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Abstract

We consider variants of the classical Frank-Wolfe algorithm for constrained smooth convex min-
imization, that instead of access to the standard oracle for minimizing a linear function over the
feasible set, have access to an oracle that can find an extreme point of the feasible set that is closest
in Euclidean distance to a given vector. We first show that for many feasible sets of interest, such
an oracle can be implemented with the same complexity as the standard linear optimization oracle.
We then show that with such an oracle we can design new Frank-Wolfe variants which enjoy sig-
nificantly improved complexity bounds in case the set of optimal solutions lies in the convex hull
of a subset of extreme points with small diameter (e.g., a low-dimensional face of a polytope). In
particular, for many 0-1 polytopes, under quadratic growth and strict complementarity conditions,
we obtain the first linearly convergent variant with rate that depends only on the dimension of the
optimal face and not on the ambient dimension.

1. Introduction

The Frank-Wolfe (FW) algorithm (aka the conditional gradient method) is a classical first-order
method for minimzing a smooth and convex function f(-) over a convex and compact feasible set
K Frank and Wolfe (1956); Levitin and Polyak (1966); Jaggi (2013), where in this work we assume
for simplicity that the underlying space is R? (though our results are applicable to any Euclidean
vector space). This algorithm has regained significant interest within the machine learning and
optimization communities in recent years due to the fact that, aside of access to a first-order oracle
of the objective function, it only requires on each iteration to minimize a linear function over the
feasible set which, in many cases of interest, is much more efficient than computing projections, as
required by projected/proximal gradient methods. Another benefit of the method is that when the
number of iterations is not too high, it produces iterates that are given as an explicit sparse convex
combination of extreme points of the feasible set Jaggi (2013).

The well-known convergence rate of the method is O(BDIQC /t), where 3 is the smoothness
parameter of the objective, Dy is the Euclidean diameter of the set, and ¢ is the iteration counter. It
is well-known that this rate is not improvable even if the objective function is strongly convex (see
for instance Lan (2013)), a property that is well known to allow for faster convergence rates, and
in particular linear rates, for projected/proximal gradient methods Nesterov (2018); Beck (2017).
Indeed, in recent years there is a significant research effort to design Frank-Wolfe variants with
linear convergence rates under strong convexity or the weaker assumption of quadratic growth (see
Definition 1 in the sequel), with most efforts focused on the case in which the feasible set is a convex
and compact polytope GuéLat and Marcotte (1986); Garber and Hazan (2013, 2016); Lacoste-Julien
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and Jaggi (2015); Beck and Shtern (2017); Garber and Meshi (2016); Pena et al. (2016); Pena and
Rodriguez (2019); Diakonikolas et al. (2020); Garber (2020).

Despite of the above results, there is a significant disadvantage for both the standard Frank-
Wolfe method and its linearly converging variants for polytopes (in comparison to projected/proximal
gradient methods) that has not been addressed so far — the inherent dependency of the convergence
rates on the diameter of the feasible set. First, while projected/proximal gradient methods enjoy the
benefit of “warm-start” initialization, i.e., their convergence rates often depend on the distance of
the initialization point from the optimal set (see for instance Nesterov (2018); Beck (2017)), for the
Frank-Wolfe method we do not get such a dependence and even with a “warm-start” initialization,
the rate depends on the diameter of the entire feasible set!. Second, existing linearly convergent vari-
ants for polytopes depend on the diameter of the polytope, i.e., the convergence rate is of the form
exp(—O(D?t)), where Dy is the diameter (e.g., Garber and Hazan (2016); Lacoste-Julien and
Jaggi (2015); Garber and Meshi (2016)), which is in stark contrast to proximal/projected gradient
methods which, under strong convexity/quadratic growth of objective, enjoy a linear convergence
rate with exponent that is independent of the diameter.

Such inferior dependence on the diameter is of great importance in many setups of interest for
Frank-Wolfe-type methods. As a running example, consider polytopes that arise naturally from
combinatorial structures such as the flow polytope (convex-hull of source-target paths in a directed
acyclic graph), the spanning trees polytope of a graph, the perfect matchings polytope of a bipartite
graph, or the base-polyhedron of a matroid. In all of these cases, solving the Frank-Wolfe linear
optimization step can be done very efficiently using simple well-known combinatorial algorithms.
However, for all of these polytopes the Euclidean diameter is in worst-case ©(y/n), where n is the
number of vertices in the above-mentioned graph-induced polytopes, and the size of the bases of
the matroid in case of the base-polyhedron. Thus, with high-dimensional problems in mind, it is of
clear interest to improve the complexity of Frank-Wolfe-type methods in terms of the diameter.

Our approach towards tackling this challenge is to consider Frank-Wolfe variants with a seem-
ingly stronger oracle than the standard linear optimization oracle. As we shall discuss in the sequel,
it turns our that in many setups of interest, this stronger oracle could be implemented with the same
complexity as the standard linear optimization oracle.

Concretely, let us denote the set of extreme points of the feasible set by V. The Frank-Wolfe
method assumes the availability of an oracle that solves the following linear optimization problem
over V:

argminv ' Vf(x), €))
vey

where x is some feasible point. We emphasize that the linear problem is solved over the set of
extreme points (and not entire feasible set), since in most cases of interest indeed an efficient imple-
mentation of the linear optimization oracle will only consider the extreme points of the set (e.g., in
all combinatorial polytopes mentioned above and for other settings of interest such as the nuclear
norm ball of matrices or the set of trace-bounded positive semidefinite matrices Jaggi (2013)).

1. In Freund and Grigas (2016) it was shown that with a modified step-size, a “warm-start” could be leveraged to reduce
the number of iterations required by Frank-Wolfe to reach a desired approximation error by an additive constant,
however the resulting rate still depends on the diameter of the entire set.
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In this paper we suggest using the following oracle which minimizes an ¢2-regularized version
of (1):

argminv' Vf(x) + \|v — x|%, (2)
vey
where || - || denotes the Euclidean norm and A > 0. Note that (2) could be rewritten as
argmin [|[v — (x — in(X))HQ 3)
vey 22

That is, we assume that given some point y we can efficiently find the nearest extreme point (NEP)
in the feasible set. We thus refer to an oracle for solving (3) as a NEP oracle. Here it is very
important to emphasize that the optimization problems (2), (3) are only solved w.r.t. the set of
extreme points — the set ). This is very different from the regularized oracles suggested before in
Migdalas (1994); Lan (2013) which solve certain regularized problems w.r.t. the entire feasible set,
and thus have complexity similar to that of computing projection over the set, which is exactly the
computational bottleneck that Frank-Wolfe-type methods aim to avoid. We also note that an oracle
of the form (2) was implicitly already considered in Garber (2016), but there it was for the specific
case in which the feasible set is the spectrahedron (unit-trace positive semidefinite matrices) and the
aim was to obtain faster rates in terms of the iteration counter ¢.

Let us denote by X' the optimal set, that is X'* = arg mingex f(x). We also denote f* =
mingex f(x). Define

S* € arg mingy{ max |lv —ul : X" C conv(S)}, D* = max [[v—u]. 4)
= u,ve

u,vesS*
That is, S* is a subset of extreme points of minimum diameter whose convex-hull contains the
optimal set X'*, and D* is the corresponding diameter. Also, when K is a convex and compact
polytope, we let F* denote the lowest-dimensional face of X such that X* C F* and we let Dz~
denote the Euclidean diameter of F*. As we shall discuss in detail in the sequel, in many cases
of interest we have that D* < Dy or Dr- < Dy. For instance, when there is a unique optimal
solution which is an extreme point we have that D* = 0, or very often in case K is a polytope and
dim F* < d — a natural notion of sparsity for polytopes.
Our main contributions, in an informal and simplified presentation, are as follows:

1. We show that for many feasible sets of interest the NEP oracle (3) could be implemented with
the same complexity as the standard optimization linear oracle (1). Cases of interest include
0-1 polytopes, nuclear norm balls of matrices, bound-trace positive semidefinite matrices, the
unit spectral norm ball of matrices, and unstructured convex hulls. See Section 1.2.

2. We present a natural variant of the Frank-Wolfe method which replaces the linear optimization
oracle with a NEP oracle and enjoys an improved rate of O(3(D*? + D?%)/t), where Dy, is
the diameter of the initial level set.> Assuming quadratic growth of the objective w.r.t. the
feasible set, this rate improves to O(3D*?/t) plus a lower-order term of the form log(t)/¢2.
We also show such rates are not possible to obtain via Frank-Wolfe variants using a linear
optimization oracle. See Theorems 2 and 4.

2. Thatis Dy, = max{|lu—v| |u e K,v € K, f(u) < f(x1), f(v) < f(x1)}, where x; is the initialization point.
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3. In case K is a polytope and quadratic growth holds, we present a linearly convergent FW
variant which replaces the linear optimization oracle with a NEP oracle and enjoys a rate of
the form exp(—t/(dD%.)), which improves upon the previous best exp(—t/(dD%)) (e.g.,
Garber and Hazan (2013, 2016); Lacoste-Julien and Jaggi (2015).> For many polytopes of
interest this gives the first linearly convergent algorithm with rate independent of the diameter
of the entire polytope and whose per-iteration oracle complexity matches that of Frank-Wolfe.
See Theorem 5.

4. Incase K is a polytope and both quadratic growth and strict complementarity (see definition in
the sequel) hold, our linearly convergent variant converges with rate exp(—t/(dim F* D%* ),
where dim F* is the dimension of the optimal face 7*. As a consequence, for many 01 poly-
topes we obtain the first FW variant whose convergence rate is independent of the dimension,
provided that F* is low-dimensional. See Theorem 6.

5. We demonstrate that a NEP oracle could also lead to similar improvements to those in item 2
above in the stochastic setting, by analyzing a variant of the Stochastic Frank-Wolfe method.
See Theorem 12.

1.1. Notation

We use boldface lowercase letters to denote vectors and lightface letters to denote scalars. When
considering the space of matrices R™*" or that of symmetric 7 x n matrices S”, we use bold-
face uppercase letters to denote matrices. Throughout, we let ||-|| denote the Euclidean norm. For
matrices we let ||-||2 denote the spectral norm (i.e., largest singular value) and ||-|| p denote the (Eu-
clidean) Frobenius norm. For a set S of points in a Euclidean vector space we let conv(.S) denote
their convex-hull. Given a point x and convex and compact set S in a Euclidean vector space, we
let dist(x, S) denote the Euclidean distance of x from S.

1.2. Examples of feasible sets of interest

0-1 polytopes: 0-1 polytopes are polytopes which satisfy V C {0,1}, i.e., all vertices have
either O or 1 entries. This family of polytopes captures many combinatorial polytopes of interest in-
cluding the flow polytope, the spanning-tree polytope, the perfect matchings polytope of a bipartite
graph, the base polyhedron of a matroid, the unit simplex, the hypercube [0, 1]¢, and many more.

For such polytopes, the NEP oracle could be implemented directly using a linear optimization
oracle since for any vector y we have

argmin ||v — y||?> = argmin ||v||? = 2v'y = argminv'1 —2v'y = argminv' (1 — 2y),
vey vey vey vey
where 1 denotes the all-ones vector.

For many of these polytopes (e.g., flow polytope, perfect matchings polytope of a bipartite
graph, hypercube, but not the simplex), the diameter of the optimal face scales with its dimen-
sion, e.g., diam(F*) = O(v/dim F*). Thus, when the optimal set X is contained within a low-
dimensional face F*, we indeed have that D* < Dr- < Dx. Low-dimensionality of the optimal

3. Here for simplicity we hide dependencies on certain geometric quantities of the polytope which are standard for such
results, as well as on the objective’s condition number 8/«, where « is the quadratic growth parameter.
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face can be seen as a natural notion of sparsity (since it implies any optimal solution can be ex-
pressed as a sparse convex combination of extreme points), which is an important concept in many
machine learning / statistical settings (see also discussions in the recent work Garber (2020)).

The spectrahderon and trace-norm balls: The spectrahderon {X € S” : X »= 0, Tr(X) =
7} = conv{ruu’ | u € R”, |ju|| = 1} and the nuclear norm ball {X € R™" | [|X||, <
7} = conv{ruv' |u € R™ v € R", |lu|| = ||v| = 1}, where 7 > 0, are two highly popular
convex relaxations for matrix rank constraint, and are ubiquitous in convex relaxations for low-
rank matrix recovery problems (e.g., low-rank matrix completion). Optimization over these sets is
one of the main reasons for the increasing popularity of Frank-Wolfe-type methods, since linear
optimization over these sets amounts to a rank-one SVD computation — a task for which there
exists very efficient iterative methods (e.g., power iterations, Lanczos algorithm), while Euclidean
projection requires in general a full-rank SVD computation Jaggi and Sulovsky (2010); Garber
(2016); Allen-Zhu et al. (2017). Since all extreme points of these sets have the same Euclidean
norm, the NEP oracle is equivalent to the linear optimization oracle — see Norm-uniform sets in the
sequel, and hence could be implemented with the same complexity.

Consider now the case in which the feasible set is the spectrahedron and suppose that the optimal

solution is unique and can be written in the form X* = "™, )\ﬂ'uiu?, where (A1,...,\p) isin
the unit simplex, ||u;|| = 1,7 = 1,...,m, and for all i # j we have (u,u;)? > 1 — ~, for

some v > 0. In this case, it follows that D* < max; ; [|[Tu;u, — TujujTHF < /2~v7. Thus, for
v < 1 (which means X* admits a crude approximation via a rank-one matrix), we can indeed have
D* < \/21 = Dy. Clearly, a similar argument holds for the nuclear norm ball as well.

Unit spectral norm ball: Consider the set of matrices £ = {X € R"™*" | | X]l2 < 1} =
conv{U € R™™ | U'U = I}, m > n. Linear optimization over this set amounts to a SVD
computation Jaggi (2013). Since, as in the previous example, all extreme points have the same
Euclidean norm, the NEP oracle is equivalent to the linear optimization oracle (see Norm-uniform
sets next). While for this set we have Dy = 24/n, similarly to the example for the spectrahedron
above, we can clearly have D* < 2,/n.

Norm-uniform sets: In case all extreme points have the same Euclidean norm i.e., |[ul| = ||v||
for all u,v € V, we clearly have that the NEP oracle could be implemented using a single call to
the standard linear optimization oracle since for any vector y:

argmin ||v — y||? = argmin ||v||? — 2v'y = argminv ' (—2y).
vey veV vey

Note that many of the above examples (e.g., perfect matchings polytope, base polyhedron of a
matroid, spectrahedron, nuclear norm ball, unit spectral norm ball etc.) satisfy this property. Clearly,
(1, U and £, balls in R? also satisfy this property.

Unstructured convex-hulls: In case the feasible set /C is given by its set of extreme points without
further structure, i.e., K = conv{V}, where the set V is explicitly given, linear optimization amounts
to computing the linear function over all extreme points and taking the minimum. Clearly, we can
also implement the NEP oracle with the same complexity.
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1.3. The quadratic growth property

Most (but not all) results we report in this paper hold under the quadratic growth property which
has similar consequences to strong convexity but is a weaker assumption.

Definition 1 (quadratic growth) We say a function f : K — R satisfies the quadratic growth
property with parameter o > 0 w.rt. a convex and compact set K if for all x € K it holds that
dist(x, X*)?2 < 2a7 1 (f(x) — f*).

Quadratic growth is known to hold whenever f(x) is of the form f(x) = g(Ax) + b'x for
ag-strongly convex g : R™ — R, A € R™*4, and K is a convex and compact polytope (see for
instance Beck and Shtern (2017); Garber (2019a)). Very recently, it was also established that for the
important matrix domains — the spectrahedron and nuclear norm ball (mentioned above), for f(-)
of this form which also satisfies a certain strict complementarity condition, quadratic growth also
holds, see Ding et al. (2020b,a); Garber (2019b). Note that such structure of f(-) holds in particular
for g(z) = ||z — y||? and A being an underdetermined linear map which captures some of the most
fundamental problems in statistics and machine learning.

2. Main Results

In this section we present our novel algorithms and corresponding convergence rates. The complete
proofs, as well as additional results, are given in the appendix.

2.1. A NEP Oracle-based Frank-Wolfe Variant for General Convex Sets

Our first line of results concerns a straightforward adaptation of the standard Frank-Wolfe method,
where the call to the linear optimization oracle is replaced with a call to the NEP oracle, see Al-
gorithm 1 below. We note that we use a modified step-size 7, for the convex combination on each
iteration (and not the one used to compute the new extreme point v;) in order to guarantee that
out method is a decent method which is important for achieving the improved dependencies on the
initialization point.

Algorithm 1 Frank-Wolfe with Nearest Extreme Point Oracle
1: Input: sequence of step-sizes {7 }+>1 C [0, 1]
2: X1 4 some arbitrary point in V
3:fort=1,2,... do
4 vy argminge, v VF(x) + %th —v|?
{equivalent to v; « argmin,cy, ||V — (x¢ — (Bn:) "1V f(x4))*}

5. pick 7 € [0, 1] such that f((1 — 7;)x¢ + 7eve) < min{ f((1 — n)xe +neve), f(xe)}
6: Xtyr1 < (1 — ﬁt)Xt + ﬁtvt
7: end for

Theorem 2 Using Algorithm I with step-size 1, = t-%l we have

, . _ 28(D** + D)
V22 flx) - f< T

Y

where Dy, is the diameter of the initial level set (see Footnote 2).



FRANK-WOLFE WITH A NEAREST EXTREME POINT ORACLE

Moreover, if f(-) has the quadratic growth property over K with parameter o > 0, then

. 28D 3(D*? L min{207 (f(x1) — f*), D2}) log(t)
V22 f(x) - fTS T e L

Theorem 2 shows that as opposed to the standard convergence rate of the Frank-Wolfe method
which, regardless of the initialization, is O(3D%/t), our NEP oracle-based variant has a rate of
the form O(BD*?/t) plus an additional natural term that depends on the quality of the initial-
ization point. In particular, under quadratic growth, this additional term decays at a fast rate of
O(logt/t?), and thus even without good initialization, our algorithm has significantly improved
complexity whenever D* < Dy.

2.1.1. COMPLEMENTARY LOWER BOUND FOR LINEAR OPTIMIZATION-BASED FW VARIANTS

We now present a complementary result showing that the rates reported in Theorem 2 are impossible
to obtain in general for Frank-Wolfe variants using only a linear optimization oracle.

Definition 3 (Frank-Wolfe-type method (see also Garber (2020))) An iterative algorithm for the
optimization problem mingc i f(x), where K is convex and compact and f(-) is smooth and convex,
is a Frank-Wolfe-type method if on each iteration t, it performs a single call to the linear optimiza-
tion oracle of KK w.r.t. the point NV f(xy), i.e., computes some v; € argmin,cxv' V f(x;), where
Xt Is the current iterate, and produces the next iterate x;11 by taking some convex combination of
the points in {X1,V1,..., v}, where X1 is the initialization point.

Theorem 4 Let K = [0, 1]d, and fix a positive integer m < d. Let x* = %Z:’;l e;, i.e., X* has
% for the first m coordinates and 0 for the rest. Now consider the minimization of the function
flx) = %Hx — x*||? over K starting at x; = e, 1. Then, for any Frank-Wolfe-type method
there exists a sequence of answers returned by the linear optimization oracle such that for any
t < |vd—m — 1], the tth iterate of the algorithm x; satisfies f(x;) — f* > i.

Note that for the problem described in Theorem 4 it holds that f(x1)— f* = % + %, D* = /m,
and a = 8 = 1. Thus, when m < V/d, we have that O(m) iterations suffice for Algorithm 1 to
obtain approximation error < 1/4, while any Frank-Wolfe-type method with a linear optimization
oracle will require Q(\/&) iterations. Moreover, all currently existing upper-bounds for Frank-
Wolfe-type methods actually require €2(d) iterations (since D2 = d in this case).

2.2. A NEP Oracle-based Linearly-Convergent Variant for Polytopes

We now turn to discuss our NEP oracle-based linearly convergent algorithm for the case in which the
feasible set /C is a convex and compact polytope. Our algorithm (see Algorithm 2) is an adaptation of
the fully-corrective Frank-Wolfe variant Jaggi (2013), where the linear optimization step is replaced
in a straightforward manner with the new NEP oracle (similarly to Algorithm 1). On each iteration
of the algorithm we optimize either the quadratic-upper bound on the objective due to smoothness
(Option 1) or the objective itself (Option 2) over the convex-hull of all previously found vertices.
We make some comments regarding the efficient solution of the quadratic optimization problem
in lines 7 and 9 of Algorithm 2. Regarding line 7, when the number of vertices in the decomposi-
tion of the current iterate k satisfies k& < d, using a preprocessing step (i.e., explicitly computing
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Algorithm 2 Linearly Convergent Frank-Wolfe for Polytopes with a NEP Oracle
1: Input: a sequence {p;}+>1 C [0, 1]
2: X1 < some arbitrary point in V
3: fort=1,2,... do

4:  Let Ele A;v; be an explicitly maintained decomposition of x; to vertices
5. Vi ¢ argmingepu! VE(xe) + Bpeflu — x|

6:  Option 1:

: T 2

7 Xt+1 = argMiNyccony(vy,...,viy1) X Vf(Xt) + g”x - XtH

8:  Option 2 (fully-corrective):

9: X1 < arg minxeconv(vl,...,vk+1)f(X)
10: end for

vV (%), vix, vivj,i=1,...,k+ 1,7 = 1,...,k + 1), this problem could be reformu-
lated as convex quadratic minimization over the k-dimensional unit simplex. Such problems can be
efficiently solved via fast first-order methods. The problem in line 9 can also be reformulated as
a convex problem over the k-dimensional unit simplex however, solving it via first-order methods
requires more evaluations of the objective’s gradients.

In order to present our guarantees for Algorithm 2, we require some additional notation. Fol-
lowing Garber and Hazan (2016); Garber (2020) we assume K is a convex and compact polytope in
the form K := {x € R? | Ajx = by, Asx < by}, A; € R™*4 Ay € R™2%4, For a face F of K
we define:

dim F := d — dimspan{{A;(1),--- Ai(m1)}U
{A5(i) -7 € [ma],Vx € F: Ag(i) x = by(i)}}.

We let F* C K denote the lowest-dimensional face of P containing the set of optimal solutions, i.e.,
X* C F*. In the following we write F* = {x € R?| Ajx = b}, Ajx < b3}.* We let A* denote
the set of all dim F* x d matrices whose rows are linearly independent rows chosen from the rows
of A; We define w = MaXMecA* MHQ and § = minveym]:* mlnz{b’é(z) — A;(’L)TV ’ b;(@) >
A(i) " v}. Finally, we let Dx. denote the diameter of the optimal face.

Theorem 5 Suppose that K is a convex and compact polytope and quadratic growth holds with
parameter o« > 0. Let C > f(x1) — f* and M > max{g(él + 8du?D%.), %} where j = £.5

3
in{y/ 2692 oxp (=L (¢—1)) 1
Using Algorithm 2 with parameter p; = mm{\/ “ e;;\/[( (1) }for allt > 1 one has,

Vt>1: f(xﬁ—f*ﬁCexp(—%).

4. The rows of AJ are exactly the rows of Ay plus rows of Ay which correspond to constraints that are tight for all
points in 7* and the vector b7 is defined accordingly. The rows of A3 are the rows of Ay which correspond to
constraints that are satisfied by some of the points in 7™ but not by others, and the vector b3 is defined accordingly.

5. Note that for polytopes such as the flow polytope, the perfect matchings polytope of a bipartite graph, the [0, 1]%
hypercube and the unit simplex it holds that ;. = 1.
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Theorem 5 improves upon the state-of-the art complexity bounds for Frank-Wolfe-type methods
for general polytopes Garber and Hazan (2016)° by replacing the dependency on D,2C with D}-Q*. For
instance, for the [0, 1]¢ hypercube, when dim F* < d we have D2%. = O(dim F*) < D% = O(d).

We note that while Theorem 5 relies on a pre-defined sequence of step-sizes {p; }+>1 which can
be difficult to tune in practice, in Theorem 11 (Section C.2) we prove that the same rate can be
obtained using an adaptive step-size by applying a logarithmic-scale search on each iteration ¢ to
choose a value for p; which gives the largest decrease in function value.

2.2.1. IMPROVED DEPENDENCE ON DIMENSION UNDER STRICT COMPLEMENTARITY

While for many polytopes Theorem 5 implies significant improvement in the dependence on the
dimension whenever dim J* < d, still the exponent has explicit dependence on the dimension d.

In a very recent work Garber (2020) it was shown that even when the optimal face is low-
dimensional, without further assumptions, Frank-Wolfe-type methods (as defined in Definition 3)
cannot avoid such dependence. It was also shown that under a strict complementarity condition
(see Assumption 1), it is possible to improve the explicit dependence on the dimension d to only
dependence on the dimension of the optimal face F*. The strict complementarity assumption, in
the context of analyzing Frank-Wolfe-type methods, was suggested by Wolfe himself Wolfe (1970),
and it was also instrumental in the early work GuéLat and Marcotte (1986) on linearly-converging
Frank-Wolfe methods, but not in the more modern ones such as Garber and Hazan (2013, 2016);
Lacoste-Julien and Jaggi (2015). Garber (2020) motivated this assumption by proving it implies the
robustness of the optimal face ™ to small perturbations in the objective function f(-).

Assumption 1 (strict complementarity) There exist § > 0 such that for all x* € X* and v € V:
ifv € V\ F* then (v — x*) TV f(x*) > §; otherwise, if v € V N F* then (v — x*) TV f(x*) = 0.

Theorem 6 Suppose that in addition to the assumptions of Theorem 5, Assumption 1 also holds
with some parameter 6 > 0, and let C > f(x1)— f*, M; > max{% +88D%. max{2x,6 1}, 3},

and My > {22 1168k D%., 1}, where , = 22dim"
min{4/2max{2k,6~1}C exp (*ﬁ(tfl)),l}
2My

Using Algorithm 2 with parameters p; = forallt > 1, one

has,

—1
Vez1i fx) - f < Cen (— ) 5)

Furthermore, in case that 2k < 5~ and dim F* > 0 (i.e. k > 0), denoting T > 4M, Iog(%) +1
min{26x exp(— <=7 ),1}

and for all t > T, using p; = 50 My instead of the above value, one has,
VE> 710 f(xe) — ff < 0%kex (—t_T) (6)
2T t = p AMy )

6. We note that i. while other results on linearly converging FW variants have complexity bounds that are stated using
different quantities, such as the pyramidal width in Lacoste-Julien and Jaggi (2015), their worst-case complexity
bounds do not improve over Garber and Hazan (2016), and ii. while Garber and Meshi (2016) presented a FW
variant with improved dependence on the dimension (but without improvement in dependene on Dy), their result
applies only to a very restricted family of polytopes and in particular a strict subset of the 0—1 polytopes.
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Theorem 6 improves upon Garber (2020) by replacing the dependence on Dy with D z=. Thus,
for many polytopes of interest, when dim F* < d, Theorem 6 has no explicit dependence on the
ambient dimension d, but only on the dimension of the low-dimensional optimal face F*. In par-
ticular, as discussed, for many polytopes of interest, the NEP oracle could be implemented using a
single call to the linear optimization oracle, and as a result, for many 0—1 polytopes, under quadratic
growth and strict complementarity, we obtain the first linearly convergent algorithm with the same
per-iteration oracle-complexity as Frank-Wolfe and with dimension-independent convergence rate
whenever dim F* < d.

2.3. A NEP Oracle-based Frank-Wolfe Variant for Stochastic Optimization

Our last result concerns a standard stochastic optimization setting in which f(-) is given by a
stochastic first-order oracle with stochastic gradients upper-bounded in ¢ norm by some G > 0.

Stochastic Frank-Wolfe-type methods have also received notable attention in recent years, in-
cluding the use of the conditional-gradient sliding approach and various variance reduction methods,
see for instance Lan and Zhou (2016); Hazan and Luo (2016). Here however, in order to demon-
strate the benefit of our NEP oracle to this setting as well, we only focus on the most basic method
known as the Stochastic Frank-Wolfe (SFW) algorithm, which replaces the exact gradient in the
Frank-Wolfe method with a mini-batched stochastic gradient (see Hazan and Luo (2016)). Also,
here for simplicity we only focus on the case in which f(-), K satisfy the quadratic growth property.

Our algorithm, which is a straight-forward adaptation of the SFW algorithm is given as Al-
gorithm 3 (replacing the call to the linear optimization oracle with a call to the NEP oracle) in
Appendix 2.3.

Theorem 7 Suppose f, K satisfy the quadratic growth property with some o« > 0. Using Algo-

rithm 3 with step-size 1y = t-%l and mini-batch sizes that satisfy

my > maX{<G/(BtD_tCl)>2,min{(GDgéi;_U>2, <a(8;g?]—;}i)2>2}}7

16682 Dy ?
(6%

~ *2
forany () < e < , expected approximation error € is achieved after O( max{’BDT, %})

~ 2yx2 3
calls to the NEP oracle and O(ﬁG2 max { D’CGSD , a3g’€<3/2 , a1?2i5/2 }) stochastic gradient evalu-
B2Dx?
ae °

ations, where O suppresses poly-logarithmic terms in

Let us compare Theorem 7 with the standard SFW method which requires O(8G2D}-/€3)
stochastic gradients and O(3D% /) calls to the linear optimization oracle Hazan and Luo (2016),
and the state-of-the-art — the stochastic conditional gradient sliding (SCGS) method Lan and Zhou
(2016) which requires optimal O(G?/(«ce)) stochastic gradients and O (3D /¢) calls to the linear
optimization oracle. The improvement over SFW is quite clear , both in terms of the stochastic
oracle and the optimization oracle (at least when « is not trivially small). While SCGS has clear
advantage in terms of the stochastic oracle complexity’, we see that when the main concern is the
optimization oracle complexity and D* < Dy, already the simple stochastic scheme in Algorithm
3 can have significant advantage over SCGS.

7. This is not surprising since, as opposed to SCGS, SFW cannot leverage the quadratic growth to improve the stochastic
gradient complexity.

10
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3. Proof Ideas

In this section we describe the main novel components in the analysis of Algorithms 1,2 — novel
bounds on the per-iteration error reduction which are independent of the diameter of the set.

3.1. Error reduction for Algorithm 1

Lemma 8 Using Algorithm 1 with any choice of step-sizes {n: };2, one has,

2
Vi 1: f(xen) =T < (L=m)(fGx) = f) + B%(dist(Xt,X*)z + D).

Proof Fix some iteration ¢ > 1 and let x* be the optimal solution closest to x;. From the (-
smoothness of f(-), the optimality of v, and the definition of the set S* in (4), we have that,

poi

5 v +x* —x* — xtH2

f(xes1) < min Fxe) + (v —x¢) TV f(x¢) +

= min f(x¢) + —-x)'V % - x|
= min f(x¢) +m(v = x0) VS (x) + = (IIxe = x|

+2(x¢ —x) T (x* = v) + v - x"%)

< min f(xr) +m(v —x1) "V f(x)

@ . £12 oo\ T ok *2
+ (dlSt(Xt, X)) +2(x —x") (x*—v)+D )
(S) Fxe) +me(x" = %) TV f(x)

2
+ B%(dist(xt, X2 4 2(x; — x) T (x* — x*) + D*?)

o o /877%2 : *\ 2 *2
< f(xe) = me(f(xe) = f°) + 5 (dist(x¢, X*)° + D*),

where (a) holds since x* € conv(S*) and since v ' V f(x;) + B (x; — x*) T (x* — v) is linear in v.
Subtracting f* from both sides concludes the proof. |

3.2. Error reduction for Algorithm 2

We now proceed to the main lemma in the proof of Theorems 5, 6 which will allow us to bound the
improvement on each iteration of Algorithm 2.

Lemma9 Fix some iteration t > 1 of Algorithm 2 (when either Option 1 or 2 are used) and
consider a convex decomposition of X; into vertices: X; = Zle \ivi, and fix some n € [0, 1].
Suppose there exists R < 1 such that some x* € X* can be written as x* = Zle()\i — A¥)v; +

Zle Az for AT € [0,\],z € F* and Zle AY < R. Then, using p; = nR one has that,
« x 2 |2 212
Fxern) = f* < (U =n)(f(xe) = f*) + 078 (2]x¢ — x*||* + 4R°D%.) .

11
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This lemma indeed allows us to obtain linear rates since, as it was shown in Garber and Hazan
(2016); Garber (2020), informally speaking, we can take R = O(||x; — x*||) = O(\/ f(x¢) — f*).
Proof First, note that we can assume w.l.0.g. that Zle A7 = R (see Observation 1 in Ap-

pendix C.1).
Now let p; = x* — Rz + Rvyy1 and yi11 = (1 — n)x¢ + np;. Note that since p; = Z,’f:l(/\i —
Af)VH-Zf:l A¥vyy1, wehave that p; € conv(vy, ..., Vi) and thus y,4q € conv(vy, ..., Viil).

Thus by the 5-smoothness of f(-) and the optimality of x;; (as defined in either line 7 or 9 of Al-
gorithm 2), we have that,

Fxes1) < F(x0) + (e — %) TV F(xe) + g”yt—&-l — x|?

°B
"THX* — Rz + Rvi1 — xi)?

= f(x¢) +n(x* — Rz + Rvj 1 — %) Vf(xs) +

< fxe) +n(x" = x0) TV F (%) + R (Vi1 —2) V(%)

+PB(x" — Rz — (1 = R)xl|* + R?|[vir1 — %)

< fxe) +n(x" = x) "V f(x)

+B(Ix" — Rz — (1 - R)x||* + RB?|w* —x|*) Q)
where in the last inequality we let w* be a vertex in F* such that w*' Vf(x;) < z' Vf(x;) and

we use the fact that since p; = 7R, we have that vj, 1 € argmingcp,u' Vf(x;) + BnR|u — x|
Note that

Iw* = x¢]|* < 2flw™ = x| + 2l|x — x| < 2|lx; — x7[|* + 2D ®)
Also,
|x* — Rz — (1 — R)x¢||*> = ||(1 — R)x* — (1 — R)x; + Rx* — Rz|?
<2(1 - R)?||x; — x*||* + 2R*D%.. )
Plugging-in (8),(9) into (7), we have

F(xeg1) < F(xe) +n(x* — %) TV f(x0)
+ 1?8 (2R?||x¢ — x*||* + 2R?D%. + 2(1 — R)?||x; — x*||* + 2R?D%.)
< f() +n(x* = x0) TV f (%) + 0B (2l|xe — x*||> + 4R* D% )

where we have used the fact that max gejo 1) R* + (1 — R)* = 1.
Finally, using the gradient inequality and subtracting f* from both sides we get the proof. |

4. Experiments

In this section we present numerical evidence that demonstrate the benefits of our NEP oracle-based
algorithms. Due to lack of space, additional results are deferred to Appendix E.

We conducted two experiments. In the first experiment we consider minimizing a random least-
squares objective over the unit hypercube [0, 1]¢. In the second experiment we consider the task of

12
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video co-localization taken from Lacoste-Julien and Jaggi (2015) which takes the form of minimiz-
ing a convex quadratic objective over the flow polytope. Note that in both experiments the feasible
set is a convex and compact polytope. In both experiments we compare the performances of the
original Frank-Wolfe algorithm (FW), the Frank-Wolfe with away-steps (AFW) variant Lacoste-
Julien and Jaggi (2015), the fully-corrective Frank-Wolfe variant (FC) Jaggi (2013)8, our Algo-
rithm 1 (NEP FW), and our Algorithm 2 with the fully-corrective option (NEP FC). For the video
co-localization experiment we also included the pairwise Frank-Wolfe variant (PFW) Lacoste-Julien
and Jaggi (2015) and the DICG Frank-Wolfe variant (with line-search) Garber and Meshi (2016).

In both experiments, when implementing the fully corrective variants (FC, NEP FC), we used a
constant number of FISTA Beck and Teboulle (2009) iterations in order to compute the next iterate
(i.e., finding an approximate solution to the problem in line 9 of Algorithm 2). For our NEP oracle-
based algorithms which require the smoothness parameter /3, we set it precisely according to the
data (i.e., largest eigenvalue of the Hessian, which is fixed since the objectives are quadratic).

4.1. Hypercube-constrained least-squares

We consider the problem miny g 1y $|Ax — b||?, where we take A to be a m x d matrix, m =
175, d = 200, with standard Gaussian entries and we set b = Ax™*, where x* is constructed by first
choosing a random vertex of the hypercube and then changing it’s first 5 entries to 0.5. Thus, x*,
which is also an optimal solution, lies on a face of dimension 5 of the hypercube. The initialization
point for all algorithms is taken to be 0. For both standard Frank-Wolfe and Algorithm 1 we used
the theoretical step-size t% (an alternative is to use line-search but for both variants it seems to
give inferior results on this problem). For Algorithm 1 we skipped line 5 since it had no observable
impact on performance. For Algorithm 2, on each iteration £ we took p; € {Qa/ 4 pt,l}gz_ 4 Which
achieves the lowest function value, where initially we set pg = 0.5. For the FC and NEP FC
variants, on each iteration ¢ we used 50 iterations of FISTA to compute the next iterate x;41. Also,
the smoothness constant L; of the FISTA objective was chosen to be fixed throughout all iterations
and its was empirically tuned, resulting in 2 - 10* for Algorithm 2 and 5 - 10* for FC.

Figure 1 shows the results averaged over 50 i.i.d. runs (where in each run we sample a fresh
matrix A and an optimal solution x*). As can be seen, NEP FC significantly outperforms all other
algorithms both with respect to the number of iterations and runtime. Also, it can be seen that
the simple addition of the NEP oracle in the NEP FW method leads to substantial improvement in
performance compared to the standard Frank-Wolfe method. Moreover, with respect to runtime,

NEP FW outperforms all other methods except for NEP FC.

4.2. Video co-localization

For our second experiment we use a formulation of the video co-localization task as a convex
quadratic problem over the flow polytope (which is a 0—1 polytope), a formulation that was orig-
inally proposed in Joulin et al. (2014). We used the same dataset and initialization point used in
Lacoste-Julien and Jaggi (2015) and Garber and Meshi (2016). The dimension of the problem is
d = 660 and the optimal solution has 66 non-zero coordinates and no coordinate is equal to 1, which
implies that the optimal face is indeed low-dimensional.

8. Fully-corrective Frank-Wolfe is equivalent to using the fully-corrective option in Algorithm 2 with p, = 0i.e. with
a linear optimization oracle instead of the NEP oracle.
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Figure 1: Comparison of Frank-Wolfe variants on the hypercube-constrained least-squares prob-
lem. The results are the average of 50 i.i.d. runs.

As opposed to the previous experiment, here for both the standard Frank-Wolfe method and
Algorithm 1 we used line-search to set the step-size since for both it gives better results than the
fixed t% step-size. For Algorithm 1 we use the theoretical constant 7; = t% for the regularization
weight when calling the NEP oracle. For Algorithm 2 we used p; = (1/+/2)'*!. For both FC and
NEP FC variants, on each iteration ¢t we used 10 iterations of FISTA to compute x;11, where as in
the previous experiment, the FISTA smoothness parameter was fixed throughout all iterations and
tuned empirically, resulting in a value of 0.25 for both variants.

Since the optimal value of the objective is not known we find it approximately using 1000
iteration of DICG Garber and Meshi (2016) (which results in a duality gap of 10~1?).

The results are given in Figure 2. As it can be seen, NEP FC outperforms all other algorithms,
both with respect to the number of iterations and running time. Although it may seem that the
difference between NEP-FC and FC is not significant, the ratio between the time it takes FC to
reach an approximation error of 10~'2 and the time it takes NEP FC to reach the same error is 1.21.
Furthermore, it can be seen that the simple addition of the NEP oracle in the NEP FW method leads
to substantial improvement in performance compared to the standard Frank-Wolfe method, and that
with respect to running time, NEP FW outperforms the linearly-converging variants AFW and PFW.

—FwW ——DICG —FW ——DICG

2 ——NEPFW AFW " ——NEPFW AFW

10 NEPFC ——PFW 10 NEPFC ——PFW
—FC —FC

approximation error
approximation error

200 400 600 800 1000 1200 1400 1600 1800 2000 0 0.05 01 015 02 0.25 03
iteration time (seconds)

Figure 2: Comparison of Frank-Wolfe variants on the video co-localization problem. The times
shown are the averages of 200 runs.
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Appendix A. Proof of Theorem 2

For clarity, we first restate the theorem and then prove it.

Theorem 2 Using Algorithm I with step-size 1y = t-%l we have

. . _ 28(D**+ D3)
Vi 2: fla) - f < T

Y

where Dy is the diameter of the initial level set (see Footnote 2).
Moreover, if f(-) has the quadratic growth property over K with parameter o > 0, then

. 2807 8D 4 min{2a”!(f(x1) — f*), D} )) log(1)

Vi>2: f(xy)—f"< —— 2

Proof Using Lemma 8 with our choice of step size 7;, we have that for all ¢ > 1,

2 26D*%  2Bdist(x;, X*)?
_ * < 1 = _ * )
f(xt+1) f —( t+1)(f(xt) f )+ (t—i—l)Q (t+1)2
Thus, from Lemma 10 we have that for any ¢t > 2,
.
f@g—fﬂgﬁEZm%D”+ma@mXﬂ%
k=1

1 i1 2 t—1

— —, 26D 1

—1 2k=1 : *
=1 +t—2 E 2Adist(xj;, X'*)?

IN

t+1 ]
28D*2 122
- er Tt > 2Bdist(xy, X*)? (10)
k=1
28D*2 L S0l 28dist(xy, X*)?
< + . (11)
t+1 t+1

Since Algorithm 1 is a decent method (i.e., the function value never increases from one iteration to
the next), and so all iterates as well as the optimal set X'* are contained within the initial level set
L, for any t > 1 we can bound dist(x¢, X*) < Dy..

Thus, using (11) we have that,

26D**  23D?

> 92 _ < .
V=220 foa) =St

If we additionally assume quadratic growth, we can use again the fact that Algorithm 1 is a
decent method, in order bound dist(x;, X*)2 < 2(f(x1) — f*) which results in the bound

- «

. . _ 28D*2  2Bmin{2a " (f(x1) — f*),D?}
Viz2: o) =S s t+1 ‘

(12)
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Thus, denoting M = 23(D*? + min{%(f(xl) — f*),D%}), using again the quadratic growth of
f(-) and (10) we have that for any ¢ > 2,

28D 48 2 28D 48~ M

fxe) = f* <

(f(xx) = f7) <

t+1 at? P (@ t+1 at? k:1k+1

_ 28D Mg —1) 26D PMlog(t) 13

ot t2 T ot+1 2 ’
where (a) follows from the definition of M and the bound in (12).

Thus, plugging-in the value of M in (13) we indeed have that,
2
28D*?  B(D*2 4 min{207(f(x1) — f*), D2})log(t)
Vit >2: — < a )
= e 2
[ |
Lemma 10 Let {a, b };°, be non-negative scalars such that,
Ve > 1 <1 Jag + be
: — a .
=0 M =TT )2
Then, we have that for any t > 2,
t—1
1
Qg S ? bk-
k=1
In particular, when {b; }{2, is upper-bounded by M > 0 we have that,
M
t>2: < .
v |

Proof First we define a sequence {a;}3°, such that a; = aj and V¢t > 1 : G441 = (1 — t—%)&t +
(1541:73)2' Note that ao = %1 and that for any t > 1, a; < ay.

Thus, since {a¢};°, is of the form a;y1 = ciar + b; (a first-order non-homogeneous recurrence
relation) we have that for any ¢t > 2,
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we have that for ¢ > 3,

. k:k—Fl by,
atSat:t(i <a2+z 9 k‘+ )>

t—1

2 E(k+1) by, 1 kby,
pr— — . 2 pr— —
(a) t(t —1) — 2 (k+1) t(t—1) —k+1
t—1 t—1
1 t—1 1
< R b b
SHt—1) ¢ ;’“ t2;k’

where (a) holds since as = % (note that for that reason the bound also holds for t = 2).
Finally, if {b;}?°, is upper-bounded by some M > 0, we have that for any ¢ > 2,

1« (t—1)M M
2; t+1)(t—1) t+1

Appendix B. Proof of Theorem 4

For clarity, we first restate the theorem and then prove it.

Theorem 4 Let K = [0,1]% and fix a positive integer m < d. Let x* = 53" | e;, i.e., X* has
% for the first m coordinates and 0 for the rest. Now consider the minimization of the function
f(x) = %Hx — x*||? over K starting at x; = e,,41. Then, for any Frank-Wolfe-type method
there exists a sequence of answers returned by the linear optimization oracle such that for any

t < [Vd —m — 1), the tth iterate of the algorithm x; satisfies f(x;) — f* > %.

Proof Clearly, the unique optimal solution is x* and f* = f(x*) = 0. Letk = |\/d — m — 1] and
let Sp, S1 ..., Sk be a partition of the last d — m — 1 coordinates (i.e., of the set {m +2 < i < d:
i € N}) such that each S;,7 = 1,..., k contains exactly k coordinates. Consider now the iterates
of some Frank-Wolfe-type method. Observe that for any ¢ > 1, since the last d — m coordinates of
V f(x¢) = x¢ —x* are the same as those of x;, the last d — m coordinates of a valid answer returned
by the linear optimization oracle can contain 0 in coordinates in which x; is non-zero, and either
0 or 1 in coordinates in which x; is 0. Thus, a valid sequence of answers returned by the linear
optimization oracle on iterations 1 < ¢ < k may set on each iteration ¢ € {1,...,k} the oracle’s
output v; to contain 1 in the coordinates in .S; and O in the rest of the last d — m coordinates (i.e.,
the coordinates in (Uf:o Si\ St) U{m+1}).

For any vector x € R? we let x(@=m) denote the restriction of x to the last d — m coordinates.

Now, fix some ¢t < k+ 1. Since x; € conv(xy,Vvy,..., V), there exist some w € conv(vy,..., Vi)
and v € [0,1] such that x; = (1 — v)x1 + fyw Note that since w4~ is a convex combina-
tion of k£ orthogonal vectors (vgdfm), ce,V (d ) each having Euclidean norm V'k, we have that

|w(¢=™)||2 > 1. Thus, using the fact that x* (d ™) = 0 and that w(¢=") is orthogonal to xgd ™),
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we have that,

1 " 1, (- 1 d— _
Fr) = £ = Gl = x| = P = S =) w2
1 d— 1 _ 1 1 1
— 21— N2l L L2 dm) 2 s D A2 4 2a2 s o
5 (1= )Mk T+ Sy W T 2 S =)T+ 50 2
where the last inequality holds since min. (o 7(1 — )2 +~2 = %
Thus, we indeed have that forany t <k = [vVd —m — 1], f(x;) — f* > 1 [

Appendix C. Results and proofs missing from Section 2.2

In Section C.1 we prove Theorem 5, in Section C.2 we prove that the linear convergence rate in
Theorem 5 also holds if instead of using a predefined sequence {p;}+>1, we use an adaptive-step
size strategy, and in Section C.3 we prove Theorem 6.

C.1. Proof of Theorem 5

We first prove the following technical observation which was used in the proof of Lemma 9 and
then prove the theorem.

Observation 1 Suppose that K is a convex and compact polytope and let x € K which is given
by a convex combination of vertices x = Zle Aivi. Suppose there exists R < 1 such that some
x* € X* can be written as X* = Zle()\i — Af)v; + Zle Atz for AT € [0,\],z € F* and
Zle A < R. Then, x* can also be written as, X* = Zle(ki — A))vi + Zle Az where,
Aielo,N],ze Frand Y| A= R.

Proof Denote R’ = Zle Af and assume R’ < R. Lety = 11%_—]1%2,’ and note that since R’ < R < 1,
v € [0, 1]. We will show that A; = (1 — v)Af +v); and zZ = (1_7];1)]?/2 + £x* satisfy the required
conditions. B

Indeed, since vy € [0, 1], we have that A; € [0, \;], and since
_R(1-R) R-R

(1-y)R +~= R +1_R,_R, (14)

—_ / . . . . . . .
we have that, z = a g)R z + X" is a convex combination of points in F* and thus in F* itself.

Moreover, using (14) we have that,

k k k
YA =(1-9)> Ar+94) N=(01-9R +y=R.
i=1

i=1 i=1
Finally, we indeed have that,

k

X = (L= X" +9x" =D (1=7)(A — Af)vi + (1 - 7)R'z + yx*
i=1

()\i — Ai)vz- + Rz,

I
M)~

1

-
I
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completing the proof. |

Before continuing to the proof of Theorem 5 we first restate it.

Theorem 5 Suppose that K is a convex and compact polytope and quadratic growth holds with
parameter o > 0. Let C > f(x1) — f* and M > max{§(4+8d,u2D2P), 3}, where pn = Y. Using

3
min{\/% exp (—ﬁ(t—l)) 1
2M

Algorithm 2 with parameter p; = } forallt > 1 one has,

Vt>1: f(xQ—f*ﬁCexp(—%),

Proof The proof is by induction on ¢. For ¢ = 1 the bound holds by the definition of the constant C'.

Now suppose the bound holds for some ¢ > 1. We will show that it holds for ¢ 4+ 1. Let
x; € X be the closest optimal solution to x; and let Zle A;v; be the decomposition of x; used
in Algorithm 2.
By Lemma 5.5 from Garber and Hazan (2016) there exist A¥ € [0, \;], ¢ = 1,...,k and z € F*,
such that x; = S°F (A — A%)v; + S8 Afz, and SF | A* < min{v/dpul/x; — x}||, 1}, which
by the quadratic growth of f(-) together with the induction assumption, implies that Zle A7 <

min{ \/% exp(—g57(t — 1)), 1}, where M is as defined in the theorem.

Therefore, taking R = min{\/wol”2 exp(—7(t — 1)), 1} and ) = 51, we have that p, = nR

«

and Zle A7 < R and thus, we can use Lemma 9 which implies that,

Fen) = f5 < (U =n)(f(xe) = [5) +7°B2lxt — x||* + 4R* D%.)
ge_% L 8Cd,u2D3_-* e_t—l
(6%

IM )

< (1—n)Ce™ 5 + 8

a

< (1—n)Ce D 4 Mp?Cemam (1)
b

(0}

—
N

—
=

1 1 1
= (1 - —=)Ce D < Cemart,
(¢) ( 4M) (d)

where (a) holds by the induction assumption and the quadratic growth of f(-), (b) holds due to the
definition of M, (c) holds since n = ﬁ, and (d) holds since 1 — x < e~ 7. |

C.2. Linear convergence with adaptive step-sizes

We now prove that, in principle, the linear rate of Theorem 5 can be achieved with an adaptive choice
of the parameter py, instead of the predefined value listed in Theorem 5. Theorem 11 demonstrates
that it suffices to do a log-scale search over py, i.e., check values p, = 1, %, %, %, ..., and take
the one which leads to the largest decrease in function value. Note that according to the theorem
and since K is compact, if the target accuracy we are looking to obtain is some € > 0, we need not
consider values of p; below some O(¢). Thus, the overall number of search steps will be logarithmic
in 1/¢, and the overall increase in complexity due to the use of such adaptive step-sizes will be an

O(log 1/e€) factor.
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Theorem 11 Suppose that all of the assumptions of Theorem 5 hold and denote hy = f(x1) — f*
and M* = max{§(4 + 8du?D%.), %} Consider running Algorithm 2 and for all t > 1 define

pr = min{‘/&“;’gﬁx“**)’l}. Suppose that for all t > 1 we use some value p; € [%, pr]. Then, with

these parameters one has,

3(t—1)).

Vi>1: f(xy) — fF < hlexp<— 6

Proof Fix some iteration ¢ > 1. Using the same notation and arguments as in the proof of The-
orem 5, by Lemma 5.5 from Garber and Hazan (2016) we can take R = min{v/du||x; — x|/, 1}
(note that ||x; — x;|| = dist(x;, X*) as x; denotes the closest optimal solution to x;). Thus, taking
1 = p¢/ R and noting that by the definition of p; in the theorem, n € [ﬁ, ﬁ], by Lemma 9 we
have that,

Fxern) = f* < (L= (f(xe) = ) +7°B2lx — x{||* + 4R*D%.)

22
< (=7 = 1)+ 1280+ 2R () - 1)

. _ *, 2 _ f* — 5
5 Lo M) = 1) < (- g

(07

)(f () = ),

where (a) follows from the quadratic growth of f(-) and the definition of R, (b) follows from the

definition of M*, and (c) holds since 1 € [, 737 )-

Using the fact that 1 — x < e™*, we have that,

N

C.3. Proof of Theorem 6

The proof goes along the same lines as the proof of Theorem 5, but this time, since we assume
d-strict complementarity, we can use Lemma 2 from Garber (2020) instead of Lemma 5.5 from
Garber and Hazan (2016) in order to upper-bound the amount of probability mass we need to move
from the convex decomposition of the point x; in order to reach the closest optimal solution x*,
yielding a dimension-independent linear convergence rate.

For clarity, before continuing to the proof of the theorem we first restate it.

Theorem 6 Suppose that in addition to the assumptions of Theorem 5, Assumption 1 also holds
with some parameter § > 0, and let C' > f(x1) — f*, My > max{% +88D%. max{2x,57 '}, 1}

and My > {22 1168k D%., 1}, where , = 22dm"
min{4/2max{2k,6~1}C exp (*ﬁ(tfl)),l}
2My

Using Algorithm 2 with parameters p; = forallt > 1, one

has,

t—1
VEz1: o f(x) -~ ff < Cexp (- 4M1). 5)
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Furthermore, in case that 2k < 6~ and dim F* > 0 (i.e. k > 0), denoting T > 4M, log((s%) +1
min{26k exp(— <=7 ),1}

and for all t > T, using p; = 50 8Mp instead of the above value, one has,
VE>T: o f(x) — fF < 6%kex (—t_T) (6)
=T t = p AN, )

Proof We first prove the rate in (5) by induction on ¢. For ¢ = 1 the bound holds by the definition
of the constant C'.

Now, suppose the bound holds for some ¢ > 1. We will show that it holds for ¢ + 1. Let
x; € X be the closest optimal solution to x; = Zle Aiv; and denote hy = f(x;) — f*. Then,
by Lemma 2 from Garber (2020), there exist AY € [0, \;],i = 1,...,k, and z € F*, such that
xi = 2 (N = A7)vi + S0 Afzand 37 A7 < min{1, 67 hy + Vi)

Since when 0~'h; > \/rh; we have that 3% | A* < min{1,20 "'} < min{1,5~/2\/2h;},
and otherwise we have that Zle A < min{1,2/kh}, by taking the maximum of the two

we have that 3% | A* < min{1, max{v/2x, 6" "/2}\/2h;}. Thus, taking 1 = s and R =

min{1, \/2 max{2k,0 1}C exp(—ﬁ)}, where M is as defined in the theorem, we have that

p+ = nR and Zle A7 < R, and therefore we can use Lemma 9 which implies that,

hipr < (L= n)he + 082 — x7||> + AR*D%.)

- _ 4  _ — - —
< (1—n)Ce o (t 1)+7725(fce o (t 1)+8max{2/€,5_1}D§-*Ce i (¢ 1))
a «

—
=

<(1- n)ce—ﬁ(t—l) + MlT]QOe_ﬁ(t_l)

—~
=

1 ——L (4-1) S
1 - Ce 4Mq < e 4Mq ,
( 4M1) (d)

—

c

~

where (a) holds by the induction assumption and the quadratic growth of f(-), (b) holds due to the
definition of M, (c) holds since n = ﬁ, and (d) holds since 1 —x < e~ 7.

Now we turn to prove the rate in (6). The proof goes along the same lines as the proof of (5), but
now we have from (5) that for 7 as defined in the theorem, it holds that h, < 52k, and since when
h: < 8%k we have that Zle Ar < min{1,0 1 hy + V/khi} < min{1,2v/kh¢}, we can replace
C with §?x and max{2k, 5!} with 2k in the above arguments, and get the desired bound for all
t>T. |

Appendix D. Results and proofs missing from Section 2.3

Our NEP Oracle-based Stochastic Frank-Wolfe variant is given in Algorithm 3

In Section D.1 we prove a theorem on the convergence rate of Algorithm 3. Then, in Section
D.2 we prove Theorem 7.

Throughout this section, for all # > 1 we denote h; = E[f(x;) — f*].
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Algorithm 3 Stochastic Frank-Wolfe with a Nearest Extreme Point Oracle

1: Input: a sequence of step-sizes {rn;} C [0, 1], a sequence of mini-batch sizes {m;} C N
2: X1 ¢ some arbitrary point in V

3 fort=1...do

4:  Compute V, as the average of m, iid unbiased estimators of V f (x¢)

5. vy < argminge, v Vi + %th —v|?

6:  Xpy1 (1 —m)Xe +mpvy

7: end for

D.1. Convergence rate of Algorithm 3

Theorem 12 Assume f(-), KC satisfy the quadratic growth property with parameter o > 0. Then,
using Algorithm 3 with step-size ny = t% and mini-batch sizes that satisfy

o (S e (2552 (55) )}

one has,

48D 3 D2 10g(1)
t+1 t2 '

Vi >2: E[f(x) - f7] <

We first prove a lemma on the improvement (in expectation) on each iteration of Algorithm 3, and
then we prove the theorem.

Lemma 13 Fix some iteration t > 1 of Algorithm 3 and let d; > El|dist(x;, X*)?]. Then, using a

step-size ;. € [0, 1] and mini-batch size my > ( o {2;13 s 57 )2 one has,

her1 < (1= ne)he + Bnf (min{D** + dy, Dic?}).

Proof Let x* be the closest optimal solution to x;. We will upper-bound V; v; + % [ve — x¢]|% in
two ways.

On one hand, consider an extreme point u* € arg minvevvtT v. By the optimality of v; we have
that,

* /877t

- - D2
VZVt‘F%HVt—XﬂPSV;FU +7 M

[l = x| < VX" + =

On the other hand, since x* is a convex combination of extreme points from the set S*, as in the
proof of Lemma 8, there must exist some w* € S* such that,

61;TVV* + Bne(w* — X*)T(X* —x¢) < ﬁtTX*'
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Thus, denoting d; = dist(x;, X'*), by the optimality of v; we have that,
B

Tl vet v =l < T w4 2t — ) =

v, w* 5771: [w* — x* +x* —x|* =
= ﬁ * * /8
Vw4 Sl = x| B (w = x) T (" = x0) 4+ S = x| <
~ D*? d?
VtTX* + 577:: 4 By )
2 2
Thus, denoting M; = min{D*2 + J,%, D;CQ}, we have that,
B

Bn;Mt. (15)

Vvt S v =l < Vix +

Now, from the $-smoothness of f(-) we have that,

Flxe1) — F(xe) < V)T (xe1 — x¢) + ngtH - x?

_ Tio, _ U

=mVf(x) (vi—x¢)+ 5 Ve — x|

o = \T =T ﬂn? 2
=n(Vf(xe) = Vi) (Vi —x¢) +mVy (Ve — %) + - [ve — x|

-
N - M,

(S) e (Vf(xe) = Vo) T (v —x) + V] (x* = x4) + %

/BU?Mt

=V f(x) T (x* = x0) + e (V(x0) = Vi) T (v —x*) + 5

~ 9
(%) nt(f(x*) - f(Xt)) + T]tDICHvt — Vf(xt)H + 677,52Mt7

where (a) follows from (15), and (b) follows from the convexity of f(-) and the Cauchy-Schwarz
inequality.
Now, using Jensen’s inequality we have that E[||V; — V f(x;)|]] < \/E (IVe = Vf(x:)]|2] <

which by our choice of my, is at most 22 mm{[;D):dt’D’C } Thus, taking expectation and noting that

E[M;] = E[min{D*? + d?, Dx?}] < min{D*? + d;, Dx:?}, we have that
hiyr — he < —nehy + 5771:2(min{D*2 +di, D}).

Finally, rearranging, we have that

his1 < (1= no)he + B2 (min{D** + d;, Dx?}).

Proof [Proof of Theorem 12] First note that for any ¢ > 1,
Gt+1)\? 2G Dy 2
mez |\~ | = : 2 2 )
BDx By mln{D,c , D** + Dy }
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Thus, we can use Lemma 13 with the trivial bound Dy > E[dist(x;, X*)?] which, with our choice
of step size 7, implies that,
_ 2 - 4BDk?
Vi>1: hy1 <(1———)h
> t+1 < ( t+1)t+(t+1)27
which by Lemma 10 (with M = 4ﬁD;¢2) gives us the bound,

_ 48Dx?
VE>2: By < BDK”
t+1

(16)

let dy = %. By the quadratic growth of f(-) and (16), we have that

Now, for any ¢ 1,
dy;. Thus, since the mini-batch sizes satisfy for all ¢ > 1,

E[dist(x;, X*)?]
Git+1)\? GDx(t+1)\? [aG(t+1)2\°
s { (S0 (PN (20007
. (QGD,C >2 in <2GD,C>2 <2GD,<>2
B BnDi?) BneD*2) 7\ Bnidy

B ( 2G Dy >2 . < 2G Dy )2
~ \ By min{Dx?, max{D*%,d;}}/) = \Bn,min{Dx? D**> +d;}) ’

88Dy >
a(t+1)

>
<

we can use Lemma 13 with d; = , which, by our choice of step size n; implies that,

2 48

83 D2
— h PR
Rl (t+1)2

t>1: ha <(1 )
w21 B s i+ 1)

Thus, by Lemma 10, for any ¢ > 2, we have that,

t—1 2
TSR v = U LU g > S B
alk+1) — t+1 o' t2

B 1 t—1
he < =5 ) 4B(D* +
k=1

2
_48D*  EF Dic’log(t)
~ t+1 t2 ’
concluding the proof. |

D.2. Proof of Theorem 7
For clarity, we first restate the theorem and then prove it.

Theorem 7 Suppose f, K satisfy the quadratic growth property with some o« > 0. Using Algo-
rithm 3 with step-size ny = t_%l and mini-batch sizes that satisfy

o= { (GO DYy (DR D)2 (G 12y

~ *2
, expected approximation error € is achieved after O( max{%, 5D )

(673

1682 D2
Jorany 0 <e < ==~

~ 27)*2 3
calls to the NEP oracle and O(,BG2 max { D’CE?,D ) a3g’§3/2 ) al%’if)/z }) stochastic gradient evalu-

B2Dx?

ations, where O suppresses poly-logarithmic terms in =—__
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Proof Let 0 < € < 16”827]3”2 and note that for ¢ > 8BD*2 , it holds that 4 t +1 5

Now, let M > 0 such that % log(%) > 2, and observe that for all ¢t > TM 1og(¥) it holds
that,

"<

Mlog(t) _ Mlog( 2 log(21)) _ Mlog(®) e

2 @ M 1og(2M) o) Llog(2Ly 2

where (a) holds since %g(t)

10g( My < 2M

2.2 . 2. 2
Thus, taklng M = %, note that since 0 < ¢ < % = %, we have that, % log(¥) >

is monotonically decreasing in ¢ for ¢ > 2, and (b) holds since

4log(4) > 2, and thus, we have that,

2 2792 328° ) 2
WZ\/MﬁD . (646 D,C>: 2" Dic?log(t) _

€
Qe Qe 12 -2

* 2
Thus, denoting T = {max { 85? 2, \/ 648 ;D lo (64[3 ;D’C) } W using Theorem 12 we have that
forallt > T,

_4BD*? 3By 210g(t)

hy < + <S4l
—+ - =e
| 2 =22
. 1/2,82Dx?
Thus, we indeed reach € expected approximation error in O( max{ D2 5DK log \/oTi Qe )}) calls

to the linear oracle.
Now, let n4.qq be the number of stochastic gradient used until iteration 7'. Note that we have
that,

T-1 2 2 2\ 2
GT . GDkT aGT
Mgrad = ) my < Tmr-y ‘TmaX{ (mc) ’mm{ (592) <8ﬂ?D;c> }}

t=1

G?’T® | (G?Di*T? o2G?T°
= max{ ——,min Y 5 . 17
52DK 52D* 64ﬁ4DK

Thus, when Lﬂ > \/646217 64ﬁaeD ) we have that, T' = {@1 = O( ) and thus
using (17), we have that,

{ G2T3 GZD’CQTB } GQD’CQTB <G2D]C2 BBD*6>
Ngrad < max =

52D’C2’ 62D*4 (j) 62D*4 - /32D*4' €3
BGQD]C2D*2)
o |
63

where (a) holds since D* < Dy.
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82D;c2

2 2 1/2
Otherwise, we have that, T = {\/6452[)’C log(64ﬁ2D’<)-‘ = O(BD'c log” (o )), and thus,

e e Vae
using (17) we have that,

G2T3 a2G2T5
B2Di?’ 643 Dx” }

o ( { G2 63DIC3 10g3/2(5256162) a2G? /BSD]C5 10g5/2(525€)c2) })
== max .

Ngrad < max{

B2Dx? 3/2¢3/2 ' 34Dy a5/2¢5/2
2 2
Y BG*Diclog® (D) 5GP Db log?/? (PDx%)
o max a3/2¢3/2 ’ al/265/2 '

Thus, we indeed achieve e expected approximation error after

2 2 2 2
O (BGQ max{D’C2D*2 Dy log3/2(5%) D3 IOgS/Q(BO?EK)}>

JER 3/2¢3/2 ) al/265/2

stochastic gradient evaluations. |

Appendix E. Additional numerical results

E.1. Hypercube-constrained least-squares

NEP FW

function value
-
5

0 01 02 03 04 05 0.6 07 08
time (seconds)

Figure 3: Comparison between the standard Frank-Wolfe method (FW) and our NEP FW variant on
the hypercube-constrained least-squares problem. These are the same results as in Figure
1 but focusing only on these two variants.

E.2. Video co-localization

In Figure 6 we present the performance of the algorithms measured by the duality gap (as was done
in Lacoste-Julien and Jaggi (2015) and Garber and Meshi (2016)). It can be seen that although
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——FC10 ——FC 100
——FC20 ——FC 200
FC s0 NEP FC

function value
-
5,

10
05 1 15 2 2.5 3 35 4 4.5

time (seconds)

Figure 4: Comparison between our NEP FC variant with 50 iterations of FISTA per iteration and
the FC variant with various choices for the number of FISTA iterations (the number of
FISTA iterations is shown besides the algorithm’s name) on the hypercube-constrained
least-squares problem. The results are the average of 50 i.i.d. runs (where in each run we
sample fresh A, x*).

NEPFC ——FC ——FW ——NEPFW

approximation error
approximation error
o
5

0 0.01 0.02 0.03 0.04 0.05 0.0 0.07 0 0.05 0.1 0.15 0.2 0.25 0.3
time (seconds) time (seconds)

Figure 5: Comparison of Frank-Wolfe variants on the video co-localization problem. The times
shown are the averages of 200 runs. These are the same results as in Figure 2, but focusing
on FC vs. NEP FC (left panel) and FW vs. NEP FW (right panel).

NEP FC still outperforms all other algorithms, it only gives a slight improvement over FC and that
NEP FW only slightly outperforms FW, and is out preformed by AFW and PFW both with respect
to time and number of iterations. Here we remind the reader that while we proved the theoretical
superiority of our NEP oracle-based algorithms w.r.t. the (primal) approximation error, we did not
give any improved bounds w.r.t. the duality gap, and we leave it for future work to settle the question
whether or not the use of a NEP oracle could lead to provably faster dual convergence.

29



GARBER WOLF

10° —_— . — — . 100

—FW  ——DICG —FW  ——DICG
——NEPFW ——AFW ——NEP FW —— AFW
. NEPFC ——PFW , NEPFC ——PFW
107 —FC ] 107 —FC
g 0% x
S

0 200 400 600 800 1000 1200 1400 1600 1800 2000 0 0.05 01 0.15 0.2 0.25 0.3
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Figure 6: Comparison of Frank-Wolfe variants on the video co-localization problem in terms of the
duality gap. The times shown are the averages of 200 runs.
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