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Abstract

We analyze Oja’s algorithm for streaming k-PCA, and prove that it achieves performance nearly
matching that of an optimal offline algorithm. Given access to a sequence of i.i.d. d X d symmetric
matrices, we show that Oja’s algorithm can obtain an accurate approximation to the subspace of the
top k eigenvectors of their expectation using a number of samples that scales polylogarithmically
with d. Previously, such a result was only known in the case where the updates have rank one.

Our analysis is based on recently developed matrix concentration tools, which allow us to
prove strong bounds on the tails of the random matrices which arise in the course of the algorithm’s
execution.

Keywords: Streaming PCA, Oja’s algorithm, non-convex optimization, products of random matri-
ces

1. Introduction

Principal component analysis is one of the foundational algorithms of statistics and machine learn-
ing. From a practical perspective, perhaps no optimization problem is more widely used in data
analysis (Jolliffe, 2002). From a theoretical perspective, it is one of the simplest examples of a
non-convex optimization problem that can nevertheless be solved in polynomial time; as such, it
has been an important proving ground for understanding the fundamental limits of efficient opti-
mization (Simchowitz et al., 2018).

In the basic setting, the practitioner has access to a sequence of independent symmetric ran-
dom matrices Ay, Ao, ... with expectation M € R%*9, The goal is to approximate the leading
eigenspace of M or, more generally, to approximate the subspace spanned by its leading & eigen-
vectors. While it is natural to attempt to solve this problem by performing an eigen-decomposition
of the empirical average A = % EiT:1 A;, the amount of space required by this approach can be
prohibitive when d is large. In particular, if the matrices A; are sparse or low-rank, performing
incremental updates with the matrices A; may be significantly cheaper than storing all the iterates
or their average.

A tremendous amount of attention has therefore been paid to designing algorithms which can
cheaply and provably estimate the subspace spanned by the top k eigenvectors of M using limited
memory and a single pass over the data, a problem known as streaming PCA (Jain et al., 2016).
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Streaming PCA has been implemented in a variety of applications. One important application
is recommendation systems (Sarwar et al., 2002), where the goal is to predict products of interest
to users, using accumulated information about past product use. In recommender systems, the
incremental updates are necessarily sparse, high-dimensional, and dynamically updating in time,
making streaming PCA a natural and somewhat necessary choice of algorithm. Among several
other applications, streaming PCA has been applied to reconstructing rigid structure from motion
in computer vision (Kennedy et al., 2016), and hyperspectral image classification (Martel et al.,
2018).

One of the simplest algorithms for streaming PCA problem is Oja’s algorithm, as proposed
nearly 40 years ago by Oja (Oja, 1982; Oja and Karhunen, 1985):

1. Randomly choose an initial guess Zy € R%**, and set Qy <+ QR[Zy]
2. Fort > 1, set Qt — QR[(I + ntAt)Qt—l]-

Here, QR[Q;] returns an orthogonal R%** matrix obtained by performing the Gram—Schmidt pro-
cess to the columns of Q;. It is easy to see (Allen-Zhu and Li, 2017, Lemma 2.2) that the Gram—
Schmidt step commutes with the multiplicative update, so that we can equivalently consider a ver-
sion of the algorithm which performs a single orthonormalization at the end, and outputs

Qt:QR[Zt]7 Zt:Y't...leZO,

where Y; := (I+ n;A;).

Oja’s algorithm for streaming the leading principal component was introduced in (Oja, 1982;
Oja and Karhunen, 1985) as a neurally plausible model of how a neuron in the brain changes connec-
tion strength over time. Oja’s algorithm can alternatively be viewed as a noisy version of the classic
orthogonal iteration algorithm for computing invariant subspaces of a symmetric matrix (Golub and
Van Loan, 1996, Section 7.3.2). Finally, Oja’s algorithm also corresponds to projected stochastic
gradient descent on the Stiefel manifold of matrices with orthonormal columns (Edelman et al.,
1999).

Oja’s algorithm also has the advantage of being highly distributative in nature: the only step of
the algorithm requiring communication between different columns of Q; is the orthonormalization
step, which can be performed in theory only at the end, and in practice only when needed to ensure
stability of the updates.

Despite its simplicity and practical effectiveness, Oja’s algorithm has proven challenging to
analyze because of its inherent non-convexity. As a benchmark against which to compare Oja’s
algorithm, let us recall the convergence rate of the simple offline algorithm which computes the
leading k eigenvectors of A. We write V' € R%** for the orthogonal matrix whose columns are the
leading k eigenvectors of M and V e R** for the matrix containing the leading k eigenvectors of
A, and measure the quality of \% by the following standard measure of distance between subspaces:

dist(V, V) := |[VV* = VV¥|

Here and throughout, ||-|| denotes the spectral norm (i.e., {2 operator norm) of a matrix, and (-)*
denotes the matrix conjugate transpose.

If |A; — M| < M almost surely and the gap between the kth and (k + 1)th eigenvalues
is pg, then the Matrix Bernstein inequality (Tropp, 2012, Theorem 1.4) combined with Wedin’s
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Theorem (Wedin, 1972) implies that there exists a positive constant C' such that

dist(V, v) < 2L, [loeld/o) 1)
Pk T
with probability at least 1 — .
The key question is whether Oja’s algorithm is able to achieve similar performance. However,
except in the special rank-one case where either £ = 1 or rank(A;) = 1 almost surely, no such
bound is known.

1.1. Our contribution

We give the first results for Oja’s algorithm nearly matching (1), for any k£ > 1 and updates of any

rank. Our main result (Theorem 3) establishes that, after a burn-in period of Ty = 0) (’g%j ) steps,
k

the orthogonal matrix Q7 output by Oja’s algorithm satisfies

) M [log(kM/dpx)
< il =2~ f 7
dist(Qr,V) < C " T-T,

with probability at least 1 — § for a universal positive constant C”’. Ours is the first work to show
that Oja’s algorithm can achieve a guarantee similar to (1) beyond the rank-one case.

The assumption that & = 1 or rank(A;) = 1 is fundamental to the proof strategies used in
prior works. To show that the error decays sufficiently quickly, prior work focuses on the quantity
\U*Z,(V*Z;)7Y|2, where || - ||2 denotes the Frobenius norm of the argument, and the columns of
U are the last d — k eigenvectors of M, which is an upper bound on dist(Q;, V'). (See Lemma 6,
below.) The key challenge is to control the inverse (V*Z;)~!. When k = 1, as in Jain et al. (2016),
this quantity is a scalar, so it can be pulled out of the norm and bounded separately. This is no
longer possible when k£ > 1, but if rank(A;) = 1, as in Allen-Zhu and Li (2017), then V*Z; can
be written as a rank-one perturbation of V*Z;_;. The Sherman—-Morrison formula then implies
that U*Z;(V*Z;)~" can be written as U*Z;_1(V*Z;_1)~! plus the sum of explicit, rank-one
correction terms. However, if neither & = 1 nor rank(A;) = 1, this approach quickly becomes
infeasible, since the correction terms now involve a product of rank-k matrices whose norm is
difficult to bound.

A more subtle difficulty implicit in prior work is that proofs must be carried out entirely in
expected (squared) Frobenius norm. This requirement is necessitated by the fact that the Frobenius
norm is Hilbertian, so it is possible to employ the crucial Pythagorean identity

E|Y[3 = |EY|3+ (Y — EY |3 )

for any random matrix Y. It is this identity that makes it possible to control the evolution of
E|U*Z,(V*Z;)~!||3. However, as our proofs reveal, it is of significant utility to be able to re-
cursively control the operator norm ||{U*Z,;(V*Z;)~!|| with high probability instead. Unfortu-
nately, (2) is of no help in proving statements of this kind.

Our argument handles both challenges and represents a significant conceptual simplification
over earlier proofs. Our crucial insight is that, rather than using the squared Frobenius norm, it is
possible to prove a stronger recursion in a different norm, which implies high-probability bounds.
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By utilizing techniques recently developed by Huang et al. (2020) to prove concentration inequal-
ities for products of random matrices, we show that conditioned on ||U*Z;_1(V*Z;_1)~!|| being
well behaved, the probability that ||[U*Z;(V*Z;)~!|| deviates significantly from its expectation is
exponentially small. In other words, good concentration properties for |[U*Z;_1(V*Z;_1)~!|| im-
ply good concentration properties for the next iterate, |[U* Z;(V*Z;)~!||. These high-probability
bounds significantly simplify the calculations, since they allow us to guarantee that problematic
error terms appearing in prior work are small.

If we knew that ||U*Zy(V*Z)~t|| = O(1) with high probability, then the above induction
argument would allow us to conclude that ||U*Z;(V*Z;)~t|| = O(1) for all t. Unfortunately, this
is not the case: if Zj is randomly initialized with i.i.d. Gaussian entries, then

|U*Zo(V*Zy) 7| < Vdk .

We therefore adopt a two-phase approach: in the first, short phase, of length approximately log d,
we fix a constant step size 1; = 7 and show that the operator norm decays from O(v/dk) to O(1),
and in the second phase we activate a step size decay 7; < 1/t and use the above recursive argument
to establish that the operator norm decays to zero at a O(1/+/T) rate. A two-phase procedure for the
step-size also appeared in Allen-Zhu and Li (2017) and Jain et al. (2016) to obtain the optimal rates
for the cases &k = 1 and rank(A;) = 1 a.s., respectively. As we revisit in the conclusion, the two-
phase procedure is likely not an artifact of the proof, but rather necessary for achieving the sharp
convergence rate. To simplify the analysis of the first phase, we develop a coupling argument that
allows us reduce without loss of generality to the case where the law P 4 of the random matrices
A, As, ... has finite support and obtain almost-sure guarantees by a simple union bound. This
weak control is enough to guarantee that |[U* Z;(V*Z;)~!|| decays exponentially fast, so that it is
of constant order after approximately log d iterations.

1.2. Prior work

Obtaining non-asymptotic rates of convergence for Oja’s algorithm and its variants has been an area
of active recent interest (Balcan et al., 2016; Balsubramani et al., 2013; Hardt and Price, 2014; Jain
et al., 2016; Li et al., 2018, 2016; Mitliagkas et al., 2013; Sa et al., 2015; Shamir, 2016a,b). Apart
from the results of Allen-Zhu and Li (2017) and Jain et al. (2016), none of these works proves
bounds matching (1).

A breakthrough in the project of obtaining optimal guarantees was due to Shamir (2016a), who
gave an analysis of Oja’s algorithm that works when provided with a warm start: he showed that,
when k£ = 1 and rank(A;) = 1 almost surely, Oja’s algorithm converges in a number of steps
logarithmic in d if it is initialized in a neighborhood of the optimum, but his result does not extend
to random initialization and it is unclear how to find a warm start in practice. This restriction
was lifted by Jain et al. (2016), who were the first to show a global, efficient guarantee for Oja’s
algorithm when & = 1. Subsequently, Allen-Zhu and Li (2017) gave a global, efficient guarantee
for Oja’s algorithm in the k£ > 1 case, but under the restriction that rank(A;) = 1 almost surely.

The idea of analyzing Oja’s algorithm by developing concentration bounds for products of ran-
dom matrices was suggested by Henriksen and Ward (2020), who also proved such non-asymptotic
concentration bounds in a simplified setting. Those bounds were later improved by Huang et al.
(2020) who developed a different technique based on martingale inequalities for Schatten norms,
following a strategy pursued by Juditsky and Nemirovski (2008) and Naor (2012) for other Ba-
nach space norms. While the concentration inequalities of Huang et al. (2020) served as inspiration
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for our work, the control on the random matrix fluctuations offered by bounds on matrix products
alone are too weak to give optimal rates for Oja’s algorithm, which requires relative control of the
matrix product projected onto the leading eigenspace compared to the projection onto the training
eigenspace. To further illustrate the limitation of pure matrix product concentration results, consider
Oja’s algorithm with constant step size 7; = ¢/t for all 4, as in the first phase of our argument. The
results of Huang et al. (2020) give with high probability

logd
IU*Y;... Y — U'E[Y;... Yi]|| < ey )22

3)

where Y; = (I + nA;). That is, the error bound is in terms of the spectral norm of the expected
random matrix product E[Y; ... Y]] ~ e“*t. However, U* in our setting projects onto the trailing
eigenspace of B[Y; ... Y], so the spectral norm of U*E[Y; ... Y] is of order e“*++1. In order for
the fluctuations to be negligible, therefore, it is necessary that ¢ > ¢2¢(A1=2+1) but the difference
between A; and Agy1 can be large (much larger than the gap pr = Ax — Ax+1), so this amounts to
a requirement that the step size be very small — far smaller than is necessary to achieve the optimal
rate. A similar but even more troublesome issue arises in controlling (V*Z;)~!. In short, the issue
is that the concentration bound (3) fundamentally cannot exploit the fact that the matrix U* should
cancel large fluctuations in the random product U*Y; ... Y7. The recursive argument we develop
here is necessary to be able to take advantage of cancellations in the initial phase to obtain optimal
rates.

1.3. Organization of the remainder of the paper

In Section 2, we give our main results and an overview of our techniques. Our main tool is a
recursive inequality which proves a concentration result for the iterates of Oja’s algorithm, which
we state and prove in Section 3.

Our analysis of Oja’s algorithm involves two distinct phases, which we analyze separately. Since
the argument for the second phase is simpler, we present it first in Section 4, and present the more
delicate argument for the first phase in Section 5. We conclude in Section 6 with open questions
and directions for future work. The appendices contain omitted proofs and supplementary results
for each section.

1.4. Notation

We write Ay > --- > )\ for the eigenvalues of the symmetric matrix M, and we write p; =
At — Apy1 for the gap between the kth and (k + 1)th eigenvalue. We write V' € R** for the
orthogonal matrix whose columns are the k leading eigenvectors of M, and U € R**(4=k) for
the orthogonal matrix whose columns are the remaining eigenvectors. Given an orthogonal matrix
W e R%* we write (see Davis and Kahan, 1970)

dist(W, V) = [[VV* - WW?|| = |[U"W]||,

The symbol ||-|| denotes the spectral norm (i.e., ¢2 operator norm) of a matrix, which is equal to
its maximum singular value. For p > 1, the symbol ||-||,, denotes the Schatten p-norm, which is the
¢, norm of the singular values of its argument. We also define the L, norm of a random matrix X
as y

— p\1/p
1X1,,, = (B X))
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We employ standard asymptotic notation a = O(b) to indicate that a < Cb for a universal
positive constant C, and write a« = ©(b) if a = O(b) and b = O(a). The notations O(-) and O(-)
suppress polylogarithmic factors in the problem parameters. When ¢ is a positive integer, we write

[t = {1,...,t}.

2. Techniques and main results
We focus throughout on the following setup:

Assumption 1 The matrices A; are symmetric, independent, identically distributed samples from
a distribution P 4, with expectation M.

Note that while we require that each A; is symmetric, we do not require that A; > O.
The requirement that A; is symmetric is not as restrictive as it may seem, since we can replace
A; by its Hermitian dilation:

D(A;) := (j,f ‘31) € R*2

Estimating the leading eigenvectors of D(M) is equivalent to estimating the leading singular vec-
tors of M. Our results therefore extend to the non-symmetric streaming SVD problem as well. We
refer the reader to Tropp (2015) for more details about this standard reduction.

The second requirement establishes that the random errors are bounded in a suitable norm. We
write Sy for the Stiefel manifold of d x k& matrices with orthonormal columns.

Assumption 2 [f A ~ P4, then suppcg, , |[P*(A — M)|[2 < M almost surely.
Note that for any matrix X € R%*4,
k

1/2
sup ||P*X||s = ( ai(X)2> , 1<k<d,

PESd,k

=1

where 01(X) > 09(X) > -+ > 04(X) are the singular values of X. This norm, sometimes
known as the (2, k) norm (Li and Tsing, 1988) or the Ky Fan 2-k norm (Doan and Vavasis, 2016),
satisfies
IX[1 < sup | P*X|l2 < min{Vk| X, [ X}
PeS,y 1
This choice of norm generalizes the error assumptions in the literature. In the k& = 1 case, it
agrees with the operator norm, which is the condition used by Jain et al. (2016); and it weakens the
requirement of Allen-Zhu and Li (2017) that || A;||2 < 1 almost surely.
The following theorem summarizes our main results for Oja’s algorithm.

Theorem 3 (Main, informal) Adopt Assumptions 1 and 2. Let A1 > ... \q be the eigenvalues of
M, and let py, = A\, — Apt1.
For every § € (0,1), define learning rates

2 2 9 (-1 <
n-o(40), soa (M), oo OfHR) | rem
Py Pk S pk(,8+t—To)) , t>Tp.
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Let V € R¥* be the orthogonal matrix whose columns are the k leading eigenvectors of M. Then
for any T > Ty, the output Q of Oja’s algorithm satisfies

. M |log(MFk/pid)
dist V)< O'— | =72
(Qr,V) < o T—T,

with probability at least 1 — &, where C' is a universal positive constant.

To prove Theorem 3, we adopt a two-phase analysis. Our first result shows that after 7} itera-
tions, the output of Oja’s algorithm satisfies |U*Q1,(V*Qr,) || < 1 with high probability.

Theorem 4 (Phase I, informal) Adopt the same setting as Theorem 3, and let Z € R have
i.i.d. Gaussian entries. Let

To =0 <I;W2 (log(dM /dpy)) > .

log(d/9)

Then after Ty iterations of Oja’s algorithm with constant step size n = © ( i To ) and initializa-

tion Zy, the output Qr, satisfies

IU*Qr,(V*Qr,) | <1

with probability at least 1 — .

Our analysis of the second phase shows that, if Oja’s algorithm is initialized with any matrix
satisfying |[U*Qo(V*Qo)~!|| < 1, then the distance between the output of Oja’s algorithm and V'
decays at the rate O(1/v/T).

Theorem 5 (Phase I, informal) Adopt the same setting as Theorem 3, and suppose that Zy €
RI*F satisﬁes \U*Zo(V*Zy)~Y|| < 1. Then after T iterations of Oja’s algorithm with step size

i = B H) with f = © (M log ( )) and initialization Qy, the output Qr satisfies

1
dist(Qr, V') < 2e giT @

with probability at least 1 — .

This error guarantee is completely dimension free, and depends only logarithmically on k& and the
failure probability §.

Theorem 3 follows directly from Theorems 4 and 5. Theorem 4 guarantees that with probability
1 — 9, the output of Phase I is a suitable initialization for Phase II, and, conditioned on this good
event, Theorem 5 guarantees that the output of the second phase has error O(/3/T") with probabil-
ity 1 —§. By concatenating the analysis of the two phases and using the union bound, we obtain that
the resulting two-phase algorithm succeeds with probability at least 1 — 26, yielding Theorem 3.

In the remainder of this section, we describe the main technical tools we employ in our argu-
ment.
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2.1. A recursive expression

To simplify the argument, we recall the following result of Allen-Zhu and Li (2017, Lemma 2.2):
Lemma 6 Forallt > 0,
dist(Q1, V) = IU7Qu|| < [U"QuV* Q)| = |[U*Z,(V*Z)) 7! -
We therefore focus on bounding the norm of the matrix
W, =U*Z,(V*Z,)'. 5)

Under the assumption that 7; is small, we might expect that we can write W, as a sum of the
dominant term

H; = U*(I+ﬁtM)thl(V*(I+77tM)Zt71)_1 (6)

plus lower order terms.

To argue that W} is close to Hj, we need to argue that the inverse (V*Z;)~! does not blow up,
which will be the case so long as the fluctuation term 7, V*(A; — M) Z,_1 is smaller than the main
term V*(I + 1, M) Z;_;. In order to make this requirement precise, we write

A= V(A —M)Z, (VA +n,M)Z;_1)*. (7)

So long as this matrix has small norm, the inverse term will be well behaved. As we discuss in the
following section, we will be able to guarantee that this is the case by conditioning on an appropriate
good event.

The following lemma shows that, modulo a term involving A;, we can indeed express W, as
H; plus a small correction.

Lemma 7 Let W,;, H;, and A be defined as in (5)—(7). Then we can write
Wi(I— Af) = Hy+ Jii + Ji2, ®)
for matrices J; 1 and Jy 2 of norm O(n;) and O(n}), respectively.

Below, in Propositions 14 and 15, we use Lemma 7 to develop an explicit recursive bound on
the norm of W7.

2.2. Matrix concentration via smoothness

In order to exploit the expression (8), we need concentration inequalities that allow us to conclude
that W, is near H,; with high probability. Huang et al. (2020) recently developed new tools to
control the norms of products of independent random matrices, in an attempt to extend the mature
toolset for bounding sums of random matrices to the product setting. Their techniques are based
on a simple but deep property of the Schatten p-norms known as uniform smoothness. The most
elementary expression of this fact is the following inequality, which is the analogue of (2) for the
L, norm.
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Proposition 8 (Huang et al., 2020, Proposition 4.3) Let X and Y be random matrices of the
same size, with E[Y | X| = 0. Then for any p > 2,

IX +Y5, <IXI5,+ @ - DIYIE,-

We will employ the following corollary of Proposition 8, which extends the inequality to non-
centered random matrices.

Proposition 9 Let X, Y, and Z be random matrices of the same size, with E[Y | X| = 0. Then
foranyp > 2 and \ > 0,

IX +Y + Z|);, < A+ N(IX 7, + 0= DIYIG, + AT Z15,) -

The benefit of working in the L, norm is that bounding this norm for p large yields good tail bounds
on the operator norm, which are not available if the argument is carried out solely in expected
Frobenius norm. We will rely heavily on this fact in our argument.

2.3. Conditioning on good events

Obtaining control on W via (8) requires ensuring that the matrix I — A? is invertible, with inverse
of bounded norm. To accomplish this, we define a sequence of good events Gy D G; D ..., where
each G; is measurable with respect to the o-algebra F; := o(Zy, Y1,...,Y;). We write 1; for the
indicator of the event G;, and we will define G, in such a way that (I — A%Ilt_l) is invertible almost
surely.

During Phase II, the good events are defined by

Go == {[[Wo| <1}
G ={|Wi|| <~}N G, VE>1

for some v > 1 to be specified. Since Assumption 2 implies that |A; — M || < M almost surely,
this definition guarantees that for all ¢ > 1,

|V*(Ar — MYUW;_11;_1|| < M~ almost surely. )

As we show in Proposition 14 below, if the step size is sufficiently small, then (9) implies that
I — A? is almost surely invertible on G; 1, which allows us to employ (8) to bound the norm of
Wt]ltfl.

During Phase I, we condition on a slightly more complicated set of events, which we describe
explicitly in Section 5. However, these events are constructed so that (9) still holds for all ¢ > 1.

Our matrix concentration results described in Section 2.2 allow us to show that, during both
Phase I and Phase II, | W;1;_1| is small with high probability, for all ¢ > 1. Using this fact, we
show that, conditioned on G;_1, the probability that G; holds is also large. Bounding the failure
probability at each step, we are able to conclude that, conditioned on the initialization event Gy, the
good events G; hold for all ¢ > 1 with high probability.
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3. Main recursive bound

In this section, we state our main recursive bound, which we use in both Phase I and Phase II. A
proof appears in Section B. In words, L [[Wile—q]| f),p
decays exponentially fast. We will use this fact to prove high probability bounds on |[W;1;_4||,
which then imply bounds on | W¢||.

Theorem 10 Let t be a positive integer;, and for all i € [t], let e; = 2; M (1 + ~y). Let 11,...,1;
be the indicator functions of a sequence of good events satisfying (9) for all i € [t|. Assume that for
all i € [t],

1 1 . &
s<s nlMisg, emts —, (10)
i
with the convention that the last requirement is vacuous when © = 1. Then for any p > 2,
t—1
[Weldlp, < Wil |3, < €25 [Wolol5, + Capef Y IWililly, + Copk®Pet, (1)
=0

where s; = Zle ni, C1 = 21, and Cy = 5. Moreover, if in addition for all i € [t],
NiPk

2 < 12
Pei < 5 (12)
then
WL, < [|W; o < e Wolg|2 ) + Copk®/Pelt . (13)
4. Analysis of Phase I1
In this section, we use Theorem 10 to prove a formal version of Theorem 5.
For this phase, recall that we define the good events G; by
Go = {[|Woll < 1}, Gi={lWil| <~+}NGi-1, Vix>1. (14)

For Phase II, we set 7 = v/2e.
We first show that, with a specific step-size schedule, we obtain good bounds on the norm of the
last iterate.

Proposition 11 Define the good events as in (14). Set n; = for positive quantities o and

(6+z
B, and define the normalized gap
Pk Pk
1 1
oo min { £ g1} (4
If
axg, > i0rV2a (16)
Pk
then for any t > 1,
+1\* Csa\ 2 t
WiL||%, < k*/P <ﬂ> + pk?/?. < > : : 17
Wil < g+t) TP o) (B2 a7

where Cs is a numerical constant less than 175.

10
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Proof Since the good events defined in (14) satisfy (9), we can apply Theorem 10. In the appendix,
we show (Lemma 16) that (16) implies that the assumptions in (10) hold. Theorem 10 then yields

t—1
[Wily|7, < e | Wolloll2 , + Cape} > | [IWillil[3, + Copk®/Pejt
=1
< e StPrE2/P 4 (C1y% + Cz)pk:2/pet2t,

since (14) implies [|[Wo1o|2 , < k2/P and [Wily]|7, < Y2k2/P for all i > 1.
The definition of n; implies

t
1 Bt
—aY —>alg (212,
Phet ailﬁ+z’—o‘og<ﬁ+1>

‘We obtain )
+1 o 0304 t
W, 1,12 < k2P <B) + pk2/P. ( > . ’
|| t th7p = 5 4t p ﬁk (6 + t)2
where
Cy = (C17? + Cy)Y2C. < 175,
as desired. |

Finally, we remove the conditioning and prove the full version of Theorem 5.

Theorem 12 Assume |Wy|| < 1, and adopt the step size n; = m, with
Csa\? (C
a>8, 622(”‘) log<30‘-2k/6) :
Pk Pk

where py, is as in (15) and Cj is as in (17). Then
B+1
Wr| <2e ——
IWzll < \ B+T

Proof Forany s > 0, itholds P {|Wy|| > s} < P {||Wrlr|| > s} + P {G$}. First, we have

with probability at least 1 — 9.

P{0F) <P {6} + S P{GF NG, 1)

J=1

Since we have assumed that the initialization satisfies || Wy || < 1, the event Gy holds with probabil-
ity 1, so it suffices to bound the second term. By Markov’s inequality, we have

P{Gf NGj1} =P{|W;L;1]| >~} < inf P IW;L-1ll5, -

11
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For fixed j > 1, we choose p = (8 + j) -

It follows from (17) that,

CQ 2"
VP WL 1B (1k2/P (B+1)a+ Lo C3a? >p/2
I Y o —P i : -
7 =2 B+i) o (B+7)

1 15 \*?
<k .
<2e2 * 2e25+j)

)
< ke ™ = kexp <—(ﬁ+j)- Pk >

Therefore, for any T' > 1,

p
Z]P{Q G, 1}<kzexp< (5+1) o
o
This quantity is smaller than §/2 if

8> 2C log <C3O‘M -Qk/é) .
Pk Pk

It remains to bound P {||Wr 17| > s}. A simple argument (Lemma 17) based on (17) shows
that this probability is at most ¢ /2 for

The claim follows. |

5. Analysis of Phase 1

In this section, we describe the slightly more delicate proof of the formal version of Theorem 4.
As in Section 4, we will employ Theorem 10. However, we will also need to develop an auxiliary
recurrence to bound the growth of an additional matrix sequence.

Before we analyze Phase I, we first show that we can reduce to the case that that P 4 has finite
support. We prove the following result in Appendix E.

Proposition 13  Fix p > 0. Suppose that there exists a choice of constant step size n and Ty >
gM 5 log(d/d) such that for any finitely-supported distribution with support size at most T3 satisfying
Assumpnons 1 and 2 and with py, > p/2, we have

(18)

[N

IU*Qr,(V*Qr,) !l <

with probability at least 1 — §/3.
Then for this same n and Ty it in fact holds that for any distribution satisfying Assumptions 1
and 2 and with pi, > p, we have

HU*QTO (V*QTO)_lH <1
with probability at least 1 — 0.

12
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Proposition 13 implies that it suffices to prove the error guarantee (18) in the special case when
P A has finite support of cardinality at most Tg.

Let us fix a time horizon Ty and assume in what follows that m := [supp(P 4)| < T;}. We begin
by defining the good events for Phase I. We adopt a constant step size 7, to be specified. Denote

E:={MY(A-MUU": Acsupp(Pa)}.

For i > 1, we will set
Gi = {rlggg |[VEUW;|| <~v}NGi1. (19)

Note that this choice satisfies (9) for all ¢ > 1.
To define the initial good event Gy, we need to define a larger set of matrices to condition on.
Forallr, ¢ > 1, set

& ={V*F,---F.U : F; € & for at most / distinct indices i € [r],
and F; = (1 4+ n\py1) (I +nM)UU* otherwise}

The set &, has cardinality less than (r(m + 1)), and ||E|2 < 1 for any E € &,, and any
r,£ > 1. We have defined &, , so that control over maxgcg |EW,_1|| gives control over
maxgee, [EW.

Finally, we define

r41,041 ’

To+1 \/ny \[
Go := max [|[EWyls < Y=L\ 0 {[Wollo < Vdr). .
0 TD1 {Eegfe [EWo|[2 \/§e} {[IWoll2 7Y 20)

Since V*(A; — M)U € &; 1 almost surely, this choice satisfies (9) fori = 1.

Our strategy will be similar to the one used in Section 4. However, in order to show that the
good events G; hold with high probability, we will also need a second recurrence that allows us to
control the norm of matrices of the form EW}, for E € &, 4. The details appear in Section D.

6. Conclusion

This work gives the first nearly optimal analysis of Oja’s algorithm for streaming PCA beyond
the rank one case. Our analysis is conceptually simple: we show that the spectral norm of the
matrix W; concentrates well around its expectation, once we condition on W;_; having the same
behavior. And our concentration results are strong enough that we can pay to union bound over the
entire course of the algorithm, to show that W, is well behaved for all ¢t > 1.

The matrix concentration techniques we have applied here could be useful in analyzing other
PCA-like algorithms, or, more generally, other stochastic algorithms for simple non-convex opti-
mization problems. An interesting question is whether these techniques can prove gap-free rates
for Oja’s algorithm outside the rank-one setting. This would extend the results of Allen-Zhu and
Li (2017) to the general case. The main bottleneck in extending the current proof to the gap-free
setting lies in controlling the matrix A, in (7). It is crucial there is a high probability event on which
this matrix is very small, so that (I — AZ)~! has small norm. We are able to control A; because,
due to the gap assumption, the component of the matrix Z;_; aligned with the subspace U shrinks

13
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exponentially fast compared to the inverse term. In the absence of a gap, the contribution in the
subspace corresponding to U may also be large, and this leads to complications in the argument.

Finally, we stress that the algorithm we have described here requires a priori knowledge of the
problem parameters (including the gap p;) to set the step sizes, which is a serious limitation in
practice. Recently, Henriksen and Ward (2019) developed a data-driven procedure to adaptively
select the optimal step sizes. Obtaining theoretical guarantees for this or similar algorithms is an
important open problem. Importantly, the data-driven adaptive step sizes obtained in Henriksen and
Ward (2019) naturally exhibit a two-phase evolution, indicating that the two-phase procedure we
employ and as employed in Allen-Zhu and Li (2017) and Jain et al. (2016) is not an artifact of the
proof, but is instead fundamental to obtain optimal convergence rates for Oja’s algorithm.
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Appendix A. Additional results for Section 3

The following proposition develops the expansion described in Lemma 7 and gives explicit bounds
on the norms of the error matrices J; 1 and J; .
We recall the following definitions

W, =U"Z(V*Z)"
H, =U*T+nM)Z; (VI +nM)Z; 1) "
Ay = V(A —M)Z (VA +0,M)Z;1)"

Proposition 14 Lett > 1. Assume that ny is small enough that M > —2%%1, and assume that (9)
holds for v = t. Let

Ey = (kY7 + 2| W1 L1 |lp,)
er = 2mM(1+ 7).
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Then || A¢1;—1| < ¢ almost surely, and

W,(I-A}) =H+Jy1+Jp2 (39)
for Ji 1 and J 5 satisfying

[Je11li-1llpp < Erer
1Tt 2Le1llpp < Eref
and E[Jt,l | ]:t,ﬂ =0.
Proof We employ the notation of the proof of Lemma 7. (See Appendix G.) First, we show the
bound on A,. Since 7, M = —31I, we have ||[V*(I+n,M)~'V || < 2. Moreover, since |[V*(A; —
M)UW;_1]|| < M~ almost surely, we have that
JAL ] < 2V (A — MYUU* + VVZ, oV Z ) 1,
< 20| V(A — MYUU*Zy(V* Zy—1) ' Lya || + 20| VH (A — M) V||
=2n||[V* (A = MYUW, 11| + 20|V (A — M) V||
<2 M(1+7) =&
We can bound H&t 1;—1||p,p by a similar argument. First, note that Assumption 2 implies that
|A; — M || < M almost surely. Hence
1AL 1]l < 20U (Ar = MYUU*Z (V¥ Zy 1) i lpp + 206U (Ar = M)V 1o
=2n||U" (A = MU || [Wia Ly llpp + 20 |U™(Ar = M)V 1 fpp
< (IWeer Lemallpgp + K720
< (Wit Lt llpp + K'/P)es

Finally, we have

1+ Akt
1 + T]t)\k

We now employ Lemma 7. The term J; 1 satisfies

| H1i—q

pp = Wi liillpp < [[WieaTi-llpp -

ElJi11i—1|Fi-1] =0,

and we have

11 1llpp < 1A Letllpp + 1L |lppll AL ]| (22)
< (IWisa L llpp + K /Pt + [Wia Tia [lpper (23)
S Etgt . (24)

Finally,

I Je2llpp < 1AL llppl Alemt]| < (IWiciLiollpp + EV/P)e} < Epe? .

Combining Proposition 14 with Proposition 9 immediately yields a recursive bound.
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Proposition 15 Adopt the setting of Proposition 14. If e < 1/2, then

HWt]]'thp = ”Wt]]'t 1||pp

2o+ Koy, (25)

where

L4 me Ak )2 2
K1y = (1+5e} ( + 8pe
1e = 2 { L+ e Apta !
K27t = 5pl€2/p€? .
Proof Reusing the notation of Proposition 14, we have
Wili 1 (L= Af) = Hyley + Jealiot + Jeolion,

where E[J; 11:—1 | F¢—1] = 0. Since H;1;_ is F;_i-measurable, Proposition 9 therefore yields
forany A > 0

Wil 1 (T < U+ N(H L2, + (p - DEPS? + A7 Eed).

AP, <
Choosing A = 2, we obtain

Wele M= AD7, < L+ ) (| HiLeal, + pE/E)) -

Finally, under the assumption that [|A;1; 1| <& < 5 L almost surely, on the event G;_ the matrix
I — A? is invertible and satisfies

I —ADT Tl < A= AL ?) 7 < (1 —ef) ™

Hence
Wil 1|2, < [Wilea(T— AD2 0= A) Lo € 5 (H,1 F2e
| W, t—1Hp7p_ tle—1 (L — Ay HMJH — Ay t—1 (1— t) | ttalp-i-P i)
Since ﬁ <1+ 5¢f foralley < 5 L and
(14522 B2 < (1+ 522)(2K%7 + 8| Wi 1112,
and 2(1 + 5¢7) < 5 forall e, < 3, this proves the claim. [

Appendix B. Proof of Theorem 10

We will unroll the one-step recurrence of Proposition 15. We first bound K7 ;. We have

1+ miAk >2 2 4 < L+ i\ )2 2
K< (=M% N (5 4 8p)e? 4 d0ped < [ k)4 (5 4 18p)e2,
b= <1+77i)\k+1 ( P)ei Pei = 1+ ni 1 ( P)Ei
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where the second inequality follows from the first assumption in (10). The second assumption
in (10) implies that 0 < 1 4+ n; A, < 2, s0

2 2 2
<1+W+1) _ <1 _ W) < (1 _ 177,%) < it
14+ 14+ - 2" -

Since 5 + 18p < 21p for all p > 2, we obtain
KLi < e Pk Clpé‘?.
We now proceed to prove the first claim by induction. When ¢ = 1, we use (25) to obtain

IWiLi[5, < [IWiloll5, < Ki1[Wololl7, + Ko
< e MP||Wollg|2, + Cipet|[Wolol|3, + Copk®/Pet,

which is the desired bound.
Proceeding by induction, for ¢ > 1 we have

W12, < IWileal?,
< K1t |Wia ]lt—lez,,p + Koy

< e MWy Lo |l2, 4 Crpef [Wica L2, + Koy

t2
< e MPE (e_stlp’“ ||W0]lo\|12)7p + Chpe?_4 Z vai]li”zap + C’gka/psf_l(t — 1))
=0
+ C1pef |Wio1 1y 1 |2, + Cophk®/Pe?
1
< e PR Wollol|2, + Chpe? > [|Willi]|2, + Copk®/Peft,
=0

where in the final inequality we have used that e Pke? | < £? by the third assumption of (10).
This proves the first bound.

For the second bound, we proceed in a similar way, but with a sharper bound on K7 ;. The
second assumption of (10) again implies

1+ s ) e\’ 1 2 3
< T 5 o Ty ) 17w + 4(mpk) < 1=k,

and therefore

3
Ki; <1+ 55?) <1 = Pk + 8p512>

3
< exp (—4mpk +(5+ 8p)€?>

< e~ MiPk/ 2’
where the final step uses Assumption (12) and the fact that 5 4 8p < %p for all p > 2.
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When ¢ = 1, we therefore have
W42, < [Wiloll, < Ki1|[Wololl;, + Koa
< e NP2 Wy l||2, + Copk?/Pe?
as desired, and for £ > 1 the induction hypothesis yields
W12, < Wil

< Kig[Wioi i |, + Koy

< T2 (T2 W |2, 4 Coph?/Ped (¢ - 1))

< e_Stpk/QHWO]]-OH]Q),p + CkaQ/psgt )

where the final inequality again uses the third assumption in (10). This proves the second bound. H

Appendix C. Additional results for Section 4

Lemma 16 Under the conditions of Proposition 11, the assumptions of (10) hold.

Proof
First assumption We have

M
e oy
(B4 )k Bp

where C. = 2(1 + 1/2e). So the first assumption is fulfilled as long as

g =20, M(1 +7) = 2(1 +V2e) <

Ba > 2C./py,. (262)
Second assumption As above, we have

al| M| a
mliar) < ML e

Bpk Bk
so the assumption is fulfilled if (26a) holds.

Third assumption It suffices to show that

€i—1 §1+77¢Pk Vi> 2,
E; 4
which is equivalent to
1 4
oM gy
B+i—1" B+
This holds as long as
a>8. (26b)
We obtain that all three assumptions hold under (26a) and (26b), as claimed. |
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Lemma 17 [n the setting of Theorem 12, if s = 2e,/ BEL then

o+

P {|Wrlr| > s} <6/2.

Proof We have
PAWrirl 2 o < inf s P Wrirl,

In particular, we choose

+1\° C?e?> T
s?=e? <§+T> +¢? ;2 mlog@k/é), and p = log(2k/6).
k

It then follows from (17) that

p/2
> =ke P =¢/2.

1
-p 1|2 <
5P| W Tllp,p_k‘< < 2V (B+T)?

B+1\* 1 C3a® T
s2\p+T

Combining the above bounds, we obtain that

B+1 )O‘/ 2 L CsaM [log(2k/9)

Wrlp|| <s<e|t—xH ,

the claim follows. W

with probability at least 1 — §/2. Since both terms are smaller than e / %,

Appendix D. Additional results for Section 5

Our main tool will be the following slight variation on Proposition 14.

Proposition 18 Lert > 1. Assume that n is small enough that M > —%WI, and assume that (9)
holds for i = t. Consider an arbitrary deterministic matrix E € &, .
Let

Et =1+2 max ||E”Wt71ﬂt71||p,p
E'eEr 1,041
e=2nM(1+7~).
Then || A¢1—1|| < € almost surely, and
EW,1—- A})=EH;+ EJ;; + EJ;> (27)
for EJ; 1 and EJ 5 satisfying

IEJ 11 1llpp < Eie
BTy 2Li—1|lpp < Eie?,

and E[EJtJ | ]:t—l] =0.
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Proof The proof is a slight modification on the proof of Proposition 14. By construction,
14+ nXg
14+ 0 et
where E' = 1+7))\k EU*I1+n3)U € & 110 C Erpr 41
Similarly, we have
IEAT 1]y < 20| EU*(Ay = MYUW, 1141 |lpp + 20| BU* (A = M)V |,

< 277M(HE//Wt—1ﬂt—1”p,p + 1 Ellpp)
< E(Hl’jﬂvvt—l]lt—lHzo,p +1)

where B = 3. EU*(Ay — M)U € &,11¢41, and we have used || E||, < ||E|2 < 1.
We therefore obtain

2
\EH 1|2, < < ) WL, .

IET; 111 ]lpp < | EALi t]lpp + || EH L1 ||pp) Aot ]

<
< ( E"Wt 1Lallpp + [E'Wia L allpp+1) e
<K

and

1ET 20 1llpp < [EA T [lpp| ALl < (1B"Wii b [lpy + 1)e® < Eie?,

as claimed. [ |

The following two results are the appropriate analogues of Proposition 15 and Theorem 10.
Proposition 19 Adopt the setting of Proposition 18. If ¢ < 1/2, then

s [EWLi [}, < Ky o [EWia L[}, 4K | max [ B'Wioila}, Ko,

pp = E'clri1y E'"e€&r 1041
(28)
where
_ T+ \?
Ky = (1+5¢* <
( ) L+ nAks1
Ko = (14 5e%)8pe? .
Proof As in the proof of Proposition 15, we have for any E € &, ,
1B, < (1+5e) (| EH 117, + pEie?) .
As in the proof of Proposition 18, we can write
L+ ? ’ 2
|EH; 1, 1||pp < <1+77)\ E'Wi—11i-15,
where E' = 1+77/\k EU*(I1+nX)U € &11,. Since
Ef <8 E"Wi_11i |2, +8
t= E“ergi}iul | o 1Hp’p A
taking the maximum over all E € &,y and E’ € &, ¢ yields the claim. |
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Theorem 20 Let t < Ty be a positive integer, and assume the following requirements hold for
some p > 2:

1
< = 29
€S 3 (29a)
1
M < 5. 290)
2 < Pk 29
pe” s 45 (29¢)
v>2. (29d)
Then for any r,{ € [Ty —t+ 1] and p > 2,
1%
2 2 —tnpr/2 2_2
gax [EW i, < max [|[EW 1l < o 5e k12 4 CypyPet .

where Cy = 6.

Proof First, as in the proof of Theorem 10, Assumptions (29b) and (29¢) imply

o 1+ \2
K+ Ky = (1 + 5¢?) { (“”“) —|—8p52}

< o MPK/2

In particular, K; + Ky < 1. Assumption (29a) likewise implies that Ko < 18.
We now turn to the proof of the main claim, which we prove by induction on ¢. For convenience,
we introduce the notation v, = v/v/2e. When ¢t = 1 and r, ¢ < Tp, (28) implies

Jnax |EW114]2, < ax IEW 1|2,

7,0 €
<K E'Wyl|?, + K E"Wolo|,e* + K
= 1E’IEn€?:i{1,z H 0 OHP,P + 2 E//EI?rafi[+1 || 0 DHP,PE " ?

< K2 4+ Kol +1)72 + Ky
<KL+ Ky) + (1+12) Ko

~2

< y2eTmen/? §K2

where we have used the definition of Gy and where the last step uses (29d). Proceeding by induction,
we have

EW, 1,2 < EW,1,_4|?
Helgfell ! tl!p,p_ErggfeH L1l

<R_ E/W_ ]1_ 2 R E//W_ I[_ 2 R’
< 1E,IET}31<MH -1l + 2E”€r?i)ie+1 | =11l + K2

< Ky (0y2e”mDmen/2 4 (1 — 1)42Ky)
+ Ko ((+ 1)y2e”Um1mee/2 4 (¢ — 1)7°Ky) + Ko
< V(K + Ko)e W7Dmon/2 4 (¢ — 1) (K + Ko)y?Ks + (1 +12) K>

e

7
= gfy?e*tnpk/Z + §K2t7
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as claimed. [ |

Proposition 21 Fix s € (0,1), 2 < v < 075%, and p > 2, where C., = 144e is the constant in
Lemma 30. Given p > 0, define the normalized gap

p:mln{p7p7]-} )
M| M|

and adopt the step size

~ Cylog(ed/sd)
pTo '
If oy > p/2 and
Crv?log(ed/s6)?
1y Cor ke
s2p
where
C, > 8 +4log2C.,, Cr > 600e°C5
then
2 5° 2/p
|Wr L1l < 55 (1+477)
and

EW,1,_ <
gfelgffl | tlt 1Hp7p >

® |2

foralll <t <Ty.

Proof We will apply Theorems 10 and 20. First, note that (29d) holds by assumption. We now turn
to the other conditions.

Assumption (29a):  Since v > 2, we have

< 3C,ylog(ed/sd) M

e=2nM(1+~) <
nM(1 + ) T

The assumption therefore holds as long as
Cr = 3C;,. 30)

Assumption (29b): As above, we have

20, log(ed/s8) | M|

M| <
i) < =28

and the requirement (30) implies that this quantity is also smaller than 1/2.
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Assumption (29¢): Since npr = Onlogled/sv) ~ 1 and 3602 > 50, it suffices to prove the

To = T
stronger claim
2

2 S
< . 31
Pe = 36627, (D

This is satisfied so long as

160,%72 log?(ed/s8)M? 52
P P2T2 = 3621,

which will hold if
Cr > 600e”C . (32)

This requirement is stronger than (30), so Assumptions (29a)—(29¢) hold under the sole condi-
tion (32).

We now turn to the two claimed bounds. First, we instantiate Theorem 10 with the choice
n; = nfor 1 <1 < Tp. The third assumption of (10) is trivially satisfied when when 7; is constant,
since in that case €; = ¢;_1 for all ¢+ > 1. The remaining assumptions correspond directly to
Assumptions (29a), (29b), and (29¢). The assumptions of Theorem 10 are therefore satisfied, so we
obtain,

HWTO ILTo—lH;p < eiTonpk/QHWo]loH;’p + 5pk2/p€2T0 .

The definition of Gy in (20) and the fact that p;, > p/2 implies that the first term is at most
e~ TomPk/2402 — (ed/s6)~Cn/dn?
and this will be less than 2 i
C, > 8+4log(2C;) . (33)

Since (31) holds, the second term satisfies
552 52
5pk?/Pe?Ty < —— k2P < k2P,
PRTTEI0S g < 262

‘We obtain ,
S
HWTo]lTo—1Hj2g,p < 202 (1 + k2/p> ;

as claimed.

For the second claim, we rely on Theorem 20. Assumptions (29a)—(29d) having already been
verified, we obtain for all 1 < ¢ < Tj,

2 v tnpi/2 2.2
EW,1,_ < ——e UPK 18 t.
A IEW:Leallpp < 53¢ + 18pye

Since pi > 0, the first term is at most %, and the second term is also at most % by (31). We
obtain that

’Y2

max HEWt]lt—luz,p < 67,

Ecé
as claimed. |

With Proposition 21 in hand, we can prove a full version of Theorem 4.
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Theorem 22 Fix a p > 0 and assume |supp(P a)| = m. Let

ﬁ:mln{p’pal} )
M| M|

and set s = 1/6.
Adopt the step size

_ Cylog(ed /i)
p1o
where ( p )4
Crk(log 12ed/dps
To = 52022 .
and
Cy >8+2logl44C,,  Cp > (12000e2C2C2)%/1.
Ifm < Tg and py, > p/2, then
||WTOH < 1/6

with probability at least 1 — §/3.

5
Proof We first show that we can assume that log Ty < 5log(Crd/dps). Indeed, if Ty > <(§;T)Sd) ,

a crude argument similar to the one employed in the analysis of Phase II yields the claim. We give
the full details in Appendix F. In what follows, we therefore assume

log Ty < 5log(Crd/dps) . (34)

Set

.| \/21klog(Crd/sps) d
7:144C'Vm1n{ 5 52 (0

where C, is as in Lemma 30.
Recall that our goal is to show |[Wr,|| < s with probability at least 1 — 6/3. The failure
probability can be bounded as

P{|[Wz,|| > s} <P {|Wr 1y > s} +P{Gf} < inf s~0|Wr 1[Iy + P {95} -

If we choose p = log(6k/§), then since log(Cr) < Cilr/5 log(12) for any value of Cp, we have

S Crk(log(12ed/5ps))*

To = 52022
1/5klog(Crd/dps) log(ed/ss)?
> log(6k/6) - Cyf = s
600e*Cv? log(ed/s6)?
2P 5 .

s2p

as long as
Cr > (120002 C2(144C4)%)5/
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which verifies the assumption of Proposition 21.
We obtain

2 s° 2/p 2/;;32
W1y [l < 55 (14 E77) < K27

262
We therefore have
5P| W 1 |2, < e °8(0%/%) < 5/6.

It remains to bound P {G$' }. Clearly
To
P {05} PG} + 2 P{G NG}
j=1
Since m < T and we have assumed log Ty < 5log(Crd/dps), we have
log(emTy/d) < 4log(Tp) + log(e/d) < 20log(Crd/dps) + log(e/d) < 21log(Crd/dps),

so Lemma 30 guarantees that Gy holds with probability at least 1 — §/12.
For the second term, we have

P{Gi NG} =P {Errelgx [EW;1j > ’y} < Y P{EW;1;] >}
7 Eeéia

Choose p = 21 log(Crd/dps). The same argument as above yields

klog(Crd/dps) log?(ed/sd
ToZp'C%/S g((STQ/P). gs(2/32/ )

and this will be larger than the lower bound required on 7y that was assumed in Proposition 21 as

long as
Cr > (12000*C2(144C,)?)>/®

Proposition 21 therefore yields
P{[EW;1, 1| = 7} < 7P| EW;1; |8, < e = 2 0ECrdln) goran B e g,

and thus i
P{G{1Gi1} < Y P{IEW;1j]l 27} < me 2t oslCrd/om),
Ecé

This yields

To
ZIP {g]C|g]_1} < mToe—Qllog(CTd/éﬁs) < e—Qllog(CTd/éﬁs)+4logTo < 5/127

j=1
where the last step uses (34). Finally, choosing s = 1/6, we obtain
P{||Wr,|| > 1/6} < 46/3,

as claimed. [ |
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Appendix E. A reduction to finite support

Let € be the space of d x d symmetric matrices. We argue that it suffices to assume that P4 has finite
support of cardinality at most 7 in Phase I. We prove this by comparing the product measure PETO
with another distribution P, on Q®70. We specify this distribution by the following procedure:
drawing a Ty-tuple (Ay, ..., Az, ) from the distribution P, is accomplished by

1. Drawing m independent samples Al, ceey A,, from Py.
2. Drawing Ay, ..., A7, independently from the discrete distribution
T
Py= m ; 04,

That is, drawing A, ..., A7, independently and uniformly from the set {Az}ﬁl with re-
placement.

We will rely on the fact that the two distributions, PE?TO and P,,, are close in total variation distance
when m is large. To see this, we first recognize that drawing (A4, ..., Az, ) from PETO is equivalent
to the following:

1. Draw m independent samples Al, e A,, from Py.

2. Draw Aj,..., Ap, sequentially and uniformly from the set {Ai}?;l without replacement.
Denote by PETO) the distribution of this sampling.

It is a standard result (Freedman, 1977) that, given any {A;}™,,

< 1T

drv (PI?TO’PETOO ~2m

We thus have the following:
Proposition 23 For any § € (0,1), it holds that
dry (Pm,P;?TO) <5
forallm > T3 /26.
Proof For any set S C Q70 we have

P (S) — PE)TO(S)‘ = ‘EAiNPA,lgigm [P,?TO(S) - PIESTO)(S)} ‘

T (To)
< EAiNPA,lgiSm ’PA °(S) - PA 0 (5)’
®To p(To)
< B py1<icmdTV (PA LE )
2
<10
S5, S
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The claim follows from taking the maximum of | P,,,(.S) — P;?TO (9)| over all subsets of Q=70, W

Given any Al, ceey A,,, define the empirical average
1 m
My, = BEawp, A= — ZAi.

Denote by ;\1 > 5\2 > > )\d the eigenvalues of Mm, and write p, = )\k — )\k+1 Let V €
R4 be the orthogonal matrix whose columns are the leading k eigenvectors of M,,, and let
U € R (@) pe the orthogonal matrix consisting of the remaining eigenvectors. Standard results
of matrix concentration implies that M, is close to M. In particular, we have the following:

Proposition 24  Suppose that m > 35M log(2d/6). Let Ay, ..., Ay, be drawn independently
from Pa. Then it holds with probability at least 1 — 6 that

| M, — M| < pi./4,

and, in particular,
pe=pi/2 and UV <1/3.

Proof By Assumption 2, we have that || M,, — M|| < M almost surely. Then the matrix Bernstein
inequality (Tropp, 2012, Theorem 1.4) implies that, for any ¢ > 0,

. —mt?/2
IP{ M,, - M >t}<2d — .
181, 0| ¢} < 2aep (5002 )

Substituting t = py/4 yields the first claim. Using the perturbation theory of eigenvalues of sym-
metric matrices, we have

Ao > A — || My, — M| and Apyq < Neyr — || M, — M.
Therefore, conditioned on the first claim, it holds that
pi > pi— 2| My — M| >
Furthermore, it follows from Wedin’s inequality (Wedin, 1972) that

IIM - M _

UV <
k— Akt

w\H

This completes the proof. n

Proposition 25 Let U and V' be orthogonal matrices such that UU* + VV* = 1, and let U
and V' be matrices of the same size satisfying the same requirement. Suppose |[U*V'|| < 1/2 and
|U*S(V*S) || < v < 1. Then
24 4y

— 2y

[Ts(v=s)~| < 3
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Proof A direct calculation yields
IU*s(V*S)~!| = |U*(UT* + VV*)S(V*S)™!|
< U S(V*S) M| + U VV*S(V*S)™!|
< U S(V*S)" 'V S(V*S) | + %HV*S(V*S)”H
< (r+ DIVS(Vs) ).
We also have
[VS(v=8) 1| < |[V-UUS(v*8) | + [V VY S(V8) | < SUS(V*8) ! +1.
Sequencing the two displays above and rearrange the inequality yields the claim. |

We are now ready to prove a full version of Theorem 4. Let Tj be given as in Theorem 22 and
choose m = T3 /8. As long as Ty > % log(d/d), we have

35M*>

i

log(2d/8) < m < Tg.
It then follows from Proposition 24 that, when drawing A, ... A, independently from P4, the
event R

G:={pr > pr/2and |U'V| <1/2} (35)
happens with probability at least 1 — §. Conditioned on G, we consider running T steps of Oja’s al-
gorithm, with Ay, ..., Ap, drawn i.i.d from P;. Note that the discrete distribution P; also satisfies
Assumption 1 and Assumption 2 (with M replaced by 2M). Theorem 22 then guarantees that, with
appropriately chosen step size, the output Q7, = Q1 (A1, ..., Ag,) of this procedure satisfies

Hﬁ*QTO (V*QTo)ilH <

with probability 1 — . Combining (35) and Proposition 25, we obtain that with probability at least
(1 —68)% > 1 — 26, the output of the algorithm satisfies

IU*Qz, (V' Q)M < 1,

[

that is,
Pu (IU*Qr,(V*Qrpy) 1| < 1) > 126,

Finally, we obtain from Proposition 23 that
P{™ (IU7 Q1 (V*Qp) ! < 1)
> P (JU*Qn (V' Qr) ™Ml £1) = div (P, PE™)
>1—30.

In other words, with the same choice of Tj, the output of T steps of Oja’s algorithm with Ay, ..., Ap,
drawn i.i.d from the original distribution P4 satisfies

IU"Qr,(V*Qr) | <1

with probability at least 1 — 39. Note that the above argument also proves Proposition 13, as one
can replace the use of Theorem 22 by the assumption of Proposition 13.
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Appendix F. Phase I succeeds if 7 is large

C3.dd
In this section, we prove Theorem 22 when Ty > =%.
5 p s

Note that this value of Tj is far larger

than the optimal choice (which is of order @(kz /5%p?s%)), which makes the theorem much easier to
prove. Indeed, if Tj is this large, we can prove Theorem 22 directly by using the same conditioning

argument as in Phase II.

Proposition 26 Assume 1 and Ty satisfy the requirements of Theorem 22, and assume p > py/2.

5
If Ty > &,p =5 then

W || < s
with probability at least 1 — §/3.

14407

Proof Set~y = where C, is defined in Lemma 30 and define the good events

Go = {[|Woll < ~7/(v2e)}

Gi ={[Wol <v}NGi-1, Vix>1.
In order to apply Theorem 10, we verify (10)
First assumption We have

3C, log(ed/és) M

e=2nM(1+
nM(1+7) < T

and this quantity is smaller than 1/2 so long as
O3 > 864C,C,, .
Second assumption We again have

Cylog(ed/ds)|| M|
pTo

nl| M| =

and (38) guarantees that this quantity is smaller than 1/2 as well.

Third assumption Since ¢; = ¢ for all < and np > 0, this requirement trivially holds.

Our goal is to bound

To
P{|Wr,| > s} <P{|Wglnll > s} +P{G5} +> P{GF NG} .

j=1
Having verified (10), we can employ (11), obtaining
Wiy Ly ||2, < e 10k /P2 1262 1 (C1y% + Co)pk*/Pe™ Ty

For the first term, the fact that p;, > p/2 implies that

2
_TOUPk;e (85 /ed) n/27 ’

32
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and this is smaller than % as long as

Cy, > 8+ 2log(144C5) .
Letting C3 be as in Proposition 11 and choosing p = log(6k/dd), we also have

1442C2C? log?(ed/ds)M?y?  1442C2C2C21og?(6d/ds) 65
2 27 < 3 < 3707y 2
p(C1y" + Co)e™To < p 2T, = 3 d

Since log®(6d/ds) < 95% for all positive d, ¢, and s, this quantity will be less than % so long as
CF > 2(432eC5C,C)?, (39)

and this requirement subsumes (38).
We therefore obtain, for p = log(6k/J),

P {|Wolp > s} < sP|[Wolg |k, < ke™ < 5/6,
In a similar way, (11) yields for all ¢ € [Tp],

3 k2/p
T IWilially, < S5 + (O + Copk?/Pe Ty
If we choose p = log(12kT} /), then we have
C3C2log?(ed/5s) M?~? _ 21442C3C2C2 log* (Ty)
2 = 1/5
Py oy’

p(C1y% 4 C2)e®Ty < p

Y

and since log?(T) < 169T01 /3 for all Ty, we have that this quantity will be at most ﬁ if
C2 > (3744eC5C, C)>% (40)

and this requirement subsumes (39), and it holds under the assumptions of Theorem 22.
By Lemma 30, the event Gy holds with probability at least 1 — §/12.
Finally, we have for any j € [Tj],

P{G{ NG 1} <P{|W;l; ]| >~} < Inf 7P [Weleal,

and choosing p = log(12kT,/J) we have

_ _ 12
Y p||Wt:ﬂ't—1”£’p <ke? < TTO’

and summing these probabilities for j € [Tp], yields that

d 5 5 5 0

C (& _

PAIWnl 2 9) < P (W Ll 2 ) + PAGE) + 3P {67 016,01} < G435 + 5 = 5

j:
as claimed. |

33



HUANG NILES-WEED WARD

Appendix G. Omitted proofs
G.1. Proof of Lemma 7

We will show that
W,(I1-A) =H+Jy1+Jy 2, (41)

where
H =U*(I4+5M)Z; (V*I+:M)Z;_1)"", Ji1=A—HA,, and Jio = —AA,
and where we write
A, = U Ay — M) Zy_ (VA + M) Zy_1) "L
By the definition of Z;, we have
W, =U*Z,(V*Z) ' =U"Y,2Z,_ (V'Y Z;_,) L.
We have

VY Z 1 =V (Xt M) Ziy + V(A — M) Zy
= I+ V(A —M)Z, (VA + M) Z,1) ) V(I + M) Z, 4
= (I + At)V*(I + ntM)Zt—h

which implies

(VYiZi1) (1= AY) = (VI + M) Z1) T+ A) T T+ A (I - Ay

=(V*A4+nM)Z_1)'1-A,).
‘We also have

UY.Z1=U1X+nM)Z1 +nU" (A — M)Z;_,
= U (I+nM)Zi_1 + AV T+, M)Z,_y).

Therefore
Wi(I - A?) = U"YiZ (V'Y Ze1) "
=U* X+ M) Z (VI +nM)Zy_1) ™"

+ At — U*(I + UtM)Zt—l(V*(I + UtM)Zt_l)_lAt

— AA,.
That is

W,(I-A7)=Hy+Ji1+ Jyo. (42)

Since A; and ﬁt are both O(n;), the claim follows. [ |
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G.2. Proof of Proposition 9

By the triangle inequality, we have

X +Y + Zlpp < [[X +Ylpp + (12

lpw
which implies
IX+Y +Z[3, < (X +Ypp+1Z]pp)°
< L+ N(IX + Y[, + A7Z]5,)

where in the second step we have applied the elementary inequality
(a+0)% < (1+N)(@® +A717),

valid for all real numbers a and b and X\ > 0. Applying Proposition 8 to | X + Y'||2  then yields
the claim. |

Appendix H. Additional Lemmas

Lemma 27 For any deterministic matrices A, B and any standard Gaussian matrix Z of suitable
sizes, it holds that ,
P{|AZBll2 > ||All2] B2(1 + 1)} < e "/

Proof Let f(X) := || AX B||2, then

£ (X1) — f(X2)| < [[A[[[ B - [ X1 — Xa2.
By Gaussian concentration, we have

P {f(2) > Ef(Z) + | All| Bt} < e "/

Moreover, we have
Ef(Z) < (B|AZBJ|j3)"* = ||Al2]| B2

It thus follows that
P{f(Z) > |Al2|Bl2(1 + 1)} < P{f(Z) > Ef(Z) + ||A]| Bt} < e /2,

which is the stated result. |

Lemma 28 (Davidson and Szarek, 2001, Theorem I1.13) Ler Q € R*** be a standard Gaus-
sian matrix. Then ,
]P{HQH > \/&+x/E+t} <2.e70/2

Lemma 29 (Allen-Zhu and Li, 2017, Lemma i.A.3) Let Q € R¥** be a standard Gaussian ma-

trix. Then for every § € (0,1),
_ 6V'k
P“lez(S}é&
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The next lemma bounds the probability of Gy from below.

Lemma 30 Ler Gy be the event defined in (20). There exists a positive constant C-, = 144e such

that for any 6 € (0,1), if v > C min{+/klog(emTy/d)/6,d/5%}, then Gy holds with probability
at least 1 — 6.

Proof We have W, = U* ZO(V*ZQ)_I, where Zj is a matrix with i.i.d. Gaussian entries. Since
U and V have orthonormal columns and are themselves orthogonal, the two matrices V*Z, and
U™ Z are independent matrices with i.i.d. Gaussian entries. Using Lemma 27 and conditioning on
V'*Zj, we have that with probability at least 1 — & /3(Tp + 1)2,

max |[EU*Zy(V*Zy) 2 < |(V*Zo) 7|2 - 24/801og(emTy/d), (43)

EESM

where we have taken a union bound over the fewer than ((m+1)(Tp+ 1)) elements of &, 4. Taking
a uniform bound again over all r, ¢ € [Tj + 1] yields that, with probability at least 1 — § /3, the event
(43) holds for all r, ¢ € [T + 1]. By Lemma 29, we also have that that ||(V*Zy) 1|2 < 18Vk /6
with probability at least 1 — §/3. Furthermore, Lemma 28 implies that ||U* Zy|| < 2+/2d log(3/9)
with probability at least 1 — §/3. Combining these bounds, we obtain that with probability at least

1-6/,
max |EU*Zy(V*Zy)™Y|2 < 361/8Clog(emTy/9),

EEET,Z

MG

which is less than N long as C,, > 144e, and under this same assumption

IWoll2 < |[U* Zol|||(V* Zo) "2 < 361/2d1og(3/5) < vy

as well.

So Gp holds with probability at least 1 — § if v > C.,/klog(emTy/§)/6 for C, > 144e.

On the other hand, We have E||U* Z;|| < 2V/d, so that |[U*Zy|| < 4v/d/§ with probability at
least 1 — §/2, and Lemma 29 implies that ||V* Zy|l» < 12v/k/§ with probability at least 1 — §/2,
so with probability at least 1 — § we have

[Wollz < [[U*Zol|||(V*Zo) ™ |2 < 48V dk /6% < 50d/82 .

as claimed. On this event, we also have ||[EWlls < ||[Whll2 < 50d/82. Therefore, if v >
50v/2ed /52, then Gy holds.

So Go holds with probability at least 1 — & if v > C.,d/§? for C, > 50+/2e. Therefore, taking
C = 144e satisfies both requirements and proves the claim. |
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