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Abstract

In this paper, we consider variational autoencoders (VAE) via empirical Bayes estimation, referred
to as Empirical Bayes Variational Autoencoders (EBVAE), which is a general framework including
popular VAE methods as special cases. Despite the widespread use of VAE, its theoretical aspects
are less explored in the literature. Motivated by this, we establish a general theoretical framework for
analyzing the excess risk associated with EBVAE under the setting of density estimation, covering
both parametric and nonparametric cases, through the lens of M-estimation. As an application, we
analyze the excess risk of the commonly-used EBVAE with Gaussian models and highlight the
importance of covariance matrices of Gaussian encoders and decoders in obtaining a good statistical
guarantee, shedding light on the empirical observations reported in the literature.

1. Introduction

A wide variety of machine learning problems can be framed as directed probabilistic inference in
generative models (Jebara and Meila, 2006), especially when we care about modeling and efficient
sampling from complex distributions such as those over natural images and text (Yang et al., 2017;
Brock et al., 2018; van den Oord et al., 2016). Variational autoencoder (VAE) (Kingma and Welling,
2013; Rezende et al., 2014) replaces conventional instance-specific local inference with a global
inference network and therefore enables efficient training of deep generative models. In plain
language, a latent variable generative model defines a joint density p(x, z) over the data space X and
the latent space Z by specifying a prior 7(z) over latent variables and a conditional density p(z|z)
of data given latent variables. Typically we aim at learning pp(x) over data space, based on a finite
number n of samples {x;}}" ;, assumed to be drawn from it. In most cases, maximizing the average
marginal log-likelihood of the data is difficult, as the marginal likelihood functions are intractable due
to the integral for marginalizing out latent variables (Kingma and Welling, 2013). VAE overcomes
this issue by introducing a family of inference distributions ¢(z|x) for approximating the posterior of
latent variables given the data and jointly optimizing the so-called evidence lower bound (ELBO,
Ormerod and Wand, 2010) as in the variational Bayes methods. From a coding theory perspective,
the unobserved latent variables can be interpreted as a latent representation or code (Kingma and
Welling, 2013). Therefore, the inference distribution ¢(z|x) can be interpreted as a probabilistic
encoder, and the conditional distribution p(x|z) of data given latent variables can be interpreted as a
probabilistic decoder.

VAE has received great success in generating complicated data, including images (Gregor et al.,
2015; Kulkarni et al., 2015), molecules (Segler et al., 2017), text (Yang et al., 2017), and predicting
the future from static images (Walker et al., 2016). However, as empirically observed in Tomczak
and Welling (2017), VAE with a standard multivariate Gaussian prior tends to underfit the data. We

(© 2021 R. Tang & Y. Yang.



TANG YANG

thus consider a broader class of VAE via empirical Bayes estimation. Specifically, we incorporate
hyperparameters in the prior over latent variables, and jointly optimize the prior with the encoder and
the decoder. We call this framework Empirical Bayes Variational Autoencoders (EBVAE), which
includes popular VAE variants “VampVAE” (Tomczak and Welling, 2017) and “LARSVAE” (Bauer
and Mnih, 2018) as two representative examples. In the statistical literature, density estimation (Sil-
verman, 1986; Sheather, 2004) has been an important topic in both nonparametric statistics and
parametric statistics, and its hardness in terms of minimax optimal rate of convergence has been
understood fairly well for a wide range of density functions under smoothness constraints (Stone,
1982). Despite the celebrated empirical success, little general theory has been developed to investigate
statistical properties of VAE or more broadly, EBVAE (Doersch, 2016). In this paper, we undertake
this task and focus on the theoretical front to answer: how well can EBVAE learn the target density
pp(x) under different choices of prior families, encoder families, and decoder families.

1.1. Related Work

In the original formulation of VAE, the prior is chosen to be the standard multivariate Gaussian
and the encoder is optimized over a Gaussian family (Kingma and Welling, 2013), which may lead
to poor performance when applied to complex datasets because of model misspecification. Many
approaches have been developed to increase the model capacity by either using a more flexible
encoder family (Rezende and Mohamed, 2015; Kingma et al., 2016) or choosing a more expressive
family of the priors (Chen et al., 2016; Guillemin and Pollack, 2010). Tomczak and Welling (2017)
have shown that the prior minimizing the objective function of VAE is given by the corresponding
aggregated posterior + 3" | ¢(z|x;) with g(z|z) being the encoder. In view of this fact, some
studies (Tomczak and Welling, 2017; Bauer and Mnih, 2018) considered prior families that aim to
approximate the aggregated posterior, which can be seen as special cases of prior parametrization
within the framework of EBVAE.

On the theoretical side, Liang (2018) studied the rates of convergence for learning generative
models using Generative Adversarial Networks (GAN, Goodfellow et al., 2014). They provided a
comprehensive statistical treatment of GAN in which the generator and discriminator are parametrized
by neural networks. Unlike GAN which aims at achieving an equilibrium between the generator and
the discriminator, EBVAE aims at maximizing a variational lower bound to the data log-likelihood
and possess an encoder-decoder type interpretation. In this work, we develop a general theoretical
framework to characterize the excess risk of EBVAE as a generative model learning approach for
density estimation covering both parametric and nonparametric cases. A most relevant work to ours
is Doersch (2016), where they analyzed the approximation error associated with the population level
objective function of VAE for one-dimensional data when Gaussian encoders and decoders are used,
they found that the approximation error will go to zero if the standard deviation (noise level) of the
data given latent variables vanishes, given that the approximation families of mean functions and
covariance functions of the Gaussian models have enough capacity. In our study, we give a excess
risk bound on the estimator arising from EBVAE with Gaussian models, which includes a term
depend on the sample size due to random fluctuations and therefore enables us to study the finite
sample performance of the EBVAE estimator (c.f. Theorem 7).

1.2. Summary of Contributions

Below is a summary of our main theoretical contributions in the paper.
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1. We provide the first rigorous theoretical analysis to the excess risk of EBVAE.

Despite the empirical success of VAE, to the best of our knowledge, there is no general theory about
the statistical properties of the resulting estimator. A systematic theoretical study on VAE enables
practitioners to be aware of whether their resulting estimators are reliable and provide guidance
on how to set the best hyperparameters and approximation families in concrete situations. In this
study, we address the problem by giving a general statistical framework to analyze the excess risk
for learning densities using EBVAE. The key insight of our work comes from representing the
EBVAE estimator as an M-estimator (see for example, Chapter 5 of Vaart (1998)). Once we make
the connection, we can leverage the rich toolkit of theoretical and methodological results available
for this context. We develop novel oracle inequalities (c.f. Theorem 1) that provide general tools
to verify the statistical accuracy of estimators arising from EBVAE and give insight about which
decoder families, encoder families and prior families yield consistency.

2. As an application, we analyze the risk of estimators derived from the commonly-used EBVAE with
Gaussian encoders and decoders in Theorem 7.

The theory we established for EBVAE estimators with Gaussian models highlights the importance
of the covariance matrix of the Gaussian encoder, which is often chosen as a diagonal matrix in
practice. For example, our theory suggests that the approximation error of EBVAE with Gaussian
encoders is strictly related to the model of covariance matrices of encoders, misspecifying the
off-diagonal elements will introduce extra errors. As an implication, the covariate parameters of
Gaussian decoders, which are often chosen to be independent of the data in advance, should be
jointly optimized with other parameters. This explains the reason why Vanilla VAE models tend to
produce unrealistic, blurry samples when applied to complex datasets of natural images (Dosovitskiy
and Brox, 2016). As another implication of our theory, the limited capacity of parametric families
such as Gaussians suggests the necessity of using more complicated encoder/decoder models and
thus we follow the classic nonparametric literature by considering a broad class of nonparametric
families characterized by smoothness levels, and quantify the accompanied approximation error and
estimation error.

3. We build a uniform law with a data-dependent complexity specifically tailored to handle the
unbounded loss function associated with EBVAE.

Due to our delicate localization technique in the proof, we obtained a “fast rate” (i.e. n~! rate in case
of parametric models) without assuming the boundedness of loss function (w.r.t. data x) as opposed
to a “slow rate” (i.e. n~1/2). This is achieved by our key localization Lemma 12 and Lemma 13.
Specifically, Lemma 12 provides a “maximal” type inequality for controlling the supreme of an
unbounded empirical process specifically constructed for dealing with the loss function involving the
Killback-Leibler divergence.This inequality captures the local fluctuation behavior of our empirical
loss function via the variance of the increments of an empirical process. Its proof involves non-trivial
applications of many empirical process techniques such as chaining and peeling. Lemma 13 provides
an upper bound to the local Rademacher complexity (Bartlett et al., 2005) associated with unbounded
functions, which enables us to deal with the unbounded loss function associated with EBVAE.

4. We take the low-dimensional structure of data space into account and illustrate that EBVAE can
benefit from the underlying submanifold structure.

Specifically, our results for EBVAE with Gaussian encoders/decoders (c.f. Theorem 7) show the
adaptiveness of EBVAE to lower-dimensional submanifold structures so that the bound does not
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suffer from the “curse of dimensionality”. This is achieved by our Lemma 17 that provides an error
bound of ReLU neural networks for approximating smooth functions with domain being close to a
d.-dimensional submanifold and Lemma 18 that gives an explicit dependence of the excess risk and
approximation error of EBVAE estimators on the variance of the data given latent variables.

1.3. Notations.

We summarize some necessary notations and definitions here. We use X C R% and Z C R%
to denote the data space and the latent space, p(z|z) to denote the decoder, ¢(z|x) to denote the
encoder and 7(z) to denote the prior for the latent variable. To simplify the notation, we may also
use shorthands p, ¢, ™ when no ambiguity may arise. In the parametric case, we use 0 € O, ¢ € O
and 3 € O to denote the parameters associated with the decoder family F 4, the encoder family
Feq and the prior family F;o respectively, and use py(z|z), ¢4(2|z) and 75(2) with shorthands
D6, 4p, T3 to denote the decoder, encoder and prior in these families. We use pp(x) to denote the
target data distribution and {z;}}" ; to denote n i.i.d. copies generated from pp(x).

For a d-dimensional Euclidean vector z, we use ||z||,, to denote its £, norm. For a function f(z) :

RY > R%, V f(x) is a dy x dy matrix, with (V f(2));,; = 2. Do (p,g) = § [ |p(x)—g(2)|dz
denotes the total variation distance and Dkr,(p||¢) = [ log %p(m)dw denotes the Kullback-Leibler

(KL) divergence. We use N (u, X2) to denote the multivariate Gaussian distribution with mean vector
1 € RY and covariance matrix ¥ € R4*?, The symbols < and > mean the corresponding inequality
up to an n-independent constant. For multi-indexes v = (71, -+ ,74) € Ng, a function f is said to
be of class C* (k € N>o) if all partial derivative of order ~y (||y||1 < k) exist and are continuous. We
use C'“(Q2) to denote the Holder space on 2 with Holder exponent « > 0 (see for example, Evans
(2010)), and we use BX(Q2) to denote the closed ball in C*(€) with Holder norm || - [|ca o) being
bounded by . We will also use the definition of Orlicz norms (see e.g. Dudley (1999)), recalled
next. For a > 0, define the function 1), : Ry — R with the formula ¢, (x) = exp (z*) — 1 . For
a random variable X, we define its Orlicz norm with respect to 1), as

| X |ly, = inf {A > 0: E[¢a(|X|/N)] <1}.

By standard analysis, we have for all £ > 0,

P(IX| > ) < 2exp { - <||Xt||w)a}

1.4. Organization

The rest of the paper is organized as follows. In Section 2, we give a brief description of EBVAE.
In Section 3, we develop an oracle inequality (Theorem 1); and in Section 4, we apply our oracle
inequality to parametric and nonparametric cases. The paper is concluded with a discussion in
Section 5. For the Appendix: a numerical study is included in Appendix A; the proofs of the main
results are included in Appendix B; and the proofs of technical lemmas are included in Appendix C.

2. Empirical Bayes Variational Autoencoder

Suppose we have a dataset of x samples from a distribution that can be modelled by a generative
model. Here, a generative model defines a joint distribution over the latent space Z and the data
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space X. Usually we specify a simple prior distribution 7(z) over the latent variables, such as
isotropic multivariate Gaussian or uniform, and model the data distribution by complex conditional
distributions (decoders) p(x|z) € Fgq, where Fyq can either be a parametric or nonparametric family.
The goal of VAE is to learn the true underlying marginal likelihood of the data pp () in the generative
process. Given data {x;}}" ;, we typically aim at maximizing the average marginal log-likelihood
LS 1 log [ p(w;|2)7(2)dz. However, the optimization could be computationally infeasible due to
the potentially high dimensional integral in the objective function, so it will be convenient to resort
to VAE. Specifically, VAE overcomes this issue by introducing a family of encoders ¢(z|z) € Feq
and jointly maximize a lower bound to the log likelihood (Kingma and Welling, 2013),

Z{log/ xz\)()dz_DKL< i) fpxgj‘:z >}’

which is equivalent to (up to constants)

il Z { /logp xi|2)q(z|zs)dz — Dk (q(-=:) || 77('))}'

This objective function is computationally more friendly to optimize since the highest density region
of ¢(z|x) may be relatively smaller compared with the space of z under the prior.

In the original setting of VAE, the prior is chosen to be simple and data-independent and the
decoder is chosen to be from a Gaussian family for continuous data, i.e, N'(Gy(z), 02I) with Gy(2)
being implemented with multi-layer perceptron (fully-connected neural networks with one hidden
layer). Even though any d-dimensional distribution can be generated as a push forward measure
through the standard d-dimensional Gaussian (Devroye, 2006), we may need a highly non-regular
map to first map the fixed prior to a complicated distribution of latent variables. This may lead to
underfitting if the decoder families have low capacity. To address this issue, we increase the model
capacity by introducing hyperparameters in the prior and jointly training the prior distribution of
the latent variable over a prior family 7, with the encoder and decoder (see Appendix A for a
numerical comparison). This lead to the EBVAE as the following optimization problem,

‘ p(il") 7"( )
fp xi|2)m(2) '
The objective function of EBVAE can also be rewritten as n ' Y7 | ( — [log p(z;|2)q(z|z;)dz +

Dx1,(q(+|z;) || 7(+))) for facilitating computation. During the learning, we can apply Monte Carlo
method to approximate the above objective function using draws sampled from ¢(z|x).

[ log/ xz]z)ﬂ(z)dz+DKL< 1)

pe}—dd7q6]:ed77r6]:p77,or n Z

3. Main Theoretical Results

Despite its popularity, the theoretical aspects of EBVAE are less explored in literature. In this
section, we will study the general statistical properties of the EBVAE estimator through the lens of
M-estimation. As introduced in Section 2, we define the following loss function for a single data x,

) H fplzgjL)):((z))dz>’ M

pp ()

m(p,q,m, ) = log W + Dk, (CI( x
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where we deliberately added the term log pp(x) which is independent of (p, ¢, 7) to the loss function
for the sake of theoretical analysis. With this notation, the EBVAE estimator can be casted as the
following M-estimator,

n
(.4, #)=  argmin {nl Zm(p,q,w,xi)}, o)
=1

pe;ddvqe}—edvﬂ'e]'—prior

where recall that ;4 denotes the decoder family, .4 denotes the encoder family and ;o denotes
the prior family. In the population level, we can also define

U = arg min Epp(a) [m(p, q,T, 1:)}
PEFdd,qEF ed,TE€Fprior
as the set of minimizers of the population level loss function.

The goal of this section is to study the finite sample performance of the point estimator obtained
from EBVAE, which is captured by the so-called oracle inequality (Rigollet and Hiitter, 2015). We
prove a general oracle inequality for the EBVAE estimator (2) with risk function being chosen
as the population level loss function E,, () [m(p, q,m, m)] in the next theorem. According to the
definition of the loss function in (1), the risk function can be decomposed into two components (c.f.
Theorem 1). The first component of the risk function quantifies the difference between the target
density and the marginal density | p(z|z)m(z)dz relative to the KL divergence, while the second

component quantifies the difference between the encoder and the posterior %
the KL divergence. Including the second term in the risk function brings several benefits. By writing
the objective function of EBVAE as an empirical counterpart of the risk function as in (2), we can
therefore leverage the existing theory of M-estimation to build an oracle inequality. In addition,
since the second term in the risk function is always nonnegative, the risk function evaluated at
(p, 4, ) also acts as an upper bound to the KL divergence between the fitted marginal density and
the target distribution. On the computational side, according to Kingma and Welling (2013), the loss
function defined in (1) can be regarded as a computationally efficient surrogate to log [ p(z|z)m(z)dz
p(z|)r(-)dz )
[ p(z]z)m(2)dz />
which is quantified by the second component of the risk function in the population level. We then

impose the following assumption for controlling the tail for the suprema of an unbounded empirical
process (Adamczak, 2008; Mendelson et al., 2007) appearing in the analysis of EBVAE.

relative to

in the definition of maximum likelihood estimator (MLE) with error DKL( |x) ‘ }

Assumption A For a random variable X with density pp(x), there exist some positive constants
(v, D) such that

[ p(X|2)7(2)d=

lo
s pp(X)

e (w0 | HEEEE) || <o

Roughly speaking, Assumption A is a tail condition on the loss function so that the population level
loss function and its empirical counterpart can be proved to be close to each other uniformly. Similar
assumptions are commonly made in the literature (Griinwald and Mehta, 2020). Our assumption
is comparable to Griinwald and Mehta (2020) on fast rates for unbounded loss where the uniform
boundedness is only in terms of parameters, but not data X. We show in Theorem 7 that Assumption
A is applicable to commonly used encoder/decoder examples. Moreover, for parametric models

sup
PEF4,9€Fed

7TE]:pm'or
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(c.f. Section 4.1) where absolute values of logarithms of density functions pp(z), pg(z|2), ¢s(2|x)
and 7g(z) grow at most polynomially in ||z || and the parameters (6, ¢, 5), if the parameter space
and latent space are bounded and the data X has bounded Orlicz norm with a suitable o > 0 (e.g.
sub-Gaussian and sub-exponential), then Assumption A holds. This requirement holds for any regular
exponential family. Note that Assumption A also holds when the quantity inside the norm is bounded.
For any (p*, ¢*, 7*) € U*, consider the shifted function class,

= {g(z) =m(p,q,m 2) —mp*,¢", 7", 2) | p € Faa, 4 € Fed, ™ € Fprior }-

Define the star hull of G* as G° = {ag|a € (0,1], g € G*}. To bound the estimation error, we
need certain data-dependent estimate of the complexity of G, namely, the local Rademacher
complexity (Bartlett et al., 2005), defined by

1 n
Rn(0,G) =Eppo)Be | sup | = eig(ai) ] :
9€G llgll2<d | 7 i=1
where {g;}7" , are n i.i.d. copies from Rademacher distribution, i.e. P(¢; =1) = P(g; = —1) = 35
and ||g/13 = [ ¢*(z)pp(z)dz. We are then ready to state the following theorem that provides oracle

result of EBVAE estimator.

Theorem 1 Consider the EBVAE estimator p, ¢ and 7 defined in (2). Under Assumption A,
_ o 1

if there exist 6, > 0 and (p*,q*,7*) € W*, such that: (1) R,(0,,G ) < §2/(Dlog= n); (2)

(né2/(D? log% n))@ir{el} > Jog(log %), then there exist constants (cg, ¢1, c2) only dependent of

ns2 min{a,1}
a, such that it holds with probability at least 1 — cg exp { - (ﬁ) } that,
ogan

log™ =« n

A A A . . 2

Bpp(e) [m(p, 4, %,)] < inf {(1 +7),min By [mp, g, m2)] + o1+ ) "= }
TE€EF prior

where we can decompose B, ) [m(p, q,7,2)] = DkL (pp(') H /p('|z)7r(z)dz> +
Byoto D1 (o010 || 10T )

Remark 2 The constant co has a polynomial dependence on [1/a|! = H]W o] j when o < 1,

so there is a super-exponential dependence on o. The main tool for proving Theorem 1 is the

tail inequality for the suprema of an unbounded empirical process (Adamczak, 2008). One major

difficulty is that the tail bound applies only to a deterministic radius 6, as opposed to the random

radius ||gl|2 = ||m(p, 4, 7, -) — m(p*, q¢*, 7*,-)||2. This issue can be solved by using the “peeling”

argument (Wainwright, 2019), i.e., considering sets S,, = {2™715, < ||glla < 2™6,} with
=1,---log(D/éy,). See Appendix B.1 for further details.

The result in Theorem 1 can be used to determine a set of sufficient conditions under which the
EBVAE estimator is consistent. An estimator is called consistent if it converges to its estimand
as sample size increases, which gives a guarantee that we could get the right answer of param-
eters of interest based on the estimator for large sample sizes. The first term of the bound in
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Theorem 1 corresponds to the approximation error and tends to be small as the encoder family,
decoder family and prior family become richer. In the next section, we give instances of Fgq,
Fed and Fp,ior leading to zero approximation error in concrete examples. In particular, in the
usual setting where the target data distribution pp(z) can be expressed as [ p*(z|z)7*(z)dz with
p*(z|z) € Faq and m*(2) € Fprior. The approximation error can be further upper bounded by
minge 7, . Bpp ) [PkL (q(-|2) || p*(z|-)7*(-)/pp(x))], which validates the importance of choosing
a suitable encoder family. In practice, many approaches have been developed to increase the empirical
performance of VAE by using flexible encoder families, e.g. NF (Rezende and Mohamed, 2015),
IAF (Kingma et al., 2016), which outperform the Vanilla VAE. The second term of the bound in
Theorem 1 corresponds to the estimation error which tends to be small as complexities of the encoder
family, decoder family and prior family decrease. In particular, the deterministic radius d,, in the
estimation error term is called the critical radius associated with G~ (Wainwright, 2019), which is
commonly used to specify bounds on the excess risk in M-estimation problems. We will determine
dp, in some representative examples under different choices of Fyq, Feq and Fp,ior in Section 4.
Ideally, we want to make a choice to Fgq, Feq and Fprior such that the approximation error and
estimation error are well-balanced.

4. Applications

In this section, we apply Theorem 1 to some representative examples. In each case, we will determine
the approximation error and solve the §,, in Theorem 1 via bounding the local Rademacher complexity
from above by Dudley’s integral (see, for example, (8.13) of Vershynin, 2018) to obtain an explicit
excess risk bound in terms of model characteristics.

4.1. Parametric Models

In this subsection, we consider the case when Fyq, F.q and Fpo, are parametric families. Recall
that to explicitly express the dependence of the encoder and decoder on the parameters, we adopt the
notation in (Kingma and Welling, 2013) to use py(z|z), ps(z|x) and 75(2) with shorthands pg, g
and 73 to denote the decoder, the encoder and the prior respectively. To begin with, we impose the
following Lipschitz condition for bounding the Rademacher complexity associated with G, which
is a common regularity condition in M-estimation problem (Vaart, 1998).

Condition A For Fyy = {pg(x|2’)|9 € Oy C Rde}’ Fed = {q¢(z\af)|¢ S @¢ - Rd¢} and
Fprior = {m3(2) | B € ©5 C R}, there exist some constants (ag, a;) such that for any 0,6 €
Og, (Z)7¢/ S @¢, B,,B/ € @5 andz € X,

[10lloc + l|@llcc + [ Bllec < a0,
}m(p%Q(byﬂ-,Bax) - m(p9’7q¢/77rﬁ/7$)‘ < b(.%')”(@,qb, 6) - (0/¢¢/7B/)H27

with B, ;) [0*(x)] < a1, where m(pg, g4, 73, x) is the loss function for single data point defined in
equation (1).

We are then ready to state the following theorem that provides an oracle inequality for the EBVAE
estimators with parametric models.

Theorem 3 Consider the EBVAE estimator py, q 3 and T 4 defined in (2), and let d* = dg + dg + dpg.
If Assumption A and Condition A hold, then there exist some constants (cy, c1, c2) that only depend
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on (a, ag, ay) so that it holds with probability at least 1 — cyexp { — ¢ (d* log p)mintes 1} } that,

Epp(a:) [m(péa qqga 7737 x)] < ;I;fo {(1 + 7)969575&1}%,56@51[21)17(@ [m(Pe, 4o, T3, m)]

*

+c2 (1 + i) Dd log(nd®) logé n}

The estimation error (second term) of Theorem 3 scales as O(1/n) up to a logarithmic term, which
matches the minimax optimal rate of parametric density estimation (Rigollet and Hiitter, 2015;
Silverman, 1986). The approximation error term of the risk bound in Theorem 3 is zero if the
model is well-specified, that is, there exist some py+ € Fgq, qp* € Feq and mg« € Fppior, such that
pp(x) = [ po-(z|2)mp+(2)dz and gy~ (z|x) is the posterior density with likelihood pg- (z|z) and
prior mg«(2). Moreover, enriching the prior distribution family ., via hyperparameters may
greatly reduce the approximation error term when F44 and J.4 have limited capacities. Conversely,
the estimation error is positively correlated with the number of parameters d*. Suitable choices
of Fadq, Feqd and Fprior should minimize the risk upper bound, i.e., the approximation error and
estimation error are balanced. In fact, Tomczak and Welling (2017) empirically shows that when the
“Vamp prior” Zk;K:1 N (1 (ug), diag(oé(uk)) is used as the parametric family of the prior, a most
suitable choice of K is 500, either decreasing it or increasing it will result in significant deterioration
of the performance (c.f. Appendix A for some numerical results). Theorem 3 provides a theoretically
explanation to this phenomenon. When K is small, the first term (approximation error) in the risk
bound dominates and when K is large, the second term (estimation error) dominates.

It has been shown that the prior which minimizes (2) is given by the corresponding aggregated
posterior 2 3" | ¢ (z|@;) (Tomczak and Welling, 2017). The next corollary offer theoretical guar-
antees to methods that parameterize the prior for approximating the aggregated posterior (Tomczak
and Welling, 2017; Bauer and Mnih, 2018) via giving an upper bound to the total variation distance
between the target distribution and the distribution generated from a latent space model with prior
being the aggregated posterior and conditional distribution being the fitted decoder.

Corollary 4 Consider the EBVAE estimator py, q 3 and 7 5 defined in (2). Let d* = dg + dy + dg.
If Assumption A and Condition A hold, and for any z € Z, ||z||2 < as, x € X, (¢,¢') € Oy and
(2,2') € Z, the support of z under qg(z|x) is contained in Z, and |qy(z|x) — qg (2'|x)| < as(||¢ —
&2+ ||z — 2'||2), then for some constants (co, 1, c2, c3) only dependent of (d, «, ag, a1, az, a3),
such that it holds with probability at least 1 — coexp { — ¢1 (log n)min{o"l} } that

Dy (po(), /Z (;quq;<z|xi>)pé<-|z>dz) < ep omin By [mipe,as s o)
=1

96@9
$€04,8€0p3

*

+c3 log(nd™®) logé n.

n

Remark 5 Here we state the risk bound in terms of total variation distance since the total variation
distance is a metric satisfying the triangle inequality. Corollary 4 is proved by the triangle inequality
and the fact that the aggregated posterior is close to the fitted prior with high probability.

4.2. Gaussian Encoder and Decoder

In this subsection, we study the theoretical properties of the commonly used Gaussian encoder and
decoder (Kingma and Welling, 2013; Doersch, 2016). Same as Section 4.1, we use pg(z|z) (pg)
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and ¢, (2|z) (g) to denote the decoder and encoder. We consider py(z|z) = N(Gy, (2),0%14,)
and gy (z|xz) = N(pe(x), Xy(z)), where Gy, (2), pey(z) and Xy (x) are functions parametrized
by 0, and ¢, and o is a unknown parameter jointly trained with others. Adopting the Gaussian
encoder family for g4 (z|x) makes the optimization problem (2) in EBVAE computationally simpler.
Unfortunately, even if we assume high capacity for pi4(2) and X4 (), the approximation error from

Epp(2) [DKL <q¢(|x) H %)] is nonvanishing, since the posterior is not necessarily
Gaussian. However, if we assume the true data X to be generated by some low dimensional latent
variable Z, with a deterministic and invertible generative function Gp(2), plus a random Gaussian
error vector with mean 0 and covariance matrix O'*QIdz where o is small enough, i.e., using Ty
to denote the image measure (or push-forward) of x by 7" and p * v to denote the convolution of
11 and v, so that the model of X can be expressed as (Gpy7mp) * N(0,0%%1,,), then Z becomes
nearly “deterministic” given X and the approximation error vanishes, which is consistent with the
finding in Doersch (2016). We then state the our conditions on the approximation family ;.- and
assumptions on the true model pp. For a vector-valued function f(z), we use || f(x)||, to denote its

vector £, norm at input .

Condition B The family of prior Fprior = {m3(2)|B € ©g C R%} has a compact parameter
space © 5. In addition, there exist some constants (by, b3) such that for any 3, 8’ € ©g and z € R%,
1Bll2 < ba, [log ms(0)] < b, [V logms(2)[l2 < b2 (||2[l2 + 1) and [logms(2) — logma (2)] <
b(=2) (18 = B'll2 with [[b(2) 2 < b2 (|25 + 1)

Assumption B Assume the followings:

B.1: The data distribution pp = (Gpymp) * N(0,0*%1,,) (01 < o* < +), where Tp(z) is a
probability density function (w.r.t. the Lebesgue measure on R%) that belongs to Fpior. For a
random variable Z with probability density 7p, it holds that || Z?;l(Zi)Qle < bs with some
constant b5 > 0. Moreover, ¥V z € R%, Vrp(z) exists and || Vap(2) |2 < bs.

B.2: There exists an integer k& > 2, so that Gp(z) : R% +— R% (d, < d,) is a C* map, and there
exists a C* map Qp(z) : R% — R% such that V z € R%, Qp o Gp(z) = 2. Also, there exist some
constants («a, bg) where 0 < av < 2, such thatforany 1 <i <d,;,1<j <d,, z € R% and x € R,

2 2
itholds that 3, - [D7Gpi(2)] < bs(||2[l5 +1)and 3\, <4 [D7Qp,;(x)| < be(||z]|5 +1), where
Gp,i(z) and Qp_j(x) are the elements of the ith and the jth dimension of Gp(z) and Qp(x), v is a
multi-index v = (1,72, ...,7d) € Ng and D7 denotes the mixed partial derivative operator.

Remark 6 Condition B requires the priors in Fprior to behave like (mixture of) Gaussian distribu-
tions. Assumption B requires the latent variable to have a density function that is sub-Gaussian and
sufficiently smooth, and demands some regularity conditions on the map Gp. It states that Gp(z)
is a C* map with a C* inverse Qp(x) and the mixed partial derivatives of Gp(z) and Qp(z) are
upper bounded by polynomial functions of z and x with order up to % respectively. The invertibility
of Gp(z) is also assumed in Doersch (2016). The assumptions on the mixed partial derivatives of
Gp and Qp ensure that Gp and Qp can be well approximated by ReLU neural networks.

Theorem 7 Choose o1 € (0, 5], and consider Faq = {pg(z|z) = N(Go, (2),0%14,) | Gy, (2) €
Fa, 0 € 01,11}, Fea = {ao(2]2) = N(ug(2), 86 (2)) | (1e(x), Xg(2)) € Fux} and Fyrior =
{m5(2)| B € ©5 C R}, If Condition B holds for Fprior, then there exists a choice of Fg and
Fu,x so that for any target distribution pp = (Gpymp) * N(0, O‘*Qldm) satisfying Assumption B,
the EBVAE estimator pj, q 3 and T4 defined in (2) satisfies that there exist some constants (c, c1,c2)

10
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that only depend on (d, d,) and («, k, by, b3, bs, bg) in Assumption B and Condition B, such that it
holds with probability at least 1 — n™°¢ that,

2d,

~ 1 %2 2 = 1 dﬁ + Ul_T
Epp () [m(péa ES 7T,ga$)] < c1log™ i + c2loge n log™ o1 T, 3

2 - : iy
W and &y = 2 + Oé(,‘jiz_l) + d—; + 6. Recall that o* is the standard deviation of

where ai; = 2

each component of the data X given the latent variable Z with o* € [o1, 2—16]

Remark 8 In the decoder, we use a Gaussian distribution to approximate the posterior, so that

po(z|z) = PRCEERE)

invertibility assumption on Gp guarantees that the highest density region of pp(z|x) is concentrated
around Qp(x). By applying the first order Taylor expansion of Gp j(z) at z = Qp(x), we have that

can be well approximated by a Gaussian either. When o* is small, the

pp(z|x) o mp(z)exp(— Z?il(xj — Gp,(2))?/20*?) is approximately a Gaussian distribution
with mean Qp(x) + Xp(2)VGp(2)T|,—qp () (x — Gp(Qp(x))) and covariance matrix o*2%p(x)
with $p(z) = (VGp(2).20p ) VGD(2)|:20p(x)) '+ Fa and F 5 are realized through feed-
forward ReLU neural networks with sizes depend on o1 in the proof of Theorem 7 to achieve the rate
in equation (3). Since the data X lie approximately on a d,-dimensional manifold, the result does
not suffer from the “the curse of dimensionality”, i.e., the dimension of X (d) does not occur in the
exponent of the approximation error of a ReLU neural network with given size for approximating
functions of X with certain smoothness constraints, see Appendix B.3.1 for further details.

The constants (c1, c2) has an exponential dependence on d, and a polynomial dependence on d,,
scale as (c3)% and (d,)® for positive constants c3, ¢4 independent of (n,d,, d.). The occurrence
of 0*2 in the above theorem is from the fact that pp(z|x) is not necessarily a Gaussian distribution,
which theoretically explains the reason why VAE models tend to produce unrealistic, blurry samples
when applied to complex datasets of natural images (Dosovitskiy and Brox, 2016). In particular,

when o1 < ¢%, regardless of the logarithmic term, the risk bound in above thorem scales as

o*? + ml*Q (dg + o ), where the first term corresponds to an upper bound for the approximation
error and the second term correspond to an excess risk bound. In particular, if the noise level
o* decreases with the sample size at the rate o* < n=k1, where 0 < k1 < m, the EBVAE
estimator will be consistent relative to the KL risk function, which give theoretical guarantee to
EBVAE estimators and theoretically explains the phenomenon that Vanilla VAE still achieves good
performance for some simple dataset (e.g. MNIST dataset) even if the encoder model is misspecified
as a simple gaussian model. Here, we emphasize that we need k; to be upper bounded since d,
can be smaller than d, and the KL divergence may diverge to infinity if the supports of the two
distributions are not the same. In addition, for fixed ¢* and n, the above bound depends on the
number of parameters in the prior family and the smoothness of Gp. When a pre-specified data
independent prior is used, we may need a highly complicated G'p to first map the chosen prior to a
highly irregular distribution of latent variables, which increases the capacity demand for Gp.

In practice, the covariance matrix of the encoder model ¥4 () is often chosen to be diagonal
and characterized by a variance vector (Kingma and Welling, 2013; Tomczak and Welling, 2017).
However, Remark 8, when o* converges to 0, the posterior of the latent variable converges to a
Gaussian distribution with covariance matrix 0'*2(VGD(Z)T|z:Q,D(x)VGD(Z) l2=Qp(x)) "> Which
may not be diagonal. Misspecifying the off-diagonal elements of the covariance matrix introduces

11
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extra approximation errors and thus deteriorates the performance of the EBAVE estimator. In order
to achieve the smallest risk, we should model the full d, x d, covariance matrix instead of through
a variance vector. A natural practical choice of Xy () is Sy ()" Sy () + €214, where Sy(z) is
a d, x d, matrix modelled by a neural network and ¢ is small number to guarantee the positive
definiteness of the covariance matrix. The theory we established for EBVAE estimators with Gaussian
encoders and decoders also validates the importance of the variance parameter ¢ in the decoder
family, which is often chosen as a predefined weighting factor depending on the target accuracy level
for reconstructing. However, our theory suggests that misspecifying the conditional variance of the
data will lead to a large approximation error. Consequently, the variance parameter of the decoder
family should be jointly optimized instead of being prespecified. Moreover, if the decoder family is
correctly specified, i.e. the conditional distribution of data is A" (G« (z), 0*%I d, ), then the parameter
o should be constrained by a lower bound that is close to ¢* up to a multiplicative constant.

4.3. Nonparametric Models

The risk bound in the previous subsection demands us to consider more complicated encoder and
decoder families to reduce the approximation error. Motivated by this, we consider nonparametric
families in this subsection. We assume the data space X" and the latent space Z are [0, 1]% and [0, 1]
respectively. To begin with, we consider the following densities on X characterized by an undirected
graphical model (Markov network) (Koller and Friedman, 2009) with clique sizes being bounded
by D as our decoder family: Fuqg = {paa(|z) : p(z|z) o exp (Z;“:l 1;(Z;,2)) }lj(fj,z) €
B2 ([0,1)\Fil+d=) " |z;| < p}, where T; is a subvector of z = (z1,- - ,z4,) with |T;| being its
dimension. Similarly, we consider the following encoder family on Z: F.q = {q(z|z) : ¢(z|z)
exp (252:1 £i(2,7)) | £;(2, ;) € BE([0,1]%il+4=) |z;| < p}. We then state our condition on
the approximation families and assumption on the true model pp for deriving the Lipschitzness of
the loss function in (1).

Condition C  Fyy C Fuq and Foq C F.q. For the family of prior Fppior = {ﬂ'g(z) |5 €
©s}, Op is a compact set so that for any 3,3’ € Oz and z € Z, |logma(z) — logma (2)] <
c1||f — B'||]2 with a constant ¢; and the support of 7g is contained in Z. Moreover, we have
SUDrt ;€ F,pior SUP-c 2| l0g T5(2)| < 2 with some positive constant c3.

Assumption C There exists a positive constant ¢ such that sup,¢ v |log pp(z)| < c.

For ease of notation, we define d,, as: if d, +p < 2a, then 6, =n TaTds +7;if d, + p = 2a, then
Op = n_i\/log n;if d, +p > 2@, then 6,, = n 2(&=+P),

Theorem 9 Consider the EBVAE estimator p, § and 7 [ defined in (2). If Condition C and Assump-
tion C hold, then for some constants (cy, c1, c2) independent of n, it holds with probability at least
1—cpexp (—clnég) that

. . . 1
Epp () (B, 4,75, 2)] < inf {(1 +7)  min_ E, ) [m(p,q,78,2)] + C2<1 - 7)57%}-

PEFd 9 Fed
T3E€Fprior

Remark 10 If the target distribution pp(x) can be expressed as [ pp(x|2)mp(2)dz with some
po(z|2) and Tp(z), where pp(z|2) € Fua, logmp(2) € CF ([0, 1]%) and mp(z) € Fprior, then
by choosing (ka,12) in Feq to be (k1, cr1) with some constants ¢ and (Fgq, Feqd) = (Fad, Fed), the

12
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approximation error term in the above risk bound is zero. Moreover, whenp < d, (e.g. given the
latent variable, the component of each dimension of the data is independent of each other), the
additive structure in the encoder family and decoder family prevents the risk bound from suffering
from “the curse of dimensionality”.

5. Discussion

In this paper, we consider variational autoencoders via empirical Bayes estimation, referred to as
Empirical Bayes Variational Autoencoders (EBVAE), which is a general framework including popular
VAE methods as special cases. Theoretically, we give a general statistical framework to analyze
the convergence rate for learning densities using EBVAE. We develop novel oracle inequalities
which quantitively capture impacts of prior families, encoder families, and decoder families on
excess risks of the estimators arising from the EBVAE. The key idea in our proof comes from
representing the EBVAE estimator as an M-estimator. Once making this connection, we can leverage
the general theoretical machinery of M-estimation for obtaining a risk bound. Our theory gives
sufficient conditions under which the EBVAE estimators are consistent in both parametric cases
and nonparametric cases. In particular, we carefully analyze the estimator derived from EBVAE
with Gaussian encoders and decoders, we show that it is consistent if the conditional variance of
data given latent variables decreases with sample size under suitable rates. Our result highlights the
importance of covariance matrices of encoders and decoders in obtaining a good statistical guarantee.

The risk bound we derived for the EBVAE estimators under Gaussian models does not apply to
the case that the data is deterministic given latent variables, for the reason that the dimension of latent
variables can be smaller than the dimension of data and the KL divergence may diverge to infinity
if the supports of the two distributions are not the same. We suspect that this issue can be resolved
by stating the risk bound in terms of some adversarial losses that is insensitive to small fluctuations
compared with KL divergence (e.g. Wasserstein distance, Santambrogio, 2015); we leave this for
future work. Moreover, the proposal of encoder and decoder families that yield consistency in more
general cases without adding significant computational burden is another important topic of future
research.

13
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Appendix

Notations: We adopt the notations in the manuscript, and further introduce the following additional
notations for technical proof. We write a < bif a < band a 2 b. a = O(b) if a < b. For a matrix
A € R™*" we use ||A||r and || A||op to denote its Frobenius norm and operator norm respectively.
When m = n, we use Amin(A) and Apax(A) to denote its minimal and maximal eigenvalues. Unless
otherwise specified, for a matrix A € R™*™, | A| denotes the determinant. N(G, d, €) denotes the
e-covering number of G under metric d. O(n,d) denotes the set of n X d matrices U such that
Utu = 1,, O(d) denotes the set of d x d orthogonal matrices.

Appendix A. Numerical study
A.1. Setup

In the experiments we aim at: (1) verifying empirically whether the EBVAE outperform VAE, (2)
investigate the influence of the choice of the prior family on the performance of data generation
and (3) showing the validity of our theory. We carry out experiment using two models: ‘“Vanilla
VAE” (Kingma and Welling, 2013) and “VampPrior” (VP) (Tomczak and Welling, 2017). The
“Vanilla VAE” model use a predefined isotropic gaussian prior. The “VampPrior” model consider
prior and amortized inference distribution

K

mpu(d) = > Nlostun). (o3 )

qp(z|z) = N(pg(x), diag(c}(x)),

where K is the number of pseudo-inputs, and uy, is a D-dimensional vector we refer to as a pseudo-
input. We then apply the two model to the dynamic MNIST dataset. In the experiments we modeled all
distributions using MLPs with two hidden layers of 300 hidden units. The dimension of the latent vari-
able is choose to be 40, and for “VampPrior” model, we choose K = (1, 10, 100, 300, 400, 500, 600).

A.2. Results

We quantitatively evaluate the three method using the test marginal log-likelihood (LL) estimated
using the Importance Sampling (Burda et al., 2015). The LL values and the digits generated by the
two models is given in Figure 1 and Figure 2.

We can see that the supremacy of EBVAE is visible not only in LL values but in image gener-
ations as well. According to our results on the parametric rate, the estimation error includes two
terms: Approximation error and the dimension of parameters. The “Vanilla VAE” model use a
predefined prior, so dg = 0, but the approximation error is larger than VP model, which result in
a poor performance. Also, for the VP model, when the number of pseudo-inputs is large enough,
increasing the number of pseudo-inputs will actually result in drop of the performance, which is
consistent with our bound, since when the parameter space of prior is too large, the W term
will dominate.
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Figure 2: Digits generated by different models

Appendix B. Proof of Main Results

B.1. Main Theoretical Results

Define

1
Mn(p7 q, 77) = ﬁ Z m(pa q,T, :I:l)a
i=1

M*(pa q, 7T> = Epp(x)m(p> q,T, ZU),

where m(p, q,m,x) is defined in equation (1). We also use the notation p(x) to denote the marginal

[ p(x|z)m

z)dz and p(z|x) to denote the posterior % when no ambiguity may arise. We
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begin the proof of Theorem 1 with the following two lemmas for controlling the supreme of an
unbounded empirical process.

Lemma 11 Suppose Assumption A holds, then there exist some constants (c1, ca) only depend on «,
such that for any p(x|z), p'(x|z) € Faa, q(2|x), ¢ (2|x) € Feq and 7(z), 7' (2) € Fprior,

2
EPD(I) [<log ppp((x))>
Epp (@) [(Dxu(a(|2)l[p([2)) — Dxr(d' (-12)|[p(-|2)))?] <

<u>bgan oto | (VDRI - v/ Pral |xup<m»)1-+[ﬂk%§").

n

= <(Dlog; n) D (pp()llp(-) + D210gan> ;

n

Lemma 12 Under Assumption A, if there exist (p*,q*,7*) € W* and §,, satisfying conditions
defined in Theorem 1, then there exist some constants (¢, 1, c2) that only depend on o, such that it

) min{a,1}
holds with probability larger than 1 — coexp | —c1 ( 1y > that,
D2 loga n

Vp(JI’Z) € fdda‘](z"r) € fedaﬂ'(z) € fprior’

|Mn(pa Q77T) - Mn(p*v q*vﬂ-*) B M*(pv q, 7T) + M*(p*7 q*vﬂ-*”
6n + Hm(pa q,T, ) - m(p*vq*aﬂ-v )HQ
< czén/(Dlogé n).

B.1.1. PROOF OF THEOREM 1

Hm(ﬁﬂjﬂ?ﬁ )_m(p ,q*,ﬂ'*, )H2
A * T 2
=ﬁmmK4%£é+&d%mwwwﬂ%;%—QMWMWNMO]
o) \? P\’
<A4E,, @) [(log pp(x)> +4E,, (2) [<log pD(x)> ]

+ 2B (2) [(DKL(Q(-!w)I\ﬁ(-Ix)) - DKL(q*(-!w)Hp*('Iw)))Q} -

Therefore by Lemma 11 and va +b < y/a + Vb (a,b > 0), there exists a constant Cy = Cp(«v)
such that,

lm(p, ¢, 7, -) —m(p*, ¢", 7" )2

q
< Cp <10g2loc nvD ( M*(p, 4, 7) + \/
p

1

Dlogan
M* — .
(p,q,ﬂ)>+ \/ﬁ>

min
G-Fdd:QEfedvﬂefprior
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Therefore by Lemma 12 and the fact that M, (p, ¢, 7) < M, (p*, ¢*, 7), under the high probability
set of Lemma 12, there exists a constant C' = C'(«) such that,

M*(p, G, 7) — min M*
(p7 q’ Tr) pe]‘—ddvqe-reldvﬂ'e-rpv‘ior (p7 q7 ﬂ-)

= M*(ﬁv (ja ﬁ-) - M*(p*aq*vﬂ*)
< My(D, G, 7) — Mu(p*, q", 7%) — M*(p, ¢, %) + M*(p", ¢*, 77|

1 1
log™2a n : 1 logan
<Cop | —— M*(p,q, M* S it~ SN
- " < V _D ( (p’ q, Tr) + \/pe‘rdd’qel}:lelgﬂe‘rp'rior (p, q’ 7T)> + \/ﬁ + " _D )

min{e,1}
By the fact that <"6’21> 2 log(log %) and the inequalities that 2vab < ~a +

D2 log% n
%b (a,b,v > 0), there exist some constant (cg, c1,c2) that only depend on « such that it holds

min{a,1}
with probability larger than 1 — ¢y exp (—cl <"672L> ) that,

2
D2loga n

Dxr(po()I1D() + Epp (@) [Pxr(G(|2)[[p(-2))] = M™(, ¢, %)

<mip((49)  min - (Da(poOlIp0) + Eppie) 1D aC o)l IpC )

1 log_én

B.1.2. PROOF OF LEMMA 12

For G* = {g(x) = m(p,q, 7, ) — m(p*,¢*,7*,2) |p € Fid,q € Fed, T € Fprior }» it holds that

p(x
swlol <2 sw (o 24 Dt ).
gEG* pe;dd’qefedvﬂle-rprior pD (‘/L')
Therefore || sup |g(x)| < 400 and || sup ’g(m) - Epp(x)g(:c)‘ < 400. Define
geG* geG*
Ya ta
1 n
Zu(6,67) = sup |3 gl0) ~ Eppiayse)]
eG* -
lalp<s | =1
Since % sup Y." ,var(g(x;)) < 6% by the tail inequality for suprema of unbounded empirical

geG*
llgllz<sé

processes (see for example, Theorem 4 and Lemma 1 of Adamczak (2008)), it holds that

P(Zn(8,G) 2 (14 1)Epp(2)(Za(5,G7)) + 5%)
( . {ns4 no g2 ns? }) 4
< co(n, ) exp | —c1(n, @) min .

62 D*logn’ Dloga n
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Using the standard symmetrization (see, for example, Proposition 4.11 of Wainwright (2019)), we
can get

* 2 -
Epp(z) [Zn(fsa G )] < EprD(z)Es gS;lGH ; Z €ig($i)
lglp<s | =1

= 2R, (6,G*) < 2R, (6,G"),

where recall that G- = {agla € (0,1], g € G*}. Therefore by R,,(6,,G") < 62/(D logé n), it
holds that

Vr > 6n,  Epp) [Zn(r, G¥)] < 2R, (r, G

rlle~ 4
=2, () Ec gseuélz 5 EZElTng(a:Z)
=1
128 gll2 <on

T = %
<2—Ru(0n,G")

On,
<2 7“(5”1 '

Dlogan

Define the events
Ao = {Z(60,G*) > 262 /(Dloga n)};

1 n
Ay = {39 € G such that|- > (1) — B9 (@] 2 adullgla/ (D log? n)
=1

and ||gl2 > 6n}-

Using equation (4), there exist some constants (c{), ¢}, c2) that only depend on « such that

52 > min{a,1}

P(Ap) < cpexp | —c) | —2—
D? log% n

Define S, = {27715, < ||g[l2 < 2™8,} withm = 1,--- M, since % is upper bounded by some
constant less than infinity, we have M < log(g).

min{e,1}
Under A1NS,,, it holds that Z,,(28,,) > 2™~ 162 /(D 10g§ n). Therefore by <"53> >

2 ~
D2loga n

log(log %), we know, for some constants (c3, c¢4) that only depend on a,

D? log% n

m=1

M n62 min{a,1}
P(Ay) = Z PAINSy,) <czexp | —c4 (")

Moreover, under A§ N A{, we have

sup % Z?:l g(xl) - Ep'p(x)g(x)‘
gear on +[gll2

We can then get the desired conclusion.

< 025n/(Dlogé n).
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B.2. Parametric Models

We use pg g(x) to denote the marginal [ pp(x|2)m3(2)dz and pg g(z|z) to denote the posterior
po(z]z)mp(2)

J po(z|z)ms(2)dz

unboundedness of the objective function. The Proof of Lemma 13 is based on the proof of Proposition

6.7 of Ledoux and Talagrand (1991).

. We begin the proof of Theorem 3 with the following lemma for dealing with the

Lemma 13 Consider G* and G defined in Section 3. If < 2D, then there exists
tha

p < coD logé n and a constant ¢, where (c, co) only depend on «, such that V6 > 0,

sup [g(z)|
geG*

1 n
Epp@) | sup |~ D g(@i) = Eppwyg(x)
ACHI R
lglla <6
n 1
1 Dlogan
< EpD(x) sup " Zg(xi)lA(%‘) - Epp(:v) [g(x) L a(x)]| | + Cin .
geG i=1
liglla<s

where A denotes the event { sup [g(x)] < p}, and 1 4(x) denotes the indicator function of event A.
geG*

B.2.1. PROOF OF THEOREM 3

Choose p < coDlogé n in Lemma 13 and define A = { sup [g(x)| < p}. Define
geG*

)
G ={ga(@) = g(x)1a(x), 9(x) € G"},
with G~ and G* being defined in Section 3. Using standard symmetrization, we can get
1 o 2 ¢
Epp@) | sup |~ > g(@ila(@) — Eppa) lo(@)1a(@)]|| < Eppa)Ee sup |~ > eiga(zi)
9eC i=1 9AEC A i=1
llgllz<r llgallz<r
Define dy (9.4, 04) = \/ S 1 (9.4(2:) — g/y(2:)2, then
rp= max_ dn(ga, g) < 2p.

9.4:9'4€G"
lgall2:llg’yll2<r
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ON EMPIRICAL BAYES VARIATIONAL AUTOENCODER: AN EXCESS RISK BOUND

By equation (3.84) of Wainwright (2019), there exists a constant c such that,

2 n
EpD(w)an S Epp(a) sup -~ Z ga(wi)
Q_AEG_A -
Lllgalla<r

n

4 2
<Eppe) | sup = Y (9a(@i) = Eppmygal@))”| +4r°
ugAEHGZ4 "

Lllgalla<r

< e(r® + pR,(1,Gy)).

Since G is uniformly bounded by p, it holds that R (r,G A) < pand we only need to consider r < p.
Therefore we can get (12 + pRy,(r, G 4)) < cop®. Moreover, for any g4 € G* and a € (0, 1], there
exists a k € N, such that ko5 < a < (k+ 1)2‘% and d, ((k + I)Q%gA,agA) < 5,0 = 5. Therefore
it follows that the - covering number of G 4 satisfies that, N(Gy, d,,, ) < N(G%, dy, %)% and
log N(é;, dn,€) < logN(G%,dy, 5) + log %. Recall the definition of G in equation (5), it
follows that

Voa, 94 € Gy, dnlga, gs) = \ — Z m(pe, 4y, T8, i) — m(per, 4 Tar, i) 21 a(25)

<

1 n
=~ (@)l 6,8) — (0,9, )3
=1

_—

1 n
=S R @)0,6.8) — (0,6 8
=1

_—

=dn((0,9,8), (0,4, 8)).

W.l.o.g, we can assume Hc9||OO + [|#]loo + [|8]lcc < 1. By the fact that the e-covering number of unit

ball in R is smaller than (2)?, let d* = dg + dyy + dg, we have

3\/‘7* % Z?:l 52(901)

€

log N(G%, dy, 5) <logN(O,d,, = ) < d"log

We next analyze the Dudley entropy integral in the following lemma.

Lemma 14 Given Condition A, there exists a constant c; that only depend on ay in Condition A
such that,

3 < Ez 1 bQ(xl)

Tn )
Epp(2) / d* log 5 + log ?pds

T'n Tn * *
(deT\/ 2IOgE bz )(2p)2] —I-Epv(x)(?p)z —|—EpD(x) [Tn\/d logd }) .

23



TANG YANG

Since r, < 2p and \/—zlogx + x is an increasing function when x < 1, by Epp(x)r% < c(r? +
pRy (T, @Z)) < ¢op? and Dudley inequality (see, for example, (8.13) of Vershynin (2018)), we have

Ru(r,Gy) < (r* 4+ pRy(r, GA))% log +logd*\/d7*

~Y f
Choose 6, = coy/ 28008 gx D1og i n, if R, (6,, Gy) > 62/(D logs n), then
1—

Rn(én,éj)gf p2 R (6, G2 \/d*(logn + log d*),

which means

(nd™).

., d*
Ru(6:,G) £ 2

. . min{e,1}
Therefore for a large enough ¢z, we have R,,(6,, G ) < 62 /(D logé n) and <D2711532 > >
oga n

log(log %), the desired conclusion then follows from Theorem 1.

B.2.2. PROOF OF COROLLARY 4

Drv (/ py(- qu) z|z;)dz, pp(- ))
/‘/pg =)y Z% zlai)dz — pp(z)
= 2/X ‘/Zpé(xfz)n;%(Z’ﬁ?i)dz—/Zpg(m\Z)EpD(x)q(z;(z\x)dz

1
+Q/X‘/Zpé($|Z)EpD(w)qd}(Z|$)dZ—/Zpé($|z)7'r3(z)dz
+DTV<péB<'> P ()

ZQ¢ Z|:Ez (m)q¢(z|x)
+DTV(pé,B(')7 pp(+))-

By the fact that [, Py 3(212)ps s(x)dz = 75(2), it holds that

Drv ([ aslomo(alanns(-)

dzx

dx

dx

< sup

vy ( [ aslapota)dn,ny()

1
_ 2/2 /qug(z\x)pp(x)deB(z) dz ©
< ;/Z /q¢(z\a:)pp(a:)dx—/Xpeﬁ(zp:)pp(a:)da: dz

1
5 L1 postelomnters = [ oy s(clag sleds d=
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For the first term in equation (6), we can further upper bound,

JATA
<5/ / 45(:1) — 9 5(210)| dzpp () o

:/XDTV(Q$(.|5¢),pé’é(.u))pp(x)dx’

dz

a5Clalpo (@)t = | oy s(Glapp(e)ds

and for the second term,

;/2‘/;/9 ol )pp(@)de - /Xpé,s(z\fv)pa(w)dx dz

<3 /X /Z [po(e) — pj 5(0)| 3 el dzde

= Drv(pp(+),p4 5())-

Now we define Z,, = s(;p |50 ag(2l2i) — Epp )0 (212)], then by [lgg(z]z) — g (2]2)]| <

c(|l¢ — @'ll2 + ||z — 2'||2) and the compactness of parameter space and latent space, using Dudley
inequality (see, for example, (8.13) of Vershynin (2018)) and Talagrand concentration inequality
(see, for example, 3.27 of Wainwright (2019)), we can get that it holds with probability larger than

1 — exp(clogn) that Z,, < 4/ %@”n). Then, the desired conclusion follows from Theorem 3 and
Pinsker inequality (see, for example, Theorem 2.16 of Massart (2007)).

B.3. Gaussian Encoders and Decoders

We use pg g(x) to denote the marginal [ pp(z|z)ms(z)dz and py g(z|x) to denote the posterior
po(x|2)ms(2)
S po(a|2)mp(2)dz"

B.3.1. PROOF OF THEOREM 7

To begin with, we make the following definition.

Definition 15 F é) (L, W,U,b,V) is defined as the set of following feedfoward ReLU neural net-
works (feedfoward neural network with ReLU activation o(x) = max(x,0)): 1. The information
of each layer can only come from the previous one layer. 2. U is a (L — 2)-dimensional vector,
U= (uy,--- ,ur—2). The network has d input units, D output units, L layers, w1 computation
units in layer | (2 <1 < L — 1) and W weights (parameters). 2. There exists a constant V' > 2
such that in each layer, the absolute value of each weight unit is upper bounded by V. 3. The output

unit has the Hard Tanh hy(x) = max(—b, min(b, x)) as its activation function. In particular, we use
FP(L,W,U,b) to denote F3'(L,W,U,b,V) with V = +oc.

Then we consider the following ReLU neural networks: Qg, () € ]-"j; (L1, Uy, W1, bg(log J%)%),
1 1

G4,(2) € F¥ (Lo, Uz, Wa, by(log =) @) and Gy, (2), Gg,(2) € Fy= (L, U, W,b(log =)=, V),

where G‘;h (z) is rescaled to be a d,, x d, matrix. Since there is no boundary towards the support of the
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data z and the latent variable z, we define compact sets of z and e: B, = [—7 log% 01* ;M log% U—l*]dz
and B, = [~ log% %,fylog% L4 Andlet B, = {x = Gp(2)+0*¢|z € B, € € B.}. Then we

define B, = [~7log? 4, 7ilog? L]% so that Qp(B,) C B.. Next We define following numbers

(e
. .« . oqe d
to characterize the expressivity of families of Q¢,, G, and G,

€ = gl;?gé%}i ||Q¢1 (l’) - QD($)||2 ;

€1 1= rg;ﬁgé%}:“Gm (2) = Gp(2)|l2; (7

€2 1= minmax|| G4, (z) — VGp(2)||r.
G§>2 ZEBZ

Here we omit families of (Qg, , G4, GgQ) and the dependency of (e, €1, €2) on (17,7, 7, Gp(2), Qp(x))
and families of (Qg,, Gg,, GgZ) for ease of notation.

Remark 16 The decoder is using a gaussian to approximate the posterior, so we want pp(z|x) =
pp(z]2)mp(2)
pp(2)
on Gp(z) can guarantee that the space of z that are likely under pp(z|z) is z being close to Qp(x).

to be well approximated by a gaussian either. When o* is small, the above assumptions

Also, we have pp(z|x) o mp(z) exp (—20% Z;lil(xj - G]b(z))2), consider the first order Taylor
expansion of GjD(z) at z = Qp(x), pp(z|x) can be well approximated by a gaussian distribution
with mean Qp(z) + Xp(2)VGp(Qp(2))T (z — Gp(Qp(x))) and covariance matrix o**%p ()
with Zp(x) = (VGD(QD({B))TVGD(QD(.%')))fl, where VGD<QD(.Z‘)) = VGD(Z)‘z:QD(x)‘

So we can make specific choices of X4 () and 14 (),

So(w) = % (G (@, (1) G (Qu () + 5710,
Sg(e)i = max(~br, min(br, 2 3g(x);): ®
() = Qo () + Sg(2) Gy (@ (0))T (& — Gy (Qun ()

4

a2

where 34 (z); ; is the (i, j) element of ¥4 (), b7 = by (log U%) with a large enough constant by

and & € [01, 1] is a parameter. Here we add 521, to $4(z) to guarantee the positive definiteness.
For ease of notation, we use ©p, to denote the parameter spaces of Gy, , and use © j to denote the
cartesian product of parameter spaces of (0, , ng and G 4,, we can then define:

Faa = {po(x]2) = N(Gp, (2),0%14,) |61 € Op,, 0 € [01,1]};

Fed = {ap(z]z) = N(11g(2), o(x)) | 6 = (81, b2, ¢3,7), (b1, 92, 83) € O3, 7 € [o1,1], by = b7 <10g 1>a2 }.

01
©))
We then state the following Lemma 17 to bound the error of ReLLU neural networks for approximating
Qp(x) satisfying Assumption B, whose domain is close to a d,-dimensional submanifold, the proof
of Lemma 17 is based on the proof of Theorem 1 of Yarotsky (2017).
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Lemma 17 Consider By, B, (Qg,, G, GgQ) and (€q, €1, €2) defined above, there exist some
constants (cy, ¢, c1, ¢, c3) that only depend on (n,7,7,d, d;) and («, k, bg) in Assumption B, such
that if we choose

)
2232 ¥k Lk

_1
1 %
a1 1 a? 2
(loga—l)

CAE RN 1, 1\ TS
W=ec <log ) (017)"* , Wy =c1N%(log—)*, Wa =1 <log ) (o1)" F1;
01 g1
dy dy dz dz
1\ ertet! . 1 1\asts+
U= cy <log > (012)_7, up = coN% (log —), ug = c2 (log ) (o1)  *-1;
o1 o1 o1
U:(U, ,’U,), Ul—(ula' 7“1)) U2—<u27 au2)7
———
L=2 Li—2 Lo—2

then for any Gp(z) and Qp(x) satisfying Assumption B and 0* > o7y, it holds that 2%+ 15+ % < 1.

o*2

We can then state the following lemma to bound the approximation error and the excess risk of the
EBVAE estimator with Gaussian encoder/decoder.

Lemma 18 Consider F 4, Feq defined in (9), Fprior satisfying Condition B and the EBVAE estima-
tor py, 4, and T defined in (2), suppose Assumption B is satisfied, then there exist some constants
(n,7,7, b7, c1,ca,c3) that only depend on (d,,d,) and («a,k,ba, b3, bs, bg) in Assumption B and
Condition B, such that when % + % + % < 1, it holds with probability at least 1 — # that,

Dic (o0 ()l1pg () + Epge) [Dic a2 5,5 )]
28+10¢12+3a2>

1y (5 log# 1= 1
< co*? <log U*> tep B 2” <log a) <logn + Llog(V||UJ1) + log U)
1

noj 1

X (db’ + (W1 + Wa) (L1 + L) log([|Utl[x + |U2]l1) + (W1 + W) (L1 + L) log([|Ux][1 + ||U|!1)>‘

So, by lemma 17 and lemma 18 and the fact that £ > 2 and 0y < ¢*, one has

Dy (pp (1P 5()) + Epp(ay [ Dict (a5 (12)1 95 1)

1\ log% n 2d 1\*
< cr0*? (log *> + ¢y (olgal_2 + 0'1_(2+TZ)) <log ) ,
g n 01

28+10a+302
a2

where & = andd2:%+ﬁ+%+6.

B.4. Nonparametric Models

We use the notation p(z) to denote the marginal [ p(z|z)mg(z)dz and p(z|z) to denote the posterior
_pEl2)ms(E) e begin the proof of Theorem 9 with the following two lemmas.
[ p(z|z)ms(z)dz
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Lemma 19 When Condition C and Assumption C hold, consider m(p, q, g, x) defined in (1), there
exists a constant ¢ such that ¥p(z|z), p'(z|2) € Faa, Yq(z|x), ¢ (2|x) € Feq and Vg (z), mp(2) €
Forior, it holds that

1 n
; Zm(p7 q, 71'5, xl) - m(p/7 qla Wﬁ’7 x’b))Q

=1

< ¢ | sup|logq(z|z) —log¢'(z]z)| + sup|log p(z]2) — log p' (x]z)] + sup |log m5(2) — log T ()]
€ € zE
zEZ zEZ

Lemma 20 [f p(z|z) x exp (251:1 lj(fj,z)), P (x]|z) o exp (251:1 l;(fj,z)> and q(z|z)
eop (X421 £5(207)) ). d'(2la) o eap (X2, £1(2,7,) ). Then,

sup |logq(z|z) —logq'(z]x)| + sup |logp(x|z) —logp'(z|z)|
rzeX ,zEZ reX ,2€Z

k‘1 kl

ko
<2| sup DY fi(zm) =) filzm)|+ osup D L@, 2) - Y (@5, 2)
j=1

reX ,2EZ =1 =1

B.4.1. PROOF OF THEOREM 9

W.l.o.g, we can assume k; = ko = k and r; = r2 = 1. Consider G and G* defined in Section 3.
By Condition C, we have

’g(xﬂ = ‘m(pa q,ﬂg,(ﬂ) - m(p*,q*,ﬂg*,w)\

p(z) « "
= |log ———— + Dxr(q("|2)[lp(-|z)) — Dxr(q" (|2)||pga s~ (-|x))
DPga g+ (z)
<2( sup  sup (|logp(z)|+ [logq(z|z)| + [logp(z|z)]))
PEF4d:9€Fed z€l0,1]dx
T8€ prior  zgf0,1]dz
< 2C.

Therefore G is uniformly bounded by 2C.

First we consider R,(3,G") = E.[ sup |27 ;g(x;)|] and

geG™
llglln<é
/ 1 S / 2
dn(9,9') = n Z(g(%) —g'(zi))
=1

82

By Corollary 14.3 of Wainwright (2019), R,,(6,, G") < 9% is satisfied if

64 [ — 52
NG 3 \/logN(G ydp,€)de < 20
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ON EMPIRICAL BAYES VARIATIONAL AUTOENCODER: AN EXCESS RISK BOUND

Furthermore, by the same argument of the proof of Theorem 3, one has
log N(G",dn,¢) < logN(G",dy, €) +log —.
€
Define set Q and G as

k
=D L@, 2) | (75, 2) € CF ([0, 1)1 |75 <P o
J=1

k
> FE) | fi(2,F) € CF([0,1] 1) 7 < p
j=1
Then by Lemma 19 and Lemma 20, we have for some constant c,

* € 3 15
N(G"1.8) < NG, s ) N(@. oo 5) - N (O 2. ).

Since every G(T;, z) with [Z;| < P can be seen as a function of ; O 7; with [Z)| = p, we can

assume |Z;| = p. Since log N(B¥([0, 1]77%), ||.|lcc, €) < (g)ia (see equation (5.17) of (Wain-
wright, 2019)) and (dg) < (%)ﬁ, we can get

IS
logN(Q, HHOOv 5)

< e ()N 0.7 1 D)

dz +P 1 P+dz

< kTR (g) k:plogi

dz4P ptdz

Similarly, we also have log N(Q, ||.[l0, §) S k' & (1) s +kp log < s Then, combined with
the fact that logIN(Og, ||.|[2,¢) < dg log( ), we can get log N (G~ ,dn,s) < KT zgp(%)% +
kplog %. Therefore, R, (6,,G") < 20 is satisfied if,

1. whenp + dz < 2a

1+dz+17 1 P+dz d 2
+ kplo —ds SO
\f/ \/ °D

atdz+p kp eds
Choose d,, = T 2w s + /2 log s,

2. whenp +dz > 2

1 e 14 detB 1| prds 1 . L edy
a (=) & J— <
\/ﬁ/ﬁ \/k: (5) de + —=0d,, | kplog <o

on
4C

—a a+tdz+ >
Choose 6n = n2(d=+p) k2(dz+p) 4+ 4/22 = log edT.
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3. whenp + dz = 2&
1 [on 1 ko edy _ o
— [ AJK3(2)%de + (| “= log —= < 62,
€ n D

Choose 8,, = n_%(log n)%k% + \/M'

Moreover, for the above choices of 8,,, ngfb 2 log(log (%) is satisfied. Let &,, be the smallest positive
== ,T* =k 52 n — — ~

solutions to the inequalities R, (d,,,G ) < g—g. Then if néi < log(log %), we have 0,, < 0. If

ngi 2 log(log %), we have with probability larger than 0, &, is smaller than the smallest positive

A~ P — $2
solution to Ry, (0y,, G*) < g—g up to some constant (see for example, Proposition 14.25 of Wainwright

(2019)). Since the choice of 3n is independent of {z;}}"_;, we have On < 5n Then combined with
Assumption C and Theorem 1, we can get the desired conclusion.

Appendix C. Remaining Proofs
C.1. Main Theoretical Results
C.1.1. PROOF OF LEMMA 11

Firstly we state the following lemma for proving the first statement.

Lemma 21 When |log 75| < C, it holds that

e <1og pols) ) cero) <m(x) log P2 0l2) 1) |

p(x) p(x) p() 7 px)  p)
Since sup ‘log p(g) < D, if we choose p = D(log n)i and define
pefddvﬂ'e-rpv‘ior Pp
x
A = sup \logp()\>p ,
pe}—ddvﬂ—e]‘—prior pD(x)

then by Chebyshev’s inequality, we have P(A;) < % Using 1 4, (=) to denote the indicator of Aj,
and A to denote the complementary set of A;, we can get

Epp () [<1og pl;(g)f] = Epp @) [<log p];(g)y Lyg ()

30
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By Lemma 21, we can upper bound the first term of equation (10),

p(z) \°
(s oy
pp(z) po(@)\°
oy (%) 1*‘?(”]

po(z) . pp(x) po(x) S
< @+ 2B K @) % o) pl) “) Las( )]

< (24 p)Dxr(pp()llp(+)),

= IEp(ﬂﬁ)

and for the second term,

Epp(a) [<log pz;(?;z) > 2 Ly, (iﬁ)]

( o ;”,féi)) b “”]

- /0+ “p (((pefd;ggfmw log? p];(éZ)) 14, (:v)) > t> dt

) /0D2<logn)3 » (((,aefdds,}rlgfmw log? ;j&) 14, (:@) > 0) dt

+o0
+/ ) P sup log2 p(z) >t ]dt
D2(logn)a PEFad,TEFprior pp(x)

2
loga n oo
< op228 " —1—/ , P sup
n D2(logn)a PEFad,TEF prior

loga n toeo 3"
§2D2g+/ ,2exp | — | = dt
n D2(logn)a D

2
log@ 4 o0
—op2 8t DQ/ exp(—x)a:gfldx
1

n a ogn

<E

pp(T)

p(z)

lo
® oo(@)

>\/Z> dt

2
< DQloga n
~ n °

pp(z) 2 L D? log%n
Therefore Epp(x) <10g () ) < ¢ | (Dloga n)Dky,(pp()|[p()) + ]

For the second statement, define Ay = sup Dx1(q(-|x)||p(-|z)) > p ¢. By the
pefddquFedvﬂefprior
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fact that

Epp (@) [(Dxu(a(Cl2)|lp(-]2)) = Diw(d (f2)lp(|2)))?]

< 408y | (VDRLGERIICTED) v/ DR CTa)) L)

4B () [( sup D%L(Q('Ix)llp('\ﬂﬁ))) 1A2(fl»‘)] :

PEFad,9EFed,TEFprior

We can get the desired conclusion using the same argument as the first statement.

C.2. Parametric Models

C.2.1. PROOF OF LEMMA 13

Since sup |g(x)| = sup lg(x)|, we have || sup |g(x)| <2D.
geé* 9eG gEé* Yo
Choose
p = 8K, () max sup lg(x;)]
1<isn, o

<

< Ka lrg%s:@*!g(wz)!
Since || max sup |g(x;)] < Ky || sup |g(z)] logé n (see for example, equation (13) of

=gec” Y 9e@” e

Adamczak (2008)), it holds that p < D 1ogé n. Define A = { sup |g(z)| < p}, we have
geG”

n

1
Epp(o) | SUP |~ 9(xi) = Eppa9(2)
9c@ |7 i=1
llglla<é
< Epp(a) sup Zg zi)la(w;) — Eppm(g(:v)lA(x))‘

Hg\I2<5

+Epp(a: lsup Zg T IAC xz E (x)<g<m)1./4c(x))u )

where we can further upper bounded the second term,

n

LS gt (@)

i=1

Epp(z) [sup

Zg )1 pe (2 —Epp(x)(g(fﬂ)lAc(ﬂf))“ <2E,, (@) [Sllp

geé*

] |
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Let 7 =inf{j <n: sup | Zl 1 9(xi)1 ge(x;)| > t}. Under 7 = j,
gEG

k

max sup | > g(@i)Lae ()
="geG" =1

< t+ max sup lg(xi) 1 ge ()] + maX Sup| Z ()1 ge(25)]

<i<n EG <k<n EG i
Since {7 = j} only depend on z1, - - - , z;, we have
k
P(r = ],maxsup ] Zg i) ge ()| > 3t + s)
R ge o
k
< P(7 = j, max sup |g(;)1ac(z;)| > s) + P(7 = j)P(max sup | > g(a;)Lae(z;)| > 2t)
1<i<n = J<k<n _=x
9eq@ S z=]+1

< P(r = oo suplo(e)Lae(w9)] > o) + P = DPpacoup) z;g 2L ()] > 1)
K3

Where the last inequality is due to the fact that for any 1 < j < n, sup | ZZ Cir1 9(@i)lae(zi)] <

gEG

21;1<ax sup \ Zz 1 9(zi)1 4c(x;)|. A summation over j = 1,--- ,n yields

" geG”

k
P(max sup | Zg i) ge(x;)| > 3t 4+ s) < P(max sup lg(xi) 1 ae(x;)| > s)
k< 1<i<n
= gGG i=1 EG
2
+ P2 (gpaxsup | S gl ac(en)] > 1
geG =1
So,
1 n
Epp(z) sup Zg(ﬂfi)lm(%‘)
QEG z:l
k
< B, o (a) 12X SUp Z (i) Lae(zi)
geG”

4 [t
= ; P(I}?él;( seué) Zg (i) ae(x;)| > 4t)dt

4 400 k 4 400
<o | P s;g Zg (2:)Lac )| > t)dt + ~ /0 Pl s lo(ai) e (a2)] > 1)

4
< — c
< =P (rlggx sup Zg i) ae (z;)

n Sres

k
> 0) Epp(x)rl?gic sup Zg(mi)IAc (x;)
U 9eG i=1

4
+ B (@) AX up g ()]
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By Markov inequality,
(max sup (mi)lAc ()| > O)
9o > p) <
( m: Z
S;ga (@] > p) < g

1
N < a
Epw)lrg%l sup |g(zi)| S Dloge n
="=""geG
1
So, we have Ep (z) Sup ‘ L 2_1 g(i)1 4 (%)‘ S Dlog: =
gEG

C.2.2. PROOF OF LEMMA 14

Since r, < 2pandr, < 24/E S0 b2(zy),

™ 3¢/ % Xy b (xi) 2
/ d* log ! + log P e
0 13 g

n 3,/ L = > i b2 ()
< / d* log log de
0 9
1 3 < ZZ b2 (‘r’b) 2

= rn/ d* log ! + Hlog—pde

0 n€ Tné

3y/ L S, b(a) 2 LT
<r, |d*log ! + 14/ log i +rp (\/CF + 1) / log —de.
Tn Tn 0

By logz < éx

WVE 3 7 et U (1)
% 2p

2V d* 13y 7 iy U3 (@i)
— +7r
Tn e 2p

< EPD(fB) T'n
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Since b(z) € L%(pp(x)), by Cauchy-Schwarz inequality, we have

1 n
1 EZi:1bQ(%’) <.IE @,
e 2p

pp(z) |Tn

[/ 2p K 2p
Epp(m) Tn log 7"n:| SQpEpD(m) -% 1 ’f’n + :|

2
Let <g—’;)> = y(y < 1), since \/—%ylogy + %y is concave and non-decreasing when y < 1, by

Jensen inequality, we have
1 Tn 2
+ §EPD($) (20) :

Tn 2p 1 2 n\ 2
Evo@) |5,1/108 Tn* 2@ (5, ) 8Eme | 3,

Combine with the fact fol log %de is less than infinity, we can get the desired conclusion.

C.3. Gaussian Encoders and Decoders
C.3.1. PROOF OF LEMMA 17

We first state the following lemmas about error bounds for approximations with deep ReLLU networks
stated in Yarotsky (2017).

Lemma 22 (Theorem 1 of Yarotsky (2017)) There is a deep feedforward ReLU network architec-
ture with depth at most c(log(1/€¢) + 1), the absolute value of each weight unit at most €' and

weights and computation units at most 02675 log(1/€) + 1 that is capable of expressing any function
belong to C{ ([0, 1]%) with error e.

Lemma 23 (Proposition 3 of Yarotsky (2017)) Given M > 0 and € € (0, 1), there is a feedfor-
ward ReLU network 1) with two input units that implements a function X : R> — R so that

1. For any inputs x,y, if |x| < M and |y| < M, then |Z(x,y) — zy| < €
2. ifr=0o0ry =0, then &(z,y) =0;

3. The depth and the number of weights and computation units in 1) is not greater than ¢y In(1/€)+
co with an absolute constant ¢ and a constant ca = co(M).

W.lo.g, we can assume = 77 = 1 and v = 1. Then we consider m = (mq,---,mgq) €
4 log Lem; .
(—N,—(N = 1)+ ,0, 1, N}=, 2t = V20T and 2 = (2L, -+, 2%). By the Lip-

schltzness of Gp and Qp(z), there exists a constant ¢; such that for any (z,2') € B, =

[ +/log *,w/log } , it holds that
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1 a
[6o(2) - Golle < exlls = e (1og )

2
)

1
Iz = 2ll2 < et Go(2) — Go ()l (mga*)

Then form € {—N,—(N —1)---,0,1,--- ,N}dz,wedeﬁne

d
3 1
¢m($) = H¢ 1.1 (xl - GD,i(Zm)) )
=1 \0%\/dulog 3= + c1v/dz gy (log 7o) ° 2
1, lz] <1
where ¥ (z) = < 0, 2 < |z| and z;, Gp i(#m) denote the i-th dimension of x and

2—lz|, 1<z <2
Gp(zm). Forany z € B,, there existam € {—N,—(N —1)---,0,1,--- , N}%, such that
IOg i*dz 1 1 é""%
I = smll < Y55 160~ Gl < v/ g (toe )
Therefore for any x € B, = {x = Gp(z) + 0"¢|z € B,, € € B}, there exists zm, such that

1 1
|z — Gp(zm)ll2 £ a1vd. 55 (log J%)EJFE + 0*y/dylog L. It follows that for any z € B,,
Y ¢m(x) > 1. Moreover, by the fact that the support of ¢y, () is
m

dy

2dy | dy 2dy
We have X ¢ (z) < (log %)VJF « + (0*N)% (log X ) 7. Let
m

Pmj(z)= DlGn; (z — Gp(zm))”

|
v:lI<k 2=Gp(2m)

with the usual conventions 7! = [1%, 7%, (z — Gp(2m))” = [1%, (zi — Gp.i(2m))"* and Qp ; (1 <

1=

j < d) being the jth dimension of Qp. Now define an approximation to Qp(z) by
. 3 ¢m () P ()
Qj(z) == 5 (@) ;
Qz) = (Qi(x). -+, Qu.(2)).
We have forany z € B, and 1 < j < d.,
1Qj(2) = Qpj(2)] < |5 6m(2) Pmj(2) — = ém(2)Qp,5(2)|

2d,4+2 | dytk | k
a2 + a +2

< (log 01*> (1+ (6*N)4) (0" + %)k
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Furthermore, by the fact that x = max(z,0) — max(—z,0), one has for any feedforward ReLU
neural work with d input units, depth L, ||U||; computation units and TV weights, it can be expressed
as a feedforward ReLU neural work in which information can only come from the previous one layer
with depth L, computation units at most 2L(||U||; + d) and weights at most 4WW + 2L(||U||1 + d).

Choose )
%
N < a1
- 2d,+2 | dotk |k .
B R e 1
log L) ©
g1

By the fact that
|x| = max(z,0) + max(—=x,0),
max (0, min(1, z)) = max(— max(—z + 1,0) + 1,0),
and when x > 1, f(z) = % is C°°, combined with lemma 22, lemma 23 and when = € B,,

Y ¢m(x) > 1, we can conclude that there exist ReLU neural networks with depth O(log a%)

m

and weights and computation units at most O(N% (log a%)) that approximate ()(z) with er-
2dz L dztk  k

ror at most (log %) o7 TR (1 4 (o' N (0 + +)¥ in domain B,. Since k > 2, we

can choose W1y, ||U1]|1 = N%(log %1)2, L; =< log J% and a large enough constant bg, such

that ¢g < %a*. Checking the proof of Lemma 22 and Lemma 23 (Theorem 1 and Proposition

H17W2 =

1 et T 12 2\ — 4z
3 of Yarotsky (2017)), we can choose ||U||1, W = (log E) (01%)
&
= log Uil; V= ((}1) with a large enough ¢ and (b, by) to

d
+F+2 d
ak 1 71
(10 —) a(k=1) (o1) %13
1 _x

be large enough constants, such that e; < %0*2 and €5 < 507,

C.3.2. PROOF OF LEMMA 18

To begin with, we state the following lemma in Anthony and Bartlett (1999) for bounding the
covering number of ReL.U Neural networks.

< M.
Denote the pseudo-dimension of F as Pdim(F), then for n > Pdim(F), we have for any € and any
X, X,

%M - n Pdim(F)
< R
N (67 F’Xl,‘..,Xn 700) - <E . Pdlm(f))

By the choice of p4(2) and Sy (), we have 114(z) < log® L -(c1]|z||l24c2) and 0 < c3log™ 1 a% <
Amin (Z¢(2)) < Amax(2g(x)) < 1 with some constants (co, c1, ¢, c3). Also,

dy 1
log pp(z) < jlg(m),
— T(p —
~ogpo(e) = % log(2r0"?) ~10g [ ex <—<x ol GD(Z”)mz)dz an
dy .
< Troglano) + 4 L [Go(o)mo(z)a:

We then state the following Lemma 25 for bounding the Orlicz norm in Assumption A.
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Lemma 25 Consider Fyq and F.q defined in equation (9), given Assumption B and Condition
B, there exists a constant Cy that only depend on (a, k,ba, b3, bs, bs, d, dy) in Assumption B and
Condition B, such that

Co 1 2
sup (logp,s(a)] + Dic(ao( 1) s 12)) < 0 (Hxllz T <1og>a) .
P9€Fdd 99 € Fed g1

TBEFprior

For any Gy, () € fjj(L, U, W, b(log U%)é, V) with U = (ug,--- ,ur—2), it can be expressed
as a fully-connected ReLU neural network with depth L, computation units ||U||1, and Frobenius
norm of weights in each layer at most V|| U||1. We use 61" to denote the (d, + 1)uy + 31 (uy +
1)ugy1 + dy(ur—2 4+ 1) dimensional weights vector of Gy, (z) after expressed as a fully-connected
ReLU neural network, then it can only has at most W-number of nonzero elements. Consider
B, = [—a1 logi n,cy logi n]® such that pp(z ¢ B,) < -3. Next we state a lemma about the
lipschitzness of m(pg, 73, qe, ) on By .

Lemma 26 Consider Fyq and F.q defined in (9), given Assumption B and condition B, there
exist some constants (cg, ¢1) that only depend on (o, k, b, b3, bs, bg, d, d,.) in Assumption B and
Condition B, such that for any x € By, (pg,per) € Fad (4, qg) € Fea and (15, 75') € Fpriors

‘m(pea TRy dp,s ;L‘) - m(pe” TR 4ol s :L‘)}

v 1 _ / 11
< ealog n (VE(UIV) ~216f — 6 | + 118 = Blle + | = - |
1

+ U1V ko (2) — g (@)l2 + 1B(x) — Z¢'(~”€)HF)>-

Therefore by
So(a) ~ Sy ()
= 57 (G, (Qon ()7 €, Qo () +0°1.)
0 (Gl (Quy () G, (Quy (@) + 1)
+o? (Gd/ (Quy (@ ))TG25<Q¢3 (@) + 1)
7 (G (Quy ()7 Gy (Quy () + 1)
And by the fact that

A7 = AT = AT AT - AT AL
= AN = A
-1 _
<[ AP A = Allp] A7 .

We can get that there exists a constant ¢ such that,

log® L
27 (1162, Qo (@) — G2, (Quy (@) lp + 10 — (@121

1B (z) =X (2)]|F S
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Moreover,

g (@) = pgy() |2

< Qs (@) — Qgy ()2 + log= nlog®
+ Gops (Qo, (%)) — Gy, (Q; (x))]]2-

011(\2¢(w) = By (@)|IF + 1G5, (Qo () — GF, (Quy (2))| )

So we can obtain that under B, there exist some constant (¢, cg, ¢7) such that

‘m(p97 7757 Q¢7 .T) - m(p9’7 71—,3’7 Q¢’7 l‘)|

).

| _ /
< cslog® n—; (IIﬁ — B2+ VLUV 0T = 67 ll2 + (U V) (1Qs1 () — Quy ()2
1

_ _ 1 1
+ (|G (Qpy () = Gy, (Quy ()12 + G, (Qg, (7)) = G (Quy (@) | + |67 = (5)%]) + o
Denote @51 as the parameter space of 61, it holds that

ef ¢ {gf e RU=ADU+ T A Duratda (ur—a+1) | 10F || < W, (07|00 < V}.
So one has log N(OF (5, ¢) < W log YEIYIL Recall B, = [—¢; loga n, ¢ loga n]%, we h
o one has log N(©y , £2,€) S W log — ~*. Recall B, = [—c1 loga n, ¢y loga n]%, we have
1 1

1<i<n

Moreover, by Lemma 25, for any x € B, it holds that

sup  |m(pp,qs, 75, %) — logpp(2)| S —5—;
P9EF4d-9pEFed 01
T3E€Fprior
(log 2)=
sup |g(z)| S ——F—
gEG* 01

Then, by changing the set A to 3, in the proof of Lemma 13, we can get

1 n
Epp(z) SGUEP EZQ(%) —E, (2)9()
lolg<s | =1
1 (log 2)a
Og? a
<E,p@) | sup Zg(xi)llgw(xi)_Epp(x)(g(x)lb’w(x>)‘ +C—F—.
e e
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Therefore by lemma 25, lemma 26 and lemma 24, like the proof of Theorem 3, we should choose

6, < \/ (W + ds + Pdim(G2, (Qg, (2))) + Pdim(Qy, (1)) + Pdim(Gigy (Qg, (+))))

N

1 1 (log 2+)
\/(10gn + Llog(||U]1V) + log —)—%
agr n 01

Furthermore, for the Hard Tanh function h(x) = max(—b, min(b, x)), it can be express as h(zx) =
o(—o(—z + b) + 2b) — b with o(x) = max(x,0). Then, by Theorem 6 of Bartlett et al. (2019), we

hav
N PG, (Qu (@) = O(Wh + Wa)(Ly + L) log([U 1 + | Ualla)):

Pdim(Qg, (z)) = O(W1L1log ||[U1]1);
Pdim(Gy,(Qp, (7)) = O((W + Wi)(L + L1) log(U + [|U]]1))-

We then bound the approximation error in the following lemma.

Lemma 27 Consider Fqq, Feq defined in (9) and Frior satisfying Condition B, given Assumption
B, there exist some constants (1,7,7, by, ¢) that only depend on (d,d,) and (o, k, ba, bs, bs, bg) in
Assumption B and Condition B, such that when % + % + % <1,

Dxr(pp()lIpa,s(-) + Epp () [PxL(gs(-|2)[po,s(:|2))]

min
PeEFqd:9p<€Fed
3 EFprior

(28+10a+3a2)

%2 1 a?

< co log — ,
o

with (e, €1, €2) being defined in equation (7).

We can then get the desired conclusion using Theorem 1.

C.4. Nonparametric Models

C.4.1. PROOF OF LEMMA 19 AND LEMMA 20

1 n
a Z m(p7 q, 7757 x’b) - m(pla q/7 7TB/, xz))2
i=1 (12)

5(&)) ’ +5up | Dic (a0 Ip(-12)) = Dice (4 () [ (1)

log

< sup
xT

For the first term of equation (12), one has

(r)su p(x|2)mp(2)
p() L (@) (2)

(
e PaAms()
= [ ¥l i ale)ms (2)

Pl
> [ @) Ry ()™
= p(@).

WB/(Z)dZ
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i : (x '(z|z)mg (2) ©
Similarly, it holds that 7; ((z)) < sgppp(zzﬁ Therefore when p,(( )) >1,
p(z) ‘ p(x) p(z|2)ms(2)
lo 1 < logsup
‘ @] ) = Yl ()

< sup |log p(z|z) — logp’(x|z)| + sup [log mz(2) — log mg/(2)] -

Similarly, when p(z) <1,
p'(z
/
082 < gy 21700
p'(r) = px]|z)ms(2)

< sup |log p(z|z) — log p'(x|2)| + sup [log ms(z) — log mp/(2)]| .
z z

For the second term of equation (12),

sup | Dk (q(-[2)||p(-[)) — D (¢'(-|2)[[p'(-|2)))|
q(z|z) q(z|z)
§sup/lo q(z /lo q(z|z)d=
21/, pele) 2% (el 11 13)
/
+ sup /log q/(z|x)q /log q,(z|w)q, (z|7)dz|.
v |Jz T P(2]7) z P(zlz)
Then for the first part of equation (13)
P (z|z)
sup /log q(z|x
2|/ 108 pleta) 11O
P (z|z)p' (= )‘
<sup og ————— +sup log mg(2) — log ma(2)
p(zl)p(z) log s &
SQSup‘logp z|2) — logp/(z|z ‘+2sup|log7r,3 z) — 10g775/(z)’.
For the second part of equation (13),
q(z|z) q(z]z) , / q(zlz) ¢'(z]z)
sup log p(z|lz)dz — | log p(z|x)dz
0| [ o8 e ey Chev — [ ow G S Gl
/ /
o [ o LI ) o, (GG
v Jz| P(z]2) P (2]) P (z]z) p'(z]x)
a(zlz)  d'(z]z)| ,
< su sup(1 + |logp(z|z)| + |logq(z|z -su/ — z|lx)dz
Lo r’g( |logp(z[z)] + [log g(z|z)]) - sup LG~ Pl p'(z|z)

T8E€Fprior

(C+ 1)51;p/z ‘q(z]a:) - q'(z|x)} dz.

IN
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Then by xlogz >z — 1

= [ (552 1) ttatelo) = ¢ Gl s
o (q'(z"“ - 1) 1(q/(21) > qlzla))a(zlx)dz

q(z|z)
q(z|z) q(z|z) | , q (z|x) q (z]z)
S/Z 7 Clo) log 7l q(z!x)dz—k/z 1) log e q(z|z)d=

< 2sup [log ¢(z|z) — log ¢/ (z]z)| .
z
We then get the desired conclusion in Lemma 19.

For Lemma 20, since p(z|z) o exp (Z?lzl lj(fj,z)) then we can write log p(x|z) as Z] 1 1i(@), 2)—

C(x), with C(z) = log [, exp(Z;ﬁ:1 l;(z;, z))dz. By the same argument of the proof of Lemma 19,
we have

[z exp(S4, (@, 2))dz _ Supexp@fl L 1(35,2))
Joexp(ShL, 1(@), 2))dz = exp<zj L 1(@5,2))

[y (T 1z, 2)ds g
log < sup Li(Z,z) =y U(Tj,2)]|.
' [ exp(SL, (5, 2)dz | g 2.0

So we have sup|log p(z|z) —log p/(z]z)| < 2sup
T,z

T,z

it Li(®, 2) — Z; V(75,2 )‘ . Similarly for

the case of ¢(z|z).

C.5. Proof of additional lemmas

C.5.1. PROOF OF LEMMA 21

Lety = p}f’(g), theny € [e=C, e”].

fly) =2+ C)(ylogy —y+1) —y(logy)®.
'(y) = (C —logy)logy.

When 1 < y < e f(y) > 0. Whene @ <y < 1, f/(y) < 0. Since f(1) = 0, when
y € [e7,e]), it holds that f(y) > 0

C.5.2. PROOF OF LEMMA 25

For pg g(x) = [ pe(x|z)ms(z)dz, define
Agp = {x :pop(x) > 1}.
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Then for any x € Ag g,

|og po,5(2)| = log pp.a(z) = log / po(z]2)m5(2)dz

_ log/ (27302> % oxo (_ Z?m1($j2;2G9,j(Z))2> s

DraasC)llpas(10)) = | 1og “IAD o1y
= /log 46 (2|7)qs(2|7)dz + log pg g(x)
—/logpg(a:|z)q¢(z]a:)dz—/logﬂg(z)%(z]x)dz.

For any z € Af g,

|log pg. ()| + Dxr(ge(-|z)|lpe,s(-|2))

_ / log po (&])as (212)dz + Dxr(as(-|2)||75(-)

= /logq¢(z\;r)q¢(z|x)dz— /logpg(x|z)q¢(zx)dz—/logﬂg(z)q¢(z]x)dz,

[ 108 dutele)as Gla)dz =~ log [Sate)] - (1 + log2n),

dy 2

bo (o — Gy
- [ 1omutalo)as el = F log2no®) + [ 2ol ~ S0 oy
g

d
dy 1 &
< 5 log(2m) + o Z <£U§ + /G37j(z)q¢(z|x)dz> .
1 j=1

By the definition of F;; and F.4 in (9) and Condition B, there exists a constant ¢ such that

N

/ 1Go(a)lgo(ele)d < cllog )7

l / log 75(2) o (2|)d2

1
< clog —.
01
Then by the fact that when o1 < 1, log % < L. we can get the desired conclusion.
1

2
1
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C.5.3. PROOF OF LEMMA 26

We begin the proof with the following lemma about the Lipschitzness of ReL.U neural networks (w.r.t
the parameter).

Lemma 28 [f Gy, (=) is ReLU neural network in which the information of each layer can only come
from the previous one layer. Also, it has L layers, use Hard Tanh as the activation function for the
output and there exists a constant V' > 2 such that in each layer, the units @ has ||w|2 <V, then,

for any Gg, (2) and Gy, (2),
1Go, (2) = Gy (2)ll2 < VE2(2 4 ||2l|2) V2L |61 — 6 2.
We then return to our proof of Lemma 26. For any z € B,,
[m(pe, 4y, ms, ) — m(per, ggr Tpr, )|
o P $|
8 oo (@ qp(z[x)dz| + | [ logpy (x]2)(qe(2]7) — gy (2]2))dz

+ ‘/logq¢(z]x)q¢(z|x)dz— /logq¢/(z\m)q¢/(z|x)dz

- ‘/logm(Z)%(Z!ﬂf)dz— /10g7fﬁ’(z>q¢’(z|x)dz

(14)

For the first term of equation (14), since in each layer of Gy, (z), the weights w has ||w||r < V||U||;.
Then by Lemma 28 and the boundedness of /14(x) and ¥4(x), we have

‘ / 8 ey Gl

G0~
1 01, o,
< / o) S 5 AR xj(Ggivj(z) — Gy, j(2))] gp(z|x)dz
i=1
dz 2
dy 1 1 >t (= Gy 5(2))
+ 5 log Pl log — i / 5 ! qs(2|z)dz

1

g

\E(l ) 11
il

N

1 1 n. 2
[ (16051 = Gl (31Go56:) + Gl + el ) ) autelolaz + cios 2
og
2
o7

n. 2z
(UN:V) 2161 — 9’1||2+(10g;1)a

For the second term of equation (14),

‘/logpef(ﬂz)(%(z\x) — gy (2]a))dz
- L /_Z?il(%' ;Geg,j(z>)2

(ap(2|7) — g (2|2))d=

IN
|

5 (g6(27) — g (2]2))dz

/ > Gy, ;(2) = 22;Gy; 5(2)
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By the fact that |Gy, () — G, ())l|2 < (JU[1V)E"1|z — 2/

9, it holds that

' [ 16 NBtas ele) — g Gl

< a6y @) - Gy o) B
Yo €11 (g4 ()04 (1)) SRz xRz

S it 160 ()~ G GOl Gy () + Cog Gl
Yo €11 (g4 ()4 (1)) SRz xRAz

< (U V) (log - Walaol-Jo). g (o),

where W (o, 111) denotes the Wasserstein-2 distance defined as (Santambrogio, 2015):

Wi o) i=, it (% -Yil) = it - sl ().
Yo~po;Y1~p1 yEI(po,01) Rz xRd=

Similarly, we can get

dg
[ 356 astele) — a1y
j=1

1 _
< ¢ logh n([UL V)2 Walgs(2), s (12)).
Therefore,
‘ [ 10800 al2)aul1e) — a (<l
_ ()

< a%<1ogZ>;w2<q¢<.\w>,q¢,<.1x>>.

Furthermore, by Givens and Shortt (1984), we have

() S ()52 <x>)2

©-vl=

Walgo(-12). a0 (1)) = [[1(2) — g (@)|| + T <E¢<x> +Sy(a) 2 (z
— (o) — 1 (@)[2 + 122 (2) — T (@)U, 6,8) [,

1
_1 _1 1 1 2
where U(z,¢,¢') = 5,° (2)%,>(x) <2; () S (2)2] (x)) . Then let 4(z) = US?UT and
Yy (z) = VSTV be the eigenvalue decomposition of X4 (z) and Ly (z), we have
1
Uz, ¢,¢') =UST'UTVST'VT (USUTVSTVTUSUT)? .

By Davis-Kahan theorem (Davis and Kahan, 1970) and the boundedness of the eigenvalues of ¥4(x),
it holds with a constant ¢4 that

11 = UTV|r S o7 |8s(x) — Sgr (@) || r5
11 = VTU|lp S o7 %|Se(z) — S (2) | F.

45



TANG YANG

Then combine all these facts, we have

‘ [ 1080 1) autele) — g (Gl

S U1V B ) = g )+ [25() = B )

For the third term of equation (14),

‘ [ 108 autelo)tateleri — [ 10800 (cle)io i)

1 1
3108 [54(0)] - 5108 %4 o)
S o1 9B () = X (@) -
For the last term of equation (14), by Condition B, we can get

|log mg(2) —log mg(20)| = V. logma(cz + (1 — ¢)z0)(2 — 20)
< (e1(llzll2 + [[20l2) + e2)llz — 20]|2-

Therefore,

[log 75(2)qs(2|x)dz — log ms(2)qy (2]x)dz| < inf / (crllzll2 + l[20ll2) + e2) [z — 20[l2d7e
7I€H(q¢(z|z),q¢/(z\z)) R xR4

< (2 + 46k [ IelBasteloras + [ Vel Glois)

X inf / |z — 20|3d7s
12 €11(gg (2]2),q4 (2]2) ) JRE xR

Then use the same strategy for bounding the second term of equation (14) and the fact that
| log 5(2) — log w3/ (2)] < (csl|=]§ + ca) |8 — &2, we have

2

‘ / log (=) (2])dz — / log 73 (2) e (2]2)d

log®
S 024 218 = Bl + (@) = 1y (@)lz + [Z6(2) = B (@)1 ):

We can then get the desired conclusion.

C.5.4. PROOF OF LEMMA 27

Assume Q1 (), G1(z) and G{(z) achieve the rate €, ¢ and ez, that is

max 1Q1(x) — Qp(z)]|, = €o;

max||G1(z) — Gp(z = €1;

ZEEII 1(2) = Gp(?)|l2 =& (15)
max||G{(z) — VGp(2)|r = €.

z€B,
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. 2
By Assumption B, we have sup) ., <,[|VGp(2)||F < csra+cg and supy., <, | VQD(2)|s=ap )l F <

057";*2 + c¢. Moreover, by the fact that z = Qp(Gp(2)), we have Iy, = VQp(2)|s—ap(z) VGD(2).
Then, for a fixed z € B,, let VQD(w)T]x:GD(Z) = U151V} and VGp(z) = UsSaVyl be the
singular value decomposition of VQp ()" |,—qp(») and VGp(z), where U, Uy € O(dy,d-),
Vi1, Vo € O(d,). Then it holds that 32_1 = Vil V1.81U{ Us. We can thus obtain that when ||z||2 < 7,
Amin(VGp(2)TVGp(2)) > (1+18) for some constant @ > 0. Given this fact, we define

a ro

21 (z) = (GHQ1(2) T GH(Q1(2)) + 0" 14) 7Y
()i = max(—137,min(z§7, Si(2)i;) (1<i,j < do, Br = br(log %)%);

() = Qi) + Z1(2)GH(Qi ()" (& — G1(Q1(2))); (16)
€ = max|ju(x) — (Qi(x) + X(@) VG (Q Q1(2))" (z — Gp(Q1())))|2;

in which () is defined as (VGp(Q1(x))T VGp(Q1(x))) ~* with VGp(Q1(x)) = VG (2)] .20, (2)

Define
( *2I> p(z) = /p(x|z)7rp(z)dz;
~ N (@), 0750 () (17)
g = P27 (2)
p(zlz) = o@)
Consider z = Q1 () + (2° — Q1(x))o*, define

T) — T
L () ~ N (Q1($) n ‘”()U*Ql()’gl(aj)) :
po(zo\x) = U*dzp (z =Qi(z) + (zo — Ql(x))a*\x) )
Since Dk, is invariant to affine transformations, we have

Dxcw(¢"Cla)l[p°(|2)) = Dxw(g(-[2)l|p(-|x)).

Recall that B, = [— nlogz —,nlog2 —] =and B, = [— 'ylog2 —*,wlog% %] = then by Lemma 25
2

and the assumption that ||Gp(z2)||2 < cs||z]|$ + ca, we have for sufficient large 7 and 7, it holds that

O(Zo\x) 5012)d20

OIGD (2) +e0™) .
/// zO\GD )_i_w*)qo(ZO!GD(z)%-ea )d27p (2)p(€)dzde

OIGD ) + GU*) % %2
/ /Z /l (G (2) & EU*)QO(ZO|GD(Z) + e0*)d2mp(2)p(€)dzde + o
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Define z = Gp(2) + e0*, T = Gp(z) and r = Q1(x) + (2° — Q1())o*. Then,

0(,012) = p(rle)o*® — p(z|r)mp(r)o”
P("f2) = p(r]z) s

) ;
12" = Qu()),

mp(r) = mp(Q1(z)) + 0" Vp(a)
! (c €[0,1]);

a0 = Q1) + o™ (2" - Qi(x))

and
dy

plalr) = (27;2) . <_ (2= Gi(r)T(a Gl(r)))

20.*2
dg

- <27r10> - (_ (x - Gp<r>2>;<2x - Gp<r>>>
exp (_ |Go(r) - G1<r>||%) exp (_ (Cp(r) = Gr(r) (- Gp<r>>> |

2*2 0.2

Let D = 1620 -G g p . (Gp(0)=Ga(r) (a=Go(r))

o*2

Gp(r) = Gp(Q1(x)) + VGp(Q1(2))(2" — Qi(x))o™ + Ru(x, 2°).

Since for any z € B, and € € B, it holds that T = Gp(z) and x = T + o*¢ belong to B,. Then,

|z — Gp(Qi(x))ll2 = ||lrt =T +7Z — Gp(Qp(T)) + Gp(Qp(T)) — Gp(Q1(x))|l2

1

1\ 1\ aztat
< e <log *) +o* <log *>
o o
1\ =tats
<o <log *)
o

Define %(z) = (VGp(Q1(2))T VG (Q1(x))) ", we have

N

plalr) = (20" [2(@)])* M0, @1(0) + 2DV Gp(@u(a)) (= — Go(@i (@), 2(@)
5 r—G z—G
y (2;‘*2) oxo (_( p(@1(@)" (@ ~ Gp(@i (= >))>

2 *2
X exp ((«T — Gp(Q1(2)))"VGp(Q1(x))2(2)VGp(Qi ()" (x — GD@l(@)))
20*2
X exp ((UC — Gp(Q1(z)) — U*Vﬁf(Ql(ﬂ«"))(zo - Ql(x))TRn(x, z°)>
z, 20T R, (z, 2°
X exp (— B, 2)05 ( )> exp(D + E),

where N (20, Q1(z) + %VGD(Ql(a:))T(:U — Gp(Q1(z))), X(x)) is the corresponding normal
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density with variable 2o, mean vector Q1 (x) + E(x \VGp (Q1(z))T (z — Gp(Q1(7))) and covariance
matrix X(x). Set

5 (@ = Gp(Qi()))"VGp(Q1(x))2(2) VG (Qi () (z — Gp(Q:(x)))

202 ;
G GD(Ql(ﬂf)))T(QJJ — Gp(Qi1(2)))
20*
o (x — Gp(Q1(x)) — U*VUCj;)(Ql(:c))(zo — Q1 ()T Ro(, 2%) Ru(z, 2T R, (z, 2°)

20* 2
Then,

p(alr) = (0" [2(@)])* Mz0. @1(@) + DV Gp(@u(a)) (2 ~ Go(@i (@), (@)

1 4
<27m*2> exp(B)exp(C+ D + E).

We then bound p(z) = [ p(z|r)mp(r)dr with the following lemma.

Lemma 29 Given above notations in Section C.5.4 and oy =
(co, €1, ¢2, 3, Ca), such that for any x € By, it holds that

. 1 %4’3041 1 %4’2041 €1 1 é‘Hll . 1 %+041
exp|—c1 | o log; + €9 log; exp —62; log; — coo log;

< p(z)
- o.*dz ( 1 3

) T (2m)% [2(2)])? 7p(Qi (2))eap(B)

™
1 2430y 2420y 1 Loy 1 4o
exp | cy | o” <log *> + € <10g ) exp 02— (log ) + oo™ <log *> .
o o

And there exists Ao = [—c3 (log %)al ,C3 (log %)al]dz, such that for any x € By, it holds that

/ p0(20|$)dzo SO'*Q;

20

2 + + =, there exist some constants

IS

<

Given Lemma 29, we have
0(50| 2 .
Dre(Clo)p° () < /A (“”—1) P(L]2)d=0 + 202
0

= / <eXp <log qO(z%) - 1>2p0(z0]w)dzo + 20*?
Ao p° (%)
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Since q0(20|$)
8 (D)
< N(Zoan()erz())
< og
(zo,Ql( )+ (Q1(z)T (x—GD(Ql(x)))’E@)) (18)
N (207 Qi(z) + %VGD(Ql(:C))T(x — Gp(Q1(2))), E(x))
+ |log ) ‘

Then under B,, for the first term of equation (18), by the fact that when ||z||2 < {/log =, it holds
2
that Apin (VG (2)TVGp(2)) 2 (log %)‘fz and Apax(VGp(2)TVGp(2)) < (log X)), wecan

obtain

4
1 a2
sup [log|Xi(x)] —log|X(z)|| < es (log a*) .

rEBy

Recall the definition of €/, and € in equation (16). Combined with the fact that

1

s || (1 (e) — Qule) = S@)VE(Qi() (- Go@(@)| S %
we can get
(20, Q1(z) + ez 21(:1:)>
sup |log

cgin | N (20, Qi) + ZEVGD Q@) (2 - Go(Q1(@), B(w) )

2
1 201 / 1 Oél"rg
< éh <log *> + % <log *) )
o o o

For the second term of (18), since wheg:v € By, Q1(x) € B.,, then for 20 € Ayoand x € Ex, we
have r = Q1(x) + 0*(20 — Q1(x)) € B, given large enough 77. And for x € B, and r € B, we
have

(z — Gp(Qi(x)) — o*VGp(Q1(2))(2° — Q1())"

*2 Rn(l',ZO) -

1 %4‘3&1 1 %'1‘2061
< g* <log U*> + € <10g 0*) :

IGp(r) = Gi(r)lIF _ €

Cl =

2
= <
’D‘ 20_*2 — 20.*27
_ T(p _ é-i-oq
E| = ‘(GD(T) Gl(?’))2 (z GD(T))' <& (10g 1) _
20* o* o*

By the assumption that ||V log wp(2)|l2 < e1]|z||2 + c2, we have for any = € B,, 2° € Ao and
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a0 = Q1(x) + co*(2° — Q1(z)) (c € [0,1]), it holds that

[Vro(eo)le o fio T
™ (Q1(7)) o
Then combined with Lemma 29, and the fact that x exp(z) < ez when z < 1. We can get that for
any 2’ € Ao and z € B,,

N (20, Qu@) + Z2VE(Qu(@) (2 = Gp(Qu())), Z(x) )
P(la)

2 2 1
1 a+3061 1 E+20<1 1 E‘Fal
<o* <log U*> + €0 <log U*> + % <log U*> )

So finally, we have
. . ) 1\ at6e e 1\ 2+2m ¢? 1\ at2m
DGl (o) £ 02 (1l ) (o 1) 4 22 (1o )

1 %—1-4041 5 1 4o
+ e (log *) + €5 <log *> :
o o

Also, by Assumption C, we can choose a large enough b7 such that

log

- 1
b = b ]_ — ) a2 > E 1.7
= bilog 20 2 e, sup [Bladis,

with 5(z) = (VG (Qu() VG (Qu())) " So by the definition of /i1 (z) and X1 (z) in

eqaution (16), we have,

2 10 3,1
- Ly Lattats
€y S e | log p + 0¥eg | log ey ;
/ < <1 1 >a *2
€3 S €2 | log - +o .

We then bound Dk, (pp(+)||p(+)) with the following lemma.

Lemma 30 Given Assumption B and Condition B, there exists a constant c, such that
€t 1 44142 *2
Dy (pp()llp()) < e —5(log )2 "o + 077 ),
where p(z) is defined in equation (17).
We can then get the desired conclusion.
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C.5.5. PROOF FOR LEMMA 28

We first consider the case that the activation function of the output is an identity function. when
L=2,
G%(2) = w1z + by.

Then we have
1G5, (2)ll2 < [[ball2 + lwillallzll2 < V(1 + [|z[l2);

IG3, (2) = G, ()12 < [|br = b ]2 + [lwrz — wh2]l2
< 2+ Jlzll2)(lwy = will2 + 1By = by 12))-
If it’s hold for k-depth ReLU neural network that,

k—2

1GE, (2)ll2 < VE(L 4 [|2ll2) + > V7

=1

k—1
1G5, (2) = Gy (22 < VE2 2+ 12]12) Y (lwy = will2 + [1b5 = B2)-
7j=1

Then,
1G5 ()12 < Nlwisr10 (G, (2)) ]2 + b 12
k—2
< brgalle + lwralle [ VEHA+(I2]12) + DV
j=1
k—1
<V |z]l0) + YV
j=1

< VE2+|l2ll2);
IG5 (2) = G ()12
< wis10(GE, (2)) = wh10(Ge (2))ll2 + [brs1 — By 2

< Jwps1 — W | FIGE, ()2 + brs1 — by 12

+lwiga e | VE22 + [l2]2) Z lwj = wll2 + 115 — jll2)
7j=1
k
<VFH2+12ll2) Y (lws — whlla + 1[b; — 2)
7=1

< VEH 2+ |l2ll2) V2K [0 — 02
Furthermore, by the fact that for h(x) = max(—by, min(b, x)), it holds that

[h(2)] < [zf;
[h(x) = h(a')] < | — 2],

the desired conclusion also holds for the case that the activation function of the output is h(x).
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C.5.6. PROOF OF LEMMA 29

Setr = Q1(z) + 0*(2° — Q1(z)) then
p(z) = /p(xz =r)mp(z = r)dr
=o*" /P(fr)(WD(Ql(fE)) +0*Vrp(a0)"(z° — Qi(x)))dz’

N

2 1
By the assumptions on 7p(z) and the fact that ||z — Gp(Q1(z))[|l2 < o* (log &) aztat

exist some constants (cg, ¢1) such that for any = € B,,

, there

I
mp(Q1(x))

1 1\ aztite
<exp|ec|log— )
exp(B) o*
where recall that

(z — Gp(Q1(2)))"VGp(Q1(2))2(2) VGp(Q1(2))" (¢ — Gp(Q1(x)))

20.*2

_ (@=Gp(@(@)" (2»’6 — Gp(Qi(2)))
2 *

2 1 1
1 2tats 1
() o )
0' g
1 dz
o[ o ()]

A% = {2%r = Qi(x) + 0" (z° — Q1 (x)) € BL}.

1
< exp(co log ;);

B =

Let

Qto‘ N

Bl =

+14174:
z )

For sufficiently large c2, we have Vo € B,

/ p(z|z = r)mp(z = r)dr
(BY)e
1 \7% 1
? sd. 1\c -
< <27m*2> oc*“rp(z € (B;)°) exp <dz log a*)
dy

oﬁ(]g)Qa%m@mmmmwy

2mo*

IN

Under zg € A "N Azo, for any x € B,, we have

Gp(r) = Gp(Q1(x)) + VGp(b0) (2" — Qi(x))o™,
bo = Q1(x) + co*(2° — Q1(x)) ce€0,1].
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So there exists a constant a, such that

_4
o2

(2= Q) VGpl0a) ¥ Golba) (- Qula)) 2 a (1o 1) 17 - @ula)l

Then, by the fact that

(z — G1(r)" (x — Gi(r))

We have for large enough A;O, there exists a constant c4 such that for any z € B,,

o / o plalr)w(r)dz’
AzgﬂAiO

< sup plzlr=Qi(z) +o*(z° — Q1(2)))
A;mAgO

2ro*2

«2 _xd 1\ 7
< cq0* 0 mp(Q1(x)) exp(B).
Then, we only need to bound

7 [ | plaln) (@) + 0 V() - Q1))
Al
We first bound

o*d / p(x|T)U*V7T(aZo)T(ZO - Ql(:c))dzo.

20

By the assumption that ||V log 7p(z)||2 < c1]|2||2 + c2, we have for any = € B,, 2° € Aio and
ao = Q1(z) + co* (2 — Q1(z)) (c€[0,1]),

m = ||Vlog mp(a,o)l|2 exp(log mp(a o) — log mp(Q1(x)))

1
S y/log —.
o

And using the fact that

Y(x)

O-*

VGp(Q1(2))" (z — Gp(Q1(2))), =(x))

plalz = 1) = (@m)*[2(@)]) * Nz0, Q) +

1 Ea
<27‘(‘0‘*2> exp(B) exp(C + D + E),
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with
o (@=Gp(@i(2) ~ U*Vosz(Ql(x))(Zo - Ql(x))TRn(gj’ 20) - Rn( 02):*12? ( )’
D—_ !GD(T)Q;*fl(T)H%;
g _ _(Go(r) = Gi(r)"(z = Gp(r))
0.*2 .

We could then obtain,

/Al p(x|r) Hzo — Ql(z:)||2dzo

20

% 1 5 1 %-5-3041 1 %4‘201
< ((27r)dz |E(:U)]) (27ror*2> exp(B)exp | c1 [ o <log J*> + e <log J*>
€ 1

Then we have,

N

p\ater o [ p(alr)oVap(a) (20 — Qi(x))dz’ 1zt
—o* <log *> - o ( > .

Next we bound

Since for sufficient large Al,, we have

/ N@i(x) + 2 9G(Qu(@) (2 - Gp(@i(@).5(w)) 2 1 - 0*

We could then obtain

1 %4’3061 1 %4’2(11 €1 1 é+041
exp| —ci | o* <log *) + € <log *> exp | —co— <log *> (1—0*?)
o o o o
0"t [0 plalr)mp(Qi(@))d=?
d
El

(2m)= |S(@)))? (3kez) T exp(B)o*®mp(Qu(x))

1 E+3Cl1 1 %+2a1 €1 1 é‘i’al
<exp|e|o” <10g a*> + € <10g a*> exp | c2— <log J*) .
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Then by the fact that

7t [ | plaln)(mp(@u(e) + oV (as)T (0~ G ()i

Az0

<pla) < [ plalr)(mo(@u(o) + " Vrp(an)T (0~ Qu(w)d:?

AZO

+ / p(z|z = r)rp(z = r)dr + o*% / p(z|r)mp(r)dzL.
B ALy N A%,

z

We could then get the conclusion of the first part of the lemma. For the second part of the lemma,
since

fAC p(z|z = r)mp(z = r)d2°
0.0 0 __ 20
/A p’(2°|z)d2" = [p(x]z = r)mp(z = r)dz0

c
20

we can get the desired conclusion using the same strategy of the proof of the first part of the lemma.

C.5.7. PROOF OF LEMMA 30

Since
dy 1
1 < =log(——);
ogpo(v) < T logl(5—);
d -G T(x -G
—logp(z) = Ex log(27m*2) — log/exp <— (@ 1(2)2) f;: 1(z))> mp(2)dz (19)
o
d 2 1
< Z1og2n0?) + L2+ 61(a) Broa)a,
2 o* o*
where the last inequality is due to Jensen inequality. So for B, = [—n(log %)% ,n(log U%)%]dz,

Be = [—7(log U—ﬂ)%,’y(log %)%]dz and B, = {Gp(z) + 0%¢,z € B,, € € B}, if n and -y are large
enough, by the assumption that ¢; < o*2, we have

/B log p;’(g)m(a:) ~ po(a) + p(x)dz < o*2.

c
T

Also, there exists a constant ¢ such that when x € B,, it holds that

1
pp(z) 2 exp <—clog *> :
o

1
p(z) 2 exp <—clog *> :
o
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We then consider a compact set of € and z: B, = [—¢;(log Ui)% ¢1(log X )%]df and B, =
[—¢c2(log %)é , C2(log %)%]dz with B, C B.. we can obtain

Dxw(po()llp(+))
= / (log po(@) po(@) _ po(2) + 1) p(x)dx

p(z) p(z)  p(@)
pp(G1(2) + 0*€) 2
= s, Uit ey =) oo
pp(G1(2) + 0%€) pp(G1(2) + 0%€)  pp(Gi(2) + o*€)
/ e\ B ( og (Gl( )+ o%e) p(Gi(z)+ ore) - p(G1(2) + o7€) + 1) mp(2)p(€)dzde

) + %) pp(G1(2) + %) pp(Gi(2) +o*¢) RPN,
BcﬂB ( J+o)) pGi(z)+o%)  p(Gi(z) + o) “) p(2)p(e)d=d

+o*
(20)
Where we also reserve the notation B;, to be the set {(z,¢€) |z = G1(z) + 01€ € B, }.

For the second and third part of equation (20), by (1) € is gaussian noise with mean O and iden-
tity covariance; (2) for Z ~ wp(z),  Jax 27|y, is bounded; (3) when = € By, pp(z) 2
S)xaz

exp (—clog &) and p(z) 2 exp (—clog U—l:) we can get that when (¢, ¢2) are large enough, the
second and third part of equation (20) can be upper bounded by o*?

For the first part of equation (20), since

pp(G1(z) + o*e)
p(G1(z) + o%¢)
fexp (_ (Gl(Z)+O'*67GD(ZI))T(G1(Z)+O'*6*GD(ZI))) WD(Z/)dZ/

20%*2

= fexp (_(G1(Z)+o'*e—G1(z/)2):*(26’1(Z)+U*6—G1(Z/))) Wp(z’)dz/ .

We first consider the numerator, define

2 1 2 1
1\aztz 1\azte
By+(z,¢3) = !z — ¢30” (log *> 14,2+ c30” <log *> le] .
o o

4
2

Therefore by the fact that under B., ||Gp(z) — Gp(#)||3 > a (log X )=
Gp(2)|l2 < €1 and (a — b)? > $a® — b%, we can get

Iz = 2'[13. |G1.(2) —

* "\\T * /
/ o (-G o= G G1) 1 o"e= G 1
B, (2,83)° N B- 20
2
< exp < ‘1 (%féga —d E%) log 1*> .
o
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Also,

[ o (G " oG 4 0% = 6ol 10
BZ

< mp(By).

Then, by the fact that when x € B,, p(z) 2 exp (—clog Ui), we can choose a large enough ¢3 and
7, such that

[ o (a2 0" G (GL) e G
B+ (2,83)¢ N B 20+2
(G1(2) + 0%e — Gp(2)T(G1(2) + 0*e — Gp(Z')) 1
+ /B2 exp (— Sy 7p(2')dz | exp | clog s
So we have
pp(G1(z) + o*e)
p(G1(z) + o*€)
G1(2)+o*e— ZNT(G1(2)+0*e— 2!
<IBU*(Z,63)eXp (_( 1(2)+ Gp( )2)0'*(2 1(2)+ Gp( ))) mp(2)dz! L
>~ f exp (7 (G1(Z)-i-o‘*e—Gl(z’)2):*(2G’1(Z)+U*E—G1(z/))) TrD(Z/)dZ/
exp (_ (G1(z>+o*efGD<z'>2>T<Gl(z)+o*e—GD(z')>)
S Sup * ! > * ! —"_ O-*
#/€B,x(2,c3) €xp (_(G1(2)+U e=Gi(z )2):*(201(Z)+U e~Gi(z )))

2
€ € 1 1 . 2,1,1
< exp < 1*2 + —i (clx/dm(log —*)% + ¢3v/d,(log —*)a2+2+a + 61>> +o".
20 o o o
Therefore we can get

pp(G1(z) + o*e) <

] “a
©8 p(Gi(z) +o%e) ~ 7T VOB

Similarly,

log p(Gi(2) +a%) _ . %(log—*)%+%+é.
(o

pp(G1(z) + o%e) ™

2
So we can bound the first part of equation (20) by O %(log i);7+§+1 + 0*2). We can then get
the desired conclusion by combining all those facts.
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