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Abstract

We study stochastic gradient descent (SGD) and the stochastic heavy ball method (SHB, otherwise
known as the momentum method) for the general stochastic approximation problem. For SGD, in
the convex and smooth setting, we provide the first almost sure asymptotic convergence rates for a
weighted average of the iterates . More precisely, we show that the convergence rate of the function
values is arbitrarily close to o(1/+v/k), and is exactly o(1/k) in the so-called overparametrized
case. We show that these results still hold when using a decreasing step size version of stochastic
line search and stochastic Polyak stepsizes, thereby giving the first proof of convergence of these
methods in the non-overparametrized regime. Using a substantially different analysis, we show
that these rates hold for SHB as well, but at the last iterate. This distinction is important because
it is the last iterate of SGD and SHB which is used in practice. We also show that the last iterate
of SHB converges to a minimizer almost surely. Additionally, we prove that the function values of
the deterministic HB converge at a o(1/k) rate, which is faster than the previously known O(1/k).
Finally, in the nonconvex setting, we prove similar rates on the lowest gradient norm along the
trajectory of SGD.

Keywords: Stochastic Gradient Descent, Stochastic Heavy Ball, Momentum Method, Almost sure
convergence, convex, nonconvex.

1. Introduction
Consider the stochastic approximation problem

x4 € argmin f(x) def Eyp [fo(2)], (D
z€R4

where D is a distribution on an arbitrary space 2 and f, is a real-valued function. Let X, C R¢
be the set of solutions of (1) (which we assume to be nonempty) and f, = f(x,) for any solution
T+« € X,. The stochastic approximation problem (1) encompasses several problems in machine
learning, including Online Learning and Empirical Risk Minimization (ERM). In these settings,
when the function f can be accessed only through sampling or when the size of the datasets is very
high, first-order stochastic gradient methods have proven to be very effective thanks to their low
iteration complexity. The methods we analyze, Stochastic Gradient descent (SGD, (Robbins and
Monro, 1951)) and Stochastic Heavy Ball (SHB, (Polyak, 1964)), are among the most popular such
methods.
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1.1. Contributions and Background

Here we summarize the relevant background and our contributions. All of our rates of convergence
are also given succinctly in Table 1.

Almost sure convergence rates for SGD. The almost sure convergence of the iterates of SGD is a
well-studied question (Bottou, 2003; Zhou et al., 2017; Nguyen et al., 2018). For functions satisfying
Y(z,7) € R x X, (Vf(z),2 — zs) > 0, called variationally coherent, the convergence was
shown in Bottou (2003) by assuming that the minimizer is unique. Recently in Zhou et al. (2017),
the uniqueness assumption of the minimizer was dropped for variationally coherent functions by
assuming bounded gradients. The easier question of the almost sure convergence of the norm of the
gradients of SGD in the nonconvex setting, and of the objective values in the convex setting, has also
been positively answered by several works, see Bertsekas and Tsitsiklis (2000) and references therein,
or more recently Mertikopoulos et al. (2020); Orabona (2020a). In this work, we aim to quantify
this convergence. Indeed, while convergence rates are commonplace for convergence in expectation
(Nemirovski et al. (2009); Bach and Moulines (2011); Ghadimi and Lan (2013) for example), the
litterature on the convergence rates of SGD in the almost sure sense is sparse. For an adaptive SGD
method, Li and Orabona (2019) prove the convergence of a subsequence of the squared gradient at a
rate arbitrarily close to o(1/+v/k). More precisely, they show that lim inf}, 2 IV f(x)]|* = 0 for
all e > 0, where xy, is the kth iterate of SGD. Godichon-Baggioni (2016) proves that, for locally
strongly convex functions, the sequence (||z — 2+||*), where z, is the unique minimizer of f,
converges almost surely at a rate arbitrarily close to o(1/k).

Contributions: 1. In the convex and smooth setting, we show that the function values at a weighted
average of the iterates of SGD converge almost surely at a rate arbitrarily close to o(1/ V'k). In the
so-called overparametrized case, where the stochastic gradients at any minimizer V f,(z,) are 0,
we show that this rate improves to o(1/k). The proof of these results is surprisingly simple, and
relies on a new weighted average of the iterates of SGD and on the classical Robbins-Siegmund
supermartingale convergence theorem (Lemma 6). We also complement the well-known Robbins-
Monro (Robbins and Monro, 1951) conditions on the stepsizes with new conditions (See Condition 1)
that allow us to derive convergence rates in the almost sure sense. We also show that our theory
still holds in the nonsmooth setting when we assume bounded subgradients (Appendix F). 2. In the
nonconvex setting, under the recently introduced ABC condition (Khaled and Richtarik, 2020), we
derive almost sure convergence rates for the minimum squared gradient norm along the trajectory of
SGD which match the rates we derived for the objective values of SGD.

Asymptotic convergence of SGD with adaptive step sizes. One drawback of the theory of SGD
in the smooth setting is that it relies on the knowledge of the smoothness constant. Two of the earliest
methods which have been proposed to address this issue are Line-Search (LS) (Nocedal and Wright,
2006) and Polyak Stepsizes (PS) (Polyak, 1987). But while their convergence had been established
in the deterministic case, it wasn’t until recently (Vaswani et al., 2019b, 2020; Loizou et al., 2020)
that SGD with LS and with PS has been shown to converge assuming only smoothness and convexity
of the functions f,. For both methods, it has been shown that SGD converges to the minimum at a
rate O(1/k) in the overparametrized setting, but converges only to a neighborhood of the minimum
when overparametrization does not hold.
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Contributions. We show that SGD with LS or PS converges asymptotically at a rate arbitrarily close
to O(1/+v/k) in expectation, and to o(1/v/k) almost surely when using decreasing maximum step
sizes. Moreover, in the overparametrized setting, using the proof technique we developed for SGD,
we show that SGD with LS or PS converges almost surely to the minimum at a o(1/k) rate.

Almost sure convergence rates for SHB and o(1/k) convergence for HB. The first local conver-
gence of the deterministic Heavy Ball method was given in Polyak (1964), showing that it converges
at an accelerated rate for twice differentiable strongly convex functions. Only recently did Ghadimi
et al. (2015) show that the deterministic Heavy Ball method converged globally and sublinearly
for smooth and convex functions. SHB has recently been analysed for nonconvex functions and
for strongly convex functions in Gadat et al. (2018). For strongly convex functions, they prove a
(@) (1 /18 ) convergence rate for any 3 < 1. Using a similar Lyapunov function to the one in Ghadimi
et al. (2015), a O(1/+/t) convergence rate for SHB in the convex setting was given in Yang et al.
(2016) and Orvieto et al. (2019) under the bounded gradient variance assumption. For the specialized
setting of minimizing quadratics, it has been shown that the SHB iterates converge linearly at an
accelerated rate, but only in expectation rather than in L2 (Loizou and Richtarik, 2018). By using
stronger assumptions on the noise as compared to Kidambi et al. (2018), Can et al. (2019) show that
by using a specific parameter setting, the SHB applied on quadratics converges at an accelerated rate
to a neighborhood of a minimizer. Finally, the almost sure convergence of SHB to a minimizer for
nonconvex functions was proven in Gadat et al. (2018) under an elliptic condition which guarantees
that SHB escapes any unstable point. But we are not aware of any convergence rates for the almost
sure convergence of SHB.

Contributions. 1. In the smooth and convex setting, we show that the function values at the last
iterate of SHB converge almost surely at a rate close to o(1/+/k). Similarly to SGD, this rate can
be improved to o(1/k) in the overparametrized setting. Moreover, we show that the last iterate of
SHB converges to a minimizer almost surely. In the deterministic setting, where we use the gradient
V f at each iteration, we prove that the function values of the deterministic HB converge at a o(1/k)
rate, which is faster than the previously known O(1/k) (Ghadimi et al., 2015) and matches the rate
recently derived for Gradient Descent in Lee and Wright (2019). Compared to the SGD analysis we
develop, the derivation of almost sure convergence rates for SHB is quite involved, and combines
tools developed in Attouch and Peypouquet (2016) for the analysis of the (deterministic) Nesterov
Accelerated Gradient method and the classical Robbins-Siegmund theorem. 2. Our results rely on
an iterate averaging viewpoint of SHB (Proposition 5), which considerably simplifies our analysis
and suggests parameter settings different from the usual settings of the momentum parameter, which
is fixed at around 0.9, and often exhibits better empirical performance than SGD (Sutskever et al.,
2013). We show through extensive numerical experiments in Figure 1 that our new parameter setting
is statistically superior to the standard rule-of-thumb settings on convex problems. 3. Additionally,
we show in Appendix G that the bounded gradients and bounded noise assumptions used in Yang
et al. (2016); Orvieto et al. (2019) can be avoided, and prove that SHB at the last iterate converges
in expectation at a O(1/k) rate to a neighborhood of the minimum and at a O(1/v/k) rate to the
minimum exactly.

1.2. Assumptions and general consequences

Our theory in the convex setting relies on the following assumption of convexity and smoothness.
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Assumption 1 For all v ~ D, there exists L, > 0 such that for every x,y € R? we have that
fv(y) > fv(l')+<va($),y—$>, (2)
L
fo(y) Sfv(w)+(va($),y—$>+7vlly—x\l27 (€)

d .
almost surely. Let L = SUp,p Ly. We assume that L < co. Consequently, f is also smooth and we
use L > 0 to denote its smoothness constant.

Definition 1 Define the residual gradient noise as

29 sup Bowp [[IV ()] )

reX*
Assumption 1 has the following simple consequence on the expectation of the gradients.

Lemma 2 [f Assumption 1 holds, then

o [IVA@IP] <42 (f(@) - £.) + 207 )

In all our results of Sections 2 and 3, we only use convexity and the inequality (5). Thus, Assumption
1 can be slightly relaxed by removing the smoothness condition (3) and re-branding (5) as an
assumption, as opposed to a consequence. With this bound (5), we do not need to assume a uniform
bound on the the squared norm of the gradients or on their variance, as is often done when analyzing
SGD (Nemirovski et al., 2009) or SHB (Yang et al., 2016). Note, however, that the analysis carried
for SGD and SHB in Nemirovski et al. (2009) and Yang et al. (2016) is more general and applies to
the nonsmooth case, for which assuming bounded subgradients is often necessary. As an illustration,
we show that our results hold in the nonsmooth case under the bounded subgradients assumption in
Appendix F. Note also that all our results still hold with the usual but more restrictive assumption of
bounded gradient variance (see for example Ghadimi and Lan (2013)). Indeed, when this assumption
holds, (5) holds with L in place of £, where L is the smoothness constant of f.

Definition 3 (Informal) When o2 = 0, we say that we have an overparametrized model.

When our models have enough parameters to interpolate the data (Vaswani et al., 2019a), then
Vfy(xz*) =0, Yo ~ D, and consequently o> = 0. This property has been observed especially for
the training of large neural networks in Empirical Risk Minimization, where f is a finite-sum.

Remark 4 (Finite-sum setting) Lern € N* and define [n] “ {1,...,n} Let f(x) = 2 3°0 | fiz),
where each f; is Li-smooth and convex, and Lyax = maX;c[,) Li < 0o. If we sample minibatches of
size b without replacement, then Gazagnadou et al. (2019); Gower et al. (2019) show that (5) holds
with

def 1 —0 nb—1 In—>
L=L) < bn—leaX+gn—1L and 02—02(b):b — o3,
where o2 1 ~ sup V fi(xs)||”. Note that o%(n) = 0and L(n) = L, as expected, since
1 1= 1

$€ *
b = n corresponds to full batch gradients, or equivalently to using deterministic GD or HB. Similarly,

L(1) = Lax, since b =1 corresponds to sampling one individual f; function.
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1.3. SGD and an iterate-averaging viewpoint of SHB

In Section 2, we will analyze SGD, where we sample at each iteration vy ~ D, and iterate

Thp1 = Tk — MV fo (Tk), (SGD)

where 7, is a step size. In Section 3, we will analyze SHB, whose iterates are

Thtl = Th — @kvak (xk) + Bk (.%‘k — l‘kfl) , (SHB)

where oy is commonly referred to as the step size and [; as the momentum parameter. Our
forthcoming analysis of (SHB) leverages an iterate moving-average viewpoint of (SHB) and particular
parameter choices that we present in Proposition 5.

Proposition 5 Let zg = x9 € R% and ny,, A, > 0. Consider the iterate-moving-average (IMA)

method:
Akt1 1
i1 = 2k — MV fo, (X)),  Tipgp1 = miﬂk + mzkﬂ (SHB-IMA)
Mk Ak
I ap=-———— and =— 6
4 FTIr Akt1 Br T+ At ©)

then the xy, iterates in (SHB-IMA) are equal to the x;, iterates of the method (SHB) .

The equivalence between this formulation and the original SHB is proven in the supplementary
material (Section B.2). The IMA formulation (SHB-IMA) is crucial in comparing SHB and SGD as
it allows to interpret the parameter oy, in SHB as a scaled step size and unveils a natural stepsize
Nk In all of our theorems, the parameters 7 and Ay naturally arise in the recurrences and Lyaponuv
functions. We determine how to set the parameters 7 and A\;, which in turn gives settings for oy
and [y, through (6). In the remainder of this work, we will directly analyze the method SHB-IMA.

Having new reformulations often leads to new insights. This is the case for Nesterov’s accelerated
gradient method, where at least six forms are known (Defazio, 2019) and recent research suggests
that iterate-averaged reformulations are the easiest to generalize to the combined proximal and
variance-reduced case (Lan and Zhou, 2017).

2. Almost sure convergence rates for SGD and SGD with adaptive stepsizes
We will first present almost sure convergence rates for SGD, then for SGD with Line-Search and

Polyak Stepsizes.

2.1. SGD: average-iterates almost sure convergence
Our results rely on a classical convergence result (Robbins and Siegmund, 1971).

Lemma 6 Consider a filtration (F},),, the nonnegative sequences of (Fy,),, —adapted processes
(Vi) (Uk),, and (Zy,),,, and a sequence of positive numbers (), such that )", Zj, < oo almost surely,
[ o(1+ k) < oo, and

Vk € N, E Vi1 |Fi] + Uk < (1 + ) Vi + Zg.

Then (Vi) converges and Yy, Uy, < oo almost surely.
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Algorithm o2 Stepsize Conv. Rate Iterate Ref

SGD #0 O(k=1/27¢) a.s. o(k~1/2+e) average Cor. 9
SGD =0 O(1) a.s. o(k™1) average  Cor. 9
SGD-ALS, SGD-PS  #0  adaptive* as, B o(k=Y2t¢), O(k~Y/?*¢) average  Cor. 12
SGD-ALS, SGD-PS =0 adaptive™ as,E o(k71),0(k™1) average Cor. 12
SHB £0  OFV29, 0k?) as,E ok~1/279),0(k~Y?)  last Cor. 17,25
SHB =0 o(1) as,E o(k71),0(k™1) last Cor. 14,25
SGD, nonconvex C#0 Ok a.s. o(k=1/2+e) min || V|?> Cor. 18
SGD, nonconvex C=0 0(1) a.s. o(k~h) min || V| Cor. 18

Table 1: Summary of the rates we obtain. All small-o (resp. big-O) rates are almost surely (resp. in expectation). The
constants C, £ and o are defined in (ABC), (5) and (4), respectively. a.s.: almost surely, E: in expectation. min ||V||2:
lowest squared norm of the gradient along the trajectory of SGD. adaptive®: Maximum step sizes need to verify conditions
similar to Condition 1, but do not require knowing the smoothness constant L.

We use the following condition on the step sizes in our almost sure convergence results.

e

Zj ny e

The conditions Y, nx = co and Y, 1 < oo are known as the Robbins-Monro conditions (Robbins

and Monro, 1951) and are classical in the SGD litterature (see Bertsekas and Tsitsiklis (2000) for

example). The additional conditions, ), ann' = oo and (7)), is decreasing, allow us to derive
VL]

Condition 1 The sequence (ny,),, is decreasing, >, mp = 00, Y, n2c? < oo and >,

convergence rates for the almost sure convergence using a new proof technique. However, as we will
see in the next remark, the usual choices of step sizes which verify the Robbins-Monro conditions
verify Condition 1 as well.

Remark 7 Let 1 =k with £, > 0. Condition 1 is verified for all § € (%, 1] when o2 # 0, and
forall ¢ € ]0,1] when 0% = 0.

See Appendix A for a proof of this remark. Indeed, all the formal proofs of our results are defered to
the appendix.

Theorem 8 Let Assumption 1 hold. Consider the iterates of SGD. Choose step sizes (1), which
verify Condition 1, where Vk € N, 0 < n, < 1/(4L). Define for all k € N

27716 { To = X
W = ——— and ~ B 7
E?;o 1y Tpg1 = wiay + (1 — wy) Ty

Then, we have a.s. that f(Zg) — f« = 0 <,€11> )
>t—o M
Proof We present the main elements of the proof which help in understanding the difference between
the classical non-asymptotic analysis of SGD in expectation and our analysis. We present the
complete proof in Section C of the appendix.
In the convex setting, the bulk of the convergence proofs of SGD is in using convexity and
smoothness of f to establish that, if 7 < ﬁ, we have

Ep (251 — zal®| + 0 (F(zr) — fo) < lag — 2] + 200, (8)
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Classic non-asymptotic convergence analysis for SGD. Taking the expectation, using telescopic
cancellation and Jensen’s inequality, it is possible to establish that

2 2 k—1
% 2 .
E[f(Zk) — fi] < lzo = @] + e Zt =0 nt, where 7 = E 77t
Ztoﬂt Zt 077t tozg 077]

T}, can then be computed on the fly using:

i1 = Wy + (1 — @y)Ey, where @y, = — b, 9)
ijo U]
This sequence of weights (@), (which can be computed on the fly as w1 = %) is the

one which allows to derive the tightest upper bound on the objective gap f(x) — f. in expectation.
But it does not lend itself to tight almost sure asymptotic convergence, as we will show next.

Naive asymptotic analysis. Applying Lemma 6 to (8) gives that >, m (f(zr) — f«) < o0
Unfortunately, this only gives that limy, ny, (f(zx) — f«) = 0.

Asymptotic analysis using the iterates defined in (9). What if we had used the sequence of
iterates defined in (9)? Let 0, = f(Zx) — f«. Using Jensen’s inequality, we have

flag) — f. > ;k&gﬂ - <ufk _ 1) 5.

Using this bound in (8) gives, after replacing Wy, by its expression (9) and multiplying by 7, that

k—1
e [lonss — ol?] + S s < ik — ol + 3 e+ 2020
Jj=0 7=0

Applying Lemma 6 gives that (Z?;S Uj5k> i converges almost surely. This, together with the

fact that Zj n; = 0o, implies that o = O ZEES o) This improves over the naive asymptotic
.
analysis, but we can actually do better with a different approach.

. def
Improved analysis. Now consider the alternative averaging of iterates Zj, given in (7). Let 8, =

f(Zg) — f«. As we have done in the last paragraph, we can use Jensen’s inequality to lower-bound
f(xg) — f« in (8) (detailed derivations are given in Appendix C), and we obtain:

k k 1
1
2
k[uxkﬂ—x*u]+2§%m6k+l+ B <l — ] + Zommznka
J= J

By Lemma 6, (Z oM 5k) converges almost surely, and ), 105, < oo, which implies that

limy, ;0 = 0. But since Zk = 00, we have the desired result: lim;, Z;’:é n;0r = 0.

] 0 nj
Note that in the first iteration, wg = 2 and 1 = =z, and we don’t use Jensen’s inequality. W

With suitable choices of stepsizes, we can extract almost sure convergence rates for SGD, as we
see in the next corollary. These choices and all the rates we derive are also summarized in Table 1.
To the best of our knowledge, these are the first rates for the almost sure convergence of SGD in the
convex setting.



SEBBOUH GOWER DEFAZIO

Corollary 9 (Corollary of Theorem 8) Let Assumption 1 hold. Let 0 < n < 1/4L and € > 0.

o ifo? £0. Let ny, = wi7ere- Then
_ 1
f(xk)_f*zo(klﬂ_e)-

@) — fo=o @) |

Although the almost sure convergence of SGD with favourable convergence rates only requires
the step sizes to verify Condition 1, there are other popular methods to set the step sizes, such as
Line-Search (Nocedal and Wright, 2006) or Polyak Stepsizes (Polyak, 1987), which do not require
knowing the smoothness constant £. A natural question is whether the result we have derived in
Theorem 8 extends to these methods. We answer this question positively in the next section.

o If0? = 0. Letn, = 1. Then

2.2. Convergence of Adaptive step size methods

We first present two adaptive step size selection methods and then present their convergence analysis.

Armijo Line-Search Stepsize (ALS). Polyak Stepsize (PS). Let g be a function lower

We say that « is an Armijo line-seach step-
size at z € R? for the function g if, given
constants ¢, amax > 0, « is the largest
step size in (0, aumax] such that

9(z — aVy(e)) < g(a) - ca | Vg(@)]3,
(10)
which we denote by

‘ o~ ALSc,amax (g’ .I') ‘

In practice, we use backtracking to find
this o, where we start with a value oy ax
and decrease it by a factor 4 € (0, 1) until
(10) is verified.

bounded by g*. We say that « is a Polyak step size
at x € R%if, given constants ¢, max > 0,

o { g9(x) —g" }
G = min e 7 w2’ Amaz (5
| Vy(z)|

which we denote by

(@~ PSea,(9:7) |

The drawback of this method is that we need to know
g*. There is a range of applications where we know this
value and Polyak Stepsizes have been shown to work
well experimentally. See Loizou et al. (2020) for more
details.

Instead of using a pre-determined step size in SGD, we can choose at each iteration n; ~

ALS, ... (forsxx) or m ~ PSc . (fu.,zk). SGD with ALS or PS is known to converge
sublinearly to a neighborhood of the minimum and to the minimum exactly if 02 = 0 (Vaswani et al.,
2019b, 2020; Loizou et al., 2020). However, it is still not known whether these methods converge to
the minimum when o2 # 0.

Let (n7®), and (%) be two strictly positive decreasing sequences. Consider the following
modified SGD methods: at each iteration &, sample v, ~ D and update

(SGD-ALS)
(SGD-PS)

Tpy1 = T — Ukavak (xk)v where 7 ~ ALSc,n,’;"ax (ka,:vk),

Tp1 = Tk — Ukavak (mk)7 where 7 ~ PSc,nrk“aX(kaa xk)

Assumption 2 For all v ~ D, f, is lower bounded by f; > —oo almost surely, and we define
—9 def *
o° = fi — Ey [f3]-
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Similar to our analysis of SGD, we can derive almost sure convergence rates to the minimum for
an average of the iterates. Remarkably, the analysis of the two methods SGD-ALS and SGD-PS can
be unified.

Theorem 10 Let Assumptions 1 and 2 hold. Consider the iterates of SGD-ALS and SGD-PS.

Choose (n'®*), and (), such that (n*yy), is decreasmg, e — 0, Yoy = oo,
Senaxa2o? < oo and Y, Zm% =00, ¢ > 2 5 and vy, < c. Define for all k € N
j=0 '3
9pmax o
wp = — K gng { To = "o . (11)
Z] O,rl]rnax,y] Th41 = WETE + (1 — ’wk)ﬂ?k.

k—1 max
t=0 '/t

Then, we have almost surely that f(Zy) — fx = 0 <1v> .
t

We also present upper bounds on the suboptimality for SGD-ALS and SGD-PS in expectation, from
which we can derive convergence rates.

Theorem 11 Let Assumptions 1 and 2 hold. Let (n;’**) and () be strictly positive, decreasing
sequences with v < ¢, forall k € Nand ¢ > 5 1 Then the iterates of SGD-ALS and SGD-PS satisfy

2callg — .| + 4e 04 mm;nax("?;i"j; 1), 72+ 2300 s
E[f(z) - £ < — ,

Zt o YTl

12)
h nil’lax,yt d o nmdxﬁ 1
where T}, = Zt 0 th and ap = max | 5=, 1
J

We now give precise convergence rates derived from the two previous theorems, in the over-
parametrized as well as the non-overparametrized cases.

Corollary 12 (Corollary of Theorems 10 and 11) Let ¢, 7,y > 0, with v < c. If n;** = nk_%
and vy, = ’ylf%*% then

f(f?k)—f*zo( !

1
k3e

1
) a.s. and E[f(zr) — fi] = O( - > . (13)
k2—¢
If 5% = 0. Then, setting N =n>0c= % and v, = 1, then for all x, € X,,

Qmax{?’nLTmax, 1} 2o — 242

f(Zr)— fa=o0 (i) a.s. and E[f(zx) — fi] < o

Notice from (12) and (13) that our analysis highlights a tradeoff between the asymptotic and the
nonasymptotic convergence in expectation of SGD-ALS and SGD-PS. Indeed, (13) predicts that
the slower the convergence of (1;**), towards 0 (as ¢ — 0), the better is the resulting asymptotic
convergence rate. However, according to (12), if (1;**), vanishes slowly, the second term on the
right hand side of (13) vanishes slowly as well, which makes the bound in (12) looser.

Notice also that to be able to derive convergence rates in the non-overparametrized case from the
previous theorem, we not only decrease the maximum step sizes, but also scale the adaptive step size
7, by multiplying it by a decreasing sequence .
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3. Almost sure convergence rates for Stochastic Heavy Ball

The rates we derived for SGD, SGD-ALS and SGD-PS in the previous section all hold at some
weighted average of the iterates. Yet, in practice, it is the last iterate of SGD which is used. In
contrast, we show that these rates hold for the last iterate of SHB, which is due to the online averaging
inherent to SHB that we highlight in Proposition 5. We present the first almost sure convergence rates
for SHB, and also show that the deterministic HB converges at a o(1/k) rate, which is asymptotically
faster than the previously established O(1/k) (Ghadimi et al., 2015).

We now present almost sure convergence rates for SHB

Theorem 13 Let x_1 = xg and consider the iterates of SHB-IMA. Let Assumption I hold. Let ny
be a sequence of stepsizes which verifies Condition I and Vk € N,;0 < ni, < 1/8L. If

Sy
XN=0 and X\, = fi‘) for all k € N*, (14)
Nk

then we have almost surely that xj, —  x. for some x, € X, and f(xp) — fx =0 <,C_11>
k—+4o00 >t Mt

Note that when specialized to full gradients sampling, i.e. when we use the deterministic HB
method, our results hold without the need for almost sure statements.

To the best of our knowledge, Theorem 13 is the first result showing that the iterates of SHB
converge to a minimizer assuming only smoothness and convexity. Note that this result is not directly
comparable to Gadat et al. (2018), who study the more general nonconvex setting but use assumptions
beyond smoothness.

In the general stochastic setting, Theorem 13 shows that SHB enjoys the same almost sure
convergence rates as SGD with averaging (See Table 1). However, an added benefit of SHB is that
these rates hold for the last iterate, which conforms to what is done in practice.

Corollary 14 Assume 0 = 0 and let i, = n < 1/4L for all k € N. By Theorem 13 we have

lillcn kE(f(xzk)— fo) =0, almost surely.

This corollary has fundamental implications in the deterministic and the stochastic case. In the
stochastic case, it shows that when o2 = 0, SHB-IMA with a fixed step size converges at a o(1/k)
rate at the last iterate. In the deterministic case, 02 = 0 always holds, as at each iteration we use
the true gradient V f(z},), and we have V f(z,) = 0 for all 2, € X,. Thus Corollary 14 shows that
the HB method enjoys the same o(1/k) asymptotic convergence rate as gradient descent (Lee and
Wright, 2019).

It seems that it is our choice iteration-dependent momentum coefficients given by (6) and (14)
that enable this fast ‘small o’ convergence of the objective values for SHB. Recent work by Attouch
and Peypouquet (2016) corroborates with this finding, where the authors also showed that a version of
(deterministic) Nesterov’s Accelerated Gradient algorithm with carefully chosen iteration dependent
momentum coefficients converges at a o(1/k?) rate, rather than the previously known O(1/k?).

10
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4. Non-convex almost sure convergence rates for SGD

We now move on to the non-convex case, where we use the following assumption from Khaled and
Richtarik (2020).

Assumption 3 There exist constants A, B,C > 0 s.t. for all x € R¢,
E, [IVA@IP] < A(@) - ) + BIVI @)+ C. (ABC)

This assumption is called Expected Smoothness in Khaled and Richtarik (2020). It includes the
bounded gradients assumption, with A = B = 0 and C' = G > 0, and the bounded gradient variance
assumption, with A = 0, B = 1 and C = o2, as special cases. See (Khaled and Richtérik, 2020,
Th. 1) for a thorough investigation of the other assumptions used in the litterature which are implied
by (ABC). A major benefit of this assumption is that when f is a finite-sum (Remark 4) and the f;
functions are lower-bounded, (ABC) always holds (Khaled and Richtérik, 2020, Prop. 3).

Remark 15 (Khaled and Richtarik (2020), Prop. 3) In the setting of Remark 4, and assuming that
foralli e [n], fi > fF > —oo, Assumption (ABC) holds with:

_ n—b _n(b—1) 24 - .
A= gyl B= g and C—n;(f* 1)

Since a global minimizer of f does not always exist in the nonconvex case, we can now only
hope to find a stationary point. Hence, we present asymptotic convergence rates for the squared
gradient norm.

Theorem 16 Consider the iterates of SGD. Assume that (ABC) holds. Choose stepsizes which
verify Condition 1 (with C in place of 0%) such that Vk € N, 0 < ny, < 1/(BL). Then, we have a.s

that i 2 _ 1
a t:g’{}}gleVf(wOH o\ s,

From this result, we can derive almost sure convergence rates arbitrarily close to o(1/+/k), which
can be improved to o(1/k) in the overparametrized setting (See Table 1). Since these results are
similar to Corollary 9, we omit them for brievity and report them in Table 1 and Corollary 18 in
Appendix A.

5. Experiments

In our experiments, we aimed to examine whether or not SHB-IMA with the parameter settings
suggested by our theory performed better than SGD and SGD with three common alternative
parameter settings used throughout the machine learning literature: SGD with fixed momentum (3 of
0.9 and 0.99 as well as no momentum.

For our experiments, we selected a diverse set of multi-class classification problems from the
LibSVM repository, 25 problems in total. These datasets range from a few classes to a thousand, and
they vary from hundreds of data-points to hundreds of thousands. We normalized each dataset by a
constant so that the largest data vector had norm 1. We used a multi-class logistic regression loss
with no regularization so we could test the non-strongly convex convergence properties, and we ran
for 50 epochs with no batching.

11
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’ ‘ SHB ‘ SGD ‘ Momentum 0.9 ‘ Momentum 0.99 ‘ No best method ‘
] Best method for \ 11 \ 0 \ 0 \ 0 \ 14 ‘

Table 2: Count of how many problems each method is statistically significantly superior to the rest on

We use SHB to denote the method (SHB) with «j and ;. set using (6) (or equivalently the
method (SHB-IMA)) and we left 7, as well as the step sizes of all the methods we compare, as a
constant to be determined through grid search. For the gridsearch, we used power-of-2 grid (2),
we ran 5 random seeds and chose the learning rate that gave the lowest loss on average for each
combination of problem and method. We widened the grid search as necessary for each combination
to ensure that the chosen learning-rate was not from the endpoints of our grid search. Although it is
possible to give a closed-form bound for the Lipschitz smoothness constant for our test problems,
the above setting is less conservative and has the advantage of being usable without requiring any
knowledge about the problem structure.

We then ran 40 different random seeds to produce Figure 1. To determine which method, if any,
was best on each problem, we performed t-tests with Bonferroni correction, and we report how often
each method was statistically significantly superior to all of the other three methods in Table 2. The
stochastic heavy ball method using our theoretically motivated parameter settings performed better
than all other methods on 11 of the 25 problems. On the remaining problems, no other method was
statistically significantly better than all of the rest.

Figure 1: Average training error convergence plots for 25 LibSVM datasets, with using the best
learning rate for each method and problem combination. Averages are over 40 runs. Error bars show
arange of +/- 2SE.
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The appendix is organized as follows:

* In Section A we present the proofs of Remark 7 and the stepsize choices and the corresponding
convergence rates derived in the corollaries listed in Table 1.

* In Section B we present proofs for Section 1.
* In Section C we present proofs for Section 2.
* In Section D we present proofs for Section 3.
* In Section E we present proofs for Section 4.

* In Section F, we present our results for the convergence of stochastic subgradient descent
under the bounded gradients assumptions.

* In Section G, we present convergence rates for SHB in expectation without the bounded
gradients and bounded gradient variance assumptions.

A. Proofs of corollaries on convergence rates and stepsize choices
A.1. Proof of remark 7

Proof Let 7, = & with ) > 0 and § € [0,1). Clearly, () is decreasing and >, nx = co. And
we have

-1
Z ne ~ k.
=0

Hence,

/.
k—1 :
Zt:() Nt k

Hence, ), —zk— = .

Z]::D m
« If 0 #0. Let £ € (3, 1]. Then >_, 17 < oo, and the stepsizes verify Condition 1.

e If 02 = 0. Let £ € [0,1). We have Y, n70? = 0 < oco. Hence, the stepsizes verify
Condition 1.

A.2. SGD: Proof of Corollary 9
Proof

o If 0?2 #£0. Letn, = # From Remark 7, we have that the stepsizes verify Condition 1.
Moreover, Zk L f1/24e, Thus, from Theorem 8:

k3T
f(fk)—f*:0<kl/12_e>-
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* If 02 = 0. Let 5, = 1. From Remark 7, the stepsizes verify Condition 1. Thus, from

Theorem 8:
fa) - fo=o (7).

A.3. SGD with adaptive step sizes: Proof of Corollary 12

Proof Let 7, v, c > 0. We first prove the almost sure convergence results.

e If 62 # 0. Let n"™ = nk~1/3 and v, = vk~2T€/3, Clearly, (1 max~, Vg is decreasing,
> emk =o0oand Y, ney2 < co. And

k—
Z Ve~ vkt
=0
Hence,
U;rgnaX’Yk 1
Zt 0 7711511 g,k
Hence, ), Zm% = oo. Thus, the stepsizes verify the conditions of Theorem 10, and
t=0
we have

f(xk)_f*:0<kl/12_5>‘

o If 52 = 0. Let et = nand v, = 1. Clearly (1;"*7; )y is decreasing since it is constant,

e MRy = 00, >, M y25% = 0 < oo, and ), W =Y ;1 = oco. Thus, the
stepsizes verify the conditions of Theorem 10, and we have

F@) — fo=o @) |

We now prove the convergence rates in expectation. Remember that from Theorem 11, we have
that 1f (n#) and () are strictly positive, decreasing sequences with v, < ¢ for all k¥ € N and
c > 5, then the iterates of SGD-ALS and SGD-PS satisfy

x maxL _ X
2CGL()”l’O - JJ*H + 402) 0 %?ﬁ“a (772176) ) o+ 2Zt —0 Vi 77?“‘ 2

>0 T

E [f(jk) - f*] >

5)

where T = Zt 0 Wl} and ag = max{ (1 PE 1}
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o If % # 0. Let n"®™ = nk~4¢/3 and v, = ~k~2+/3 Since ™ — 0, there exists ko € N

such that for all t > kg, ~ynnax < gﬁajf) — 1>+ = 0. Hence, for all & > ko

2cap||zo _Jf*H +4Czt 0 %nma" (?761 9 1) o2 +22t 0 %ni“‘“ o?

o e

E[f(zr) - fi] <

Replacing 7;"** and v, with their values gives

_ 1
E[f(zx) — fil =0 <k:1/2—€> :
» If 52 = 0. Let N =mn > 0and vy = 1. We have from (15) that for all k¥ € N,

2max{37;£ } o — 2|2

E [f(or) — ] < o

A.4. SHB
Corollary 17 (Corollary of Theorem 13) Let Assumption 1 hold. Let 0 < n < 1/4L and ¢ > 0.

s ifo? #0. Letny, = wi7ere Then
1
f(zk) — f :0<k1/2_e>'

Flaw) — fo=o <;> |

Proof The proof is the same as the proof of Corollary 9, using Theorem 13 instead of Theorem §. B

o If0? = 0. Let g, = 1. Then

A.5. SGD, nonconvex

Corollary 18 (Corollary of Theorem 16) Ler Assumption (ABC) hold. Let 0 < n < 1/4L and
e > 0.

o Ifo? =0. Let gy, = k1/2+€ Then,

. s (1
i 19l =o (G )

o Ifo? #0. Let n, = 1. Then,

win 95 =0 ().

t=0,....k—1
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Proof

* If C #0. Letny, = # From Remark 7, we have that the stepsizes verify Condition 1 with

C in place of o2. Moreover, Zk. ~ k12 Thus, from Theorem 16:

1
Rzt

1
min ||V f(z)]]> =0 <k1/2—5> :

t=0,....k—1

 If C = 0. Let g, = 1. From Remark 7, the stepsizes verify Condition 1 with C in place of 2.
Thus, from Theorem 16:

win 97 =o (1)

t=0,....k—1

B. Proofs for Section 1
B.1. Proof of Lemma 2

Proof Since for all v ~ D, f, is convex and L, smooth, we have from (Nesterov, 2013, Equation
2.1.7) that

||va($) - va(l‘*)”Q < 2LU (fv(ln) - fv(l‘*) - <va($*)7$ - JJ*>)
Asm. 1

< 2L(fo(m) = folzd) = (Vu(zs), 2 — 24))

Hence,

Eop [[Vfule) = VHi(@) ] <22 (F(2) = fla).

Therefore,

Enp ||V£o(@)P] < 2Bonp [V fle) = Vfulw) ] + 2Bonn IV £l 7]
<AL(f(@) = [(@2)) + 2Bonp IV ful)|]

|
B.2. Proof of Proposition 5
Proof Consider the iterate-averaging method
Zer1 = 2k — MV o (Tk), (16)
Ak 1
Thyl = e 21, (17

T +
Mt +1F T N+ 1
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and let

A
ak:Landﬂk: i

_— 18
A1 + 1 Ayl + 1 (18)

Substituting (16) into (17) gives

Nt 1
T = ———xp+———— (2 — MV (Tr)). 19
S Vv L vy (2 = MV fo, (1)) (19)

Now using (17) at the previous iteration we have that that

zr = (A +1) (wk - wk—l) = (M + Dap — Mgt

k
A+ 1
Substituting the above into (19) gives

Akt1 1
A 1 — MeZr—1 — eV fo
Ait1 + 17k A1 +1 (A + Dk — M1 — eV fo, (7))

M Ak
L a— + 2k
M1+ 1 fou (@) Met1 +1

LTr+1 =
= — (xp — TK—1) -

Consequently, (18) gives the desired expression. |

C. Proofs for Section 2
C.1. Proof of Theorem 8

Proof Consider the setting of Theorem 8. Expanding the squares we have that
1 = 2ll* = Mz = 2l = 20V fon (), 2 — ) + 1RV fo () |1
Then taking conditional expectation Ey, [] 'R [ | zx] gives

Ey [Hﬂckﬂ - 9C*HQ] = o — @l? = 206 (V F (1), Tk — T4) + 7EE [vauk(ivk)HZ
2)+(5)
< o — P = 206 (1= 20kL) (f(ak) — fo) + 2ni0™.

Since ng < ﬁ, we have that 1 — 2, L > % Hence, rearranging, we have

Ex [ lzkss — 22|+ (F(r) — i) < llox — 2:])* 4 200 (20)

From (7) we have that w, = —22—. Since wy = 22—8 = 2 we have that T; = 2x9 — Tg =
j=0"j
2x0 — xo9 = x¢. Hence, it holds that

[(@1) — fo = f(wo) = fu = wo (f(z0) — fi) + (1 —wo) (f(Zo) — fe) - 1)
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Now for k € N* we have that following equivalence
wp €0,1] = <D o = m< D

The right hand side of the equivalence holds because (7)), is a decreasing sequence. Hence, by
Jensen’s inequality, we have Yk € N*

f@ri1) = fo S wi (f(@r) = fo) + (1 —wi) (f(@k) = f4) -
Together with (21), this shows that the last inequality holds for all £ € N. Thus,

me (Pl — £) = <f<zk+1>—f*>—nk(1—1) (f(E) — ).
We

Wk

Replacing this expression in (20) gives:
2 Nk -
Ep o = 2ol?] + 25 (f @r41) - £2)
Wk
1 _
<l =P+ (- ~1) (7l0) - 1) + 2.

Hence substituting in the definition of wy, from (7) gives

1 k
Er |loees —2ol?] + 5 2005 (f @) = £2)

Thus re-arranging
i laker — 2. ] + Zm (1) = f2) + 2 (f(@n) - 1.)

< low — zl* + 5 Zm — fo) + 2m30°,

which, by Lemma 6, has the three following consequences:

k
(| — 24]*)5 and an (f(Zr41) — f«) | converge almost surely,
j=0 k
and an — fx) < 00.
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Hence, we have that limy —% ” Z?:é nj (f(Zg) — f) = limg ng (f(Zx) — f«) = 0. But since

=0

we assumed that ) . Zk m diverges, this implies that limy, Z 0 n; (f(Zg+1) — f«) = 0, that is

1
f@n) = fo=o | =
. (Z?ém)

C.2. Proofs of Theorems 10 and 11
The results of Theorems 10 and 11 can be derived as corollaries of the following theorem.

Theorem 19 Let (1) and () be strictly positive, decreasing sequences with ~y;, < % for all
k € Nandc > % Then the iterates of (SGD-ALS) and the iterates of (SGD-PS) satisfy

205 1B, | |71 — 24| } + Py (flag) — fi) < 2ag]zy — 2 (22)
+ 4')/ nmax n’rgnaxﬁ -1 5_2 + 2’)//%171?&)(&27
2(1—¢) n c

f‘ de

where 52 % fe —Ey [f}], ap = max { e f) } and where (b) ;- = max(b,0) forall b € R.
Before proving Theorem 19, we need the following lemma:

Lemma 20 (Vaswani et al. (2019b), Loizou et al. (2020)) Let g be an Lg4-smooth function, cumax >
Oandc € [0,1]. Ifa ~ SALS 4,...(9,z) or SP. ... (g, %), then

2(1 — —q*
min {(C), amax} <a<amx and aHVg(x)H < g(a;) g (23)
Lyg o[ Vg()|*

Proof [Proof of Theorem 19] Let us now prove Theorem 19.
ki1 = 2all? = ok — 2all® = 2ma (Y fop (@0), 28 — 22) + ARV fo ()12

2) * 2_ 2 2
< ok — zull® = 2k (For (2) = £2) + mEAENY for (zi) |

(23)
< Nk — 2all? = 200k (Fup () = Fo () + ”’”k (fur () = £2)

= [lzk — zl” — 207k (1 — %’;) (for (@) — ka) + 2k (o (@4) — fo) -

Rearranging, we have
Tk * 2 2 *
2 (1= 28) (For () = £5,) < Nl = 2el® = aes =2l + 2003 (Fon (@) = £3,)

Define nmm & 1nin {@, nma"} Then,
min Yk * 23 2 2 *
20 (1= 28 (Funlon) = £3,) < Nlow = @l = owsa = ll” + 2m (o2 = 15,)
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Hence,
208 (1= 30 ) (o) = Fur () < ok = 2 * = g — ] 24
+ 2% (77k: - (1 - %’Z) n;?i“) (for () = £2,)
< Nk = all? = s =
+ 2, (n}?a" - (1 - %’;) m?in) (for (@) = £3,) -
Notice that

max maxﬁ
T _ max {nk 1} .

ngﬁn 2(1—r¢)’

max

Since (n;"**), is decreasing, (7777]:““‘ ) is decreasing as well. Hence, multiplying both sides of (24)
k k
nznax
by n;@nin B
Tk e 2 epl 2
205 (1= 35) () = Fun (@) < Do, — P = g — |
c M M1
< (M Vk *
+ 2’71677]?& (n%in -1+ ?C (ka(:L‘*) - ka) :
Hence, taking the expectation,
x Yk U M1
2 (1= 25) (flan) = £o) < o — all” = 2By [logsa — -]
¢ M Me+1

max

Uj Ve \ —9
2y — -1+ = .
+ 29kmy, (nl?m + 20) o

where 52 & [« — Ey [f;]. Using the fact that 1 — 2% > i and rearranging, we have

Qnglfi(E 2 max < 2n 2
i Bk |41 = ell”| 07 (Fn) = £o) < =l — 2

Y

max ) 2, max =2
+ 4,Yk,]7]r€nax Mk -1 5’2 4 Vel O
2(1—-¢) " c

where for all a € R, (a)4 = max(a, 0). [

C.2.1. PROOF OF THEOREM 10

Proof Using the inequality (22) from Theorem 19, the proof of Theorem 10 procedes exactly as the
proof of Theorem 8, with the conditions on the stepsizes of Theorem 10 instead of Condition 1. See
Section 2 and C. |

26



Almost sure SGD AND SHB CONVERGENCE

C.2.2. PROOF OF THEOREM 11

Proof Taking the expectation in (22), rearranging and summing between ¢t = 0, ...,k — 1, we have,
anax%ra 71) = f.] < 2a0]lw0 — .||’ = 20k [|ars1 — 2.’

maxﬁ 2 max = 2
+4Z%77t ( _1> 2 2 e
+

2(1—c¢) c

Dividing by Zf é 1N+, and using Jensen’s inequality gives the desired result. |

D. Proofs for Section 3
D.1. Proof of Theorem 13

In the remainder of this section and the forthcoming lemmas we consider the iterates of (SHB) and
the setting of Theorem 13, that is

S 2ut=0 "t Mk Ak
M=0, A=\ = , o = ———and B, = ————, 25
0 b 477k k 1+ >‘k‘+1 Bk 1+ >‘k+1 ( )
where
0<77k§1/4£,277,%02<oo and an:oo. (26)
k k

Note that from (SHB-IMA), we have
2k = + A\ (T — Tp—1) - 27)

We also assume that Assumption 1 holds throughout.
To make the proof more readable, we first state and prove the two following lemmas.

Lemma 21 ), n;, (f(zr) — f«) < +00 almost surely.
Lemma 22 >, \iy1l|zr — 251 |12 < +o00, and thus, limy, Apy1|| 261 — @x|* = 0 almost surely.

We first prove Lemma 21.
Proof [Proof of Lemma 21] From (43), we have

o =] < o=l =2 (54 ) (o) = 1)

+ 2 Ak (f (zh—1) — fo) + 2m30”. (28)
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Using (14) we have that
2 (5 + A ) =2 [ T Ea=0 =0 M
2 4ny,
k—1
Nk Do Mt
" (4le Any )
— o | =+ 2 _t—0 "Mt Mh+1
4 dngr Mk
k
= % + 2011 k41 29)

Using (29) in (28) gives

Ep {[lze = 2l + 2 het (F () = £2)] + i (Flan) = £2)
<2k — @al* + 20 (f (2r1) — o) + 2070,
Hence, applying Lemma 6 with
Vi = 2k — 2l + 2 e (f(z-1) = fo), 9 = 0, Ugr = 1k (f (k) — fi) and Zy = 2ni0?,

we have by (26) that
Z nk (f(zx) — f+) < 400 almost surely.
k

|
We now turn to prove Lemma 22.
Proof [Proof of Lemma 22] We have,
2] (SHB) 9 2 2 2
B [lonrs — ol = B llan — wicll® + 0V fug (@)ll” = 2008 (VF ), = i)
Multiplying by (1 + )\kH)Q and using (25) we have that 8, = 2 and a = 1+7/7\]7c+1 and

1+Ak41
thus

(14 A1) B [lonn = aell’| = Mllow = apa I+ 021V fue (@) = 20 A(V (), 2 — p).
Thus using the convexity of f and (5), which follows from Lemma 2, we have

(14 Mes1) Eg [Hﬂﬂkﬂ - ﬁk\lﬂ < Mllwk — mpoa || + 402 L (f (k) — fo) + 206X (f(2h—1) — f(zk)) + 2nf0?

= Mellze = mr-1ll? = 2m (e — 20L) (f (1) — f)
+ 20 Ak (f(zro1) — f2) + 2030

Re-arranging the above gives,

(L M) B [lows = anll?] + 20 O = 200) (F(a) = £.)
< Nillaww =zl + 2 (f (z5-1) = fo) + 2070, (30)
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Combining both (30) and (28) we have that

1
Ep [l7n41 = 2l?] + e (2 L+ Ak) (f(@x) = o) + (L4 Des1) B [l — il
< 2k — 2”4 dmds (f(@e-1) = fo) + Allok — 21 |® + 4nio’.

. 1
Hence, since 7, < 3r>

1
B [l =]+ me (54 0) (70w = 20+ (14 B [ = P
< Iz = @l 4+ A (F (@r-1) = fo) + Allwk — 2 ||* + 4nio’.

Using (25), we have 7y, (% + )\k:) = Nr+1 k41 Hence,

2501 — @l + 4mps 1 M1 (F(@r) = Fo) + (14 Me1)? o — 2l
< |z — 24 ||* + e (F(@ho1) — fo) + Agllzk — 21 ||* + dnfo?.

Hence, noting V}, def |z — ZL‘*||2 + Ak (f(xr—1) — f) + A llog — 21 2, we have

Eg [Vit1] + 2Net1 + 1) [Jzg — zp—1||* < Vi + 4nfo®.

Hence, since ) 77,%02 < 400, applying Lemma 6, we have

Z Metillze — 2p_1]|? < +oo0  almost surely, thus h,?l Mot || Zhir — zkl|> = 0 almost surely.
k

We can now prove Theorem 13.
Proof [Proof of Theorem 13] This proof aims at proving that, almost surely

1. . — x4 forsome z, € X,.
k——+o0

2. flxg) — fe=o0 (Zflolﬂt)

In our road to prove the first point, we will prove the second point as a byproduct.
We will now prove that limy, ||z, — @ ||* exists almost surely.

@7
2k — 2l = ok — 2+ A (25 — 2321 |

= )\ink — a:k_1||2 + 2/\k<xk — T, T — $k_1> + ka — :L‘*||2
= (A2 o — a1+ (llow = @ ? = agr = 2]?) + llow = @
Define

def
6 E 0 (e = 2l = -1 = 2]?) + o — 2., GD)
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so that
2z = zal* = (AR + M) 2w — 2pea | + 6%

We will first prove that limy, (A + i) || — 25—1 ||? exists almost surely, then that limy, 0, exists
almost surely.

First, we have from Lemma 22 that (A ||z, — 25_1]|*)x converges to zero almost surely. Hence,
it remains to show that lim,, )\%ka — Tp_q ||2 exists almost surely. From (30), we have that

NErB [lonss = oil] + 2 O = 2mL) (F () = )
< Al = @ l® + 2mA (f (i) = £o) + 2000”.

Using (25) and the fact that i, < g=, we have that 2np 1 A1 = 20k (5 + M) < 2me (5 — 2L + A).
Hence, 21, (A, — 2m L) > 2011 Ak+1 — M- Therefore, denoting

def

dy & |2y — 2y ||* and 0 & 2 (fz1) = fo),

we have
Er, [A2y1di + Mes10k1] < Nody + Mo + 1 (F () — £o) + 220>,

From Lemma 21, we have >, nx (f(zx) — fi) < +00. Moreover, Y, n70? < +oc. Hence,
we have by Lemma 6 that limy, )\%dk + MO exists almost surely.

Moreover, by Lemma 22, ), Aidj, < 400, and we have ), 6i, < +oo almost surely. Hence,
>k Aedi + 01 < +00 a.s. Rewriting

1
Ardi + 0, = )\7]@ ()\idk + /\kek) )

we have, since limy, Azdk + A0y exists almost surely and

k—1

Z)\i 0<m€:§ﬁ 4ZL Condition 1~
k k k t=0 "t

that
lilgn Nedy + M\eby = 0,

which means that both limy, /\%dk = 0 and limg A\;0; = 0 a.s. Writing out limg A\ .0 = 0 explicitly,
we have

1
flxp)— fe=o0 <k_1) almost surely

t=0 Tt

This proves the second point of Theorem 13 and that limy, A\2dy, = 0 almost surely. To prove the first
point of Theorem 13 it remains to show that limy, §;, exists almost surely.
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Note uy, = ||z, — 2]|*. We have

SHB
Uk41 O |2k — 2w + Br (xk — 2p1)||* + 2|V fu, (@) |* — 2008k (V fu, (Tk), Tk — T3(32)
—20(V fu, (Tk), Tk — T4).

Taking expectation conditioned on x, and using the convexity of f and Lemma 2 we have that

Ek [wet1] < [lze — 2o + Br (mk — 2p1)||? — 20 (1 + B — 2a5.L) (f (k) — f)
+ 20 Bk (f(wp_1) — fo) + 20307 (33)

Furthermore note that

|@g — @u + Br (xh — 1) || = up + B2dy, + 2B (@ — Ty T — Tp_1)
= wp + (B + Br) di + Br (uk — up—1) - (34)

Hence, using the fact that 0 < S < 1 and inserting (34) into (33) gives

Eg [ug41] < up + 2dg + Br (u, — up—1) — 20 (1 + B — 20, L) (f(xx) — f+)
+ 20, By, (f(zr—1) — fo) + 2030°.

Multiplying the above by (1 4+ A\x1), rearranging and using (6) results in
(L4 Mo ) Eg [wn1 — uge] < 2(1 + Npgr) dig + A (ue — wp—1) — 20k (1 + B — 205.L) (f (k) — fo)

2 2
+ 2B (F (1) — fu) + 2167

— 35
L+ Agta 53

Using the definition of ;1 given in (31) we have that
Okt1 — Ok = (1 + Apy1) (Upg1 — ur) — Mg (g — up—1) ,

which we use to re-write (35) as we have

2,2
St + B (14 By — 204L) Ot < G+ 2 (L Ay di + Byl + 20—
Nk4+1 L4 Ak
Hence, since ng 11 < ng,
2
Ek [0k1 + (14 Br — 2006L) O 1] < Ok + Brb + 2 (1 + A1) die + QT)ICMUz'
+

And since,

Ak gL 1
S VTR D VR D Y
Aett o Akt
[ U S VI R U S VS

14+ 8y — 2L =1+ (1 + g1 + A — 2mL)

== /8k+17
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we have
Ey, [0 20;
k [Ok1 + Brr1Ok1] < (O + Bibk) +2(1 + A1) dy + ———0~.
T+ Ak
. ,,720.2
Since by Lemma 22 we have that ) -, 2 (1 4+ Ai11) d, < 400 almost surely,and ), e < 700

we have by Lemma 6 that limy, 0, + 5.0 exists almost surely And since limy, B0, = 0 almost surely,
we deduce that limy, &, exists almost surely.

Thus we have now shown that limy, ||z — . H2 exists almost surely. Therefore, since T — T, =
Zk — Tx — )\k (:L‘k — :L‘k_1) and

[l — 2all = 12 — 22l | < M2k — 2xal = O almost surely,
k——+o0

we have that limy, ||z — z.|| — |2k — x«|| exists almost surely, and so does limy, ||z — x|

We also have that both ||z, — 2| and Ay, ||xx — zx—1]| are bounded almost surely, thus ||z — .||
is bounded almost surely Hence, (x1 )i is bounded almost surely, thus almost surely sequentially
compact.

Let (2, ), be a subsequence of (,,),, which converges to some = € R a.s. Since f(z,) —n
f« almost surely for all x* € argmin f, we have x € argmin f a.s. Finally, applying Lemma
2.39 in Bauschke and Combettes (2011) (restricted to our finite dimensional setting, where weak
convergence and strong convergence are equivalent), there exists x, € argmin f such that

Tp — Xy, almostsurely
k—+o00

This proves the first point of Theorem 13. |

E. Proofs for Section 4
E.1. Proof of Theorem 16

Proof Consider the setting of Theorem 16. Let ny, < % for all £ € N. From (Khaled and Richtarik,
2020, Proof of Lemma 2), we have

2
n: LC
By [f (wri1) = £ + mel VF ()| < (14 R AL) (f(zh) = f) + k2 :
Define for all £ € N,
_ 20y, N 2 . 2
wp=——— 90 =VIf@)ll”, gr+1 =1 —wi)gk + wil|Vf(zp)l|"
ijo My
Note that since (7)), is decreasing, wy, € [0, 1]. Plugging this back in the previous inequality gives
5o Sh o 2L,
B [f (1) = fi] + 5 g0 + Gon < (L4 mRAL) (F(aw) = f2) + =15 g+ 25—
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Since >, 7 < oo, we also have that [[72 (1 + n2AL) < co. Thus, by Lemma 6, we have

k—1
(f(zg) — f), and an gr | converge almost surely, and angk < oo almost surely
j=0 . k
Hence, we have that limy, Z,ﬁf’gn Z;:é n;9x = limy nrgr = 0. But since we assumed that
j=0 T3

>k Ek@l p diverges, this implies that limy Z?;OI n;gx = 0, that is, we have that,
j=0 i

1
g, =0 (,H almost surely
Zj:o 77j>

But since for all k € N, grp1 = (1 — wi)gr + wi||Vf(xx)]|%. gr is a weighted average of all

past HVf(x]-)HQ,j = 0,...,k — 1. Hence, there exists a sequence (w;); in [0, 1] which verifies

> g @ = 1such that gy = Y75 @; ||V f ()% Thus, g > mini—g,.. k-1 [V f(zo)|* = 0.

Hence we have almost surely

1
t:gf}%}}c_l va(aft)Hz =0 <Zk_1>

j=0"j

F. Extension of our results to the nonsmooth setting

In this section, we will consider the stochastic subgradient descent method under the bounded
gradients assumption, as in Nemirovski et al. (2009) . Under this assumption, we show that we can
derive the same convergence rates as in Theorem 8.

Proposition 23 Consider the following method: at each iteration k, let gy, be such that Ey, [g] =
g(xy) for some g(xy) € Of (), and update

Tk+1 = Tk — NkGk,

where we assume that f is convex and that there exists G such that Vk € N, E [Hgk ||2] <G
Choose step sizes (1), which verify Condition I (with G in place of 02). Define for all k € N

2 To =
Wy = kL and { :EO io (1= wp)z (36)
Ej:[) nj Trtl1l — Wk ( Wk )Tk .

Then, we have a.s. that f(Zg) — f« = 0 <,€11> :
Zt:o m
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Proof The proof procedes exactly as in the smooth case, but with replacing the bound (5) by the
bound Vk € N, E [H ngﬂ < G. Indeed, expanding the squares we have that

|zks1 — zal|? = ok — 2]|® = 200Gk, 2k — z2) + 1 l|gx >

Then taking conditional expectation Ey, [] ) [ | zx] gives, since Ej [gr] = g(xy) for some
g(xy) € 0f (x1), we have
Ei [lznin — o] = llan — 2l = 2mdg(on), @ — o) + nfEx |gel?]
<l — @l — 208 (f(ax) — fi) + 102G,

where we used in the last inequality the fact that g(zj) is a subgradient of f at xj, and that
Ex [HngQ} < @. Hence, rearranging, we have

Ey [kaﬂ - ﬂ3>k||2} + 2k (f (k) = fo) < llok — z)* + 172G (37
From (36) we have that wy, = Zznkn" Since wg = 22—3 = 2 we have that z; = 229 — Tg =
j=0 "1J
2x9 — xg = xg. Hence, it holds that ’
f(@1) = fi = f(wo) — fu = wo (f (o) — fi) + (1 —wo) (f(Zo) — fe)- (38)
Now for k € N* we have that following equivalence
k k-1
w € 0,1] <<= 2 < Zm — < Zm‘-
§=0 j=0

The right hand side of the equivalence holds because (1)), is a decreasing sequence. Hence, by
Jensen’s inequality, we have Vk € N*

f(@r1) = fo S wi (f(2x) — fo) + (1 —wi) (F(Zr) — fo) -
Together with (38), this shows that the last inequality holds for all £ € N. Thus,
() = £ 2 (o) = £ = (= 1) U@ - 1)

Wk

Replacing this expression in (37) gives:

T (F(Er) — £

Wk

<l — w]? + (;k - 1) (&) — 1) + G

By lznsn — 2ll’] +

Hence substituting in the definition of wy, from (36) gives

k
Bp [lensn = 2l + D05 (F@re1) = £2)
=0

k—1
< llww = 2l + | Do —me | (F(@) — fo) + 02 G
j=0
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Thus re-arranging

b [lowsr = 2] + Zm (2hs1) = fo) + e (f (@) = 1)

< ok — +Zm — )+ G
7=0

which, by Lemma 6, has the three following consequences:

k
(| — 24]*)5 and an (f(Zg+1) — f«) | converge almost surely,
j=0 k
and an — fx) < o0.

Hence, we have that limy, Zk 1 - Z?:é n; (f(Zg) — fe) = limg ng (f(Zg) — f«) = 0. But since
=0 nj

we assumed that ) 271 diverges, this implies that limy, Z —0 nj (f(Zk+1) — f) = 0, that is
o’

1
fm)‘f*”(m)

G. Convergence rates for SHB in expectation without the bounded gradients and
bounded gradient variance assumptions

Our first theorem provides a non-asymptotic upper bound on the suboptimality given any sequence of
step sizes. Later we develop special cases of this theorem through different choices of the stepsizes.

Theorem 24 Let Assumption 1 hold. Letx_1 = xg Consider the itemtes of SHB-IMA. Let (n)x
be such that 0 < my, < ; for all k € N. Define /\0 = 0 and N\, = Zt 0 m for k > 1. Then,

|zo — 2" H QZt om
E[f —fll < =+ 20
7tz | Zt o'l Zt 07775

Note that in Theorem 24 the only free parameters are the 7;’s which in the iterate-moving-average
viewpoint (SHB-IMA) play the role of a learning rate. The scaled step sizes ay, and the momentum
parameters [ of the usual formulation (SHB) are given by (6) once we have chosen 7. We now
explore three different settings of the 7;’s in the following corollaries.

Corollary 25 Consider the setting of Theorem 24. Let n < 1/4L.

1. Letny, =n. Then, E [f(z)) — fu] < % + 2002, (39)
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_ =" 34022 og ket )+ 1) 0 (bg(k)), (40)

2. Letmy, = \/];7? Then, E [f(zr) — fi] < (Vo) N

3. Suppose Algorithm (SHB) is run for T iterations. Let n, = \/%Hfor all k € {0,...,T}.
Then,
on — a:*Hg + 20212

w1l +1

(39) shows how to set the parameters of SHB so that the last iterate converges sublinearly to a
neighborhood of the minimum. In particular, for overparametrized models with o2 = 0, the last
iterate of SHB converges sublinearly to the minimum. Moreover, when using the full gradient, which
corresponds to directly using the gradient V f (=) at each iteration, we have £ = L and 02 = 0,
which recovers the rate derived in Ghadimi et al. (2015) for the deterministic HB method upto a
constant.

The O (log(k) / \/E) convergence rate in (40) is the same rate that can be derived for the iterates

(41)

of SGD, as is done by Nemirovski et al. (2009) for a weighted average of the iterates of SGD, or
by Orabona (2020b) for the last iterate. The difference with SGD is that it is also possible to drop
the log(k) factor in (40) for the last iterate if we know the stopping time of the algorithm as shown
in (41). So far in the litterature, shaving of this log factor has been shown only for convex lipschitz
functions over closed bounded sets (Jain et al., 2019).

G.1. Proof of Theorem 24
The proof uses the following Lyaponuv function
Li = E |2 = @.[*] + 20 ME [f(@4-1) = £]
Proof We have
2k41 = 2all® = ll2k — 2 = MV o ()|
P ok — 2ll? = 200V @), 2 — ) + RNV S (@)l
(SHEAMA) 21 — 2 ||* = 201V fup, (2r), 21 — ) — 206\l fo (2k), 21 — Tpem1) + 03|V fop ()2

Then taking conditional expectation Ey, [] ) [ | 2] we have

B |ll2k41 — 2| = 26 — 2al® = 200V f (1), 25 — @)
= 2V F (), 2 — 1)+ B [V g () ]
(5)+(2)

< Ap+ AL (f(w) — fo) + 20707
—2ng (f(xk) — fo)) = 20k (f (z1) — fz-1))
= |2k — 2ul|? — 201 (1 4+ M, — 2m.L) (f(ax) — fo)

+ 200k (f(zhm1) — fo) + 2nio”. (42)
<o ull = 2 (G4 ) (o) = £)
+ 2k (f (Th—1) — fo) + 2m702, (43)
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k
where we used the fact that 7, < ﬁ in the last inequality. Since A\ = %Z%i?t we have that

1
Me+1 k+1 = Nk <2 + /\k> .

Using this in (42) then taking expectation and rearranging gives
E |21 = 2l + 201 i B [f(n) = L] S E [l = 2l?] + 200 [f(211) = f.] + 2070

Summing over ¢t = 0 to k and using a telescopic sum, we have

k k
B [z - 2l?] + (z m) B 170) — £ < lloo - 217 + 2073,
t=0 t=0
where we used that Ay = 0. Thus, writing A\, explicitly, gives

2 k
lzo — 2*|° | 20 35y g ni

]E X U S
) e T

G.2. Proof of Corollary 25

Proof (39) and (41) can be easily derived from Theorem 24. (40) requires some additional sum
computations. Using the integral bound and plugging in our choice of 7, gives

k—1 k—1 1 k—1
n = 1 < 7’ (log(k) + 1) and Znt > 2n (\/% - 1) )
t=0 t=0 t=0
which we use to obtain (40). |
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