicalities. Again, one
of the main argument of the proof is the suffix averaging technique that was introduced in (Shamir
and Zhang, 2013). We begin by the discrete counterpart of Lemma 51 in Lemma 56. Proposition 57
is a first step towards proving Theorem 8. It provides suboptimal bounds for E[f(X,,)] — f*. In
order to prove this proposition, as in the continuous-time case, we introduce the averaged process
in (60). First, we control its derivative in Lemma 58 (which is the discrete-time counterpart of
Lemma 52). Then, we rewrite E[f(X,,)] — f* as a sum of two terms involving .S, which we bound in
Lemma 59 (discrete counterpart of Lemma 53 and Lemma 55) and Lemma 60 (discrete counterpart
of Lemma 54). This concludes the proof of Theorem 8 using our original bootstrapping technique.
Finally, we conclude this section with an extension of our result to the case where V f is bounded
and no longer Lipschitz continuous in Corollary 61.

Lemma 56 Assume Al, F2-(a), A2-(a). Then for any o,y € (0, 1), there exists Cfg{ > 0, C(d) >0

2,0 =
and a function @&d) : Ry — Ry such that, for any n > 0,

£ HXn - x*HQ} <cPeDn+1)+cih .

Neulo"

And we have
=2 jfa <1/2,
(1) = S log(t) ifa=1/2,
0 ifa>1/2.
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The values of the constants are given by

2v2n(1 —2a)7 ! ifa<1/2,

d .
ci = {2 ifa=1/2,
0 ifa>1/2.
2maxyc(p /0 B || Xi — 2*|? ifo<1/2,
d .
c) = $ 2maxg_ (o1 /e E ([ Xk — 2*|2| + 297 ifa=1/2,

2maxy (1. /9y1/0 B || Xk — o2 +v2n(2a — 1) ifa>1/2,

Proof Let f : R? — R verifying assumptions A1 and F2-(a). We consider (X, ),,>0 satisfying (1).
Let 2* € R? be given by F2-(a). We have, using (1) and A2-(a) that for all n > (yL/ 2)1/ o
E [||Xn+1 - w*H2’fn] _E [HXn 2 —y(n+ 1) H(X,, ZnH)HQ‘fn}
= 1 X5 — ¥ | = 29/(n + D)™(Xn — 2" E[H(Xn, Zns1)|Fal)
+72(n+ 1) || H (X0 Zos) | 7]
= | X0 — 2*[* = 29/(n+ 1)*(X,, — 2%, V(X))
920+ 1)72E [| H(Xn, Zas1) = VF(X0) + V£ G)|2| 7
= [1Xn — 2*[* = 29/(n + 1)*( Xy, — 2%, V f(X0))
720+ 1) [ H (X, Zns1) = VI (X0) | F]

+ 92 n+ )72 (E |9/ (Xa) || 7]
+ 2B [(H (X, Zni1) = VF(X0), V(X)) Fa] )

= 1 Xn — 2|2 = 29/ (n+ 1) (X — &%, TF (X)) + 72000 +1) 72

(0 + 1) V£ () |
< X0 = | = 29/Lin + D)™ VAKX + 2P0+ 1)~

720+ 1) V£ ()|
< X =21 +7/(n + DIV X [/ (n+ 1) = 2/1] +9%n(n + 1)~
< X0 — 7P + 9P+ 1) 72
SE[I1X0 = I + 40+ )72, (58)

where we used the co-coercivity of f. Summing the previous inequality leads to
n
E (X0 - *IP] — E [ X0 - *IP] <220 > k72
k=1

As in the previous proof we now distinguish three cases:
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(a) If « < 1/2, we have

E (11X, - ¥ < I1X0 - 2*[” +4%n(1 = 20) "} (n + 1)1 7%
< || Xo — 2*|* + 29*n(1 — 2a) " Inl 2

(b) If « = 1/2, we have
E[IXn = 2*117] < 1X0 = 2*I” + 4?n(log(n) +2)

(c) If a > 1/2, we have
E|I1Xn = 2*?] < [1Xo —a*” +4%n(2a = 1)7".

We now turn to the proof of Theorem 8 by stating an intermediate result where we assume a
condition bounding E[||V f(X,,)||?]. This proposition provides non-optimal convergence rates for
SGD but will be used as a central tool to improve them via a bootstrapping technique and obtain
optimal convergence rates.

Proposition 57 Let v, a € (0,1) and zo € R and (X,,)n>0 be given by (1). Assume A1, F2-(a),
A2-(a). Suppose additionally that there exists o € [0,1/2], 5 > 0 and Cy > 0 such that for all
neN

Co(n+1) log(n+1) ifa<a*,

59
Co ifa>a*. >9)

E[|Vf(X)|?] < {
Then there exists (NJOC > 0 such that, for all N > 1,
E[f(Xn)] = f* < Ca {(1+10g(N + 1))2/(N + )™=, (N +1) + 1/(N +1)} |

where for any n € N
G,y - [P0+ ToB) <o,
1 ifa>a*.

Proof Let o,y € (0,1) and N > 1. Let (X,,)n>0 be given by (1). The proof is a straightforward
application of Lemma 59 and Lemma 60 below with C,, = 2max((27) 1 | X — 2*||*,2¢@). m

Let (Sk)keqo,.,n} be given for any k € N by

N

Sp=(k+1)"" > E[f(X)] . (60)

t=N—k

Note that E[f(X )] — f* = (Sny — So) + (So — f*). We are now going to control each one of the
two terms (Sp — Sy) and (Sy — f*) as follows:
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(a) Case S, — Sp (Lemma 59): this is an adaption of the idea of suffix averaging of Shamir
and Zhang (2013) to our setting (one of crucial difference lies into the control of the sequence
(E[V f(X,)]?)nen which is assumed to be uniformly bounded in Shamir and Zhang (2013)). In
particular, we control the (discrete) time-derivative of .S in Lemma 58.

(b) Case S(T') — f* (Lemma 60): this result is known and corresponds to the optimal convergence
rate of the averaged sequence towards the minimum of f. We provide its proof for completeness.

Before controlling each one of these terms we state the following useful lemma, which will allow
us to control the derivative of S.

Lemma 58 Assume Al, A2-(a), and F2-(a). In addition, assume that (59) holds. Then, for any
a,vy € (0,1), N € N, u € {0,...,N} and Y any R¥*-valued random variable such that E[||Y —
D \ith ng) and ¢\

r*|?] < Cgcz(N + 1) 22 ]og(N + 1) + 4C§7CY o 5. given in Lemma 56, we have

E

N
> f(Xk) - f(XNu)]

k=N-—u
< 209D (u + 1) /(N + 1)™nl=2) (1 L Jog(N + 1))@ (N + 1)
+(29) 7NN —u+ DOE[| Xy-w — Y[,

with C\% = 4(~/2) + (2v)~(4C;"’ + 4C with C; and C
(d) ~ ~ 1/ 4@ gd; (d) (d)

5.0 1o 1o &ven in Lemma 56 and

¥, (n) = {7116(1 + log(w) Z:Z i Z: ’
Proof Let ¢ € {0,--- ,N},letk > £, let Y € F,. Using F2-(a) we have
E ||| Xpt1 — Y‘|2‘fk} =E [HXk —Y —y(k+1)""H(Xg, Zk—l—l)H2)]:k}
= |1 Xe = YIP + 42k + 1)72F [| H (X, Zs) || 7]
= 29(k+1)" (X — Y, VF(Xy))
E[f(Xk) = F)] < @)k + 10 (E [1X5 = YIP] = E [|Xs1 - YI?])
+ (1/2)(k + 1) [E [IH(Xx, Zs1) || 5]
E[f(Xy) = F(V)] £ 20)7 (b + ) (E [ Xk = V|| — E X411 = YIP])

+(1/2)(k+ D)7 (n+E | [VFEDIP)) - 61)

66



CONVERGENCE AND APPROXIMATION FOR SGD

Letu € {0, -, N}. Summing now (61) between k = N — uw and k = N gives

N N
S fX) - | < m2) S k1)

k=N-—u k=N—

N
@)Y E[IX - Y] (k1) - k)
k=N—u+1
N

v 3 E |[VA(X0IP| (k+1)7

+ (Ml(N —u+1)°E [ Xn-u — V1P| - )
We now have to conduct separate analyses depending on the value of «.
(a) First assume that o < o*. In that case (59) gives that
E[IVF(X0)I?] < Co(N + 1) 1og(N +1),
and Lemma 56 gives that for all k € {0,..., N},
E[IXk - YIP] < 2B [IXe - 2|”] + 2B [|Iy — "]

< 20\ (k + 1) 2 log(k + 1) + 2¢\% (N + 1)' "2 log(N + 1) + 4c}")
< 4c(d) D(N 4+ 1)1 2 ]0g(N + 1) + 4C( )|

We note C( ) = 4CS2. Combining (62) and C®) = ((vn/2) + (v/2)Co)(1 — a)~!

N
El X
k=N—-u

we get that

(Y)

< (y/2)(1 =) (N + )7 = (N —u)'™%)

+(2) 7 (N = u+ D)E [ Xy - Y]
+(29)” (C3a+4c(d) (N +1)!- 2alog(N+1)) (N + 1) — (N —u+1)%)
+ (7/2)Co(N 4+ 1)Plog(N + 1)(1 — a) " (N + 1)1 — (N —u)' ™)
< CON +1)P(1 +log(N +1))* (N + 1)1 — (N —u)'7%)
+(29)” 1( —u+ 1)°E [ Xy~ YIP]
+(29) 71D (N 4+ 1) = (N —u)®)
- <2v>-14c§,i (N + 1) = (N = u)'™)
(N 4+ 1)P(1 +log(N +1))2 (N + 1)17% — (N —u)179)
+(@)7HN —u+1)°E [| X - Y]

where we used Lemma 50.
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Notice now that, similarly to (54) we have
(N+ )l—a o (N_u)l—a
={(NV+D)" (N =)' (N + D)+ (N —w)*) } (N +1)* + (N —u)*) "
<2(u+1)/(N+1)*
(b) Second, assume that « € (a*, 1/2]. Using Lemma 56, we have forall k € {0,..., N},
E (1% - YIP] < 2B [I1Xe — 22| + 28 [|Iy — "]
< 201 (k + 1) 2 log(k + 1) + 2¢\% (N + 1) 2 log(N + 1) + 4c}")
< 4c(d) V(N + 1)1 2% 10g(N + 1) + 40( )|
Using (59), (62) rewrites

N
S X - (V)

k=N-—u

+ (@) N = u+ 1)°E || Xy — Y]

+(29)7" (S + 4CtD Tog(V + 1) (N +1)172) (N + 1) = (N = u+1)%)
+(1/2)C(1 — )T (N + 1) = (N =)' ™%

S (N4 1) — (N = ) =*) + (27)" (N —u+ DB [[| Xy~ Y

< (m/2)(1 =) (N + 1) = (N —u)' ™)

+(2) 7 (€50 +40(2) (1 + Tog(NV + 1)) (N + 1) = (N = u)*)

< (1 4 1og(N + 1)) (N 4+ 1) — (N —u)'™9)
+(2) 7 (N = u+ 1) [ Xno - Y]
(c) Finally, assume that o > 1/2. In that case, & > a* and Lemma 56 gives
k€ {0,..., N}, EIXe - V|| < 2B [I1Xy - 2|*] + 2B || - 2*|°] < 46 = cf2 .
Using Lemma 50 and (59) we rewrite (62) as

N
> F(Xe) = (V)

k=N—u

+(29) 7 (N —u+ 1°E || Xn-u — Y]

< ((m/2) +7C0/2) (1 — )7 (N + 1) = (N —u)' ™)

+(29) 7D (N +1)% = (N —u+1)%)
< OO (N + 1) = (N = 0)'™*) + (29) 7 (N = u+ 1)°E [ Xy = Y|P
+(29) 7150 (N +1)% = (N —u)?)
< CO (N +1)" = (N = 0)*) + (29) 7 (N = ut+ D)°E | Xn-u = Y] -
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Notice now that, similarly to (54) we have
(N+1)%— (N —u)"
= {((NV+D* = (N =u)?) (N + )7+ (N —u)' %)}
X (N 4+ 1) (N =) =) <2(u+ 1) /(N + 1)1

Finally, putting the three cases above together we obtain

N
E [ Z f(Xk) — f(XN—u)]

k=N-—u
< 209D (44 1) /(N 4+ 1)™in(@1=2) (1 4 1og(N + 1)) ¥ (N + 1)

+ @20V = u DO | Xy - Y]

with
B(1 i *
n” (1 + log(n ifa<a*,
ooy = (P IoB) e
1 ifoa>a*.
Note that the additional log(/V + 1) factor can be removed if o # 1/2. [ |

Lemma 59 Assume Al, A2-(a) and F2-(a). In addition, assume that (59) holds. Then, for any
a,v € (0,1) and N € N we have

So — Sy < 20D (N + 1)"min(@l=2)(1 L Jog(N + 1))@ (N +1) .
with S given in (60).
Proof Letu € {0,..., N}. Using Lemma 58 with the choice Y = X _,, gives

N
E| > f(Xk) — f(Xn—u)| <269 (w+1)/(N + 1)@= (1 4 log(N + 1)) ®o (N +1) .
k=N—u

And then,

N
Su=(u+1)7" Y E[f(Xy)]
=N—

k
< 2c (N 4 1)"min@1=)(] L 1og(N + 1) T4 (N + 1) +E[f(Xy_u)] - (63)
We have now, using (63),
uSy—1 = (u+1)Sy, —E[f(Xn_u)]
= uSy + Sy —E[f(Xn_u)]
< uSy + 2C D (N 4 1)~ min(@1=0) (] 4 1og(N + 1)) W, (N + 1)
Su_1— S, <20 Dy Y (N 4 1) min(@1=0) o0 (N 1)

u

N
So — Sy < 2¢O (N + 1)~ Mm@ 1=) (1 4 log(N + 1)) 8o (N +1) Y (1/u)
1

So — Sy < 20D (N + 1)"min(el=a)(1 L Jog(N + 1))@ (N +1) .
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Lemma 60 Assume Al, A2-(a) and F2-(a). In addition, assume that (59) holds. Then, for any
a,v € (0,1) and N € N we have

Sn — f* < 20D(1 4 log(N + 1))2(N + 1)” min(el=a)g (N + 1)
+(2) W D)X -2
with S given in (60).
Proof Using Lemma 58 with the choice Y = z* and u = N gives

N
E > (X x*)] <269 (1 4 log(N + 1)) (N + 1)~ min(el=a)g (N + 1)
k=0

(N+1)"

+ (29 MV + D)7 X — 2
Therefore,

Sn — f* < 20D (1 4+ log(N + 1))2(N + 1)” min(el=)g (N + 1)
+(20) TV + ) THIX -2t

We can finally conclude the proof of Theorem 8.
Proof We begin by proving by induction over m € N* that the following assertion H2(m) is true.

H2 (m) Forany a > 1/(m + 1), there exists C > 0 such that for all n € N, E[||Vf(X,)|]?] <
Ct. Inaddition, for any o < 1/(m+1), there exists C;, > 0 such that foralln € N, E[||Vf(X,,)|?] <
c,n!~(mtha(1 4 log(n))?.

For m = 1, H2(1) is an immediate consequence of Al and Lemma 56, with C} = LQCQ(Z and

c, =1L2 max(Cg ()l, (d )) Now, let m € N* and suppose that H2(m) holds. Let « € (0, 1). Setting

*=1/(m+ 1) we have that (59) is verified with 5 = 1 — (m + 1)c. Consequently, using A1,
F2-(a) and A2-(a) we can apply Proposition 57 and for any o < 1/(m + 1) we have

E[f(Xn)] = f*

IN

Ca {(1 +log(N + 1))2/(N + 1)min(@l=0)g (N 4 1) + 1/(N + 1)}

IA

G { (1+10g(N + D)*(N + 1) (N + D=+ /(v + 1)}

IN

Ca {(1 +log(N +1))*(N + 1)1=m+2)e L1 /(N + 1)} . (64)

In particular, if & > 1/(m+2) we have the existence of C,, > 0 such that foralln € N, E[f(X,,)] —
f* < Cq. And using A1 and Lemma 40 we get that, foralln € N

E[|Vf(Xn)|’] < 2LE[f(X,) — f*] < 2LCa
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Combining this result with (64), we get that H2(m + 1) holds with C = 2LC, and C, = 2C,. We
conclude by recursion.

Now, let & € (0,1). Since R is archimedean, there exists m € N* such that « > 1/(m + 1)
and therefore H2(1m) shows the existence of Cy > 0 such that E[||V f(X,,)||?] < Co for all n € N*.
Applying Proposition 57 gives the existence of C(®) > 0 such that for all N > 1

E[f(Xn)] = f* < CD(1 +log(N +1))?/(N + 1)min(e1=e) |
with ¢(9) = 2€,,, concluding the proof. -

We present now a corollary of the previous theorem under a different setting. Let us assume, as
in (Shamir and Zhang, 2013), that V f is not Lipschitz-continuous but bounded instead.

Corollary 61 Lety,a € (0,1) and xg € R and (X,,)n>0 be given by (1). Assume F2-(a), A2-(a)
and V f bounded. Then there exists C(()d) > 0 such that, for all N > 1,

E[f(Xn)] — f* < (1 4+ log(N + 1))2/(N + 1)min(el=a)

Proof The proof follows the same lines as the ones of Lemma 56 and Proposition 57. We show
that both conclusions hold under the assumption that V f is bounded instead of being Lipschitz-
continuous.

In order to prove that Lemma 56 still holds, let us do the following computation. We consider
(Xn)n>o satisfying (1). We have, using (1), F2-(a) and A2-(a) that for all n > 0,

Bf|Xns1 — o2 1Fa] = B [[[Xo = 2" = A0+ 1)~ H(Xn, Zusn)|| 7]
= 1 Xn = 2*|* = 29/ (n + 1) (X = ", B [H (X, Zns1) 1 Fo])
+ 920+ V)7 || H(Xn, Zns) |l
= 1 Xn = 2|2 = 29/ (n + 1) (X, — &¥, T f(Xn)

+yPn(n +1)72 +% (n+ 1) 72 V(X))
E[| Xnt1 = 2*|1”) S E[IXn — *[P] + 7% (0 + [V flloo)(n + 1) 7> .

And we obtain the same equation as in (58), with a different constant before the asymptotic term
(n+1)~2%, Hence the conclusions of Lemma 56 still hold, because A1 is never used in the remain-
ing of the proof. We can now safely apply Proposition 57 (since A1 is only used to use Lemma 56)
with o* = 0. This concludes the proof. |

Appendix F. Convex case (under A2-(b))

In this section, we prove similar results to the ones of Appendix E under A2-(b). In Appendix F.1
we prove the equivalent to Appendix E.2 in this setting (in particular we recover the optimal rate
in the convex setting under A2-(b) for continuous SGD). Similarly, in Appendix F.2 we prove the
equivalent to Appendix E.3 in this setting (in particular we recover the optimal rate in the convex
setting under A2-(b) for SGD).
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F.1. Equivalent to Appendix E.2

First, we start with Lemma 62 which is an equivalent of Lemma 51. The discussion conducted at
the begin of Appendix E.2 is still valid here. However, similarly to the discrete-case under A2-
(a) we have to rely on some bootstrapping technique to conclude. The equivalent to Lemma 52
is given in Lemma 52. The intermediate result needed to apply our bootstrapping procedure is
stated in Proposition 63. Lemma 65, Lemma 66 and Lemma 67 are the counterparts to Lemma 53,
Lemma 54 and Lemma 55 respectively. We state and prove our main result in Theorem 68.

Lemma 62 Assume Al, A2-(b), A3 and F2-(b). Let (X;);>0 be given by (2). Then, for any
a,7y € (0,1), there exists Cgfzy > 0and Cg&( > 0 and a function q)((f) : Ry — Ry such that, for any
t>0,

E X — || < iAWt +7a) + L)

a T a

And we have
ti=2e ifa < 1/2,
(1) = {log(t) ifa=1/2,
0 ifa>1/2.

The values of the constants are given by

Yalr(l = 2a)7t ifa<1/2,

Ci) = ¢ valr ifa=1/2,

0 ifa>1/2.

2max, <, e B || X — 2% ifor<1/2,
CgczY = 2max,<(y py1/0 E ||| X; — 2*|I*| = yaLrlog(Ya) ifa=1/2,

2max, <y, 1)1/ E ||| Xe — oIl + (20— 1) 127200 ifa > 1/2,

Proof Let o,y € (0,1) and ¢t > 0. Let (X;):>0 be given by (2). We consider the function F :
R x R? — R given for any (¢, z) € R x R% by F(t,2) = || — z*||*. Applying Lemma 48 to the
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stochastic process (F'(t,X;))¢>0 and using Lemma 42 and F2-(b) gives that for all t > (y,Lr)"/®,
E|IX: - *I| — E [IIXo - 2*|]
T T
= -2 / (t +70) "B [(X¢ — a*, V(X)) dt + / Yot +7a) B [Tr(2(X,))] dt
0 0
T
<9 / (t+7a) B [(X; — 2%, V(X)) dt
° T
+ [ a0 e [+ BLAR = Fa)]
T
<9 /0 (t+7a) E[(X; — o, VF(Xy)] dt
T
+ [l 90) L+ BV AKX, — )] e

T T
S ’YaLT/(] (t + ’Ya)izadt + /0 (t + ’Ya)iaE [<Vf(Xt), Xt — JI*>] {—2 + fYaLT(t + ’Ya)ia} dt

We now distinguish three cases:
(a) If @« < 1/2, then we have
E I = *IP] < 1X0 = @*[” + vaLe(1 = 20) 7 (T +7a) 72 = 7472
< || Xo — 2*|]* + YaLlr(1 — 20) "H(T + 7a) 2.
(b) If & = 1/2, then we have
E[IX: = ] < X0 = @*[” + vaLe(log(T + %) — log(7a)
< YaLrlog(T +7a) + [ Xo — 2*||* = YaLr log(va) -
(c) If @« > 1/2, then we have
E X - *IP] < 1X0 = @*[” + vaLe(1 = 20) 7 (T +7a) 72 = 7472
< || Xo = &*[* + (2a — 1) 72y
|
Proposition 63 Let v, € (0,1) and 79 € R? (X;);>0 be given by (2). Assume Al, A2-(b),

F2-(b) and A3. In addition, assume that there exists o* € [0,1/2], 5 > 0 and Co > 0 such that for
allt € [0,T]
Co(t 4+ Ya)?log(t + 7o) ifa < a*,
ETr2(X,)] < o(t +7a)" log(t +7a)  ifa <« 65)
Co ifa>a*.
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Then there exists Co, > 0 such that, forallT > 1,
E[£(X1)] = f* < Ca [l08(T +72)*(T +72) "9 (1 4+ @ (T + 7)) |

with

B *
\Ila(t):{t ifa<a”,

0 ifa>ar.

Proof Let f € C2(R% R). Lety € (0,1) and o« € (0,1/2] and T > 1. Let (X;);>0 be given by
(2). Combining Lemma 65, Lemma 66 and Lemma 67 gives the desired result

E[£(X)) = £ < €0 [log(T +90) (T +70) " ™0@1-)] (1 4+ @ (T +70)

with ¢(©) = (4/92)(4C; + 2C; + 2C1L). |

Let S : [0,7] — [0, +00) defined by

{S(t) =t [ AB[f(X)] — f}ds,  ift>0, ©6)

S(0) =E[f(Xr)] .
With this notation we have
E[f(Xr)] = f*=5(0) = S(1) +5(1) = S(T) +5(T) - f*.

We are now going to control each one of the three terms (S(0) —S(1)), (S(1)—S(T)), (S(T)— f*)
as follows:

(a) Case S(1) — S(T') (Lemma 65): we adapt the idea of suffix averaging of Shamir and Zhang
(2013) to the continuous-time setting. In particular, we control the time-derivative of S'in Lemma 64
(counterpart of Lemma 52). Note that Lemma 65 is the counterpart to Lemma 53.

(b) Case S(T') — f* (Lemma 66): this result is known and corresponds to the optimal convergence
rate of the averaged sequence towards the minimum of f. We provide its proof for completeness.
Note that Lemma 66 is the counterpart to Lemma 54.

(c) Case S(0) — S(1) (Lemma 67): this last term is specific to the continuous-time setting and is a
necessary modification to the classic averaging control of S(¢) — S(T'), established in Lemma 65
for e = 1, which diverges for ¢ close to 0. Note that Lemma 67 is the counterpart to Lemma 55.

Before controlling each one of these terms we state the following useful lemma, which will allow
us to control the derivative of .S.

Lemma 64 Assume Al, A2-(b), A3, and F2-(b). In addition, assume that (65) holds. Then, for any
a,vy € (0,1), T >0,u € [0,T] and Y any R-valued random variable such that E[||Y — z*||?] <
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cl9 B (T + 7o) + €57, with €1, and c{)

o Lo given in Lemma 62, we have
b b

T

E[f(X¢) = f(Y)] dt

T—u
< CL((T+7)" = (T —u+7)7)
+ (1/2)(T = u+7a)°E X = Y]
+C11og(T +7a) {(T +7a)* = (T — u+ 72)“H (T +7a) 2
+C1 (T H7)""" = (T = u+ 7)) 10g(T +7a) (1 + ¥a(T + 7a)) ,
with C; = max(4Cg%/2, (7aCo/2 + Cﬁ)l)(l —a) V) and ¥, (t) = 0ifa > o* and t? ifa < o,
with C(C) and C(C)

Loy 9. &Iven in Lemma 62.

Proof For any Y € R? we define the function Fyy : Ry x R? — R by
Fy(t,z) = (t+7a)" lz — y0H2 .

Using Lemma 51, that 3 is non-decreasing and that for any a,b > 0, (a + b)? < 2a? + 2b%, we
have

E[IX:— Y] = E [|(X; - 2*) + (@* = V)]
< 2E ||X, - *|]°] + 2E ||Y — o]

< 2019 @O (t + 7a) + 457, + 2 B (T + 7a)

l,a ™« Re'

—

< 2010 @ (t + 7a) + 2018 (T +~4) + L, -

with €y, = 4c})

o 9.+ This gives in particular, for every ¢ € [0, 77,
(t+70) B (11X = Y] < [€§) 4+ 26{0(T + 70) 2 log(T + 70)| (¢ + 7)™ (67)
+ 261 1og(T + %) (t+72) ™ ,

with cﬂ = 0if & > 1/2. Notice that the additional log(T" + ~,) term is only needed in the case
where o = 1/2. For any (t,z) € R} x R?, we have

OrFyy(t, ) = ot +72)" |z — wol®
8GUF?JO (t7 x) = Q(t =+ VQ)Q(x - yO) ) aﬂ?rFyo (ta l’) = 2(t + P)/a)a .

Using Lemma 48 on the stochastic process (Fy (¢, X¢)):>0, we have that for any u € [0, 7]

T
E [Fy (T, X7)] - E[Fy (T —u,X7_,)] = /T a(t +7a) "B [IX; - Y|?] at
=
- 2/ E (X, — Y, V/(X,)] dt (68)
T—u

T
+ / ol + ) E [Te(S(X,))] dt |
T—u

We distinguish now several cases depending on the value of .
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(a) If « < o, then combining F2-(b), A2-(b), (65), (67) and (68) we obtain for any u € [0, T
— (T = u+70)°E [ X — Y]

T T

<) /T a(t + 7)1t + o /T (t+7%a) Ot + 70)? log(t + 7 )dt
—Uu —Uu

T

T
+2a¢\) 1og(T + 7a) {/ (t+ 7o) ~Odt + (T + 7a) 2 /
T—u T—-u

(t+ va)a_ldt}

T
- / E[f(X)) — f(V)]dt

T—u
T
—Céi)x((TJr%)a—(T—qu’ya 2/ E[f(X:) — f(Y)]dt

+ (YaCo(T + 7a)? +2aC Y1 =) (T +79)" = (T —u+7a) %) log(T + 7a)
+ 2019 Log(T + 7a) {(T + w) (T = u+ 7)) (T +7a) 72

(b) If & > a*, then combining F2-(b), A2-(b), (65) (67) and (68) we obtain for any u € [0, T

— (T = u+7)°E | X7 = Y|

T

T
SC&?L/T a(t+’ya)a_1dt+C0’ya/:F (t + 7o)~ dt
—u w
T

T
+ 204C§?2X log(T + Vo) {/ (t + 7o) "%t + (T + o)1 72 /

(t + ya)o‘_ldt}
T—u T—u

T
2 Bl - v ar
T

<L (0" = (T —uta)) =2 [ E(K) - (v)ar

+ (7aCo +2aC1) (1 — a) ™ (T + 7)™ = (T — u+70)' ™) log(T + 7o)
+ 26 10g(T + 7a) {(T + 70)® = (T — u+72)*} (T +7a) 72 .

Putting this together we get for any u € [0, 7]

[ el - s
<€ (T +7)" = (T = u+7a)°)
+ (1/2)(T = u+7a)°E X = Y]
+C1log(T + 7a) {(T +70)* — (T = u+7) } (T +7a) 7
+C1 (T + 7)™ = (T = u+7a)' ") 1og(T + 7a) (1 + ¥a(T +7a)) »

with C; = max(03 /2, (7aCo/2 + C{° (c) )1 —a) ) and ®,(t) =0ifa > a* and P if o < o*. W

e’
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We divide the rest of the proof into three parts, to bound the quantities S(1) — S(T), S(T) — f*
and S(0) — S(1).

Lemma 65 Assume Al, A2-(b), A3, and F2-(b). In addition, assume that (65) holds. Then, for
any a,y € (0,1) and T > 0 we have
S(1) = S(T) < 261 1og(T + 7o) log(1 + T)(T + 7)™ ™= (1 4 B (T 4 74)) ,
with S given in (66).
Proof In the case where o < 1/2, Lemma 50 gives that for all u € [0, 7T
(T +7a)* = (T =u+ 7)) < (T +7)" " = (T —u+7)' "),
and we also have, for all u € [0, T
(T +72)' ™" = (T + 70 —u)' ™
= (T +7%)"™" = (T 47 — ) ") (T +72)" + (T + 70 —u)?))
X ((T+7)* + (T +7a — u)_a‘)_1
< ((T+7) = (T +7a =) + (T +7)"" T+ 7 —w)* = (T +7)* (T + 70 —u) %)
X (T4 7a)" " <2u/(T+74)" . (69)
And in the case where o > 1/2, for all u € [0, T1:
(T+7)"" = (T = u+7)"7) < (T +7) = (T —u+7)%)
and we also have, for all v € [0, T:
(T +7)* = (T + Yo — uw)*
= ((T+72)* = (T + 7% W) +7)' 7"+ (T + 70— u)' ™))
(T +70) " + (T + 7o —uw)™) 7
< ((T+7) = (T+ 70 —u) + (T +7%) (T + 70 —w)' ™ = (T +7) 7T + 70 —u)?)
X (T +72) 7 < 2u/(T +7a)' 7
Now, plugging Y = X7_,, in Lemma 64 we obtain, for all u € [0, T7:
E [ TT F(Xe) — f(XT_u)dt] < 2C1 log(T+7a)(T+7a) ™™= (14 o (T+7a)Ju , (70)
—u

with 61 = (2C1 + C1(1 + ’}/é_QOé)).
Since S is a differentiable function and using (70), we have for all u € (0,T),

T
S'(u) = —u™? /T E[f(Xo)]dt + u ' E[f(Xr-u)] = —u™ (S(v) = E[f(Xr-u)]) -

This last result implies —S’(u) < 2C; 1og(T + Vo) /(T + o)™ ™1~ (1 + W (T + 74))u"" and
integrating we get

S(l) - S<T) <2C log(T + 7a) log(T) (T + 'Ya)_min(%l_a)(l + W, (T + ’Ya)) .
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Lemma 66 Assume Al, A2-(b), A3, and F2-(b). In addition, assume that (65) holds. Then, for
any o,y € (0,1) and T > 0 we have

S(T) — f* < 4c, T~ mnel=e) (1 L log(T 4+ 7,)) (1 + € o (T + 7)) ,
with S given in (66).

Proof Using Lemma 64 with uw =T and Y = z*, and || X — 2*|| < C; we obtain

T
| EUCRIs =T < (@72 (T +70)" =28) + (1/27E [I%o =" ]

+(C1/2) (T +72)* = 13 (T +7a)' > log(T + 7a)

+(C1/2)10g(T +7a) [(T+7a) ™" =74 %] (1 + o (T +70))
< (C1/2)(T +7a)™ + (C1/2)7a

+(C1/2)(T +7a) ' log(T + 7a)

+(€1/2)108(T + Ya)(T + 7a)' (1 + ¥o (T + 7a)) -

Using this result we have

<4CT ™M (1 4 10g(T + 70)) (1 + Ta(T +70)) -

Lemma 67 Assume Al, A2-(b), A3, and F2-(b). In addition, assume that (65) holds. Then, for
any a,y € (0,1) and T > 0 we have

$(0) = S(1) < CiL1og(T + Ya) (1 + o (T +7a))(T — 1) 7>,
with S given in (66).

Proof We have
T

S(0) - S(1) = E[f(X)] - S(1) = / Ef(Xp)] -E[f(X)ds. (1)

T-1

Using Lemma 48 on the stochastic process f(X:):>0, Al and (65), we have forall s € [T' — 1, T
T
B (f(Xn)] ~ Ef(X)] = = [ (o + 1) B[ VA(X0) Pl
T
FU/2 [ (0 0) B EXD)] e

T
< (L/2)7aC0 log(T + 7a) (1 + To(T +a)) / (t+ )2 dt

< CLIog(T + Ya) (1 4+ o (T + 7a)) (s + 7a) >*(T = 5) .
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Plugging this result into (71) yields

T

S(0) = S(1) < CiLlog(T + va)(1 + ¥o (T + 7a)) /T_l(T — 5)(s + 7a) **ds

< C1L10g(T + Vo) (1 + Wo (T + ya))(T — 1 4 74) 2
< CiLlog(T + 7o) (1 + W o (T + 7o) (T — 1) 72>

Theorem 68 Let v,y € (0,1) and (Xy)i>0 be given by (2). Assume f € C2(R% R), Al, A2-(b),
A3 and F2-(b). Then, there exists C' > 0 (explicit and given in the proof) such that for any T > 1

E[f(X7)] — mingaf < C(1 + log(T))? /T N1=)

Proof We begin by proving by induction over m &€ N* that the following assertion H3(1m) is true.

H3 (m) Forany a > 1/(m+1), there exists C1 > 0 such that for all t > 0, E [Tr(3(X;))] < C/.
In addition, for any o < 1/(m + 1), there exists C;, > 0 such that for all t > 0, E [Tr(X(X}))] <
C, (t+ 7o) "D log(t + 7,4)2.

For m = 1, H3(1) is an immediate consequence of Al and Lemma 62. Now, let m € N* and
suppose that H3(m) holds. Let o € (0,1). Setting a* = 1/(m + 1) we see that (65) is verified with
B =1— (m+ 1)a. Consequently, using A1, F2-(b), A2-(b) we can apply Proposition 63 which
shows that, for o < 1/(m + 1), there exists C(¢) > 0 such that for all 7' > 1,

E[f(Xr)] = £ < €0 {log(T + 7a))*/(T + 7)™ @1 =D (T +7a) }

< 60 {1og(T + ) (T + 70) (T +7a) "m0 ]

< 6 {log(T + 7a) 2T + 1) ~0m+2) 7

In particular, if & > 1/(m + 2) we have the existence of C,, > 0 such that for all n € {0,--- , N},
E[f(Xn)] — f* < Cs. And using A1 and Lemma 42 we get that, for all ¢ € [0, 7],

E[Tr(X(X4))] < Lr(1 + E[f(X¢) = f7]) < Lr(1 + Ca),

Combining this result with (72), we get that H3(m + 1) holds with C = L(1+C,) and C;, = C(®),
We conclude by recursion,

Now, let « € (0,1). Since R is archimedean, there exists m € N* such that « > 1/(m + 1)
and therefore H3(m) shows the existence of Cy > 0 such that E [Tr(3(X;))] < Cq forall ¢t € [0, T].
Applying Proposition 63 gives the existence of ¢(© > 0 such that for all T > 1

E [f(XT)] - f* < C(C)(l + log(T))z/Tmin(a,l—a) ’

concluding the proof. |
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F.2. Equivalent to Appendix E.3

First, we start with Lemma 69 which is an equivalent to Lemma 56. The discussion conducted at the
begin of Appendix E.3 is still valid here (with changes in the bootstrapping used). Proposition 70,
Lemma 71, Lemma 72 and Lemma 73 are the counterparts of Proposition 57, Lemma 58, Lemma 59
and Lemma 60 respectively. Finally, our main result is stated and proven in Theorem 74.

Lemma 69 Assume A1, F2-(b), A2-(b). Then for any o,y € (0, 1), there exists Ci) >0, Cg ) >0
(d)

and a function ®,° : Ry — Ry such that, for any n > 0,

E[I1Xn - 2*|] < c{2@D(n+1) + .
And we have
=2 ifa <1/2,
(1) = {log(t) ifa=1/2,
0 ifa>1/2.
The values of the constants are given by

2v2n(1 —22)7t ifa<1/2,

d .
ci = {2 ifa=1/2,
0 ifa>1/2.
2max < (4 joy1/a B ||| Xp — || fa<1/2,
d .
¢t = { 2maxg_ (o1 /e E (1 Xk — 2*|2| +29% ifa=1/2,

2maxy < (1 /9y1/0 B || Xk — o2 + 2 n(2a — 1) ifa>1/2,

Proof Let f : R? — R verifying assumptions A1 and F2-(b). We consider (X, ),,>0 satisfying (1).
Let z* € R%. We have, using (1), Lemma 41 and F2-(b) that for all n > (’yLT)I/ @

E[| Xnt1 — 2| Fa) = El|Xn — &% = 5(n+ 1)V (Xn, Znt) || Fa]
= [1Xn — 2*|* = 2/ (n + 1)*( Xy — 2" E[V (X, Zns1)| Fal)
+72(n+ 1) B[V (Xn, Zns1) [? ]
< |1 Xn - x*”z =2y/(n+ 1)*(Xn — 2", Vf(Xy))
+ Ly’ (n+1) 7% (f(Xn) = f(2*) + 1)
< X0 — 2" = 29/(n+ 1)* (X, — 27, V f(X))
+ Ly (n+ 1) 72UV F(X,), X — 2%) + Ly (n + 1) 72
<1 Xn = 2P + 7/ (n+ DV ( n)y Xn = @*) [Lry/(n +1)* = 2] +9%Le(n + 1)
< X0 — 2" 9L (n + 1) 7>
E[[| Xn+1 — «*|*] < E[I X5 — 2*["] +9*Lr(n + 1)
Summing the previous inequality leads to

n
E|I1X0 - *IP] — B [I1X0 - 2*IP] <77Le 3 k72

k=1
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As in the previous proof we now distinguish three cases:
(a) If o < 1/2, we have
E 1% - *IP| < X0 = 2*” + 42La(1 = 20) M (n + 1)
< || Xo — 2*|* + 29212 (1 — 20) " tnt 2
(b) If o = 1/2, we have E[|| X, — 2*[|?] < || X0 — 2*|* + v2Lr(log(n) + 2).

(©) If a > 1/2, we have E[|| X,, — z*||2] < || X0 — 2*||*> + 72Lr(2a — 1)}

In order to prove the theorem we will need an intermediate proposition.

Proposition 70 Let v, € (0,1) and v9 € R and (X,,)n>0 be given by (1). Assume A1, F2-(b),
A2-(b). In addition, assume that there exists o* € [0,1/2], B > 0 and Cop > 0 such that for all
ne{0,---,N}

Co(n+1)Plog(n+1) ifa<a*,

73
Co ifa>a*. (73)

E[|Vf(Xa, 2)IIP) < {

Then there exists Co > 0 such that, forall N > 1,
E[f(Xn)] = f* < Ca {(1 +1log(N + 1))2/(N + 1)@=y (N + 1) + 1/(N + 1)} ,
with
ifa>ar.

{nﬁ ifa<ar,

Proof Let o,y € (0,1) and N > 1. Let (X,)n>0 be glven by (1). And finally, combining (78)
and (80) together gives, for C,, = 2 max((?’y) | Xo — *||*, 2¢(@),

|
Let (Sk)reqo,..., v} defined for any & € {0,..., N} by
N
Sp=(k+1)"" Y E[f(X)] . (74)
t=N—k

Note that E[f(Xn)] — f* = (Sv — So) + (So — f*). We are now going to control each one of the
two terms (So — Sy ) and (Sy — f*) as follows:

(a) Case S, — Sp (Lemma 72): this is an adaption of the idea of suffix averaging of Shamir
and Zhang (2013) to our setting (one of crucial difference lies into the control of the sequence
(E[V £(Xn)]?)nen which is assumed to be uniformly bounded in Shamir and Zhang (2013)). In
particular, we control the (discrete) time-derivative of .S in Lemma 71 (counterpart to Lemma 58).
Note that Lemma 72 is the counterpart to Lemma 59.
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(b) Case S(T') — f* (Lemma 73): this result is known and corresponds to the optimal convergence
rate of the averaged sequence towards the minimum of f. We provide its proof for completeness.
Note that Lemma 73 is the counterpart to Lemma 60.

Before controlling each one of these terms we state the following useful lemma, which will allow
us to control the derivative of S.

Lemma 71 Assume Al, A2-(b), and F2-(b). In addition, assume that (73) holds. Then, for any
a,vy € (0,1), N € N, u € {0,...,N} and Y any R¥-valued random variable such that E[||Y —

|| < g ) (N +1)!"2%]og(N + 1) + 4C§; with C( ) o and Cg ; given in Lemma 69, we have

N
> F(XR) - F(Y)

k=N-—u

< 209D (u + 1) /(N + 1)@= (1 4 Jog(N + 1))@ (N + 1)

+(29) (N —u+ 1)°E[[ Xn—u = Y7]

with

1 ifa>a*,
and €9 = 4((7/2)Co) (1 — a)~" + (29) "1 (c5?), + 4ciD).

Proof Let ¢ € {0,--- ,N},letk > ¢, let Y € Fy. Using F2-(b) we have

~ 2
B 10 - Y| = [ %0 - ¥ =20k + 1072070 i)

Fk]
= IXk = YIP +72(k + 1) E [HVﬂxk,ZkH)HQ‘fk}
—29(k +1)" (X — Y, V(X))
E[f(Xy) ~ F(V)] £ 20)7 b+ 1) (E || Xk = VI — E [I1X4s1 = Y1P])
il
E[f(Xy) = F(V)] £ 20)7 (b + 1) (E [|1Xe = V|| — E [IXy11 = Y1P])

+ (/20 + 0B | [z ] s)

+ (/20 +1)7E B || 7708 2|

Letu € {0,---, N}. Summing now (75) between k = N — v and k = N gives

N N
S XD -fO| e Y E[IXe - YIP) (1) - k)
k=N-—-u k=N-—-u+1

N 2
+0/2) Y B[[vie )| | e e

k=N-—u
+(29) 7 (N —u+1)°E [ Xy— — Y] - 76)
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In the following we will take for Y either 2* or X,,, for m € [0, N]. We now have to run separate
analyses depending on the value of a.

(a) If a < o™, then (73) gives that
E [IV£(Xk, Zes)|I?] < Co(N +1)7 log(N +1),
and Lemma 69 gives that for all £ € {0,..., N},
E[I1Xe - YIP] < 2B [I1Xe — 22| + 2B [|Iy — "]
< 2019 (k + 1) log(k + 1) + 2¢\% (N + 1) 2 log(N + 1) + 4c}")
< 4c(d) V(N + 1)1 2% 10g(N + 1) + 4c(d> .

We define Céd; = 4C§ ) . Using (76) with C®) = ((v/2)Co)(1 — )™, we get

< (29)7 (N = u+ 1B || Xn-u = Y]

N
E[ > F(XR) - f(Y)

k=N—u

+(29)71 (5 + 40 (V + 1)1 2 log(V + 1)) (N +1) — (N —u+1)%)
+ (7/2)Co(N + 1)Plog(N + 1)(1 — ) "H (N + 1)1 — (N — u)'™9)
< (N +1)Plog(N +1) (N + 1)1 — (N —u)'79)
+(@20)7HN = ut V°F [ X — Y]
+ (297D (V + 1) = (IV = w)®)
+(29) M4 (N 4+ 1)1 — (N — 1)) log(N + 1)
< CON +1)P(1 +1og(N + 1)) (N + 1) — (N —u)'~9)
+ (@) N = u+ 1 [ Xy - Y

where we used Lemma 50. Similarly to (69) we have

(N + D)1 — (N — )@
= {(N+ D" (N —u)") (N + 1D+ (N —w)*)} (N +1)* + (N —u)*) ™
<2(u+1)/(N +1)*

(b) If « € (a*,1/2], then Lemma 69 gives that for all k € {0,..., N},
B (1 — V12| < 28 [1X0 - 2*)2] + 28 [y - 2*|?]

< 26\ (k + 1)1 log(k + 1) + 200 (N + 1)1 log(N + 1) + 4c{?)
< 4_C(d) (N 4 1)1 2a log(N —+ 1) + 4C(d) .
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Combining (73) and (76) we have

N
> (X)) = (V)

k=N-—u
+ (29)7" (G40 + 400 log(N + (N + 1)!72) (N + 1) = (N —u+ 1))
+ (3/2)00(1 = @)~ (N + )7 = (N —w)'™)

<O (N +1)'7" = (V=)' =) + (29 (V = u+ 1B || Xn-o = V]|

E < (29)"Y (N —u+1)°E [||XNfu —YIIQ]

+(29)7" (S +4cl?) (14 Tog(V + 1)) (N +1)7 = (N = u)?)
< (1 4+ 1og(N +1)) (N + 1) — (N —u)'79)
+(2) 7 N = u+ 1) [ X - Y]
(c) If a > 1/2, then o > o* and Lemma 69 gives
k€ {0,..., N}, EIXe - YI°] < 2B [I1Xy - 2|*] + 2B |y - 2*|]°] < 4c{ = cf2 .
Using Lemma 50, (73) and (76) we have

N
> F(Xe) = (V)

k=N—u

+(20) 7NN = ut 1°E [ Xy = Y]

E < (1C0/2)(1 — )T (N + 1) = (N =)' 7%)

+ (27 (N +1)% = (N —u+1)7)

< OO (N + 1)1 = (N = 0)'™*) + (29) 7 (V = u+ 1)°E [ Xy = Y|P
+(29) 71D, (N + 1) — (N = u)®)

<@ ((N+1)% — (N —w)®) + (27)"Y(N —u+ 1)°E [||XN_U - Y||2] .

Similarly to (69) we have
(N+1)* = (N =w)* = {(N+ D% = (N =u)*) (N + D"+ (N —u)' ")}
x (N 4+ 1)1 4 (N —u)l =)™
<2u+1)/(N + 1),

Finally, putting the three cases above together we obtain

N
E| > f(Xp) = f(V)] <26 (w+1)/(N + 1)1 (1 4 log(N + 1)) W4 (N + 1)
k=N-—

u

+ (@) (N = u+ 1) || Xn-u - YT

84



CONVERGENCE AND APPROXIMATION FOR SGD

with
B ifa < a*
n I« (6]
P, (n) = -
o(n) {1 ifa>a*.
Note that the additional log(/N + 1) factor can be removed if « # 1/2. [ |

Lemma 72 Assume Al, A2-(b) and F2-(b). In addition, assume that (73) holds. Then, for any
a,v € (0,1) and N € N we have

So — Sy < 20D (N + 1)~ min(el=a)(] 4 log(N + 1))@ (N +1) .
with S given in (74).
Proof Letu € {0,..., N}. Using Lemma 71 with the choice Y = Xx_,, gives

> FX) = F(Xnou) | <269 (w4 1) /(N + 1)@ (1 4 log(N + 1)) o (N +1) .
k=N-—u

And then,

N
Sy=(u+1)" ZE
k=N-—u

< 26 D(N 4 1)@= L 1og(N + 1) T (N + 1) +E[f(Xy_u)] - (77)
We have now, using (77),

uSu_1 = (u+1)Sy — E[f(Xn—u)]
= uSy + Sy — E [f(Xn-u)]
< uSy 4 2¢ D (N 4 1)~ min(@1=a) (] 4 1og(N + 1)) W, (N + 1)
Su_1— Sy < 20Dy YN 4 1)~ min(@l=) jo0(N 4 1)

N
So — Sy < 2¢O (N + 1)~ ™17 (1 4 log(N + 1)) 8o (N +1) Y (1/u)
u=1

So — Sy < 20D (N + 1)~ min(el=2)(1 L Jog(N + 1))@ (N +1) . (78)

Lemma 73 Assume Al, A2-(b) and F2-(b). In addition, assume that (73) holds. Then, for any
a,v € (0,1) and N € N we have

Sn — f* < 20D (1 4 log(N + 1))2(N + 1)” min(el=a)g (N + 1)
+ 2N W )T X -2t (79)

with S given in (74).
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Proof Using Lemma 71 with the choice Y = z* and u = N gives

N
> F(X) - f(w*)] < 269 (1 4 log(N + 1)) (N + 1) ™=@ (N 4 1)
k=0

(N+1)™'E

+(29) TNV + 1) X — 2|
Therefore,
Sn — f* < 209D (1 4+ log(N + 1))2(N + 1)" min(el=)g (N + 1)
+(2) TN+ )X — a2 (80)
|

Theorem 74 Letv,a € (0,1) and (X,,)n>0 be given by (1). Assume A1, A2-(b) and F2-(b). Then,
there exists C' > 0 (explicit and given in the proof) such that for any N > 1,

E[f(Xn)] — mingef < C(1+log(N +1))%/(N + 1)*17)
Proof We begin by proving by induction over m € N* that the following assertion H4(m) is true.

H4 (m) Forany a > 1/(m+1), there exists C > 0 such that foralln € N, ]E[||Vf(Xn,~Z)||2] <
CY. Inaddition, for any o < 1/(m+1), there exists C, > 0 such that for alln € N, E[||V f(X,,, Z)
c,n!~(mHDa(1 4 log(n))2

) <

For m = 1, H4(1) is an immediate consequence of A1 and Lemma 69, with CI = LQC&% and

c, = L2 max(Cgcz, Cédgé) Now, let m € N* and assume that H4(m) holds. Let o € (0,1). Setting

a* = 1/m+1 we see that (73) is verified with 8 = 1 — (m + 1)«a. Consequently, using A1, F2-(b),
A2-(b) we can apply Proposition 70 which shows that, for o < 1/(m + 1)

E[f(XN)] = /" < Co {(1+10g(N + 1))2/(N + 1) @10 (N 1) + 1/(N +1)}

<@, {(1 Flog(N + 1)2(N +1)™%(N + 1)l=(m+Da 1 /(N + 1)}
< Co { (14 Tog(N + 1))(N + D)= 1 /(V 4 1)} @1)
In particular, if & > 1/(m + 2) we have the existence of C,, > 0 such that for all n € {0,--- , N},

E[f(Xn)] — f* < C,. And using A1 and Lemma 41 we get that, foralln € {0,--- , N}
E[|Vf(Xn, Z)II”) < Lr(1 + E[f(Xn) = f*]) < Lr(1+Ca)

Combining this result with (81), we get that H4(m + 1) holds with C} = L;(1+C,) and C; = 2C,.
Finally this proves that H4(m) is true for any n > 1 by induction

Now, let o € (0, 1). Since R is archimedean, there exists m € N* such that« > 1/(m + 1) and
therefore H4(m) shows the existence of Co > 0 such that E[||V f(X,, Z)||>] < Co for all n € N*,
Applying Proposition 70 gives the existence of C(Y) > 0 such that for all N > 1

E[f(Xn)] - f* < CD(1+log(N +1))%/(N + 1)min(el=e)

with ¢(4) = 2C,, concluding the proof. |
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Appendix G. Weakly Quasi-Convex Case

In this section we give the proofs of the results presented in Section 5. We prove Theorem 10 in
Appendix G.1. Technical lemmas are gathered in Appendix G.2. We control the norm of E[||X; —
x*H2p]1/ P in the convex framework in Appendix G.3. The proof of Appendix G.4 is presented in
Appendix G.4. Its discrete counterpart is given Appendix G.5. Finally, we conclude this section
with the proof of Theorem 12 in Appendix G.6.

G.1. Proof of Theorem 10

Without loss of generality, we assume that f* = 0. Let o,y € (0,1), 29 € R, ar = Vo + 1,
¢y = 1 +log(1 + v, ') forany t > 0 and § = min(dy,d2) with §; and & given in Theorem 10.
Using Lemma 48, we have for any ¢ > 0

E | f(X)ajt;"| ~ I(zo)d
= [ {-tt BT AR +00/2) 0 R [(92(X,), 5(X.)]
302l B (X)) - e B [£(X0)] pds

Define for any t > 0, £(t) = E[f(X;)]alf; €. (t — £(t)) is differentiable and using A1 and A2 we
have for any ¢ > 0,

dE(t)/dt < —4;°a;  E [[VF(X0)I?] + (va/2)6 “ag > Loy + da; 'E(2) .
Using, F3 and Holder’s inequality we have for any ¢ > 0
-1
TE[f(X0)] < B[ X, — 2*[=7]" E[|Vf(X,)|I*)/? .
Noting that (r3r)~! = rl_l —1/2, we getforany ¢t > 0

E[IVf(X)[?] = 727 E[f(X)PT E[IX, — ¥ 2

1-2r;t p-2r7h)

o1 1—2r7t
ZTer Cﬁ,g ay Ei( 1 )

E[f(X))*"

_ -1 -1 -1 -1 -1 _
> 7_27,110;;2711 af(172r1 )—2r] 5623(1727“1 )—2r] 768(15)27”11 ‘

)

Therefore, we have for any ¢t > 0

_ Zop—1 (1—9p—1 N - s _
de(t)/dt < —7%" 10;752 ! agl 2ry )(O+h) E(t)* ' + Yaly fad 2Ly + da; LE(T) .

LetD3 = max(Dl, Dg) with

—1_ _ —1_ _ _ _
D, = (|6|C27’“£1 1T_2T1 17&27"1 1)(6+8)+a 1)(2T1 1)1

)

-1 _ —1_ _
Dy = ((LT]/Q)C;;I 1 -2 1,}/(27"1 1)(6+8)+6 a+1)r1/2 .

«

If £(t) > D3 then dE(t)/dt < 0. Let D = max(D3, £(0)), then for any ¢ > 0, £(t) < D, which
concludes the proof.
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G.2. Technical lemmas

Lemma 75 Assume that f is continuous, that * € arg min,cpa f(z) and that there exist c, R > 0
such that for any x € R with ||z — z*|| > R we have f(z) — f(2*) > c|lz — 2*||. Letp €N, X a
d-dimensional random variable and Dy > 1 such that E[(f(X) — f(2*))?!] < Dy. Then there exists
D5 > 0 such that

E [HX - x*uzp} < D5Dy .

Proof Since f is continuous there exists a > 0 such that for any x € RY, f(z) — f(z*) >
c|lz — x*|| — a. Therefore, using Jensen’s inequality and that D4 > 1 we have

2p
B[l - a7 < > <2Z>E () = )] a2

2p
_ k\_k/@2 _
<ec QpZ <2p>D4/( p) 20—k < DDy ,
k=0

with Ds = ¢~ 2P Zip:o (2];) aZr—k, [ ]

Lemma 76 Assume F3 with ry = ro = 1. Then for any p € N with p > 2 and d-dimensional
random variable X we have

E [IVACOI? (F(X) — F@)] = B[00 - fa) B [x -] 7

Proof Let p € N withp > 2 and let o = 2p/(p + 1). Using F3 we have for any = € R?

lz = 2T IV @7 (f@) = f@)TPD2 = (f(z) = fl@)TPD2 = (f(z) = f(a))P .

Lets = 2o~ ! = 1+ p~! and s such that s~! + >~ = 1. Using Hélder’s inequality the fact that
»w = 2p we have

E[I1X — 7 IV SOOI (F(X) = fa)=#/2]

<E[IV01 (7% - £t ] B [1x -]

Since, 5! = (1 + p)~! we have

E [IVACOI? (F(X) - £@)] = B[00 - fa)y R [lx -] 7

which concludes the proof. |
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Lemma 77 Let o,y € (0,1). Assume that ¥3b holds then for any p € N, there exists Dy 4 > 0
such that for any t > 0

1/

p
E[I%: o] 7 < Dpa {1+ (0 + )12}

Proof Let ar,y € (0,1) and p € N. Let &, = E [||X; — 2*||*]. Using Lemma 47 and Lemma 48
we have for any ¢ > 0

d&;p/dt = —2p(ye + 1) *E {<vf(xt), X, — 2*)|| X, — SC*HQ(p_l)}
+ PYa(Va + 1) {IE [Tr(Z(Xt)) X, — x*”2(p71)}
+2(p - 1)E [<(Xt — ) (X — %), 2(Xe)) [ X — x*H?(P—%)} }
< 2p7an(2p — 1) (Yo + t) 2K [th _ x*H2(p—1)}
< pran(2p = D) (Ya + )77 E 1) - 82)

If p = 1, the proposition holds and by recursion and using (82) we obtain the result forp € N. N

G.3. Control of the norm in the convex case

Proposition 78 Let a,y € (0,1). Let m € [0,2] and ¢ > 0 such that for any p € N there
exists Do > 0 such that for any t > 0, E[||X; — 2*||*]Y? < Dp1{1 4 (Y + t)™ %}, Assume
Al and F3b and that there exist R > 0 and ¢ > 0 such that for any v € R, with ||z| > R,
f(z) — f(a*) > c¢||lx — a*||. Then, for any p € N, there exists D 2 > 0 such that for any t > 0,

1/p
E[IX: —2*7] " < Dpa{l + (o + )" "0F9}
Proof If o > m/y the proof is immediate since sup,q{E[[|X; — 2*||*]1/P} < 4o0. Now
assume that o« < m/p. Letp € N, 6, = p(1 + ¢)oo — pm and (t — & ;) such that for any ¢t > 0,

Eip = (F(Xy) — f(2%)% (74 + 1)% . Using Lemma 48 we have for any ¢ > 0

dE1p/dt = =2p(a + 1)~ PE [|VFXDI* (F(Xe) = F@*)* 7] (83)
+ Palta + 672 (B [(V2(X0), B(X0) (F(Xo) = fla") ]
+ (20— DE [(VAX)VS(X) T SXO(X0) = F@) )]} 4+ 000 +6) 0
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Combining (83), Lemma 47, Lemma 40, Lemma 76 and the fact that for any ¢ > 0, E[|| X, — 2*||*?]/(%) <

Dpi{l+ (Yo + )™ ¥} we get

—1/(2p)
A1/t < —2p(e + 1) T7E [(£(X0) = f(27)#]" OV E [1X, - 27))7]

+ pYa(Va + 1) 72T LLnE [(f(Xe) — f(a*)?P7!]
L@~ DPE[(7(X) — @)} 45,000 +6) 6y
< 2p('}/ + t) 4 6?/(2p)51+1/ 2p |:||X *||2P:| ~1/Cp)
+ pf}’a(d + 2p — 1)L7’](1 + 77)(’}/ + t)_2a+5p/(2p)gt1—1/(2p) + (Sp(’}/a + t>_1gt,p
< —2p(ya + )W IV 4 (7, )Py
+ pYald +2p — DLn(L + ) (ya + )24 L5 (4o + )18,
< _2p('7a + t)(@_l)a_ép/(2p)_m6t1;1/(2p)]3;i{1 ('Ya + t)—m-‘rg&a}—l
+2p7a(d+2p — DLn(L +n)(Ya + 1)~ 20“rl?p/(2p)g1 1/@p) | 8y (Yo + 75)—151‘/7]0
< —pD;%{l + ,y;m+<pa}—1(,ya + t)(gp—1)a—§p/(2p)—m51+1/(2p)
+2p7a(d+2p — DLn(L +n)(Ya + 1)~ 20“+5p/(2p)(c;1 1/(2p) | 8y (Yo + 75)—1512;0 ‘

Since m € [0,2], we have that 1 —m + (¢ — 1)ae > (1 4 ¢)a/2 — m/2. Hence,
(1= g)a—0p/(2) —m <20+ 6,/(2p),  (1—@)a—b,/(2) —m <1,

Therefore, using Lemma 3, there exists Déa) > 1 such that for any t > 0, &, < Dﬁ,a). Hence, for
any t > 0,
E [(f(Xe) = f(27)*] <DL (1 + (v + 1) PIH9))

Using Lemma 75, there exists D5 > 0 such that
B[ IX — " 7| < Ds(1+ (o + ey 90
which concludes the proof upon using that for any a,b > 0, (a + b)'/? < a'/2 4 b1/2, [ |
The following corollary is of independent interest.

Corollary 79 Let o,y € (0,1). Assume F2 and that arg minga f is bounded. Then, for any p > 0
andt > 0,
E[||X: — z*|]’] < 400 .

Proof Without loss of generality we assume that 2* = 0 and f (x*) = 0. First, since arg minga f
is bounded, there exists R > 0 such that for any 2 € R? with ||z|| > R, f(z) > 0. Let S = {z €
R?, ||lz|| = 1} and consider m : S — (0, 400) such that for any § € S, m() = f(R6). m is
continuous since f is convex and therefore it attains its minimum and there exists m* > 0 such that
for any § € S, m(f) > m*. Let z € R? with ||lz|| > 2R. Since f, : [0,+00) — R such that
fz(t) = f(tx) is convex we have

(f(x) = f(Rz/ ez = B~ = (f(Ra/ |lz[))R™ = m*R™.
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Therefore, there exists ¢ > 0 and R > 0 such that for any x € R with ||z|| > R, f(x) > c||z|. Let
p € N. Noticing that F2 implies that F3b holds we can apply Lemma 77 and Proposition 78 with
m = 1 and ¢ = 2. Applying repeatedly Proposition 78 we obtain that there exists D, > 0 such that

1/p ~
B (1% - o] < 01 + (v + o)
< Dp{1+ (v + )" IO} < Dy {1 4 g m/eley

which concludes the proof. |

G.4. Proof of Corollary 11
Let a,y € (0,1) and X € RY. Using Lemma 48, we have for any ¢ > 0

E [IX, — 2 [”] = |Xo 2| - / (o + 8) 7 (F (Xo), X — ) dls
+ (/2) / (o 8)"22(S(X,), V2£(X,))ds . (84)

Let & = E[||X; — z*||?]. Using, (84) we have for any ¢ > 0,
E < ~(Ya + ) T BE[(VF(Xs), Xs — 2)] + (valn/2) (Ve +1) 7> (85)
We divide the proof into three parts.

(a) First, assume that F3b holds. Combining this result and (85), we get that for any ¢ > 0,
E < YaLn?d(vq +t) 2. Therefore, there exist 3, > 0 and Cs > 0 such that E[|| X; — 2*[]?] <
Cpe(Ya +1)7P(1 +log(l +~v;1t))* with 3 =0ande = 0ifa > 1/2, 8 =1 — 2aand € = 0 if
a < 1/2and f =0and e = 1if & = 1/2. Combining this result and Theorem 10 concludes the

proof.

(b) We can apply Lemma 77 and Proposition 78 with m = 1 and ¢ = 2. Applying repeatedly
Proposition 78 we obtain that there exists D, > 0 such that

1/
B[, - || "

< Dp{l + ('Ya + t)m— |VOF1~|O¢} < Dp{l + (,ya + t)m*(m/awa} < Dp{l + ,yamf[m/oz]a} 7
which concludes the proof.

(c) Finally, assume that there exists R > 0 such that for any 2 € R? with ||z|| > R, (Vf(z),z —
2*) > m |z — 2*||%. Therefore, since (z — V f(z)) is continuous, there exists a > 0 such that for
any x € R%, (Vf(z),z — 2*) > m||z — 2*||* — a. Combining this result and (85), we get that for
any t > 0,

& < —m(Ya + )" E + (Ya + 1) a+valn(va + t)_2a

Hence, if £ > max(a/m,Ln) we have that & < 0 and for any ¢ > 0, & < max(a/m,Ln, &) and
is bounded. Therefore, there exist 3, > 0 and Cz. > 0 such that E[||X; — 2*|?] < C(Va +
£)7P(1 + log(1 + 75 't))¢ with B = ¢ = 0, which concludes the proof.
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G.5. Discrete counterpart of Corollary 11
Corollary 80 Let o,y € (0,1) and x € R?. Assume A1, A2. Then we have:
(a) if F3b holds then, there exists D > 0 such that for any N € N*

E[f(XN)} _f* <D [N(173a)/2+N70‘/2+Na71:| 7

(b) if F3 holds and if there exists R > 0 such that for any x € R with ||z|| > R, (V f(z),z—2*) >
2 then there exists D > 0 such that forany N € N*

m|lx — z*

E[f(Xn)] - f<D [N—Oé/2 i Na—l} .

Proof Let o,y € (0,1) and 29 € R%. We have for any n € N,
E 1 Xn41 = 21| = E |[1Xn — @ || + 2B [(Xn — 0¥ X1 = Xa)] + E || Xns1 = Xl
<E[I1X0 - 2P| = 29(n+ DB [(Xn — o¥, VF(X0))]
+29%(n+ 1)72E | VAX)IP] + 2y(n+ 1) 72 (86)
We now divide the proof into two parts.
(a) Using F3b and Lemma 40 we have for any 2 € RY,
(V)2 —a*) > 7(f(x) - f(=*) > 7|V f(2)]* /(2L) . (87)
Using A1, (86) and (87) we have for any n > (4+L/7)/®
E I Xns1 = 1P| SE [I1X0 — 21| + 2900+ 1) (=7/(2L) +1(n + 1)) [ |V £(X,)]?]
+2y(n+ 1)
<E X — 22| + 2y(n + 1),

Therefore, there exist 3, > 0 and Cg . > 0 such that E[|| X,, — 2*||?] < Cp(n+1)"#(1+log(1+
n))*withf=0ande =0ifa>1/2,=1—2cande =0ifa < 1/2and 5 =0ande = 1if
a = 1/2. Combining this result and Theorem 12 concludes the proof.

(b) Finally, assume that there exists R > 0 such that for any 2 € R? with ||z|| > R, (V.f(z),z —
2*) > m ||z — z*||%. Therefore, since (z — V f(z)) is continuous, there exists a > 0 such that for
any 2 € R%, (Vf(x),z — 2*) > m||z — 2*||* — a. Combining this result and (86) we get that for
any n € N such that n > (2/~)* '

E (|1 Xns1 = *IP] < (1 =20+ 1)) [IIXn = 2*°] + 2v(n + )™ a+ 292 (n + 1) 7.

Hence, if n > (2/7)~® " and E[|| X,, — #*||2] > max(2a, 2yn) then E[|| X, 11 — 2*||2] < E[|| X, —
2*||2]. Therefore, we obtain by recursion that for any n € N, that (E[|| X,, — 2*||*])nen is bounded
which concludes the proof by applying Theorem 12.
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G.6. Proof of Theorem 12

Without loss of generality, we assume that f* = 0. Let o,y € (0,1), 290 € R% Let § =
min(dy, d2), with 1,02 given in Theorem 12 and let (Ej)ren such that for any k£ € N, E, =
(k+1)E [f(X3)] (1 +log(k + 1)) 7. There exists ¢s € R such that for any = € [0,1], (1+ )% <
1 + csx. Hence, for any n € N we have

(n+2)° — (n+1)° < (n+1)° {(1 F(n+1)71y - 1} < cs(n+ 1)1, (88)
Using (Nesterov, 2004, Lemma 1.2.3) and A2 we have for any n € N such that n > (2L’y)1/ «

E [f(Xns0)|Fal < F(Xa) = (0 + DB [(VF(X0), H (X Zua))| ]
+ (L/292(n+ 1)72E || H(Xn, Zns)|*| F
E[f(Xnt1)] £ E[f(X0)] = 7(n + )™ E [|V£(X0)IP]

+102(n+ 1) [[VF(XG)IP] + L2+ 1)

<E[f(Xa)] = y(n+ )7 {1 = La(n + 1)} E [V F(Xa)*] + L7 (n + 1) 7
< E[f(X0)] = y(n+ DB [IVFX)IP] 2+ Ly (n+ 1)~ (89)
Combining (88) and (89) we get for any n € N such that n > (2L~y)1/?
Enst = Bn = (n+ 2 E[f(Xat1)] (1 +log(n +2)) ™ = (n+ 1)°E [£(X,)] (1 + log(n + 1))~
< (1+log(n +1))~* {<n+2> <n+1>5}< [ (Xns1)])
(0 + 1B [f(Xns1)] — ELf(Xn)]}]
< (1+log(n+1))~ [{(n+2)" - <n+1>5 (B [£(X0)] + 193 (n + 1)72%9)
+(n+ 1) {10+ )R [IVF(X)I2] /24 192+ )72 ]
< (1+log(n+1))° _05(n+1)5 (E[f(Xn)] +292(n + 1))
+(n+ 1) {3+ DB [IVS(Xa)I?] /2 + 1420+ 1)}

< ¢sEp + 2Ly (14 ¢5)(n + 1)°72%(1 + log(n + 1)) ¢
—(n+1)°"*(1 +log(n + 1)) °E [[|V f(X,.)]| }/2 (90)

Using (3) and the fact that for any k € N, E [|| X}, — 2*["2"3] < Cgc(k + 1)?(1 +log(1 + k))¢ and
Holder’s inequality and that 7173 = 2(2r] 1 _1)~1, we have for any k € N

(2ryt-1)-t

E[I9/(X0)7] > Bl (02 o5t 725 (1) P D (1o (k1)) ~eCr Y

oD
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Combining (90) and (91) we get that for any n € N with n. > (47)1/ o

Eni1— En < ¢sEn + 2L9°(1 + ¢5)(n + 1)°2%(1 + log(n + 1)) ™7
_ — _ -1_1y-1 _ _
— (4 )PP IR OGP T T (L log(n 4+ 1)) /2
< c5Bn 4 2Ly (1 + ¢5)(n + 1)°72%(1 + log(n + 1)) ~°n

-1
2ry

B 7(” + 1>a7(6+5)(2rf171)En CgQZTf1—1)7172rfl/2 _
Let D3 = max (D1, D) with
—1 _ —
Dl = (2|C(5|02r51 717'_27‘1 1)2T1 1_1 ,
Dy = (4L~3(1 o=l —ar 2
2= (4L (1+¢5)Cq) 770 )7

If £, >Dyandn > (47)1/ ®then F,, 11 < E,. Therefore, we obtain by recursion that F,, < D with
D = max(Fy, . .. ,ER2L7)1/O,'| ,D3).
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