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Abstract

Policy optimization methods are popular reinforcement learning algorithms, because their incre-
mental and on-policy nature makes them more stable than the value-based counterparts. However,
the same properties also make them slow to converge and sample inefficient, as the on-policy re-
quirement precludes data reuse and the incremental updates couple large iteration complexity into
the sample complexity. These characteristics have been observed in experiments as well as in theory
in the recent work of Agarwal et al. (2020a), which provides a policy optimization method PC-PG
that can robustly find near optimal polices for approximately linear Markov decision processes but
suffers from an extremely poor sample complexity compared with value-based techniques.

In this paper, we propose a new algorithm, COPOE, that overcomes the sample complexity
issue of PC-PG while retaining its robustness to model misspecification. Compared with PC-PG,
COPOE makes several important algorithmic enhancements, such as enabling data reuse, and uses
more refined analysis techniques, which we expect to be more broadly applicable to designing
new reinforcement learning algorithms. The result is an improvement in sample complexity from
O(1/€e'1) for PC-PG to O(1/€3) for COPOE, nearly bridging the gap with value-based techniques.
Keywords: Exploration, Optimization, Reinforcement Learning, Natural Policy Gradient, Mirror
Descent, Importance Sampling, Sample Complexity

1. Introduction

In building real-world learning systems, it is desirable to have algorithms that possess strong sam-
ple complexity guarantees under favorable model assumptions, while being robust to model mis-
specification. This need of robust adaptivity is particularly crucial to reinforcement learning (RL)
applications, where we do not have the luxury of tuning our modeling choices through repeated
experimentation with a static dataset.

Nonetheless, the intertwined complexity of credit assignment and exploration inherent to RL
makes designing such an algorithm challenging. Most provably efficient RL algorithms with func-
tion approximations (Yang and Wang, 2020; Jin et al., 2020; Zanette et al., 2020c; Ayoub et al., 2020;
Zhou et al., 2020a; Jiang et al., 2017) require certain structural assumptions on the environment’s
regularity in order to provide sample complexity guarantees. These conditions are in some sense
necessary, especially for high dimensional problems; otherwise, the learner in the worst case would
require exponentially many samples before discovering any useful information (see e.g. (Kakade
et al., 2003; Krishnamurthy et al., 2016; Weisz et al., 2020)). However, these provably efficient
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RL algorithms are typically not robust to model misspecification, because their performance guar-
antees allow for only small /,-bounded perturbations from their assumptions. Can we design RL
algorithms that offer strong performance guarantees when the model assumption holds and degrade
more gracefully with model misspecification, such as according to average errors?

In this paper, we study this question in the context of policy optimization methods in the explo-
ration setting of an approximately linearly parametrizable Markov decision process (MDP) model,
which includes approximately linear or low-rank MDPs studied for example by Yang and Wang
(2020); Jin et al. (2020); Zanette et al. (2020a). Policy optimization methods are some of the most
classical (Williams, 1992; Sutton et al., 1999; Konda and Tsitsiklis, 2000; Kakade, 2001) as well as
widely used approaches for RL (Schulman et al., 2015, 2017). Their practical success is largely due
to the flexibility to work with differentiable policy parameterization and the capability of directly
optimizing the objective of interest. The latter aspect, in particular, has been theoretically shown to
make these techniques robust to model misspecification to a much greater degree than the value- or
model-based counterparts (Agarwal et al., 2020b). However, for the exploration setting which we
study here, relatively few results exist for provably efficient policy optimization methods (Agarwal
et al., 2020a; Shani et al., 2020; Cai et al., 2020); we include additional related work in Appendix B.

The closest work motivated by similar reasons to ours is the recent paper of Agarwal et al.
(2020a), which proposes an algorithm called PC-PG that optimizes policies by performing natural
gradient ascent (Kakade, 2001) to solve a sequence of optimistic MDPs. The guarantees of PC-PG
exhibits the sort of robustness to misspecification that we desire: the algorithm succeeds whenever
the state-action features can linearly approximate the state-action value functions of the learner’s
policies, with an approximation error defined in an average sense under the visitation distribution of
a fixed comparator policy of interest (a notion called the transfer error in (Agarwal et al., 2020b)).
As shown in Agarwal et al. (2020a), this type of error dependency allows for nicer guarantees in
misspecification settings such as approximate state aggregations and in individual examples where
value- or model-based techniques fail.

However, the robustness of PC-PG comes at a steep price: to learn an e-suboptimal policy PcC-
PG requires Q(l /e') number of samples! This sample inefficiency leads us to ask whether such a
trade-off is necessary for a nicer notion of model misspecification.

In this work, we present a new algorithm COPOE (Cautiously Optimistic Policy Optimization
and Exploration), which builds on PC-PG but improves its sample complexity in three crucial ways:

e Pessimistic evaluation with optimistic bonus: Like most exploration methods, we use the
idea of reward bonuses to realize optimism in the face of uncertainty. However, in the op-
timistic MDP with bonus, we perform pessimistic value function estimation for our policies
(hence COPOE is cautiously optimistic). This trick leads to one-sided errors in our value
estimates, which in turn yields important savings in sample complexity.

e Adaptive schedule for MDP update: We devise an adaptive scheme to construct the opti-
mistic MDPs in order to avoid repeatedly solving similar optimistic MDPs. While PC-PG
collects a fixed number of samples with the solution it finds for each optimistic MDP, we use
a variable number of samples based on a data-dependent quantity and a doubling schedule.
This effectively replaces O (V) rounds of data collection in PC-PG with O(dlog N) rounds
in COPOE when we perform N iterations with a d-dimensional feature map. This is the pri-
mary source of our sample complexity improvements, and is enabled by a new concentration
inequality for inverse covariance matrices.
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e Data reuse via importance sampling: We show that due to the relative stability of natural
gradient ascent in policy optimization, data collected by one policy can be reused to perform
many policy updates with basic importance weighted Monte Carlo return estimates, without
incurring excessive estimation variance as commonly conjectured. This observation allows
us to avoid collecting fresh samples for every policy update as in PC-PG, while keeping its
robustness property originating from using Monte Carlo estimation.

These algorithmic innovations, along with improvements in the analysis, yield the following
informal result for linear MDPs. Please see Theorem 4 for the general results.

Theorem 1 (Informal result for linear MDPS) For a linear MDP (Jin et al., 2020) with a d-dimensional

feature map, COPOE finds an e-optimal policy with probability at least 1—0 using at most 9) (%)

samples from the MDP.

COPOE further retains the same dependence on transfer error as PC-PG when the linear MDP as-
sumption is violated, thereby yielding an improved sample in complexity without any sacrifice of the
robustness to model misspecification. In addition to the aforementioned algorithmic improvements,
our analysis leverages a new covariance matrix concentration result (Lemma 39), which might be
of independent interest.

While our algorithm is motivated by approximately linear MDPs, our new result begets the
question of whether our algorithm and analysis can be further improved to match the ~ f—; sample
complexity of the best value-based methods for linear MDPs (Zanette et al., 2020b) (notice that our
O notation hides a dependence on log |.A|). We believe that this requires an even stronger data reuse
as the variance of importance sampling limits how far back we can go in terms of reusing data from
past policies. Estimators based on Bellman backups, such as Fitted Q-iteration and Least Square
Policy Evaluation (Bertsekas et al., 1995; Sutton and Barto, 2018), can perform a more effective
data reuse, but it is unclear if they exhibit a similar robustness to model misspecification. Further
investigating these questions is a promising future direction.

2. Preliminaries

We consider a discounted infinite-horizon MDP (Puterman, 1994) M = (S, A, p,r,) defined by
a possibly infinite state space S, a finite action space A, a discount factor v € [0, 1), and for
every state-action pair (s,a), a reward function r(s,a) and a transition kernel p(- | s,a) over the
next state. A stationary, stochastic policy 7 maps a state s € S to a probability function 7 (- | s)
over the actions in A. A policy 7 then induces a distribution over states and actions df_(s,a) =
(1—79) 320" P (st = s,ar = alsp), which is the normalized discounted sum of probabilities
that the state action (¢, a;) at time step ¢ equals (s, a) under the probability function P™ associated
to the Markov chain induced by 7, with the start state being so. Sometimes we also condition on
an initial state and an initial action, and we omit any conditioning when it is clear from the context;
when the conditioning on the first state and action (s, a) is made explicit, we write E(y /) r|(s,a)-
A policy 7 also defines a state-action value function Q™ and a state value function V™, which are

™ d = 7r d ™
Q (37 a) ;f Z 7t IE(.s’,a’)fv7r|(s,a) r(sl’ a/> and V (S) ;f anﬂ(-|s) Q (37 a)‘
t=0
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For a function @ : S x A — R, we also overload the notation Q(s, ) to denote E,r Q(s,a)
(e.g. we can write V7(s) = Q7 (s, 7)). The corresponding advantage function for 7 is defined

as A™(s,a) =l Q™ (s,a) — V™(s). Under some regularity assumptions there exists an optimal
stationary policy 7* whose state and state-action value functions are V*(s) = sup, V™(s) and
Q*(s,a) = sup, Q" (s,a). We also write Q™ (s, a;r) or V™ (s; r) when emphasizing that the reward
function r defines these values.

In this paper, we study linear function approximation under an approximate version of the linear
MDP model below; the exact approximation notion is given in Definition 3 (Transfer Error).

Definition 2 (Linear MDP (Jin et al., 2020)) An MDP M = (S, A, p,r,7) is linear if there exists
a known mapping ¢ : S x A — R% and a positive measure ji : S — R such that for all s, a, s,
we have p(s'|s,a) = ¢(s,a) " pu(s).

Linear MDPs have the attractive property that for any function f : § — R, there is wy € R? such
that By p((s.0) f(8)) = wy T¢(s,a). We make the normalization assumption that ||¢(s, a)Hg <1

and for any function f : S — R such that || f||c < -z, We have |Jwy|s < W = O(( m 5). The

1 7)2 )
1 11
O(-) notation hides constant values and the O(-) notation hides constants and polylog(d, T 5)

where ¢ is the failure probability and € is the suboptimality. For a symmetric positive definite matrix
¥ and a vector x, we define ||z|y = Vo X

3. Algorithm

We present the algorithm Cautiously Optimistic Policy Optimization and Exploration (COPOE ),
which is summarized in Algorithm 1. COPOE builds on the PC-PG algorithm of Agarwal et al.
(2020a), with important improvements in design to obtain a better sample complexity. Like PcC-
PG, COPOE is a two-loop algorithm, where the outer loop sets up a sequence of optimistic policy
optimization problems which are then solved in the inner loop.

In the nth outer loop, we define the policy cover, 7, as the mixture of all the policies discov-
ered so far, and update its empirical cumulative covariance matrix 5", We use 3" to estimate the
state-actions that the current policy cover 7[1 can confidently explore.

Algorithm 1 COPOE: Cautiously Optimistic Policy Optimization and Exploration
1: Parameters: IV, \, 5
2: Initialize 1 = AL, 70(- | -) = Unif(A),n = 1
3: forn=1,2,...,Ndo

4: Update | pohcy COVer Te,, = n0n—1

5: ifdet(E") > 2det(X2) orn = 1 then

6: Update known set K™ in (1) and bonus 0" in (2); Set n <— n
7: 7" <— SOLVER(7,, b, K™)

8: else

9: " K7 — K2, b7 <— b2

10:  end if

11:  Sample ¢" < FEATURESAMPLER (™) and update "1 = £7 + (¢7)(¢™) 7
12: end for
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Algorithm 2 SOLVER(7¢oy, b, K)

1: Parameters: K, 7, k -
2 7o+ | 5) = Unif(A) if s € K and Algorithm 3 CriTic(D, 7, 7, b)

: . : Parameters: W
.| s) = Unif : Kyitsgic !
7{'0( ‘8) 1({@‘(8 a)¢ })1 3€ 2. fori:1,.--,’D’d0

3: fork=0,1,..., K —1do .
4. ifk—k > kork=0then 3 (451"731"%'75@') « DIi]
5: k+k 4 p; H'T:"2 :EZTI?;
6: D < MONTECARLO(T¢op, Tk, b) 5: end for D)
7:  endif = . ( T 2
A 6: = lw— 0:Gs — b')
8 Qi + CRITIC(D, 7, 7k, b) Y S - z; w— piGi — b
9:  Update policy: Vs € I, . 7. Return: @(s,a) — (5.0)TD + %b(s,a),
: : nQx(-|s ~
0 gkf+1( ‘ S) X TFk( ‘ 8)6 k Vs € K™ and Q(s,a) _ b(s,a) otherwise
. end for
11: Return: 7o 1 = {mo,...,Tx—-1}

If the current policy cover 7)., can explore a sufficiently larger space than the old policy cover

can (which is measured as the change of the covariance matrices in line 5), we proceed to update the
learner’s policy 7™. To this end, we first define the known state-actions, K", based on X", which
can be thought of as the subset of state-actions that can be reached with enough probability under
.- Using K™, we create the optimistic MDP for the inner policy optimization by augmenting the
original MDP M with a reward bonus 0" based on K", so that solving the optimistic MDP would
encourage the learner to explore state-actions outside K™ as well as to refine its estimates inside K".

The policy optimization routine (in line 7 of Algorithm 1) takes these objects and returns an
optimistic policy 7”. This policy 7" updates the policy cover to 7%t!, which will define the next

optimistic MDP when a sufficient covariance change is made again. Over the course of learning,
the optimistic MDPs gradually converge to the original MDP M.

3.1. COPOE : Outer loop

Here we describe the details of three major components used in the outer loop of COPOE (the policy
cover, the known state-actions, and the reward bonus) and our adaptive rule for updating optimistic
MDPs in line 5 of Algorithm 1.

Policy Cover At iteration n, we define the policy cover as 77, = 7*"~1, which is the uniform

mixture of prior policies. When sampling from 7/, we first sample j uniformly from {0, ... ,n—1}
and then run 7/ to generate a trajectory. Note that, in the policy cover, the policies 77 and 7/ ! differ
only if invoke SOLVER in line 7 is invoked at the (j + 1)th outer iteration, so the cover contains
many copies of each policy. As we will discuss at the end of this section, there are only O(dlogn)
unique policies in the policy cover T,

Known state-actions The state-action space S x A is partitioned into two sets, namely the set
K™ described in (1) of known state-actions and its complement. When the empirical cumulative
covariance matrix X" is significantly different from the old one (line 5), we update the known state-
action set,

K" = {(5.0) | VB]6(s.0) | gy < 1} M

5
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Intuitively, the set K™ represents the state-action pairs easily reached under 7%, because state-

action pairs with a small quadratic form lie in a direction that has a reasonable visitation under the
policy cover 7., , as noted in many prior works in linear bandits (Dani et al., 2008; Abbasi-Yadkori
et al., 2011) and RL (Jin et al., 2020; Agarwal et al., 2020a). If the features for all actions at a
state lie in the K™, we say the state is known; without possibility of confusion, we denote with
K™ = {s | V/Bllo(s, 0L)||(§n)_l < 1,Va} the set of known states. Unlike PC-PG, our algorithmic
choices allow using a much smaller threshold S to define a substantially larger known set, as we
will see in the next section.

Reward bonus At a high level, COPOE performs exploration both in the known and unknown
regions. On unknown states S \ K" the algorithm roughly tries to emulate R-MAX (Brafman and
Tennenholtz, 2002), which is reasonable when the uncertainty is very high; within the known space
K™, the algorithm has sufficient information to explore in a much more sophisticated and efficient
way, which is enabled by the bonus described below:

b"(s,a) = 2bj(s,a) + by(s,a), where (2)

45.) = V105, @l 15 €K7} and Bi(s,0) = =1 (s.0) ¢ K7)

In other words, the bonus is assigned differently on the known and unknown spaces. On unknown
state-actions, the assigned bonus equals bf (s, a) = %, which is the largest value of the original
reward over a trajectory. Consequently, visiting any such state-action pair is strictly preferable to
staying within the known subset of the MDP and the known set K" is expanded. In the known
region, the uncertainty is quantified by the bonus bjj(s, a) = /B||4(s, a)|| ($ny-1 Which is the only
one active inside the known space. This form of the bonus bg is standard from the linear bandit
literature (e.g., (Dani et al., 2008; Abbasi-Yadkori et al., 2011) and linear MDPs (Jin et al., 2020).

Our definition of bonus differs from that in the related PC-PG algorithm. Unlike COPOE, PC-PG
only explores using the bonus by, ignoring the amount of information (or uncertainty) encoded in
the quadratic form ||¢(s, a)l| ($ny-1- As aresult, PC-PG stops exploring a state-action immediately
after it becomes known (i.e. in ™). We found that such a behavior is undesirable, because doing
so would couple the threshold used in defining the known set K" with the policy performance
suboptimality €, ultimately resulting in a more sample inefficient exploration.

Adaptive updates of optimistic MDPs It remains to explain why infrequent or lazy updates of
the optimistic MDP (line 5 of Algorithm 1) are beneficial. Recall that in iteration n we seek to find

"~ maxEgorm V7T (s;r 4 0"), @)
s

and add it to the policy cover. However, finding this policy entails a significant sample complexity
because the SOLVER (Algorithm 2) — which relies on Monte Carlo estimations to evaluate its
policies — must be invoked.

This suggests to call the SOLVER only when the returned policy 7" is expected to be signifi-
cantly better than the prior one 7 or to make a significant contribution to the policy cover. Because
the optimistic MDP is defined by the bonus b, which is a function of sn (see (1) and (2)), the op-
timistic MDP only changes significantly when the updated S s very different as measured by its
determinant. Therefore, each time the determinant doubles (line 5), we update the known set and the
bonus according to (1) and (2), respectively, based on the latest $. Then we invoke the SOLVER to
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find a new policy to update the policy cover. As a result, the number of solver invocations is reduced
from O(N) to O(dlog N), providing substantial sample complexity gains.

3.2. COPOE: Inner loop

We now turn our attention to the SOLVER, Algorithm 2. At a high-level, we initialize the policy to
be a uniform distribution that prefers at a state s to take an unknown action a such that (s, a) ¢ K™,
and employ the online learning algorithm (the exponentiated weight update (Freund and Schapire,
1997)) on the known states to update the policy. This update rule is equivalent to the Natural Policy
Gradient (NPG) algorithm for log-linear policies (Kakade, 2001; Agarwal et al., 2020b).

The update rule is an actor-critic scheme, where we fit the critic by regressing on the observed
Monte Carlo returns and update the actor using exponentiated weights. As argued in (Agarwal
et al., 2020b), using Monte Carlo as critic is an essential technique to provide better robustness
to model misspecification compared with a least squares policy evaluation (LSPE) (Bertsekas and
Ioffe, 1996) method, but is also a significant source of sample complexity.

Fitting the critic with nearly on-policy data To improve the sample complexity of Algorithm 2,
we devise a way to reuse past data while keeping the robustness property of Monte Carlo.

Our estimator reuses data by applying trajectory-level importance sampling on past Monte Carlo
return estimates (Precup, 2000). While trajectory-level importance sampling has been typically
associated with exponentially high variance, we found that its variance is constant when we properly
control how much into the past the data are reused, because the policies produced by the online
learning here do not change significantly between successive updates but induce similar trajectories.

At iteration k£ in Algorithm 2, we have access to a dataset of trajectories previously drawn in
Algorithm 4 by first sampling s, a ~ .y, and then following the policy 7, for some prior iteration
k > k — k (see Algorithm 4 in the appendix for details). We use this dataset to obtain a Monte Carlo
return estimate for the current policy 7, by reweighting the samples with importance sampling (see
Algorithm 3 for details). Subsequently, we learn a critic by training a linear function to map ¢(s, a)
— the feature vectors for the initial state and action sampled from 7., — to the reweighted random
return via least squares linear regression (line 8 in Algorithm 2 and Algorithm 3).

Following prior works (Jin et al., 2020; Agarwal et al., 2020a), we offset the sampled return
by the bonus value at the initial state-action in the trajectory in line 6 of Algorithm 3. This offset
ensures that the regression target is perfectly realizable using a linear function in ¢(s, a) when the
MDP is exactly linear, despite the non-linear bonus function.

Cautious optimism and one-sided errors Since the critic fitting in line 6 of Algorithm 3 is offset
by the initial bonus to preserve linearly of the representation, it would be natural to define the critic
estimates as Q(s,a) = @' ¢(s,a) + b™(s, a), which would exactly correct for the offset (this is the
approach taken in PC-PG). However, in line 7 of Algorithm 3, we only partially correct for the
offset and instead define the critic estimate as Q(s,a) = @ ' ¢(s,a) + 50"(s,a). This introduces a
negative bias in the estimate. However, since our critic is being fit to the bonus augmented returns,
we are able to show in our analysis that @k(s, a) (in line 8 of Algorithm 2) is still optimistic relative
to Q7+ (s, a;r), while being an underestimate of QQ™* (s, a;r + b™). This one-sided error property
plays a crucial role of improving a factor of O(%) in sample complexity.
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Actor updates With the critic computed above, line 9 in Algorithm 2 updates the policy on the
known states using the exponentiated weight updates, with the critic function as the negative loss.
We change the data collection policy every k iterations to collect a fresh dataset for critic fitting.

4. Main Result

In this section we provide the main guarantees for COPOE. We make the following transfer error
assumption, originally introduced in (Agarwal et al., 2020b) for policy gradient algorithms.

Definition 3 (Transfer Error) Define the loss functional

L(w,d, 1) S S Bayea [805,0)Tw £ @
For a given outer iteration n (in Algorithm 1) and an inner iteration k (in Algorithm 2) let
Qi(s,a) = Q™ (s, a5 +b"),  Q"(s,a) = Q™ (s,a;7 +b") )
be the optimistic action-value functions. Define the ‘best’ regression parameters
wy™ € argmin L(w, p", Q — b"), w"™™* € argmin L(w, p", Q" — b"). (6)
llwll2<W llwll2<W
Then the transfer error with respect to a fixed comparator 7 is defined as'
&< L, d" o Uniff|A)), Qf — b"). 7

For compactness we denote the average approximation error across N and K (the inner and outer
iterations of the algorithm) as VE def N—lK Zﬁlzl fz_ol \/ST?

The transfer error measures the average prediction error of the agent’s estimator in the limit
of infinite data on unseen samples. For the transfer error to be small, the estimator does not need
to be pointwise accurate but only accurate in expectation along a fixed distribution, namely the
state-action distribution induced by the comparator 7 (typically the optimal policy 7*). These are
substantially weaker requirements than the typical ¢, error assumption arising from the use of
temporal difference methods. In particular, on the low-rank or linear MDP model (Yang and Wang,
2020; Jin et al., 2020; Zanette et al., 2020a) the transfer error is zero. In this case, we say that the
linear model is not misspecified; for more details please see Appendix C.

Theorem 4 (Sample Complexity Analysis of COPOE ) Fix a failure probability J; for appropri-
ate input parameters,

~ 2 2 1 _
(N,K,n,A,mW)=O< AW VA 1oy )

(1—7)8e?” (1 =9)%" VKW '~ gW " (1—7)?
COPOE returns with probability at least 1 — § a policy w€°F°F such that

(v* ~ V”C"""E) (s0) < e+ 224l

-~

)

using at most 5(%) samples.

1. Shifting the @ values below by the bonus b™ in regression and adding the bonus afterwards is a standard practice in
exploration methods (see, e.g., (Jin et al., 2020)).
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We now discuss some aspects of our result and compare it to the most relevant prior works.

Better robustness compared to LSVI-UCB Compared to (Jin et al., 2020) on well-specified
linear MDPs, COPOE provides PAC bounds to find an e-optimal policy and inherents the same
O(d?) dependence on the feature dimension as (Jin et al., 2020), while being 1/ worse in sample
complexity and in horizon dependence; a log |.A| factor is also implicitly hidden in our O notation.
However, the transfer error of COPOE in Definition 3 can be a significantly weaker assumption, as
discussed in (Agarwal et al., 2020a).

Sample complexity improvement relative to PC-PG  COPOE operates under an essentially iden-
tical notion of transfer error as PC-PG in (Agarwal et al., 2020a) and shares several PC-PG’s algo-
rithmic principles (e.g. the exponentiated weights rule for policy update, Monte Carlo for policy
evaluation, and the concept of policy cover). But importantly, because COPOE uses a better bonus
structure, adaptive bonus updates, and performs importance sampling to reuse Monte Carlo data,

COPOE is able to lower the sample complexity from the slow 5(5%) rate of PC-PG to the faster

5(6%) rate. Note that unlike PC-PG, we do not extend our analysis to the infinite dimensional

setting, though we expect it to be possible using the covering arguments from Yang et al. (2020a).

Better sample complexity in the optimization setting Finally, COPOE ’s analysis is based on the
natural policy gradient algorithm (Kakade, 2001), which has recently been analyzed in (Agarwal
etal., 2020b) when a good sampling distribution is already given (for example, through a generative
model). For solving the policy optimization subproblem, COPOE improves the 0(6%1) rate obtained

in (Agarwal et al., 2020b) to 5(}3) by the data reuse scheme described in Section 3.2.

5. Technical Analysis

In this section we briefly sketch the analysis of COPOE and prove Theorem 4. We start by giving a
regret decomposition analysis of the policies computed by COPOE in Section 5.1. This result will
be used as the foundation of the proof of the main result in Section 5.2

Notation We introduce a few more notations to simplify the presentation. The outer policy 7"
is a uniform mixture of the policies 7(},..., 7y _; returned by the SOLVER (see Algorithm 2)
in outer iteration n. For the policy 7" in the outer iteration n in Algorithm 1, we denote with
Q"(s,a) = Q™" (s,a;r + b") the state-action value function, with V"(s) = V™" (s;r + b") the
state value function, and with A"(s,a) = Q™(s,a) — V"(s) the advantage function on the opti-
mistic MDP. Similarly, for the linear approximation (given by the Monte Carlo regression in line
8 of Algorithm 2), we write Q"(s,a) = b kK:_Ol Qm (s,a), V(s) = + ZkK:_Ol Qi (s,m}),
and A\”(s, a) = @"(s, a) — 17”(3). Using the best regressed parameter w™* in Definition 3, we
also define the best predictor Q™*(s,a) = é(s,a)’ w™* + b"(s,a) and its advantage function
A™*(s,a) = Q™*(s,a) — V™*(s). In absence of misspecification, we note that Q™* = Q".

5.1. Regret Decomposition

Fix an outer iteration index n. We start the analysis by giving the following performance lemma,
which is obtained by combining the performance difference lemma (Kakade and Langford, 2002)
with several properties of our algorithm.
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Lemma 5 (Performance Analysis; (44) in appendix) With high probability, COPOE ensures

(L=V* = V™) (s0) < sup A5, 1) + E(gayns

A™(s,a) — A™*(s,a)|1{s € K"}

Solver error Approximation error on states in K™

 E(s s (@7 (5,0) = Q"(s,a) ) 1{s € K"}

Statistical error along 7* on states in K™

—Eaynn 205(5,0)1{s € K"} +  E(sq)nmn b"(s,a) . (8)

Bonus along 7* on states in K™ Bonus along 7™ on the full space

We discuss each of these terms in detail below.

5.1.1. SOLVER ERROR

The first term in (8) measures how well the policy 7" performs in terms of our empirical advantage
function on known states; generating such a policy is done using the regret guarantee of our online
learning rule in Algorithm 2. We have the following lemma (see also (Agarwal et al., 2020b,a)).

Lemma 6 (Online regret of softmax; Lemma 19 in appendix) Using an appropriate learning rate

1, Algorithm 2 identifies a mixture policy " that satisfies SUp y¢jcn SUP e 4 A\”(S, a) = 9] (ﬁ\ / %) .
Thus the solver error in (8) can be reduced arbitrarily, although the number of iterations K directly
affects the sample complexity; see Section 5.2.

5.1.2. APPROXIMATION ERROR

The second term in (8) is an approximation error in advantages under 7* and is non-zero only when
the linear MDP assumption is not exactly satisfied. The performance bound of Lemma 5 highlights
that the approximation error is measured /) in expectation and 2) along the distribution induced by
7*. For brevity, we neglect the approximation error in this proof sketch; we note that this quantity
can be controlled in the general version of the result using the transfer error condition (Definition 3).

5.1.3. STATISTICAL ERROR

The third term in (8) is perhaps the most surprising: it reasons about the statistical error in our
critic fitting on the known states, but only under states and actions chosen according to 7*. In other
words, the agent’s estimator does not need to be correct for arbitrary distributions; otherwise, an
{+ guarantee over the known-set is needed (as needed by Agarwal et al. (2020a)). Such result is
enabled by the following key lemma, which contributes the underestimation property of @ needed in
the proof of Lemma 5. (Recall the regression target is subtracted with b" (s, a) but the final predictor
adds back only 3b" (s, a).)

Lemma 7 (One sided errors; Lemma 30 in appendix) Ler w™* be defined in Definition 3 and

let W™ be the corresponding empirical minimizer. Define the agent’s predictor on (s,a) € K™ as
f

Q™*(s,q) = ¢(s,a) T @™ + $b"(s, a). Then with high probability, jointly ¥n and ¥(s,a) € K",
0< (@™ — 0")(s.0) < b'(s.a) = 2by(s.a). ©

10
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5.1.4. BONUS DIFFEERENCE AND CONCENTRATION

The final two terms in (8) arise as we optimize policies in the optimistic MDP, but the performance
difference of interest is defined for the original MDP. The negative bonus term under the comparator
7* helps cancel some of the statistical errors (i.e. the third term), which is crucial for the overall
sample complexity results.

For the other bonus term under 7™, we can bound it using the elliptic potential lemma (e.g.,
(Abbasi-Yadkori et al., 2011)) and a martingale argument.

Lemma 8 (Concentration on Bonus; Lemmas 32 and 33 in appendix) With high probability, it

holds that Y, (g b (s,0) = O (25 ).

5.2. Sample Complexity Analysis (Proof of theorem 4)

In order to bound the sample complexity for obtaining Theorem 4, we need to bound the following
quantities:

1. the number of outer iterations N to control the number of samples collected for the matrix
DI

2. the number of calls to SOLVER across N iterations,
3. the number of data collection rounds in SOLVER for critic fitting, and

4. the number of samples in each dataset that SOLVER collects. We start with bounding the
number of inner and outer iterations.

Lemma 9 (Convergence rate of COPOE ; Proposition 16 in appendix) With high probability COPOE
, computes policies 11, ..., mN such that

N
— V¥—=V7™) (s0) <O (—) +Approx. error + O <—> .
N;< ) (1-7)3VEK (1-7)*VN
Solver error Average statistical uncertainty

where Approx. error denotes the second term in Lemma 5.

Using the above proposition we can give a proof of Theorem 4.
Proof (of Theorem 4) To ensure the average suboptimality gap is below € we need to ensure:

1 & 1 2

— VE—v™ < — K~ —— N&x——. 10
Next we bound the number of calls to SOLVER; this is controlled by the lazy update (line 5 in
Algorithm 1) and the bonus structure.

Lemma 10 (Number of solver calls; Lemma 38) COPOE invokes SOLVER at most O(dlog N ) times.

Every time it is invoked, SOLVER runs for K iterations in (10) and at every iteration it needs to
receive an evaluation on the performance of the current policy (@k estimator from the critic, Al-
gorithm 3). Using importance sampling we can avoid collecting fresh Monte Carlo data for every
policy. We control the number of data collection rounds based on importance sampling variance.

11
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Lemma 11 (Stability of the Importance Sampling Estimator; Lemma 24 and (129) in appendix)
The importance sampling ratio used in Algorithm 3 is bounded by a constant with high probability:

7rk‘(£7’7 a‘l‘)
7r]{?(57’7 a‘l‘)

I k—@zé(@(l—ﬂ), then TI'_, <2, Visi,an,..., s, a0

In other words, after fresh Monte Carlo trajectories are collected, the importance sampling estimator
can be used to make stable predictions of the value roughly for the future v/K (1 — ) policies. This

implies that we need to collect fresh data at most once every K /((1—)VEK) = O (g) iterations.

It remains to specify the number of samples we collect in each round of data collection. Note
that in our statistical analysis, we want the critic error to be bounded by 0" (s, a), which roughly
goes down as O(1/4/n), as the matrix 52" that defines the bonus grows linearly in n. This vague
intuition can be formalized by appealing to standard linear regression analysis to show that we need
to collect O(n) Monte Carlo returns to fit the critic in outer iteration n.

Lemma 12 (Number of Monte Carlo Trajectories) When the Monte Carlo procedure is invoked
at the outer iteration n, at most n < N trajectories are collected.

Finally, 5(%) is a uniform high probability bound on the length of each Monte Carlo
trajectory, which implies the total sample complexity of COPOE is

5@ 5(%) <o« o1 = o ts)

—— —_—— ——
# calls to Algorithm 2 # calls to Algorithm 4  # Monte Carlo trajectories  # samples per trajectory

6. Discussion

In this paper, we advance the theoretical understanding of sample-efficient policy optimization
methods with strategic exploration and robustness to model misspecification. While we carry out
our analysis for a specific algorithm, we expect the insights developed here for sample complexity
improvements to be more broadly applicable. For instance, the exponentiated weight updates in our
policy optimization subroutine can generally be substituted with other no-regret algorithms from the
Follow The Regularized Leader family. As usual, we expect different choices to offer varying trade-
offs in their dependence on problem parameters; with reasonable choices, they are still amenable to
the importance sampling based data reuse. Similarly, the lazy updates for the bonus are generically
applicable. Note that our algorithmic choices strike a particular balance of a very infrequent bonus
update and a fairly accurate optimization. Prior works in different, but related problems (Agarwal
et al., 2014) have shown that often there is flexibility in these choices, such as more regular updates
followed by coarser optimization, which might be empirically preferable.

Perhaps the most important outstanding question not addressed here is how to close the gap
between the 5(1 /€?) sample complexity that is known to be achievable in linear MDPs (see e.g. Jin
et al. (2020)) and our worse dependence of 5(1 /€3). There appears to be a trade-off in terms of
the allowable assumption on model misspecification, and approaches based on Least Square Policy

12
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Evaluation for data reuse (such as LSVI-UCB) fail to work under our transfer error assumption
and the special cases in Agarwal et al. (2020a). Whether this trade-off is fundamental, or if a single
method can be developed to be robust to transfer error, while enjoying an optimal sample complexity
guarantee in the absence of misspecification is an interesting direction for future work.
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Appendix A. Remaining Algorithm Components

Algorithm 4 MONTECARLO(71.q, T, b)

1: Inputs: Policy cover w14 evaluation policy , additional reward b

2D=0

3: for iteration? =1,...,q do

4:  Sample j uniformly at random in [g]

5:  Sample 7 > 1 with probability 4" ~1(1 — 7)

6:  Execute 7; for 7 — 1 steps from a sampled initial state, giving state s
7:  Sample action a ~ 7;(- | s)

8:  Sample h > 1 with probability 4"~ (1 — =)

9:  Continue the rollout from (s, a) by executing 7 for h — 1 steps,

giving the rollout P = {(s1,a1,...,sp,ap)} where (s1,a1) = (s,a)
10 G= ﬁ[r(sh, ap) + b(sp,an)]
;D DU{(6(s,0), P, G, bls, )}
12: end for
13: return D

Algorithm 5 FEATURESAMPLER(7)

. Sample 7 > 1 with probability v~ (1 — )

: Execute 7 for 7 — 1 steps from a sampled initial state, giving state s
: Sample action a ~ 7(- | )

return ¢(s, a)

B W =
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Appendix B. Additional Related Literature

Exploration has been widely studied in the tabular setting (Azar et al., 2017; Zanette and Brunskill,
2019; Efroni et al., 2019; Jin et al., 2018; Dann et al., 2019; Zhang et al., 2020; Russo, 2019),
but obtaining formal guarantees for exploration with function approximation is a challenge even
in the linear case due to recent lower bounds (Du et al., 2019; Weisz et al., 2020; Zanette, 2020;
Wang et al., 2020a). When the action-value function is only approximately linear, several ideas
from tabular exploration and linear bandits (Lattimore and Szepesvari, 2020) have been combined
to obtain provably efficient algorithms in low-rank MDPs (Yang and Wang, 2020; Zanette et al.,
2020a; Jin et al., 2020) and their extensions (Wang et al., 2019, 2020b). Minimax regret bounds
for under little or zero inherent Bellman error (a superset of low-rank MDPs) is given in (Zanette
et al., 2020b) and a computationally tractable algorithm for that setting has recently been proposed
(Zanette et al., 2020c). No inherent Bellman error is a subset of a more general framework of MDPs
with low Bellman rank (Jiang et al., 2017) where the inherent Bellman error is allowed to have a
low rank structure but no computationally tractable algorithm are known for such general setting
(Dann et al., 2018).

Extensions of the linear or low-rank MDP models to kernel and neural function approximation
have recently been presented in Yang et al. (2020b). Other linear transition models recently consid-
ered include those presented by (Ayoub et al., 2020; Zhou et al., 2020b); for the latter, a minimax
algorithm has recently been proposed (Zhou et al., 2020a).

If linearity holds only for the optimal action-value function and one is only interested in iden-
tifying an optimal policy (as opposed to a near optimal one), then (Du et al., 2020) provide an
algorithm for such setting, although a sample complexity proportional to the inverse gap (which can
be exponentially small) must be suffered. Deterministic systems with linear value functions are also
learnable in finite horizon by just assuming realizability (Wen and Van Roy, 2013).

Finally there is arich literature on the convergence properties of policy gradient methods (Kakade
and Langford, 2002; Azar et al., 2011; Scherrer and Geist, 2014; Neu et al., 2017; Even-Dar et al.,
2009; Geist et al., 2019; Liu et al., 2019; Abbasi-Yadkori et al., 2019; Bhandari and Russo, 2019;
Fazel et al., 2018; Agarwal et al., 2020b) although these do not address the exploration setting. No-
table exceptions include: (Shani et al., 2020) on tabular domains and (Cai et al., 2020) on a linear
MDP model different than the one we consider here and the aforementioned work of Agarwal et al.
(2020a).
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Appendix C. Additional Notation and MDP Construction

In table Table 1 we define some frequently used symbols that will be used in the following analyses.

Table 1: Symbols

B € 2

A

WY 2w

K ©I see Eq. (129)

A def Amin, see Eq. (212)
3 ' see Eq. (136)

B Y wer!| o<1}

tmax wf w (maximum high probability trajectory length

Lemma 31 (Trajectory Boundness))

We denote with n the outer iterations (see Algorithm 1) and with k the inner iterations (see
Algorithm 2). We use the outer iteration index n as superscript and the inner iteration index k as
subscript to indicate that a certain quantity that is computed in the outer iteration n and the inner
iteration k, respectively.

Transfer error on linear MDPs On linear MDPs, the transfer error in Definition 3 is exactly
zero, i.e., € = 0. This follows by combining Claim D.1 with Lemma D.1 in (Agarwal et al., 2020a).

Average policy and cover In the analysis we use the concept of average policy or policy mixture.

Definition 13 (Average Policy) Given policies 7°, ..., 7" let the average policy ™1 be de-
fined as follows: sample i € {0,1,...,n — 1} with uniform probability and the follow 7 for the
episode.

Let d™ be the distribution over state-actions induced by policy 7, and let pl, = % Z?:_ol d™ be
that induced by 70"~

Remark on expressions containing mixture policies We highlight that when the mixture policy
7" appears in an expression, for notational convenience it is intended that the whole expression is av-
eraged. For example, when writing the expected bonus Eg.rn b(s, ") = & Zf:_ol Egrr b(s, mg).

This is to be consistent with the way the mixture policies are defined (and the way the algorithm

operates), where an index j in {0,..., K — 1} is sampled uniformly at random and then policy
m; is followed for the full episode; to be consistent, all quantities must then refer to the same
policy 7, for example X”(s,a) = @"(s,a) - @"(s,ﬂ") = kK:_Ol (@?(s,a) - @?(s,wf)) =

5 (9,00 = 77(s)).
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Known states We define the set of known state-actions in a certain outer episode n (this stays
constant for all inner iterations k of Algorithm 2 as n is fixed) the following set (we overload the
notation as there is no possibility of confusion)

o et {s € S |Ya € A /B(5,0)| gnys < 1} 11)
d
K {(s,0) € S x A V/Bllo(s, )| gy 1 < 1} (12)
Inner policies The inner policies 7o, 71, . .. are those computed by Algorithm 2 and are defined
as:
Vs € K" a1 (- | 8) o g (- | 8)en@nCle) (13)
Vs & K" : T+1(- | s) = Unif({a | (s,a) € K"}) (14)
The initialization is
Vs e K" : mo(- | s) = Unif(A) (15)
Vs ¢ K" : mo(- | s) = Unif({a | (s,a) & K"}) (16)
Outer policies The outer policies 7!, 72, ... are those maintained by Algorithm 1 and they are a

mixture of the inner policies computed by the SOLVER. In particular, when the SOLVER terminates
it returns a mixture of policies mg.x—1, and 7" is set to be equivalent to that mixture.

Bonus and optimistic MDP  Consider M = (S, A, p,r,7). In iteration n we construct an opti-
mistic MDP with bonus b™ : S x A — R defined as M" = (S, AU {a'}, p,r + b, 7). The bonus
function reads as

0 (s.a) = /Bl (5.0) | gy 1{s € K7 (17)
e 3

Bi(s,a) < o 1{(s,0) €K7 (1)

b"(s,a) =l 2bg (s, a) + by (s, a). (19)

The bonus behaves as follows. In any state, if s € K™ then 0" (s, a) = 2bj(s, a) and if (s, a) ¢
K™ then b"(s,a) = bj(s,a). In particular, the bonus are in the range [0, 2) if the state-action is
known, and otherwise the bonus is deterministically set to (li—w Notice that a state-action (s, a)
such that s ¢ K" but (s,a) € K" has zero bonus (or generally we can set an arbitrarily value
here); the specific bonus value at such a state-action is irrelevant as the algorithm’s policy 7" by
construction (cf. Eq. (13)) always takes an action with the indicator bonus b7 (s, a) if the state
s ¢ K™

The optimistic MDP has an extra action a' that self loops in the current state with probability 1
with a reward r(s, a’) = 3. The bonus function b"(s,a’) = 0. (The agent is not even aware of the
existence of a'; this extra action a! is introduced purely for analysis.) Denote the state-action value
function of a generic policy m on M" with Q™7 (s,a) = ﬁ E(s a/yr|(s,0) [7(8"s ") + 0" (5", a")].
The state value function is denoted with V™7™ (s) = Eqr(.|s) @™ (s, ).

Let 7" be the policy identified by the agent in the outer episode n (the policy returned by
Algorithm 2). We define Q" = Q™™ , V" = V™™ for brevity.

21



ZANETTE CHENG AGARWAL

Approximators On the known states, in outer iteration n and inner iteration k, we define the best
(Q-approximator QZ’* and the agent’s approximator ! as

% _ T,, % 7
- {Qk (s,a) = o(s,a) "wp* + 20 (s, a) 0)

Q(s,a) = o(s,a) @ +bi(s,a)

Otherwise, we set them to be the same as b™ (s, a). We omit either n or k when there is no possibility
of confusion.
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Appendix D. Main Analysis

We start our analysis by showing some auxiliary lemmas which we will later use to prove Propo-
sition 16. In particular, Lemma 14 and Lemma 15 are variations of the corresponding lemmas in
(Agarwal et al., 2020a).

We start by recalling the performance difference lemma (e.g., (Kakade and Langford, 2002))
which states that for any two policies 7, 7/ we can write

/ ]_ /
(V'7r - Vﬂ)(SO) = : E(s,a)~7r AT (S,CL) (21

where A is the advantage function associated with 7.
The following lemma is similar to lemma B.2 (Agarwal et al., 2020a).

Lemma 14 (Partial optimism) Fix a policy T that never takes al. Define the policy T on M™
such that 7" (- | s) = 7(- | s)if s € K" and @(a' | s) = 1if s ¢ K™ In any episode n it holds
that

~ 1 - ~n
V™(s0) + T—~ Eoso 205 (s, ) < V™™ (s0). (22)

Proof Notice that 7" always takes an action where b} (s, a) = 0. A quick computation gives:

3

VT (s) < ——. 23
() < = (23)
and in particular, if s ¢ K™ then V7" (s) = % as the policy self-loops in s by taking a' there.
Using the performance difference lemma we get:
(=) (V"7 (s0) = V™7 (s0)) = 24)
= E(saplon |@"7 (5, 77) = Q"7 (s, 7)] (25)
= By | (@7 (5.7) = Q"7 (,7)) 1s ¢ K"} (26)
[ 3 =n ~
= E(s a)~7|s0 (E - (8,77)) 1{s ¢ IC”}} 27
I 3 - ~ ~ =n
= E(s,a)wﬂso T 7"(8, W) - QbZ(S, 7T) _bg(& ﬂ-) - FyEs’Np(sﬁ) VT (S/) 1{8 ¢ Icn}] :
Ll 1 -7 ~—— —_——
<1 <2 <2 by Eq. (23)
(28)
We have 7(s, ) +2b3 (s, T) +7 Egop(s 7 VT (s) < 3+ 13% < 2-. Continuing the chain
N e E— ~ v v v
<1 <2 <2 by Eq. (23)
above:
> E s oo | — b (5, 7)1{s & K"} 29)
= ]E(s,a)Nﬂso [ - bﬁ(sa 7,?):| : (30)
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Thus,

~n P 1
v (30) > Vnm(SO) - ﬁ E(s,a)wﬂso bgll(sva) (31)

T 1 n 1 n
=V (80) + ﬁ ]E(s,a)wﬂso b (37 a) - ﬁ ]E(s,a)wﬂso b]l (37 a) (32)

~ 1
= V”(So) + ﬁ E(s,a)~%|so QbZ(s, (L) (33)

|
The following lemma is similar to lemma A.1 in (Agarwal et al., 2020a).
Lemma 15 (Negative Advantage) We have
A(s,m")1{s ¢ K"} <0.

Proof Assume s ¢ K. In such state, 7" takes action a' and self-loops in s, where a reward = 3 is
received for the first timestep. Thus, for Q™ = Qv

Q"(s, ™) =3 +V"(s).

In addition, in s & K™ an action a # a' such that b7 (s, a) = % must exist. In such case, 7" always
takes one such action; this is because 7™ by definition is a mixture of the policies 7y, ..., Tx_1
computed by Algorithm 2, and they all choose an action with the indicator bonus if the state s ¢ K",

see line 2 in Algorithm 2. Therefore

3
> —.
=1

Combining the two expressions we obtain that, in any state s &€ K",

V"(s)
AM(s, 7)) = Q(s, ) — V(s) = |3+ V" (s) — vn(s)] =3 (1—7)V"(s) <0,

Proposition 16 (Analysis of COPOE) With probability at least 1 — 0 it holds that
N
1 ~ n R(K) 24/2AE, 1 ~ Vv Bd
- ™ ™ <
an_:l(v 1% >(so)_( + + ><O((1 E (34)

l1-y)K 1-v /N

Proof Fix a policy 7 on M (7 does not take a' since a' is not available on M). Consider the
following decomposition for an outer episode n (recall the policy 7" is the mixture policy of the

policies 7, . .., mx—1 computed by the SOLVER, see Appendix C for more details)
(V5= V™) (50) = VA (s0) + 12 Bty 25(57) =V (50) = 2 By (5.77)
gvnir”(so)vby Lemma 14 déf—vn(so)
(35
+ ﬁ | = Eaion 203(5,7) + Egromnjsy V" (5,7")

déan
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We put the term involving B" aside for a moment and use the performance difference lemma to
obtain

T 1 [ ~n n
VT (s0) = V7 (50) = 7 Buinisg | Q5. 7") =V (s)} (36)
An (s, )

1 I ~ ~

=1 Egzns _A"(s,w")]l{s e} + A"(s,7m")1{s & IC"}}

<0 by Lemma 15

1 [ n ~ n

= TES~7TTL|SO _A (3,71')]1{3 € IC }:|

where the last step is because on states s € K™ we have 7"(- | s) = 7(- | $); using this, we can
derive

o~

- [EMMO A(s, F) s € K} + By, [A"(5,7) = A(5,7) | 1{s € IC"}] (37)

l—n
< —— | sup A(s,7) + Equznjs, |A"(5,7) = A" (5,7) | 1{s € K"}
L —7| sekn
—_——— N~

term 1 term 2

+ By inso [A”’*(s, %) — A, %)] 1{s € /c"}] :

term 3

The second term is the approximation error, and we can bound it as follows by taking absolute
values and using Lemma 18 (Distribution Dominance)

]ESN%”LSO A"(s,%) - A"’*(s,%) ]1{8 S ICn} < ]Eswﬁ"\so

AM(s,7) — A"’*(s,%)’ﬂ{s e KM

(38)
< Byl [A7(5,7) = A" (5,7)|1{s € K7}
1 K-1
—Eorlog |72 O AR5, 7) = A7 (5, 7)|1{s € K"}
k=0

Now we focus on the third term in (37); Lemma 30 (Validity of Confidence Intervals) ensures
that with probability at least 1 — % it holds that

Vn € [N], Vk € {0,...,K —1}, ¥(s,a) € K" : 0 < Q}*(s,a) — Qf(s,a) < 201(s, a).
(39)
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In what follows we omit the subscript k& as we need the bound to hold only for the mixture policy
7. Then Vn € [N], Y(s,a) € K™

A" (s,a) — A™(s,a) = % Ki [ ( " (s,a) — QP(s, a)) . ( (s, 7)) — QU (s, wg)) ]

k=0

[\

<0
(40)

< Q"*(s,a) — Q"(s, a). (41)

The right hand side is by definition positive using Eq. (39). Thus Lemma 18 (Distribution Domi-
nance) can be applied to obtain

Equiinjsg | A" (5,7) = A(5,7) | 1{s € K"} < Byzonpsy [ Q7 (5,7) = Q"(5,7) | 1{s € K7}
(42)
< By Q7 (5,7) — Q"(5,7)| 1{s € K7},
(43)
Together, plugging Eqgs. (38) and (42) back into Eq. (37), Eq. (36) and finally Eq. (35) gives

sup A" (s, 7) + Eyzlsy | A" (5,7) = A" (5, )| 1s € K"} (44)
seKm

—_—— N~

term 1 term 2

+ Eolsy [Q(5,7) — Q"(s,7)] 1{s € K"} +B"

term 3

We can bound term 1 using Lemma 19 (NPG lemma). We then obtain (the online regret R(K)
is defined in the lemma)
K-1
~ 1 ~ R(K
sup A" (s, m)1{s € K"} = sup — Z Eqz()s) Ak (s,a)1{s € K"} < L (45)
seS ses K K
k=0
We can bound the second term in the prior display by invoking Lemma 17 (Advantage Transfer
Error Decomposition). The third term is finally bounded by Eq. (39). As a result, the performance
difference has an upper bound:

_ 1 [R(K
(V” _yr ) (s0) < 7= l% + 2VZAE™ + By 0y 2655, a)1{s € K"} + B"| (46)
1 [R(K
= F [% +2V2AE" + Eymn), 0" (5, W”)] (47)

Averaging over the outer rounds n € [N] and defining /€ def % nyzl VE™ (where VE™ itself is
an average of the SOLVER’s errors v £ =l % ZkK:_Ol VEL) gives

N N
1 7 R(K)  2V2AE 1 o
N;(V -V )(SO)S (1_7)K+ T +N(1_7);Eswnsob (s,7")  (48)
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Finally, Lemma 33 (Bounding the Sum of Bonuses) and Lemma 32 (Bounding the Sum of Indicators)
and a union bound conclude. |

The following lemma is similar to lemma C.1 in (Agarwal et al., 2020a).
Lemma 17 (Advantage Transfer Error Decomposition) We have
Eqziso |[A™(5,7) — A" (5,7)|1{s € K"} < 2V2A€™. (49)

Proof We leave the conditioning on the starting state so implicit. Using Definition 3 (Transfer
Error)

= Eoz Equz(ls) | (A"(s,a) — A™(s,a)) 1{s € K"} (50)
< Eoz Eozps) [ (Q"(s,0) — Q™ (s,a)) 1{s € K"}

+Esz IEa~71'”(-|s) (Qn(sv a) - Qm*(sv a)) ]1{8 < K:n} 6D
s \/]ESN% Eavi(py | (Q"(s,0) = Qv (s,a))* 1{s € K} (52)
+ \/Esw% anﬂ"(~\s) [(Qn(& a) - Qn’*(sv a))2 ]1{8 € ’Cn}] (53)

< ¢ A| Egnz Eavumin | (Q7(s,0) = Q*(5,0)° | + \/ | By Eynina | (Q7(5,0) — Q7 (5,a))’
(54)
<2v/A4] \/ 2L (wn*, d¥ o Unif| A|, Q™ — b) (55)

< 2V/2|AJEm. (56)
[ |
The following lemma is similar to B.1 in (Agarwal et al., 2020a).
Lemma 18 (Distribution Dominance) If f : S — R is a positive function then we have
Egozn f(s)1{s € K"} < Esuz f(s)1{s € K"}.

Proof Consider the MDP M" but with f(s)1{s € K"} as the total reward function in s and let
@,V be the value functions. Recall that the reward is positive and that 7™ circles back to s & K™
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once such state is reached. Then the performance difference lemma ensures

s~7r" f(S
)

M[(@””u") Q™ (s, >)n{s¢/c"}}

E, - (W”(s,w") —Q7" (5, 7) n{seic”}}
—_——
=57 (s,7)

1{s e lC”} Esuz f(s)1{s € K"}

)
(V™ -

28
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Appendix E. NPG Guarantees

Consider a fixed episode n where NPG is invoked (we omit the dependence on n in the notation)
and notice that the set " is fixed.

Lemma 19 (NPG lemma) Fix n. If K > 4In|A| and the learning rate is n = VAL e

N VEW’
n|Ak(-,-)| < 1 and we have for any fixed state s € K™ and distribution (- | s)
K—1 R .
Eo(1s) Ax(s, a)1{s € K"} < 2W+/In [AK <& R(K). (62)
k=0
Proof The update rule in known states reads
mhe1(- | 8) o mg(- | 8)emn() 63)
< Wk(‘ ’ S)en@k(sa')e—ﬁ‘?k(s) (64)
— (- | 8)en () (65)

Denote the normalizer zj,(s) = >, mx(a’ | 5)e"#(>4"). The update rule in known states can be
written as

. nAx(s,)
Ter1(- | 8) = i |;)(2) . (66)

Then we have the following equality for any state s € K:
KL(@(- | 8) || mrqa (- [ 8)) = KL(7(- | s) || me(- | 5))

—Z (a|s)n (a’S))—Z%(aM)InM

7rk+1(a | s mr(a | s)
mi(a]s)
=2 Al TG
= Z% als)ln (zke_"A’“(S’a)>
= —nz%(a | s)Ax(s,a) + In z4(s). (67)

We show that for any know state s we have In ze(s) < n*W?2. To see this, we use the fact that
[nAk(+,-)| < 1 which allows us to use the inequality e < 1+ x + 22 to claim for any known state

Inz(s) =1n (Z mr(a | s)e"ﬁk(s’“/)> (68)
<In <Z mi(a’ | $)(1+nAk(s,a') + > A3 (s, a’))) (69)
<In(1+n°W?) <np*W2 (70)
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Plugging the above result into Eq. (67) and summing over k gives

KL(F(- | 5) || 7ic(- | 8)) = KL | 5) || mo(- | ) (1)
K-1
=3 [KLGEC | ) || meaa(- | 9)) = KLGEC | s) [l 7l | 9))] (72)
k=0
<-n > > #als)A(s,a) +n*WK. (73)
k=0 a

Recalling that the KL divergence is positive and that KL(7(- | s) || mo(- | s)) < In|A] for know
states gives:

K-1

1Y Epospe) Ar(s,a)1{s € K"} < In|A| + P W2K. (74)
k=0

Choosing n = ~ \/R‘VC finally gives

K-1
3" B Arls,a)L{s € K"} < 2W /I [AK < R(K). (75)
k=0
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Appendix F. Iteration and Sample Complexity

In this section we examine the sample and iteration complexity of the algorithm

Lemma 20 (Iteration Complexity) With probability at least 1 — § we have

2W/2AE

I—v

N
w2 (V) ses o
n=1

with the number of inner iterations K and the number of outer iterations N no larger than

_ ~( In]|AW? = d?
K‘O<a—w%ﬂ’ N‘O(u—w%g‘ 77

Proof Consider Proposition 16 (Analysis of COPOE). We need ensure

R(K) 2W In|A| e ~ (In|A/W?
G-k -9V & =2 — K% a—pe 7o
This gives the inner iteration complexity. Next (8 comes from Eq. (136))
1 ~ Vv pd € ~ dpg
I _VrFT ) < = — 7
o) <5 — v=0(ana) )
~ d ~ d
=0(=tya) O atn) @
~ d?
=0 (=5a) e
gives the outer iteration complexity. |

Lemma 21 (Sample Complexity) In the same setting as Theorem 20 (Iteration Complexity), the
total number of sampled trajectories is

~ d3
o (=5a) ®
or equivalently
3
o (=5 &
samples.
Proof Every time the bonus switches, Algorithm 2 is invoked, and runs for K iterations. From

Lemma 29 (Union Bound) we know that once data are collected, they can be reused for the next x
policies (defined in Eq. (129)). Let S be the number of bonus switches given in Lemma 38 (Number
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of Switches); then fresh data is collected a total of (for the definitions of the symbols, please see
Table 1)

In|A

S x [%1 =0 |dx QIH(I/ézi ﬁV)Vh)l;B W) x K (84)
:5<dx(§+1) g) (85
- 1 W
d
=0 <(1 - 7)46> &7

times (as W > B). Every time data is collected by the critic at most IV rollouts are performed,
giving the total number of trajectories:

N x O d =0 & (88)

1=t “\(1-7)i2 )"
The sample complexity is then obtained by multiplying the above result by ¢,,,4, in Table 1, which
is a uniform bound on the trajectory length in the event we consider. |
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Appendix G. Regression with Monte Carlo and Importance Sampling

In this section we derive high probability confidence intervals for Monte Carlo with importance
sampling.

o Appendix G.1 (Importance Sampling Estimator) gives generic properties of the importance
sampling estimator when the target and behavioral policies are not too different.

e Appendix G.2 (Small Perturbations to Policies) examines the effect of small perturbations to
policies; this is needed in the union bound in the section described below.

o Appendix G.3 (Regression Guarantees with Importance Sampling) gives the actual confi-
dence intervals for the -values for the algorithm we examine in this paper

G.1. Importance Sampling Estimator

The importance sampling ratio used in this work starts from the timestep ¢ = 2: since we are
estimating the -values of policies, the first state-action from the cover is always fixed, the two
policies in the ratio at t = 1 cancel each other out.

Definition 22 (Importance Sampling Estimator) Let t be a positive discrete random variable
with probability mass function P(t = 7) = v""Y(1 — ), and let {(s+,ar,7+)}r=1,.+ be a ran-
dom trajectory of length t obtained by following a fixed “behavioral” policy m from (s,a). The
importance sampling estimator of the target policy T is:

(87, ar) T
I _ ’ : 89
(o) 125 )
In this section, we will focus on a specific type of behavior and target policies, which are related
as
ec(s:0) (1—v)In(1+4¢€)
V ) ) = X AR ) S
(S a) ﬂ-(a’ | S) E(a | S) Ea/ E(a, ‘ S)@C(s’a‘ ) (Sslf‘al?; |C(S a)| 211’1(1/6’)
(90)

For such policies, we have the following results.

Lemma 23 (Policy Ratio) Assume that 7, 7 are related through Eq. (90) and that ¢ =l SUp(s,q) (s, a)l.
Then

e2¢ < sup m(als) < e, 1)
(s,a) E(a | 5)

Proof The following chain of inequalities is true.

o n(a| s) eclo) - 5
< < = < = . 92
ST W@ 9e S lals) | Spa |96t S Spa@ e 0D

In addition, for the policies in Eq. (90) we can also examine the bias and variance of the importance
sampling estimator.
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Lemma 24 (Bias and Variance of Importance Sampling Estimator) Let w be a fixed behavioral
policy. If m is a fixed target policy with the same support as « then Eq. (89) is an unbiased estimator
of the value of m from (s,a). In addition, assume T, are related by Eq. (90) where in particular
c(s, a) satisfies the constraint in Eq. (90). Let Ry,q. be a deterministic upper bound to the maximum
absolute value of the reward ;. Then with probability at least 1 — &' the importance sampling

estimator in Eq. (89) is bounded in absolute value by %;/Rmam and the random timestep t in the
In 1/5
-

importance sampling estimator is bounded by —;

Proof It is well known that the importance sampling estimator is unbiased (Precup, 2000). For the
high probability bound we proceed as follows. Using Lemma 23 (Policy Ratio) we claim

t—1
sup ﬂ-(a’ | 5) < 62(t—1)c' (93)
(s,a) E(a | 5)

We show that ¢ is small with high probability:

P(t>7):ZW (1—~ (94)
t=7+1
:’YTZ’)’T(l —7) (95)
def 5. (96)
This implies
!/ / /
:ln5 :ln1/5 Slnl/é ©7)
Iny  Inl/y 1—~
In the complement of the above event:
t—1
sup M < 21, (98)
(s,a) E(CL | 5)
We require that the exponential above be < 1 + ¢, leading to the condition:
In(1+¢)
2(7'—1)C§hl (1+€/) =c< m (99)
Under the assumption of Eq. (90), the above condition holds because
1—9)In(1+¢ In(1+¢ In(1+¢€
Sup’c(s,a)|:c<( 7) n( +€)< n( +€)< n( +€)’ (100)

(s,0) - 21n(1/4") - 27 — 2(r—1)

Therefore, we can ensure

t—1
e (s, a) , Inl/¢ ,
P {Vﬂ' satisfying Eq. (90), ((sglg E(S,d)) < (1+¢€) }ﬂ{tﬁ > } >1-4.

(101)
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Then with probability at least 1 — ¢’ if the importance sampling ratio is upper bounded

t—1
me_, T an) <Sup m(a] 5)> <1+¢ (102)

(87, ar) (s,a) m(a|s)

the thesis follows. |

G.2. Small Perturbations to Policies

In this section we examine the effect on the loss of small perturbations to the algorithm policies.
This is useful when dealing with a discretization argument in Appendix G.3 (Regression Guarantees
with Importance Sampling). We highlight that the ¢” in this section concerns the discretization error
in the union bound in Appendix G.3 (Regression Guarantees with Importance Sampling), and is not
to be confused with the value that € takes in Appendix G.1 (Importance Sampling Estimator) (in
particular, € is implicitly defined in Eq. (129)).

Lemma 25 (Difference and Ratio of Nearby Policies) Fix w and assume that 7, 7', €” satisfy ¥(s, a)
the following conditions for some function b(s, a):
lo(s, @l <1, o —w'll; < ¢ <1
c'(s,a)
¢ — where (s, a) wly,
S m(a | s)ed ()
e ectea) )

de
ﬂ-(a | S) = E(a’ | 8) X Z 7T(a/ | 5)60(870‘/), Where 6(87a) = b(S,(J,) + QS(S? a’)Tw

(s,a) + o(s, a)Tw’

(| s) % n(a] s)

~

(103)
Ifr(a|s)=0thenw(a|s)=n'(a|s)=0. Otherwise we have the following inequalities:

™(a|s) m(a]s)

T <1 4 S R
mals) — T Tl

<144, D |n'(als)—w(a]s) <8 (104)

Proof Dividing the two expressions gives

/ d(s,a) / c(s,a’)
w(als) _e . Lo (@ !8)6/ / (105)
m(als) elsa) 37 m(al | s)ed (=)

b(s,a")+g(s,a”) T w’ op(s,a”) T (w—w')

_ o#(s,0)T (' —w) NI €

e X ;E(a | s) S x(@ | 5)e?e) (106)
_ e¢(s,a)—r(w’—w) x Zwl(a// | 5)6¢(s,a”)T(w—w’) (107)
< elv=vlle < 1 4 4)jw — w'|lo. (108)

The last step follows if |[w — w’||2 < 1 by the inequality e* < 1 + 2z if x € [0,1]. By
symmetry, we obtain the other inequality concerning the ratio of the policies in the statement of the
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lemma. Using the expression derived above we can write (the second expression below follows by
symmetry)

w(a]s)—7(a|s) <4||w—wlar(als) (109)
m(a|s)—7'(a|s) <A4||lw—w|27'(a]s) (110)

Taking absolute values and summing over the actions leads to the third expression in the lemma’s
statement. |

Lemma 26 (Stability of the Q-values) Let 7/, m,€” as in Eq. (103). It holds that

/ 8 " 1" Y7i 17
V(s ), (@ -Qf) sl < ——x s JQF el ar

1-— Yy (s”,a”),ﬂ”e{w,w’

Proof Using the performance difference lemma and Lemma 25 (Difference and Ratio of Nearby
Policies) we can write

(QF - QF) (5:0) = >4 Eaprnitomy | D | s)QF (s1,a0) = > m(an | s0)QF (51, 1)

t=2 at
(112)
1 /
—— xsuwp Y |r(a ] 5) — mla|5) x sup [QF (s"a")] (113)
Y s (s",a")
"
< sup |Qzl(s”,a")|. (114)
1-— Y (s”,a”)
Symmetry concludes. |

Lemma 27 (Stability of the Empirical Q-values) Let 7', 7, €¢” asin Eq. (103). For any trajectory
{s1,a1,71,...,St,as, 7} of length t <ty if 46" tmae < 1 it holds that

m(erar)) _m m(sr,a7)\ 1t 7 (sr ar)\ T
It Ty At (ot Ty AT < 8¢t " o .,
| ( " a(srar) ) 1-7 =2a(srar)) T—y| = T ey =

ne{m '} 2 n(srar) ) 1—7
(115)
Proof Using Lemma 25 (Difference and Ratio of Nearby Policies) we can write
ﬂ-,(s a ) 7T(8 a ) T
Ht_ #_Ht_ Ty U1 116
< =2 E(STaa’T) T_2E(S-,-,CLT) 1—x ( )
Tr(ST)aT) t 71—/(87')0/7') ¢
O e T L - e : 117
T_QE(ST,CZT) ( =2 w(Sr,ar) 1—7 (117)

Now, apply Lemma 25 (Difference and Ratio of Nearby Policies) and the condition t < %4, to the
middle term to derive

' (sr,ar)

I _
=2 71—(37'7 ar)

T

— 1 < (1 4 4¢")tma= — 1. (118)
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Recall t,,4, > 1; for x € R, when xt,,4, < 1but z > 0, we have the following inequalities:
1+ <e® — (1+x)imee < efmee® <1 4 2,2, (119)
Let x = 4€”; if 4"t 4. < 1 then we have
(14 4€")mar — 1 < 8¢"tmaz- (120)

Symmetry concludes. n

G.3. Regression Guarantees with Importance Sampling

In this section we examine the rate of convergence of the linear regression that uses the importance
sampling estimator in the way it is implemented in the algorithm. The bonus 6" and the ‘reference’
expected and empirical covariance matrices X", $" are fixed throughout this section (as they are
fixed in all inner iterations of the algorithm). As the outer iteration index n is constant, we often
omit it for brevity.

Remark: for additional notation please see Table 1.

Remark: in Eq. (121), if the trajectory is of length 1 then the bonus is not added to accommodate
the linear MDP framework, and instead it is (half) added directly to the predictor @, resulting in the
pessimistic biased estimate described in the main text.

Lemma 28 (Statistical Rate for a Fixed Target Policy Regression with Importance Sampling)

Fix a behavioral policy w and a target policy 7 satisfying Eq. (90) with € = 1. Fix a bonus function
0 < b(-,-) < B. Consider drawing n samples, as follows. For every sample i € [n] first draw a
timestep t; > 1 with probability P(t; = 7) = 4"~ (1 —~) and a starting state-action (s;1, a;1) ~ p
for some distribution p. Second, draw a trajectory {si1, i1, i1, - - ., Sit;, Gt Tit, } from (Si1, a;1)
by following = for t; — 1 timesteps. Define the random return G; as

ﬁ Tit; + b(Sit; s aiti)] ifti >2

s [ra] ifti =1

G - (121)

Let Gy be a deterministic upper bound to any realization of G; above (its value is defined in
Table 1). Define the empirical loss and the empirical minimizer

n

~ 1 . ity it 2 ~ A
L(w, ) Z (qb(sil, i) w — H?:2MGZ-> , w = argmin L(w, 7).

2n — 7(Sir, Qir) [w]la<W

(122)

Define the true minimizer of the loss in Eq. (4)

w* arg min £(w, p, Q¥ — b) (123)
lwll2<W

where Q™ is the state-action value function of T on M(S, A, p,7+b,7). Let © =n E(s,a)~p @(8;a)0(8, a)+
M. With probability at least 1 — (n + 1)d’

1 ~
lw* = @[3 < 2(C1 + Caln ) + 200 = O(W?). (124)
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Proof The hypotheses ensure through Lemma 24 (Bias and Variance of Importance Sampling Esti-
mator) that the importance sampling estimator in Eq. (121) is unbiased estimate of Q"™ (s;,, a;, ) —
b(si, , ai, ) and bounded by 2G4, in absolute value with probability at least 1 — nd’ for all n sam-
ples. Combining this with Lemma 43 (Statistical Rates for Linear Regression; Theorem 1 in (Mehta,
2017)) we obtain that for a fixed target policy with probability at least 1 — (n + 1)0’ we must have

1
< C'l-f-Cglny7

L(w,m) — ”wrﬁ;igwﬁ(w, p, Q%™ —b) - (125)
where
C1 =0 ((W?+G2,,,)d) (126)
Co=0(W?+G%,.)) - (127)
Finally, using Lemma 41 (X-norm to Excess Risk) we conclude. |

Lemma 29 (Union Bound) Assume 0 < k — k < k where k is defined in Eq. (129). Let wy
be as in Definition 3 (Transfer Error), and let Wy, be the parameter computed during regression by
Algorithm 2 in line 8. For some universal constant ¢ we have

1
P <||’(/l}k —wZH(Zn)—l S C\/C1 +Cglng +/\W2> 2 1-— [poly(N, K, 1_

(128)

Proof Assume

def (I1—v)ln2
_k<kg= . 2
W kS F = N K o)y (B + W) (129)

From we know that the all trajectories are bounded by t,,,, with probability > 1 — §/8. Define the

unit ball B </ {v € R? | |lv|lz2 < 1}. As the target policy 7, is a priori unknown we do a union

. d 1 ~ Lo .
bound over the possible vectors v 2] Zf: kl w; which is a priori unknown and data-dependent.

Since v € (kW)B, consider the discretization D C (kW )B given in Lemma 44 (Discretization
of Euclidean Ball) with €” to be determined in this proof. The lemma ensures that for any v €
(kW)B, 3’ € D, |lv — /|2 < ¢” and that |D| = (1 + 25V )4,

Now fix v and let 7 be the policy induced by v and 7’ the policy induced by v’. Consider the
empirical loss in Eq. (122) and let w, be the empirical minimizer corresponding to 7 and w,, that
corresponding to 7r’. In addition let w; be the minimizer corresponding to 7 and w}, the minimizer
corresponding to 7’ of the true loss in Eq. (123). We can write (X is the expected covariance matrix
which is fixed throughout the inner iterations)

[y — wille < Wy — G |ls + |0 — wiplls + [Jwy —wylls. (130)

We bound each term above.
In the event defined at the beginning of this proof that all trajectories are bounded in length
by tmae the importance sampling estimator in Eq. (89) is bounded in absolute value by 2G4 =

38
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1%7(33) for all policies 7 satisfying Eq. (90) (3B is the maximum absolute value of the reward
including the bonus) and for all n samples; In particular, the random timestep ¢ of any trajectory
is bounded by ?,,,4,,. Then Lemma 27 (Stability of the Empirical (Q-values) ensures that the impor-
tance sampling estimator for 7 and 7’ only differ by 8¢"t,,02Gmaz- Plugging this into Lemma 42
(Stability of the Loss Minimizer) ensures

@y — Wo||% < 21(8¢"tmarGmaz)W + 2AW?2, (131)

Likewise, Lemma 26 (Stability of the Q-values) ensures that the true Q values for 7 and 7’ on the
optimistic MDP differ by at most 85 (2Gmax) Then Lemma 42 (Stability of the Loss Minimizer)
ensures

86//
7(2Gmaz)) W 4 2AW72. (132)

It - @3l < 2n (1

Setting - = = poly(NV, K, — v’ Gmaz,n(1/9)) ensures that the rhs of Egs. (131) and (132) is, say,

< 4)\W2 (we will have A > 1 and W > 1) and also satisfies the requirement 4€"t,,,4,, < 1 of

Lemma 27 (Stability of the Empirical Q-values) (tyq Was defined at the beginning of the proof).
The ¢” just computed determines the size of the discretization set |D| which is [ poly(n, ﬁ, Gmaz)} )

A union bound over all v" € D coupled with Lemma 28 (Statistical Rate for a Fixed Target Policy
Regression with Importance Sampling) ensures that with probability at least

Oly (N, K, —— . Gy, In(1/5) W)]dé—/ 9
p y ) ) 1 _ /_y) maxs b 2 8
for an appropriate universal constant ¢
1
Y eD: Dy — W% < c (Cl +Coln 5 + )\W2> . (133)
Plugging back to Eq. (130) concludes. |

Lemma 30 (Validity of Confidence Intervals) With probability at least 1 — g for all inner and
outer iterations n € [N],k = 0,..., K — 1 of the algorithm it holds that

n 3 3 d
Vs € K", Va : Qp*(s.a) — Qi(s,0) = b3(s,a)| < b3(s.0) Z V/Bllé(s. 0)]| gy
(134)

where [ is defined in Eq. (136).

d
Proof Define an appropriate 6 = [poly(N K, = V,Gmax, In(1/6), W)] x ¢ and invoke Lemma 29.
A union bound over all inner and outer iterations ensures

1
P (Vn € [N,k =0,1,..., K — 1: @} — w}]™ | gm-1 < g\/B> >1- g (135)
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where

B=0 <C’1 + Cad x In[poly (N, K, %’y’ Gmaz,In(1/8), W)] + )\W2> (136)

1
= O0(dW? +dG2?,,,) (137)

Combining the above result with Lemma 39 (Concentration of Inverse Covariances) gives with
probability 1 — §/2:

[6(s, @) T (wp™ = @F)| < [|6(s, )|y [ @F — wi™||sn (138)
< 3[16(s, @)l gy 1 10} — w2 (139)
= V/Bl(s, )l (gn)1- (140)

In other words, thanks to Lemma 39 (Concentration of Inverse Covariances) we can use the empiri-
cal covariance in place of the full covariance. This implies that we can write the confidence intervals
fully as a function of known quantities, in particular, using the empirical covariance matrix S that
Algorithm 1 maintains.

Using the definitions for the () values (still under the same event in known states):

Qi (s, @) + b3(s,a) = Q1 (s,a)| = [¢(s, @) "@f; + b(s,a) + (s, 0) — B(s, a) "w™ — 203 (s, )]

(141)

<|¢(s,a) @} — ¢(s,a) Twp™ (142)
< V/Bl6(5.0) | (gny-r < V(5.0). (143)
[ |

Lemma 31 (Trajectory Boundness) Under the conditions on k in Lemma 29 (Union Bound), all
2
trajectories sampled by Algorithms 4 and 5 are bounded in length by t,q: = W with

probability at least 1 — §/8.

Proof Then Lemma 40 (Policy Form on Known Set) ensures that the policies 7, 7, take the form
described in Eq. (90) with ¢ = 1,6’ = §/(8N?K) and in particular, Lemma 24 (Bias and Variance
of Importance Sampling Estimator) ensures that the trajectory lengths are all bounded by t,,4, =
w with probability at least 1 — §/8 after a union bound over N trajectories collected
possibly collected at each of the K solver’s iterations, times at most IV calls to the SOLVER, and a

final union bound over the trajectories samples by Algorithms 4 and 5. |
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Appendix H. Concentration of Bonuses

The proof proceeds with the empirical covariance matrices since the determinant conditions is
checked on the empirical matrices.

Notation: In this section for notational convenience the subscripts refer to the outer episode n;
for example, we denote the covariance matrix with 3, instead of 3"

Lemma 32 (Bounding the Sum of Indicators) For any outer episode n during the execution of
the algorithm, let o(n) be the last episode smaller than n where the bonus was updated. If T takes
an action where by is nonzero in a state s ¢ K" and \ > 1 then under the event of Lemma 33
(Bounding the Sum of Bonuses) we have

N N
o(n def 3 ~ BNd
> Esaperniss b1 (s,0) < T 2 Bsnaieg L{s K7} <O (ﬁ -4
n=1 n=1
Proof
N
Z ESNﬂ'n[SO ]1{8 ¢ K:n = Z (s,a)~7m"™|s0 ]l{\//EH(b(S? a’)”f};(ln) 2 1} (145)
n=1 n=1
N
< D Eanrriso VBIOG Ollg (146)
Finally Lemma 33 (Bounding the Sum of Bonuses) concludes. |

Lemma 33 (Bounding the Sum of Bonuses) For any outer episode n during the execution of the
algorithm, let o(n) be the last episode smaller than n where the bonus was updated. If X > 1 then
with probability at least 1 — ¢’

Z]E (s,a ~7r"|so ¢ 5 a \/72IE (s,a)~7™|s0 ||(;5(S CL)H (147)
< \fo (\/ +1n(1/5’)) (\/,BNd), (148)

where D is defined in Eq. (176).

Proof
We can write

N

S Esayenniso b5 (5.0) = /B ZEsmn|so lé(s.a)ll5s - (149)

n=1

We need to bound the summation for any realization of the sequence of (7", f]g(n)). Define the
random dataset D;.,, containing all the information (i.e., the realization of the random variables)
at the beginning of iteration n of the algorithm. Conditioning on Dy., fixes the policy 7" and the
covariance /X\la(n) and the distribution over ¢.
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Notice that in each episode n the random variable ¢ and the collected feature ¢,, are identically

distributed when conditioned on Dy, (since their distribution is uniquely determined by the policy

™ in that episode, which is fixed under the conditioning on D;y.,). Therefore we can define the
‘noise’ in the sampled feature

6 = E(gaemnisn 1905052 | D = lénllgs (150)
and write
N N N
= 2 Bt l16(s.0)llga 1 Dun] = D lldalls s + D6 (151)
n=1 n=1 n=1

< NZ||¢n||§_1 +an (152)

o(n)

The first summation on the rhs is bounded by Lemma 36 (Potential Argument) by D; it remains to
bound the sum of the noise terms. Conditioned on Dj.,, the noise &, is mean-zero. Summing over
the conditional second moments gives:

N N
> Eaaynrioo |2 | Din| = ZE@,GW\SO [19(5,0) 31 | D (153)
n—1 o(n

Z]E(Sawr"\so [H(b(s a)HE 1 |D1 n} = A. (154)

The last step follows because if A > 1 and [|¢(-,-)[l2 < 1 we have [|[¢(-,-)[|g-1 < [[o(-,-)[]2 < 1
o(n)
giving [|¢(-, )21 < [|¢(,-)|lg-1 . Now, Lemma 45 (Bernstein for Martinglaes) gives with
o(n)

probability at least 1 — ¢’ for some constant ¢

N N
In(1/0
an <ex 2 ZE(s,a)Nw”lso (& | D1:n] In(1/0") + n 3/ ) (155)
n=1 n=1
=cX < 2A1In(1/60") + %) . (156)

Combining with Eq. (151) we have shown that with probability at least 1 — ¢’ we must have the
following relation

A<VND +cx ( 2A1n(1/6’)+%>. (157)

Solving for A finally gives with high probability
A=0 (\/ﬁ + 1n(1/5’)) . (158)
[ |

The following lemma is used to claim that whenever the determinant condition is violated (trig-
gering a new call to the SOLVER) then the condition is not violated by much.
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Lemma 34 (Maximum Determinant Ratio) If\ > 1and ||¢(-,-)||2 < 1 then det <§n> < 4det <§ﬁ)

Proof If det <§)n) < 2det (iﬂ) the statement holds; if det <§n> > 2det <§)@> then by con-

struction we must have det (f)n_1> < 2det <§ﬁ) (as the algorithm switches to a new policy

once such condition is violated). Use Lemma 37 (Determinant Ratio) and recall ||gbn,1||2§_1 <
n—1

|13 < 1for A > 1 to write

det (in) — det (in_l) <1 + ||¢n_1||%;11> < 2det (in_1> < 4det (iﬂ) : (159)
n

The following lemma is key. It implicitly quantifies the loss due to the delayed update of the
covariance matrix; the effect of such delay are rather mild, as they only affect a numerical constant.

Lemma 35 (Trace to LogDeterminant) Let Y be a positive define matrix and let M be a symmet-
ric positive semidefinite matrix. Let X' = ¥ + M. Then if det(¥') < 4det(X) we have

1
Indet(X') > Indet(X) + 3 Tr(ME™h). (160)
Proof We have
det(¥') = det(X + M) (161)
= det(X2) det(I + D2 MY "2) det(X2) (162)
= det(3) det(I + "2 MS"2). (163)
Denote with Aq, ..., A\ the eigenvalues of S22 MY "2. We must have by hypothesis
g5 dt) t(I+ X 2 MY"2) = ﬁ(l + X)) (164)
= det(z) ¢ L i)
Taking In gives:
d
Ind>> "In(l+))). (165)
j=1

Since all \;’s must be positive, the In terms in the rhs above are positive, and each must satisfy
In4 > In(1 4+ A;), Vi € [d] (166)
and so in particular (by exponentiating the above display)

3>\, Vj € [d] (167)
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which allows us to use the following inequality

1
> 2. (168)

Going back to Eq. (164) (and again taking In) gives

d
Indet(Y) = Indet() + Y In(1+ A)) (169)
j=1
1 d
> Indet(X) + §ZAJ- (170)
j=1
1
> Indet(X) + gTr(z—%Mz—%) (171)
1
= Indet(X) + 3 Tr(MX™h). (172)
[
Lemma 36 (Potential Argument) Letn,,n,,...,n;, be theindexes in the sequencen = 1,..., N

where the bonus gets updated and let o(n) be the last episode smaller than n where the bonus was
updated, i.e.,

N1 —1
Snpy =Sn,+ ) $adn (173)
n=n,
i'ﬂ = i\:0'(71)7 n; <n< N (174)
det(Sy,,,) < 4det(Sy,). (175)
We have
N
2 S a def ~
> lIgal <3 (ndet(Sn+1) ~ ndet(S)) € D = O(d). (176)

n=1 o(n

Proof Let n,,,, be the index of the last switch. Use Lemma 35 (Trace to LogDeterminant) twice
with the following inputs (notice that the determinant ratio condition is satisfied in both cases)

N —1
E/ = Eﬂu-l’ Y= Eﬂi’ M = Z ¢)n¢;|; (177)
n:ni
N
Y =Ynp1, D=5, M= Y ¢, (178)
N=Nqst
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n;,, 1—1
R N 1 it N
Indet(Sn,,,) — Indet(Sn,) > 5 Tr( > bndn Syt
n=n;
1 ;=1
T$H-1
=3 Z Tr(Gndn E ()

n=n,

N

D Tr(dndy Syly)

N=Njqgst

In det(i\)NH) —1In det(iﬂlm) >

SN

(179)

(180)

(181)

Summing over the switches, recalling n; = 1 and adding the above display gives (after cancelling
the terms in the telescoping sum)

N
- < 1 o
Indet(Sn 1) —Indet(Sn,) > 23 Tr(dndy Syp)-

Finally, consider

||¢n||2 -1 = IE;(ln)Qf)n

o(n)

Combining with the prior display concludes.

(182)

(183)
(184)
(185)

Lemma 37 (Determinant Ratio) If X" = X + ¢¢ " and X is strictly symmetric positive definite
then det(37) = det(X) (1 + [[¢[|2-1).

Proof The inverse of ¥ exists because ¥ is strictly positive definite. We can write

det(SF) = det(S + ¢o )
= det [2% (I + 2—%¢¢T2—%) z%]

— det(%) det (I + 2—%¢¢Tz—%> .

We use the matrix determinant lemma to continue and write

— det(%) (1 + qﬂz—%z—%qﬁ)
= det(Z) (1 + [|¢)l3-1) -
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Lemma 38 (Number of Switches) Using the same notation as Lemma 36 we have that the number
of times the bonus is updated is O(d).

Proof Notice that det(il) > det(io) = Afnm (for the definition of \,,;,, please see Eq. (212))
and det(f] N) < (Amin + %)d (see proof of lemma 11 in (Abbasi-Yadkori et al., 2011)). Let
Ny, Mg, . .., Ny,e DE the indexes in the sequence n = 1,..., N where the bonus b" gets updated.

Every time the bonus is updated we have

det(Sy,, ) > 2det(Sy, ). (191)

7S]

Let S denote the number of times the bonus is updated. By induction,

()\mm + (N; 1)>d > det(Zy,, ) > 2% det(Eq) > 290, (192)

It follows that
S < dlny (1 + (fi\;;i)> = 0(d) (193)
[
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Appendix I. Inverse Covariance Matrix Estimation

Lemma 39 (Concentration of Inverse Covariances) Let p; be the conditional distribution of ¢
given the sampled ¢1, ..., ¢;—1. Assume ||p|la < 1 for any realization of the vector. Define ¥ =

w Liet By, 007 1f
A > Anin = Q(dIn(n/8")). (194)
where A\pin is defined in Eq. (212) then we have
n -1
P|vn>1, %(nE + ) - (Z bid] + /\I> - g(nz AT >1-46". (195)
=1
In the same event as above the following event must hold as well

1 n
Vn>1, g (nS+A) < <§ ¢i¢I+AI> < g(n2+/\l). (196)
=1

Proof Consider any z such that ||z|s = 1. Let ¥; = Ey,,, ¢¢ ' and 3 = LS 5. We have
2
By @ 0670 = By, (270) =2 Sia (197)

The random variable (:cT¢)2, ¢ ~ p; is positive with maximum value (xT¢)2 < |lzl3ll¢l3 <1

and mean z | ¥;z; therefore the conditional variance is at most 2| ¥;z as well, as we show below

q}/ar (pT2)? < Eypop, (¢ 2)? = 2" S, (198)
~ i

Now Lemma 45 (Bernstein for Martinglaes) gives with probability at least 1 — ¢’ for some constant

3 R o 3 B e (R

=1 1=

/N

(199)
We require
. <\/ 2T ET o5y 4 M/ 5/)> <1 (xsz + 5) | (200)
n 3n 2 n
We will show that if
A > Q(In(1/8")) (201)

then Eq. (200) holds for any fixed value of n.
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Case r' X < % In this case it is sufficient to satisfy for some constants ¢/, ¢/

3n n

IH(Q/CS’) < J <é> s Q(ln(l/é')) <\
2%111(2/5/) < (%) s Qn(1/5) < A

Case z' Yz > % In this case to satisfy proceed as in the above display (first equation). For the
second equation it is sufficient to satisfy for some constant ¢’”/

\/2xTan In(2/6") < " ($T2m> In(2/4") < o).

(x"3z)n —

Using the condition z " Xz > % we can conclude that satisfying Q(In(1/6")) < X suffices.
This ultimately implies that for any fixed x such that ||z||2 = 1 we have

(I~ T 1/ A 1+ A
)l‘ (ﬁ;@él —E)az’§§<x Ex+ﬁ>—§$ (EWLEI)% (202)

with probability at least 1 — ¢’. Define 9B = {||z|| = 1}; using a standard discretization argument,
(e.g., lemma 5.2 in (Vershynin, 2010)) we have that

Ve >0, 3B. C B suchthat Vo € B,32' € B CB suchthat |z — 2|z <e (203)

and

(S)d def
]5’61] < = N. (204)

¢
Therefore, applying the result of Eq. (202) to any such 2’ € B, gives after a union bound over the
2’ and the number of samples n that with probability at least 1 — nA/§’ /1 _ 5" we have that

/ NT l = T I NnNT /
Vn, V2’ € By, ‘(x) (n;@(ﬁi ' — () Xz

< %(:c’)T <2 - %I) z’. (205)

Now for any 2 € 9B consider the closest ' € B.,. We have that for an spd matrix A such that
142 <1

eT Az — ()T A2 = 2T Az — (2/) T Az + (2/) T Az — (/)T Aa (206)
= (z—2a)" Az + (/)T A(z — 2) (207)
< 2¢/|| All max{||z[|2, [|2'[|2} (208)
< 2. (209)

Apply thistothe case A = Sand A = 2 3% | ¢;¢, (notice that ||Z[|2 < 1and [ 37 | 60, ||2 <
1 follow from hypothesis) to obtain

1o ’ 1 « /
.7 (5 ;m) )T (; ;M) .

' Sr — (2) 22

<2¢ (210)

< 2¢€. (211)
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This implies that, if

2
2> 0 (m (Z—N)) S Nmin 212)
then
T 1 - T A A 1 T !
Vn, Vz € B, T =3 ¢it] + ST = (S+ 2T ) 2| < saT (D4 5T ) o +4e
nl_l n 2

1 A 1 T A0 A
§<E+EI)jEZ¢Z¢i +E‘_<§<E+—I) (215)

and finally the thesis. u
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Appendix J. Technical Results

Lemma 40 (Policy Form on Known Set) Fix n (the outer iteration index) and the bonus b in that
outer iteration. Let k be an inner episode of the algorithm and let k be the last time data were
collected. The policy i, computed by the algorithm in the inner episode k reads in any known state
s € K" for some wy, . .., wi_1:

e
—_

where c¢(s,a) =n ' [b(s,a) + ¢(s, a)TfU}].

ec(s,a)

Yo mr(a | s)eclsa)?

mi(a|s) =m(a | s) x

i=k
(216)
Proof
Assume k > k, otherwise the the statement is trivially true. The update rule reads
k(- | 8) o< w1 (- | )em-1019) 217)
=mp_1(- | s)e" [¢(57')T@k71+b(5:'):| (218)
Using induction gives
k—1 .
mi(- | 8) o my(- | 5) [ enloe @sete) (219)
I=k
oc mp(- | 5) x e, (220)
Normalization concludes. u
Lemma 41 (3X-norm to Excess Risk) Fix \ > 0. Define
1 T 2
Lw) = 3Eqy (27w —y) (221)
w* € argmin L(w). (222)
[wll2<W
Then for any scalar M > 0
lw = w*H%M]E(z,y) woTan) < 2M (L(w) — L(w")) + Allw — w*[[3. (223)

Proof We write E in place of E,, ) for short. The optimality condition reads (for any feasible w)
E (:UTw* - y) " (w—w*) > 0. (224)
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Therefore
2 £(w) — £(w*)] —E (xTw - y)2 ~E (mTw* - y)2 (225)
_E [ (xTw _ y) _ (sz* - y) } [xTw gt w - y} (226)

=]E[xT wa y+ o w* y} (227)

:E[a:T HxT ) +aTw —y+ o wt —y} (228)

(w — w* ( xT) )+ 2E [ (w — w*)} [Q:Tw* . y] (229)

> (w — w* ( vz ) (230)

= (w—w)T [Em +%4 <w—w*>—%||w—w*||%. @)

The inequality follows from the optimality conditions in the prior display. m

Lemma 42 (Stability of the Loss Minimizer) Let

1 - 2 .
Lw)=Egy |z w—y) , we€argminLl(w) (232)
2 Jeoll2<W
/ 1 T 2 / : !
L(w)=sEgy(z w—y—fly)) , w,€argminLl(w). (233)
2 lwlla<w

If X > 0 and the perturbation | f(y)| < ey for every y and ¥ = E(, ) xzx" and M > 0 then
W), — wil3rspar < 2MefW + 2AW2, (234)

Proof
Define y' = y + f(y) for short. We write E instead of E(;,y) for brevity. The optimality
conditions at the minimizers w, and w), for the real losses £(w) and £'(w) read

0

%E(w*)(w - w*) = E(ZETUJ* - y)mT(w - w*) >0 (235)
I wl)(w ) = BlaTwl, o) (w - uf) > 0. (236)

Take the first condition and evaluate it at w = w/, to write

0 <E(z"w, —y)z' (W] — w,) (237)
=B (27w, + a7 (we—wl) =y + (s — ) 2" (w) - w,) (238)
—E (27w, - y/) 2" (w) —w,) (239)
+E (o7 (e —wl) + (5 — ) 27 (w] - w,) (240)
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The first term in the above rhs must be negative due to the second optimality condition (for w = wy)
in the previous display; therefore, at the very least the second term in the rhs above must be positive

0<E (2" (w—ul) + (¢ 1)) 2" (w), —w,) (241)
= E(w), — w*)Tsz(w* —wl) +E(y — y)mT(w'* — Wy) (242)
and next
M(w, —w,) Ewa(w), —w,) < ME@Y -y’ (w, —w,) (243)
and finally

(W, —w,) " (MIE:m:T + /\I> (W, —w,) < ME(y —y)z " (w, —w,) + Nw, —wl|2 (244)
< 2MefW + 2AW2. (245)

Lemma 43 (Statistical Rates for Linear Regression; Theorem 1 in (Mehta, 2017)) With z = (¢, y)
let 1y(z) — 3(¢Tw — y)% Assume Z ~ P and ||§|2 < 1, [|w]2 < W, |y| < Ymaz- Let @ be the
empirical risk minimizer with n i.i.d. samples from P and let w* = arg minj,,,<w Ez~p lw(Z).
With probability at least 1 — 6’ we have

Eyplia(Z) — Lo (2)] < % (320 + ae)?  [d10(16(W + i) (20W)n) +1In l} +1]

(5/
(246)
Proof The maximum value the loss can take is L2,,, = (W + ymaz)?. The statement then follows
as an application of Theorem 1 in (Mehta, 2017) to linear regression, which is 1/(4L2,,,)-exp-
concave (end of section 3 in (Mehta, 2017). |

Lemma 44 (Discretization of Euclidean Ball) The Euclidean sphere RB = {z | ||z|2 < R,z €
Rd} with radius R equipped with the Euclidean metric admits a discretization for every ¢ > 0:
De =A{v1,.--,yn.} C RB with

2R\
N, < (1 + —> (247)
€
such that
Vo € RB,3y € D, suchthat |z —yl2 <e. (248)
Proof By scaling the unit ball to have radius R and using lemma 5.2 in (Vershynin, 2010). |

52



CAUTIOUSLY OPTIMISTIC POLICY OPTIMIZATION AND EXPLORATION

Lemma 45 (Bernstein for Martinglaes) Consider the stochastic process {X,} adapted to the
filtration { F, }. Assume E X,, = 0 and cX,, < 1 for every n; then for every constant z # 0 it holds
that

P (g:an gzéE(Xﬂfn)Jr%ln%) >1-06. (249)
This implies
. al 1 1
P ;XHSCX ;E(X%’fn)lnnglng >1-6. (250)

Proof The first inequality follows from Theorem 1 in (Beygelzimer et al., 2011); the second follows
from optimizing the bound as a function of z depending upon which term in the rhs is larger. |

53



