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Abstract

We study the problem of adaptive control of the linear quadratic regulator for systems in
very high, or even infinite dimension. We demonstrate that while sublinear regret requires
finite dimensional inputs, the ambient state dimension of the system need not be bounded in
order to perform online control. We provide the first regret bounds for LQR which hold for
infinite dimensional systems, replacing dependence on ambient dimension with more natural
notions of problem complexity. Our guarantees arise from a novel perturbation bound
for certainty equivalence which scales with the prediction error in estimating the system
parameters, without requiring consistent parameter recovery in more stringent measures
like the operator norm. When specialized to finite dimensional settings, our bounds recover
near optimal dimension and time horizon dependence.

Keywords: LQR, Reinforcement Learning, Online Control, RKHS

1. Introduction

Reinforcement learning (RL) has matured considerably in recent years, setting its sights
on increasingly ambitious tasks in ever more complex environments. With this increased
complexity, it is neither possible nor desirable to learn models of the environment that
are uniformly accurate across all possible states. In particular, to scale learning methods
to complex sensorimotor state observations, it is critical to focus model estimation on the
parts of the state space that are most relevant to the cost and which can be influenced
by the available control actions. This paper investigates the possibility of meeting this
challenge in high-dimensional control tasks. We study the problem of learning the optimal
Linear Quadratic Regulator (LQR) where the states live in a potentially infinite dimensional
Reproducing Kernel Hilbert Space (RKHS), a linear control problem in which the dynamics,
optimal value function, and optimal control policy are infinite dimensional, and therefore
cannot be efficiently estimated to uniform precision. We focus on the regret setting, known
as online LQR, in which a learner faces an unknown linear dynamical system and must
adaptively tune a control policy to compete with the optimal policy.

Recent work has studied the statistical complexity of finite-dimensional LQRs at length
(both in online and batch settings) (Dean et al., 2019, 2018; Mania et al., 2019; Faradonbeh
et al., 2018; Simchowitz and Foster, 2020; Fazel et al., 2018; Tu and Recht, 2019). However,
all known results scale explicitly with the ambient dimension of the state space, which is
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infinite in our setting. In this work, we develop more fine-grained complexity measures to
understand the hardness of linear control. While our measures are always crudely bounded
by the state dimension, they behave more like an intrinsic dimension that adapts to the
problem structure. Hence, they can be well-defined in many infinite dimensional RKHS
settings as well, where they depend most strongly on the decay of the spectrum of the noise
covariance. Such complexity measures based on intrinsic dimension are well-understood in
supervised learning, and have been extended recently to the bandit and discrete action RL
settings. Extending these ideas to continuous control is more challenging as several aspects
of existing theory critically leverage the estimation of system parameters in operator norm,
which necessitates an explicit dimension dependence. This motivates the following question:

Is it possible to obtain dimension-free sample complexity and regret guarantees
i continuous control? What is the right measure of complexity?

We answer the first question in the affirmative and show that the spectral properties
of the noise covariance, such as its trace and eigenvalue decay, provide a much sharper
characterization of the problem complexity than the state dimension in many parameter
regimes.

1.1. Problem Setting & Background

We consider the problem of adaptive control of the linear quadratic regulator, or online LQR.
To enable dimension-free results, we assume that the states x; lie in a Hilbert space Hx.
While states x; are potentially infinite-dimensional, as shown in Theorem 1, it is necessary
to assume the inputs d,, € R% are finite dimensional in order to guarantee sublinear regret.
Given an arbitrary linear operator X : H; — Ha between Hilbert spaces, we let ||.X||op,
| X||hs, | X]|l;, denote its operator, Hilbert-Schmidt (HS), and trace norms. These norms
may be infinite in general, and we say X is bounded, Hilbert Schmidt, or trace class if the
corresponding norm is finite. We let X" (resp. x") denote adjoints of operators (resp.
vectors) and x ® x denote outer products. The dynamics evolve according to:

Xir1 = Aexy + Boug + Wy, wy g /\/(07 Xw), (1.1)

where A, : Hyx — Hx and B, : R%™ — H, are bounded linear operators, and X, is trace
class (i.e. tr[Xy] = El|lwy]|? < o0), self-adjoint, and PSD.! In LQR, the goal is to select
a policy that minimizes cumulative quadratic losses (x¢, @x;) + (u;, Ru;), where Q, R are
bounded, positive-definite operators. Given a bounded linear operator K : Hy — R%: the
infinite-horizon cost of the static feedback law u; = Kx; is

1
J(K) := lim TE ST (%, Q) + <ut,Rut)] , subject to uy = Kxy. (1.2)

T—o0

We assume that (A, By) is stabilizable, meaning there exists a controller K such that J(K)
is finite, which is true if and only if the spectral radius p(A, + B K) := limsup;_, . ||(Ax +

B*K)iHcl)I/,i < 1. We define the optimal control policy K, := infy.3 . ga, J(K). Under

1. The choice of Gaussian noise w; is made for simplicity, our analysis can be easily extended to work for
any stochastic, sub-Gaussian distribution.
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general conditions, K, is unique, does not depend on the noise covariance 3, and its
induced feedback law attains the optimal infinite horizon cost over all control policies. In
the online LQR protocol, the system matrices (A, By) are unknown, and the learner’s goal
is to adaptively learn to control the system so as attain low regret. We define the regret of a
learning algorithm A (which chooses actions u; based on the history of previous states and
actions) as

Regret, (A) := (zle (xz, Qxs) + (uy, Rut>> 1T, TJei= JK). (1.3)

While we are not aware of other work which studies online control of LQR for infinite dimen-
sional systems, this model has a long and rich history within the control theory community
dating back at least to the 1970s (see for example Curtain and Zwart (2012); Bensoussan
et al. (2007), and the references therein).

Dimension-Free Problem Parameter and Asymptotic Notation A central object
in the analysis of LQR is the solution to a discrete algebraic Ricatti equation (DARE) P; (see
Eq. (2.1)), which represents the value function for the optimal controller (see Appendix A.4
for further details). The bounds in our setting are parameterized by the operator norms of
P, the system matrices (A, By), and the noise covariance 3y,. These terms are considered
dimension-free in prior literature (e.g. Mania et al. (2019); Simchowitz and Foster (2020)),
and indeed do not scale with the dimension when the state dimension is finite. We define
the quantity M, as a uniform bound on these dimension free system parameters.

2 2
M, = maX{HA*”op ) HB*Hop ) HP*Hop ) ”ZWHOP ’ 1} <1.4)

We use a < b to denote that a < ¢ - b, where ¢ is a universal constant independent of
any problem parameters. We let log, () := max{log(z),1} For a time horizon T', we use
O(f(T)) to denote a term that, for T sufficiently large, is bounded by f(T') times logarithmic
factors in relevant problem parameters. We define a weaker asymptotic notation O, (f(T))
to denote a term bounded by f(T)'*°0) times logarithmic factors, where o(1) — 0 as
T — oo.

1.2. The Challenges of Dimension-Free Linear Control

Though there is now a mature theory of dimension-free learning rates in prediction and
online decision making (Bartlett and Mendelson, 2002; Zhang, 2005; Srinivas et al., 2010;
Rakhlin and Sridharan, 2014), dimension-free rates in reinforcement learning have remained
more elusive. This is because a learned model of transition dynamics that is accurate under
one policy may be highly inaccurate on states visited under another policy.

Addressing policy mismatch in learning requires some handle on the complexity of the
class of state distributions that a learner can encounter under available policies. Numerous
strategies have been proposed, via both combinatorial quantities like Eluder Dimension
(Russo and Van Roy, 2013) and linear-algebraic notions such as Bellman Rank (Jiang et al.,
2017). Targeting dimension-free rates more specifically, recent work has studied MDPs with
linear transitions, where the parameters lie in an RKHS (Yang et al., 2020b; Yang and Wang,
2020; Agarwal et al., 2020). These developments assume that the dynamics can be factorized
as the inner product of two vectors that have bounded RKHS norm. The dynamical matrices
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that arise in LQR, however, are considerably richer objects: bounded operators on the RKHS,
rather than mere elements of it, and this leads to fundamental differences between the
settings. In a similar vein, Kakade et al. (2020) consider a nonlinear dynamical model with
kernelized dynamics, finite-dimensional state, and well-conditioned Gaussian noise. Their
setting is in general incomparable to ours, yet in the finite-dimensional LQR setting in
which we overlap, our techniques yield more refined bounds. See the discussion following
Theorem 4 for further comparison.

It is not obvious that dimension-free learning in LQR is even possible. In fact, we show
that the worst-case regret necessarily scales with the ambient input dimension:

Theorem 1 (informal) Fix any integer r > 1, and input dimension d,,. Consider identity
costs @ = Iy, R = I;,, and noise covariance Y, with trace tr [Xyw] < rx. Then, there exists
a family of stabilizable instances (A, B) with Hilbert-Schmidt norm bounded by 2 such that
any algorithm must suffer Q(T') regret for T < rxd2, and Q(y/Trxd2) regret thereafter.

The formal statement of the lower bound, its proof, and further discussion are given in
Appendix H. Notably, the above theorem stands in stark contrast to analogous results for
linear MDPs and those presented in Kakade et al. (2020), which apply to infinite dimensional
inputs.

Addressing high-dimensional states in LQR has posed a challenge in both theory and
practice (Sagaut, 2006; Liu and Vandenberghe, 2010). All relevant prior work has incurred
a dependence on the ambient state dimension. Model-based methods, which estimate sys-
tem parameters and propose a policy based on those estimates, have required consistent
recovery of those parameters (say, in operator or Frobenius norm), which is far stronger
than a prediction error guarantee (Dean et al., 2018, 2019; Mania et al., 2019; Cohen et al.,
2019). Model-free methods, which eschew learning the system parameters in favor of di-
rectly optimizing the policy or value function, have been observed to suffer an even worse
dependence on ambient dimension (Tu and Recht, 2019). To summarize, dimension-free
statistical learning encounters major obstacles when translated to linear control.

1.3. Summary of Results

Certainty Equivalence Our results are based on certainty equivalence, (Theil, 1957;
Simon, 1956), first analyzed for the online LQR setting by Mania et al. (2019). Given
a stabilizable (A, B), we let K (A, B) denote the optimal controller K, which minimizes
the cost functional in Eq. (1.2) with (A,, By) set to (A, B). It is a well-known fact that
K (A, B) has a closed form expression in terms of the system parameters (A, B) and the
DARE (see formal preliminaries in Section 2). Given estimates (A, B) of (A,,B,), the
certainty equivalence controller is K = Koo(g, ﬁ), that is, the optimal control policy as
if the true system were (A\, E) To be well-posed, this controller requires (//1\, E) to be
stabilizable, which occurs when (121\, E) is sufficiently close to (A, By) in operator norm (see,
e.g., Proposition C.2).

A Regret Bound We analyze a simple explore-then-commit style algorithm, OnlineCE,
based on certainty equivalence, similar to that of Mania et al. (2019). For now, we assume
access to initial “warm-start” estimates (Ao, Bp) whose distance from (A, B,) in operator
norm is a small constant. We show how to get rid of this assumption later. The algorithm
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proceeds by first synthesizing an exploratory controller Ky = K (Ao, By,), and then col-
lecting Texp steps of samples with inputs u; = Kox; + v¢, where v; is i.i.d. Gaussian noise
injected for exploration. In the second phase, the algorithms constructs refined estimates
(A B) by performing ridge regression on the collected data, synthesizes the certainty equiv-
alence controller K = Ko (A B), and selects inputs u; = Kx,; for the remainder of the
protocol.

In Theorem 3, we demonstrate that this relatively simple algorithm enjoys regret that
scales polynomially with the eigendecay of the noise covariance ¥, Hilbert-Schmidt norm
of A,, input dimension d,, and the operator norms of relevant system operators. When
specialized to common rates of eigendecay, we attain the following regret bounds.

Theorem 4 (informal) Let o; be the eigenvalues of Xy,. If the initial estimates (Ao, Bo)
are sufficiently close to (A, By), then OnlineCE suffers regret at most:

e (polynomial decay) Ox(\/Cpd2 T/, if ;= j= for a > 1,

o (exponential decay) O.(\/Cpd2 . d,T), if 0; = exp(—ayj) for a > 0.

max

o (finite dimension) O(\/Cp(dy + dz)3T) if Hy = R% .

In the above expressions, Cp is a polynomial in M, and dpyax := max{tr [Sw], dy, Wiy} where
Wi is slightly larger than tr [Sw] + || Bllis

Interestingly, this result shows that achieving dimension-free rates for online linear control
does not require new algorithmic ideas, but rather a refined analysis of classical ones, like
certainty equivalence. In particular, when specialized to finite dimension, our regret bound
has the same dimension dependence as the one of Mania et al. (2019). Simchowitz and
Foster (2020) show that this dependence is sharp in the regime where state and input spaces
have the same dimension. More generally, however, the spectrum of ¥, is a significantly
sharper complexity measure as indicated before and evidenced in the following example.

An Illustrative Example Let (e;)?°; be an orthonormal basis for Hy, (f; )d“1 an or-
thonormal basis for R%, and consider the following problem instance:

dy o0
Zez®ez+z 2 e e, B*:Zei@)fi, szzi%-ei@)ei,
=1 i=1

i>dy,

where Q = Iy, and R = I;,. In this example, A, is infinite-dimensional, yet only has a
finite dimensional controllable subspace. Therefore, in order to learn the optimal policy,
it is not necessary for the learner to estimate the whole system, but rather the parts of it
that are relevant for control as determined by noise and the controllability properties of A,
and B,. While guarantees from previous work are vacuous in this setting since the ambient
system dimension is infinite, the example corresponds to a = 2 in case 1 of Theorem 4, with
dmax = O(dy) and M, < 1, yielding an O,(d, T 3/ 4) regret bound based on our theory.
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Suboptimality Bounds from Prediction Error During the exploration phase, the
OnlineCE algorithm selects inputs according to u; = Kox; + v4. Let Xy o denote the sta-
tionary covariance over states induced by this policy (see Eq. (2.3) for details). The ridge
regression step in OnlineCE recovers B, in Hilbert-Schmidt norm (since B, is finite rank), but
recovers A, only in the covariance-weighted Hilbert-Schmidt norm ||(A, — X)Ei{é ||ns, corre-
sponding to the prediction error. The key technical innovation in this paper that underlies
all of our results is a perturbation bound on the suboptimality of the certainty equivalence
controller K in terms of this prediction error.

Theorem 2 (informal) Let Ky be any state-feedback controller that stabilizes (A, By),
and let ¥« o denote the induced state covariance with 02 =1. Then, if (A, B) are within a
small but constant operator norm error of (A, By),

j(f?) - J.<Cy- (5cov)270(1)7 where €coy 1= maX{H(A\_ A*)E)l({gHH& H§ - B*”HS} .
Here, Cy is a polynomial in M, and o(1) denotes a term that tends to 0 as ecoy — 0.

Importantly, a €2, scaling of the perturbation is known to be optimal (Mania et al., 2019),
and in finite dimensions, the o(1) term in the exponent of our bound can be discarded.

Alignment Condition As stated, the regret guarantee guarantee for OnlineCE requires
access to a warm-start estimates (Ag, By). We use this to perform a projection step ensuring
that the certainty equivalent controller K is stabilizing. While this condition is stronger than
those that have previously appeared in the literature, which typically assume that the learner
initially has access to an arbitrary stabilizing controller Kj,it, we show that, under a certain

alignment condition, it is possible to achieve this warm start condition:

Proposition 3.1 (informal) Under a certain alignment condition, which holds if all eigen-
values of Yy are strictly positive (though decaying to zero, see Assumption 3), after collecting
O(1) many samples, ridge regression returns estimates (Ao, Bo) of (A, Byx) satisfying the
requisite closeness condition for Theorem 3.

One can stitch together an initial estimation phase described by the theorem above with the
analysis of OnlineCE to provide an algorithm that dispenses with the access to warm-start
estimates, yet this requires the above alignment condition. Crucially, we use this condition
for coarse recovery up to a constant tolerance. Hence, the initial estimation phase adds only
a constant burn-in to the regret. Importantly, the alignment condition does not afford us
consistent parameter recovery.

1.4. Related Work

In the interest of brevity, we provide an abridged discussion of related work here, and defer an
extended discussion to Appendix A.2. The learning community has seen a surge in interest
in linear control and in system identification (Vidyasagar and Karandikar, 2006; Hardt
et al., 2018; Pereira et al., 2010; Oymak and Ozay, 2019; Simchowitz et al., 2018; Sarkar
and Rakhlin, 2019; Dean et al., 2019). We consider the online LQR, setting first proposed
by Abbasi-Yadkori and Szepesvari (2011), and subsequently studied by Faradonbeh et al.



TOWARDS A DIMENSION-FREE UNDERSTANDING OF ADAPTIVE LINEAR CONTROL

(2018); Cohen et al. (2019); Dean et al. (2018); Mania et al. (2019); Abeille and Lazaric
(2020); Simchowitz et al. (2020). Our work is based on the analysis of certainty equivalence
for online control, first studied by Mania et al. (2019) and refined by Simchowitz and Foster
(2020). Concurrent work has also studied model-free approaches for control (Fazel et al.,
2018; Krauth et al., 2019; Abbasi-Yadkori et al., 2019; Tu and Recht, 2019). As noted, all
analyses incur dependence on ambient system dimension.

Sample complexity guarantees depending on instrinsic measures of complexity (rather
than ambient dimension) are well-known in supervised learning (Bartlett and Mendelson,
2002; Zhang, 2005) and bandit problems (Srinivas et al., 2010). More recently, these results
have been extended to the reinforcement learning literature as well, for a class of problems
defined as linear MDPs (Jin et al., 2020; Agarwal et al., 2020; Yang et al., 2020a). Further
discussion comparing the linear MDP regime to LQR is deferred to Appendix A.2.

2. From Prediction Error Bounds to Controller Suboptimality

In this section, we establish the main perturbation bounds regarding the suboptimality
of a certainty-equivalent controller K = K.o(A, B) given estimates (A, B) that satisfy a
prediction error bound under a particular exploratory distribution. In doing so, we highlight
a key change of measure lemma that allows us to evaluate the behavior of the system under
any state-feedback law given only a prediction error bound under a single exploratory policy.
We begin by stating some further preliminaries.

Formal Preliminaries As in finite-dimensional settings, the optimal controller K (A, B)
for LQR in infinite dimension can be computed in terms of the PSD operator P (A, B) :
Hx — Hx which solves the Discrete Algebraic Riccati Equation (DARE),?

P.(A,B) solves P=A"PA— A"PB(R+ B"PB)"'B"PA+Q. (2.1)
Kw(A,B) = —(R+B"PB)"'B"PA, where P = P, (A, B) (2.2)

We define P, := Py (A4, By) and recall K, := Ko (Ay, By).

The DARE is intimately related to the discrete Lyapunov operator, dlyap. Given a
bounded linear operator A : Hx — Hx that is stable (i.e. p(A) < 1), and a symmetric
bounded operator A : Hx — Hx, dlyap (A, A) denotes the solution to the equation X =
AR X A + A. A classic result in Lyapunov theory states that the solution X is unique, and
is given by dlyap (4, A) = Z;’;O(AH)jAAj. For any controller K such that K is stabilizing
for (A, B) we define Py (K; A, B) := dlyap (A+ BK, Q+ KHRK), which can be viewed
as the value function induced by the controller K (see Appendix A.4 for details). Two
consequences of this interpretation are that Py (K; A, B) = Py (A, B) for K = K« (A, B),
and Py (A, B) < Py (K'; A, B) for any other stabilizing controller K’.

We adopt the following notation to refer to the steady-state covariance operator for
the true system (A, By), where u; is chosen by combining a state feedback policy K with
isotropic Gaussian noise vy:

Y (K, 0121) ::tliglo E[x: @ x¢], s.t. Xpp1 = AuXy + Beug + wy,

where u; = Kx¢ +vi, Wy 2 N (0, Sy), ve = N(0,021). (2.3)

2. See for example Zabczyk (1974, 1975); Lee et al. (1972); Curtain and Zwart (2012).
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We let 3, (K) = X,(K,0). A short calculation reveals that,
S.(K,0%) = diyap (A, + BN, S+ 03B.BY).

Lastly, for the remainder of the presentation, we make the following assumption on the costs:

Assumption 1 The cost operators Q, R satisfy Q, R > I.

Since scaling both @ and R by a constant does not change the form of the optimal controller,
this assumption is without loss of generality if the operators are already positive definite.

2.1. Performance Difference and Change of Measure

The suboptimality of a controller K for an instance (A,, B,) admits the following closed
form, often referred to as the performance-difference lemma (Fazel et al., 2018):

T(K) = J(K,) = tr [(R+ BYP.B)T - (K — K)S.(K)(K - K,)"

(K — K.)Sa(K)7 s (2.4)

<||r+BYP.B,
op

Hence, the correct geometry in which K should approximate K, is in the HS norm, weighted
by its steady-state covariances X, (K). Weighting by the 3, (K )% is crucial for dimension-
free bounds since recovery of K, in the unweighted HS norm would incur dependence on
ambient dimension.

One could achieve low error in the 3, (K )%—Weighted norm if one already had access
to samples with covariance ¥, (K), but this logic becomes circular. Instead, we ensure
that ||(K — K*)Ei{gﬂas is small, where Yy = X,(Kjy,02) is the state covariance under
an arbitrary stabilizing controller Ky and some additional Gaussian excitation. Our first
technical contribution shows that, up to constant factors, the exploratory covariance ¥ o
dominates the target X, (K):

Lemma 2.1 Let K be any stabilizing controller for (A., By) and let 3, (K) be its induced
state covariance. Then, for any stabilizing controller Ko and any variance o2 > 1, we have
that Yx 0 = X, (Ko, 02) satisfies

Yu(K) =2 Cr o2 - Ex,0

2
where Cy; 5 = max {2, L8 S o 1 = Koll2, 1 Prcll3y 1og (3Pl } for Pic = Poo(K: Ay, B).

Hence, it suffices to replace the performance difference bound in Eq. (2.4) with an estimate
in the norm induced by the exploratory covariance. More specifically, we have that,

I(K - K)ZU(K)? fs < Crozll(K = K)Z0Rs,

therefore ensuring good performance under the exploratory distribution is enough to ensure
good performance under any other induced distribution.
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In finite dimensions with full-rank noise A\pin(Xw) > 0, the above comparison follows
quite directly. The key challenge in our setting is ruling out the possibility that one controller
K “pushes” large eigenvalues of Yy, into one region of the state space, in which the other
controller Ky induces small excitation. The key insight is that the closed loop systems
A, + B, K and A, + B, Ky differ only along the column space of B,, and these directions are
excited in the Yy o covariance due to the injection of Gaussian noise. Importantly, the bound
holds without further controllability assumptions, which may fail in infinite dimensions.

2.2. A Dimension-Free Perturbation Bound

Building on the above insight, we show that it suffices to have a prediction error bound
(i.e estimate A, in the ¥ o-induced HS norm) in order to synthesize a close to optimal
controller. Since d,, is finite, we can recover B, in the unweighted HS norm. Specifically, fix
a stabilizing controller Ky, and set Yk o := X, (Ko, 02). Now, define the error terms,

/2

Ecov = max{|[(A — A)S/0 ns, [|1B — Bullus}, €op = max{[|A — A,||, |B — B.||}. (2.5)

Here, ecoy corresponds to the relevant HS norms (weighted for A,, unweighted for B,). In
addition to ecoy, we also consider a uniform (unweighted) operator norm bound error eop.

This error needs to be smaller than some problem dependent constant to ensure that (X, E)
is stabilizable, and that K = K (A, B) stabilizes (A, By). To this end, our perturbation
bound imposes the following condition:

Condition 2.1 The error eop defined in Eq. (2.5) satisfies eop < Cstaple 1= 1/229 HP*Hip.

We now state the main perturbation bound. We assume 1 < o2 < 1, as in our online
algorithm.

Theorem 2 Let 02 > 1, Ko = Koo(Ao, By), and Sy := 3,(Ko,02). If (Ag, By), (A, B)
both satisfy Condition 2.1, then, for K := K. (A, B),

2¢|| A= A, ||2, tr[Sx 0] )

2
ECov

J(K) = T (K,) S ob M2 - Lexp(&VEL) -2,  where £ :=log (e +

)

and M, is defined as in Eq. (1.4). Moreover, in finite dimensions with ¥xo > 0, L can be
replaced by log(1 + cond(Xx,0)), where cond(-) denotes condition number.

The main novelty of the above perturbation bound, relative to previous analysis of certainty

equivalent control is that, assuming that eqp is smaller than a constant?, the suboptimality

gap J(K) — J(K,) depends only on the weighted HS norm or prediction error 2, .

particular, we observe that Eexp(%\/Z) grows more slowly as ecoy — 0 than any power
(€cov)®; hence, for any a > 0, there is some ¢, such that J(K) — J(K,) < co M3%e2, 2.
Furthermore, in the finite dimensional setting with full rank noise covariance, the con-
dition number of ¥y o is bounded; thus, £ = O(1) in this regime, and the scaling is exactly
2, which is known to be optimal (Mania et al., 2019; Simchowitz et al., 2020). Moreover,
Theorem 2 depends only on the operator norm of natural control theoretic quantities, and

In

3. This condition can be relaxed for (Ao, Bo); it suffices that Ky is an arbitrary, stabilizing controller for
(A4, By).
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hides no dimension like terms. Hence, up to M, dependence, it matches the best-possible
perturbations bounds attainable in the finite dimensional setting. Lastly, little effort was
made in sharpening the dependence on M,, which we believe can be refined considerably.

Proof (Sketch of Theorem 2) The proof uses arguments in Section 2.1 to reduce to bound-
ing ||[(K — K*)E)l({ gHHS. A direct computation (Proposition C.1) shows that this term

can be bounded in terms of ..y, and the weighted error ||E)1({§(ﬁ - P*)E,l({gHHSa where

P= Poo(f/l\, E) is the certainty equivalent value function. In Proposition C.3, we bound the
latter by considering a linear interpolating curve (A(t), B(t)), t € [0, 1] between (A, By)
and (A, B), and the value function P(t) = Ps(A(t), B(t)) along that curve. P(t) can be
shown to be continuously differentiable for all ¢ € [0, 1] under Condition 2.1, and hence it
suffices to bound the supremum of ||Z)1</ g P’ (t)Ei/ g lus over t € [0,1]. Bounding this term re-
quires the majority of our technical effort, and relies on both the change-of-measure bounds
similar to Lemma 2.1, and a careful application of the self-bounding ODE method intro-
duced by Simchowitz and Foster (2020). The full proof of the end-to-end bound, and all its
constituent results, is outlined in Appendix C. [ |

3. Algorithms & Regret Bounds

Having concluded our discussion of certainty equivalence, in this section we now leverage
our earlier results to prove that a simple explore-then-commit style algorithm, OnlineCE,
achieves sublinear regret for LQR in infinite dimension.

In order to more clearly communicate the salient features of our analysis, we divide this
section into two parts. First, we prove a regret bound assuming the learner has access to ini-
tial system estimates (Ao, Bp) such that these operators lie within some problem dependent
constant of the true system operators (A4, By). The following subsection shows how under
an appropriate alignment condition, one can incorporate an initial phase to the algorithm
that achieves these warm start estimates (Ag, By) while only adding a constant term (in 7")
to the overall regret.

3.1. Regret with Warm-Start

We now describe the OnlineCE algorithm assuming access to warm-start estimates (Ao, Bo)
of the true system parameters (A, By). In particular, we assume

Condition 3.1 (Warm Start) The pair (Ao, Bo) satisfy max{||Ag — A.||
1/2 - Cstable-

Under a minor technical extension, Cstaple = 1/(229 HP*ng) can be replaced by a data
dependent quantity < || P (Ao, Bo) Hg; , which can be can be verified using only a confidence
interval around (Ay, By). For simplicity, we present the main algorithm without this modi-

fication, which we defer to Appendix F.1. Given these estimates, our algorithm, OnlineCE,
consists of the following explore-then-commit strategy:

op’ ||BO - B*Hop} S

1. Synthesize Ky := Koo (Ag, By) and choose inputs u; = Kox; + v¢ where vy ~ N (0,1)

(02 = 1) for Tey, many iterations, collecting observations {(x¢, v¢) z:f :

10
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2. Compute system estimates (A, B) via ridge regression on data {(Xt,vt)};[jf followed
by a projection onto a safe set around warm start estimates (Ao, By) (see Appendix F
for full pseudocode).

3. Synthesize K= Koo(g, E) and choose inputs u; = K x; for the remaining time steps.

Throughout, we let o;(A) denote the j-th largest eigenvalue of a PSD operator A. Fur-
thermore, we define Wi, := || By||fis + > 521 0j(Xw) log(j), which captures the magnitude of
noise in the system under an exploratory policy. Note that for Wi, to be finite, Xy needs
to be slightly stronger than trace class. We recall our earlier asymptotic notation: O(f(T"))
suppresses logarithms, and O, (f(T)) := O(f(T)*+°) where o(1) — 0 as T goes to infinity.

We now state our main regret bound for OnlineCE. For simplicity, we assume that the
initial state is drawn from the steady state covariance, x; ~ N (0,Xx ) (see Appendix G.4
for further discussion).

Theorem 3 Let ()72 = (0j(¥x,0))72; be the eigenvalues of Xx o and define,
dy:=Hoj:05 > M, Cuaitr = 5 X joa, 05

If the learner has access to warm start estimates satisfying Condition 3.1, with probability
1 — 8, OnlineCE satisfies

Regret,(OnlineCE) < O, <\/M32dr2nax(d>\ + Ctaih,\)T)

where My is as in Eq. (1.4) and dyax := max{tr [Xw], dy, Wi }.

We state this first theorem in terms of the eigenvalues of ¥ o, but the bounds can also
be stated in terms of ¥y, under particular eigenvalue decay assumptions. We carry out this
translation in Appendix D.2 through novel eigenvalue comparison inequalities for Lyapunov
operators which may be of independent interest. In particular, the following result formalizes
our earlier statement about the spectrum of Y, encoding the right problem complexity as
we remarked in Section 1.3.

Theorem 4 Let (0j(Xw))52; be the (descending) eigenvalues of Ew. In the setting of
Theorem 3, the OnlineCE algorithm suffers regret at most,

e (polynomial decay) O, <\/M;16d2 T1+1/a), if 0;(Ew) =7 fora>1,

max

max

e (exponential decay) Oy ( MPH2 duT>, if 0j(Xw) = exp(—ayj) for o> 0.

e (finite dimension) O <\/Mf2(du + dx)3T>, if Hx = R% and Yy = 1.

For finite dimensional systems, the extra terms depending on £ become O(1), and we
achieve the optimal \/d3 . T regret, which is optimal in the regime where d, =< d, (Sim-
chowitz and Foster, 2020). The results for polynomial and exponential decay illustrate how
the ambient state dimension d, is only a very coarse measure of complexity for linear con-
trol. Our analysis of certainty equivalence shows that the magnitude of the system noise,
tr[Xw], is a more accurate measure of problem hardness. While this measure is Q(d,) in
the case of a full rank noise covariance, it can be considerably smaller as per our example
in the introduction.

11



PERDOMO SIMCHOWITZ AGARWAL BARTLETT

Comparison to Kakade et al. (2020) The authors consider a setting where the dynam-
ics are kernelized into a feature map, and the dynamical parameters are linear operators in
the kernel space. Their model requires a finite dimensional state with well-conditioned
Gaussian noise. Furthermore, their bounds scale with the ambient state dimension (via the
optimal control cost J*), even if their associated intrinsic kernel dimension is O(1). It is
unclear how to extend their techniques to high-dimensional noise with spectral decay, due
to the subtleties of their change-of-measure argument (Lemma 3.9).

Moreover, the techniques in this paper (Lemma 2.1 and Lemma D.15) can also be used
to attain refined bounds on their algorithm-dependent intrinsic dimension quantity, y7(A),
which improves on worst-case analyses based on kernel structure.

3.2. Finding Warm Start Estimates

We now move on to discussing how to achieve initial warm start estimates that satisfy
Condition 3.1. To do so, we require two additional assumptions. The first is standard
within the online control literature (see for example Dean et al. (2018); Mania et al. (2019);
Cohen et al. (2019)):

Assumption 2 (Initial Controller) The learner has initial access to a controller Kini
that stabilizes (Ay, By).

The second is an alignment condition specific to our setting. Before stating it, we define
Ad, = (Ax + BiKinit) and let U(A, + A))V be its SVD where A, = diag(s1, ..., sr)
is a diagonal operator containing the first r singular values and A/, is another diagonal
operator whose first r entries are 0 and the rest contain the tail singular values from s,41
on. Furthermore, we define Yy jnit 1= 2y (Kinit, o2)

Assumption 3 (Alignment) There exists r < oo and p > 0 such that,

1
VHA%V = pzx,init and Sr41 < Ecstable-

Since Y init = Xw, Assumption 3 holds for some r < oo as long as Yy, is positive definite
in the sense that all its eigenvalues are strictly larger than, though decaying to, 0. Using
this alignment condition, we show that the WarmStart algorithm returns estimates (Ao, By)
satisfying Condition 3.1. Given an initial state x; = 0, WarmStart chooses actions according
to up = Kinigx¢ + vy for Ty many iterations, where Tiniy = O(1) is a constant independent of
the horizon T'. Having collected a constant number of samples, the algorithm returns ridge
regression estimates. Ssee Appendix F for formal description of WarmStart.

Proposition 3.1 (informal) If Assumptions 2 and 3 hold, there exists a constant Tinit,
independent of the time horizon T, such that after collecting T}z samples (x¢, v¢) under
the exploration policy, u; = KinitX¢ + vy, for v ~ N(0,021), with probability 1 — &, ridge
regression returns estimates Ag, By satisfying Condition 3.1.

Using this estimation result, we can prove the following corollary:

12
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Corollary 1 If Assumptions 2 and 3 hold, then with probability 1 — §, the regret incurred
by WarmStart satisfies

Regret(WarmStart) < log(1/0) <0121tr [R] + HQ + KH REKinit

tr [E*(Kinity Jﬁ)]) Tinit-
op

In Appendix G.4, we describe how running WarmStart followed by OnlineCE satisfies an end-
to-end regret guarantee whose asymptotics exactly match those of the OnlineCE algorithm.

4. Conclusion

In summary, this paper presents the first dimension-free regret guarantees for online LQR.
We show that with a warm start, a simple approach based on certainty equivalence achieves
sublinear regret for any >, whose eigendecay is ever so slightly faster than trace-class and
transition operator A, that has finite Hilbert-Schmidt norm. While our bounds are nearly
optimal when specialized to finite dimension, they provide a step towards a much sharper
understanding of problem complexity in broader settings.

We believe that there are a number of promising directions for future work in this
area. For example, it would be interesting to understand whether the alignment condition
we introduce is necessary for certainty equivalence to succeed, or whether having a small
prediction error bound (i.e [|(A— A*)Ei{ g lus < €) is in fact sufficient to guarantee that the
certainty equivalent controller stabilizes the true system. Perhaps other algorithmic ideas,
such as system level synthesis (Wang et al., 2019), could be used to circumvent operator-
norm closeness. Furthermore, instead of depending on the ambient state dimension, our
bounds instead depend on spectral decay of the noise covariance ,. It is an open question
whether this measure of complexity can be made even sharper in some settings.

Lastly, given that our lower bounds rule out the possibility of infinite dimensional in-
puts, it is worth exploring what additional structural assumptions are necessary in order
to incorporate richer control structures. More broadly, it would be exciting to understand
whether dimension-free rates are possible in more general continuous control settings, or to
extend the techniques from this paper to settings with partial observability like LQG.
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Appendix A. Extended Preliminaries, Organization, and Related Work

A.1. Organization

The appendix is organized as follows:

e Appendix A includes extended related work, a review of notation, and further prelim-
inaries on linear quadratic control.

e Part I contains all technical control theoretic contributions. Appendix B describes the
various change of covariance theorems used to swap between controllers. Appendix C
establishes the perturbation bounds for certainty equivalence. Appendix D states and
proves various technical lemmas used throughout.

e Part II addresses estimation of system parameters from a single trajectory.

e In Part III, Appendix F contains a formal statement of the algorithms, Appendix G
proves an upper bound on the regret of OnlineCE, and Appendix H describes the lower
bound requiring finite dimensions.

A.2. Extended Related Work

The problem of learning the parameters of a linear system is historically referred to as sys-
tem identification, and has been studied at length for systems of finite dimension. Classical
asymptotic results are detailed in Ljung (1999); early non-asymptotic results (Vidyasagar
and Karandikar, 2006; Hardt et al., 2018; Pereira et al., 2010) suffered from opaque and
possible exponential dependencies on system parameters. Dean et al. (2019) presented the
first finite-sample guarantees for control synthesis from statistical data, and estimation tech-
niques were later refined in subsequent works (Simchowitz et al., 2018; Sarkar and Rakhlin,
2019), and extended to systems with partial observation (Oymak and Ozay, 2019; Sim-
chowitz et al., 2019; Tsiamis and Pappas, 2019). Parallel work has studied estimation in
the frequency domain (Tu et al., 2017; Helmicki et al., 1991; Goldenshluger, 1998; Chen and
Gu, 2000).

Building on system-identification, adaptive control considers the problem of refining es-
timates of system parameters during a control task, so as to converge to a near-optimal
policy. Classical results are detailed in (Krstic et al., 1995; Ioannou and Sun, 2012). The
online LQR setting considered in this work is a special case. The study of online LQR was
initiated by Abbasi-Yadkori and Szepesvari (2011), who gave a computationally intractable
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algorithm based on optimism in the face of uncertainty (OFU). Their algorithm obtained
VT regret, albeit with a potentially exponential dependence on dimension. Dean et al.
(2018) gave an efficient algorithm based on System Level Synthesis which obtained a 72/3
regret bound with polynomial dependence on the relevant problem parameters. Mania et al.
(2019), Faradonbeh et al. (2018), and Cohen et al. (2019) simultaneously presented efficient
algorithms enjoying v/T regret (as well as polynomial dependence in other problem parame-
ters). Cassel et al. (2020) and Simchowitz and Foster (2020) demonstrated that the v/T rate
was indeed optimal. The latter provided matching upper and lower bounds of (:)(\/dacd%T)
in terms of time horizon and problem dimensions. Other approaches have studied Thomp-
son sampling (Abeille and Lazaric, 2017; Ouyang et al., 2017; Abeille and Lazaric, 2018),
though regret guarantees which depend transparently on both time horizon and dimension
remain elusive. Finally, Abeille and Lazaric (2020) provided an efficient implementation of
the OFU algorithm introduced by Abbasi-Yadkori and Szepesvari (2011), which attained
VT regret, and sacrifices suboptimal dependence in problem dimension for improved depen-
dence in other problem parameters. Similar regret guarantees were subsequently attained by
Kakade et al. (2020) in a non-linear control setting similar to the one studied in Mania et al.
(2020). There has also been work on a number of related online control settings (Abbasi-
Yadkori et al., 2014; Cohen et al., 2018), notably the nonstochastic control setting proposed
by Agarwal et al. (2019) and expanded upon in Hazan et al. (2020) and Simchowitz et al.
(2020).

The majority of the above approaches to online and adaptive control are model-based:
that is, they learn a representation of the model of the dynamics, and update their control
policy accordingly. This present work builds on past study of certainty equivalence (Ma-
nia et al., 2019; Simchowitz et al., 2020); other approaches include robust control synthesis
via SLS (Dean et al., 2018, 2019), OFU (Abbasi-Yadkori and Szepesvari, 2011; Abeille and
Lazaric, 2020), SDP relaxations (Cohen et al., 2018), and other convex methods (Agarwal
et al., 2019; Simchowitz et al., 2020). Concurrent work has also studied model-free ap-
proaches in the batch (Fazel et al., 2018; Krauth et al., 2019) and online (Abbasi-Yadkori
et al., 2019) settings, though recent work suggest these approaches suffer from high variance,
worse dimension dependence, and overall inferior sample complexity (Tu and Recht, 2019).

Outside the controls literature, sample complexity and regret guarantees that do not
explicitly depend on the ambient dimension, but on more intrinsic measures for learning in
RKHSs are well-known in the supervised learning setting (see e.g. (Bartlett and Mendelson,
2002; Zhang, 2005)) as well as in bandit problems (Srinivas et al., 2010). More recently,
these results have been extended to the reinforcement learning literature as well, for a class
of problems defined as linear MDPs (Jin et al., 2020; Agarwal et al., 2020; Yang et al., 2020a).
While linear MDPs also make linearity assumptions on the system dynamics, the precise
assumption is quite different from those present in LQR. In a linear MDP, the conditional
distribution of the next state, given the current state and action is assumed to be linear
under a known featurization of the state, action pair. In contrast, LQRs only require the
conditional mean to be linear and do not guarantee certain nice properties of a linear MDP,
such as the conditional expectation of any function of the next state being linear in the
features of the current state, action pair. Consequently, the results from linear MDPs are
incomparable to our work.
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Somewhat related to our development here, the observation of using an accuracy measure
for model estimation that is informed by the value function parameterization has been
recently leveraged in the reinforcement learning literature (Farahmand et al., 2017; Sun
et al., 2019), though the analysis techniques are quite different and the algorithms are not
applicable to the continuous control setting.

A.3. Notation Review

Setting. Recall the state x; € Hy, input w; € R%  noise w; € Hyx, true dynamics opera-
tors (As, By), noise covariance Yy, and cost function J(K), defined for any state-feedback
controller K : Hy — R% which is stabilizing for (A, B,). The optimal cost of the LQR
problem is 7, which is achieved the controller K.

Given operators (A, B), Px(A, B) and K (A, B) denote the value function and optimal
controller (solving Eq. (2.1) and Eq. (2.2)). The dlyap operator, and its related quantities,
are described in the extended preliminaries below (Appendix A.4). Given a controller K
which stabilizes (A, B), we set

Poo(K: A, B) = dlyap (A +BK, Q + KHRK) , (A1)

where Q and R the costs operators. As detailed in Assumption 1, we assumed throughout
the entirety of our analysis that omin(Q) > 1 and opin (R) > 1.

Ezploration. We use Ky to denote exploratory controllers, and X« o to denote the induced
exploratory covariance with inputs u; = Kox;+v;, where v; ~ N(0,021) captures additional
Gaussian excitation. We let $g := 02 B,BH + Sy = E[(Byvi + Wi) ® (Byv + wy)], so that
Yx,0 = dlyap ((A* + B, Ky, Zo). We recall the dimension-free parameter from Eq. (1.4),

M, = max{| A, |20 [ Bl 2y [P, [Sullop - 1}- (A2)

Certainty Equivalence We let A B denote estimates of the true system operators Ay, By.
Likewise, we use P := Py (A B) and K := K..(A, B) to describe the value function (solution
to the the DARE over A, B) and optimal controller for the estimated system. Similarly, we
define P, := Py (A, By).

Linear Algebra. We let Hx denote a Hilbert space containing the states. Inputs uy
lie in R% where d, < oo. We use upper case X for linear operators, and lower case
bound x for vectors. X" and xH denote adjoints. We let (-,-) and || - || denote norms and
inner products in the relevant Hilbert space. || - |lop, || - [|Hs, and |[||]sr denote operator,
Hilbert-Schmidt (abbreviated as HS), and trace norms, respectively. Occasionally, we use
(XY gy o= maxyyw,,=1 tr [XWY].

Lastly, we adopt the shorthand log, (z) := max{log(x),1} and use a < b to denote that
a < C-bwhere C is a universal constant.

A.4. Extended Preliminaries

The discrete Lyapunov operator and higher order operators Recall our earlier
definition of the Lyapunov operator,

22



TOWARDS A DIMENSION-FREE UNDERSTANDING OF ADAPTIVE LINEAR CONTROL

Definition A.1 (Lyapunov Operator) Let A : Hx — Hx be a bounded stable linear
operator and let A : Hyx — Hx be self-adjoint, dlyap (A, A) is a symmetric bounded operator
that solves the matrix equation,

X =A"XA+A (A.3)

Furthermore, it has a closed-form expression given by:
o0
dlyap (A, A) =) (A")yIAAT. (A.4)
7=0

Throughout our analysis, we will make repeated use of the higher order Lyapunov operator.

Definition A.2 (Higher Order Lyapunov Operator)
dlyap,) (4, B) =Y (A" AAI(j + 1) (A.5)
7=0

As is shown in Lemma D.10, we have dlyap) (AH, Z) = dlyap (4, dlyap (4, X)).

The Lyapunov operator satisfies a number of important properties which feature prominently
in our technical discussion. We state the following lemma describing some of the most
important properties and point the reader to Appendix D.2 for further results on Lyapunov
theory.

Lemma A.1 (Lemma B.5 in Simchowitz and Foster (2020)) The following relation-
ships hold for dlyap:

1. If Aq is stable and Y =< Z, then dlyap (A, Y) < dlyap (Aa, Z).
2. If Q = I and A+ BK is stable, then

+dlyap (A+ BK, Y) <dlyap(A+ BK, I)-||Y]| Py (K;A,B) - ||YHOp

Op —
3. IfQ > I, then Px,(A,B) = 1
4. 1f Aa is stable, then ||dlyap (Aa, I)|,, = Hdlyap (AH I)H

cl»

Stationary state covariances For controllers K such that A, + B, K is stable, we define
the covariance operator:

S (K, 0121) = tlim E[x; ® x¢], s.t. X1 = AuXy + Boug + wy,
oo
where w; = Kx; + vy, Wy i N(0,Xw), vy i N(0,021).
We specialize ¥, (K) = ¥,(K,0). A short calculation shows that:

S (K, 02) = dlyap ((A* + B, Dy + aﬁB*Bf) . (A.6)
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Interpretation of P-matrices as value functions The P-matrices P (A, B) and P (K; A, B)
can be interpreted in terms of value functions. Specifically, consider an LQR problem with
cost operators ), R and initial state xg, but no noise:

Xt+1 = A*Xt + B*ut, t Z 0. (A?)
We can then verify that the operator Py, (K; A, B) defined in Eq. (A.1) satisfies

(x, P (K; A, B)x) = Z (x¢, @x¢) + (Kug, RKw;) subject to Eq. (A.7), with x¢o = x.
>0

The controller K (A, B) can be shown to be the minimizer of the above cost over all policies,
regardless of starting state (see e.g. Bertsekas). The following calculation provides another
perspective of P capturing the costs of the LQR problem. From Eq. (1.2),

J(K)= lim f [zt L (%0, Qx) + (uy, Rut>} . subject to u; = Kx;
~ Jim [(Q + KMRE)E[x; ® xt]}
—tr [(Q + KHRK)E*(K)}
— tr [(Q + KMRE)dlyap ((A* + BN, zw)}
—tr [dlyap (A* +B.K, Q-+ K“RK) zw]
= tr [Pao(K; Ay, By)Sw] .

The cost of a controller K is therefore captured by the trace inner product of Py (K; Ay, By)
and Y.

Part 1
Perturbation Bounds and Technical Lemmas

Appendix B. The Change of Covariance Theorems

In this section, we state and prove the various change-of-covariance theorems required in
the paper, including Lemma 2.1, and its generalization Theorem 5. We begin by stating
the more general result and then illustrate how Lemma 2.1 follows from this statement.
We conclude by proving another comparison inequality between the covariance operators
induced by different stabilizing controllers.

To state the general theorem, recall the higher order Lyapunov operator defined in
Definition A.2:

dlyap(, (4, ) =) (A" AAI(j + 1)™. (B.1)
7=0
The result is as follows:
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Theorem 5 Let K1 : Hy — R% be such that A+ BK; is stable and let A € S?" be a trace
class, positive semi-definite operator. Then, for any Ko such that A + BKs is also stable,
we have that

dlyap ((A + BKl)H, A) =< dlyap ((A + BKg)H, K)

where A is a bounded operator defined as

R = 2A + 4B(K, — K>) dlyap(y, ((A + B, A) (K — K»)HBH
Proof [Proof of Theorem 5| We argue by constructing a hypothetical dynamical system and
analyzing its behavior in two ways. In particular, define
Agp:=A+BK; and Agp := A+ BK>
and consider the system,

Xi+1 = Ac1%x¢ + Wy, where xo =0and Vit >0, wy i1 N(0,A). (B.2)

Then, for ¥ := dlyap (A('jl 1) A) we have that
1= lim Zl;T,where EI;T = E[XT & XT],
T—00
and where the above limit exists due to monotonicity of ¥y.7. To prove our claim, let us
express the evolution of Eq. (B.2) as
X1 = Aa2Xe + (A — Aa2)xe + Wi = A oxe + B (K — Ko)x¢ +wy.
[
=uy

Define the deterministic operator G := [I | Aaa || AZLEI] : HE — H,, and the random
vector

Bur_i +wr_y

L PR T
= Buytwy | €
Buy + wyg
Now, we can rewrite xp as xp = Gr Z[7], SO that
El;T = E[XT & XT] = GTE[Z[T] ® Z[T]]Glj—'v (B.3)

Given a general linear operator X : U — V, define diagp(X) : U7 — VT as the block
diaggnal operator with 1" copies of X on its diagonal. Observe that if it holds that, for some
psd A : Hyx — Hx, E[zjr) ® z(7)] < diagp(A), then by Eq. (B.3),

Y1 = lim GTE[Z[T] ®Z[T]]GI;~
T—o0
=< lim Gpdiagy(A)Gr
T—o0

T—o0

— lim TZ_:A;&LQ (A(iz)t = dlyap ((A+BK2)H’ K).
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Hence, it remains to bound E[z;] ® zi7)]. Let us introduce the shorthand ujg) :=
(ur—1,ur—2,...,u9), and similarly for wiz) and x[). Then, using the definition of zj) and
the fact that u; = (K1 — K2)xy,

B)uyy) + wigp)“?]

El[zir) ® zi)] = E[(diagy(B)
B(K1 — K2))xpr) + wip)®?]

(
(

= E[(diagy
= 2diagy(B(K1 — K32)) - E[X[T] ® X[T]] -diagp(B(K; — KQ))H + QE[W[T] ® W[T]]
= 2diagy(B(K1 — K2)) - E[x(p) @ x(7] - diagp(B(K1 — Ko)™ + 2diagy(A).
(B.4)
The inequality on the third line follows from the fact that,
(a+b)®(a+b)=2(a®a+b®b)—(a—b)®(a—0).
In the last line, we have used E[wp ® wip] = diagy(A) since wir) = (Wr_1,..., W), and

w, & N(0,A) for t > 0. To bound E[x[p ®Xp)], we introduce the block Toeplitz operator:
Toepy : HE — ML, with blocks Toepl[i, j] = A'Z;f_lﬂjzi+1.
Then, we have the identity x(71 = Toepyw/7), which implies that
Ex(7 @ X7 = ToeprE [wir) ® wip)] Toept = Toepy - diagp(A) - Toep?, (B.5)

where wy Y (0,A) for t > 0. To conclude, let us decompose Toeps into single-band

operators via Yy, : HL — HL forn € {1,...,T — 1}, via:
T-1
Toepy = Z Y, where Y, : HE — HI has blocks Yp[i, ] = Tjmitn - AZL_11‘ (B.6)
n=1

Hence, continuing from Eq. (B.5), and applying the substitution in Eq. (B.6), by Lemma D.1
we have that

E[xi7] ® x71] = Toepy - diagy(A) -Toeszw (Eq. (B.5))
T-1 T-1 H
= (Z Yn> - diagy(A) - (Z Yn) (Eq. (B.6))
n=1 n=1
T-1
<2y n’ Y,diagr(A)Y,! (Lemma D.1)
n=1

A simple computation reveals that X, := Y, diag,(A)Y,! is block diagonal with 4-th block

n

given by,

. n—1 H n-t
Xn [Zv Z] = HnSiACLl A (Acl,1> :
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Thus, (Zzzl n?. YndiagT(A)YnH> is block diagonal with i-th block given by

i
DH
Z” AL 11AAC?1 = Z (n+1)° Ag, 1AAC11

= (n+1)2-(A+ BEK)"A ((A+ BE;)")" = dlyap(g) (A1, A)

Hence, Ex(p) @ x7 =X 2diagy (dlyap(z) (Aci 1, A)) Combining with Eq. (B.4) gives

Elzi) ® zpy] < 2diagr(B(K1 — K2)) - E[x7) ® x(7] - diagp(B(K) — K2))" + 2diagp(A),
< ddiagy (B(K1 — K»)) - diagy (dlyap(Q) (Ae1, A)) - diag(B(K; — K2))" + 2diagy(A)
= 4diagy (B(Kl — Ks)dlyap(y) (A1, A) (K1 — K2)HBH) + 2diagy(A)
— diagy (43(1(1 — Ks)dlyapgay (Aa1, A) (K1 — Ko)PBH + 2A) :

This concludes the proof.

|
B.1. Proof of Lemma 2.1
Proof By Theorem 5,
dlyap ((A* + BN, zw) ~ dlyap ((A* + B Ko, Z) (B.7)

where Z = 25, + 4B, BY |K — K%, ‘dlyap@) (A, + B.K)M, Ty)
op

The remainder of the argument consists of simply bounding Z in terms of a constant times
B.BY + ¥, By Lemma D.11, we have that for Py = Py (K; Ay, B,),

Jdivapa) (A + B B )| < 02 1 Pilloy ISl + (07 420 42) Sl [ Pl ex0 (= [1Piclog )

Since || P, > 1 (Lemma A1), if we set n = 4 || P ||, log (3 HPKHOP> > MPKHOP log (5 ||PK\|§pﬂ.
This implies that,

4 -1
B2 1Picllop [Bwllp > (2% + 2+ 2) [ Sl 1Pl exp (= 1Pl )

and hence,

2
[dvapes) (A + B, S0) | < 8208wl 1Pk 3, ox (311Pxlly )

Therefore,

2
Z =28 o Bl I = Kol 1Py og (3117 ) BuBYE

1 2
<o {252 [l I~ Koll [Pl 108 (31Pilly) } (B + o355
u
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Going back to (B.7),

dlyap ((A* + B, zw) < oz - D

2
for Crepg, = ma {2 28 120 1€ = Kol 1Pl 1o (31Pil) - .

B.2. A Change of Controller Lemma

Lemma B.1 Let Ky be a stabilizing controller for the instance A, B.. Then, for any
stabilizing K,

diyap ((Ax + BoK1)™, $x0) = Cic -diyap ((Ax + B2, To)

64 || Ky — K12 X
Cx =2 (1 + = ([ 8x0llop [1P1115, log(2 1P1]lop)?
u

where P) := P (K1; Ay, By)
Proof We apply Theorem 5 to get that,
d|yap ((A* + B*Kl)Ha Ex,O) = d|yaP ((A* + B*K2)Ha K)

for

K = 250 + 4B, (K\ — Ka)dlyapgy) ((A* + B KM, Ex,o) (K1 — Ko)"BH.

Since ¥x,0 = dlyap (A« + B.Ko)", 02B.BY + 5y) = 0ZB,BY, then letting Ao, = || K2 — Kil[op
we have that

2

A3
0_2 P Hdlyap(2) ((A* + B*Kl)Hy z:X,O>

A=<2 <1 + > Yx.0- (B.8)
op

Using Lemma D.11, for any n > 0, we can upper bound Hdlyap@) ((A* + B.K )M, pr)
by

op

n? Hdlyap ((A* + B, K", Zx,O)

, ]
+ (72 + 20+ 2) [ Sxoll |1 P13, ex0 (—n P15 )
(B.9)

op

And, by properties of dlyap (Lemma A.1),

Hdlyap ((A* + B, K1)", Ex,o)

< divap (A + BED™, 1) 150l
op op

= ||dlyap ((Ax + B.K1), I)ng HEx,OHOP
< Pty I Ex0ll, -
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We can therefore upper bound Eq. (B.9) by:

n? || Sx0

4 —1
oo [Pl + (2 420+ 2) [Scoll I PrllS, exp (— 1 Prll )

Setting 0= no = [ 1Py, 108 (511P1113,) | < 40Pl 08(2 1 Pillap) (since [Pty > 1), we
get that

(n§ + 2n0 + 2) || Ex.0]

4 -1
o 1Pl exp (=n0 1 PLley ) < 18 [Z0llop 1Pty -

Therefore,

dvapes) (A + BKD™, Beo)|| < 8210l P11, Lo (2 1P l,)?

Hop °opP

Plugging this upper bound into Eq. (B.8) finishes the proof. [ |

Appendix C. Proof of Certainty Equivalence Perturbation Bounds

In this section, we provide the full proof of our end-to-end perturbation bound, Theorem 2,
and the constituent results that comprise the argument. These supporting results are out-
lined in Appendix C.1 and Theorem 2 is proven in Appendix C.2. The constituent results
given in Appendix C.1 are then proven in the subsequent sections. As indicated in the main
body of the paper, we assume throughout our presentation that Q > I and R > I.

C.1. Main Constituent Results
C.1.1. PERFORMANCE DIFFERENCE

We begin by stating our own variant of the now-ubiquitous performance difference lemma
for LQR, which we use to bound the suboptimality of a controller K in terms of its Hilbert-
Schmidt difference from K, weighted by the initial exploration covariance Yy ¢. This result
follows by combining the standard LQR performance difference lemma with our change of
measure result, Lemma 2.1.

Lemma C.1 Let K be a stabilizing controller for A, By, then

J(K) —J(K.) < Ckoz||R+BP.B.

2
ol

(K — K28

op

2
forCuc gy = ma {22 Sl 1K = Kol 1Py o6 (317 | for P = Pl 40, B
defined as in Lemma 2.1.

Proof The proof follows by applying Lemma 2.1 on the standard performance difference
lemma for LQR. By Lemma 12 in Fazel et al. (2018) (as presented in Lemma 4 from Mania
et al. (2019)),

J(K) = J(K,) =tr |2 (K)(K - K )Y (R+ BYP,B,)(K — K*)] .
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Now, by Lemma 2.1, 3, (K) = Cg ,2 - ¥x0., and therefore

tr [E*(K)(K — KJ)M(R+BYP.B)(K - K,)| < Cipatr [ZX,O(K ~ K)M(R+ BYP.B,) (K — K*)}

IA

Cko2 |R+ BI'P.B,

= 125
HS

op
|

C.1.2. INTERMEDIATE K PERTURBATION

Next, we give a bound controlling the error ||(K, — K )Z,l{/ g lus in terms of the maximum of
the errors,

5 n 1/2 /2,5 /2
max {|B = B.llus, (A = A) =5 s, 125 (P = P)=d s | -
The following proposition is proven in Appendix C.3.

Proposition C.1 Recall our earlier definitions, P = Ps(A, B), K = Koo(A, B). Assume
that the following inequality holds for some 02 > 1, ande < 1,

max {|B ~ Bulus, (A — A)Z,/G lns, 125 (P = PITYdlns ) <
Furthermore, suppose (121\, E) is also stabilizable, let Py = Poo(Ko; Ay, By), and set
My = mae {4412, 1 B2, 1P -1 Pl 1B llope [ Ewllon 1}
be a uniform bound on the operator norm on relevant operators. Then,
‘ 1/2H < 9YoueM.

The two challenges in applying Proposition C.1 are (a) verifying that the nominal system
(A, B) is stabilizable, so that the uniform bound M is finite, and (b) bounding the weighted

errorE/(P P,)3¥y 1/2

We address these two parts of the argument in what follows.

C.1.3. OPERATOR-NORM P-PERTURBATION

Proposition C.2 Fiz two instances (A1, By), (A2,B2), and define o, = max{||B; —
Bsllop, |A1 — Aszllop}. Suppose Pi = Py (A1, B1), K1 = Kx(A1, B1), and fiz a tolerance
parameter n € (0,1]. Then,

o Ifeo, < /(16 HP1ng), then Py = Ps(Ag, Ba) and Pso(K1; Aa, Bo) are bounded oper-
ators, and

Py X Poo(K1; A2, Ba) X Pr 41| Prllopl = (1+ [|Pr])n P (C.1)
e If the stronger condition eop < 1/(16(1 +n)? HP1||§p) holds, then,
172 = Prillop < 1l[Prlop-

The proof is deferred to Appendix C.4. One important consequence of the above bound is
that, by setting 7 = 1/11, Proposition C.2 shows that the closeness condition, Condition 2.1,
implies that Hﬁ”op < 1.2||Pi]lop (see Lemma C.4). This is an essential ingredient in the
subsequent covariance-weighted bound.
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C.1.4. COVARIANCE-WEIGHTED PERTURBATION OF P,

To state the covariance-weighted perturbation of P,, we recall the uniform closeness condi-
tion: Condition 2.1.

N ,)B—B
op

1
< - C.2
’ } = 2293, ©2

For the following proposition, we assume access to a stabilizing controller Ky, and define
Py = ||POO(K0;A*,B*)HOP. We set Mp, := || Pi|lop and Mp, = || Polop

Eop i= max{‘ —

Proposition C.3 Suppose A\, B satisfy Condition 2.1 and recall our earlier definition pP=
P (A, B). Then,

H21/2P P,) 1/2H SCp-ep-y/log, (kp) - ¢p(kp)*r,

where ¢p(u) := eV1°2W and ep, Cp, rip, aop are defined as:

1/2
e3 = 2||(A, — AT A + 2.4Mp, || B, — B|s ||,
IIExol

Cp = MP0M3/2\/(1+
2||A A2 tr[Ex, 0]

=) 112,

[

2
€p

kp:i=1+
Qop = 2M /20, < 1/100.
Furthermore, the above bound holds for any €, > ep. For the case of finite-dimensional

systems where Yx o > 0, kp can be replaced by 1+ cond(Xx ), where cond(-) denotes the
condition number.

Proposition C.3 is the most involved and technically innovative in our analysis. Its proof is
presented in Appendix C.5.

C.2. Proof of the End-to-End Perturbation Bound: Theorem 2
We recall:

M, = max{ | A, , B2, 1 Pellop [ Ewllop - 1} (C.3)

Proof The proof follows by combining the performance difference lemma (Lemma C.1),
our controller perturbation bound (Proposition C.1), and the riccati perturbation bound
(Proposition C.3).

Applying performance difference Starting from the performance difference lemma, we
have that

~

J(K) = J(K.) < Cg . |R+ BIP.B,

k- i,
op HS

for CKU% = max {2, % HEWHOP

~ 2 2 ~
K- KOHOP 1Pz 112, 108 (2[1P% ) } where P = Poo(K; Ay, B,).
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We now simplify these terms. Since Ko = K (Ap, By) and K= KOO(E, 1/3\) where both
pairs of systems (Ao, Bp), (A, B) satisfy the uniform closeness conditions, we can apply
Lemma C.4 to conclude that

~

Poo(K; Ay, By) < 1.2P,, HPOO(A,E)H < 11|~ and || Pa(Ao, Bo)llo, < 1.1 Pullo,
op

op’?

Furthermore, by Lemma D.7, | K2, < || Pxo(A, B)|lop and similarly, [|Ko|2, < [P (Ao, Bo)lop
Therefore,

7> 7> 2
1K — KollZ, < 201K, + 1 Kollg,) < 44 Pl

Recalling that M, = HP*HOP > land o2 > 1,

128
—5 [Zwllop
O'

~ 2 3 2 5 ,
’K _ KOHOP 1Pzl 1og (21 Pgl,, ) S M2 log(M.)?.

Therefore, under the uniform closeness assumptions, we have that,

~

J(R) = J(K.) § M log(M,)? (R - K.) I/ZHHS (C4)

where we have used the calculation HR + B,t'P*B*HOp < Rl + HB'*"P*B*HOp < M2

Controller perturbation Now, we include our controller perturbation bound (Proposi-
tion C.1) which states that for My defined as,

2 2 D
Mic = max {42, 1Bl 1 Pellap [ Pllops [ Pollops S llops 1}

we have that

for

5—max{‘ i{g(ﬁ—P I/QHHS}

Under the uniform operator norm closeness, we again have H]3H0p S IPlop S My, and
similarly for Py. Therefore, My as defined in Proposition C.1 satisfies Mg < M, . Using
the controller perturbation, we then conclude that,

A= 4085

HS '

H(f{-K 1/2H < guM? log(M,)2%. (C.5)

Riccati perturbation The last step in the proof is to apply our Riccati perturbation
bound from Proposition C.3. The bound states that,

i@ - Posif] < € -ch og (n) - olnm)
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where ¢(u) := eV log(u) "and the remaining quantities are defined as,

2 9(A, — A2 57
ep = 2)(Ar — A ks + 24| Pl | B. — B e 1Ex0llop

IIExOII

Cr < 1Poo (Ao, Bo)lly P12 /(1 + 22502 [ S ollop
1+2IIA A*”op [ XO]
b
We note that by Condition 2.1, ||Pe(Ao, Bo)llop < [[Pillop- Furthermore, by Lemma A.1

and the fact 02 > 1,

HZX,OHOP = Hdlyap <(A* + B*KO)H7 B*BEUL% + Ew)

op

Hdlyap ((A* + B*KO)Ha I) *Bbgﬁ +Xw
0]

Bo2 + %,

op
= ||dlyap (A, + B, Ky, I

op
S M*(O-?JM*))

where we have used the fact that I < @ and hence

ldlyap (A + B. Ko, 1)|| |divap (4. + B.Ko, @+ KYRK.)

|, = 1By

op
Using this calculation, we can then bound the relevant quantities as:

<0' M15

op v

Ch < M1+ [Bxollop /o0) 15x,

32
€PNM
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2¢|| A — A,||2,tr [Sx0]
log, (kp) < log|e+ =L,

where we also note that Proposition C.3 allows us to replace £ by log(1 + cond(Xx,)) in
finite dimension with Yy o > 0. Using these simplifications, we get that,

_ 2 1
|l @ = Pomg| S AMIVE e

=0 VL)e2 (C.6)

Wrapping up Combining this last equation with the bounds from Eq. (C.4) and Eq. (C.5),
the total power of M, is M(7+9+18) log(M,)? < M35, yielding:

J(R) - J(K,) < ol M3 12 exp(%\/Z)eSQ.
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C.3. Proof of Intermediate K Perturbation: Proposition C.1
Recall the definition

2 2 D
MK = maX{HA*Hop ’ ”B*Hop7 HP*Hop ’ ||PHOP7 HPOHOI” HEWHOI” 17 } ’

where Py = Poo(Ko; Ay, By). To simplify notation, we use M = Mp. Furthermore, we
assume o2 > 1, as is chosen in our algorithm later on. Our proof appeals to the following
lemma from Mania et al. (2019):

Lemma C.2 (Mania et al. (2019)) Let f1, fo be y-strongly convex functions. Let x; =
argmin f;(x) fori=1,2. If |Vfi(x2)|]| < e then, ||x1 —x2| < g/y

Proof |Proof of Proposition C.1| The proof is inspired by that of Lemma 2 in Mania et al.
(2019). Consider the functions f* and f defined as,

2

1 1 2

“(X) := = |RV/? L p1s2 H < H 1/2 >
(X)) : 2HR XHHSJFQ‘P* BoX|| o T\ BrPeAELg, X)
2

vy L p1y2 Lis125 H2 BH D Ty1/2
i - nnl o3 fpnall » (et ),

where (A, B)ys = tr [A"B] denotes the Hilbert-Schmidt inner product. Both functions
are strongly convex with strong convexity parameter lower bounded by omin(R) > 1. We
observe that,

Vf*(X) = (BYP.B, + R)X + B P,AZ/].
Vf(X) = (B"PB + R)X + B"PAxL.
and hence,
X, = argmin f*(X) = ~(BIP.B, + R) ' BYPADG = K5

X = argmin f(X) = ~(BMPB + R) "' BMPARS = K5,

Next, we show that the norm of the difference between both gradients is small. We will re-
peatedly use the fact that |AB|ys < [|All,, [|Bllys (and similarly |[AB|lys < [|Bll,p | Allns)
throughout the remainder of the proof.

|vre) -vieo)|| < ||BERB.~BYPB| _IxXI,, +||(BYP.A. - BRPATS)

HS
(C.7)
Bounding the first term in the above decomposition,
IR (@) |[ apy = _ .
HBHPB _BipB,| < )BHPB _BiPB,|| + HBE(P ~ P,)B,
HS HS HS
< HEHﬁE + B"PB, — BIPB.|| +=
< HEHﬁ(é Bl + H(E ~B)PB,| +¢
HS HS
< AM®/?%e,
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where in the last line, we used HB\Hop < e+ ||Bullop £ 2VM, since ¢ < 1 and M >
max{1, | B,||2,}. In inequality (i), we used the following calculation:

HBE(?-P*)

2 N5 Hoa
o =t [B* (P - P)B,BY(P - P*)B*]
< tr[BY(P — P)Tyo(P - P.)B,] (B.BY < %y ()
= tr { >./2(P-P.)B.BY(P-P )21/2}
< tr [21/2(13 P)Syo(P — P*)zl/z}
o 12,5 1/2]|2 I 9 .
The last line is equal to HEX’O (P—P)E(, HHS which is less than €° by assumption. Next,
we bound the second term in Eq. (C.7),

H(BHPA B"P,A,)T WH < H (BHPA - BYPA,)S WH +HBHP P)A, EWHHS

Ty Ts

We bound T} as follows:

H(BHPAiBHPA ~ BHPAE 1/2HHS < HEHﬁ (A— A% 1/2H —|—HB B,)HPA 21/2HHS
< e +5HPA Y2
op
<

<2M3/2 + M| o

g,
op

where again we used ||B|| < v2M. Before bounding Th, we observe that:
AuSx0 AL 2 2(As + BoKo)Sx0(Ax + BoKo)" + 2(BKo)Zx,0(B. Ko)"
=< 2850 + 2| Ex0llp [ K0ll3, BeBY
= 2(1+ | Ex0llop [ K0ll5p) Ex,0- (C.8)
To go from the first to the second line, we have used the fact that since
S0 = dlyap (A, + B.Ko)*, B.BYo%+5y),
by definition of dlyap,
(As + BiK0o)Ex0(As + Buko)" = Bxo — BuBJlog — Bw < Bxp.
Applying (C.8), we can now bound 75 using a similar calculation as before,
~ 2 ~ ~
HBE (P — P*)A*Zi{SHHS — tr [BE(P — P)A Sy AN (P - P*)B*}
< 201+ [Koll2y [Bxollop)tr [BHP = P)Sxo(P = P B
= 21+ 1Ko, [Zxollp) [EVa(P - POSYE]

2
< 2(1+ [1Kollgp [Ex.0ll6,)e?
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Returning to Eq. (C.7),

IV (X) = Vo f(X)]| < 5M3% | X|,,

+ (aarm s a2 o By ) ) <

and for X = X, = K*El/2 we have that,

x,0°

IVFOX)I < 4M?2e || K

op

+ <2M3/2 M| 20 1K, 5

)¢

We now simplify the above. By Lemma D.7, we can take [[K,l|,, < ||P*”(1)I/)2 < M2 and

[ Kollop < ||PK0||(1){)2 < M2 where P, = Ps(Ko; Ay, By). Moreover, Lemma D.9 yields

IZx0llop < I1Prollop (IZw llop + o 1Bxll5,) < o5 (since o7, > 1). Hence,

IVF(X)| < 4M™2e + 2M32 4 0, M + /2(1 + 02M%))e < 9oy Me.

Lastly, by Lemma C.2,

~ 1
o =, < e
H * HS Tu Omin(R)
The precise statement follows by applying our assumption that omin (R) > 1. |

C.4. Proof of Operator Norm P-Perturbation: Proposition C.2

We begin the proof with the following lemma, which ensures that the Lyapunov function of
a stable matrix A; is also a Lyapunov function for a sufficiently nearby matrix As:

Lemma C.3 Let Ay, Ay be two matrices with Ay stable. Set Py = dlyap (A1, ), where

Y = 1. Fiz an a € (0,1), and suppose that ||A1 — A @’ Then, AP Ay <

2~ _a®
2llop < Ty,
Pi(1 = ), and iterating,
[P 1lop

11—«

||P1”0p

(A PAL < P(1 )Y, Vj>o0.

36
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Proof [Proof of Lemma C.3] From Lemma D.9, A% P, A; < Pl(l—HPngpl). Set A = Ay—A;.
For any 7 > 0, invoking Lemma D.3,

ANPLAy < (A1 + AP (A + A)
=A"PA + APPIA + AP P A+ AV PIA

1
< (1+71)ANP A + (1 + > AP A
T
_ 1
<@ IR + (14 1) 181 1Pl

_ 1
<nfa-ipigha o+ (142 ) 1A IR, |

where the last line follows from the fact that P; = I since Q = I. Using our assumption
2

that HAng < MSHQTH?’ and optimizing over 7, a short calculation shows that the expression
1lop

between brackets above is bounded by (1 — (1 —a)/ [|P1]l,,)- [ |

The next proposition provides a perturbation bound for the dlyap operator:

Proposition C.4 Let A; be a linear operator, ¥ = I, and Py = dlyap (41, ). Define |- ||o
to be any spectral norm (i.e. o € {op,HS,tr}). Then, for any a € [0,1), linear operator Az
with ||A1 — A2||

and

gp < ﬁ, and any symmetric Yo, dlyap (Aa, ¥g) is a bounded operator,
lop

Idlyap (A2, o) —dlyap (A1, o) [l < 2 [ A1 = Azl [ PLIT (1= )72,

where Co = HPl_l/QZOPl_l/2HO.

Proof [Proof of Proposition C.4] Set A = A; — A9, and define the terms E,, := Pll/g(A{L —
AR), vy i=1— ”1131;”0‘. Since Aj, Ao satisfy the necessary closeness conditions, by Lemmas C.3
op

and D.9, we have that,

1/2 (n 1/2 4n n
max{[|P}"* Ao, | P> A% lop} < /1Pt ]lopy™ (C.9)

Next, by closed form expression for dlyap,

dlyap (A, %o) —dlyap (A1, o) = Y (45545 — (A7) SeA}

n>0
= (A5 — ADMSeAR + AT (A5 — AT)
n>1
=S ERPVP50AL + (AT RSo PP E,,
n>1
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and thus,
Idivap (A2, o) —diyap (A1, 20 llo < D 1 Ballop (I1PT*SoA3 o + 1ADHSo P 2]l0)
n>1
—1/2 —-1/2 1/2 1/2
<> 1Bl PL S0Pyl (1122 A5 lop + 1P ATl )
n>1
—1/2 -1/2 1/2 4n 1/2 4n
< IPC220P Pl 1 Ballon (1P 451+ 112 A7)
n>1
:=Co =
<200 Y | Eallopy/IPillop 7 (Eq. (C.9))
n>1

Next, we bound || Ey|lop. Using the identity, A} — Ay =37 AliAAgfifl7

n
1/2 44 —i—
1Ballop < D~ P2 A llopl| Allop 45~ [op
=0

n
1/2 44 1/2 i
< S TP AL opl| Allop 1 P2 A5 o, (P = 1)
1=0

< | Allop||Prllop D v/ (Eq. (C.9))
1=0

Hence, combining the above,
Idlyap (As, i) — dlyap (A1, So) [lo < 2Co [|A ], 1PL[Z) D my™ 72
n>1

< 200 [| Al 1P1EE S mym ! (y<1)

n>1

= 2Co [|Al|op I PLIIE (1= 7) 72

Substituting in vy = (1 — H}ﬁ;lla)’ the above becomes 2Cs [|A[,, [[P1 H7/2 (1—a)~2, concluding
op

the proof. ]

We may now conclude the proof of Proposition C.2
Proof |Proof of Proposition C.2] We prove the each part of the proposition individually.

Part 1 Define X := KFRK1 + @. Then,
Py X Poo(K1; A2, B2) = dlyap (A2 + B2 K7, Y1)
<dlyap (A1 + B1 Ky, £1) + 1 - ||dlyap (A1 + B1 K1, ¥1) —dlyap (A2 + Ba K1, 21) ||op
=P +1-|dlyap (A; + B1 K1, ¥1) —dlyap (A2 + B2 K1, 21) |lop (C.10)
If €2 := ||[A1 + B1K1 — (A2 + B2K))
%o X1, [+ llo <= |1

12, < W, then, invoking Proposition C.4 with

opr @ 1/2, and noting how C < 1, we can conclude that,

[dlyap (A1 + B1K;, ¥1) — dlyap (A + BoK1, £1) |lop < 820 HP1||7/2.

38
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Observe that if eg < /(8 || P Hi’{)?) for some n € (0, 1], then (since || P1[|,, > 1 by Lemma D.7)

it holds that 5% < . Plugging into the inequality above, we get our desired result,

1
64(| P12,
P2 j Pl +77 HPlHop - 1.

Therefore, to finish the proof of Part 1, we only need to verify that, under the assumptions

of the proposition, €y < n/(8 ||P1Hg1/;2)- By the definition of £9 and Lemma D.7,

1/2
g0 < [[A1 — Aslop + [ K1llop 1B1 = Ballop < (1 + 1 K1llop)eop < 2[[P11I27 €op-
Since, €op < 1/(16 ||P1ng), this calculation above proves that g9 < n/(8 ||P1H2}/)2).
Part 2 Fix a parameter 1y € (0,1) to be chosen, and let  be as in the theorem statement.

Switching the roles of the indices ¢ = 1 and ¢ = 2 in the first part of the proposition, we find
that if eop, < 10/(16 ||P2||2p), we can establish the following PSD inequalities:

Py < Py (Kg; A1, B1) =X Py +nol|| P2|op!. (C.11)

If in addition eop < 77/(16||P2||gp), then we have ||Pallop < (14 n)||P1llop- Therefore, if

gop < Mo/ (16(1 + n)3 HPngp) (replacing P in the denominator by Pj), then P, < P +

no(1 4+ n)[[Pillop!- 5
Selecting g < 1/(1+n), we have that if ep, < 1/(16(1+n)* [ P2]5p)s Pr = Potnl|Prlop] -
Hence, combining with Part 1, we have that [P — Pa|lop < 7| P1]|op- [ ]

C.5. Proof of Weighted P-Perturbation: Proposition C.3

Our argument is based on the self-bounding ODE method introduced by Simchowitz and
Foster (2020), where the perturbation bound is derived from considering an interpolating
curve A(t), B(t) between the ground-truth instances (A, B,) and estimated instance (A, B).

Definition C.1 (Interpolating Curves) Given estimates (A, B) of (A,, By), fort € [0,1]
we define,

Alt) = A, +t(A— A,), B(t):=B,+t[B-B,).

In addition, we define the optimal controller K(t), closed-loop matriz Aq(t), and value
function P(t) as

K(t) := Ko(A(t), B(t), Aalt) := A(t) + B)K(t), P(t) := Poo(A(t), B()).
Finally, define the following error term in the closed loop matrix
Ay, (t) := A— A, + (B — B)K(t).

At the core of the technique is verifying that the instances along the curve (A(t), B(t)) re-
main stabilizable, so that the operators K (t), P(t) are well defined. The following guarantee,
established in C.5.3, ensures that this is the case.
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( A) satisfy Condition 2.1. Then:
1. The instances (A(t), B(t)) are stabilizable alongt € [0, 1], and sup,p 1 || P(#) |

2. supygefo) [[Poo (K (1); A(u - 1), Blu - 1)l < 1.2 B,
Since instances (A(t), B(t)) are stabilizable along t € [0, 1] Lemma D.18 ensures that

P'(t) is Frechet differentiable in the operator norm, and its derivative is
d
&P(t) = dlyap (Acl(t)a E(t)) ) (012)
where E(t) := Aq(t)TP(t) A4, (t) + Aa, ()T P(t)Aa(t). (C.13)

The formal definition of the Frechet derivative is deferred to Definition D.2; in this section,
we shall only use it as a condition to call relevant lemmas. The heart of proposition is based
off the following observation which follows from part (c) of Lemma D.20:

[ P = [P0 - P = e [sP0nLE

Lemma C.4 Assume that

op < 1'1”P*||op

To prove the main result, it remains to show the following bound on the derivative:
vt € [0,1], Hzl/QP’ 1/2H <Cp-ep-[log, (kp) - Slrp)*r. (C.14)

We verify that Eq. (C.14) holds in C.5.1.

A key step along the way is the following “change of system” lemma, which allows us to
bound the norm of the error in a covariance induced by one closed-loop system A; + B1 K
by that induced by another, A3+ By K. This proposition is, in some sense, the mirror image
of the change-of-covariance theorems in Appendix B. In those results, we keep the system
fixed but change the controller. Here, we keep the controller fixed, but change the system.

Proposition C.5 Let (A1, B1) and (Aa, B2) be two systems, K a controller, and define
foru e [0,1]:
A(u) = A1 +u(As — A1) B(u) := By +u(Ba — Ba), Aa(u) = A(u) + B(u)K.

Assume that K stabilizes all instances (A(u), B(u)), so that

M := max HP H
u€(0,1] op

Finally, define AAd = %Ad(u) = (A2 — A1) + (B2 — B1)K, let ¥ = 0 be a trace class
operator, and define the error terms:

€2 ;= tr [A;'dAAddwap ((Ai+BiK)H’ 2)} el
= max{|| XWY|,, : |[Wllop = 1} the following bound

< oo, where P(u) —dIyap( 1(u), Q—I—KHRK)

Then, setting the operator [ X,Y]
holds,

algn

2 2
Esys,2 < wdiﬂ“(ESyS,l) " Esys,1

—
e [AAdAAd,

log =

z} 3

algn

where Pqig(€) = 2exp

Moreover, these relationships hold for any € > egys 1.
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The proof relies on a careful application of the self-bounding ODE method. The full proof
is given in C.5.2.

C.5.1. ESTABLISHING EQ. (C.14)

Proof Our proof proceeds in multiple steps. First, we majorize the weighted derivative
Zi{gp’(t)z)l({g in terms of two PSD operators Yi(t), Y2(t); a careful analysis shows it suffices
to bound the operator norm of Yj(¢t) and the trace of Y5(t). The term Yi(t) is straight-
forward to control; the term Y3(t) requires appeal to the change-of-system error bound in
Proposition C.5. The proof concludes with an application of one of our change-of-covariance
bounds (Lemma B.1), and some further simplifications.

Majorization by Yi(t),Y2(t) Define for all ¢ € [0,1] and o > 0 the quantities:

SEN0) + 5 Balt).

Eq(t) == AaO)"P(D)Aa(t),  Ba(t) = Aag(O"P()A4, (1), Ep(t) = 2

By the AM-GM inequality in Lemma D.3, E(t) X Ey(t) for all ¢ € [0,1] and a > 0
(recall that E(t) is defined in Eq. (C.13)). Since the solution of the Lyapunov equation
preserves PSD order (Lemma A.1),

=Sodyap (Aa(t), Elo)(1) 25 < BP(55 2 B5dvap (Aa(r), B (1)) B0

==Y[q) (1) =Y (1)

Now, observe that since dlyap (-, -) is linear in its second argument, we can express

« 1
Yy (t) = §Y1(t) + %Yg(t), where
Vi) = SYgdlvap (Aa(t), Aa(MP(1)Aa()) 2300

Ya(t) :i= Y odlyap <AC1(t), A, (OFPH) AL, (t)) iz,

From Lemma D.5, we show that the PSD domination of Ei{gp’( DI 1/2

linear combinations of the form Y, (t) imply that

by the weighted

[=hP =], < VIOl tla() (C.15)

We now proceed to bound the terms ||Yi(t)|lop and tr[Ya(t)] individually. We let M =

1.2 [ P[op» which upper bounds sup¢o 1) [|P(t)]|,, by Lemma C.4.

op’ Hop

Bounding |Yi(t)|lop By Lemma D.9 we have that (Aq(t)")/P(t)Aa(t) =< P()(1 —
HP(t)ngl)J Therefore, using our uniform upper bound on [|P(t)|| from Lemma C.4, the
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following inequality holds for 7T7:

1¥(®)lop = [ S35dvap (Aa(t). Aa(®)"P)Aa(0) 25|
Jj+1 ,
- xoZ( ) P Aty
op
< =P WH 1—uP Dl
< uzx,onOpHP(t)uop
< [ Zx0lly, M2 (C.16)

Bounding tr [Y2(?)] via change of system Commuting traces and rewriting > 72 Aa(t)? Y0 (Acl(t)H)j
as dlyap (Acl(t)H, Ex,o) we have
r[Ya(0)] = tr [SY3dlyap (Aa (), Aa, ()M P()AL, (1) )]
= tr [cnyap (Aa®", Txo) Aaa PO AL,(0)]
< M- tr [Ag, (Hdiyap (Aa()", Txo) Aag (7] (C.17)

In the last line, we used that for any X > 0, and operators X, A, tr [XAHYA} =tr [AXAHY} <
1Y |, tr [AX AR

Note however that our estimation guarantees hold under the true system Ay, B,, whereas
the above bound holds under a closed loop system involving the matrices A(t), B(t). To this
end, we invoke the change of system guarantee, Proposition C.5. We instantiate Proposi-
tion C.5 with the following substitutions:

d Ta‘ke K A K(t)7 (AlaBl) A (A(t)7B(t)>7 a‘nd (A27A2) A (A*aB*>'
e By Lemma C.4, M can be upper bounded by M := 1.2||Pop := 1.2M,.

o Ay, = A—A(t)+(B,—B(t))K(t)) = —tA4,(t). Hence, bounding supgefo1) 1K () lop <
VM:

1A Aallop < A4, (B)llop < [[Ax = A®)lop + 1B+ = B(®)llopll K (1) lop
< eop(1+ || K(t)]lop) < €op(l+ VM) <2V Megy < 2.4/ Mp,. (C.18)

e Define the aligned error,

2 H
= A A t 72)( :| . 019
Ealgn tlél[(z]ﬁl{] Ac ( ) Acl( ) ;0 algn ( )
e With these substitutions, we can take
3/2 €
b(e) = 2exp | 3-1.2%2 . M} eop, [log, [ 1.23eM3 - = - (C.20)
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Applying these substitutions, Proposition C.5 entails

tr[Ya(t)] < Mtr [A 4, (P AL (H)dlyap ((A(t) + BOK ()M, Expﬂ < My(e)e, Ve > Ty
(C.21)

where Tj := tr [A 4, (DAL (t)dlyap ((A* + B.K(1), EX,D)} . (C.22)

Bounding 73 via change of controller Focusing on the remaining trace term 73, by
Lemma B.1 we can switch the controller K(¢) inside the Lyapunov operator to Ky and pay
a multiplicative constant,

Ty =tr [AAcl(t)HAAd(t)dlyap ((A + B.K ()", Tuo }

< Cpe-tr [AAcl(t)HAAd(t)dlyap ((A + B Ko, zxo)] (C.23)

where, for Py = P (Ko; Ax, By) and Mp, := || P, we define

op’

64 max Ko — K@)|?
. ::2(1+ o 150 K0)
u

R ”Ex70Hop Mgo 10g(2MP0)2> °

Next, we recall that X« o = dlyap ((A*—G—B*KO)H, ZO) where Y9 = B,B,o2 + Sy is
equal to the steady-state covariance induced by the initial controller Ky. By Lemma D.10,
we can rewrite the solution to Lyapunov equation as,

dlyap ((A* + B*K0>H7 2x,O) = dlyap(l) ((A* + B*KO)Ha EO) .

By applying Lemma D.12, and recalling that Mp, = HP@HOP,[X, Y] = max{|[| XWY], :

|[Wllop = 1}, we can upper bound tr |:AAc1 tHAA, (t)dlyapy) ((Ax + B.Ko)", Eo)} as fol-

lows,

algn

Sn-tr:A (OHAL (¢ dIyap( .+ B Ko zoﬂ
1) [Aa (0H 84, (0. 50 P, exp(— ollgyn)

=n-tr| Ay, <t>“AAd ()% x,o} (1) A (M8 (1), 50 | M, exp(=Mln)

<n-tr|Aa, ()AL (H)Ex0 } (n+ 1)edign M, exp(—Mp'n).

In the last inequality, we used that by Lemma D.6, [A Ayt )HAA (t), Xx O]algn <e€ ﬁlgn where

Eilgn is defined in Eq. (C.19). Next, by AM-GM and the fact that tr [XY] < tr [X'Y] for
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0<X=<X'andY =0,

tr [Aas 0" Bty (03] = o | (A= 44 KO - B)" (A A+ KO(B - ) S
2|

A-

<A ANMA = A+ KWU(B = BOM(B = BOK()) T
=2H<2— A0 s +20(B = BOK(1)2glhs

< 20/(A = 4% Jlhs +2 pmae 1K (5,15 = B)wd s

n $L/2 $1/2
< 2)/(A ~ A)Bg ks +2M /(B — B s
< 2(A - AJELRs + 24M 1B Bl Bxollp =
(C.24)
where above, we used the fact that || K (t)[|2, < [|P()lop by Lemma D.7, which by C.4 is at
most M := 1.2Mp, for all ¢t € [0,1]. Hence,

tr |Ag, (t)HAAd (t)dlyap) ((A* + B, Ky)", 20>] <neb+ (n+1)e algansO exp(—Mgoln).

3
To optimize over n, select n = [Mp, log M]. Then, going back to Eq. (C.23) and
putting things together, we get that:

T3 < Crctr [AAd ()" A, (£)dlyapy) ((A* + B, Ko)", 20)}
< Cg(2n+ 1)8%3
eM?3 Ei N _
< 3Cx Mpyeblog, (g}lg) =T (C.25)

Concluding the proof Combining Egs. (C.21), (C.22) and (C.25), and M = 1.2Mp,
gives

- eM3 2 _
max tr[Yz(t)] < My(T3)Ts = 3.6 - Cx Mp, Mp,e$ log., <Oalgn> P(T3). (C.26)

t€[0,1] %,

Now, recall the definition from Eq. (C.20) that

2
3/2 €]
() :=2Zexp | 3- 1.2%2. MP{ Eopy | 10g 1 <1'23€M§>* . z;én)

Since this quantity is decreasing in €, and since T3 > 3Mp,Cxe% > 6Mpe% (recall Cix > 2),
»(T3) < ¥(3Mp,Cep)

2
< 9exp | 3-1.2%2. M3 % |log. | 1.23eM3, - &
- p P, =op &+ P, 6Mp,e%

M? &2
< 2exp 4M§,{250p log | (13;25%1%“) 7
P
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where in the last inequality, we use the simplifications 3 - 1.23/2 < 4, 1.23 . e/6 < 1, and
Mp, < Mp,, since Mp, is the norm of a suboptimal value function. Hence, continuing from
Eq. (C.26),

2 eM;)) 0 algn 3/2 MIQ:'* algn
trél[%)f] tr[Ya(t)] S Cxk M Mp,eplog, 2 |exp AMp “eopy | log —Q
) P P

(C.27)

Recall from Eq. (C.24) that €3 = 2||(A — A)EY0|3s + 24Mp, || B — B.l|2slEx0llop- A
similar computation to that used to derive the bound in Eq. (C.24) (this time, invoking the
domination property in Lemma D.6) lets us bound

g 1= max | A (0" A, (1), Do)

t€[0,1] algn

2 [(ﬁ— ANM(A - 4,), xo} s T2V, [(E ~ BB - B,), Ex,o]

< 2] A - A3, tr [Exo] + 24Mp,[| B = B.lis ]| Ex0llop-

algn

Using the elementary inequality - “H’ <1+ for a,b,c > 0, we obtain

c+b
6ilgn <1 2”A B A*H(Q)ptr [ZX,O] — K
2 = 2 = Rp.
e 9
P P

The above bound on tr[Y2(¢)] then simplifies to:

max tr[Ys(t)] < Cx M Mp,e% log (eM]%O/ﬁp) exp <4M;{250p\/10g+ (M%f;p)) . (C.28)

te(0,1]

Combining with Eq. (C.15) and Eq. (C.16) with M = 1.2Mp, yields
[=iP =] < VIOl - e

< \/MPOMJ%*CKHEXQHope%D log (€M1330Fip> exp <2M2{250p, /log, (MI%*IQP)> .

Simplifying the bound Recall that M = 1.2||P,||op, and Mp, := || P||op. Hence, Mp, >
Mp,, since Py »= P, as P, is the optimal value function for the pair (A,, By). Hence, from
Lemma D.7. Mg, = Mp, > 1, [Kol2, < [Pollop i= My, and [K(1)]2, < 1.1|P.ll,, =
1.1Mp,. We note also that

1Ko — K ()13

2 <2|Kol?, + 2 [K@)|2, < 20M3, + M2) = 2(M}, + 1.22M3),

which is less than or equal to QM%O. Noting Mp, > 1, we can bound

u

< Ml%o 3 2
CK ~ 1 + 0_2 ||Zx70”0p MPO 10g(2MP0)

5 2 ||Z Yllop
u
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Therefore, we get that HEl/ 2P’ H is upper bounded by:

S0l
\/MgOMf’) (1+ H °” ) [|3x.0llop log (eM%O'fP) -log(2Mp, ) - exp <2Mf’/2€op\/10g+ (M%*“P)) "EP-

To conclude, we bound

log(2Mp,) - 1/log (eMI?_!,Onp> <log(2Mp,) ( log (exp) + \/log(M}%O))
S Mpyy/log, (kp).

Therefore, the bound further simplifies to:

S0l
N MP0M3/2\/(1 + %) Ex0llop log (rp) exp <2Mf/2€op\/10g+('€19)> -ep

Yix 5/2
< MA M2+ e 5, Lo, (k) - 9(p)2VF 5 e,

where ¢(z) = exp(y/log ).

Further simplifications in finite dimensions To conclude, we remark on how kp can
be replaced by 1 4 cond(Xx), where cond(Xx ) denotes the condition number, in finite

dimensions. To see this, we note that the term HE — A,|| tr[Xxo] in kp arose from an

op
upper bound on [(121\— A*)H(;[_ Ay), EX@} . By Lemma D.6, one can similarly bound
algn

(A= A)MA - A),Tx0] < [Zxolly,
algn

Yx,0, we can therefore compute:

2
s In finite dimensions with invertible

e N R e e

Thus we can replace:

log(1 + 5 alg”)ﬁlogm—” x0lop P

= log(1 + cond(Xx,0))-
= ) = o (Sx0))

C.5.2. PrROOF OF ProrosITION C.5

Before beginning the proof, let us recall the setup. We let (A1, By) and (A, B2) be two
systems, and K a controller, and define for u € [0, 1]

A(u) = A1+ u(As — A1) B(u) := By +u(B2— By), Aa(u) := A(u) + B(u)K.

46



TOWARDS A DIMENSION-FREE UNDERSTANDING OF ADAPTIVE LINEAR CONTROL

Assume that K stabilizes all instances (A(u), B(u)), so that

M = ulél[%’}i] HP(U)HOP < oo, where P(u) := dlyap (fld(u), Q+ KHRK) .

Finally, define Ay, = %fld(u) =(Ay— A1)+ (B2 — B))K.

Proof The proof is based on analyzing the behavior of the curve,
z(u) : [0,1] = R:=tr AﬂdAAcldlyap (Ad(u)H, 2)} .

Since M < oo, Ag(u) is stable for all u € [0,1], and hence the Lyapunov operator is well
defined implying that z(u) is finite.

In order to simplify our presentation, we let Z(u) = dlyap (Aa(u)", ¥). Since Ag(u) is
a linear curve supported on stable operators, Lemma D.19 ensures that Z(u) is continuously
Frechet-differentiable, with Frechet derivative equal to

Z'(u) = dlyap (Ad(u)'*, A, Z(u)Ag () + Ad(u)Z(u)Ajd) . (C.29)

From part (a) of Lemma D.20, z(u) is continuously differentiable (as a real-valued curve),
and its derivative is 2/'(u) = tF[AZdAACp Z'(u)]. By applying the PSD AM-GM inequality
twice (Lemma D.3), we have that for any o > 0,

Z(u)A;'d+1a*1Ad(u)Z(u)Ad(u)H.

2
(C.30)
Combining Eq. (C.30) and Eq. (C.29), and optimizing over «, we can upper bound the
derivative of z(u),

Z'(u) = Aay Z(u) Aq(u)+ Ay (u) Z (u) AHY

2 (u) = tr [AﬂclﬁAcldlyap <f_1c1(u)H, AAdZ(u)/_lCl(u)H + Ad(u)Z(u)AZd)]

1/2
< |t [Ajdmddwap (Ad(u)'*, AAdZ(u)Ajcl)} (C.31)
=R
1/2
x|t [A;{dmddwap (/_ld(u)H, fld(u)Z(u)Acl(u)Hﬂ . (C.32)

=Ro

We now bound each of R; and Ry individually.
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Bounding R; Beginning with R,

tr [AiclﬁAddlyap (ﬁ ()", A, Z( Aicl)}

< 2 o T [dlyap( ()", Au, Z(u)AY )}
< Bl - e (Aata Hwtr [A AL
< | lopHPuHoptr [AAI SHE

1 (2)p HP(U)Hop ) Z(u)
all M - 2(u)

In the second line, we have used Lemma D.8. Furthermore, the second to last line is justified
by the following observation. Since I = @ and I < R,

diyap (Aa(u), T) < dlyap( a(w), Q+KHRK) = P(u).

Bounding R, We first notice that,

dlyap (Ad(u)H, Aa(u)Z(u)A ) - i w)y*dlyap (A (), z) (AHy+1
7=0
= Aa(u) - dlyap( dlyap( a(u) )) - Aa(u)"
= dlyap (Acl(u) dlyap (A ()", E)) dlyap (/_1 1(w)H, 2)

= dlyap(y) ([lcl(u)H, Z) — dlyap ([ld(u)H, E)
< dlyapy) (Acl(u)H, E) :

The third line the calculation above follows from definition of the solution to the Lyapunov
equatlon ie Eq (A.4). The second to last line is justified by Lemma D.10. Setting X :=
cl

Ry = tr [Xﬂ”yap (Acl(U)H, ACI(U)Z(U)ACI(U)H)} <tr [Xdlyap(l) (Ad(U)Ha E)} -

Recall [X,Y],,, = max{[|[XWY|, : [[W|op = 1}. By Lemma D.12, the following bound
holds for any n > O0:

Ry < tr [Xdlyap(l) <Ad(u)H, E)} <mn-tr [Xdlyap <[l (u)H, E)}

=n-z(u)

< n-z(u)+ (n + 1) (X, E] M3 exp(—M~'n).

algn
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Concluding the proof Combining our bounds for Ry and Rs, then for any n > 0, we

have
< J(13a2,
C V/nll||A4,

z(u)) <n z(u) + (n+ 1) [X, 2], M3 exp(—M‘%))

) <z(u)1/2 . \/n +1 [X, E]algn M3 exp(_M—ln)>

n

z(u) n+1
) ( + 55— X3

Ve exp(_Mln)>

algn

X, ] g0 M3 exp(=M"1n),

algn

=a S:b

where (i) uses concavity of the square-root, and (iz) applies AM-GM. In other words, the
scalar function z(u) exhibits the self-bounding property z'(u) < az(u) + b for a,b defined
above. Hence, for any slack parameter n > 0,* a standard ODE comparison inequality (see,
e.g. Simchowitz and Foster (2020), Lemma D.1) implies that z(u) < Z(u), where Z(u) solves
the analogous ODE with equality:

Z(u) =aZ'(u) +b+n, 2(0)=2z(0)+n. (C.33)
The differential equation above has solution:
- b+ b+
Z(u) < (z(O) +n+ an> exp(a-u) — . n

Taking 7 — 0 and bounding z(u) < Z(u) yields

z2(1) < z(0)exp(a) + Sexp(a).

Substituting in the relevant quantities, the following bound holds for any n > 1:

<exp<

3
Taking n = [M log (%)w < Mlog, (W) lets us bound

llan) (200 X, Sl 3 exp(-1 10

(0) (0)

M3 exp(—M~'n) < 2(0),

and hence

z(1) < 2exp

] [X E]algn M
og, 2(0) 2(0).

Recalling X = AE{C]A A, and recognizing z(1) as egys2 and z(0) as egys,1, the bound fol-
lows. Note also that this bound on the derivative is necessarily non-decreasing in the gy 2
argument. |

4. This is useful to ensure strict domination of one ODE by another
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C.5.3. Proor or LEMmMA C.4

Proof We apply the first bullet point of Proposition C.2 to establish both parts of the
lemma.

Part 1: Take (A1, B1) = (A, By), and (A2, Ba) = (A(t), B(t)). Since (Ag, Bp) lies on the
segment joining (A, By) and (A, B), we have
max{|| Ay — Asz|lop, [[Br — Ballop} < max{[[As — Allop, | B« — Bllop} < €op

Hence, if eop <
1.1 HP*Hop'
Part 2 For part 2, take (A1, B1) = (A(t), B(t)) and (Aa, B2) = (A(u-t), B(u-t)). Again,

it holds that max{||A; — As|lop, [|B1 — Ballop} < cop- Then, if eop < n/(16]|P1]|2,), where
P, = P (A1, By), Proposition C.2 implies that

77 _ ‘. . . .
IETE for n = 1/11, Proposition C.2 implies || P(?)|,, < (1 + 1) [ Pllop <

[ Poo (K (2); A(u - 1), B(u - 1))l < (1 40) [[P1]lgp -

From part 1 of the present lemma, [|Py[|,, < (1+n)[[Pll,,- Hence, if eop < m,
*llop
we have || Poo (K(t); A(u-t), B(u 1)), < (1 +n)? | Pelop- Computing (1 +n)? < 1.2, and

noting that 16(1 + n)3/n < 229 concludes the proof.
|
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Appendix D. Technical Lemmas

This section states and prove the main technical tools used throughout the paper. Ap-
pendix D.1 contains linear algebraic tools, Appendix D.2 gives tools for controlling terms in-
volving Lyapunov operators, Appendix D.3 states and proves a comparison theorem between
the eigendecay of a PSD operator A and its image dlyap (A, A). Finally, Appendix D.4 ad-
dresses the relevant differentiability considerations that arise in infinite dimensional spaces.

D.1. Linear Algebra

Lemma D.1 Let Z > 0 and Y1, ...,Yr be bounded linear operators on a Hilbert space Hx.
Then,

T T H T
(Zn) Z (Zn) <2y £YzZvH
t=1 t=1

t=1

Proof Let x be any vector in Hy, then

<x, (Zthl Yt) Z (Zle Yt) " X>Hx _ <Zl/2 (Zthl Yt) : x, Z4/2 (Zle Yt) : x>

etz (eS|

Hx

Hx

2
Therefore it suffices to show that, for any x1,...,x7 € Hy, ‘Ethl XtH?—[ < QZthl 2.
th||3{x. We argue by Cauchy Schwartz,

2

T T 2 1 T
_ 2
I I DOLE T D SRS B o
t=1 Hx t=1 Hx t=1 t=1
Since Y7, & < %2 < 2, the bound follows. [ |

Lemma D.2 Let M be a positive, semi-definite linear operator, then
logdet(I + M) < tr[M)]

Proof If M has eigenvalues {0;}°,, then I + M has eigenvalues {1 + 0;}:°,. Since the
determinant of a linear operator is equal to the product of its eigenvalues, we have that,

logdet(I + M) => log(l+0;) < > o5 =tr[M],

where we have used the numerical inequality log(1 4+ ) < x forallz > 0. [ ]
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Lemma D.3 Let X,Y, P: Hx — Hx be linear operators and let P be positive semi-definite,
then for any a > 0 we have that

1
xpyH < 2xpxty —ypyH
2 2c
Proof Letting v € Hy, the proof follows by direct application of Cauchy-Schwarz and the
AM-GM inequality:
1
<v, XPYHV> - <\/aP§XHv, Péva>
H Va o

X

IN

|vapixhy|

1 1
—_payH
Ja o

Hx Hx

2

IN

s
2

2 1
+ — HP%YHV‘
Hy 2«

Hx

1
_ @ <v, XPXHV> +— <v, YPYHV>
2 Hx 2c

X

Lemma D.4 Let X : Hx — Hx be a self-adjoint operator and let Y € Si‘x be a trace class,
positive semi-definite operator. If, =Y = X <Y then | X|v < tr[Y].

Proof Let X = Z;}il )\jqjq;' denote the spectral decomposition of X. Then,
H
i>1 i>1

since -Y < X =Y, |q5'qu| < q;'Yqj for each j. Thus, [ X|,, < >22, q;'Yqj = tr[Y],
since the elements q; form an orthonormal basis. |

Lemma D.5 Let X,Y1,Ys be symmetric operators with Y1,Ys = 0. For all o« > 0, define
Yo =51+ iYg, and suppose that =Y, 2 X 2 Y|y for any a > 0. Then,

[ Xls < /Y1 [loptr [Ya].

Proof Let X = Z;}il /\jqqu| denote the spectral decomposition of X. Then,
2
IXIlhs = DA =D (o' Xa))*.
Jj=1 Jj=1
For any fixed j, we have |q;'qu] < infasg q;-rY[a}q, since for all a, Yo =2 X =X Y.
Moreover, we compute
@

1
H . H . H . H .
|97 Xqj| < inf a7 Yiwqj, = inf Sa;Yiq; + 5-a;Y2q;

= \/qj”quj -qYaq; < \/HYlHop\/q}*Yij,
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where we note that ming~¢ 5 + % = v/ ab for nonegative a,b > 0. Combining the above
two displays,

o0 2 o0
Il < 3 (Vo2 ) = il 3 alfVea
j=1 j=1

Since q; are an orthonormal basis, Z;’il q;'quj = tr[Y2]. The bound follows. [ |

Lemma D.6 Define the operator [X,Y]
any X' = X = 0, [X,V],,, < [X'Y]
(X, Y]

algn = maX{HXWYHtr : HWHOP = 1} Then fO’I"

algn- Similarly, for Y' =Y =0, then [X, Y/]algn <

algn-

Proof Let us prove the first point; the second is analogous. Fix € > 0, and let W be such
that |[XWY||, > [X,Y],,, —¢. Let WY = UXVH denote the singular value decomposition
of WY. Then, |[XWY|,, = || XUSVH|| = || XUSU"|,, since VU" is orthonormal, and
thus conjugating by it does not alter the trace norm. Since X’ = X > 0 and UxuH = 0,

HXUEUH

— tr [XUEUH} < tr [X’UEUH]

tr

- HX’UEUH

— HX’UEVH
tr

= Jlxwyl, < [x.Y]

algn *

The bound follows. [ |

D.2. Lyapunov Theory

Lemma D.7 Let (A1, By) be a stabilizable instance with stabilizing controller Ky, and let
Py, = P (Ky; A1, By) be the associated value function. Then, if R = I and Q = I, it holds
that Py = I and | K|, < | PSS In particular, Poo(A1, By) = I, and [|Koo(A1, B1)|op <
| Po(Ar, Br) 2.
Proof We have the identity:

Py = P (K1; A1, By) = dlyap (Al + B1Ky, Q+ KFRK1) = Q+ K1RK,

Thus, Py = Q = I, and since R = I, K] Ky < K] RK1 < Py, so that | K|, < || P.[L°. =
Lemma D.8 LetY be a trace class operator, and suppose dlyap (XH, I) is bounded. Then,
Idivap (X, Y)ll, < |divap (x*, 1) \OPIIYHU-

In particular, if Y = 0 is PSD, then

tr[dlyap (X, V)] < ‘dlyap (XH, I)

tr[Y].
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Proof We write out Y in its spectral decomposition, Y = »">° v; @ v; - A;, and use the form
of the Lyapunov solution to get that

oo
dlyap (X, Y) = > (X")/vx/ = ZZ (XM (v; @ v) X7 - N
j=0 i=0 j=0

= (XM (0; @ v) X7 - |\g| := Z.
Similarly,

(o] o0
dlyap (X, V) = =Y Y (XM (v @ ) X7 - |\i| = —Z.
=0 j=0

Therefore, from Lemma D.4

dlyap (X, V)|l < tr[Z] =) [ldlyap (X, v; @ v;)lly, - | Adl
=0

s divap (X", 1) vi) - I
[ (v diyap w), |-

o (% ), 35
=0

ek

I
o

(2

Noting that Y .2 A; = [|Y||,, finishes the first part of the proof. For the second part, notice
that if Y = 0, then the nuclear and trace norms norms coincide.
|

Lemma D.9 Let A be stable and P = dlyap (A, X)) be the corresponding value function for
some 3 = I, then for all integers j > 0,

(AR PAT < P(1—||P|| ;).
In particular, for all j >0,

147112, < [1Pllop(1 = [|Pllop )
Hence, for any over ¥’ = 0, ||dlyap (A, X) |lop < HEHOpHPng

Proof
Since P satisfies the Lyapunov equation, AHPA — P + ¥ = 0, we can write for any
T € Hy:

<x, AHPA:I:> =(z, Pz)y, —(z, Xx)qy

) = (z, Pz),_ (1 - m>

< (=, P$>HX (1———
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In the last line, we have use the assumption that ¥ = I. Hence, AHPA < P(1 — HPH(:pl)
where | P||,, > 1. Repeating this argument, we can in fact show that,

(AT PAT < P(1—|IP|, ).
For the second guarantee, since 3 > I, we have P > ¥ > I. Hence,

|47]2, = || caha

< |antpar| < 1Plop( - IPIGY.

op

For the next lemma, we recall the higher order Lyapunov operator from Definition A.2,

dlyap,,,) (A Z AMAAI (G +1)™.
7=0

Lemma D.10 Let A be a stable linear operator and X be self-adjoint, the the following
identity holds:

iAdeyap (AH, z) (AH) = iAjE(AH)j (j+1).
j=0 Jj=0
Equivalently,
dlyap (AH, dlyap (AH, E)) = dlyap(y) (AH, E) .

Proof To simplify the proof, let I' = dlyap (AH, Z). Since I' = dlyap (AH, Z) is the solution
to the Lyapunov equation ATAM + % —T' = 0, we have that

ATARY =T - 3.
By repeating this argument, we can in fact show that:
j—1
(AYT(AM) =T =)~ A'T(AY)
i=0

Using the fact that I' = 3772, AIR (AN it follows that (A)IT(AH) = doisi AT (AH)
Therefore, we can rewrite dlyap (AH, dlyap (AH, E)) as follows,

ZAJF AHJ—ZZAZ (A
7=0 ]Ozg

—ZAJE (AN (G +1).

which is exactly dlyap(y) (AH, E). |
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Lemma D.11 Let A be stable and P = dlyap (A, Q+ KHRK) be the corresponding value
function, then for all integers n > 0,

Form=1:
diyap(y) (A", =) < n-diyap (A%, 3) + (1 + 1) [Slly, P2, exp(— | Plg) n) - 1
Form=2:

diyapz) (A", =) < n? - diyap (A%, 2) + (02 + 20+ 2) 12, | P, exp(— 1Pl n) - 1

Proof We begin by expanding out the definition of dlyap,, (AWM, ©),

dlyap(,) (AH, 2) =S ATsAMy ()™
j=0
<™y AIB(ANY 4> AT AR - (G
=0 j=n

< n™dlyap (AH, z) +Y AN G+, (D.1)
j=n

where we have let the sum go to infinity in the first term. Focusing on the second term,

STANANY (1) T8, > || AT (AN
j=n

j=n

SG+"
op

= L[, (A 47| -G (NN, = (I8,
]O—on
<[ Sl Y || (AT PAT

j=n

IRV (P=1)

oo
21 o 1Pllop DG+ 1) - (1= [IPllg, ) - 1. (Lemma D.9)
j=n
The result then follows by applying the following two identities regarding geometric series,
which hold for ¢ € (0, 1),

()i (j+1) = (l—c)"gcn—i-l)

WE

C
n

(—cp - G+12 = )" (c*n? + 2cn — )

3 ’

INgERT

Il
3

J

and using the fact that (1 —¢)! < exp(—ct). [ ]
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Lemma D.12 Let A be stable and P = dlyap (A, Q+ KHRK) be the corresponding value
function, then for all integers n > 0, and all PSD, bounded operators X, and ¥ > 0,

3 -1
HP”op exp(— HPHop Tl),

tr [Xdlyap(l) (AH, Z)} <mn-tr [Xdlyap (AH, E)} +(n+1)[X, E]algn

where [X,Y] = max{ || XWY,, : |[W|lop = 1}.

algn

Proof From Eq. (D.1) and the fact that tr [WY] <tr [WZ] for W =0 and Y < Z,

tr [Xdlyap(l) (AH, Z)} < ntr [Xdlyap (AH, E)} + tr XiAjE(AH)j (J+1)

j=n
We can then bound,

AJ
147 [op

tr | XATD(AM)T] < 472, | X - | < 14712 X, Slaggn = 147 (A)  lop [X, Sl

tr

(D.2)

where we note the above bound holds even if A7 = 0. The bound now follows from the
computation given in the proof of Lemma D.11. |

D.3. Spectrum Comparison under Lyapunov Operator
Lemma D.13 (Iterated Weyl’s Eigenvalue Inequality) Let Xi,...,X,, be a sequence
of PSD operators, and let \;(-) denote the j-eigenvalue. Then, \j(3 i) Xi) < 3201 Arj/m)(Xa).

Proof Consider n = 2. Then, for any indices k1, k2 such that k1 + ko —1 < j, \(X1+X3) <
Ay (X1) + Ak, (X2). Hence, for general n,

n n—1
i <Z Xi) < Mepnoa (Z Xi) + A, (X)),
i1

i=1
where k,, + k1.,—1 < j + 1. Iterating,
n—1 n—2
)\klznfl (Z XZ) S Aknfl (anl) + )\klzn72 <Z XZ) )
i=1 i=1

where ky—14+k1.n—2 < k1.p—1+1. Continuing, we have that for any k1, ..., k, with Y"1 | k; <
j + (n - 1)7

Aj (Zn: XZ) < Zn: Ak, (Xi)
=1 =1

Taking k; = [j/n], we have > ' | k; = n[j/n]. Now, if j/n is integral, then n[j/n] = j.
Otherwise, [j/n] = [(j —1)/n] <1+ L2, sonfj/n] <n+j—1. In either case, .7, k; <
j+ (n—1), as needed. [ |
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Lemma D.14 Let X be a bounded operator on a Hilbert space H, and A = 0 be a PSD
operator on H. Then o;(XAX") < 1 X205 (A).

Proof Since o;(XAXH) = o;(XA/2)?] it suffices to show that for any two bounded opera-
tors A, B, 0j(AB) < ||A|loj(B). This follows using the variation representation of singular
values:

i(AB) = i AB
Uj( ) subspaces Vgrn’;‘-tlrcl)f dimension j <qevr;n2XH:1 H qHH>
< ||Allop - i B
- || Hop subspaces Vg};’-il%f dimension j <quI:?|(|12|XH:1 ” qHH)

= [|Aflopo;(B)-

Lemma D.15 Let A be a stable operator, A = 0, and let > = dlyap (AH, A), and P =
dlyap (A4, I). Then, for all indices j,n > 1, we can bound

o3(2) < 1P, (oo q () + (L= IP5)" 1All)

daE <+ DIPIR | YD o)+ (1= Pllg) tr [A]

jzk 5> 5]

Moreover, from monotonicity of dlyap (Lemma A.1), the above also holds for P = dlyap (A, Z)

2||A
for any Z = I. In particular, if n > || P||op log | /\HOP, then,

dx(2) < (n+ 1)y pj2,) (D).

Proof Fix an integer n, and define the matrices

Xi = ANAYY, V=D X

i>n
By Lemma D.13,

U](E):U](ZXZ—FY”) SZU[%H](XZ)—FU(%H](Y,%) <D3)
i=1 i=1

Now, for any index k, we can bound

ok(Xi) = or(ANA")) = o (A'AV?) < || AT 0n(A).
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Hence,

(ZMH ) o1 () oy i (V)

< 1P, (A) + oy i (V) (D.4)

n+1

where in the last line we use Lemma D.9 to bound [|A’]|2) by a geometric series.
Now, let us bound the operator norm and trace of Y,,. Again, by Lemma D.9, we have

Yallop = || Y A'AAN <D 142 1Al < P12, (1= I1PlIcp)™ 1Ay, (D.5)
i>n op i>n
and similarly
[Yaller < [1PI55(1 = [1Plgp )" tr [A]. (D.6)

Combining these bounds, we have
03(2) £ 1Py o1 (A) + 0 _i (V). (by Eq. (D.4))

< 1P, (8) + [Vallp (by Eq. (D.5))

< |1PI%, (a%m) (L= Pl 1Al )

and,
Yo%) <HPHOPZ(I[W +ZU 4 (by Eq. (D.4))
i>k >k >k [
0)
<(m+DIPIE, D o\ +(n+1) Z (D.7)
5> 571 >0
<(n+IPZ, D oA+ (n+ ) [Yn]
3> 755
<+DIPIE, | Y. (M) + (1 =[Pl tr [A] | (by Eq. (D.6))
32055

concluding the proof. Here, in inequality (1), we used that summing over the indices (n%rl] j

for j > k sums over only indices j' > [ H], and includes each such index at most n times.
To see why the last statement holds, for a := (n + 1)d/\/(2HPH0p), by the first statement,

5a(®) < IPIZ, (0dy e, ) (A) + exp(=n [Pl 1Al ) -

By definition of dj, ||PHOp Tdy 1P| )(A) < A2and for n > [|P[,,log(2tr[A].\) the
second term is also smaller than )\/2 Hence dy(X) is at most (n + 1)d)\/(2||p||gp)(A).
|
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D.4. Frechet Differentiability

Definition D.1 Let %, denote the Banach space consisting of all operator-norm bounded
operators on Hy, and let /o, denote the subspace of self-adjoint bounded operators on Hy.

Lemma D.16 Let X € %, have spectral radius p(X) < 1, and for Y € .7,, define
Tx[Y] =Y — XHY X. Then, Tx[] is a bounded linear operator on y,, and has an inverse
which is also bounded. Hence, the solution to Tx[Y] = Q is bounded for any Q € Sop, and

given by dlyap (X, Q).

Definition D.2 (Frechet Derivative) Let %1, %2 be a banach space with norms || - || %,
and || - || z,. Given a subsetU C By , we say f : U — B> is Frechet Differentiable at z € %
if there ezists linear mapping D f(x) : 1 — PBo such that

[f(z+h) = Df(x)[h])l|z,

=0.
k]| 8, —0 [|A]]

We say that f is Frechet continuously differentriable at x if f is Frechet differentiable in an
open neighborhood about x, and x — D f(z)[h] is a continuous in the dual norm ||gl|z; :=

sup| s 5=19(h).

An important case is where f(t) : R — 2 is a curve. In this case, the Frechet Derivative
exists if there exists an f’(¢) such that

igg M +€) = Ol _

e—0 e

0.

Lemma D.17 (Implicit Function Theorem (Whittlesey, 1965)) Let %, %2 be a two
Banach spaces, and let f : B1 X By — P be a continuously Frechet differentiable function
at (zo,y0) € $1 X Ba. Suppose that the mapping ha — D f(xo,40)[0, he] is a Banach space
isopmorphism on PBo (i.e, it admits a a bounded linear inverse). Then, there exists a neigh-
borhood U around xg and V around yo and a Frechet-differentiable function g : U — V on
which g(x) is the unique solution to f(x,g(z)) = 0.

Lemma D.18 Let (A1, B1) and (Az, Ba2) be two instance, and define the curve A(t) =
Ay +t(By — By) and B(t) = By +t(By — By). If (A(t), B(t)) is stabilizable for all t € [0,1],

o P(t) := Px(A(t), B(t)) is Frechet differentiable on [0,1] in the operator norm || - | op.
e The Frechet derivative of P(t) is given by

P'(t) = dlyap (Aa(t), E(t)) where E(t) := Aq(t)"P(t)Aa,(t) + Aa, ()T P(t)Aa(t),
(D.8)

where Ay (t) = (A — A1) + (B2 — B1) Koo (A(t), B(t)).
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Proof The result is the infinite-dimensional analogue of Lemma 3.1 in Simchowitz and
Foster (2020). Define the function F(t, P) := R x .7, as

F(t,P):= At)PPA(t) — P+ Q — A®)"PB(t)(R+ B)HPB(t)) ' B(t) PA(t)

Then, P(t) solves F(t,P) = 0. One can verify that F(¢,P) is a Frechet continuously
differentiable function® The computation of Lemma 3.1 in Simchowitz and Foster (2020)
(carried out now in infinite dimensions) shows that,

d d
{dt}_(t’ P) - (8t) + 5 F(t.P) - (5P)} | p—p@y = Taw+BKH)OP] + E(t) - 8t,

where K(t) = Koo (A(t), B(t)), and where E(t) is defined in Eq. (D.8), and Tx[Y] =Y —
XHY X. Since (A(t), B(t)) is stabilizable, A(t)+ B(t)K(t) is stable and thus Tawy+BoK®[]
is a bounded linear operator on ., with bounded inverse. It follows from the Lemma D.17
that P(t) admits a Frechet Derivative P'(t), and its derivative must Taw)4p(t)x ) [0P] +
E(t) = 0. Hence, by Lemma D.16, P’(¢) is given by Eq. (D.8). [ ]

Lemma D.19 Let A(t) = A; + (A2 — A1)t be a curve on [0, 1] with A(t) € Bop stabilizable.
Set A = Ay — Ay.Then, t — dlyap (A(t), X) is Frechet differentiable in the operator norm,
and

%dlyap(A(t), %) = dlyap (A(t), N) (D.9)

where N := AHdlyap (A(t), ¥) A(t) + A(t)Pdlyap (A(t), ) A.

Proof Set P(t) := dlyap (A(t), ¥). Recall the operator Tx[Y] =Y — X"Y X. Then, P(t)
solves F(t, P) = 0, where F(t, P) = T aq) [P] —2. It is straightforward to check that F(t, P)
is Frechet continuously differentiable. A direct computation reveals

{S7P)- @)+ J5F0P) 6P} ppy = Tag 5P+ N0 81,

where N (t) is defined in the lemma. Moreover, since A(t) is stabilizable, Ty is a bounded
linear operator with bounded inverse (Lemma D.16). Hence, the implicit function theorem
(Lemma D.17) shows that P(t) admits a Frechet Derivative P’(t), and its derivative must
satisty Taw 4k [dP] + N(t) = 0. Consequently, by Lemma D.16, P'(t) is given by
Eq. (D.8). [ |

Lemma D.20 (Traces of Derivatives on .%,) Let P(t) : [0,1] = S be a continu-
ously Frechet-differentiable curve. Moreover, let I' be a fized trace-class operator on Hx.
Then,

5. Indeed, the first term in a polynomial in bounded operators, and the second term is a product of surge
polynomials, and the matrix inverse (R + B(t)"PB(t))~*. Since R+ B(t)"PB(t) = R = 0 is finite
dimensional, one can express perturbations of (R + B(t)"PB(t))~! as a convergence series, which can
be used to verify continuous differentiability.
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(a) The function f(t) =tr[['P(t)] is a continously differentiable function, with derivative
7(t) = tr [T P/ (2)].

(b) If ' is also PSD,

|T'2(P(1) — P(O)r'?

< max HFI/QP' (t)r/?
tr t€(0,1]

tr
(¢) Similarly, if T' is PSD,

HFl/?(P(l) — P(O))r1/2H < trenéa)f HFI/QP/ Fl/QH

Proof For any trace-class I, the mapping P + tr [['P] is a bounded linear functional on the
space .%,p. Hence, the map commutes with Frechet derivatives, and thus part (a) follows.
To prove part (b), write HI‘l/Z(P(l) —P(O))Fl/QHtr = maxy,|x|=1 tr(XTY2(P(1) —
P(0)T'/?) = tr(T(P(1) — P(0))), where I = I''/2XT/2. One can check that T is also
trace class (see, e.g. Dragomir (2014)) and hence f(t) = tr [f’P(t)} is a continuously differ-
entiable function by the first part of the lemma, with derivative f'(¢) = tr {f’P’(t)]. Thus,

from the mean-value theorem, tr(I'(P(1) — P(0))) = f'(t) = tr [fP’(t)} for some ¢ € [0, 1].
Thus,

HFI/Q(P(l) — P(0))rV/?

= t F1/2XF1/2 P(1) - P
. (P(1) ~ P(0))]

< max max tr [Fl/zXfl/ZP’(t)} .
X[ Xlop=1t€[0,1]

Swapping the maxima and rearranging the trace, we see that the resulting term is just

max max tr [XF1/2P/( )Fl/z] = max HF1/2P/ (t)r'/?
X:|| X |lop=1t€[0,1] t€(0,1]

tr

The proof of part (c) is nearly identical, except that the constraint on the variational pa-
rameter X is strengthed to || X || < 1. [ |
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Part 11
Estimation Rates

Appendix E. Estimating System Operators

In this section, we prove estimation rates for the system operators Ay, By estimated via ridge
regression on data collected under a single trajectory. In particular, throughout this section,
as per our definition of the dynamics in Eq. (1.1), we assume that data {(x¢, u,) ;F:+11 is

generated according to,

Xt+1 = Ac, Xt + Byug + wy,
where u; = Kox; + v¢. Here, Kj is a stabilizing controller, v i N(0,021), and wr i
N(0,Xyw). As before, we let

S0 1= (Ko, 0%) = lim E[x, @ x| = diyap ((A* + B,Ko)", B,BHo2 + zw)

be the stationary state covariance when inputs are chosen according to the exploratory policy
above. We define A, := A, + B, K and estimate A, , By via two separate regressions:

T
~ 1 1 A
Ay = in — - - A 2+ 2| Aall E.1
ol argAﬁllnT ;:1 2||Xt+1 axel|” + 9 | Aallis (E.1)
T
~ 1 1
Bi=argmin — Y ~|x111 — Bve|*. k.2
argBmln T - 2||th+1 Vil (E2)

The following lemma provides closed form expressions for the estimation error.
Lemma E.1 Let Ay and B be defined as in Eq. (E.1) and Eq. (E.2), then

T

T —1 T -1
~ 1 1 1
Acl*_Ad:/\Acl* <T;Xt®xt+)\l> — <TZ(B*Vt+Wt)®Xt> (T;Xt@Xt+AI>

t=1

T T -1

B*—B = — (Z (Acl*Xt+Wt) ®Vt> (th®vt> .
t=1 t=1

Proof For the first statement, by taking the first order optimality conditions for the opti-

mization problem in (E.1), we have that,

1 o 1 & 1 — -
Ag = <Acl* (T;Xt®xt> +T;(B*Vt+wt)®xt> (TZXt®Xt+)\I) .

t=1

Subtracting out the following quantity from both sides,

1 & 1 & o
Acl* <T;Xt®xt+)\1> (T;Xt(@xt—i—)\I)

and multiplying by —1 we get the first identity. The second follows directly from computing
the optimality conditions for (E.2). [ ]
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E.1. Estimating B,

We start by presenting the estimation guarantees for B, since they are significantly easier
to prove than those for A,. This is because the covariates v; are independent and finite
dimensional.

Proposition E.1 (B estimation) LetT 2 max {dylog(d,), dulog(})} then with prob-
ability 1 — 9,

A2 du (b [Bx0] + [ Ex0llus log (%))
B,— B < = .
HS olT
Proof Using Lemma E.1 we know that the error in estimating B, has the following form,
which we can upper bound as follows,

2 2

T T -1 T
1
E Ac, Xt + W) @ vy < E Vt®Vt> <

. 5 Z (Acl, %t + W) @ vy
=1 t=1 HS Amin <Zt:1 Vi ® Vt)

t=1
Upper bounding Hilbert-Schmidt norm Focusing on the Hilbert-Schmidt norm term,
we let e;...eq, be the standard basis for R% . Then, we can expand the Hilbert Schmidt
norm as,

HS

T 2 de T
S Az +w) @ve| = SIS (Aaxe +we) (vised) |2 (E3)
t=1 Hs i=1 t=1

=F;

Now, we deal with each E; individually. To do so, we notice that Zthl (Ac, Xt + Wy) (v, €;)
is a mean zero gaussian vector in Hyx with covariance operator equal to,

T T
E | (Aaxj+ wy) @ (Ao, X + wi)" (v, €5) (Visei) | = (Acl*E[Xt ® x(]AQ, + EW) oy
k=1 t=1
=< 02T - Ty p.

The first equality follows from the fact that for j # k, (v;,e;) and (vy,e;) are independent
and both mean zero. Therefore, only the diagonal terms remain and by definition of vy,
E (vy, ei>2 = 02 for all 4 and t. The upper bound in the second line is a consequence of the
fact that, by definition of the dynamics and dlyap, E [x; ® x;] < ¥ 9. Moreover, since ¥x o
is the solution to a Lyapunov equation,

H 2 H
A, ZX,OACI* = EX,O —Yw — 0y B.B,,

the ¥y cancel out. Now, by applying the Hanson-Wright inequality (Lemma E.5), with
probability 1 — §;, E; is upper bounded by,

2T 02 - tr [Sx 0] + 5T02 - log(1/6;) | Ex0]lys -
Letting 6; = ﬁé, we get that with probability, 1 — §/2, the expression in (E.3) is less than

or equal to
5 2d,,
5d,Toy - | tr[¥x0] + log 5 1Ex0llus | -
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Lower bounding minimum eigenvalue To finish off the proof, we lower bound the

minimum eigenvalue of Zthl vi ® v¢. Recall that vy ESaYe (0,021) for all t. Hence, by
Lemma E.6 (and our lower bound on T'), with probability 1 — §/2,

n 2
Amin (Z vi ®vi> > (9/1600)*T%0.
=1

Here, we have used that M, as defined in Lemma E.6, is upper bounded by o2d, and that

Omin(021) = o2.

Wrapping up Putting everything together, with probability 1 — §, for T" larger than the
stated threshold,

u (b7 [Zxo] + 108 (5) [Zxollus)
olT

2 d
|5~ B, <
HS

E.2. Estimating A,

For this subsection, we define the following the following quantities to simplify our notation,

1 T
2,0 1= T;xw@m

V)\ = {q S Hx : <q7 EX,Oq> Z )\}
to:=co ||P0||op 10g+ ()\_1 ”POng HEOHOP) ’

where Py := P (Ko; Ay, By) and cq is a universal constant.

Let Sy denote the orthogonal projection operator onto the subspace Vy. Similarly, let Sy
denote the projection operator onto the orthogonal complement of V. Recall our definition
of Xg := B*BEJ% + Xw. Lastly, we will make extensive reference to dy and Ci,ji,\ as defined
in Theorem 3. In particular, if we let (05)72; = (0(2x,0))72; be the eigenvalues of ¥x o
then,

dy:=Hoj: 05 > M, Cuaitn = 5 Y juq, 04
Lastly, recall A, := A, + By Kp.
Proposition E.2 (A estimation) Let T be such that
T 2 max {dy log.. (tr [Zx0] A1), dalog, (1/8)} + | Pollop log (A IB0)12, 150l )

Then, with probability 1 — ¢,

Wi
T

—~ 2
|(Aa = 40)=]| S M 140 s +

tr [Xx
(dx + Craitx) log ( [ ’0]> .

oA
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Furthermore, the above guarantee holds for any Ay equal to

Td ‘= arg min <(Ac1 - A\Cl)a (ix,o + )\I)(Acl - A\cl)> y
Aq€EB

where B is a compact and convex set containing A, .

Proof Using the identity from Lemma E.1,

1 T 1/2 1 T —-1/2
(Acl* — A\cl) — Xt X Xt + A = )\Acl* — Xt X Xt + A
T T
t=1 t=1

1 T 1 T —1/2
- (TZ(B*Vt+Wt)®Xt> <T;Xt®xt+)\l> .

t=1

Taking the Hilbert-Schmidt norm of both sides, we get that

L 1/2(|2
(Aq, — Aa) (T > xi@x+ )\I>

t=1 HS

is less than or equal to,

!

1 & —1/2))? 1 I 1 -1/2|2
2 )\Ad* (szt®xt+)\l> —|—2 (TZ(B*vt+wt)®Xt) th®xt+/\1)
t=1 t=1

HS t=1 HS
N No

~

Since projections onto convex sets are non-expansive, incorporating a projection step as in
the definition of A}, doesn’t change the above guarantee since

2 2

H (Aa, — Aa) (ix,o + )\I) s

< H(Ad* — Aa) (S0 + M) 2

HS HS

Bounding the bias Next, we bound each of these terms separately. For the first, we have
that,
N < A Aa, s -

Bounding the noise For the second term, we apply Lemma E.2, to get that with prob-
ability 1 — §/2,

. T T —1/2])2
Ny < T <Z(B*Vt+wt)®xt> (th@)xt-l-/\j')

t=1 t=1 HS
tr [EX,O] >

1
T

S

Wi - (d,\ + Ctail,)\) 10g+ < 5
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Therefore, with probability 1 — §/2,

—~ ~ 2 1 tr [
e = 40.) o+ A0 [} S M1 s + W (dn + Comna) o (5200
HS T oA
(E4)
Now, since we have chosen T to be large enough, we apply Proposition E.3 to get that with

probability 1 — /2 R
Ex,O <c- (Ex,O + >\I)

where ¢ is a universal constant. This finishes the proof since,
H(A\Cl - Acl*) 1/2H =tr [(A\cl - Acl*)zx O(A\cl - Acl*):|
< c-tr [(Acl - Acl*)( x,0 )‘I)(A\cl - Acl*)}

- ¢ H(A\cl - Acl*)(ixzo + )\I)I/QHiS

The final result then follows by applying a union bound and combining this last inequality
with (E.4). [ |

Lemma E.2 The following inequality holds with probability 1 — 6,

T -1/2]|2
tr [Yx
Z (Byve + W) @ xy (th®xt+)\T I) SWtr'10g+< [5/\ ]>(d>\+ctall>\)
=1 t=1
HS

Proof Define z; := B,v; + w;. Note that z; i1 N(0,%g), where X is again defined as,
Yo = B.Bo2 + 5.

Now, let Z;’;l q; ® q; - 0; be the eigendecomposition of this linear operator ¥y where the
q; form an orthonormal basis of Hy. By definition of the Hilbert-Schmidt norm,

-1/2

T T ~1/2||? o T
Zzt®xt (thé@xt—i—)\T‘I) :ZH (th@)xt—i-/\T-I) th<zt,qj)||
j=1 t=1 t=1

t=1 t=1 HS

=E;
(E.5)
Due to our choice of basis, we have that (z;, q;) is a zero-mean sub-Gaussian random variable
with sub-Gaussian parameter o;. In particular, since the z; are drawn i.i.d from N (0, 3),
we have that for all v € R,

7 7
Bexp( {azz)) = e (5 o)) e (5 )
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Self-normalized inequality Using this decompostion, we can bound each Ej; via a self-
normalized martingale bound for vectors in Hilbert space. In particular by Lemma E.7, with
probability 1 — d;,

1/2
det (I X ® xt)
0

Ej < 20']' IOg

T
1
= o log det <I 37 th ® xt> + 20 log(1/6;).

t=1
Setting §; = —2.§, with probability 1 — 0, F; has the following upper bound,
2

E; < ojlogdet <I+ —th ®Xt> + 20, log <35> + 40 log(j).

Using a union bound and summing up over all j, we get that with probability 1 — Z?i1 0; =
1-4/2,

T T —1/22
S (zxt®xt+mz>
H

t=1 t=1

< <logdet<[+zxt®Xt>+210g< >)ZUJ
£43 05 los())
j=1

S

Bounding log determinant & simplifying Lastly, we can apply Lemma E.3, to con-
clude that with probability 1 — 4/2,

log det (I +— th ® xt> < dy log (1 + tr [Ex0] &) + A" og, (1/6) - tr [SaXx05] -
t 1

Now using the fact that > 22, 0 = tr [B.Bfo2 + 4] = tr[Sg], the target quantity is less
than or equal to a universal constant times:

2
2> + At log (1/6) - tr [SxEx,05,] + log <7r >> + Wiy

tr [Xo] (d,\ log <1 + tr [Xx 0] i 35

Furthermore, by definition of Wy, tr[Xg] < Wi, A short calculation shows this above
satisfies,

tr [Ex@]
oA

S Wi - log, ( ) (dx + Cuail \) -
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Lemma E.3 With probability 1 — ¢,

T
1 2 ~ _ _
log (det (I + ;:1 Xt ® xt>> < dylog (1 + tr [Zx 0] 3 A) +7A" log, (2/8)tr [S1Ex,09,] -

Proof Let > .2, q; ® q; - 0; be the eigendecomposition of % Zthl x: ® x¢ and recall the
following definitions.

Wn={z € Hx: (2,Xx02) > A}
d)\ = dim(V)\).

Partitioning the spectrum We recall that for any self-adjoint, PSD linear operator
M, det(M) is equal to the product II%,0; of the eigenvalues {0;}5°; of M. Therefore,

logdet(M) is equal to ) _log(o;) and logdet(I + M) = > log(1 + o;). Using this identity,
we now bound our target quantity as,

T [ee)
1
log (det <I+ T ;Xt ®Xt>> = ;log(l + 0y)
= Z log(1+ 0y) + Z log(1 + 0y)

1:q; €V :q; ¢V
oo
< dylog (1—1—20@-) + Z o;
i=1 i:q; EV

T
1 _
S)\)\—T ;Xt ® xS\

1 T
—th®xt ) + tr
AT &

To go from the second to the third line, we used the inequality log(l + ) < =z for all
x > 0 and the fact that dim(V)) = dy. In the last line, we have used definition of S as a
projection operator. In further detail,

=d) log (1 + tr

> log(l+0y) < dilog(l+01) < dylog (1—}-2@).

i:q; €V i=1

Bounding the top Now, by Markov’s inequality, with probability 1 — 6/2,

T T
1 2 Z _ E[Xt ® Xt] 2
tr | — t=1 < tr 20| —.
! )\T;Xt®xt = N-T < Bl 53
Bounding the tail Define x as,
SHxxq
X = S)\XQ
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Then,

tr

1 < 1 & 1
< Z <. | _ Z T 2 _ <112
S)\ )\T P Xt ® XtS)\ - )\T o HS)\Xt” - ATHXH ’
where the last norm is taken in the relevant Hilbert space. Now, we notice that x is a

zero mean Gaussian. Furthermore, the trace norm of its covariance operator can be upper
bounded as follows,

T
Etr [)N( ® )~(] = ZE [tr F)\Xt ® th)\” <T-tr W)\Zx’(]g)\] .
t=1

Therefore, we can apply the Hanson-Wright inequality (Lemma E.5) to conclude that with
probability 1 —§/2,

T
1 _ _ _
tr S)\)\fT E X x5\ < 22" Lr E)\EX,OSA] + 5271 log(2/6)tr EAEX,OSA]
t=1

< A tlog, (2/8)tr [SxEx05,] -

Finishing the proof In conclusion, by combining the previous parts, we get that with
probability 1 — ¢,

T
1 2 — —
log (det (I + T tgl Xt ® Xt>> < dylog <1 + tr [Ex,0] 6)\> +7A L log (2/0)-tr [S)\EX,OS)\] )

Proposition E.3 For tg and d) defined as in introduction to Appendiz E.2, if

tr [Exp]

T—tOZmax{dA10g+< >, dAlog+(1/5)}

then with probability 1 — 6,
Seo < C- (ix,o + /\I>

where ¢ is a universal constant.

Proof Recall our definition of V) as the subspace of Hx corresponding to the directions
where the state covariance ¥y o has large eigenvalues,

Vi={q:(q,Xx0q) > A}.

Furthermore, we review the definitions of S, the orthogonal projection operator onto the
subspace V), and S, the orthogonal projection operator on the complement of Vy. Since ¥ o
is a trace class operator, V) is a finite dimensional subspace. Therefore, dy = dim(V)) < co.
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For any vector z € Hy, we have that,

<Z, Ex’0Z> 2 <S/\Z, Ex’()S)\Z> + 2 <§)\Z, Zx’(]g)\z>

<
< 2(5)z, Oy052) + 2\

In order to complete the proof, it suffices to show that,

SaXx05\ X c- S)\ix,OS)\-

In short, we have reduced the proof to showing a PSD upper bound for finite dimensional
operators. By Lemma E.4, for ¢ > ¢y, we have that S\x; ~ N(0,%;) for ¥; = %I.
Therefore, for T' — ty greater than the lower bound in the statement of the proposition, we
can apply Lemma E.6, to conclude that with probability 1 — 6,

S)\E)l({gS)\ =c- S)\ixpS)\.

This concludes the proof. |

Lemma E.4 Fort > ty, SH\E [x; ® x¢] S\ = %[7 where I € R Xdx |

Proof Let v € V) be a unit vector. Then, by definition of V}, (v,¥xov) > A. Furthermore,
by properties of the dynamical system,

-2
. H
E[x; ® x¢] = Z B B*O' + X ) (Ai1*>
=0

Before moving on, we recall the form of the steady-state covariance operator Y o,
Yx0 = dlyap (Ad . B.Bog + % ) - ZAiI* (BiBioy + Zw) (Afﬂ*) '
7=0

By the previous two equations, we have that:

-1

(v, Ex0v) — (v, Ex; @ x4v) < Z A (B«Bxog + Sw) (Ail*) ’ V> '
j=

Therefore for any v € Vj,

00 -~ \H
(v, Ex; @ x4v) = (v, Ex oV) < Z el (B L Bog + 8 w) <Acl*) V>
J

j=t—1

— <v, > Al (B:Biod + Sw) (Aﬁl*) H v> :
J

=t—1
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To finish the proof, we show that for any v € V), the second term is no smaller than —\/2.
To do so, we proceed as in Lemma D.11. Recall that B, B,02 + Sy = Yo,

<v, i A (B.B.o%+ S )(AC'I)HV> |B.B.o% + S|, Z HAd* d*)jH

j=t—1 op

Sl 3 Aty

j=t—1
< ol 3 [t yima
j=t—1
()
T
S HEOHOPHPOHop Z (1 - ||P0”op )]
j=t—1

= [[Zollop | Poll3, (1 = | Pollgy )~

t-1)
=0 llop [l Pollg, exp | — :
P b 1Pollop

The fourth inequality follows from applying Lemma D.9. Fort > 14|/ P ||OlD log <§ | Po H?)p 120 Hop)] ,

the expression above is smaller than 3. Lastly, we note that since 12010

2
t0i=31Puly g, (S IR0, Hzonop) > 14 IR0l e (3 IR0, ||zouopﬂ .

E.3. Formal Statement and Proof of Proposition 3.1

Proposition 3.1 Assume that Assumption 3 holds, and define A, := - Cftable — S%_H,

Asafe 1= c%, where p,r are defined as in Assumption 3 and c is a universal constant. Then,
forT > Tinit, and (Ao, By) computed as in the WarmStart algorithm, with probability 1 — ¢

1
max { [ 4o = Aullop s [1Bo = Bullop | < 5Cotabie
Here, Puit = Poo(Kinit; Ax, By), Sxinit = Sx(Kinit, 02), and Tinie s equal to a universal
constant times the maximum of the following three quantities,

tr Ex,init
G,) d>\safe 10g+ (gAsafe ]> + ||-Pinit||0p 10g+ (

saf

tr Ex,ini
b) o log, < gAsafe t]> (drare + Crail Aeare)

} du(tr[zx .mt]+||2x |n|t||Hs 10g(7u)) )

¢) max{l, HKinit”gp o2C2

stable

Proof The overall proof strategy is to show there exists a threshold such that the error in
both A, and B, is small. We deal with operator error separately. Assume A, Ag, and By
are computed as in WarmStart (see Appendix F). Furthermore, redefine A¢), := A+ By Kinit-
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B, recovery This part is simple since we have consistent parameter recovery for Bi.
Recalling Proposition E.1, the following statement holds with probability 1 — 6/2,

dy, (tI‘ [Ex,init] + Hzx,initHHs IOg (dTu))

B, — ByllAc <

du r Ex init Ex init 1 du . oy
Since Tipix = max{1, ||Kinit||gp} (trf2s, ]J;L‘C s 1oz (*5)) we have that with probability
stable
1-46/2,
1
Bollns < Cstable-
Ihs < L Tl

1Bx —

A, recovery In order to guarantee a close estimate of Ay, we use the error decomposition
from Lemma E.1 and show that this quantity is small in operator norm if the ahgnment
condition holds. For the sake of making notation concise, we let Ex,lmt =7 Zt 1 Xt @ Xy
and Ac, = As + By Kjnit- From our earlier error decomposition,

2

N 2 -1 1L N 1
HACI - Acl* )\Acl* ( x,init + AI) - T Z (B*Vt + Wt) ® Xt <Zx,init + )\I>
v =1 op
-1||? 1 <& -~ -1 ?
< 2 HAAd* ( xjinit + AI) +2|( 7 > (Bove+we) @ % (Ex,in;t + )\I)
op t=1 HS
:;Tvl =Ny

Bounding the noise The bound on N, follows a simple application of Lemma E.2.

1 & - =t 1< o e
H (T Z Bivi+wi) ® Xt> (Ex,init + M) < 172 (Z Bivi+wy) ® Xt) (Zx,init + AI)
t=1 HS t=1 HS
T 1/2 ?
< (Z (Buvi +w,) ® xt> (Tix,init + )\TI)
t=1 HS

Applying Lemma E.2, we get that with probability 1 — §/4,

Wir <tr [Xx,init)

Ny S — ST -log, 5\ >(d)\+ctail,>\)~

Bounding the bias The bound on N; follows from the alignment condition. In order to
apply it, we first perform the following simplification of the bias term.

1112

~ —1/2]|2
Acl* (Ex,init + )\I>

op

H)\Acl* ( x,init T )\I)

<]

op

—-1/2 —-1/2

=\ H <§x,init + )\I) Al Aq, (ix,init + )\I) (E.6)

op
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As in the alignment condition, we let U (A, +A /T)VH be the SVD of A.j,. Therefore, Ag* Ad,
is equal to V(A2 + A?T)VH. Applying the triangle inequality, we can then bound (E.6) by,

g H (S +21) Pvan (Swme + A1) e

op w H (ix’init * )\I) o VA7 VH <ix,init + AI) o

op
(E.7)
We can bound the second term above by HA?THOp = s2,;. Next, we have chosen Ty large
enough so that ix’in;t + Al is a PSD upper bound on ¥y init as per Proposition E.3. Together
with the alignment condition, we have that with probability 1 — §/4,
VA72~VH j pzx,init j C- p(ix,init + )\I)?

for some universal constant c¢. This implies that,

(ix,init + M) e VAZYH (ix,init + AI) e = cpl,

and hence the first term in Eq. (E.7) is smaller than c¢- Ap. Putting everything together, we
get that with probability 1 — §/4, Ny is less than or equal to cpA + sg_H. Therefore, with
probability 1 —§/2,

n 2 Wi tr [Xx ini
HACl — Aa, < CO)\—%r -log <[5};\’mlt]> (dx + Craitn) + c1pA + S%+1. (E.8)
op
Now, we let A, := T%Cftable — 52 41 which is strictly great than 0 by Assumption 3. Setting

A = Asafe = c/% for some universal constant ¢/, we have that c;pA < %AT. Furthermore,
for T such that,
Wtr <tr [Ex 0] )
Tz log ) (A + Cratrns)
Asafe Ar + 0 Asafe ( safe tail, Safe)
the first term in Eq. (E.8) is less than or equal to A, /2 and hence HA\d—Ad* ng < T1662

stable*

o~

Computing Ag = Aq — BoKinit, we get that:

[Ao — Axllop = H(A\cl — BoKinit) & Aa, — Ax

op

IN

HA\CI — Aa,

1

>~ §Cstable-

This concludes the proof. |

+ [[(Bsx = Bo) Kinitlop,
op

A

E.4. Estimation Lemmas

Lemma E.5 (Theorem 2.6 in Chen and Yang (2021)) Let v; € Hx be independent
random vectors in a Hilbert space Hy such that v; ~ N(0,%;) and 3; < X for all i. Then,

n
P> vil® = 2ntr[£] +5t[Zllys| < exp(—t)
=1
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Proof The lemma is a restatement of Theorem 2.6 in Chen and Yang (2021). Since the v;
are Gaussians, the inequality immediately following Equation 4.2 in the proof of Theorem
2.6 in Chen and Yang (2021) can be restated as,

n
1
P Z |vil[? > ntr[S]+t| < exp <—)\t+ 2\ ||E||2HS) forall0 < A< I
=1 op
Since [|X]l,, < [|X[|ys, if we set A= (5 12][4s) 1, we get that
P zn:yva > e[S+t < e p( Ly 2n>
° > < exp|l——=—+-—-n]).
2 IIvi 5%l 25
Lastly, setting —t' = —m + %n,
- 2
P [Z vil? > mtr (5] 457 [Sllys + o |z||Hs] < exp ().
i=1
The proof follows since [|X|ys < tr[X]. |

Lemma E.6 (Lemma E.4 in Simchowitz and Foster (2020)) Let F; be a filtration
such that z; | Fy_1 ~ N(0,%,) where ¥y € R4 is F,_1-measurable, and ¥ = ¥. Further-

more, assume that
T

;Zzt(g)zt

Etr | =
t=1

< M.

Then for,

100 M 2
> 100 z
T > 223max{2dlog( 3 ) + dlog <)\min(2)> , (d+1)log (5) } )
with probability 1 — 0,

1 < 9
- LA )
T;Zt@)zt = 1600

Lemma E.7 (Corollary 3.6 in Abbasi-Yadkori (2012)) Let (Fx,k > 1) be a fil-
tration and let (mg,k > 1) be an Hx-valued stochastic process adapted to Fy, and
(K, k> 2) be a real valued martingale difference process adapted to Fy. Furthermore,
assume that mi is conditionally sub-Gaussian in the sense that there exists a o > 0 such
that, E [exp(nky)] < exp (720/2) for all v € R. Consider the martingale and operator-
valued processes,

t t—1
Spi= Y M omy, Vii=) mp@my, V=AM +V; fort > 0.
k=1 k=1

Then, for any 6 € (0,1) with probability 1 — ¢,

— det(I + "1V,
vt > 2, V28 < 20log <e(+5t)>
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Part III
Regret Bounds

Appendix F. Algorithm Descriptions: OnlineCE and WarmStart
< 5Cstable} denote an operator norm

Below, we let B := {Acl : HACI - (A() —|—B()K0)Hop <
ball around the warm start estimate Ay + BgKy and let ﬁx,() =71 Zthl X; ® Xy be the

empirical state covariance. The precise description of Ty, and A may be found in the proof
of Theorem 3.

F.1. Incorporating Data Dependent Conditions for WarmStart

Let Py := P (Ap, Bp) denote the optimal value function of the initial estimate (Ao, By).
From our perturbation bounds on the solution to the DARE (Proposition C.2), we have that
if

€op0 = max{|| Ao = Aullgp » | Bo = Bullop} < 1/(16(1 +0)* | Poo (Ao, Bo) g, -

for some parameter 7 € (0, 1), then || P, — Py||op < 1||Pollop- By choosing n sufficiently small,
we can see that that if 4,0 < aTRTE then the warm start condition Condition 2.1 holds.
Hence, by modifying constants, we can replace Cgtaple in the warm-start condition with a
data-dependent condition 40 < m (for constant ¢1), which depends only on the value
function of the initial estimate. One can can show that this condition is guaranteed to be
met as soon as €op o < m, which means that the data-dependent warm start condition

does not significantly alter what is required from the alignment condition.

F.2. Implementation via Representer Theorems

In the case where the states x; are infinite dimensional feature mappings equal to ¢(y:),
where ¢ is a kernel and y; is a finite dimensional observation, we can employ standard
representer theorem arguments for kernel ridge regression in order to efficiently implement
the algorithms above. More specifically, the estimates A and B can be represented via outer
products of the data points (x, vy).

Furthermore, since inputs are finite dimensional, we can compute inverses and solve the
Riccati equation by iterating the finite horizon version until convergence (see discussion in
Fazel et al. (2018), Appendix A). That is, for P; = @, Hewer (1971) shows that the following
fixed point iteration is contractive and that P (A, B) is equal to the limit of,

P =Q+ A"PA—-A"P,B(R+ B"P,B)"'B"P,A.

Having solved the Riccati equation, we can then compute controller by taking products
of linear operators, for which we have tractable representations.

Appendix G. Regret Bounds

For the sake of the analysis in this section, we define the quantity Regret;(A,z) as the
regret incurred by the algorithm A over T' time steps starting from (a possibly random)
initial state z.

76



TOWARDS A DIMENSION-FREE UNDERSTANDING OF ADAPTIVE LINEAR CONTROL

OnlineCE
Input: Warm start estimates (Ao, By), confidence ¢, horizon length T’
1. Synthesize controller Ko = K (Ao, Bo)

2. Collect data under exploration policy
Fort=1,2,...,Texp:
e Observe state x;

e Choose input uy = Kox; + v where vy ~ N (0, 1)

3. Estimate B,

Texp 1
B = arg mlnz B ”Xt+1 thHH
B —1 exp

4. Estimate A,

(a) Compute initial estimate via ridge regression

. T
Agl i=argminy Telxp S0 3 %1 — AaxelF, + 3 1 Aallfis

(b) Project to safe set

o~

Al = arg min <(Ac1 — Aq), (B0 + AD)(Ag — AA;1)>
AqEB

(c) Refine estimate L R
A=A, — BKj
5. Synthesize certainty equivalence controller K = Ko (X, E)
6. Choose inputs according to K for remainder of horizon.
Fort=Tep+1,...,T:

e Observe state x;

e Choose input u; = K Xy

Lemma G.1 Let A be an algorithm that chooses actions according to vy = Kx; + vy for
vi ~ N(0,001) and let z ~ N(0,%,) with ||Z,]l,, < Bs. Then, with probability 1 — 6,
Regrety (A, z) is less than or equal to,

7log, (2/6) (T (aﬁtr [R] + tr [Qodlyap (Ag{, Sw + B*Bfaﬁ)D + Bytr [Poo (K Ay, B*)]) —TJ,,
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WarmStart

Input: Initial controller Kj,iz which stabilizes (A, By).
1. Collect data under exploration policy
Fort=1,2,..., Tt :

e Observe state x;

e Choose input u; = Kox; + v where vy ~ N (0, 1)

2. Estimate B,
Texp

By = arg min Z

— Bwy|I?
T [xt4+1 — B3,

3. Estimate A,
(a) Compute initial estimate via ridge regression

-~ . T.
Aa = argming 737, § [Ixern — Aaxell3,, + 5% [ Aalifs

(b) Refine estimate: Ag = A\cl — BoKinit.

where Qo = Q + K"RK and Ay := A, + B, K.

Proof By definition, the regret of the algorithm is equal to:
T
Y <xt, Q+ KHRK)xt> + (v, Rvy) — TJ,. (G.1)
t=1

The lemma follows from first showing that the relevant random variables concentrate around
their expectations and then upper bounding these expectations.

Bounding exploration cost Using the Hanson-Wright inequality (Lemma E.5), we argue
that with probability 1 — §/2, since vy ESE N(0,021),

T
> (v, Rvy)® = RV < 702T log, (2/0)tr [R].
t=1

More precisely, we have applied Hanson-Wright to the series of random variables v; = RY?v,
and used the calculation, Etr [Rv; ® v| = tr [R] o2

u-

78



TOWARDS A DIMENSION-FREE UNDERSTANDING OF ADAPTIVE LINEAR CONTROL

Bounding state cost Now let Qg := Q + K" RK, we have that,

T

(x1,(Q + K"RE)x; ) = ZHQ&%F %1

t=1

H
where X is defined as, zg : [Q Py . Qé/ 2XT} . Since all the x; are Gaussian, X; is also

Gaussian, albeit in a different Hllbert space. Applying Hanson-Wright, we get that with
probability 1 — /2,

|%||> < Tlog, (2/0)Etr [Xx ® X].
Bounding expectation Letting Ay := A, + B,K we have that by definition of the
dynamical system, for j > 0,

Xi4j = A X1+ Z A B*V1+J k+ Wigj—k)-
k=1

Therefore,
) ) J HY/ H H_2
E[xi4; ®xi14j] R AE[xg @x1] (Ag ) +dlyap (Ag, Yw + BB oy ) .

Using this, we can upper bound Etr [x ® X] as follows,

Etr [%x @ X Z Etr [Qox; @ x¢]

< tr | Qo i AR [x @ x] (ACT)j + Tt [Qodlyap (Ag, Sw + B*Bfaﬁﬂ
(G.2)

< Bytr [Poo(K: Ay, By)] + Ttr [Qodlyap ((A* B, Sy + B*B*Ha?lﬂ :
(G.3)

The final inequality is justified by the following series of manipulations,

QY AlEx @x](4f)| < Bk @x]l,tr | (4F) @+ K*PK) 4]
=0 =0

= B [x1 @ xa]lo, tr [Poo (K Axy Bi)] -

Wrapping up Combining our results so far, we have that with probability 1 —§ the regret
as expressed in Eq. (G.1) is less than or equal to,

7log, (2/0) <T (aﬁtr [R] + tr [Qodlyap (A}jl, Sw + B*Bfaﬁﬂ) + Bytr [Poo (K A, B*)]) ~TJ,.
n
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G.1. Proof of Corollary 1

Proof The proof of this proposition consists of a simple application of Lemma G.1 and
then bounding the relevant terms to show that the regret is O(Tjnit). Recall that WarmStart
chooses inputs according to u; = Kjniix; + v;. Furthermore, the initial state is exactly 0
so B, = 0 in the statement of the lemma. Therefore, with probability 1 — §, for Ay =
A, + By Kinit, the regret is smaller than:

T log, (2/6) (aﬁtr [R] + tr [(Q + KM RE i) dlyap (Ag{, Sw + B*Bfaﬁ)D ~ Tie s

We note that tr [(Q + K REiw)dlyap (A, Sy + B.BRo2)] < [|Q + K REine |, tr [S4(Kine, 0%)].

init
Since J, > 0, this expression above is then upper bounded by,

op

710g+<2/6) (O'ﬁtr [R} + HQ + K’:itRKinit tr [2*(Kinit7 O'ﬁ)]) T}nit-
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G.2. Proof of Theorem 3

Proof By definition of the algorithm in Appendix F, we can split up the regret into two
separate phases: an initial explore phase and then a commit phase.

Regrety, (explore,x1) + Regrety_g, (commit, x7, 41) -

The explore phase corresponds to the regret incurred during the first part of the algorithm
wherein inputs are chosen according to u; = Kox;+v; for Ty, many iterations. The commit

algorithm then chooses inputs u; = K x; for the remaining T' — T¢y, time steps.

Exploration regret We now upper bound the regret in each phase individually. For
the exploration phase, we can apply Lemma G.1, to get that with probability 1 — §/4, for
Aq = A+ ByKg and Qg = Q + KS'RKO, the regret experienced in this phase bounded by,

Tlog, (8/6)Texp (aﬁtr [R] + tr [Qodlyap (A'C"l, Yw+ B*Bfal%)D .

Since x1 ~ N (0,Xx ) is drawn from the same exploration distribution, the remaining con-
stant term from Lemma G.1 vanishes since there is no need to consider the change in
distribution. As in the proof of the WarmStart regret bound, we observe that,

r [(Q + KN RK)dlyap <Ad, S + B*B*Haﬁ)} < HQ + KHREK,
op

tr [Exp] .

Given that the initial estimates satisfy Condition 2.1, by Lemma D.7 and Lemma C.4 we
have that
2
[Kollop < 1Poc (Ao, Bo)llop S [ Pellop

Hence,

HQ+K§RKO
O

2
1Qllop + 1Kollg, 1 Rllop, < M.

Therefore, with probability 1 — §/4,
Regrety, (explore,x1) < log, (1/0)Texp (o3tr [R] + MZtr [Sx o)) - (G.4)

Bounding regret during commit phase Moving on to bounding regret during the
second phase, our first observation is that due to the projection step, the system estimates
A B lie inside an operator norm ball of radius .5Cstaple around the warm start estimates
(Ao, Bo). Since the warm start estimates are themselves .5Cstable close to (Ay, By), we
conclude that (A B) satisfy Condition 2.1 and by Lemma C.4, K = Ko, (A\ §) is guaranteed
to be stabilizing for the true system (A, By ). Furthermore, HP0||Op < M, and H]3H0p < M,
Next, we use a similar regret analysis as before and apply Lemma G.1, to conclude that

with probability 1 — §/4, ReglretT_Texp (commit, XTexp+1) is upper bounded by,

7T10g+(8/5)(tr[Qodlyap<Ad, )} j>+7log+(8/5)HEx0H r [Poo(Ko: Ay, B,
(G.5)
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where A = Ay + B,K and Qo=0Q+ KHREK. Next, since
tr [Qodlvap (4, T )| = tr [(Q + K"RR)Z.(K)| = 7 (R),
we can rewrite Eq. (G.5) as

TT1og, (8/8)(J(K) = J(K.)) + T1og (8/) [|Exollyp tr [Poo(Koi As, BL)]

Using Theorem 2,

~ e A— * 2 T|2ix
J(K) - J(K,) <M. £exp(5—10\/2) -2, where £ :=log (e + ZellA-4 8||2°pt = ’O]),
where € = maX{H A Ay) 1/2H ‘ B — S} and o2 has been set to 1 as in the de-

scription of the OnlineCE in Appendlx F. To finish the proof, we now plug in our estimation
rates from Part II to upper bound € and optimize over Teyp.

Plugging in estimation rates Using Proposition E.1, for Teyp 2 dy log (T“), with prob-
ability 1 — §/4,

2 < dytr [Ex o] log (%)
Hs ™ 02T exp '

|5 -]

Incorporating the analogous proposition for A,, Proposition E.2, for

tr [ [FzA
Texp 2 d)\ 10g+ <[5)\X70]> =+ HP*Hop log+ ( ; P HB*Bfgﬁ + Z]w

)7
op

~ Wiy tr [Xy
(A~ 40)2¥3]] < M4 lEs + jwt<dx+—cmnx>kg+.< %A‘ﬂ).

with probability 1 — §/4

Setting A = CTHVX%HQ for some universal constant ¢, the second term dominates the first
exp clx llHS

and we get that,

~ Wr t1 [Xx 0] Texp [| Act H2
AC _AC 1/2H t d C i 1 ’ P * IIHS i
H( 1 L) hs ~ Texp( A + Crail\) log Werd

From our definition of &, we see that it is upper bounded by, the sum of the errors in A,
and B, and hence,

> dutt [Sxo] + Wir(da +Cuainn) | dutr [Exo] | 4at, s T
~ Texp & Wtr52 ’

where above we also upper bounded Texp < T
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Wrapping up All that remains is to optimize over T, to balance the regret between
both phases. In particular, if we choose,

o T - M36 (dytr [Ex,0] + Wir(dx + Craitx))
P oltr [R] + M?2tr [Xx o] ’

we get that with probability 1—9, up to constants and log factors, the total regret is bounded
by:

\/ (tr [R] + M2tr [Ex0]) M36 (dytr [Ex0] + Wir(dr + Craitn)) T - (T)

where p(T') = exp <\/Iog (1 +VTtr [Exp])) . Simplifying the bound a bit further, we know
that tr [R] < [R||,,du. And, by Lemma D.8,
tr [Sxo] = tr [dlyap ((A* + B.Ko)", B,BHo2 + zw)}
< Hdlyap ((A* +BE, Q+ Kg'RKO)
< M (M, 4+ tr[Ew])

< Mr (2] .

tr [B*Bfaﬁ + 5y
op

Hence, if we let dpax := max{tr [Ew], Wi, dy} we get that:

max-*

tr [R] + M2tr [Sx0] $ M dmax and dytr [Sx0] + Wee(dy + Ceainn) S M2d?

Therefore, we can upper bound the total regret of OnlineCE is with high probability

O« (\/Mf2d?nax(dx + Ctail,)\)T> :

G.3. Proof of Theorem 4

Proof The proof of the theorem follows by bounding dy and Ci,ji \ based on the decay rates
of ¥w. We overload notation and define dy(A) for A > 0 to be the number of eigenvalues
of A that are larger than \. Likewise, we define Ci,j A(A) to be the sum of the eigenvalues
of A that are smaller than A, divided by A. The proof follows by applying two inequalities
which follow from Lemma D.15. In particular, since B, is finite rank and by the warm start

property, the following are true for n 2 ng := || B[, log (HP*ng Wtr//\),

dA(Ex0) < nody/ep.)2,) (Ew) + du l[Ex0ll,,

1 o

30 IPS | X0 ai(Bw) + A +du[Zxol
j > la]

IN

Crait A (Xx,0)

op’
where a = d) (Xw) /no. We analyze each case separately.
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Polynomial decay If 0;(Xyw) = j~¢, then a short calculation shows that dy(Xw) =
| A~1/]. Therefore,

A

-1/
o +du [|Exo0lly -
HP*Ilgp> .

dx(Ex,0) < no(

. Wtr
THACI* ”as
For Ciail,n, we have that

. . 1 _ _
Z j a < /;1/(1] a:ﬁA(cx 1)/an81 L

. -1/« n
j> A /1 0

no

Since A = ¢ for some constant ¢, dy(Xx0) scales no faster than ngT/*+4d, 12x0[lop-

Therefore, after dividing by A, we get that Ci,; ) scales as ng ||P*H(2)p T/« | Act, |||2-|5+du HEx,0||0p~
Since ||Ex0ll,, < M2, we get that dy + Crail  are 6(MfT1/a).

op ~
Exponential decay Moving on to the case where the eigenvalues of Xy, decay exponen-

tially fast, a similar calculation to the previous one shows that dy(Zw) = | tlog(1/))].
Therefore,

A(Cx0) S Clog | T |+ dullExolloy -

Hence dy(Xx,0) scales as O(no+d, M3). For the tail term, we observe that > o2 exp(—aj) =
1/(exp(a) —1). This term therefore scales no faster than ng HP*ng—qu Xx,0ll4p- This shows
that dy + Ceil \ are (5(M*3du)

Finite dimension In finite dimension with full rank noise, it is clear that for large enough
T, d\(Xx,0) is bounded by d, and that C,j » is equal to 0. Furthermore, using now standard
analysis such as the ones present in Simchowitz et al. (2018), it follows that ||E — Ayllus
goes to 0 at the same rate as H(E — A*)Z)l({gHHS. Therefore, the terms depending on £ in

Theorem 3 become O(1).
|

G.4. Combining WarmStart and OnlineCE

In the analysis of OnlineCE (Theorem 3), we assumed that x; ~ N(0, ¥k ) was distributed
according to the steady state distribution of induced by the exploration policy. This as-
sumption can be relaxed, since any initial distribution over x; will converge exponentially
quickly to the steady steady in Wasserstein distance due to a mixing argument (variants of
this argument are ubiquitous in the analysis of online LQR, and for brevity we omit them.
The curious reader can see appendices of Dean et al. (2018); Abeille and Lazaric (2020) for
examples. The mixing time will be a polynomial in || Px (Ko; Ax, By)|lop, which we show is
S.; ”P*Hop'
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Hence to stitch the two regret bounds together, we simply run the initial phase to garner
estimates (Ap, By), begin to play controller Ky = K (Ao, Bo,), allow a constant-length
burnin for the state to converge to the distribution of ¥4 o, and then execute OnlineCE.
Again, for the sake of brevity, we omit the details.

As a final remark, when stitching both algorithms together, one could in principle omit
synthesizing the controller Ky as outlined in the first step of the OnlineCE algorithm and run
the entire exploration phase just using Kjuit. Doing so would only increase the constants M,
since they would now depend on || Poo (Kinit; A, By) ||y, The asymptotics of the algorithm
would remain unchanged. However, the projection step onto a safe set around (Ag, Bp) is
crucial for our analysis in order to ensure that the certainty equivalent controller is stabilizing
for the true system.

Appendix H. Lower Bound

In this section, we state and prove lower bounds demonstrating the necessity of finite input
dimension; these results follow from applications of the lower bound due to Simchowitz and
Foster (2020). Our first bound is as follows:

Theorem 1 Let ¢, > 0 denote universal constants. Fix any trace bound v > 1 and input
dimension d,, € N with d, > +/log(1++). Consider the set U of instances with state
dimension d, = |7v] defined by
U= {(A,B) = |A- +Tlus <+, |Bllus < -}
= , B) = 5 1lHs < 7 HS < -
Then, the LQR regret with cost matrices Q = Iq,, R = Ig,, and noise || Ewllop = 1, tr[Ew] <
v satisfies

min max E4 p[Regretr(alg)]

T T € [¢ylog(1+ ), vdz]
alg (A,B)eU

VY2 T T > ~d?

We prove the bound in the following subsection. The bound considers instances that lie in a
finite dimensional Hilbert space of dimension d, = |v]. In particular, all the instances in the
packing are operator norm bounded, Hilbert-Schmidt, and in fact finite rank. The difficulty
introduced by high-dimensional inputs is one of a needle in the haystack: to find the optimal
control policy, the learner needs to learn to align their controller with the true B, matrix,
and doing so incurs dependence on ambient dimension. In essence, this is because the learner
is free to pick any direction she chooses, so the complexity of the problem behaves more
like, say, a linear bandit problem in dimension d,, than a statistical learning problem which
admits a more refined notion of intrinsic dimension.

In Appendix H.2, we state and sketch the proof of a lower bound that holds even if all
the instances are controllable, demonstrating that little can be done to remove the finite
dimensionality requirement of inputs.

Remark 1 (Local Mimimax Bounds) The bound stated above considers the minimaz
regret over a ball of constant radius. In contrast, the lower bound for finite dimensional
online LQR due to Simchowitz and Foster (2020) is stronger in the following ways: (a) it
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considers local minimax regret over alternatives with a vanishingly small radius (O(1/v/T))
of a nominal instance (Ay, By) and (b) it establishes lower bounds for any sufficiently non-
degenerate (Ay, By).

Since our lower bound builds on theirs, we can in fact strengthen Theorem 1 to hold for
a set U contained in a ball of radius O(1/v/T), thereby accomplishing point (a). Regarding
point (b): we chose to state our lower bound for a fixed instance to clarify the dependence
on dimension without requiring further dependence on problem parameters. In principle,
similar guarantees can be established for perturbations of arbitrary instances (A, By), but
these would require additional work to clarify both (i) the norm of the value function for
such an instance, and (ii) the singular values o, (A + B Ky) of the optimal solution to the
closed loop matriz (in view of Simchowitz and Foster (2020, Theorem 1)). By addressing
both terms, one could show, for example, that even in vanishly small neighborhoods of Hilbert-
Schmidt, but still infinite dimensional Ay, the dy-term in the regret is unavoidable. In the
interest of brevity, we leave these calculations to future work.

H.1. Proof of Theorem 1

Throughout, we let ¢;, 7 > 1 denote universal constants. Recall that v > 1 is the trace bound,
and d, = |7v] is the state dimension. We select Xy = I, which has trace tr [Xw]| = d, < 7.

Our lower bound follows from specializing the lower bound due to Simchowitz and Foster
(2020). To begin, we state a variant of their main lower bound.

Proposition H.1 (Variant of Theorem 1 in Simchowitz and Foster (2020)) Letci,co,p >
0 denote universal constants. Consider a finite dimensional LQR system (A, By), with finite

input dimension d,,, state dimension d, cost matrices R, Q = I, optimal controller Ky, value
function Py, and noise Yy = Iy, . Suppose v := omin(Ax + BLKy)/||R + B*TP*B*HOp > 0.

Then, defining the convex set,

B:={(A,B): | A~ Adls + 1B — Bullss} < %, (H.1)
it holds that,
min max E4 g[Regrety(alg)] > con/dpd2T - M,
alg (A,B)eB P13,
provided that T > c1|| Py||bp min{d2d,, da max{l’ﬁ}%&x{l’HB*”gp} ,dy log(1 4 dg|| Pillop) }-

Proof

Proposition H.1 is obtained by specializing the proof of the lower bound from Theorem 1
in Simchowitz and Foster (2020) to m = d,,, and noting that the instances in the construction
of the lower bound lie in an ball which satisfies the conditions of Lemma 4.1 their work (note
that, by enlarging the constant term in the unspecified polynomial in that lemma, we can
ensure that the constant is sufficiently small). |

First, for simplicity, we specialize Proposition H.1 with a concrete instance. Take A, = %I ,
R=Q =1 and let B, =0.
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Lemma H.1 Let P, denote the value function for the instance (Ax, By), K, the optimal
controller, and A¢), := A+ B K, the optimal closed loop systems. Then, P, = %I, K, =0,
and Aq, = Ay = %I.

Proof Since B, = 0, Ay, = A,. Moreover, zero B, means that the control inputs do not
affect the system. Hence, optimal performance is optimized by selecting no control input,
so as to minimize input cost; that is, K, = 0. Hence, the value function is dlyap (4., Q) =

; ; o A
ijo(%I)JI(%)j =1 23204 T = 1711/41 =3l u

Invoking Lemma H.3, and using d? > log(1 + ) > log(1 + d,.) to simplify terms, we find
that for universal (i.e. dimension independent) constants cs,cy4, the instances centered in
Bi={(A,B):|A - Afis + | Bllis} < 1} satisty

mlln (AH?)XBEA p[Regretp(alg)] > es/dd2 - T, VT > C4d3d$. (H.2)
alg (S

To conclude, we address the case where T' < c4d?d,. For T > 4cyd, log(1 +d,), consider
a smaller input dimension d := /[T /csd,|. Let By := {(A, B) € R% x R : || A — Afs+
|B||3s} < 1} denote the analogous set of local instances to the above construction with
input dimension d. From the choice of d and condition on 7', we have d? > log(1 + d,) and
T > c4d?d,, so the above lower bound established in dimension d,, entails that, for another
universal constant cs,

min max_ E, B[RegretT(aIg)] > e3\/dyd? - T > 5T,
alg (AB)GBd

where the last inequality follows from the choice of d := +/|T"/cad,|. Stated otherwise, it
holds that for all T' € [4cqd, log(1 + dy), cadd?],

3d € [1,d,] such that min max IEAB[RegretT(alg)} > csT.
alg (A,B)eBy

We now embed the above instances of input dimension d into input dimension d, via the
following lemma.

Lemma H.2 Fiz a state dimension dg, and an input dimension d < d,,. Given a matriz
B e R%xd et (B ) denote its canonical embedding into R%*du by paddmg the remaining
dy — d columns with zeros. Overloading notation, given a subset of U C R% x R define
its embedding

W(U) := {(A,B) : 3(A,B) €U with B=1(B)}.
Then,

inf max E Regretr(alg)] > inf max E Regret(al
alg (A,B)eU 4., [Regretr(alg)] iy 4 5[Regrety(alg)],

where on both sides, the noise covariance is ¥, = I and the state cost QQ = Ig,. On the left
hand side, the input cost is 1g,, and on the right, R = 1.
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Thus, letting B := Udert ) 1(Bg) denote the union of all the embeddings of the sets B, it
holds that for all T € [4cqd, log(1 + d,), cadd?],

min max _[Ey4 p[Regrety(alg)] > 5T
alg ((A,B)eB

Moreover, since B D B, incorporating Eq. (H.2) we conclude that,

min max [E, g[Regrety(alg)]

csT T € [4cady log(1 + dy), cadypd?]
alg ((A,B)eB '

c3y/dyd? - T > cyd,d?

Replacing d, with |v], absorbing constants, and simplifying, we find that for universal
constants cg, c7:

min max [Ey4 g[Regrety(alg)] > ¢

T T € [crylog(1 + ), vd2]
alg ((A.B)eB '

VY2 - T T > ~d?

Finally, we observe that

> 1 1 1
Bou:={(4B):=[lA-Sllns = 7. [[Bllws < 3}

Proof [Proof of Lemma H.2] We begin with the following claim.

Claim H.1 Let alg be an algorithm which interacts with instances (A,B) € U. Then, there
is an algorithm alg which interacts with instances (A, B) € U for which,

T T
VA, B, B=uB), E,p i[> IIxell® +lluel®] < Eapaigl)  lxel® + luel?],
t=1 t=1

with equality if alg always plays inputs uy whose last d,, — d coordinates are 0.

Proof Given an input u; € R% write u; = (1, 1;) as the decomposition of u; into its
first d, and last d,, — d coordinates. Observe that, for instances (A, B) € U, the last d,, — d
coordinates ; do not affect the dynamics. Hence, the iterates (Xt,flt) produced by alg
on (A,B) in U coincide with the iterates obtained by the algorithm alg which, given an
instances (A, B) € U proceeds as follows:

° aTg maintains “internal” inputs @; corresponding to the inputs that would have been
selected by the original algorithm alg with input dimension d,,.

e For each t, a|~g feeds alg the past iterates xi.¢+, U1.+—1, and receive internal input ny.
e Then, aTg plays the input u; € R obtained by projecting Gi; onto its first d coordinates.

Given an instance (A,

B) € U, and its embedding (A, B) = (A, «(B)), the iterates (x;, u;)
produced by alg on (A, B) h

ave the same distribution as the iterates (x;,u;) € R% x RY
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produced by alg. Hence, for all A, B, B = 1(B), it holds that

T

T
E 4 paigld I1xel” + luel®] = Eapagl) | lIxell? +
t=1 t=1

T
< Eapagl) %l + lluel],
t=1

with equality if remaining d,, — d coordinates of the inputs prescribed by alg are identically
0 for all ¢. ]

Arguing along the lines of Claim H.1, we can also see that the optimal infinite horizon
control policy for (A, B) € U also only selects inputs supported on the first d coordinates,
and thus

Jap =,

e V(A B)eU,B = u(B).

Consequently,

E 4 g[Regret,(alg)] = E 2 TJ%
(AH}Ba)X 4,B[Regretp(alg)] (Arrgt)é ABalg;Hth + [lwel’] = T T4 g

> max ABa.anxtuhuutn] T, ;0 where B = u(B)
> max EAB[RegretT(aIg)]
(A,B)eld

as needed. [ |

H.2. Lower Bound that Maintains Controllability

In this section, we state a lower bound that maintains controllability, in order to demonstrate
how controllability does not ameliorate the requirement that the input dimension d, be
bounded. To capture this scenario, set
1
dp < dy, Ax= 5], B, = 1[Iz, 04,]. (H.3)

Theorem 6 Let ¢, be universal constants. Let c,c’ > 0 denote universal constants. Fix
any trace bound v > 1 and input dimension d,, € N with d,, > . Consider the set U of
instances with state dimension d, = |7v| defined by

1 1 1
u:.= {(A,B) =|A— §IHHS < T |1B — Byllns < 4}, where B, is in Eq. (H.3).

Then, the LQR regret with cost matrices Q = Iq,, R = Ig,, || Ewllop = 1, and tr[Ew] < 7,
satisfies,

min max [Ey4 g[Regretp(alg)] > +/vd2 - T,
alg (A,B)eU

for all T > ¢~vd?. In particular, if T o< vd2, the minimaxz regret on U is linear in T.
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Note that, for all instances (A, B) € U, not only is A stable (||A|lop < 3/4), but the column
space has rank d,, and smallest singular value at least 3/4 (since the first d; columns of B,
are the identity, and all matrices are in U are a bounded perturbation thereof). Hence, the
systems (A, B) € U are all one-step controllable. Nevertheless, the regret still scales with
2.

The proof of Theorem 6 is nearly the same as that of Theorem 1; the main difference is
verifying the bounds on P, and o, required to instantiate Proposition H.1.

Lemma H.3 Regardless of the choice of dimension, we have that ||Pillop < 4/3, and
Omin(Ax + BoKy) > 1/5.

Proof [Proof of Lemma H.3| For simplicity, we drop the stars in the subscript. Let us char-
acterize the optimal solution. Define F(P) := AT PA— (A"PB)(R+ B"PB)"Y(B"PA) +
@ — P. Let J denote the projection onto the subspace spanned by the columns of B, and
J1 =1 —J. We guess a solution of the form

P=piJ+psJ,.

Next, we show that such a P solves F(P) = 0 when pj, py are appropriately chosen. With
this matrix, R+ B'PB = R+ p1lg, = (1 + p)lg,, so B(R+ B"PB)™'B" = (1 + p1)J,
where J is the projection onto the subspace spanned by the columns of B. Let J+ =T —J.
Note that in the overactuated case, J is the identity. Hence,

P P
FP)=————"—"—J—P+1
(P) 4 4(1+p)
2
p1 P71 D2
=1+ —p1— )T+ (14 —pa)J
( 4 p1 4(1+p1)) ( 4 p2)JL
3p1 pi —3p2
=(1l-—-——)J+ 1+ Ji.
To solve this equation, set py = %, and set
2
R S
4 4(1+m)

—4(1+p1) +3p1(L+p1) +pi =0
4pt —p1 —4 =0,

ﬁ

/3.

Taking the positive solution of the quadratic equation, p; = ~¢
Now, the optimal control policy is K = —(R+B'PB)"'B"PA = 1. 13)1 BT (using the
form of B, R = I, and P), yielding BK = —%(lfm)t]. Hence, A+ BK = % (JJ_ + ﬁ(}),

and thus, omin(A + BK) > m >1/5. [ ]

1+ 65<
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