Proceedings of Machine Learning Research vol 134:1-21, 2021 34th Annual Conference on Learning Theory

Improved Analysis of the Tsallis-INF Algorithm in Stochastically
Constrained Adversarial Bandits and Stochastic Bandits with
Adversarial Corruptions

Saeed Masoudian SAEED.MASOUDIAN @DI.KU.DK
Yevgeny Seldin SELDIN @DI.KU.DK
University of Copenhagen, Denmark

Editors: Mikhail Belkin and Samory Kpotufe

Abstract

We derive improved regret bounds for the Tsallis-INF algorithm of Zimmert and Seldin (2021). We
show that in adversarial regimes with a (A, C, T') self-bounding constraint the algorithm achieves

10 ((Z#z AL) log., ((5“”?)2) + \/C’ (Z#Z Ai) log, (C%)) regret bound,

i#i* A,
where T is the time horizon, K is the number of arms, A; are the suboptimality gaps, i* is the best
arm, C'is the corruption magnitude, and log , (x) = max (1,log x). The regime includes stochastic
bandits, stochastically constrained adversarial bandits, and stochastic bandits with adversarial cor-
ruptions as special cases. Additionally, we provide a general analysis, which allows to achieve the
same kind of improvement for generalizations of Tsallis-INF to other settings beyond multiarmed
bandits.

1. Introduction

Most of the literature on multiarmed bandits is focused either on the stochastic setting (Thompson,
1933; Robbins, 1952; Lai and Robbins, 1985; Auer et al., 2002a) or on the adversarial one (Auer
et al., 2002b). However, in recent years there has been an increasing interest in algorithms that
perform well in both regimes with no prior knowledge of the regime (Bubeck and Slivkins, 2012;
Seldin and Slivkins, 2014; Auer and Chiang, 2016; Seldin and Lugosi, 2017; Wei and Luo, 2018),
as well as algorithms that perform well in intermediate regimes between stochastic and adversarial
(Seldin and Slivkins, 2014; Lykouris et al., 2018; Wei and Luo, 2018; Gupta et al., 2019). The
quest for best-of-both-worlds algorithm culminated with the work of Zimmert and Seldin (2019),
who proposed the Tsallis-INF algorithm and showed that its regret bound in both stochastic and
adversarial environments matches the corresponding lower bounds within constants with no need
of prior knowledge of the regime. Zimmert and Seldin (2021) further improved the analysis and
introduced an adversarial regime with a self-bounding constraint, which is an intermediate regime
between stochastic and adversarial environments, including stochastically constrained adversaries
(Wei and Luo, 2018) and stochastic bandits with adversarial corruptions (Lykouris et al., 2018) as
special cases. They have shown that the Tsallis-INF algorithm achieves the best known regret rate
in this regime and its special cases.

The Tsallis-INF algorithm is based on regularization by Tsallis entropy with power %, which
was also used in the earlier works by Audibert and Bubeck (2009, 2010) and Abernethy et al. (2015)
for minimax optimal regret rates in the adversarial regime. The key novelty of the work of Zimmert
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and Seldin (2019, 2021) is an analysis of the algorithm in the stochastic setting based on a self-
bounding property of the regret. The idea has been subsequently extended to derive best-of-both-
worlds algorithms for combinatorial semi-bandits (Zimmert et al., 2019), decoupled exploration
and exploitation (Rouyer and Seldin, 2020), bandits with switching costs (Rouyer et al., 2021), and
ergodic MDPs (Jin and Luo, 2020).

We present a refined analysis based on the self-bounding property, which improves the regret
bound in the adversarial regime with a self-bounding constraint and its special cases: stochastic
bandits, stochastically constrained adversarial bandits, and stochastic bandits with adversarial cor-
ruption. The adversarial regime with a self-bounding constraint is defined in the following way.
Let /1,45, ... be a sequence of loss vectors with ¢; € [0, 1]K , let I; be the action picked by the

algorithm at round ¢, and let Reg; = E {Zthl y, Iti| — min; E [Zthl étﬂ-] be the pseudo-regret.

For a triplet (A, C, T') with A € [0, 1]% and C > 0, Zimmert and Seldin (2021) define an adversar-
ial regime with a (A, C,T) self-bounding constraint as an adversarial regime, where the adversary
picks losses, such that the pseudo-regret of any algorithm at time 7" satisfies

T
Regr > >3 AP(I = i) - C.
t=1 1

(The above condition is only assumed to be satisfied at time 7', but there is no requirement that it is
satisfied at time ¢ < T'.) A special case of this regime is the stochastically constrained adversarial
regime, where Regr = ZtT:1 > AP(I; = i) with A being the vector of suboptimality gaps.
In particular, the stochastic regime is a special case of the stochastically constrained adversarial
regime. (In the stochastic regime the expected loss of each arm is fixed over time. Stochastically
constrained adversarial regime relaxes this requirement by only assuming that the expected gaps
between the losses of pairs of arms are fixed, but the expected losses are allowed to fluctuate over
time.) Another special case of an adversarial regime with a self-bounding constraint are stochastic
bandits with adversarial corruptions. For two sequences of losses L = (Zl, . ,ZT) and L1 =
(41, ..., ¢r) the amount of corruption is measured by Zle 16 — £¢]|00. In stochastic bandits with
adversarial corruptions the adversary takes a stochastic sequence of losses and injects corruption
with corruption magnitude bounded by C. Zimmert and Seldin (2021) show that a stochastic, as
well as a stochastically constrained adversarial regime with a vector of suboptimality gaps A and
injected corruption of magnitude bounded by C, satisfy (A, 2C,T') self-bounding constraint. As
C grows from zero to T, the stochastic regime with adversarial corruptions interpolates between
stochastic and adversarial bandits.

Lykouris et al. (2018) were the first to introduce and study stochastic bandits with adversarial

corruptions and their algorithm achieved O (ZZ A0 %(?g(ﬂ log(T )> regret bound. Gupta et al.

(2019) improved it to O <K C+ a0 & log?(K T)) Zimmert and Seldin (2021) have shown
that their best-of-both-worlds Tsallis-INF algorithm achieves O ((Zi#* %) +4/C > sn %)

regret bound in the more general adversarial regime with (A, C, T') self-bounding constraint under
the assumption that A has a unique zero entry (the assumption corresponds to uniqueness of the
best arm before corruption). Neither of the algorithms requires prior knowledge of C'.

Our contributions are summarized in the enumerated list below. The improvements relative to
the work by Zimmert and Seldin (2021) are further highlighted in Table 1.
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Setting ‘ Zimmert and Seldin (2021) ‘ Our paper

Large C | O <\/C’ Zi#* A%_ log T) @ <\/C Zz;éz A%— log (T@;M>>

Table 1: Comparison of the leading terms in the regret bounds of Zimmert and Seldin (2021) and
our paper, differences are highlighted in color. We define log, (x) = max (1,logx). The ”Small
C” row compares the regret bounds in adversarial regimes with (A, C, T') self-bounding constraints

with C' <)~ i A%_ log %) + 1). Here, C is a subdominant term and does not show

up in the big-O notation. The "Large C” row compares the regret bounds in adversarial regimes with

(A, C,T) self-bounding constraints with C' > 7, ,,, A <<log (ET(K_p)Q> + 1>. The regret
g iFtie Ay

bounds in the adversarial regime are identical, and hence omitted.

1. We present a refined analysis of the regret of Tsallis-INF in adversarial regimes with a
(A, C,T) self-bounding constraint, achieving

1 (K -1)T 1 (K-1)T
i (Zi;ﬁi* j) i e
regret bound, where log , (x) = max (1,logx).

2. In the stochastically constrained adversarial regime it improves the dominating term of the

regret bound from O <(Zi#* f) log T) to O ((Zi#* Ai) log., <((K_1)1T)2)) rela-
’ ’ 2iti* A;

tive to the work of Zimmert and Seldin (2021), see Table 1. A similar kind of improvement

has been studied for UCB-type algorithms for stochastic bandits by Auer and Ortner (2010)

and Lattimore (2018).

3. In the stochastic regime with adversarial corruptions the result yields an improvement by a
multiplicative factor of O (\/ logT/log (T/C )) relative to the work of Zimmert and Seldin

(2021), see Table 1 for a more refined statement. In particular, for C' = © Ll
(log T) Zi;éi* A,

. . . . g . logT
it achieves an improvement by a multiplicative factor of 4/ 5 Tlog T

4. While the analysis of Zimmert and Seldin (2021) used two different optimization problems
to analyze the regret of Tsallis-INF in adversarial environments and in adversarial environ-
ments with a self-bounding constraint, we obtain both bounds from the same optimization

problem. This provides continuity in the analysis in the sense that the O (\/ K T) adversarial
regret bound is obtained as a natural limit case of the adversarial bound with a self-bounding

KT

constraint as C' grows beyond O | =
Dizir &y

) . It also provides a better understanding of the

self-bounding analysis technique.



MASOUDIAN SELDIN

5. We also provide a more general result, showing that any algorithm with adversarial pseudo-

regret bound satisfying Regr < B Zthl Zi#* E[U;t’i]

playing action 7 at round ¢ and B is a constant, achieves

, where w; ; are the probabilities of

1 (K —1)T 1 KT
iie (Zi#* E) i i#i* A,

regret in the adversarial regime with (A, C, T') self-bounding constraint. The result can be di-
rectly applied to achieve improved regret bounds for extensions of the Tsallis-INF algorithm,
for example, the extension to episodic MDPs (Jin and Luo, 2020).

2. Problem Setting

We study multi-armed bandit problem in which at time ¢ = 1,2, ... the learner chooses an arm
I; among a set of K arms {1,..., K}. At the same time the environment selects a loss vector
¢; € [0,1]% and the learner only observes and suffers the loss ¢; j,. The performance of the learner
is evaluated using pseudo-regret, which is defined as

T T T
;gt,h] ~minE [Z et,i] —E [Z (tur - m;)] :

t=t t=t

Regr =E

where i1 € argmin,e g E [ZtT:t Em} is a best arm in hindsight in expectation over the loss gener-
ation model and, in case of an adaptive adversary, the randomness of the learner.

Like Zimmert and Seldin (2021) we consider (adaptive) adversarial regimes and adversarial
regimes with a (A, C,T') self-bounding constraint. In the former the losses at round ¢ are generated
arbitrarily, potentially depending on the preceding actions of the learner, I; ..., I;_;. In the latter
the adversary selects losses, such that for some A € [0,1]% and C > 0 the pseudo-regret of any
algorithm at time 7" satisfies

T K
Regr > (ZZP(It = z‘)Ai) ~C. (1)

t=1 i=1

The condition is only assumed to be satisfied at time 7', but not necessarily at ¢ < 7. As we have
already mentioned in the introduction, stochastic regime, stochastically constrained adversarial
regime, and stochastic bandits with adversarial corruptions are all special cases of the adversarial
regime with (A, C, T) self-bounding constraint.

Additional Notation: We use A" to denote the probability simplex over n + 1 points. The char-
acteristic function of a closed convex set A is denoted by Z 4 (=) and satisfies Z4(z) = 0 forz € A
and Z4(z) = oo otherwise. We denote the indicator function of an event £ by 1(€) and use 1,()
as a shorthand for 1(I; = 7). The probability distribution over arms that is played by the learner at
round ¢ is denoted by w; € AX~!. The convex conjugate of a function f : R® — R is defined by

[ (y) = supgern{(z,y) — f(2)}.



IMPROVED ANALYSIS OF THE TSALLIS-INF ALGORITHM

3. Background: the Tsallis-INF algorithm

In this section we provide a brief background on the Tsallis-INF algorithm of Zimmert and Seldin
(2021). The algorithm is based on Follow The Regularized Leader (FTRL) framework with Tsallis
entropy regularization (Tsallis, 1988). The best-of-both-worlds version of Tsallis-INF uses Tsallis
entropy regularizer with power 1, defined by

K
1
\Il(w) = 42 <\/wi — 2wi> .
i=1
The regularization term at round ¢ is given by
Wy(w) = 7 ¥ (w),

where 7 is the learning rate. The update rule for the distribution over actions is defined by

¢ ¢
wigr = V(U + Tax-1) (=Y br) = arg max <<_Z‘&'7w> - ‘I’t(w)> ;
=1 w T=1

where 7, is an estimate of the loss vector ;. It is possible to use the standard importance-weighed

loss estimate lfm- = W, but Zimmert and Seldin (2021) have shown that reduced-variance

loss estimates defined by 7
L4(3) (Le — Be (i)

Wt 4

Ui = + By (4), 2)

where B (i) = %]l(wt,i > n?), lead to better constants. The complete algorithm is provided in
Algorithm 1 box. The regret bound derived by Zimmert and Seldin (2021) is provided in Theorem 1.

Algorithm 1 Tsallis-INF

1: Input: (\I’t)tzlkgw.
2. Initialize: Set Ly = 0x (where O is a zero vector in R¥)
3: fort=1,... do
4: choose wy = V(W + Tax—1)*(—Li_1)
: sample [y ~ wy

5
6 observe ¢y 1,

7:  construct a loss estimator ét using (2)
8:  update ﬁt = f/t,l + ft

9: end for

Theorem 1 (Zimmert and Seldin, 2021) The pseudo-regret of Tsallis-INF with 1y = % and re-
duced variance loss estimators defined in equation (2), in any adversarial bandit problem satisfies

Regr <2V KT + 10K log(T) + 16.

Furthermore, if there exists a vector A € [0, 1]K with a unique zero entry i* (i.e., Ay« = 0 and
A; > 0 forall i # i*) and a constant C, such that the pseudo-regret at time T satisfies the
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(A, C,T) self-bounding constraint (equation (1)), then the pseudo-regret additionally satisfies:

S log(T) + 3 3
Regr < Z% + 28K log(T) + 1— +§\/E+32+C, 3)

i min

where Apin = minzi«{A;}. Moreover, if C > (Ei#* IOg(ATZ*?’) + x-—, then the pseudo-regret
also satisfies:

zjlog(T)—H%+ 1

Regr <2
IT = Az Amm

3
C + 28K log(T) + 3 VK + 32, 4)
i

Remark 2 While Theorem I requires uniqueness of the best arm for improved regret rates in the ad-
versarial regime with a (A, C,T) self-bounding constraint, Zimmert and Seldin (2021) have shown
experimentally that in the stochastic regime the presence of multiple best arms has no negative ef-
fect on the pseudo-regret of the algorithm. They conjecture that the requirement is an artifact of the
analysis.

4. Main Results

In this section we provide our two main results. First, in Theorem 3 we provide a refined analysis
of Tsallis-INF, which improves the pseudo-regret bounds in the adversarial regime with a (A, C,T")
self-bounding constraint. Then, in Theorem 4 we provide a more general result, which allows
to improve pseudo-regret bounds in adversarial regimes with (A, C,T") self-bounding constraints
for extensions of Tsallis-INF to other problems. An advantage of both results is that the bounds
for adversarial regimes and adversarial regimes with a self-bounding constraint are achieved from a
single optimization problem, rather than from two different optimization problems, as in prior work.
As a result, the regret bounds for the adversarial regime are achieved as a limit case of the regret
bounds for adversarial regimes with a self-bounding constraint for large C.

4.1. Improved analysis of the Tsallis-INF algorithm
We start with an improved regret bound for Tsallis-INF.

Theorem 3 The pseudo-regret of Tsallis-INF with 1, = % and reduced variance loss estimators
defined in equation (2), in any adversarial bandit problem satisfies

- 1 3
Regr < 2¢/(K — DT + §ﬁ+ 14K log(T) + Z\/EJr 15. (5)

Furthermore, if there exists a vector A € [0,1]% with a unique zero entry i* (i.e., Ay = 0 and
A; > 0 foralli # i*) and a constant C' > 0, such that the pseudo-regret at time T satisfies the
(A, C,T) self-bounding constraint (equation (1)), then the pseudo-regret additionally satisfies:

S 1 T(K -1 3
RegTSZK log(7)2 +6 +28Klog(T)+§x/?+3o+C. (6)
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Moreover, for Zz#* A <<log (ZT(K—II))Q> + 1> <C< ZT:(K;II) the regret also satisfies:

i£ix Ay iFix Ay

[~ L T(K 1) )
Regr < [C log — 2 +5| +0Q, N
€dr > ; <\/o CZ#Z* AA

where Q = Y50 A <logcm+ 210gcz(f;1)+2)+3f+28mog( ) + 30 is

a subdominant term.

A proof of the theorem is provided in Appendix B. Theorem 3 improves on Theorem 1 in two
ways. The bound in equation (6) improves the leading term of the regret bound under self-bounding

constraint relative to equation (3) from Z#z ﬁ log T to Z#z* A <log <T(K_11))2> . Related
‘ 2ii* Ay

refinements of regret bounds for UCB strategies for ordinary stochastic bandits have been studied
by Auer and Ortner (2010) and Lattimore (2018). More importantly, for large amount of corrup-

tion C' € [Z#Z* A <log <(Z:Z;(;:{1A1))> + 1) Zf::lﬁ) the regret bound in equation (7) is of

order O <\/ C (Z#Z* —) log, <CZK¢TA1> ), whereas the regret bound in equation (4) is of

%

order O ( c>, i loAgiT). ForC' =0 <(lOgT)T£;*A1> Theorem 3 improves the pseudo-regret
log’ﬁ) gT. Another observation is that Theorem 3 successfully

exploits the self-bounding property even when the amount of corruption is almost linear in 7'.

bound by a multiplicative factor of

4.2. A general analysis based on the self-bounding property

Now we provide a general result, which can be used to analyze extensions of Tsallis-INF to other
problem settings.

Theorem 4 For any algorithm for an arbitrary problem domain with K possible actions that sat-

isfies
RegT<BZZ\/ w“ ®)

t=1 i£i*

where B, D > 0 are some constants, the pseudo-regret of the algorithm in any adversarial environ-

ment satisfies
Regp < 2B\/(K — 1)T + D. )

Furthermore, if there exists a vector A € [0,1]% with a unique zero entry i* (i.e., Ay = 0 and
A; > 0 foralli # i*) and a constant C > 0, such that the pseudo-regret at time T satisfies the
(A, C,T) self-bounding constraint (equation (1)), then the pseudo-regret additionally satisfies:

S 1 -1
RegTSBQZK log 2 +3—2logB | +C +2D. (10)
iix (Zi;éi* K)
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Moreover, for B2 v A% <<log %) + 1> <0< % the pseudo-regret also

— 1 T(K -1
Regp < B CZA<\/logC”+2> + M, (an
where M = B2 Z#z A%- (log ﬁ + ,/2log ﬁ + 2) + 2D is a subdominant

term.

satisfies:

A proof is provided in Section 5. The Tsallis-INF algorithm satisfies the condition in equation (8)
with B = % (see equation (12) in Section 5, which follows from intermediate results by Zimmert
and Seldin (2021)). Although the specialized analysis of Tsallis-INF in Theorem 3 is a bit tighter
than the general result in Theorem 4, the latter can be applied to extensions of Tsallis-INF. One
such example is the best-of-both-worlds algorithm of Jin and Luo (2020) for episodic MDPs. Jin
and Luo (2020, Theorem 4) show that their algorithm satisfies the condition in (8) and use this result

to achieve O ((log T)+ +/Clog(T )) pseudo-regret bound in the stochastic case with adversarial
corruptions (Jin and Luo, 2020, Corollary 3). Application of our Theorem 4 improves the pseudo-

regret bound to O ((log T)+ C’log(T/C’)). In particular, for C' = @(%) the bound gets
logT

loglogT'*

tighter by a multiplicative factor of

5. Proofs

In this section we provide a proof of Theorem 4. The proof of Theorem 3 is analogous, but more
technical due to fine-tuning of the constants and is deferred to Appendix B. Before showing the
proof we revisit the key steps in the analysis of Tsallis-INF by Zimmert and Seldin (2021), which
show that the pseudo-regret of Tsallis-INF satisfies the condition in equation (8) of Theorem 4.

Standard FTRL analysis (Lattimore and Szepesvari, 2020) uses a potential function ®;(—L) =
max,ecax—1{{(w, —L) — W, (w)} for breaking the pseudo-regret into penalty and stability terms,
Regr = stability + penalty, where

T
stability = E !Z Cr, + ®i(—L1) — @(—L_l)] :
t=1

T
penalty = E [Z —@t(—f/t) + ‘I)t(—fzt—l) - ft,z‘*T] .
t=1

The two terms are then typically analyzed separately. Zimmert and Seldin (2021) proved the fol-
lowing bounds for the two terms for Tsallis-INF with reduced-variance loss estimators:

N|=

T
. E[w ;] Efwy,]
stability < Z Z = + = | + 14K log(T) + 15,
t=1 \izi* 2/t 2Vt

T

E[wt z] E[wt z] 3
penalty < Z Z = — : + -VvK.
t=1 \izi* 2Vt 4t 4

N|=
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By summation of the two bounds the pseudo-regret satisfies

T 1
- E[w;]?  Efw, 3
Regr<> |3 boeal® | Bleed | g tog(r) + 2R 415, (12)

t=1 \izi* Vi vt 4

Since Efw, ;] < ]E[wt,i]%, the pseudo-regret of Tsallis-INF with reduced-variance loss estimators
satisfies the condition in equation (8) with B = 2 and D = 3V/K + 14K log(T) + 15. (In the
proof of Theorem 3 we keep the refined bound on the pseudo-regret from equation (12) to obtain
better constants.) Now, after we have shown how the condition in equation (8) can be satisfied, we
present a proof of Theorem 4. We start with a high-level overview of the key ideas and then present
the technical details.

5.1. Overview of the Key Ideas Behind the Proof of Theorem 4
As observed by Zimmert and Seldin (2021), for any A € [0, 1] we have

Regr = (A + 1)Regy — ARegr. (13)

The condition on Regy in equation (8) can be used to upper bound the first term and the self-
bounding constraint (1) to lower bound the second, giving

T 1 T
. E[w; ;
Regr < (A+1) (B> Y el L p) 2 ST D Elwga | -C
iti* t=1 Vi t=1 \izi*
T 1
<> ) B()\Jrl)M—)\]E[w JA; | +AC+ (A +1)D (14)
= et \/1? ti]= .

In the adversarial analysis, we take A = 0 and maximize the right hand side of (14) (which for A = 0
is identical to the right hand side of (8)) under the constraint that w; ; is a probability distribution
to obtain O(\/ﬁ ) regret bound. This is almost identical to the approach of Zimmert and Seldin
(2021), except that in this case instead of the bound in equation (8) they use a bound involving
summation over all arms, including 7*.

In the self-bounding analysis, Zimmert and Seldin (2021) relax the inequality in (14) to

T
Regr <) ) <2B1 JE[wei] /t — AAE [wm]) +\C +2D
t=1 j£i*

and apply individual maximization of each 2B/E [w; ;] /t — AAE [w; ;] term, dropping the con-
straint that wy is a probability distribution. We use (14) directly for bounding the regret and introduce
two key novelties:

(a) we keep the constraint that w; are probability distributions; and

(b) we jointly optimize with respect to all w;; and A, whereas Zimmert and Seldin (2021) first
optimize w.r.t. wy ; and then w.r.t. A.
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Joint optimization over all w; ; and A under the constraint that w; are probability distributions is the
major technical challenge that we resolve. Our analysis yields three advantages:

(A) The dependence on time is improved from log T to log(T'(K — 1)/(3_, A%_)2) due to (a);

(B) We gain the /log T/ log(T'/C) factor due to (b);
(C) Our adversarial and stochastic bounds come out of the same optimization problem, highlight-
ing the relation and continuity between the two.
5.2. Proof of Theorem 4

Now we provide a detailed proof of Theorem 4.

Proof of the regret bound for an unconstrained adversarial regime (equation (9))
In the unconstrained adversarial regime we take A = 0 and plug the inequalities
> B2 < VE -1, (15)
Qi
which holds since }, ;« E[wy;] <1, and S % < 2+/T into equation (14) and obtain the bound
in equation (9).
Proof of the general regret bound for an adversarial regime with a self-bounding constraint
(equation (10))

In the adversarial regime with a self-bounding constraint, we keep the constraint that w; is a proba-
bility distribution, and thus Zi#* Ef[w ;]2 <+ K — 1, and apply maximization directly to the sum
over ¢ under this constraint.

To simplify the notation, we use a;; = E[wt7i]%, S = Zi#* A%_, and w.l.o.g. assume that
i* = K. We denote R; := ), ;. (B()\ + 1)‘1};’ - )\Aiafﬂ) and R := >." | R, + AC. With this

notation, by equation (14) we have
Regr < R+ (1+\)D. (16)

We bound R; under the constraint that E[wt,i]% satisfy equation (15). We have

K-1

Ry < max Z B()\+1)ﬁ -

)\AZCLZQ
R e Vit

K-—1
s.t Zal <VK —1.
=1

By Lemma 6 provided in Appendix A, the answer to this optimization problem is as follows:

B(A\+1)S SB%(\+1)?
1. If YW/ <+vK —1,then R; < i

10
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A+1) B(A\+1 AMK-1
2. If (2M > K — 1, then R, < Y& f ) _ AEL),

o _ B2(A\+1)%s? :
This gives a threshold Ty = IN(R-1) 0 SO that for ¢ < Tj the second case applies to Ry, and

otherwise the first case applies. We break the time steps into those before T and after 7y and
obtain:

R= ZRt+ZRt+)\C’

To+1
VE B A1) MK - 1) L SB2(A+1)2
< T\ )
> (Y )+ Y FEOE e
t=Top+1
MK -1)Ty  SB*(A+1)2 T
To(K —1)B(A+1) — log —
of )B(A+1) 5 + 5 ogT0+>\C’
B\ +1)2S B*A+1)28  B*\+1)2S T(K —1) B(A+1)
_ _ 1 —2log ————
By w0 <Og S2 %87 ) TAC
B* (A +1)%8 T(K-1) B*MA+1)325, B(A+1)
e {3+log 3 ] - 0 log — 7 — + AC. (17)
By taking A = 1 we obtain
T(K -1
R < B%S (log (52) — 2log(B) + 3> +C,

which together with (16) gives the bound (10) in the theorem.

Proof of the refined regret bound for an adversarial regime with a self-bounding constraint
(equation (11))

We continue from equation (17). We improve on the bound of Zimmert and Seldin (2021) in equa-

tion (4) by applying a smarter optimization over . We let o = ﬁil) and rewrite the inequality in
(17) as
B 5 T(K—-1) 28
#(@)
h(B,c)

We denote the right hand side of the expression by h(B, «). We restrict the range of «, so that

T>1Ty = which gives a > Since A € [0, 1], we also have a < %. In order

52 S
a?(K-1)° T(K-1)
to bound h(B, ) we need to solve an optimization problem in « over the above interval. However,
h(B, «) is not convex in «, but we show that the expression in the brackets, which we denote by

f (@), is convex. We take the point o = argmin 1 f (), which achieves the minimum
'B

s
O‘E[\/T(Kq)

of f(c),and use h(B,a*) = 5— ga f(a*) as an upper bound for R. Since R < h(B, «) for any a,
in particular we have R < h(B, o).

11
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In order to show that f(«) is convex and find its minimum we take the first and second deriva-
tives.

—1 K-1T
f(a) = el [25 log(a) — Ca? 4 Slog (52) + S] =0,
28 T(K—-1
(o) = 3 <2 log o + log (52)> )
For o > \/% the second derivative is positive and, therefore, f(«) is convex and the minimum
is achieved when f’(«) = 0. This happens when
A(K-1)T C ,
—log —— g+ ga® —1=0.
We define 8 = 0‘2([27;1” then
cs
=2 B —1=0.
o(8) = =y~ oa(9)
Since o € [%, %], we have 8 € 1, %] We recall that equation (11) holds under
the assumption that B2S (log u;;é%T + 1> < C K<L (KEI)T. We note that for C' < @
we have g(1) = % — 1 < 0. We also note that for C > B2%S <log U;;é%T + 1) we have
g <(I;;;%T> > 0. Since g(f3) is continuous, the root of g(3) = 0 for C' in the above range is thus

achieved by /5 € [1, %} and since g([3) is convex the solution is unique.
We find the root of g(/5) = 0 by using the —1-branch of the Lambert W function, called W_; (z),

which is defined as the solution of equation we®” = z. If g(/3) = 0, then [ satisfies

—-CSp _=css -CS
TP o E®ENDT = 7
(K -1)T e(K — 1T’
and thus T(K 1) os
b=——cg " (e(K - 1)T) '
We conclude that the minimum of f(«) is attained at
. -S -CS
= \/CW1 <e(K - 1)T> (19)

and, consequently, log (T(K%Q)(a*)v = %(a*)Q — 1. By substituting this identity into h(B, a*),

we obtain:

B
h(B,a*) = S Bt (2@5* + QCa*> < B(1+ Ba™) ((f; + Ca*)
S * *)2 cs
=B E—FC@ +BS+BC(a")* ) =B ?+VC’Sw—|—BS+BSw ,

(20)

12
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r —

where w 1= —W_; [ﬁ} and the inequality follows by the fact that Vz € [0,1] : 2= < 1+
This provides a closed form upper bound for the pseudo-regret, but we still need an estimate of w to

obtain an explicit bound. We use the result of Chatzigeorgiou (2013), who provides the following
bounds for W_; ().

Lemma 5 (Chatzigeorgiou 2013) Forany x <1

1+ +/2log(1/z) + glog(l/x) < —W_i(—z/e) <1+ +/2log(1/z) + log(1l/x).

To complete the proof it suffices to use Lemma 5 with = %, which gives

2
1<w< 1+ 2logw+log1wg <1+ logT(Iésl)>

By substituting this into (20) we obtain:

RIGTS

T(K —1) T(K —1)
2 2 2
+2B°S + B*Slog — 5o + B Sy/2log o5

:B\/CS< logT(K_l)-i-2> + B%S (logT(IéS_,l)—l- 2logT(K_1)+2> .

h(B. ) < BYTS + BVES <1 o T<K—1>>

cs cs
(2D

Finally, by (18) we have R < h(B, a*), which together with (16) and the fact that A < 1 completes
the proof. |

6. Discussion

We have presented a refined analysis of the Tsallis-INF algorithm in adversarial regimes with a
self-bounding constraint. The result improves on prior work in two ways. First, it improves

the dependence of the regret bound on time horizon from logT" to log (ng_il)lT)Q
i#i* Ay
improves the dependence of the regret bound on corruption amount C. In particular, for C' =
TK .. e . log T
&) ( e TS 5 A% > it improves the pseudo-regret bound by a multiplicative factor of 4/ oglog T
Moreover, we have provided a generalized result that can be used to improve regret bounds for ex-
tensions of Tsallis-INF to other problem settings, where the regret satisfies a self-bounding con-
straint. Due to versatility and rapidly growing popularity of regret analysis based on the self-
bounding property, the result provides a powerful tool for tightening regret bounds in a broad range
of corrupted settings.

Second, it

13
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Appendix A. Technical Lemmas

Lemma 6 Letbandcy,...,c, be non-negative real numbers and let
n
Z =max Yy (bz; — c;z?)

reR”™
=1

n
s.t.Zmi < M.
i=1

Then
M2 . n b
g bM—72?21%7 lez‘:lgTi>M,
— , ; .
bz " Ci, otherwise.
2 2
Moreover, we always have bM — M - < b El 1% L and, therefore, we always have Z <
i=1 a

¥y 1
4 i=1 ¢;"

Proof Since c; > 0, the objective function is a sum of downward-pointing parabolas and, therefore,
concave. Thus, the maximum is attained when the first derivative of the Lagrangian with Lagrange
variable v > 0 for the inequality constraint satisfies

b—2cix; —v =0,
where v(} ;| x; — M) = 0. Thus, z; = bz_T:} The KKT conditions provide two cases:
Iy, % > M, thenv > 0and > ; ; = M. As a consequence, v = b — M S

i=1 3c;
Ti = TEhT andZ_bM—zMifi.
i) If > 2% < M, then v = 0 and, as a consequence, =; = 2% and Z = % Yo c%
Finally, by the AM-GM inequality we have

M? .1

74-*5 — >bM
1 - bl

i1 i

which gives the final statement of the lemma. |

We also use the following result by Zimmert and Seldin (2021, Lemma 15).

Lemma 7 (Zimmert and Seldin, 2021) Foranyb > 0andc > 0and 1y, T € N, suchthatTy < T
and b\/Ty > ¢, it holds that

d 1 2
> o2
By doubling the lower threshold on b1/7Tj; we obtain the following corollary.

Corollary 8 Forany b > 0and ¢ > 0 and Ty, T € N, such that Ty < T and b/ 1y > 2c, it holds

that
T

> %<%

t=Tp1 02 —ct

16



IMPROVED ANALYSIS OF THE TSALLIS-INF ALGORITHM

Appendix B. Proof of Theorem 3

Proof Similar to the proof of Theorem 4, for any A € [0, 1] we use the self-bounding constraint
and the regret bound of Zimmert and Seldin (2021) given in equation (12) to provide the following
bound for the pseudo-regret:

Regr = (A +1)Regy — ARegr

<+ Y XT:E[%] +XT: EBlewil| | 3k + 14k (T) + 15
— (0]
B iti* Lt=1 vt t=1 % 4 i
T
=M D0D Elwla| - C
t=1 isi*

As before, to simplify the notation, let a;; = ]E[wt,i]% and S =), Liv A%, and w.l.o.g. assume
that +* = K and define

Ry = i— (M= —+)ai; |, 22
t ;<¢z (a7 ) .
T
R=) R/ +AC.
t=1
Then
_ 3
Regr < R+ (14 \) <4JE+ 14K log(T) + 15> : (23)

Hence, in order to obtain a bound for the pseudo-regret, it suffices to derive a bound for R. We start
with the bound for a general adversarial environment and then prove the refinements.

Proof of the regret bound for an unconstrained adversarial regime (equation (5))

We take A = 0. By plugging it into the definition of R; in equation (22) we obtain

1
+

R, < K-1
SVt vk

and .
1
R=> R <2\/(K-1T+ ?ﬁ.
t=1

Plugging this into (23) completes the proof of (5).

Proof of the regret bounds for an adversarial regime with a self-bounding constraint (equa-
tions (6) and (7))
Now we prove the refined bounds for adversarial environments satisfying the self-bounding con-

straint with unique best arm. Similarly to the proof of Theorem 4, we bound R; for each ¢t > 1 by

17
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. . e C . K—1
solvmg a constrained maximization problem over {a;;}! ;, where the constralnt is Y .7 an <

v/ K — 1. But the challenge here is that the coefficients AA; — )‘% in front of at ; in the definition of
R, are not necessarily positive, and if they are not, then Lemma 6 cannot be applied. More precisely,

if
A+1 A4+1\?
Vit AN > s> () 24
where A,,;, = min;«{A;}, then all the coefficients are positive. We denote o = )\%;\1 and define a

OéAmin
for satisfaction of the condition in equation (24). The reason is that at a later point in the proof we
apply Corollary 8 for ¢ > T} and we need to satisfy the condition of the corollary. For ¢ > T} we
can use Lemma 6 to bound R;. By the lemma we obtain:

2 2
threshold 77 = (2 )\’\: L ) = < L ) . We note that T is four times larger than what is required

P A+ )2 = Ef A+1 Sj A+1
t = A1 SN
o M \7 i=1 /\+1Alt_\[ 200t — V't

We rewrite each term in the summation in the following way

A+l A+1 A+1
20Ait —Vt  200it 402725 — 20t

and obtain

K—-1
SO+ 1 A1
fort>Ty: R <O ) - . (25)
2at T 402A2t2 — 2al\t

In order to bound R; for t < 717, we break it into two parts as follows:

A+1 A+1
Rt :Z <\/iat7i — )\Azat272> + Z < 4\/— t21>

ii* e
A+1 1
<3 ari — M2, ) + —,
1F£T* < " Z tﬂ) 2\/7?

where the inequality holds because A < 1 and Z#i* aai < 1. We use Lemma 6 to bound the
(A+1)282 S2

summation in the latter expression. The solution depends on a threshold 75 = D=1 = (K=D)a?

VK —-1(A+1) MK -1) 1
fort < Th: R, < - ,
ot = L= Vvt S +2\/i
S(A+1)? 1 S(A+1) 1
+—= -

ANt Wt 2at 2Vt

(26)

fort > Ts: R; <

27

Note that for t > 77 we have a choice between using the bound in equation (25) or one of the bounds
in (26) or (27), depending on whether ¢ < 75 or ¢ > T5. The relation between the thresholds,

1

2
Ty < T or Ty < T, depends on the relation between (A—) and % Also note that the

choice of o (which determines ) affects the thresholds 77 and 75, but not their relation. Similar

18
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to the proof of Theorem 4, we restrict the range of «, so that ' > T, = ﬁz_l) which gives
S
a >

T(K-1)"

We now derive a bound on R. We consider three cases: Th < T < Ty, Ty < Ty < T, and
T <Tr <T.

First case: T, < T <7Tj. By (26) and (27) we have:

ZRt<ZRt+ Z Ry

t=To+1
ZVE—I(A+1) MK -1) L /S(A+1)
S (T ) 2 Bae) e
<21 (K —1)(A+1) — MK ; DT + S();;_ D log(;{;) + /11, (28)

where in the second line we used Y7_, 2%5 < VT and in the third line ZtT:TQ 113 < log(T/Ty)
and A <landT <Tj.

Second case: 75 < T7 <T. By (26), (27), and (25) we have:

ZRt<ZRt+ Z Ry + Z R

t=Tr+1 t=T1+1
ZVE =TI +1) MK —1) d S>\+1 A1
<3 ( - )+z( )+ﬁ1+zz 3
MK - 1Ty S(A+1)
<2y (K —1)(A+1) — + +\/T1+ )
( ) S 20 ;thﬂ 20 A2t2 —alt
(29)

where in the second line we used 3"/, 5 \[ < /T and in the third line Y7 Tt 7 < log(T/T)
and A < 1.

Third case: 77 <715 <7T. By (26) and (25) we have:

ZRt<ZRt+ Z Ry

t=To+1
<Z< >‘+1) A >+\/7+ Z ( )\+1)>+Kz_:1 ET: A+1
2
t=Th+1 =1 =Ty a1 102022 — 207t
K-1 T
MK — 1)1y S(A+1) T 1
<2VTH(K—-1)(A+1) - ————+ VI + ———log(=) +
( ) S 2a (T2> i=1 t= Z 20[2A2t2 — OZA t
(30)
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Merging the cases: Corollary 8 provides an upper bound for the last terms of (29) and (30):

1 2
: <
T 2020282 — it~ OB

Now we combine (28), (29), and (30), and obtain following bound for R:

T
R=> R +C
t=1
T S(A+1 T
<oy -+ 1) - MV S0 D i) ae
K—
+ Vmax{Ty,T>} + Z 31

We note that max {77, 7T>} = max { s Sl)ag, Xz L } < i—; Moreover, by substituting T =

'IYLZTL

ﬁz_l) into (31) we obtain:

S AS  S(A+1) A(K -1)T S 2
< - = -
R <2(A+ 1)a 2 + o log ( 2 A

CA+1[,S S .S (K -1)T\ 28 35

= [4 _04+ lo < 2 >+ log(a )—i—ozC} -

1 ]S T(K —1) 25 35

“ o (s (T ) )+ Do)+ 0] >

h(1a)

We recognize that the first term in equation (32) is h(1, «), which was defined earlier in equation

(18).

Proof of the general bound in equation (6): By taking A = 1, which corresponds to o = 1, we

obtain
TIK —1

s (i (TS0 ) 2

Plugging this and the value of A into (16) completes the proof of (6).

Proof of the refined bound in equation (7): We note that the range of C' in the refined bound in
equation (7) is the same as in the refined bound in (11) in Theorem 4 for B = 1. We take o* as in

equation (19), i.e., a* = \/ =2W_, ( (K 1)T)>. By Lemma 5 we have —W_; (7(1{01) )) >1,
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and thus o* > \/g . By plugging this bound and the bound on h(1,a*) from equation (21) into
equation (32), we obtain:

Rg@( logT(Iégl)+2>+S<10gT(]é;1)+\/2lqg— T(Ié,;l)+2>+3\/ﬁ
:@( logw+5>+S<logw+W+2>,

Plugging this bound into (16) and using the fact that A < 1 completes the proof of (7). |
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