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Abstract

While over-parameterization is widely believed to be crucial for the success of optimization
for the neural networks, most existing theories on over-parameterization do not fully explain the
reason—they either work in the Neural Tangent Kernel regime where neurons don’t move much,
or require an enormous number of neurons. In practice, when the data is generated using a teacher
neural network, even mildly over-parameterized neural networks can achieve 0 loss and recover
the directions of teacher neurons. In this paper we develop a local convergence theory for mildly
over-parameterized two-layer neural net. We show that as long as the loss is already lower than a
threshold (polynomial in relevant parameters), all student neurons in an over-parameterized two-
layer neural network will converge to one of teacher neurons, and the loss will go to 0. Our result
holds for any number of student neurons as long as it is at least as large as the number of teacher
neurons, and our convergence rate is independent of the number of student neurons. A key com-
ponent of our analysis is the new characterization of local optimization landscape—we show the
gradient satisfies a special case of Lojasiewicz property which is different from local strong con-
vexity or PL conditions used in previous work.

1. Introduction

Recent years, deep learning has achieved great empirical success in a wide range of applications
including speech recognition, image detection, natural language processing, game playing, etc. In
practice, simple optimization algorithms such as gradient descent (GD) and stochastic gradient de-
scent (SGD) typically already achieve zero training loss. However, in theory, training deep neural
networks remains a challenging problem, as it requires optimizing highly non-convex objective
functions. Recent works suggest that over-parameterization is a key to the success of training for
neural networks.

One line of work, known as the Neural Tangent Kernels (NTK) (Jacot et al., 2018; Chizat et al.,
2019; Du et al., 2018; Allen-Zhu et al., 2018), shows that neural network training can get O training
loss when the network is sufficiently over-parameterized. However, this theory also suggests that
the neurons will not move very far from their initial positions, which is often not true for practical
neural networks.

Another line of work uses a mean-field limit to analyze two-layer neural networks (Chizat and
Bach, 2018; Mei et al., 2018). While this type of work would allow neurons to move far, the
theoretical results often require the number of neurons to go to infinity, or be exponential in relevant
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Figure 1: Training two-layer neural networks in 2 dimension with m = 20 student neurons and
r = 3 teacher neurons. Blue lines represent the direction of teacher neurons, black
curves represent the trajectories for each student neuron, and red points represent their
end positions.

parameters. Chizat et al. (2019) unified the two lines of work by showing that NTK is equivalent to
a lazy training regime (Figure 1(a)) where the initialization has a very large scale, while mean-field
analysis can handle settings where the initialization is smaller.

In this paper we consider a simple teacher-student setting, where the training data (z,y) is
generated by sampling x from a Gaussian and evaluating y using a ground truth two-layer teacher
network. The goal is to train a student network that mimics the behavior of the teacher. Figure 1
illustrates the differences between two lines of work in the teacher student setting — in the NTK/lazy
training regime (Figure 1(a)) student neurons do not move much, while in the mean field regime
(Figure 1(b)) student neurons converges to one of the directions of teacher neurons'. However,
when the number of neurons is small, there are no analysis that shows why student neurons need to
match the teacher neurons.

In fact, the phenomenon that student neurons converge locally and match teacher neurons is not
even understood in a simpler over-parameterization setting, where initially there are already student
neurons close to each teacher neuron (Figure 1(c)). Safran et al. (2020) observed that traditional
techniques that rely on local strong convexity or PL conditions cannot be applied here. In this paper
we focus on the following natural question:

When the initial loss is small, will student neurons always match teacher neurons for an
over-parameterized two-layer student net?

We show that this is indeed true. In particular, we prove

Theorem 1 (Informal) Given data generated by a two-layer teacher network> with r neurons that
are A-separated (see Assumption 1). There exists a threshold T = poly(A/r) such that when loss
is smaller than T, gradient descent converges to a global optimum where all student neurons match
(in direction) one of the teacher neurons.

Note that the threshold 7 is independent of the student network size — as long as the initial
loss is low, even when the number of student neurons is equal or mildly larger than the number of

1. Similar empirical observations of student-teacher neuron matching were also known for deeper networks (Tian,
2019).
2. The specific architecture of the network is specified in Definition 2 in Section 2.
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teacher neurons, gradient descent will still converge to the global optimal solution where all student
neurons match teacher neurons. In low dimensions or for simple teacher neurons, we can also give
initialization procedures that efficiently finds an initialization with loss smaller than 7.

1.1. Related Work

Neural Tangent Kernel (NTK) One line of the recent work connects the training of sufficiently
over-parameterized neural networks with gradient descent to NTK (Jacot et al., 2018; Chizat et al.,
2019; Du et al., 2018, 2019; Allen-Zhu et al., 2018; Cao and Gu, 2019; Zou et al., 2020; Li and
Liang, 2018; Daniely et al., 2016; Arora et al., 2019a,b; Oymak and Soltanolkotabi, 2020; Ghorbani
et al., 2021). In NTK regime, training neural networks with gradient descent is essentially solving
kernel regression with NTK. A key technique in NTK analysis is to restrict the neurons to stay
around initialization by choosing large enough width of the neural network. As pointed out in Chizat
et al. (2019), neural networks essentially degenerate to linear function and makes the optimization
become convex. Instead, our result allows neurons to move away from initialization and recover the
ground truth neurons.

Mean-field analysis Another line of research uses mean-field approach to analyze the training of
infinite-width neural networks (Chizat and Bach, 2018; Mei et al., 2018, 2019; Wei et al., 2019;
Nguyen and Pham, 2020; Aratjo et al., 2019; Nitanda and Suzuki, 2017; Sirignano and Spiliopou-
los, 2020; Rotskoff and Vanden-Eijnden, 2018; Lu et al., 2020; Fang et al., 2020). In mean-field
analysis, they focus on the dynamics of the distribution of neurons, and as the number of hidden
neurons goes to infinite, gradient descent becomes Wasserstein gradient flow. Different from NTK
regime, neurons can move away from initialization. However, these works often either require
exponential (or infinite) number of neurons or only provide exponential convergence rate.

Local landscape analysis Several works have studied the local landscape property around the
global minima in the teacher-student two-layer neural network setting. Zhong et al. (2017); Zhang
et al. (2019) studied the problem in the exact-parameterization case and showed the Hessian around
global minima is positive-definite. Chizat (2019) studied the over-parameterized neural network
with a regularization term. They showed that when loss is small, it satisfies PL condition. Roughly
speaking, their analysis relies on several kernels to be positive definite. However, they need to
require some non-degenerate conditions that are difficult to verify in the case of neural networks.
Further, these kernels become degenerate when the regularization term tends to zero. Safran et al.
(2020) studied the over-parameterization case with orthogonal teacher neurons and showed that
neither convexity nor PL condition could hold even in the local region of global minima. This
indicates that the analysis discussed above cannot be applied in our over-parameterization setting.
In contrast, we could show a slightly different version of PL condition holds when loss is small.

Student-teacher neuron matching and the lottery ticket hypothesis The lottery ticket hypoth-
esis (Frankle and Carbin, 2018) showed that it is possible to prune a neural network such that
even if training is done only on a small subset of randomly initialized neurons, the final network
still achieves good accuracy. Our local convergence result gives a partial explanation of this phe-
nomenon for two-layer teacher/student setting — as long as the initialization contains student neurons
that are close to each teacher neuron, the training process can converge to a global optimal solution.
See more discussions in Section E.4.
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1.2. Outline

In Section 2 we formally define the neural network architecture that we work with. Then in Section 3
we summarize our main results, including the formal version of Theorem 1, potential initialization
algorithms and generalizations in the setting of polynomial sample sizes. In Section 4, we illustrate
the unique challenges in establishing local convergence results for overparameterized setting. In
Section 5 we sketch the proof of a main lemma that lowerbounds the norm of the gradient, which
is the main contribution of this paper. We also show how the main lemma can be used to prove
Theorem 1. Finally we conclude in Section 6.

2. Preliminaries

Teacher/student setting for two-layer neural network We consider the standard teacher-student
setting with Gaussian input x ~ N (0, I;). We parameterize the teacher/student networks according
to the following definition:

Definition 2 (Teacher-student setup) Teacher network is parameterized as f*(z) = >_I_, |wi ' |,
where {w;}i_| (w} € R?) are the r teacher neurons. The student network is parameterized as
flx) = 0, |lwi| |w/ x|, where {w;}™; (w; € R%) are m student neurons (m > r). Denote
W = (w1, ..., wy,) as the weight matrix formed by student neurons. The loss function we optimize
is the population square loss:

2
. 1 m r .
min LW) = By |5 | S llwill fwl el = 3 wiTal) | (1)
=1 =1

Choice of the neural network architecture Note that we use ||w;|| as the top layer weight in the
student network. This parameterization of the student network ensures the smoothness of loss func-
tion, which helps our analysis as discussed in the later section. The same model was also used in Li
et al. (2020). Since the two-layer neural network is 2-homogeneous, this restriction of the top layer
weight is equivalent to requiring all top-layer weights to be nonnegative. Nonnegativity is important
to our result as without this assumption, there might be two student neurons that completely cancel
out each other and they may not converge to the direction of any teacher neuron.

We also remark that absolute value function is used as activation function in both teacher net-
work and student network. We use absolute value function instead of ReLU (where ReL.U(z) =
max{z,0}) to ensure identifiability of our model. For ReLU activation, even at global minima,
there may have student neuron that does not correspond to any teacher neuron. See the Claim below
and more discussions in Section A.2.

Claim 1 For problem (1) with ReLU activation, when loss is zero, there may exist a student neuron
whose direction does not match direction of any teacher neuron.

On the other hand, using absolute value function as activation we can achieve student-teacher
matching at global minima. It is directly obtained by setting ¢ = 0 in Lemma C.6.

Theorem 3 For problem (1) with absolute value activation, when loss is zero, every student neu-
ron’s direction must match one of the teacher neuron’s direction.
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We remark that we identify w and —w as the same direction and measure the angle between
directions up to a sign (i.e., Z(w,v) = arccos||w ' v|/(]|w|| ||v]|)]) when using the absolute value
function as the activation. It is because absolute value function is an even function so there is no
difference between |w x| and | —w " z|. Note that when ReLU is the activation, we cannot identify
w and —w as the same direction as ReLU(w ' z) # ReLU(—w " z).

Note that when the input data is Gaussian (or just symmetric), after first fitting the optimal
linear function to the data, a teacher network with ReLU activation becomes a teacher network with
absolute value activation. See more discussions in Section A.1.

Assumptions We make following two assumptions throughout this paper.

Assumption 1 (A-separation) The teacher neurons wy,ws, ..., wy € R? are A-separated, i.e.,

Z(wi,wi) > Aforalli# j € [r], where Z(w},w}) = arccos[|w;“Tw;f|/(waH Hw; )]

J
Intuitively, A indicates the level of difficulty to distinguish the weight vectors w; separately. When
A is large, all weight vectors w; of the teacher network are well-separated. When A is small, there
may exist two weight vectors that are close to each other. In this case, it may be hard to distinguish
between them.

Assumption 2 (Norm Bounded) The teacher neurons wi,ws, ..., wy € R? are norm bounded,
ie., 0 < Wpin < [|W)]| < Winag foralli € [r].

Casual readers may assume that A, Wyin, Wmaz, T are constants. In this case, teacher neurons
are well-separated and their norms are approximately in the same order.

Notations We will use [n] to denote the set {1,2,...,n}. For vector z € R?, we use ||z| =
(Z?Zl 2?)/2 to represent the 2-norm of =, and # = z/ ||z|| as the unit vector in the direction of

. For matrix A, we use ||A|| to denote the Frobenius norm of A. For vectors w,v € RY, denote
Z(w,v) = arccos[|wv|/(|w] ||[v])] € [0,7/2] as the angle between w and v (up to a sign). We
will use Ig as the indicator of the set 5. Denote the inner product and norm between two function f
and g onset S as {f, 9)s = Epon(o,n [/ (2)g(2)Ls], and || f — gl[§ = Eprno,n[(f(2) —g())’Ls].
When S = R?, we will omit S and denote it as || f — g].

3. Main Results
In this section we give a formal version of Theorem 1 and talk about generalizations. We discuss

proof ideas for the main results in the Section 5.

3.1. Gradient Lower Bound

We first present a result that characterizes the landscape of the loss function when the loss is small.
We show that the gradient norm can be lower bounded by the value of the loss function, which is a
special case of Lojasiewicz property (Lojasiewicz, 1963) 3.

3. The general Lojasiewicz property is known as ||V f(z)|| > C(f — f*)“, where f* is the optimal objective value.
Theorem 4 corresponds to the case « = 1. We remark that the well-known Polyak-Lojasiewicz (PL) property is
also a special case of Lojasiewicz property with o« = 1/2, which has been discussed in many earlier works (see e.g.
Karimi et al., 2016)
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Theorem 4 (Gradient Lower Bound) For network and loss function L(-) defined in Definition 2,

under Assumptions 1, 2, there exists a threshold eg = poly(A, v~ Y, w1 wmin) such that for any
W such that loss L(W) < ey, we have

[Vw L(W)||p = cL(W),
where Kk = @(T_I/Qw,;%f).

This result indicates that when the loss is smaller than certain threshold, gradient is zero only if
the loss is zero. Hence there are no spurious stationary points.

3.2. Local Convergence

Now we are ready to state the formal version of Theorem 1, which gives local convergence for
network defined in Definition 2.

Theorem 5 (Main Result) For network and loss function L(-) defined in Definition 2, under As-
sumption 1, 2, suppose we run gradient descent on objective (1):

w@(tﬂ) = wl(.t) — NV, LW), forany i € [m)]

there exists a threshold e = poly(A,r=Y w L wpmin) and ng = O(r~tw, L ) such that for

any € > 0, if initial loss L(W) < €y and step size 1 < no, then we have LW D)) < € in
T = O(rwWmaz/(€n)) steps.

The proof relies on two geometric conditions about the landscape of loss function — the gradient
lowerbound as in Theorem 4, and a “smoothness” type guarantee for the loss function (Lemma 13).
See the proof in Section 5.5.

In Section 4 we show mild over-parameterization introduces significant difficulty for local con-
vergence results, but the theorem shows that gradient descent can still achieve local convergence
despite over-parameterization. The result only has mild requirement on the over-parameterization.
As long as m > r and the initial solution has low loss, our local convergence result holds. More-
over, neither the initial loss requirement or the convergence rate depends on the number of student
neuron m. They only depend on the intrinsic quantities of the teacher network. This demonstrates
that gradient descent could leverage the structure of a teacher network without explicitly knowing
information like its number of neurons r or separation A.

3.3. Initialization

Next we talk about how one can find a good initialization to get into the local convergence regime.
We first consider a simple random initialization (see Algorithm 1 in Section E), where the directions
of neurons are chosen randomly, and the norm of neurons are fitted by least-squares. We also give
a more complicated initialization algorithm (subspace initialization, see Algorithm 2 in Section E),
which first estimates a subspace spanned by the teacher neurons and then randomly initialize student
neurons in the subspace.

Theorem 6 For network and loss function L(-) defined in Definition 2, under Assumption 1, 2,

set €pit = €9 = poly(A,r_l,w;im, Wmin), t0 achieve a good initialization that has €;pn;; loss,
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random initialization requires O ((rwm(w /\/Emit)? - rlog(1/ 5)) student neurons and subspace
initialization requires O ((rwmaz/+/€mit)" - r10g(1/8)) student neurons with O(drwy, ... /€3:)

max
samples. Suppose we run GD from either initialization, there exists a threshold ny = O(r~tw,L )
such that for any € > 0, if step size n < nq, with probability 1 — & we have L(WT)) < € in

T = O (rwpmaz/(€n)) steps.

When A = Q(1/7), Wimin, Wmae = O(1), random initialization gives global convergence in
polynomial time for d = O(1); while subspace initialization gives global convergence in polynomial
time when r < O(log d/ loglogd).

3.4. Sample Complexity

Previous theorems require us to optimize the population least squares loss directly, which is impos-
sible in practice with finitely many samples. Here we consider a setting where we have access to N
data points {(x, yx)}_, where xy, are i.i.d. sampled from N(0,7) and yr, = >\, |w} 2x|. In
this case, we can define an empirical loss:

N m r 2
~ 1 .
L(W) = ﬁz <Z [|wsl] \wiTl’k\ - Z |wiT5Uk|> .
i=1 i=1

We can show the gradient on the empirical loss is close to the gradient on the population loss
when the number of data points NV is large enough, which is formalized in Lemma F.1. Based on
this, we can extend Theorem 5 to stochastic GD with mini-batch on training samples. See the proof
and more discussions in Section F.

Theorem 7 For network and loss function L(-) defined in Definition 2, under Assumption 1, 2,
suppose we run stochastic GD on W with N fresh samples within each mini-batch at every iteration,
ie., foranyi € [m]

w{™ = w” — 9, L(W),
where Et() is the empirical loss using the N samples at iteration t. Then, there exists a thresh-
old eg = poly(A,r~Y w, L wmin) and no = O(r~tw,} ) such that for any € > 0, if initial

max

loss L(W(O)) < €, step size n < ng and batch size N > O (T5w5 d277_1e_36_1), then with

max

probability 1 — § we have LW ™)) < e in T = O (rwmaz/(€n)) steps.

This shows that our local convergence results are robust even when we only use polynomially
many samples.

4. Exact-Parameterization v.s. Over-Parameterization

Before talking about our proof ideas, we first highlight the key difference between the exact-
parameterization setting and the over-parameterization setting, and the unique challenges in the
latter setting. Consider a simple example where there is only one teacher neuron w®. In the exact-
parameterization setting, there is only one student neuron w. Suppose w is close to w* within the
distance 0 in the sense Z(w,w*) = J under the normalization ||w| = ||w*|| = 1. Then it is not



ZHOU GE JIN

w1 W, wo

g

Figure 2: Warm-up Example: one teacher, two students

difficult to show the loss (1) is ©(62). This illustrates that the Hessian around global minima is
non-degenerate and positive definite (which is formally established in Zhong et al. (2017); Zhang
et al. (2019)). Such properties immediately imply that the loss is locally strongly convex around
the global minima, therefore gradient descent initialized in a small local region can converge to the
global minima.

In sharp contrast, over-parameterization introduces a significantly more complicated geometry
around the global minimum. Consider again the simple example in the over-parameterization setting
where there are two student neurons and one teacher neuron (Figure 2). The claim below shows that
when there are two student neurons that are d-close to teacher neuron, the loss can be as small as
O(6%) instead.

Claim 2 Suppose teacher neuron w* and two student neurons w1, ws belong to the same hyper-
plane with position shown in Figure 2. If |[w*|| = 1, Z(w1, w*) = Z(wa, w*) =9, |Jw]| = [|wz|| =
1/v2cosd (so that ||w|| w1 + ||wa|| we = w*) for a small enough constant 6, then we have loss
L(W) = 06(5).

Claim 2 indicates that the over-parameterization setting is clearly different from the exact-
parameterization setting. The scale L(W) = ©(5§3) implies that the Hessian at the global minima
must be degenerate, therefore the loss is not locally strongly convex. Intuitively, this is because that
in the exact-parameterization case, we only have a set of isolated global minima. While in the over-
parameterization setting, different global minima are connected and the loss could be small when
the “average” student neuron (||w; || wi + ||wz|| w2) matches the teacher neuron. The observation
above showcases the unique challenge in the over-parameterization setting. A novel geometric char-
acterization as well as corresponding analyses is necessary, which will be developed in Section 5.

5. Proof Overview: Local Geometry and Gradient Lower Bound

In this section, we provide proof sketch for Theorem 4. First, we explain how the gradient lower-
bound can be reduced to constructing a descend direction (Section 5.1). Then in Section 5.2 we
explain the intuitions for why the descent direction works. To prove our descent direction works,
first we show that small loss implies that every teacher neuron has at least one nearby student neu-
ron by constructing test functions (Section 5.3), then we exploit the notion of “average neuron” to
decompose the residual into two terms (Section 5.4) and bound them separately. At the end (Sec-
tion 5.5) we show how one can use Theorem 4 to prove the local convergence result in Theorem 5.

We also introduce following notations about the partition of student neurons that will be used
in our analysis. For every teacher neuron w;, denote 7; as the set of student neurons that are
closer to w; than other teacher neurons (break the tie arbitrarily), i.e., T; = {j € [m]|Z(w;, w}) <
Z(wj,wy) for all k # 4}. Itis easy to see that U;c, T} is the set of all student neurons, and T;NT); =
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@ foralli # j € [r]. Alsodenote T;() = {j € T;|Z(wj,w}) < 0} as the set of student neurons w;
that are ¢-close to teacher neuron w;. Finally we use 0; = Z(w}, w;) to denote the angle between
w; and wj for all j € T;.

5.1. Gradient Lowerbound (Theorem 4): Constructing Descent Direction

We discuss how to obtain the gradient lower bound (Theorem 4). We construct a “descent direction
g(W)” that is correlated to the gradient and prove that (VL(W), g(W)) > L(W) > 0, this directly
implies [|[VL(W)| > L(W)/ ||g(W)]|, which provides the result in form of Theorem 4. Intuitively,
we group the neurons into r + 1 categories, where T;(dmax) represents student neurons that are
within angle dy,ax With i-th teacher neuron (where ., is a parameter chosen later), and the r + 1-
th group consists of neurons not close to any teacher neuron. The direction we construct will move
student neurons closer to their corresponding teacher neurons, or 0 if it is in the last group. Formally,
we prove the following lemma on descent direction.

Lemma 8 (Descent Direction) For network and loss function L(-) defined in Definition 2, under
Assumption 1, 2, there exists a threshold ey = poly(A, v~ w L  wmn) such that for any W
satisfying loss € = L(W) < eo, we have

SV, LOW), (L + 0] )™ (wy — gy sgn(w] w))w?)) > LOW),
i=1 jeT;

where {Gij}icr),jem) is any sequence that satisfies (1) qi;j > 0 for all (i,5), (2) ¢ij = 0if j &

oS LB,

T (Omaz); and (3) ZjeTi(émM) ¢ij ||lw;|| = 1 for all i € [r], where dax = O(rwWmaezw

In Lemma 8, the scalar g;; describes how much fraction of teacher neuron w; that student
w; should target to approximate. Recall that our activation is absolute value function, so there

is a symmetry between w and —w and we identify them as the same neuron. Therefore, (w; —

ij sgn(w;w;‘)w;k) can be unsterstood as the difference between the current student neuron and

<
J
our parameterization of student neural network as f(z) = Y1 |lw;| |w, | instead of f(z) =
S Jw; x| (see Section 2 for more details).

its “optima”. We further multiply it by matrix (I + w;w )~1 due to technical reason raised by

5.2. Descent Direction (Lemma 8): High-level Ideas

We briefly explain why the descent direction we constructed would reduce loss function in this
section. First, we introduce a quantity which plays a key role in the remaining of Section 5:

Wi £ wylfwy; v £ b — w) for i € [r] ()

JET;

Intuitively, w; represents the “average neuron” for student neurons close to teacher neuron w;; v;
represents the difference between a teacher neuron and its corresponding average student neuron.
Note that in the above definition of “average neuron” w;, there is an ambiguity of the direction of
the neurons w; due to the symmetry of the absolute value activation. To break this ambiguity, we
will assume the direction of w; always has positive correlation with wy}, i.e., w;rwf > 0. This is
without of generality because absolute value function is an even function so that intuitively we can
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replace w; with —w; when ijw;-“ < 0 without affecting anything else. In fact, we can show if there
is a descent direction (g(w1), . . ., g(wy,)) for (w1, ..., w,,), then for arbitrary choice of a; € {1}
there is a descent direction (a1g(w1), - .., amg(wy)) for (aqwy, ..., anw.,). We defer the proof
to the beginning of Section C.

In order to prove the Lemma 8, a main challenge is to properly exploit the precondition that
loss L(W) is small. Our strategy is to establish an intermediate result, and prove the lemma by the
following three steps:

1. Show that when the loss L(WW) < e, for each teacher neuron there is at least one student
—5/3

neuron that is dmax = Q(rWmaezw,,;,, et/ 3) close to the teacher neuron.

2. Show that loss L(1V) is small implies that the ||v;|| is small for all ¢ € [r] (average neuron
close to teacher neuron).

3. Show that 1 and 2 imply the conclusion of Lemma 8.

In fact, the third step directly follows from our choice of “descent direction”, and algebraic
computation. We refer readers to Lemma C.2 in Appendix C.5 for details.
For the first step, we formalize it as the following lemma:

Lemma 9 Under Assumption 1, 2, there exists a threshold ¢y = poly(A, r_l,w;L}w, Wnin) and

an absolute constant C such that for any W satisfying loss ¢ = L(W) < eq, if we choose Smax >
~5/3

C : E"l]umaxwmié - €Y/3, then we have |T;(3maz)| > 1 and €T (Sman) Jw;||* > $ [w}|| for all

1€ |r].

The proof uses idea of test functions to lowerbound the loss, and will be discussed later in
Section 5.3.

Now that each teacher neuron has at least one nearby student neuron, average neuron w; is never
0. Our second step shows that the average student neuron is always close to teacher neuron when
the loss is small:

Lemma 10 (Average Student Is Close to Teacher) Under Assumption 1, 2, there exists a thresh-
old eg = poly(A,r=',wy L wpin) such that for any W satisfying loss € = L(W) < eo, we have
{vitiep (defined in (2)) satisfy ||vi|| < poly(r, wmax, AN/ for all i € [r).

The proof of this relies on a characterization of the loss, which we describe in Section 5.4.

5.3. Local Property I (Lemma 9): Lowerbounding Loss using Test Functions

To prove Lemma 9, we show its contraposition — if there is a teacher neuron that does not have a
nearby student neuron, then the loss must be large.

In order to lowerbound the loss, we use the idea of constructing a test function. The similar idea
has also been used in maximum mean discrepancy (MMD) (Gretton et al., 2012), where they use test
function to distinguish two distribution. Here, we try to explicitly construct a test function so that its
correlation with the residual can be lower bounded. Formally, when there is a teacher neuron without
any student neuron within angle ¢, we construct a test function & such that (R(x), h(z))/||h(x)| >

Q(w5/2 320,302 6%/2), where R(x) = Y_7 [|lwill lw 2| — S25_, |w} T x| is the residual. This

min

directly implies that L'/2(W) = ||R|| /v/2 > Q(w5/-2 3/ 20302 5%/2).

mwn

10
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Figure 3: Left: Illustration for nonlinearity and nonlinear region. Here w' and v represent the
vector that is orthogonal to w and v. Right: Test function h(z) in Lemma 9, where
S = {z|jwTz| < 7}.

Our choice of test function crucially relies on the nonlinearity of absolute function. More
specifically, absolution function |w ' x| is a linear function everywhere else except the hyperplane
w'z = 0. We call the neighborhood of this hyperplane ({x||w x| < 7} for some small 7) the
nonlinear region. The key observation here is that the loss in this nonlinear region would be small
only if there is another neuron w’ such that w’ ~ w, and they cancel each other. See Figure 3 for an
illustration. This gives the basic component for constructing test functions for Lemma 9.

Suppose w* is a teacher neuron without any close-by student neurons. We focus on the nonlinear
region of w*, and construct test function h(z) = (|w*"z| — Eg[|w* " z|Is]/E,[Is]) Ls, where S =
{x||w*Tx| < 7} with a small enough 7 (see also Figure 3). Such a test function has almost zero
correlation with any function that is linear in region .S (i.e. terms contributed by student and teacher
neurons far away from w™*). On the other hand, it has a large positive correlation with teacher neuron
|w* T x| term in the residual. See Section C.2 in appendix for detailed bounds.

5.4. Local Property II (Lemma 10): Residual Decomposition

We first introduce the notion of residual and its decomposition, which turns out to the key in
the proof of Lemma 10. For any fixed student neurons W, recall the residual function R(z) =
S Nwill w2 — 20 JwiT x| Intuitively, the residual is the difference between the outputs
of the student network and the teacher network. Clearly our loss L(W) = E,[R(z)?]/2. We also
note the gradient of loss is closely related to the residual as V., L(W) = E.[R(x) ||w;|| (I +

’u‘)ju‘JjT)x sgn(ijx)]. We decompose the residual as follows:

Ri@) 23 vl wsen(u ), Ra(e) 2 Y3 |lwyllw] (sen(w/2) —senwi’2)) . ()
i=1 =1 jeT;

where v; is defined in (2). It is clear that R(x) = Rj(x) + Ra(z). As discussed at the beginning
of Section 5.2, we can fix the direction of student neurons to have positive correlation with their
corresponding teacher neuron, so there is no ambiguity in the definition of “average neuron” w; and
thus no ambiguity in the decomposition 21 and Ry defined above.

Intuitively, each neuron has a linear weight component and a nonlinear activation pattern. R
describes the difference in linear weights, while Ro describes the difference in activation pattern.
In some sense, if one focuses only on 21, then the model becomes exactly parameterized again
because R; only depends on the average neurons w; and does not depend on individual neurons.
Lemma 11 makes this observation more precise.

11
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Using the decomposition and characterizations of R; and Rs, we can now discuss the proof
strategy for Lemma 10.

High-level proof strategy for Lemma 10 To prove Lemma 10, i.e., to show that ||v;|| is small for
all i € [r], we do following two steps.

1. Show that || Ry ||? is strongly convex in (v1, . .., v,). Thus to show ||v;|| is small for all i, it is
sufficient to show that || Ry||* is small.

2. Show || Ry|* is small. Since R; = R— Ry, and we know || R||? = L(W) is small, this implies
| Ry||? is small as we need.

Step1 letv = (vy,...,v,), we observe that | R[> = v Mv = D v M;jv; where

Mi; =E,on(o,1) [:m;T sgn(w;‘—rl‘) sgn(w;-‘T:c)} ) 4)

In fact, M € R4 also corresponds to the Hessian at global minima in the exact-parameterization
case. We can show A (M) = Q(A3 /%), which ensures that || Ry ||? is strongly convex in v. See
the proof in Section C.4.1.

Lemma 11  Under Assumption I, we have || Ry|* > Q(A3 /1) ||v||*.

Step 2 we first observe following upper bound on Rs.

2 2
r

1Bl =Ee | | 30D Nyl w] e (sen(w] @) - sgn(wi™e)) | | <r 2 2 w6}

i=1 j€T; i=1 \jET;

We obtain the upperbound for 7" | ||w;||* and 3™, [|w;||* 62 in Lemma C.5 and Lemma C.6. The
bound for the latter term uses similar ideas of constructing test functions as Lemma 9, but the test
function is more complicated. Combining the two upperbounds we have the following result:

Lemma 12 Under Assumption 1, 2, there exists a threshold ey = poly(A, v~ w, L wmin) such
that for any W satisfying loss € & L(W) < ey, we have ||Ry||* = 0(7“5/210%»{3163/4).

5.5. Proof Sketch of Local Convergence Theorem (Theorem 5)

Theorem 4 proves that the gradient norm is lower bounded by the value of loss function when loss
is small. In order to establish the convergence result, we need to additionally characterize the local
“smoothness” of the loss function.

Lemma 13 (Smoothness) Under Assumption 2, if loss L(W) = O(r*w2,,,), then

max

LW 4+ U) <L(W) + (Vi L(W), U) + O w2 ) L2 (W) [U]32 + O(rwpmas) U5
+o) Ul

We note Lemma 13 is slightly different from the standard notion of smoothness in the optimiza-
tion literature, but it turns out to be also sufficient to prove our result. See the proof in Section D.1.
Furthermore, we can also prove that the function is Lipschitz when loss is small.

12
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Lemma 14 (Lipschitz) Under Assumption 2, if loss L(W) = O(r*w2,,,), then |V L(W)||3% =

3 3 max
O(T wma:p)'

Finally, following the standard linear algebra calculations, Theorem 4, Lemma 13 and Lemma 14
jointly establish the convergence result (Theorem 5). We defer the detailed proof to Section D.3.

6. Conclusion

In this paper, we develop a local convergence theory for mildly over-parameterized two-layer neural
networks. By characterizing the local landscape and showing gradient satisfies a special case of
Lojasiewicz property, we prove that as long as initial loss is below a threshold that is polynomial in
relevant parameters, gradient descent could converge to zero loss. Our result is different from NTK
analysis and mean-field analysis, since student neurons converge to the ground-truth teacher neuron
and we only have mild requirement on the over-parameterization. One immediate open question is
when can gradient descent find such a good initialization. We hope our result could lead to stronger
optimization results for mildly over-parameterized neural networks.
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Appendix A. Discussions about ReLU Network and Absolute Network

A.1. Two-Layer ReLU network and Two-Layer Absolute network

We discuss two ways that reduce learning a two-layer teacher network with ReLLU activation to a
two-layer teacher network with absolute value activation with infinite number of data. Consider
the following problem for learning two-layer ReLU net in the teacher-student setting with Gaussian
input (or symmetric input* as long as E, [z "] is full rank)

2
i B <Z\|’wz!ReLU (w; ZReLU ) . (5)

=1

The first way is to first fit the optimal linear function to the data, that is

2
1 T
* : T * 1
gr = argmﬁmEm 5 (6 x — ;ReLU(wi x))
Since E;[z ReLU(w' z)] = JE,[z2 " Jw (Goel et al., 2018; Ge et al., 2018), we know

- 1
* 1 * 1 * 1
2_1 ReLU(w; 'z) — p* 'z = 5 g |w; ' x|.

This implies once we first find the optimal linear function 5*' z, we can then reduced the problem
to learn a teacher network with absolute value activation.

The second way follows similar idea. We claim that the problem (5) is equivalent to problem
(1) in the way described below.

2
, uin E, <6Ta: + Z ||ws|| ReLU (w; ZReLU ) , (6)
Awi iz,

where we have an additional linear term in the two-layer ReL U student net.

To see the equivalence, let us first optimize S which is essentially a least square problem, we
will obtain 3 = $ Y7, w — 1> |lw;|| w;. Then, plugging in the expression of 3 into (6), we
have

2
{m}irrg E, < Zszle x\—*ZIM w!) ,
Wifi=1

which is exactly the same as the problem (1) where we use absolute value function as activation.
Therefore, our results can also be extended to the ReLU activation case with some modifications as
discussed in the above way.

4. We call x follows a symmetric distribution D if for any x, the probability of observing x ~ D is the same as the
probability of observing —x ~ D.
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A.2. Proof of Claim 1

Claim 1 For problem (1) with ReLU activation, when loss is zero, there may exist a student neuron
whose direction does not match direction of any teacher neuron.

Proof We give one example to show Claim 1 is true. Consider a teacher network that is param-
eterized as f*(z) = >.I_, ReLU(w} x) with >_I_, w! = 0. For the student network f(z) =
S Jwil| ReLU(w, @), let m = r and ||w;|| w; = —w} fori € [r]. Using the fact that ReLU () —
ReLU(—z) = z, we have

f@) = f*(x) =D ReLU(|Jwil|wi' 2) = > ReLU(w; "2) = = > wile =0,
=1 =1

i=1
This indicates that when loss is 0, it is possible that student neuron does not match the direction of
any teacher neuron. n

A.3. Proof of Claim 2

Claim 2 Suppose teacher neuron w* and two student neurons wy, wa belong to the same hyper-
plane with position shown in Figure 2. If |w*|| = 1, Z(w1,w*) = Z(we, w*) =4, ||w1|| = [Jwe|| =
1/v2cosd (so that ||wi|| w1 + ||wa|| we = w*) for a small enough constant 6, then we have loss
L(W) = 6(8).

Proof Since |Jw|| w1 + ||wa|| w2 = w*, we know |lwi || |w] x| + |Jw1| |w] z| = |w* x| when
sgn(w{ ) = sgn(w, z). Thus,

T T T
L(W) =E, (H“JIH ’wl .f’ + leu ‘wl CL" - ‘w x’) Hsgn(wfx)#sgn(w;x)

2
TA TA *T ~
s [T E R T TE ) e N—

where Z is a 3-dimensional Gaussian since the expectation only depends on three vectors wy, ws
and w*. Note that when sgn(w; ) # sgn(w, ), ||w1| |w] Z|+ |Jw || |w] &|—|w*TZ| = O ||Z]]).

Therefore, we know L(W) = O(83). [ |

Appendix B. Proof of Gradient Lower Bound (Theorem 4)

Recall that in Lemma 8 we construct a descent direction and show that it has a positive correlation
llwag for i
or j € T;(9, and ¢;; =0
et (ma) Wwis 1 J (Omaz) &
otherwise, we can show a lower bound on gradient norm.

with the gradient. Then using Lemma 8 with ¢;; =

Theorem 4 (Gradient Lower Bound) For network and loss function L(-) defined in Definition 2,

under Assumptions 1, 2, there exists a threshold g = poly(A,r~!, w;lax, Wpnin) such that for any

W such that loss L(W) < ey, we have
IVw LW)|[p = L(W),

where k = @(7'_1/2107;%2).
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Proof By Lemma 8, we know

Z Z vaL I+ijj) 1( — qij Sgn(wTw Jw;)) > L(W),
i=1 j€T;

where {qi;}icpr] jeim) i any sequence that satisfies (1) ¢;; > 0 for all (4, j), (2) ¢ = 0if j &

Ti(dmaq); and (3) ZjeTi(67rLaw) ¢ij |lw;|| = 1forall i € [r], where dpax = @(rwmaxw;%g - €l/3),
Hence,
, 12 1/2
2 o \— * * 2
22 IV, V)] 2.2 H(I + ;) (w; — g3 sgn(w; w))wy)
i=1 jeT; i=1 jeT; 7
>3 S [V LOV |||+ 5) (5 — g sn o] wi)w)|| = LOW).
i=1 jeT;

To lower bound the graident norm, we have to give a upper bound for the following term.

T
2
Z Z H(I—i—u’)jwj)* (wj — gij sgn(wTw Jw;) <Z Z Hw] gij sgn( w w;wy
i=1 jeT; i=1 jET;
T
2 * (12
<23 > (Il + g 1)
i=1 jeT;
T T
2 * |2
=23 wlP+2> 0> @ llwi?.
i=1 jeT; i=1 jeT;
Let ¢;j = s | 5 for j € T;(dmaz) and g;; = 0 otherwise. We have

EjeTi(‘sma:c) ||’LU] H
r

Yoy o llflerl® sl

i=1 jeT; i=1 €T (bmaz) (ZjeTi((Srna;c) ||ij2) i=1 ZjeTi(émw) H ]”

Using Lemma 9 with S,naz = ©(Fwmaatw, 22> - €1/3), we have D €T (6mas) Jwj||? > & [|w]).

Thus, with Lemma C.5, we have

S+ ww) s — s senteT whud) | <23 S sl 4237 3 6 i

i=1 jeT; i=1 jET; i=1 jET;

<O(rwmaz) +2Y 2w || = O(rwmaz).
=1

Together with (7), we have

IVwL(W)||p = ZZH%L > KL(W),

i=1 jeT;

where k = © (ril/ZwT}}l{f). [ |
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Appendix C. Proof of Descent Direction Lemma (Lemma 8)

We first give the proof of Lemma 8, then give the proof of each step (Lemma 9, Lemma 10,
Lemma C.2) in the proof sketch accordingly in the following subsections.

Before presenting the proof of descent direction lemma, we first show that we can arbitrarily
change the sign of student neurons and still have the direction of improvement. As discussed at the
beginning of Section 5.2, this allows us to assume ijw;“ > 0 for any j € T;. In the rest of this
section, we assume the above always hold.

Lemma C.1 Suppose there exists {g(w;)}jcm) such that W = (wq, ..., wy,) satisfies
> (Vu, L(W), g(wy)) = L(W).
j€lm]
Then, for any a; € {+1} if we replace W with W' = (ajwy, . . ., apwny,), we have
S (Tu LW as(wy)) = LW
j€lm]
Proof To specify the dependency on W, let Ry () £ Y7 |lwi|| |w] x| — i, |w} T z|. Denote
w;, = a;w;. Using Ry = Ry, we have
(Vu, LW ), 9(w)) =Ep | Ry (@) | 9(0y) T (1 + i) sgn(w )|
=E, [RW/ (z) Hw;H g(wi) " (I + W) x sgn(w;»—rzaj)}
=E, [RW/(x) Hw;H g(wj)T(I + Wi} )ajx sgn(w;T:U)}
=(Vu, LW’), ajg(w;))

Since L(W) = L(W’), we know the result holds. [ |

C.1. Proof of Descent Direction Lemma (Lemma 8)

We need the follow lemma to prove Lemma 8. In fact, this lemma corresponds to the third step of
proof sketch as described in Section 5.2. It shows that as long as every teacher neuron has close-by
student neuron and the difference between average neuron w; and w; is small, the direction we
construct is indeed a descent direction. The proof is provided in Section C.5.

Lemma C.2  Under Assumption 2, if ||v;|| < o and |T;(0maz)| > 1 for all i € [r], then
T
YDV, LW), (I + @jw] ) (wj — gijsgn(w] whw!)) = |RI* = O(rPwmasadpes),
i—1 jeT;

where {Gij}icr),jem) is any sequence that satisfies (1) qi;j > 0 for all (i,j), (2) gij = 0if j &
T (0maz)s and (3) ZjeTi((Smaz) ¢ij ||lw;|| = 1 forall i € [r].

Now we are ready to prove Lemma 8 by following the three-step proof sketch in Section 5.2.
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Lemma 8 (Descent Direction) For network and loss function L(-) defined in Definition 2, under
Assumption 1, 2, there exists a threshold ¢y = poly(A, 7= w, L. wiin) such that for any W
satisfying loss € = L(W) < eo, we have

Z Z vaL I+w] T) 1( — Qij Sgn(wTw ) )> > L(W)
i=1 jeT;

where {Gij}icr),jeim) is any sequence that satisfies (1) qi;j > 0 for all (i,5), (2) qij = 0if j &

T;(6maz); and (3) ZjeTi((srna:c) ¢ij ||lw;|l = 1 for all i € [r], where dax = @(Twmaxme/B el/3).

;@‘;’7/13 : 51/3) satisfies | T; (dmaz )| >

1. From Lemma 10, we know ||v;|| < a = O(ru/‘lw%{fo_?’/Q -€3/8) forall i € [r].
Then, by Lemma C.2 we have

Proof Using Lemma 9, we know there exists such d,,,4, = © (rwmaxw

ZZ (Var, LW, (I + wji0;) " (wy — gij sgn(w] wi)w?)) > [ RI* — O(r*wmazad?,ey)-
i=1 jeT;

By the choice of dmam, we have O(r2wpepd2,,,) = O(r?7/* 13/4A*3/2w$2/3 . €25/24)

Then with the fact that || R||*> = 2L(W) = 2¢, when € < ¢g = O(A30w80. 716278 we have

mzn max

P27 Al

E g (Vu, LIW), (I + wijwi;)~ " (wij — gij sgn(ijw;‘)wf» >2¢ — O 71625/24
A3/2420/3

=1 jeT; min

>e€.

C.2. Proof of Lemma 9

We give the proof of Lemma 9, which is the first step of the proving Lemma 8 as described in
Section 5.2. It shows every teacher neuron has at least one close-by student neuron when loss is
small. The proof follows the idea of test function as described in Section 5.3.

Lemma9 Under Assumption 1, 2, there exists a threshold ey = poly(A, v~ w, L wmin) and
an absolute constant C such that for any W satisfying loss ¢ = L(W) < ¢, if we choose Omax >

—5/3 €l/3 then we have T3 (0maz)| > 1 and Z]GT (mas) ||w J|| > 3 wa”for all

C - rWmazW, ;0

i€ r].

Proof The following proof has two parts: In Part 1, we aim to show |T;(0m42)| > 1; In Part 2, we
aim to show >- 5 Jwj||* > L |w;||. Denote erf(z) = % Ji¥ €=t dt as the error function.
We will use ¢ instead of d,,,4, to simplify the notation in the proof. WLOG, assume § < A as we
can choose small enough ¢y = poly(A, =1 w L wmin).
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Part 1: We aim to show every teacher neuron has at least one close student neuron. Assume
toward contradiction that there is a teacher neuron w; such that for all student neurons w;, we have
Z(w}, w;) > 6. Denote set S = {z € RY||w}Tz| < 7}. To simplify notation, we will use w* to
represent w}. Let w be a normalized vector satisfying ¢ = Z(w*,w) > 4. In following part (i)-(iii),
WLOG, assume ||w|| = ||w*|| = 1, w* = (1,0,---,0)" and w = (cos ¢,sin ¢,0,--- ,0) 7. We are
going to focus on |w ' x|, so we can further assume ¢ € [J, 7). Also, we will assume 7, % < cfora
sufficiently small constant c.

(i) Estimate (|w* " z|, |[w'z|)s. We have
T T L[ 279 [ 2/2
(lw* x|, |Jw' x|)s :/ |z e~/ / |21 cos ¢ + x2 sin ¢le "2/ dxg day.
2 J_, S

Note that since ¢ € (0, g], we know x1 cos ¢ + 9 sin ¢ > 0 is equivalent to z2 > —x1 cot ¢. Thus,

o
. _ 2
/ |x1 cos ¢ + 2 sin ple 23/2 dao

— 00
0o ) —x1 cot ¢ 9
= / (21 cos ¢ + xg sin ¢)e*x2/2 dzo — / (21 cos ¢ + xgsin ¢)e*x2/2 dzs
—x1 cot ¢ —00
1 cot @ 9 [e%s) 9 (8)
=1 COS @ e %32/2 dzy + 2sin 10) zoe "2/2 A,y
—x1 cot @ |21 cot |

t
=+ 2mx1 cos ¢ erf <331\c/o§ (b) + 2sin cﬁe*x% cot? ¢/2

This leads to

T T 1 T 2 /9 x1 cot ¢ 2 cot2 /2
(lw* x|, |w' z|)s :%/ |21 |e™ 21/ <\/27m1 cosqﬁerf( 7 )—l—QSin(be_xlCOt ¢/ ) dzq
—T

cos T 1 cot sin T :
= ¢ ’x1|:111@7x%/2 erf( 1\/5 ¢) dzq + ¢ |(l:1‘efx%/23m2¢dx1,
T

Vor Jor
©)

For the first term in (9), we have

/ |x1|xle_x%/2 erf (xlxc/oitdv dz; = 2/ x%e_x?/Qerf <l‘1\(3/0§t¢> dx;.
—T 0

To get the upper bound, using the fact that z1 cot ¢ > 0 and erf(z) < % for x > 0, we have

T t 2 T
1lT1e i er Hicne 1 < — cot xie i T
x w2 g (1PN gy < ¢ | xte 1/2d
-7 \/i m 0

:2\/zcot H(2—(2+ 7'2)6772/2).

To get the lower bound, using the fact that x1 cot ¢ < % < cand erf(z) > = for z € [0, 1],

™

T 2 xlcot¢> \/5 /T 5 2270
z1lzre " 2 erf [ 2222 ) dzy >4/ 2 cot e "1/2 dg
/;‘r’ 1| ! ( \/i b= ™ (b 0 ! !

:\/Ecot p(2—-(2+ T2)67T2/2).

-7

we have
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For the second term in (9), we have

T T
/ |$1|e—x%/2sin2¢dxl — 2/ xle—x§/251n2¢dxl _ 281n2 ¢(1 B 6_72/2Sm2 ¢)'
—r 0

Therefore, combining the above two term, we have the upper bound

«T T cos ¢ \/5 2\ —12/2 2 . 3 —72/2sin? ¢
w |, |lw x))s < 24/ —cotp(2 — (24 7%)e + —sin” ¢(1 — e
(uTa s < <2202/~ coto(2 - (24 r2)e %) + 2 sin o )
2 cos? ¢ 9 72 2 .5 72 T4
< 2— (2 1—— — si —
~ mwsing < 2+7) 2) +7Tsm ¢ 2sin?¢  16sin* ¢
cos?p , sing , 4
= —7 T — —
7 sin ¢ s 8msin ¢

where the second inequality is because 7 < ¢ AT¢ < %T <cand1 — e~ < z? - % < 22 for
x €[0,1].
Also, we have the lower bound

«T T cos¢ |2 2\ _—72/2 2 . 3 —72/25in? ¢
w x|, |lw x|)s > —cotp(2— (24 7%)e + —sin” ¢(1 —e
(Tl s = S22 2 cot o2 = (24 7)) + Zsin o )
cos? ¢ 9 2 2 72 74
> 2—(2 11— — 4 — Z sin® -
= ﬂsinqﬁ( @+r)(1 =5+ 8)> e ¢<2sin2¢ 8sm4¢>
cos?¢p (T4 76 sing , T4
= e TN — —
wsing \ 4 8 T 47 sin ¢

. . . 4
where the second inequality is because 7, ﬁ >0and 1 — e’ > 2 — % for x > 0.
Thus, we have the estimation

si 4
(wTa], [w z))s = i(b# +0 (;) .

(ii) Estimate (1,|w ' z|)s. We have

1 T oo
(1,|w'z|)s :2/ eﬁ/z/ |1 cos ¢ + a2 sill<;5|<fgcg/2 dzg day
T J—r —o0

1 T
=5 e~ o1/2 (\/27‘('1131 cos ¢ erf (xl\(j/(;QS) + 2sin et cot” ‘1)/2) dz; (10)

:COS¢ i l’le_iri/z erf <£C1 C0t¢> dzi + sing [ e_z%/2Sin2¢d.’E1,
SV - V2

where we use (8) in the second line.
For the first term in (10), we have

T ) 1 cot ¢ T 2279 21 cot ¢
rre /2 erf <> dz; = 2/ z1e /2 erf ( dz;.
/;7' \/§ 0 \6
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To get the upper bound, using the fact that 1 cot ¢ > 0 and erf(z) < % for x > 0, we have

T

~ai/2 Wﬁ) \f / LT
z1e” *1/% erf dzy <2 cot zie /% dx
[~ (272°) an =/ no [ atetran

:2\/zcot ) (—Te_Tg/z + \/Zerf <\7/—§)> .

Z_

To get the lower bound, using the fact that 21 cot ¢ < 5 < cand erf(z) > NG for z € [0, 1],

- xlcow) \f / 2 —a2)2
z1e” 1/ erf dzy > cot rie /e dx
/—T ! ( V2 YV ¢ o !

we have

:\/zcot ¢ (—7672/2 + \/Zerf <\%>) .

For the second term in (10), we have

/.

2 /9 ain2 4 2 /92 sin? T
e~ T1/28I0% ¢ 1.0 — 2/ e~ T1/28I0% ¢ .0 — vV 27 sin ¢ erf <> .
1 ! ¢ V2 sin ¢

0

Therefore, combining the two terms above, we have the upper bound

(L, Jw'z))s <

Ccos @ 2 —7'2/2 ™ T M i T
s v () 2ot (i)

2 cos? ¢ 72 \/5 2, |2 T
< —7(1 —
- 7rsin¢> ( ( 2 )+T> * Wsm ¢ T sin ¢

_cos 24 3 2sin ¢

7rsm¢ T

. . . 4
where the second inequality is because 7 < ¢, = < %T <ecl-— e’ < 2?2 - % < 22 for
x € [0,1] and erf(x) < % forz > 0.
Also, we have the lower bound,

(L, Jw'z))s

. . . 4
where the second inequality is because 1 — e’ > 2 — % for x > 0 and erf () >

forxz > 0.

>

v

> sin¢

cosgp [2 22 T T sin ¢
o ;cotqﬁ (—T€ + \/gerf (\/§>) V27 sin ¢ erf (fsmqﬁ)

COS2 _(1_L2+L4)+ _L?) +\/551n2¢ \/5 T . 2 7'3
7sin ¢ 4 G T wsing  3y/7 2y/2sin?

T — .
i 3msing’

2z 2 .3

S

Thus, we have the estimation

(1, [wTz))s = 28;“57 L0 <T;> .
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(iii) Determine g. Let g = % which implies that

(lw* x| — g,g)s = 0.

Note that
*T 1 T —x2/2 2 —72/2
(lw m],l)gz—m |z1|e” 1/ dxy = ;(l—e )
-7
1 T 2 T
(1L, 1)s e/ 2 Az =erf [ — ).
~Vor ). V2
Thus,

(w*Tz|,1)s \/51 —e T2 1 3
g=——F————=\——F5+ == +0(7).
(1,1)s ™ erf(ﬁ) 2 ()

(iv) Complete the proof. Note that

1 T 2 2 2
* * _ 2 —x%/2 _—\/7 —7/24—\/7” < 7 ))
w o r,lw T —— i€ 1 dl’ — | —Te *erf —— y
<’ ‘ | ’)S /72 . 1 1 < 2 \/§

! 2
(L Tal)s = o= e =2 ey,

Now, combining with the results in (i)(ii)(iii), we have

(lw* 2| - g,9)s =0,
(lw* x| — g, |w*Tz))s = (Jw* T 2|, |w* T z])s — g(1, |w* T z|)s = O(?),

o () (o) (o () 505

In the following, we will no longer assume ||w*|| = 1, and will directly use ||w*||. Recall that
Z(wi,w*) > & and R(x) = S0 [lwg|| w2 — Y0, |w T x|. We have

(' Ta - g, R(x))s >0(7) | }:HwJHwIHD( ) E:HUUHHM\H)< )

J#i
" Twmax7_4 %
~ (ot -0 (") ) ol

where we use § < ¢, 6 < A and Lemma C.5.
Hence, when 7 < <U%min § with a sufficiently small constant ¢1, we have (lw*Tx|—g, R(z))s >

O(73) ||w*||*. Thus,

* T _ R 2 3

<|w*Tx| -9, ’w*‘l'$| - Q>S 73 ?na:v

(jw'Tal - g, lwTal)s| =

Cir w?naz
=L_—maz ¢ with a sufficiently large constant C, we

min

where we choose 7 = S¥min§  Since §° >
TWmaz
have

e>E,no.n (Z lJwi | |w; z| — Z w*Ta:|> =||R|* > |R|% > e,

which is a contradiction.
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Part 2: We aim to show that the total mass of student neuron is large. Assume toward contradic-
tion that there exists a teacher neuron w} such that 3.7 ) [w;| < % ||wi||. We follow the same
notations and assumptions as mentioned at the beginning of Part 1. We also assume ¢ < c for a
sufficient small constant c.

We are going to show that when ¢ < 6, h(¢) 2 (|w* x| — g, |w ' z|)s is non-increasing, i.e.,
R (¢) < 0. With (9)(10), we have

erf(ToL2)
W(g) = <2€T2/2(€T2/2 —-1)+ \/ﬂefTQ/QT erf <T>> 7\/2
V2 Trerf(ﬁ)

+4 OwenT(7,cot ¢) — 1 + 2¢> sin ¢
T

(s e () - fyren (7)) T o

hi(T)

+ (4 OwenT(7,cot ¢) — 1 + % + \/LQ? erf <TC\(/);¢>> sin ¢,

ha (‘Tr,‘ﬁ)

where OwenT(z, a) = 1 be *(1+t%)/2 1+t2 dt.
For hi(7), we have

ha(r) =27 2(e7 T2 — 1) + V2me T/ TGrf(}) \/Zrerf
)

T T
=2e 7/2( /2 +\/> Terf<\[ + 5
o £9) i i 09
- VT2 VT2 2
:_L+L<
4 8
where in the first inequality we use erf(z) < \2/"5, T -1 g—x+%2for:z:20and7'§cin the

last line.
For ha (7, ¢), by Lemma C.8 we have ho(7,¢) < 0 when 7, ¢ < c.
Therefore, we have h'(¢) < 0 when 7, ¢ < c¢. This implies that when 7, ¢ < ¢,

h(g) = (|0 x| — g, |w'z])s < (|@*Ta| - g,[@* T z])s = h(0).

In Part 1, we know that when 7 < ¢,

(5 2| — g, [wTzl)s| < © (%) . Thus, if

7 < min{c, ¢} and ¢ > ¢, we have

* T4 — % — %
(157 el = g Ju"als| < 0 (Z) < (107 al - . T = O()
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In summary, we have when 7 < min{c, ¢?},
(@ x| =g, lw'z)s < (j0* 2| - g, |0 z])s.
Recall that R(x) = 37, [Jw;| w2 — Y1, |w} T x|, we have

(Tl — g, R@))s = ol (ol = 3 sl ) (@l — g, o Tas
JET;(6)
Yyl uw*ue( ) S s | e H@< )
JEMI\T;(0) J#i

= (o6t -0 ("me ™) )

where we use § < A and Lemma C.5.
Then, following the same argument at the end of Part 1, we get the contradiction

€>E, N, (Z wil| [ 2| — Z w*Txl) = |RI* > |IRIIS > e,

which finishes the proof.

C.3. Lemma C.3: Property of The Residual

Before we give the proof of second step (Lemma 10) and third step (Lemma C.2) of the proof
sketch, we first present the following result that characterize the property of the residual. This
lemma will be useful in the later analysis. Recall that we have the residual decomposition that
R(z) = Ri(z) + Ra(z). The two terms have different properties — one can further show that Ry is
“flat” (whose value is uniformly bounded for all x) while Ry is “spiky” (whose value is large only
in a local region), see also Figure 4. More precisely, we have

Lemma C.3 (Property of The Residual) Under Assumption 2, if ||v;|| < a forall i € [r], then
Ry, Ry as defined in (3) satisfy |R1(x)| < ||z|| rae and Ro(z) > 0, for all .

Proof It is easy to verify R(z) = Ry(z) + Rz(x) for all x.
For Ry (z), we have

Zv x sgn(w

For Ra(x), note that for any x, i € [r] and j € T;, we have

|Ri(z)] =

.
vl @ Sgn(w;‘Tw)’ <> il llzl < rerfl] -

w;—x(sgn(wj—-rm) — sgn(w} ' x)) > 0.

Therefore,

x) = Z Z [|w; || ij:U (sgn(wjT ) — sgn(w*Tx)) > 0.

=1 jeT;
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Ri(x)
Jwllw] @ (sen(w] @) - sgn(w; )
O(llwj|* )
O()
---------------------------- S - - ----------- gaxis
O(a) wit wjL
Figure 4: Illustration for the decomposition of residual R(x) in Lemma C.3 (assume ||z| = 1).

<«

Here w represents a vector that is orthogonal to w, and HZ er, lwjllw; —wf
forall i € [r].

C.4. Proof of Lemma 10

In this subsection, we first following the proof sketch in Section 5.4 to give a proof of Lemma 10
(the second step of proving Lemma 8). Then, we give the proof of Lemma 11 and Lemma 12
respectively. In this subsection, we focus on the residual which is invariant with the sign change of
student neuron. Recall the discussion at the beginning of Section 5.2, we can assume w;rwl’-‘ >0

for all j € T; due to the symmetry of the absolute value function.

Lemma 10 (Average Student Is Close to Teacher) Under Assumption 1, 2, there exists a thresh-
old eg = poly(A,r=', w, L wpin) such that for any W satisfying loss € = L(W) < eo, we have
{vi}ie[ (defined in (2)) satisfy ||vi|| < poly(r, wmax, A_1)63/8 foralli € [r].

Proof
For Ry, from Lemma 11 we have || R ||* = Q (f—;) [ v]|? .

For Ry, from Lemma 12 we have || Ry |? = O(r5/2w71n/3$e3/4).
With || R||? = 2L(W) < 2¢, we have

A3/2
) ( w2 ) loll < IRl < IRI + [ Rall = O(2 + 72 uwgfa %),

2
= Jleil* < flol* = O (112wl A2 - /1) with our
choice of e. m

which leads to szeTi |wj]| w; — w}

C.4.1. PROOF OF LEMMA 11

Before proving Lemma 11 (the first step of proving Lemma 10), we need the following lemma that
shows M is positive definite. The proof relies on the fact that teacher neurons are A-separated. Intu-
itively, this matrix M corresponds to the Hessian matrix at global minima in the exact-parameterization
case. When teacher neurons are well-separated, one can imagine this matrix is positive definite.
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Lemma C.4 Under Assumption 1, for matrix M € R defined in (4), we have Apin(M) =
QA3 /r3).

Now given the relation between || R; || and matrix M, we are ready to prove Lemma 11.

Lemma 11  Under Assumption I, we have || Ry|* > Q(A3 /1) ||v||*.

Proof Recall that Ry (v) = >/, v,z sgn(w} "z). We have

2
|R1|? =E Eyn(o.1) (Zv x sgn(w) x)) — v M,

where M € R¥4" is a matrix with block entry M;; = E[z2 " sgn(w} ' x) sgn(w T2)] as defined

in (4)and v = (v1,...,v,) € R%. Therefore, we have || R1||* > Q(A3/r3) ||v]|*. [

We now give the proof of Lemma C.4. The high-level idea of this proof is that when teacher
neurons are well-separated, it is hard to cancel the nonlinearity induced by each teacher neuron.

Proof [Proof of Lemma C.4]
WLOG, assume |w}| = 1. Denote vector v € R% with |[v|| = 1 as v = (vy,...,v,) ", where
v; € R%. Tt suffices to give lower bound on v' M.

2 2
T T T
v Mv =E, Z'UJTI' sgn(w;Ta:) > ZEK ZU]T.%' sgn(w;fo) Is, |, (11)

where set S; will be determined later and satisfies S; N.S; = & for ¢ # j.
Denote S(w,§) = {x € R¥||w"x| < &} as the nonlinear region of neuron w. We will use
S (d)to represent S(w},d). Also denote

A(a, B8,61,02)

= {z]|a" x| < &y, there exists y such that [T y| < 61, |8 y| < 02, (I —aa" )z = (I — aa )y}

as the projection of S(cv, 61)NS(f, 62) onto S(cv, 41) in the direction of a. We will use A (3, 1, 92)
to represent A(w;, 3,01, 02).
Let set

Si = 5700\ (Vjep) A7 (w], 01,01))

with 01 = O(A) and 61 < 1. Itis easy to see that S; N S; = & for i # j, since S (d1) N S5 (1) C
Sx(61) ﬁA*(w d1,01). By Lemma C.7, we know

2 62(1 +cos A)
Ex[Ls; 50)] 2 \[T 00 Eallarpaan) < 2R

Together with sin x > 2?’” for 0 <z < I, we have

2
E.[ls] > Q (51 _ 7"2) — o0,
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where ¢; is a constant.

In the following, we focus on one term in (11), and show it can be lower bounded. That is,
2

E.no,1) Zv;x sgn(w}‘Tx) Ig,

Forany z+ € S 2 8,10 S;(%) N {z|w; Tz > 0}, let

_ 1 __
om =at - Sy, x++:x++§w;~", " =27 - §w].

We know that when 2+ € S;, =, 2"+, 2=~ € S;. Further, we have
— — * 5 * T
zm €S, £S5 OS( )ﬂ{x\w x <0},
et e St 28N <S*(51) \ S*(51)> N {z|w; "z > 0},
1)
TesS; T ESN <S*(51) \ S ( 1)) N {z|w Tz < 0},

and ST USTTUS US T =6,
Consider g(z) = > %_, v :c sgn(w*T:U) on these four data points ™, 2, 27, 2~ ~. Note that

when data has the form x = :17+ + yw} for any fixed T € S;, we have g(z) = a + BTx +
T

v, = sgn(w; T1), by the choice of S;. Here o, 3 only depend on the choice of 2. Thus,
0-g(z™") —g(z™7) —gla™) +29(27)

=0- <a + 8Tzt + 6—2111):‘) + o, (a7 + 52111):‘)) - (a + 8T (&t = 6w} — v (zF — 51w’»"))

)

1) )
—(a+/6’Tx++viTa:+)+2<oz+ﬁT(:E+—;wf)—v-T(x+— 1w;‘)>
——ZUTWL,

- %

which indicates that max{|g(z* )|, |g(z=7)],|g(T)|, [g(z7)[} > 3|v; =T
Note that

Ew[QQ(x)HS’;] :(27r1)d/2/._92(x)e—||x||2/2 da

1 _ +,<Llw*
~(em? /Sj et - Gune

1 T 2 51 2
T Sz‘

+

>e VOE,+ [gP (a7)gH],
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where the second line is because we change z to ™ — %wj, the third line is because w; "2+ > 0,
and the last line is due to §; < 1 and 2~ = 27 — %w;‘. Similarly, we have E, [gQ(x)]ISi__] >
e 2R, + [QZ(x__)HSf] and Ex[QQ(:c)]Iqu > e 38K, ¢ [92(x++)]15j]'

Therefore,

]EI[QQ(x)HSi] :EI[QQ( )(Hs+ "’]I +Hs++ +1I ——)]
> VR, [(P(a") + 2a) + 2 )g* (277 ))Ig+]

7

1
>— I+HU $+‘2H ]

=W

where we use max{|g(z )|, [g(z~ )|, [g(z™)|, lg(z7)I} = 3]vf 2 7T].
Recall that

SZ-+ =S5 NS; ( 2 ) N {z|w; T > 0} = (S (= ) N {z|w; T > 0}) \ (Uje[r],#iAi (wj,dl,dl)) .

By Lemma C.7, we know

1 763
Eollgr] = 5 | Ballg )] - Y. Ellazwraen] | 29 <51 - Al> = c201.
Jelr].g#i
Let Sf = S(vs,\/F201). By Lemma C.7, we know Ey[l44/] < G 61. Hence, EDIS*\S*’] > 26
and [v 27| > \/F 201 Jvg]| for zt € S\ S+ Therefore,
E.[g*(2)ls,] > lof a* P, o] 2 m 302 0nl By Lo g0
i Si _4\/> m+ i Sj‘\sjL 4\/> 8 i zt hg+\ S+
™ CgA
264\/60355’ loil|* = [
Therefore, by (11), we have
T T 3 3
c3A 2 A 2
02 P EAPWIS] 2 Y25 il =9 (55 ) Il
i=1 i=1
which implies that Apn (M) = Q (%”) m

C.4.2. PROOF OF LEMMA 12

We need the following two lemmas to prove Lemma 12 (the second step of proving Lemma 10).
Lemma C.5 claims that when loss is small, the sum of norm of the student neurons would be
bounded by a fixed quantity. Lemma C.6 claims student neurons should not be far away from
teacher neuron when loss is small. See more discussions and corresponding proofs in the next two
subsections.
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Lemma C.5  Under Assumption 2, if loss L(W) = O(r’*w?2,,,), then Y i_, > jer Jw;||> =
O(rwmaz)-

Lemma C.6  Under Assumption 1, 2, there exists a threshold ey = poly(A,r=1 w, L wimin)
such that for any W satisfying loss ¢ = L(W) < €, we have >__, > et [Jw;]|? 5]2 = O('/?).

Now we are ready to prove Lemma 12 by combining above two lemmas and Holder’s inequality.

Lemma 12 Under Assumption 1, 2, there exists a threshold ey = poly(A,r~1, w, L wpmin) such
that for any W satisfying loss € & L(W) < o, we have ||Ry|* = O(r‘:’/gw},{gxe?’/‘l).

Proof Recall that Ro(2) = > 11 3~ jcr, [|wyll ijx (sgn(w;x) - sgn(wfx)). We have

2
s
2 *
IRell” =Eaniony | [ 0D ol @ (sen(w] @) — sgn(uw; )
i=1 jeT;
2

,
<Y ey | | 2 Iwjllw @ (sen(w] 2) - sen(u; "))
=1 JET;

In the following, we focus on one term in the above sum. Since we use absolute value function
as activation, WLOG assume w;—w;* > 0 for all j € T; as discussed at the beginning of Section 5.2.
We have
2
Epenon | | 2 lwsllw] @ (sen(w] ) - sgn(w;Tx))
JET;

= Z Epn(o,n) [HwJH w;-rx Njw || wy z (Sgn(w;r:n) - sgn(wf—rac)) (sgn(w;—m) - sgn(w;‘—rm)ﬂ

J,ke€T;

< > ellwy|® lfwy | ;6% min{d;, 64}

3,k€T;
2

2 :3/2

<er | Y [fwi* 8
JET;
1/4 3/4\ 2
2 2
<er | [ D2 llwyll > lwy|? 67
JET; JET;

:O<r1/2w}n/¢3x63/4)7

where we use Lemma C.10 in the first inequality, Holder’s inequality in the last ineqality, and
Lemma C.5 and Lemma C.6 in the last line.
Thus, we have || Ry||* = O(r5/2w71,{3163/4). [
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C.4.3. PROOF OF LEMMA C.5

Intuitively, when loss is small, the norm of student neurons are bounded. The proof follows by
simple calculations.

Lemma C.5  Under Assumption 2, if loss LOW) = O(r*w?2,,,), then > |_; > jer, Jw;]|? =
O(rwmaz)-

Proof We have
2 2 9
' T T '
e (S o) | < | (S bt o] | 2 | (STl
i=1 jET; i=1 jET; i=1 i=1
=O0(r*whey)-
Also, we have
2 2
T '
T
e (S ] e (S5 e
i=1 jeT; i=1 jeT;

where ¢ is a constant. Thus, >\ | > lwj|| = O(rwmaaz)- |

jer, |

C.4.4. PROOF OF LEMMA C.6

Recall that §; = Z(w], w;) as the angle between w; and w; for all j € T;. Lemma C.6 upper-
bounds the weighted norm of student neurons by the value of the loss, where the weights depend
on the angle between student and teacher neuron. Since more weights are assigned to the student
neurons that are far away from any teacher neuron, this lemma implies that if there are many far-
away neurons with large weights, then the loss is also large. The proof idea is to use test function as
described in Section 5.3. We construct a test function such that it has large correlation with far-away
student neurons and almost zero correlation with teacher neurons and near-by student neurons.

Lemma C.6  Under Assumption 1, 2, there exists a threshold eq = poly(A,r~!, wr_,l%m, Winin)
such that for any W satisfying loss ¢ = L(W) < €, we have >_._, > et [ w; || 5J2- = O(/?).

Proof Since we use absolute value function as activation, WLOG assume w;—w;‘ > 0forall j € T;
as discussed at the beginning of Section 5.2. We will first choose our test function in (i) and then

complete the proof in (ii).

(i) Choose test function. Let h(z) = /T — >, U%hl(w;'fx) be the test function, where
hi(z) is I-th Hermite polynomial, 6; is [-th Hermite coefficient of absolute value function and

[ = 2max{[log P 11,1}. See Section C.7 for the definition of Hermite polynomial and some
cos 2

properties. By Lemma C.11, we know 67 = ©(I73/2). We are going to estimate (h(z), R(x)),
where R(z) = Y1, |lw;| |w," @] — S°1_, |wiT x| is the residual.
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By Lemma C.11 and Claim C.1, for any w with ||w|| = 1, we have

(o ), lw ' xl) = 6 (w; 2y (w ' 2)] = 6y(w], w),
k=0
2
(1w z]) =4/ =
T

Denote ¢ = Z(w], w). When sin? ¢ < 2/I, we have

sin? ¢
4 )

1 l
(—hy(w}Tx), |w'z]) = cos' ¢ = (1 —sin® ¢)1/? < 1 — Zsin2 p<1-—
i

where we use (1 — 2)" < 1 — % for z € [0,1/n]. When sin? ¢ > 2/I, we have

(- ()T, T ]) = cost ¢ = (1 — sin? 9)'/2 < (1 - ;
gl

This implies that <U%h (wrTz), ]w z]) <1-— Smj % holds for any ¢.
Further, when Z(w}, w) > 7, by the choice of [, we have

/2 .2
2> Slgl_sm ¢‘
e

1 A
0 < (=hy(w} z),|lw'z]) < cos! = <e.
oy 2
Note that for j € T; and k # i, we have A < L(wj,w)) < Z(wy,w;) + L(w),w;) <
2/(wj,w;). This indicates that /(w},w;) > A/2 for all k # i. Thus, for j € T;, we have
T T T —~, 1 —xT T
(h(2), Jwj 2]} = /5 (L [wj z[) — Z<glhz(wk x), |wj z[)
k=1
. 25
> <1— (1— — J) —(r - 1)e> |
1 .92
= 7 llwjllsin”8; — (r — 1) flw]le.
We also have for every teacher neuron wy,
s 1
(o ) = 5 0 s o) = S T, o
=1 ¢
1
= 1-1=) (hy(wi a), |w} =) | [Jwi] <o0.
. 01
k#j
Therefore, for residual R(z) = .7 | |lw;| |, x| — Y I_, |w} T 2|, we have
(h(z) Zuw,nsm 6i—(r—1 Zle|]e> ZHw,HSln 8i — O(r*wmaz€),

where we use Lemma C.5 in the last inequality.
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(ii) Complete Proof. Recall that || R||* = 2L(W) < 2¢. From (i) we could have

»JMH

m
Ik V2e > Rl |IR] = (h(x) Z lwi | sin® 8 — O(r*winaze),

We now estimate the norm of /. Recall that 67 = ©(1~3/2), we have

2
—* ™ 1 —k  —%
Inl* =E ([Z i ) =5t ) (W)

:F+O(l3/2r25)20<1+r elog/ 1>.

2 cos(A/?) €

Therefore, we have

1 — 1 & ,
- > llwil 67 < ZZ ||w;]| sin? 6; < ||k V2€ + O (r?wpmqze)
i=1 =1

1
=0 <61/2+7“ Winaz€ + T 63/210g3/21 > ,

cos(A/2) €

which finishes the proof. |

C.5. Proof of Lemma C.2

Finally, we give the proof of Lemma C.2, which is the third step of proving Lemma 8. It shows that
when the first two steps (Lemma 9 and Lemma 10) hold, the inner product between the gradient and
descent direction can be lower bounded. The proof is involved and relies on algebraic computations.

Lemma C.2  Under Assumption 2, if ||v;|| < o and |T;(dpmag)| > 1 forall i € [r], then

S S VLV, (1)) s — g s ) > IRIP — O Pmaraiay),
1=1 j€T;

where {Gij}icr),jem) is any sequence that satisfies (1) qi;j > 0 for all (i,5), (2) qij = 0if j &
T (0maz); and (3) ZjeTi(dmax) ¢ij ||lw;|| = 1 for all i € [r].
T

Proof We focus on the case where w;

from Lemma C.1. Recall that residual R(x) = "1, |Jw;| |w; 2| — > I_, |w}T x|. For any student
neuron w; where j € T;, we have

w; > 0 for all j € T;. The general case directly follows

(Yo, LOW), (1 +05357) ™ (= gigw))
=E, | R(@) [[w;] (w; - gije]) @ sgn(w] @)]
B, |R(@) (Il | [w] 2l = aij ;] w} " a]) |

+E,; [R( )qij |Jw; ]| wi T (sgn(w Tx) — sgn(w;— ))} .
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Sum over all student neurons w;, we have

Z D AV, LIW), (I + wjivg) ™ (wy — gijw))

i=1 j€T;

=E, |R*(z) + R(z Z Z Gij |Jw; || wi e (sgn(w Tr) — sgm(w]T ))

1=1 j€T; (12)

—IRI*+E. |[R@) Y > ayllwgl i e (sen(wie) - sea(w] @) |

I (z) |

where the last line is because we set ¢;; = 0if j & T;(0maz)-

We are going to lower bound the second term E,[R(z);(x)] in the last line. Note that when

sen(w; ' x) # sgn(w;rx) we have w} 'z (bgn(w*Tx) - sgn(w—gﬂ) = 2|w;} " z|. Hence,

Es | Ri@)as sl wi e (sen(w?2) — sen(w] 2)) |

:2(]1']' ||wJHE |: ( )|w*T$|Hsgnw :E);ésgnw x:|

=205 | Bx [Ra(2) - 0Tl gt )|

I

2035 0l B [Ra(2) - 10} 0l 7a) sgniaT o))

I3

where R;(x) and Ry(z) are the residual decomposition as defined in (3).

According to Lemma C.3, we have the residual R(z) = R;(z) + Ra(z) satisfies |Ry(z)| <
||z|| 7, Ro(x) > 0 for all z.

For the first term I, recall that Ry (z) = Y7, v, x sgn(w} Tz) and |v;]| < o. We have

i=1Yi

r
E; Rl( )‘w*Tx’Hsgn (wf )#sgn(w;x)] = Z E, {v:x Sgn(w;ka) ‘w;{—rx’Hsgn(w;ﬁa})#sgn(w;x)}

i=1
r
T T
> = > il lwf N Bal1t )1} T | lgnue T2 sgnuT )
=1
T
~ 12
E Z o sz*” 5JE§J[H$H Hsgn(wf-ri’)yésgn(w;rj)]
i=1
=— clrwmazaég,

where in the second to last line & represents a 3-dimensional Gaussian since the expression only
depends on three vectors v;, wj, w;, and we use Lemma C.9 in the last line and c; is a constant.
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For the second term I3, recall that Ry(z) > 0. Hence,

* T
Eg [RQ(J})’U)Z xmsgn(wam)#sgn(w;x) > 0.
Therefore, we have
T
E. [R@)(x)] ==Y > 2c1qis lwjl| rvmesad]
i=1 jeTi((gmam)
T
> — 2017"1117,1(1%04(5,2,“19C Z Z ¢j |lwj|| = —201r2wmama(5%wz,
1=1 jeTi(émaz)
where in the last line is because >, s, .y Gij |wij|| = 1 forall i € [r].

Thus, with (12) we have

Z Z<ijL(W)7 (I + ijj)il(wj - qijwi)) = ”RH2 - O(r2wmaxoz572nax).

i=1 jeT;

C.6. Technical Lemmas

Lemma C.7 Consider o, 3 € R with ||| = ||B|| = 1 and x ~ N(0, ). Denote Z(c,3) = ¢,

then if sin ¢ > 0, we have
2. 5 2
\/;516 2 SEZ’[HIQTIK&] < \/;51,

62462426165 cos ¢
91(d2 + 61 cos @) e_% <E, (L] < 91(d2 4 61 cos @)

)

7 sin ¢ 7 sin ¢

where A = {x||aT x| < 61, there exists y such that |a"y| < 61, |87 y| < 62, (I — )z = (I —
T
ac’ )y}

Proof WLOG, assume o = (1,0,...,0)" and 3 = (cos ¢,sin¢,0,...,0)" with ¢ € (0, 7). We
first prove the first inequality. We have

1 _ad 2 s
Eolljo721<s,) =Ealljzy|<6,] = N3 e 2dr = \/;/(Kx L dzy.
1{>01 >T1x01

Therefore, we have the upper bound
2
Ey []I|aTx|§61] < ;617

2. o
EI[H\aTﬂSél] > ;516 2.
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Now, we prove the second inequality. We have the set A is

A ={z||z1| < 91, there exists y such that |y;| < 01, |y1 cos ¢ + yasin@| < o, k2 = y2,...,Tq = ya}
={x||z1| < d1, there exists y; such that |y1| < d1, |y1 cosd + zosing| < o}

When cos ¢ = 0, we have A = {z||z1| < 01, |z2sin¢| < da}. Thus,

1 Gt 23
E,[I4] = / e_2dac1/ e 2 dxs.
dm |z1]|<d1 |z2| <2

We could have the upper bound

1
Eol4] < — - 201 - 265 = 5152
47

and lower bound

v
DO
(=9
I\
Q)

\

1 _9
When cos ¢ # 0, we have

A ={z||x1| < 01, there exists y; such that |y;| < 61, |y1 cos ¢ + xasin@| < da}

(52 — X2 sin¢ —52 — X9 Sil’lqb
{zllea] < 0, cos ¢ Z —o, cos ¢ <o}
b9 + 61 cos ¢

={z||z1]| < b1, x| <

sin ¢ b

Thus,

1 o _s3
E.[l4] = — e 2dr e 2 dxy.
47 |z1]|<81 |x2|gw

sin ¢
We could have the upper bound
E,[I4] < 1. 267 - 2(02 +‘51 cos @) _ 91 (02 —1—.51 coS qS)’
am sin ¢ sin ¢

and lower bound

2(6y + 01 cos ¢p) _ Batdicose)? 5 (65 4 61 cos ¢) 82463426155 cos ¢
2A%2T AR '

2sin2 ¢ 2sin2 ¢
sin ¢ 7 sin ¢

1 52

Lemma C.8 Suppose 0 < 7, ¢ < c for a sufficiently small constant. Then, we have

2¢ t
h(t,¢) = 4OwenT (7, cot ¢) — 1 += + (TCO ¢>
where OWQI’IT(:Uy a) 1 a e T (1+t2)/2 1+t2 dt and erf( ) l 0:): e*tz dt.

0 N

38



LocAL CONVERGENCE FOR MILDLY OVER-PARAMETERIZED TWO-LAYER NEURAL NETWORK

Proof We have
d(r,d) 1y oemims - T _o-2gfe)aly oo
N7 — 2e sin — e = — 7—, .
dp sin® ¢ Wl
Further,
7'2 7—2 co 2 7'2 co 2
dha(r, ¢) = 7—2 9%¢ zins — 2B e 5 ¢T200t2¢
dr sin” ¢

7’2(302 T2
= 7—2 e <262 —2+7’200t2¢>
sin“ ¢
T T2C0t2¢t T2 2 2
> e 2 21— —)—2471"cot
sin2¢ < ( 2) ¢

=— e 2 T%(cot?’¢p—1) >0,

where we use e=* > 1 — x when « > 0 in the first inequality and ¢ < % in the last line.

Hence, when ¢ < %, hi(7,¢) > h1(0,¢) = 0. This implies that if h(7,¢o) < 0 for some

¢o < 7. then we have h(7, ) < h(T, ¢g) < 0.

We are going to show that when ¢y = arccot 3 < T and 7 < ¢, we have h(7, ¢g) < 0.

dhir,d0) _Festenrcotgy  f(TUE) \/5622 wt(7EO000)
dr T Vor V2
<<1_72cot2¢0+74c0t4¢0> T cot ¢ 1 2 7cotgo
- 2 8 ™ V2r VT V2
2<172> (27‘cot¢o 2 T3cot3¢o)
™ 2)\vm V2 3T 2V2
B (cot ¢o cot? d>0> 3. (cot5 ¢o cot? ¢> 5 3

T 6m 8 61 =

3 5
—T —T <
27 87 07

2x 2z3

where we use e < 1 —x + %, e ¥ >1—x and erf(x) > WA for x > 0 in the first

inequality, and 7 < ¢, ¢g = arccot 3 in the last line.

Therefore, we have h(7, ¢g) < h(0,¢g) = 0, when 7 < ¢. Together with hy(7,¢) > 0 when
¢ < T.weknow h(7,¢) < h(1,¢9) <0,when7 < cand ¢ < 7. [ |

Lemma C.9 Consider o, 8 € R3 with Z(«, ) = ¢ and o™ B > 0. We have

Em[HxHQ Hsgn(aTz)yésgn(,BTac)] = O(d))

39



ZHOU GE JIN

Proof WLOG, assume o = (1,0,0)" and 3 = (cos ¢, sin ¢,0) . We have

2
EJ»‘[H:UH Hsgn(aTIﬁéSgn(,@TI)]
=Kz, 20,23 [(1‘% + I% + x%)ﬂsgn(m);ﬁsgn(ml cos ¢+x2 sin (j))]

:Eth [(l‘% + x%)ﬂsgn(m);ésgn(m cos ¢+ sin (;5)] + Em,xz [Hsgn(a:l)yésgn(m cos g+ sin d))]

1 o 2T
:? ree”" /2 d?"/ ]Isgn(cos 0)#sgn(cos ¢ cos 0+sin ¢ sin ) dg
™ Jo 0
1 2 2 2
+ % re " / dr/o I[sgn(cos 0)#sgn(cos ¢ cos 0+sin ¢ sin 0) d¢
=0(p).
|
Lemma C.10 Consider wj, wy, w* € R with |w;|| = ||wy| = ||w*|| = 1 andw;—w*,w,;rw* > 0.

Denote ¢j = Z(wj, w*) and ¢y, = Z(wy, w*). We have
0<E, [w T-wpx (sgn(w]T ) — sgn(w*Tx)> (sgn(wk x) — sgn(w*Tx)ﬂ = O(¢j¢r min{¢;, ¢ }).

Proof Given that there are only three vectors w;, wy, w* and z ~ N (0, I), it is equivalent to con-
sider a three dimensional Gaussian & € R? that lies in the span of wj, wy, w*. In the following, we
slightly abuse the notation and use x to denote this three dimensional Gaussian.

For any z, it is easy to see that

w]—-rar: (sgn(w]T ) — sgn(w*T:U)) >0, wz (Sgn(w,;rx) — sgn(w*T$)) > 0.

Therefore, we have the lower bound

Eson(o,n) [w;x wy @ (sgn(w]T ) — sgn(w*Tx)> <sgn(w,1—x) - sgn(w*Tx))} > 0.

For upper bound, note that when sgn(ija;) # sgn(w* 'z ) we have w z = O(¢; ||z||). Simi-
larly, we have w} x = O(¢y, ||z||) when sgn(w] x) # sgn(w*" x). Thus, we have

Eqn(o,1) [wTaj w;x (sgn(ij ) — sgn(w*Tac)> (sgn(w,jaf) — sgn(w*Tx)ﬂ

SO(qud)k) I[‘|m|| Hsgn(wa);ésgn(w*Ta:) sgn(w] z)#sgn(w* T x )]
SO(¢J¢1€) mln{E [H‘rH Hsgnw z)#£sgn(w* T x) ] [H‘TH Hsgnw z)#sgn(w* Tz )]}

where we use Lemma C.9 in the last line. [ |
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C.7. Some Properties of Hermite Polynomials

In this section, we give several properties of Hermite Polynomials that are useful in our analysis.
Let Hy, be the probabilists’ Hermite polynomial where

Hy(a) = (1) e/ (e )

and hy = ﬁH & be the normalized Hermite polynomials.

The following lemma gives the Hermite coefficients for absolute value function.

Lemma C.11 Leto(x) = |z|. Then, o(x) = Yy~ 6xhi(x), where {hy}32 , are Hermite polyno-
mials and

0 , k is odd
2 _
0y = 1 B
= k=2

(_1)5—1, /ﬁ(k —3) | kisevenandn > 4

are Hermite coefficients of |x|. Here, 5% = ©(k~3/2).

Proof We calculate 6, for the following cases. Case 1: k is odd.

Since hg(x) is odd when & is odd, we have
br = (0(x), hi(2)) = —— /OO b (z)e " 2dz = 0
k s Ik \/ﬂ . k .

Case 2: k = 0.

50 = (0(x), ho(x)) = \/12? /OO 2le= " 2ds = | 2.

™
Case 3: k = 2.
2 = ((2), ha(w)) = —— /°°|9”2‘1 2y =
09 = (0(x), ho(x)) = x| - -e T =
2 2 \F

Case 4: kisevenand k£ > 4.
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When £k is even, we know hy, is even. Thus,

br = (0(2), hu(w W/ —e—w/de
k z2/2 d —x2/2 fx2/2d
e e e x
\/277 k: / dﬂfk( )

—J:2/2 d
\/271' k’ / dxk (c )do

2(—1 k dk 1 2 S o) dk—l 2
= 20D x———(e /2) _/ — (e /2y dw
V2 - k! dz 0 o dx
_2(=1)F ( 572 e OO)
B Vo - k! dak—2 (6 ) 0
2
“Vrr Hy—(0)
2

— k‘(_1)§—1(/€—3)u,

T -

k .
where we use Hy(z) = (—1)’“6902/2%(6*””2/2) and Hy(0) = (—1)¥/2(k — 1)!! when k is even
(Abramowitz and Stegun, 1948). |

The following is another helpful property of Hermite polynomial.
Claim C.1 ((O’Donnell, 2014), Section 11.2) Let (x,y) be p-correlated standard normal vari-
ables (that is, both x, y have marginal distribution N (0, 1) and E[zy] = p). Then, Elhy,(z)h,(y)] =
0" Omn.
Appendix D. Proof of Local Convergence (Theorem 5)
In this section, we first show that the loss function is “smooth” (Lemma 13) and Lipshcitz (Lemma
14). At the end, we give the proof of local convergence theorem (Theorem 5).
D.1. Proof of Theorem 13

As the first step to prove local convergence theorem, we show that the loss function satisfies
“smoothness”-type conditions as below. The proof is involved and relies on algebraic computa-
tions to carefully bound each term.

Lemma 13 (Smoothness) Under Assumption 2, if loss L(W) = O(r*w2,,,), then

LW 4+ U) <L(W) + (Vi L(W), U) + O(r w2 ) L2 (W) [[U]32 + O(rwmaz) U5
o) U5

Proof Denote the residual as

m T
T T
2) = > lwyl o] ) = 3 i .
j=1 i=1

42



LocAL CONVERGENCE FOR MILDLY OVER-PARAMETERIZED TWO-LAYER NEURAL NETWORK

Then, we have

LW +U) — L(W) — (Vy L(W), U)

1 1
:§Efc [R%/V+U(x)] - 5Ee [R%V(x)] —E. |Rw(z Z [yl u (I + wjw )xsgn(w;ra:)
J=1
1 2
=5 Bz [(Rwu(2) — Rw(2))”]
Iy
+E, |Rw(z) | Rwiv(z) — Z lwjl|w) (I +w;w] )z sgn(w, z)
j=1
Iz
For term I, let v; = ||w; + uj| (w; + u;) — ||w;|| w;. Note that

Il <2 (o + 1w = gl + o + sl 1)
2 (I I NP + ey + 511 )
<2 (3 |yl + 2l 1) g1
Hence, we have

2

I =K, [(Rw+o(2) = R (@))2] = Ex | | 3 (Hlwy + sl (w; 4+ w5) "] = | sl ] ]
7j=1

{ Z I |
(i [

1=

—

2
m 1/2
(Z (611> + 4 g l?) ™ |

J

—_

m m
2 2 2
<co > (6wl + 41w l) - S s
j=1

J=1
2

mmeuwH +0(1 Znujn :

7=1

where we use Lemma D.4 in the third line, and the last line is because of Lemma C.5.
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For term I5, we have

I =E | Rw(z) | Rwyv(z) — Zuwjnu (I +w;w; )z sgn(w; z)
m
=E | R (@) Y (1 lwy + g (w0 + )Tl = | gl w] 2l = [y |} w] (1 + 5] ) sgn(w] )
Jj=1
L I(z)
m
<> IRwl 5]
j=1

Denote o = ||w; + || (w; + u;) and B = |Jwj]| (wj (I + wjw; D ]> In the following, we
drop the subscript j for simplicity. We have

||| =E. [(yaw - BT:zsgn(wTw))Q]
<2, |(a"al = 187al) " + (7 o(oen(5"0) - spnu" )|
<2E, [((Oé - 5)Tff)1 + 2K, [(ﬁT ) sen(8Tz );ésgn(ww)]

2
=2||a - 8| + 2E, [(M) Hsgnmwsgn(m} -

I3

For first term ||ov —

, let g(w) = [Jw|| w. By Lemma D.1, we know
9w +u) = g(w) + (Vuwg(w), u) + A,

where || A|| < ¢ ||ul|? for some constant ¢;. Note that g(w-+u) = o and g(w) + (Vg(w), u) = B.
Hence, we have [|a — ]| < ¢ ||ul|*.
For second term /3, by Lemma D.2, we have

2 5 . BlI?
I3 =E, [(6T$> Hsgn(ﬁT:v)isgn(wa)] H H (¢ —singcos¢) < Hﬂ_” 37
where ¢ = arccos( " w) and we use ¢ — sin ¢ cos ¢ < ¢ for ¢ > 0.
Denote 6 = arccos(w ' ). We have
Blw  w|® +2w|ww _ [[wll + 2 |Jul| cos 8

cos ¢ =

81Tl = 1AMl
o]l + 2 [ul| cos 6
V Urwll +2 Jull cos 6)? + [u]]? sin? 6

\/lel2 + lull* + 3 [|ul® cos? 6 + 4 [[w]| ul| cos
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Note that cos ¢ < 1 — %2 for 0 < ¢ < 7. We have
, 3/2
e 18P () ol +2 Ju cos6

T \/(HwH + 2 ||ul| cos 8)2 4 ||u||* sin? @

Note that when ||u|| = 0, it is easy to verify that I3 = 0. In the following, we assume ||u|| > 0.

(13)

Case 1: ||w| > 4ul.

In this case, we have ||w|| + 2 ||u|| cos 6 > @ > 2||ul| > 0. Using 1 — \/ﬁ < %2 with (13),
we have

3/2
592 || 5| Jul[2 sin? 6 /
I3 <
w \ 20wl + 2|l cos 6)?

5372 ol (ol + 2 Jul cos0)2 + [ju] i 0)

3 . 3
= 0
23/ [l + 2 [[u]| cos 0] " [ sin 6]
_ 5 ol (ol + 2 ullcos )2 + Julsin®0 s o
2327 | [Jwl] + 2 [|u|| cos 6] | lwll 4 2 ||ul| cos 0]
53/2 sin’ 6 .
< g 2(1+ 225 flw]| [fulf? | sin 62

—23/21
3
<4 [lw]| ||ull

4

Case 2: ||w| < 4]ul.
In this case, we have ||§]|2 = |[w]? ((ku + 2 ul cos 8)2 + ||u||? sin? 9) < 592 ||ul|*. With

(13), we have I3 < 592|jul* 53/293/2
- ™
Combine above two cases, we have I3 < co max{||w| ||u|?, ||u|[*}, where ¢; is a constant.
Therefore, we have || 1;|| < c3 Inaux{|]wj||1/2 ||w; H3/2 , l|u;]|*}, where ¢z is a constant. This leads to

m m
1/2 3/2 2
L <Y IRwll ] < [Rw > esmaxflwg |2 [l 12, g1}

j=1 j=1
m m
<URw D es g 172l P72+ 1 Rwl] D s g
j=1 j=1
1/4 3/4
T m m
2 2 2
<cs|[Rw |l [ D llwyll > gl +es | Rwll Y il
j=1 j=1 j=1
where we use Holder’s inequality in the last line.
Denote ||U||7 = Py ||u;]|*. With Lemma C.5, we have
LW +U) = L(W) = (Vw L(W), U)
<h+1
3/2
<O(rwmaz) |U1l3: + OQ) Ul + O wlld Y LV2(W) U] + O LY2(W) U5

=O(rY wlA ) LY > (W) U3 + O(rwmas) |UI% + OQ) [U][ 5
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D.2. Proof of Lemma 14

The second step is to show the loss function is Lipschitz, i.e., the gradient norm is upperbound. The
proof follows from simple computations.

Lemma 14 (Lipschitz) Under Assumption 2, if loss L(W) = O(r*w2,,,), then |V L(W)||3% =

maz’
O(r’wy0).
Proof Denote R(z) = > 31" >~ e, [[wyll ]w;xl — > |wiT 2] as the residual. For any k € [m],
we have
IV LV = |[Ex [R(@) o] (1 + wean] )z sgn(w] )|

= [[wk ] || Eq ZZnglllw | = le”w! (I + wpwy )z sgn(wy )

1=1 j€T;

< Jwll

By [l | o] /(1 + @] )z sgn(w] )|
i=1 jET;

“w x| (I 4 Wy, )z sgn(wy x) ”D

<lwell { DD lwsll?*-01) + > llwi| - 01
i=1

i=1 jeT;
<O(rwmaz) |lwil|

where we use Lemma D.3 in the second to last line, and Lemma C.5 in the last line. This leads to

IVw LOV)IIE = 3 ||V, LoV < O(r*w}g,) Z lwjl* = O(r*whay),
j=1
where we again use Lemma C.5. |

D.3. Proof of Theorem 5

Now we are ready to prove the local convergence result given the smoothness and Lipschitz of loss
function.

Theorem 5 (Main Result) For network and loss function L(-) defined in Definition 2, under As-
sumption 1, 2, suppose we run gradient descent on objective (1):

w@(tﬂ) = wl(-t) —nVu, L(W), forany i€ [m]

there exists a threshold eg = poly(A, vt w,l  wmin) and ng = O(r~tw,L.) such that for

any € > 0, if initial loss L(W(O)) < eg and step size n < 1, then we have L(W(T)) < ein
T = O(Twmax/(en)) steps.
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Proof Using Theorem 13 with u; = —nV,,, L(W), we have

LW +U) <L(W) — ||V LIW)|[% + O 2 4wl ) LV (W) |V LOW) |3

max
+ O rwmaz) [ Vw LW + O (") [IVw L(W) [
<LW) = (1= O (W2 A wl k™ 4 P rwmas + 7' whas ) ) IV w LOV) |
2
<L(W) = =L (W),
where in the second line we use gradient norm upper bound (Lemma 14) and gradient norm lower

bound (Theorem 4), in the last line we use Theorem 4 again and n < 79 = O(r~tw,! ). This
implies that

2
LWEDY < Lw®)y - %LQ(W“)).

Then, note that 0 < L(W D) < L(W®), we could have
1 1 R LW 1 nK?

< — -
L(W®) = L(W(t+1) 4 LWED) = LW (D) 4
This implies that

0< 1 < 1 — m—’i
L(W©) = L(W®) 47

4 rw
(t) < . o (0) _ . max
L(W ) mm{t K2’L(W )}mln{O( 7 >,60}.

Therefore, we have L(W(T)) < ¢ for some T' = O (%) [ |

which leads to

D.4. Technical Lemmas
Lemma D.1 Let g(w) = ||w|| w. Then, g is (1 + \/3)-smooth.
Proof The gradient is

Vug(w) = Jw| (I +aw").

Note that when w = 0, V,,g(w) = 0.
For any u, we have

IVwg(w +u) = Vuwg(w)| g
=0 4+ ull (1 + wFwTFET) — oll (7 4+ 0|

— _ T
<Nl + wll = )Ty + ||l + wl o FwwFa - ol ooT||

< |l + H lw+u|vFuwTa - |ul meHF .

I
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Since V4,¢(0) = 0, when w = 0 or w+u = 0, itis clear that | V,g(w + u) — Vyg(w)||p < 2 ||ul.
For I;, we have

., 2
1= lw+ulwFawFa — fulowT||
2
—tr ((Hw tulwFawTa — || mT)

2
=l +ul® + ]’ =2 |lw + u| |uw] (wFu" o)

T_ 2
=(llw + ul) = w)? +2 [l + u] ] (1 ~ (wru'w)
2 ——— T _\?
<l + 2w+ uf o) (1 - (wFa"w) ).

Denote = arccos(w ' @). Then,

2
0 0
o Ll ellled o] + [ cos
w w u 2 2
VIl + Jul + 2wl u] cos6

Il fulieost
VUl + lll cos )2 + P sn 0

Hence,
— T2 lw + | [[w]] ul sin® 6 [wlsin?6
o+ al ol (1~ (77" a)") = S = .
(J[wl] + [Jul cos )2 + [Jul®sin? @ [[w + ull
It is easy to check ”ﬁ;‘)‘fun”e < 1. Thus, we have I? < (14 2sin#) ||u||* < 3 |lul|*. Therefore, for
any u
IVwg(w + 1) = Vag(w)|p < (1+V3) |Jul .
|
Lemma D.2 Consider o, f € R? with ||| = ||3]| = 1. Denote ¢ = arccos(a' 3), then

1 .
Esz(O,I) [(IBTx)QHSgn(aTac);ésgn(BTw)] = ;(qb — sin ¢ cos ¢) = @(¢3)
Proof WLOG, assume (8 = (1,0,...,0)" and o = (cos ¢,sin ¢, 0,...,0) . We have

IE:{;NN(O,I) [(/BTx)zﬂsgn(aTx#Sgn(ﬁTx)]

:ExNN(O,I) [x%]lsgn(xl cos ¢+x2 sin (b);ésgn(xl)]

1 ] 2 2m
= % / T36 /2 dr / C052 Hﬂsgn(cos 6 cos ¢+sin 0 sin ¢)F#sgn(cos 0) de
0 0

/24
—1-2-2/ cos? 6 do
w/2

(¢p —singcos¢) = %((b — sin ¢ cos ¢) = O(¢°).
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Lemma D.3 Consider o, B € R with |a|| = || || = 1. We have

Proof WLOG, assume = (1,0,...,0)" and o = (a1, 0,0,...,0) .
We have

—( x~N(0

B, [lo 2l + 88T san(8T2)] || = o).

Eenon [la7ol(1 + 88T ywsen(5 7o) |

Ezno.1) [|Oé1x1 + aowo|(1 + 55T)$8gn(m)} H2

1 llaazy + aows| - 221 - sgn(x1)])? + (Eponon [Jarer + ases| - 2 - sgn(z1)])”
<E.~n(0,1) [(|0415U1 + agwa| - 221 - Sgn(fﬂl))ﬂ + Eznn(o,1) [(|0415U1 + agwa| - w2 - Sgn(xl)ﬂ
<AE, N1 [Jorm1 + asxo|? - (21 + 23)]

<AE,. .y, [(2F + 23)7]

=0(1),

where we use Jensen’s inequality in the first inequality. |

Lemma D.4 Consider a; € R? for i € [n]. We have

E o (Zm xr> s%@uaﬁy

where ¢y is a constant.

Proof We have
T T T
<Z|O‘i fﬂl) =E, | Y loj allajz|| < collaill flogll = co (ZII%II) :
i=1 ij=1 ij=1 i=1

To prove the first inequality above, it suffices to prove the following
T T
Eenon |lod allaf @] < co ol gl

Note that the LHS above only depends on two vectors, so it is equivalent to consider the expectation
over a 2-dimensional Gaussian z. We have

T T 2
Epno |l0] 7lla] o] = Baunon |lof #lla] 71| < ol ol B [1317] = co llaal ol

where ¢ 18 a constant. |
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Appendix E. Initialization

We present the details of two initialization algorithms: (1) random initialization (Algorithm 1) and
(2) subspace initalization (Algorithm 2) and prove their correctness respectively in the following
two subsections. At the end of this section, we give the proof of Theorem 6.

E.1. Random Initialization (Algorithm 1)

Random Initialization (Algorithm 1) initializes the direction of neurons randomly and adjust the
norm of neurons by least-squares. In the proof we show that as long as every teacher neuron has at
least one close student neuron in direction, the solution returned by least-squares will be small.

Algorithm 1 Random Initialization
Input: number of student neurons m.
Initialize student neurons as wy, we, . . ., wy, ~ N (0, 1)
Set new student neurons W/ = (w),...,w},) as w, = /z7/ ||w;| - w; where {2}, is the
solution of the following least-squares problem

1 m T 2
min -E, Zzllw:xl —Z\w;-"Tx]
{2} :Vi€[m],z;>0 2 —

=1

Output: W’

Lemma E.1 (Random Initialization) Under Assumption 2, for any €;nye > 0, if we use Algo-
rithm 1 with m > mgy = O ((Twmax/,/emit)d . Tlog(l/é)), then with probability 1 — §, we have
L(W') < €init.

Proof For simplicity, we use € instead of €;,,;; in the proof. Recall that after random initialization,
we adjust the norm of student neurons by setting new student neurons W’/ = (wf,...,w),) as
/

w; = /2] / ||w;|| - w; where {2}, is the solution of the following least-squares problem

1 m T 2
i “E Nw! x| — *T
{Zi}&}@ler[lm]zgo 5La <Z zi|w; x| Z |w; m\)

i=1 =1

Therefore, it is equivalent to consider wy, wa, . .., w,, ~ Uniform(Sy_1). First, we are going to
show that for every teacher neuron w;, with probability 1 — § and with O(y4log %) neurons, at
least one of these neurons satisfy /(w, w}) < 7.

Note that for a single neuron w,

2 [/ sin?"2 6, d6,

o sin®2 6, do,

P(£(w,w]) <) = = Q9.

Hence, with O(y~¢log %) neurons, the probability of none of these neurons satisfy Z(w, w}) < v
is at most (1 — Q(yd))o(fdlog%) < 4. Therefore, with m > mo = O(ry~log }) neurons, we
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guarantee that with probability 1 — d, every teacher neuron has at least one student neuron satisfy
L(w;,w)) <.

Then, we show that if every teacher neuron has at least one student neuron satisfy Z(w;, w;) <
7, then after doing least square to fit the norms |jw;]|, the loss L(W) < O(r?w2,,.~v*). We prove
this by constructing a feasible solution that satisfy the constraints.

Denote student neuron w; as the one that satisfies Z(w;,w}) < ~. Let z; = ||w}|| / ||w;] for
i € [r] and z; = 0 otherwise. Consider the least-squares objective under this case, we have

2 2
1 m T . 1 T . ~ .
L(W) =3E, (Zzan—ZWﬂ) - SE, (anin (|wa|—|wﬁx)>
=1 =1 i=1

2
1 - * _ —N
<3| (S it a0

i=1

) 2
T
€0 _ _
=35 (Z ot | o — w:\) = 00wl )
=1

where we use Lemma D.4 and Z(w;, w}) < + in the last line.

Therefore, let v = O(r~w;, . .€'/?), we know after least square L(W) < e. In this case, we
d
need m > mg = O <r (%) log % neurons at initialization. |

E.2. Subspace Initialization (Algorithm 2)

Subspace Initialization (Algorithm 2) first uses samples to estimate the subspace space spanned by
the teacher neuron. Then following the same argument in Random Initialization (Algorithm 1), if we
random initializes the direction of neurons in this subspace and adjust the norms by least-squares,
we could have a small initial loss.

Algorithm 2 Subspace Initialization

Input: number of student neurons m, number of teacher neuron r, N samples (z;, y;) where x; ~
]Y\(O, Iandy; = >0, |wiTay.

Let M = & Zf\;1 yi(ziz] —1I).

Let S be the subspace spanned by the top-r eigenvectors of M and Q € R be a matrix
formed by an orthonormal basis of S.

Initialize student neurons as wy, wa, . . ., Wy, ~ N(0,QQT).

Set new student neurons W/ = (w),...,w},) as w, = /z}/ ||w;|| - w; where {2}, is the
solution of the following least-squares problem

m s

2
1
. o) Ao T el *T
P S (Zzﬂwl x| Z:|wZ x’)

i=1 =1

Output: W’
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We need the following results for our second initialization that show the span of top eigenvectors
of M is approximately the span of teacher neurons. Recall that f*(z) = S"7_, |w} T z|.

Lemma E.2 (Claim 5.2, (Zhong et al., 2017), with our notation)
T
M 2B, xon [7(@) (w2 = 1)] = 3 llwf | wiw;” (14)
i=1

Lem@g E.3 (Lemma E.2, (Zhong et al., 2017), with our ngtation) For M defined in (14), de-
note M = + SN ) (] — T). If there are N = O(d/e?) samples (i, y;), where y; =
f*(x;), then with probability 1 — § we have

H]\/i— MH2 = O(TWmaz€)-

Lemma E.4 (Lemma 3.6, (Diakonikolas et al., 2020), with our notation) For M defined in (14),
let M € R¥ pe a matrix such that HM - M ’ ‘ ) < eand letV be the subspace of R? that is spanned

by the top-r eigenvectors of M. There exist r vectors v € V such that

, 2
Ezn(o,1) <Z B EDY !wz‘TmO = O(r*wmaze).
i=1

Now we are ready to prove the lemma for Subspace Initialization.

Lemma E.5 (Subspace Initialization)

Under Assumption 2, for any €;n;; > 0, if we use Algorithm 2 with €;,;; < O(r wmax) N >
Ny = O(drSwi /€2 ) and m > mg = O ((rwmaz/+/€mit)" - rlog(1/4)), then with probability
1 -4, we have LIW') < €t

Proof For simplicity, we use € instead of €;,;; in the proof. We use dto represent an upperbound of
7. From Lemma E.3 and Lemma E.4 and N > Ny = O(drSw?,,, /e?), we know with probability
1 — ¢ there exists 7 vectors v(*) € S such that

2
s
% o (z|u —zrwmo <2
=1

Since wy, wa, ..., Wy, ~ N(0,QQT) and Q € R¥*? is a matrix formed by an orthonormal
basis of S, we are effectively sampling in S. That is, w; = Qu; with u; ~ N(0,I3). Then,
following the similar arguments in proof of Lemma E.1, we know using m > mg = O (r’y_d log %)
neurons, with probability 1 — & every v(?) has at least one close enough neuron w; in the sense of
Z(v® w;) <~ and when z; = Hv(i)H / |Jw;|| for i € [r] and z; = 0 otherwise, we have

2
) O(7?).

m T 2 T
%Ex (Z zilw x| =) Iv(i)Tﬂc|> = (Z Hfu(i)
=1 =1 =1
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By Lemma C.5, we know 37, [|v@|| = O(rwinqg). Therefore, let v = O(r~lw;L €'/2), we

have

m I8 2
E. (Zzz-lw? w—ZIv“”ml) — 00w 0?) < /2.
=1

i=1
Hence, the loss after least square is bounded by

r 2

T 2 m T
L(W) <Ezun(o,n (Z 0 | — Z \wfx]) +E; (Z zilw] x| - Z ’U(Z)Tﬂ) <e
i=1 i=1 i=1

i=1

d
This implies when m > mg = O <r ( %) log (15>, the loss after least square is at moste. M

E.3. Proof of Theorem 6

Now we are ready to prove Theorem 6 given the above two initialization procedures.

Theorem 6 For network and loss function L(-) defined in Definition 2, under Assumption 1, 2, set
€init = poly(A, r—1 w;@}m, Wpin), to achieve a good initialization random initialization requires
O ((rwmaz/+/€mit)® - rlog(1/8)) student neurons and subspace initialization requires

O ((rwmaz/+/€mit)" - rlog(1/8)) student neurons with 6(dr6wfmz/efmt) samples. Suppose we
run GD from either initialization, there exists a threshold ny = O(r~‘w,,. ) such that for any
€ > 0, if step size n < 1o, with probability 1 — § we have LW D)) < e in T = O (rwmaz/(€n))
steps.

Proof Set €;,;; = o = poly(A,r~ 1w, L  wmin). By Lemma E.1 and Lemma E.5, we know
the initial loss returned by Algorithm 1 and Algorithm 2 satisfies L(WW’) < ¢y. Then, combining
Theorem 5 we finishes the proof. |

E.4. Student-Teacher Neuron Matching and the Lottery Ticket Hypothesis

In this subsection, we give a more detailed discussion about the connection between student-teacher
neuron matching as indicated in our local convergence result and the lottery ticket hypothesis (Fran-
kle and Carbin, 2018). The lottery ticket hypothesis suggests that one can prune a neural network
such that even if we only train the neural network with a small subset of randomly initialized neurons
(the pruned network), we can still have a model with good performance. Our local convergence re-
sult shows if one can maintain at least one student neuron close to every teacher neuron at every step,
gradient descent will eventually converge to the global optimal solution and recover the teacher neu-
rons. This gives a partial explanation for lottery ticket hypothesis int the two-layer teacher/student
setting — as long as the initialization contains student neurons that are close to each teacher neuron
and one can prune away neurons that were not close to teacher neurons at initialization, then the
training process will converge to the global optima. Intuitively, the two initialization algorithms
in Section E use least-squares to prune away the useless neurons given enough number of student
neurons at initialization.
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Appendix F. Sample Complexity
Recall we have the empirical loss
2

N
1 T
S 93 P AIEETES st
k=1 \ i=1 j€T;
where N sample {(z, yx)} are i.i.d. sampled from z; ~ N(0,1) and yy = f*(z) = >0, |wi 2kl
We first give the following concentration result that shows when the number of sample is large

enough, the gradient on empircal loss is close to the gradient on population loss.

Lemma F.1  Under Assumption 2, for any fixed W, if loss L(IW) = O(r*w2,,,) and the number
of data N > O (r3w3,,,d*e~26~1), with probability 1 — § we have

HVWE(W) - VWL(W)HF <e
Proof We have
i (HVWE(W) - VWL(W)HF > e)

2 T 2 - T 2
S P [HVWL(W ~VwL(W)| ] 2> ey [vajL(mijL(W)H ]
j=1

=N E, ‘(anmw x| — Zm*%) lwjll (I + ;@] )z sgn(w] @) — Vo, L(W)
j=1

2

=2¢N"' Y B, H(Z!wlew 2| - le”x!> ;| (I + j; ) sgn(w; )
j=1

22N ||V, LOW) |17

j=1

We now bound the first term above. We have

H(Zszll wi' @] - le*Tﬂ) ;| (1 + w0, )z sgn(w; =)

2

=4 wj[|*Eq ||| (lewzlllw | - le*Tf':I)

2
<4jw;|*Es | ll* (ZHMH +ZHwZH>

:O( made) H ]”
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where in the last line we use Lemma C.5, which gives > ", szH2 = O(rwmqz). Hence, use
Lemma C.5 again, we upper bound the first term by O(e 2N~ 1r3w3 . d?).
For the second term, from Lemma 14, we know

Z vajL(W)H2 = O(T3w2m$)'
j=1
Therefore, we have
P ([T Ea) - VL] 2. = 0 (Ptha ).

By our choice of N, this finishes the proof. |

Given the above concentration result, we are ready to prove Theorem 7. The proof is very
similar with the proof of Theorem 5.

Theorem 7 For network and loss function L(-) defined in Definition 2, under Assumption 1, 2,
suppose we run stochastic GD on W with N fresh samples within each mini-batch at every iteration,
ie., foranyi € [m]

WY = w,gt) — nvwizt(W),

7

where Et() is the empirical loss using the N samples at iteration t. Then, there exists a thresh-
old ey = poly(A, v~ 1w, L wmin) and ng = O(r~tw,,} ) such that for any € > 0, if initial

loss LW ) < e, step size n < ng and batch size N > O (rPw), . d®n e 3671), then with

max

probability 1 — § we have LW T)) < € in T = O (rwmmaz/ (en)) steps.
Proof By Lemma 14, we know
IVwLW)F = O wyas).
By Theorem 4, we know
IVw LW)|[p = L(W),

r—1/2 *1/2)

where k = ©( Wimnaz )-

Now, using Theorem 13 with u; = —anjE(W) , we have
~ ~ 3/2
LW +U) SLW) = n(Vw LW), Vw LOW)) + 02 it 2w |V Zw)|

~ 2 ~ 4
+ 00 rwmes) [Vw L) |+ 00" [Vwon)]| .

Using Lemma F.1 with N > O(r3w? d2€;2(59_1) samples where 63 <1 [V L(W)|)?, then

max

with probability 1 — §, we have HVWE(W) - VWL(W)HF < ¢4. Hence,

(VwL(W), VwLW)) = [Vw LOW)|Iz: + (Vw LW), Vi L(W) = Vi L(W)
> [V W) = [Vw L) | ||V ZW) = Vw LW

1
> IV L)
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[vwZom)| " < (19w 2wy + |[owEw) - wron)| )" < 00) 1vw Lo 32
[owEam|[, <2 ivw Lo +2 |[vwEw) - vwron)|[, < on) vauwm%-
With the above bounds, we have

LW +U) <LW) = (0= O (02 il k72 4 i wae + 01wk ) ) IV w LOV)I

where in the last line we use n < 19 = O(min{r‘l/ me}zéf/@ T 1“’771}195 ). This implies that with
probability 1 — 4,

2
LWy < Lw®) — %LQ(W”)).

Then, note that 0 < L(W D) < L(W®), we could have

L 1 R LW 1 nR?
LW®) = LWty 4 L(WED) = L(WED) 4

This implies that

1 1 tnk?
< - )
LWy = Lwo) 4

4 rw
MY < mi - (U QU _max
L(Ww )_mln{tan,L(W )} mln{O( i ),60}.

Therefore, with probability 1 — T'd,, we have L(W)) < einT = O (’”‘”m“> Setting 6, = 0T
and €, = 1ke < 1 ||V L(W)||» finishes the proof. [

0<

which leads to
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