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A. Proof of the Decomposition of the Gradient of the Score Function
Proof. Firstly we have
Vope(h|v) / vpo(h|v)
- / Vopo(hlv)dh = V, /pg(h|'u)dh _V,1-0, 0

and similarly we have [, (n|+) [Vo log pe(h|v)] = 0. Thereby, we have
Vo log pe(v) = Vo log pe(v) + Epg (hjv) [V log pe(h|v)] = Epy (h|v) [V log pe(v, b)),

and similarly we have Vg log pe(v) = Ep (hjv) [V log pe(v, h)].
Taking derivatives to Eqn. (1) w.r.t. 8, we have

6vv 10gp0 (h|’U)

Epg (hlov) {30} + Epg (hlv) {V log pe (h|v)

510gpe(h|’0)} _o. 2

00

The second term in the left side of Eqn. (2) can be written as

510gpe(hv)}

Epo(hlv) | Vo logpe(hlv) 90

=Epo(nlv) 7. logpe(v, h) alogpe = } po (h|v) [Vv logpe(v)émggw}

=Epo(nlv) 105 po (0. h) alogpe o }

=Eopg (o) v logpe(”’h)fmg;g#- Epg (hjo) [V log p (v, h){ﬂ()%?(w}

=Epo (o) 2 10gp9(”’h)%w- = Epg(njv) [V logpe(v, h)] 81%1;9(1})

B [V logp g(v’h)ah}%ﬁv’h)_ — Epo(nfw) [V 10g po (v, B)] Epg (nj0) [W]

:COVpg(h\v) (vv 10gp0 ('U, h)v Vo IOgﬁH (’U, h’)) = Covpg(h|v)(vv IOglﬁH (’U, h’)v Ve IOgﬁG (’U, h))
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Thereby, we have

OVylogpe(v) OV, logpe(v)

00 o 90
OV, log pe (v OV, log pg(h|v Olog pg(h|v
:T() +E;D9(h\'u) |:89(|) +Epe(h\v) Vo logpe(hh))%
OV logpe (v, h 0logpg(h|v
:Epe(h|‘v) |:800():| +E;Ue(h\v) |:Vv logps(hh))%
OV log pg(v, h ) i
:Epe(hl'v) |:gazg():| + COVpe(h|'v) (V'u logpg(’v, h), vs logpo (/v7 h)) 0

B. The Tractability of the Commonly Used Divergences between Posteriors

The tractability of the KL divergence or the Fisher divergence between the variational posterior and the true posterior in
EBLVMs has been shown by Bao et al. (2020) and we restate the results for completeness. Besides, we also analyze the
tractability of the reverse KL divergence, the total variation distance (Pollard, 2005), the maximum mean discrepancy (Li
et al., 2017) and the Wasserstein distance (Arjovsky et al., 2017) between the two posteriors in EBLVMs.

The KL divergence is tractable. The gradient of the KL divergence between g (h|v) and pg(h|v) w.r.t. ¢ is

e (h|v) 4o (h|v)pe(v)Z(0)
V¢ Drr(q¢(h|v)||pe(h|v)) =V 4E,, (h|v) log vo(Blv) VoEq,(hlv) log Fo(w.h)

q (hlv q¢(hlv)
=VoEq,(hlv) 10% 2L+ Vg logpe{v)Z(0) = VB, (hjv) log 22 ) po(v,h)’

The last term doesn’t depend on the partition function or the marginal distribution of an EBLVM and thereby is tractable.

The Fisher divergence is tractable. The Fisher divergence between g4 (h|v) and pg(h|v) is

1
Dr(ag(hlv)llpe(h|v)) =5Eq, nmjv)|[Vrloggg(hlv) - Vi log pe(hv)||3

ﬁo('l), h) H2
po(v)Z(6) "

1
=§Eq¢(h\v)\|vhlog%(h|v) Vi log fe(v, h) — Vi logpe{vIZ(0)|[3

1 .
=§Eq¢(h\v)\|vh log g (h|v) — Vi log pg(v, h)|]3.

1
:iEqd,(h\'v)th log g¢(h|v) — Vi log

Again, the last term doesn’t depend on the partition function or the marginal distribution of an EBLVM and thereby is
tractable. Furthermore, its gradient w.r.t. ¢ is tractable.

The reverse KL divergence is generally intractable. The gradient of the reverse KL divergence between ¢y (h|v) and

po(hlv) wrt. @ is Vg Drir(qe(hlv)||pe(hlv)) = VgEp, (hv) log ZZEZ;Z% = —Ep, (hjv) Vg log gy (h|v). Since pg(h|v)

is generally intractable, the reverse KL divergence is generally intractable.

The total variation distance is generally intractable. The gradient of total variation distance (Pollard, 2005) between
gg(h|v) and pe(h|v) wrt. ¢ is VoV (qp(h|v), ps(hlv)) = Ve3Eq, |l — L2053, Since po(hlv) is generally
intractable, the total variation distance is generally intractable.

Maximum mean discrepancy is generally intractable. Given a kernel k, the gradient of the square of maximum mean
discrepancy (Li et al., 2017) between ¢ (h|v) and pg(h|v) w.r.t. ¢ is

V¢Mk(Q¢(hlv),pg(h|U)) = Vd; (Eh,h’~q¢(h|v k‘(h h ) + Eh A’ ~pe (h|v) k(h h ) 2Eh~4¢(h|’u)7h'~p9 (R |v) k‘(h h/))
= VB hmgy(hlo) k(R ) = 2Bh ey (1 10) Vo Blgy (o) (B B).

Since pg (h|v) is generally intractable, the maximum mean discrepancy is generally intractable.
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The Wasserstein distance is generally intractable. The Wasserstein distance (Arjovsky et al., 2017) between g (h|v)

and pe (hlv) is W(ge(hlv), pe(hlv)) = % e Egs(nv) f(R) = Epg(njw) f(h). Generally {f : [[f[[rip < K}
FllfllLip<K
is approximated by a neural network f, with weight clipping and the Wasserstein distance is optimized by a bi-level

optimization (Arjovsky et al., 2017). The lower level problem requires samples from the generally intractable posterior
pe(h|v). Thereby, the Wasserstein distance is generally intractable.

C. Proof of Theorem 1 and Theorem 2

Lemma 1. Suppose P,Q are two probability measures on S, and f : Q@ — R™, then we have ||[Epf — Egfll2 <

1 lloc /2D L(QIIP), where || || = sup [ F (@)l]2-

Proof. Let S = (P + Q)/2, then P, Q are absolutely continuous w.r.t. S, and we have

d
IEns ~Eoflls =| [ £ap— [ faclls =I| [ £gas - /f asl =l [ £(5 - G205l
dP dQ
il < - T
< [l 155 - G148 < 17l [ 155 - T2
According to Pinsker’s inequality (Tsybakov, 2008), we have [ |— — —|dS < /2Dkr(Q||P). Thereby, ||[Epf —

Eq fll2 < [[flloov/2Dr(QIIP). O

Theorem 1. (VAES, KL divergence) Suppose ¥V, 1og pg(v, h) is bounded w.r.t. v, h and 0, then the bias of VaES(v; 6, ¢)
can be bounded by the square root of the KL divergence between q4(h|v) and pg(h|v) up to multiplying a constant.

Proof. According to Lemma 1, we have

1By (jv) [V 108 20 (0, R)] = Epo njv) [V 10g Po (v, R)][[2 < sup ||V log po (v, h)\lz\/QDKL(qqs(hlv)llpe(hlv))-

By the boundedness of V,, log pg(v, h), 3A < 00, Vv, Vh, V0, ||V, log pe(v, h)||2 < A. Let C = /24, then

|[Eqy (hlv) [V log Po(v, k)] = Vi log pe(v)|]2 = [|Eq, (hjv) [V 10g Po (v, R)] = Eyy(njw) [Vo log Pe(v, h)] |]2
<A\/2Dx1(a0(hlv) |po(hlv)) = C\/Dic (g (R]o) [po (R]v)). O

Definition 1. Suppose A is a matrix, we define ||A||; &[> A? -
(]

Lemma 2. Suppose a, b are two vectors, then ||ab’ ||z = ||al|2]|b]|o.

Proof. [lab" ||z = /Za2b2 = [lall2[[b]l2- =

Theorem 2. (VaGES, KL divergence) Suppose ¥V, log pg(v, h), Vg logpe(v, h) and W are bounded w.r.t.
v, h and 0, then the bias of VaGES(v; 8, ¢) can be bounded by the square root of the KL divergence between qg(h|v) and
pe(h|v) up to multiplying a constant.

Proof. According to Thm. 1, 3C7 < oo, s.t.

Eqy (hlv) [V log Po(v, h)] = Vo log pa(v)]]2 < 01\/DKL(Q¢(h|v)\|pe(h|v))~

Similarly, 3C5 < o0, s.t.

[[Eq, (hlv) [V log pe(v, h)] — Vg logpe(v)||2 < Co \/DKL(Q¢(h|U)||P9(h|U))7
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and 3C3 < o0, s.t.

OV log pg(v, h OV log pg(v, h
[Bsginiy | 2 gy | BB, < CoDicutag o) o ().

By the boundedness of V., 1log pg(v,h) and Vg logpg(v,h), V., logpe(v, h)alo%z(”’h) is also bounded. Thereby,
dC, < o0, s.t.

Blogﬁg(v, h’)

Blogﬁg(v, h’) ||
00

:| - IEpe)(hlv) |:vv IOgﬁG ('Uv h) 96

1Eqy (hlv) [Vv log pe (v, k)

<Ci\/Drcr(gp(hlv)||po (h]0)).
By the boundedness of V,logpg(v,h) and Vglogpe(v,h), we can assume C' < oo is a constant that bounds
||V log pe(v, h)||2 and || Vg log pe(v, h)||2. Then, by the triangle inequality and Lemma. 2, we have

810g]59(v, h) H
06 2

810g}59 ’U,h D,
ao()] — Epe(hiw) [Vo 10g Po (v, B)] Eyy (h)o) [

i dlog pe(v, h Ologpg(v, h
<[|Eqy (hjv) [Vo logpo(v, h)] (qus(hlv) [809()} = Epo(njo) [800() I

alogf)G(va h) H
00 2

[Eqy (hlv) [V log Po (v, R)] Eq, (nlv) {

+ 1 (Eqy (hjo) [V log o (v, )] = Epy (nj) [V 10g o (v, h)]) Epg(njv) {

) dlog e (v, h) dlog pe(v, h)
By o) (Vo 1o 00, 1)) 12 |Eqy o) [39 “ B [T g |12
alOgﬁB(U7h)] ||
e e—— 2

+ |[Egy(hlv) [Volog Po(v, R)] — Epp (hjv) [Vo log P (v, )] []2 |[Epg (ho) [ 20

<(CCs +CC1)\/Dici(ag(l) [po (o).

Thereby,

||Covq¢(h\v)(vv 10gﬁ9(”7 h)7 Vo 10gﬁ9(”7 h’)) - COVpe(h\v)(v'v 10gﬁ0(”7 h)7 Ve logﬁg(v, h’))HQ
dlogpe(v, h _ Ologpe(v, h
gpe()] — Epo(hlv) [Vv 10gpe(vvh)gpe()] I2

00 00
0 1Og ﬁ@ (Ua h)
00

<(Cy + CCy + CC1)y Dici (4 (hl) [po(hIv)).

S' |Eq45(h|'v) |:V’U IOgﬁH ('Uv h)

8logﬁ9(v, h) ||
90 ?

+ [|Eqy (hlv) [Vo log o(v, B)] Eq, (hv) [ ] — Epo(hlv) [V logpe(v, h)| Epy (ho) [

As a result,

avv IOgﬁG (’U, h’) . 8vv IngB (U) ||
06 06 2

[|Covg, (hv)(VwlogPe(v, h), Ve logpe(v, h)) + Eq, (n|v) {

- - 0V, logpg(v, h
:||Covq¢(h\v)(vv 10gp0(”7h)7v6 Inge('vah)) + Eq¢(h\v) |:60():|
- - 0V logpg(v, h
— CoVpy (hjv) (Vv log pa(v, h), Ve log pe(v, h)) — Epy(hjv) {%56()} [|2

<|[Covyy (hlw) (Vv log pe(v, h), Ve log pe(v, h)) — Covyy(njw) (Ve log Pe(v, ), Vo log pe (v, h))|[2

OV, log pg(v, h) OV, log pg(v, h)
+[[Eqy (h]v) {60 —Epo(hlv) — 0 I|2

<(C1+ CCy + CCy + Cy)y/ Dicr(a(hlo) [po(hIv)). =




Variational (Gradient) Estimate of the Score Function in Energy-based Latent Variable Models: Appendix

D. Proof of Theorem 3 and Theorem 4

Definition 2. Suppose p is a probability density on R™ and g : R™ — R", we define S,g(x) £ Vg logp(z) g(x) +

Tr(Veg(x)).

Lemma 3. (Liu & Wang, 2016) Suppose p is a probability density on R" and g : R — R" is a function satisfying
lim p(x)g(x) = 0, then B, (4 [Spg(x)] = 0.

[lz|| =00

Proof.

0= /Vm(p(w)g(w))dw = /p(w)Vm-g(w) +p(2)g(2)Valogp(x) " dz = Eya) [Vag(@) + g(2) Ve logp(z) ] .
Thereby,

0= Tr(Ep(w) [vmg(m) + g(w)vm logp(a:)T]) = IEp(:z:) [Tr(vmg(m)) + Vg logp(.’B)Tg(.’B)] = II':':p(ac) [Spg(m)] -0

Lemma 4. Suppose p, q are probability densities on R™ and g : R™ — R" satisfies | lim ¢(x)g(x) =0, we have

[EqSpgl < \/Eqa)llg(®)I[*v/ Dr(qllp)

Proof. By Lemma 3, we have E,S,g = 0. Thereby,
|]Eq8pg| = |Eq$pg - IE<1$qg| = |Eq(w)g(:p)T(Vm log p(x) — Vg logg(x))|

<Eq@)llg(@)|| [[Valogp(x) — Vg logg(z)|| < \/]Eq(:c)Hg(w)HQ]Eq(w)va log p(z) — Vz log q()|[?

= /By l9(@) 1/ Drlallp). )

Definition 3. (Ley et al., 2013) Suppose p is a probability density defined on R™ and f : R™ — R is a function, we define
g? as a solution of the Stein equation Spg = f —E, f.

Remark. The solution of the Stein equation exists. For example, let h = f —E, f, then

gl(m) = 7/ p(tax%"' 7xn)h(t7x2,"' axn)dta gQ(m) = :gn(m) =0

is a solution.

Definition 4. Suppose p, q are probability densities defined on R™ and f : R™ — R™ is a function, we say f satisfies the
Stein regular condition w.rt. p,q iff Vi € Z N [1,m], | lilrn q(;c)g? (x) =0.
—00 K

z|

Definition 5. (Ley et al., 2013) Suppose p, q are probability densities defined on R"™ and f : R — R™ is a function

m
satisfying the Stein regular condition w.r.t. p, q, we define n’}’q £ \/ Eq@) > ||g§i (@)||3, referred to as the Stein factor of f
i=1

w.rt. p,q.

Lemma 5. Suppose p, q are probability densities defined on R™ and f : R™ — R™ is a function satisfying the Stein regular
condition w.r.t. p, q, then we have |[Eq f —E, f||2 < x%*\/Dr(ql[p).

Proof. By Lemma 4, we have |E, f; — E, fi| = [Eq(fi — Epfi)| = [E¢Spg},| < /By lgh, (@)|13v/Dr(q|p)-

Thereby, ||E, f — B, f|| = Zl [Bqfi = Epfil? < \/Zl]Eq(w)lgi @[3 Dr(qllp) = r¥*/Dr(dllp). H

Theorem 3. (continuous h, VaES) Suppose (1) ¥V(v, 8, ¢), V., log pg(v, h) as a function of h satisfies the Stein regular
condition w.r.t. pg(h|v) and g4 (h|v) and (2) the Stein factor of V,, log pg(v, k) as a function of h w.rt. pg(h|v), ¢ (h|v)
is bounded w.r.t. v,0 and @, then the bias of VaES(v; 0, ¢) can be bounded by the square root of the Fisher divergence
between qg(h|v) and pe(h|v) up to multiplying a constant.
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Proof. 1t can be directly derived from Lemma 5. O

Theorem 4. (continuous h, VaGES) Suppose (1) V(v,0,¢), Vylogpe(v,h), Veglogpe(v,h),
V. log po (v, h) 218 g"e(v’h) and 2z lof)g" Wh) 45 functions of h satisfy the Stein regular condition w.rt. pg(h|v) and
q¢(h|v) and (2) the Stein factors of Vo, 1og pg(v, h), Vg logpe(v, h), Vy logpe(v, h) moggj’g(”’h) and &= lo%gg(v,h) as
functions of h w.r.t. pg(h|v), g¢(h|v) are bounded w.rt. v, 0 and ¢, (3) V,, log pg(v, h) and V¢ log pe (v, h) are bounded
w.r.t. v, h and 0, then the bias of VaGES(v; 0, ¢) can be bounded by the square root of the Fisher divergence between
q¢(h|v) and pe(h|v) up to multiplying a constant.

Proof. According to Lemma 5, 3C7 < oo, s.t.

Eqq (nlv) [V log o (v, h)] — Ve log po(v)|]2 < Ch \/DF(%(MU)HPB(MU)),

dC5 < oo, s.t.

gy (hlv) [Volog pe(v, h)] — Ve log pe(v)]|2 < Cz\/DF(%(h\U)Hpe(hW))a

3C5 < 0, s.t.

OV, logpg(v, h OV, logpg(v, h
[Erginiy | R gy | ZOEROR ), < o fDrtag(lo) rn(o)

and 3C4 < oo, s.t.
dlogpe(v, h)

Eqy (h]v) [Vv log pe (v, h) 50

- Ologpg(v, h
] — Epg(nlv) [Vv 10gpe(vvh)gpa()] I

00

<Cuy/Dr(as(hlv)llpo(hv)).

By the boundedness of V, logpg(v,h) and Vglogpe(v,h), we can assume C' < oo is a constant that bounds
||V log pe(v, h)||2 and ||V log pe(v, h)||2. After establishing the above bounds w.r.t. the Fisher divergence, the rest
proof is exactly the same as Theorem 2. For completeness , we restate the proof as follows. By the triangle inequality and
Lemma. 2, we have

Olog pg(v, h D
890()] — Epp(hlv) Vo logpo(v,h)]Epe(h\v) {

) Olog pg(v,h dlogpg(v, h
<||Eqy (hj) [V log o (v, )] (E%(mv) [gai)()} = Eroato) [g(;;()D Il

8logﬁ9(v,h)] s

_ dlog pg(v, h
[Bqy (hlv) [V log po (v, h)] By, (hjo) { ()} |2

00

+ H (Eq¢(h|v) [vv logﬁe(v, h)] — Epe(hlv) [Vv logﬁg('u, h)]) Epg(h\v) |: 96

R Ologpg(v,h dlogpe(v, h
oy (o) [V 108 50 (0, 1)) 12 | By (o) [69()] ~Epouio) [aa() Iz

alOgﬁB(va h’)] ||2

+ [[Eqy (hlv) [V log pe(v, h)] = Epy(hjv) [V log Pe (v, B)] |2 [[Epg (hjw) { 20

<(CCs +CCh)y[Dr(as(Blv)Ipo (hlv)).

Thereby,
[[CoVgy (hlw) (Vv log Pe (v, h), Ve log pe(v, h)) — Covyy(njw) (Ve log Pe(v, k), Ve log pe (v, h))|[2
_ Odlogpe(v, h _ Ologpe(v, h
§||Eq¢(h|v) [V,, logpg(’vvh)e()] —Epp(hlv) [vv logpg(uh)# Il

06 06
9dlogpe(v, h)

_ Ologpe(v, h
o010 By [V g o, )]y | 2202

+ Hqus(th) [V log pe (v, h)] E%(M”) [ 90

<(Cs + CCy + CC1 )\ Drrlgg (Blv) Ipo(Blw)).



Variational (Gradient) Estimate of the Score Function in Energy-based Latent Variable Models: Appendix

As a result,

_ . OV logpg(v, h 0V, lo v
[|Covg, (hv) (VwlogPe(v, h), Ve logpe(v, h)) + Eq, (n|v) { 8 Do )} - g po(v)

06 06 2
- - OV, logpg(v, h
:||Covq¢(h\v)(vv 10gp0(”7h)7vﬂ Inge('vah)) + Eq¢(h\v) |:60():|
- - 0V, logpg(v, h
- Covpe(hlv)(vv log pe(v, h),Veglogpg(v,h)) — E;De(h\’v) { %50( )} I[2

<|[Covyy (nlw) (Vv log pe(v, h), Ve log po(v, h)) — Covyy(njw) (Ve log Pe(v, ), Ve log pe (v, h))||2
avv IOgﬁG (’U, h) avv IOgﬁG (’U, h)
+ |[Egy (niv) [39 — Epg(nlv) o0 I|2

<(C1+CCs + CCy + Cy)y Dir(ap (o) o (h]v)). =

E. Consistency between D% and Dy

Theorem 5. Suppose lim pp(v)(Vylogpe(v) — Vylogpp(v)) = 0 and By (€€ | = I, then D (ppllpe) =
v||[—00

Dr(ppl

o]l
Ipe), where Dp(pp|lpe) = B, (v)]| Ve 10g po(v) =V log pp(v)||3 is the Fisher divergence between pp and pe.

Proof. By the assumption E,) [ee"] = I, we have E, () [¢' V, f(v)e] = Tr(V,f(v)). Thereby, D% (ppl|lpe) =
max B, ) [Vologpe(v) " f(v) + Tr(Vo f(v)) — 51 (0)|13].

fer

Suppose f € F,i.e., f is a function from R? to RY and lim pp(v)f(v) = 0, by the Stein’s identity, we have

[lv]]—o00

Epp ) [Vologpp(v) T f(v) + Tr(V, f(v))] = 0. Thereby, we have

1
<z
-2

potor | Vo logpo®) F(0) + TV, £(0) - 51 F(0IE]

=E,p(0) [Vologpe(v) " £(v) + Tr(Vof(v)) — ;If(v)lg} ~Eppw) [Vologpp ()" f(v) + Tr(Vof(v))]

~Ep o) |(Tologpo(v) - Valogpn(o) £(0) - 3 7@IE]

Epp(0) [[[Vologpe(v) — Vo logpp(v))[13] = Pr(ppllpe)-

The equality is achieved when f(v) = V,, logpg(v) — V4 log pp(v), which is a function in F by assumption. As a result,

D (pol

Ipe) = Dr(pp||pe)- U
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F. Additional Experimental Details
F.1. Learning EBLVMs with KSD

Additional setting. We generate 60,000 samples for training and 10,000 samples for testing on checkerboard. The dimension
of h is 4. We use the Adam optimizer and the learning rate is 103, We train 100,000 iterations and the batch size is 100.
The log-likelihood is estimated by annealed importance sampling (Salakhutdinov & Murray, 2008), where we use 2,000
samples and 2,000 middle states to estimate the log-partition function. We run 1,000 steps Gibbs sampling to sample from
GRBMs. The variational parameter ¢ is updated for K = 5 times on each minibatch.

F.2. Learning EBLVMs with Score Matching
F.2.1. COMPARISON IN GRBMSs

Following BiSM (Bao et al., 2020), we split 1,400 images for training, 300 images for validation and 265 images for testing
on Frey face!; we generate 60,000 samples for training and 10,000 samples for testing on checkerboard; the dimension
of h is 400 on Frey face and 4 on checkerboard; we use the Adam optimizers with learning rates 2 x 10~ for training
on Frey face and 10~3 for training on checkerboard; we train 20,000 iterations on Frey face and 100,000 iterations on
checkerboard; the batch size is 100 for both datasets; we select the best model trained on Frey face according to the validation
log-likelihood. The log-likelihood is estimated by annealed importance sampling (Salakhutdinov & Murray, 2008), where
we use 2,000 samples and 2,000 middle states to estimate the log-partition function. We run 1,000 steps Gibbs sampling to
sample from GRBMs. The time comparison on Frey face is conducted on 1 GeForce GTX 1080 Ti GPU with 2,000 training
iterations. The number of samples from g4 (h|v) is L = 2 and the variational parameter ¢ is updated for K’ = 5 times on
each minibatch by default.

F.2.2. LEARNING DEEP EBLVMS

Additional setting. Following BiSM (Bao et al., 2020), we split 60,000
samples for training on MNIST, 50,000 samples for training on CIFAR10
and 182,637 samples for training on CelebA; the dimension of h is 50;

we use the Adam optimizers with learning rates 10~ for training on
MNIST and 5 x 10~° for training on CIFAR10 and CelebA; we train @

g3: MLP

100,000 iterations on MNIST and 300,000 iterations on CIFAR10 and
CelebA; the batch size is 100 for all datasets. ¢; consists of a 6k-

layer ResNet, where k = 2,3,3 for MNIST, CIFAR10 and CelebA 92 addifive coupling-layer
respectively and g3 is an MLP containing one fully connected layer. The
structure of the deep EBLVM is shown in Fig. 1. The number of samples

from g4 (h|v) is L = 2 and the variational parameter ¢ is updated for
K = 5 times on each minibatch. Following a similar protocol with
Song & Ermon (2019); Li et al. (2019); Bao et al. (2020), we save

one checkpoint every 5000 iterations and select the best CIFAR10 and

CelebA models according to the FID score on 1000 samples. The FID

score reported in Section 4.2 in the full paper is estimated on 50,000 Figure 1. The structure of the deep EBLVM.
samples using the official code?.

g1:ResNet

Hyperparamter selection. Since we compare with BiSM (Bao et al., 2020), we use the same hyperparameters as BiSM
when they can be shared (e.g., the model types and structures, the divergence to learn ¢4 (h|v), the dimensions of h, the
batch size, the optimizers and corresponding learning rates). As for L (the number of samples from ¢g(h|v), we find it
enough to set it to 2 (the minimal number of samples required in a sample covariance matrix) in our considered models.
As for K, we set it to 5, so that it will ensure the convergence of training g4 (h|v) and meanwhile have an acceptable
computation cost. As for the step size and the standard deviation of the noise in Langevin dynamics, we grid search the
optimal one, as shown in Tab. 1. We find that the optimal step size is approximately proportional to the dimension of h,
perhaps because Langevin dynamics converges to its stationary distribution slower when h has a higher dimension. The
standard deviation can work in range [107%,1072].

"http://www.cs.nyu.edu/roweis/data.html
2https://github.com/bioinf-jku/TTUR
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Table 1. Grid search of the step size and the standard deviation of the noise in Langevin dynamics under different dimensions of h. We
use the CIFAR10 dataset. The result is represented by the FID score on 1000 samples.

(a) dimension(h) = 20 (b) dimension(h) = 50
10-* 107 1072 10°* 107 1072
1x 1073 diverge diverge diverge 2.5x 1073 diverge diverge diverge
2x 1073 56.42 54.87 54.46 5x 1073 56.74 57.55 58.19
4x10°3 55.90 58.07 54.55 10 x 1073 55.74 54.71 58.01
6 x 1073 56.48 55.09 57.03 15 x 1073 58.03 60.52 56.18

10 x 1073  diverge diverge diverge 25 x 1072 diverge diverge diverge

(c) dimension(h) = 100
10t 107 1072

10 x 1073  diverge diverge diverge
20 x 1073 56.57 60.04 56.31
30 x 1073 diverge diverge diverge

Sampling. Since we compare with BiSM (Bao et al., 2020), we use the same sampling algorithm as BiSM. For deep
EBLVMs, we first randomly select a training data point and inference its approximate posterior mean; we then sample from
p(v|h) with h equal to the approximate posterior mean using the annealed Langevin dynamics technique (Li et al., 2019).
The temperature range is [1, 100] and the step size is 0.02 in annealed Langevin dynamics.

Devices and training time. The time and memory consumption of VaGES with different batch sizes (BS) is displayed
in Tab. 2. We also include that of BiSM. The time and memory consumption in deep EBLVMs of VaGES and BiSM is
consistent with GRBMs (see Fig. 3 in the full paper). Besides, training an EBLVM takes about 2.8 times as long as training
an EBM (the one trained by MDSM in Tab. 1 (a) in the full paper). The additional cost is reasonable, since (i) the EBLVM
improves the expressive power (see Tab. 1 (a) in the full paper) based on a similar model structure and a comparable amount
of parameters (244MB for the EBLVM and 238MB for the EBM), and (ii) the EBLVM enables manipulation in the latent
space (see Fig. 4 in the full paper).

Table 2. Training time of 2k iterations/memory consumption on GeForce RTX 2080 Ti in deep EBLVMs. L=2,K=5.
Dataset Setting VaGES BiSM (IN=0) BiSM (/N=2) BiSM (NN=5)
1GPU BS=64 24m/5.8GB 19m/6.8GB 25m/7.8GB 34m/9.5GB
2GPUs BS=100 35m/8.2GB  28m/11.1GB  43m/13.2GB 66m/16.4GB

1GPU BS=16 26m/8.0GB 21m/7.9GB 26m/9.2GB 35m/10.2GB
6GPUs BS=100 90m/52.4GB 67m/51.9GB  100m/58.7GB  124m/60.1GB

CIFAR10

CelebA

F.3. Evaluating EBLVMs with Exact Fisher Divergence

Additional setting. The GRBM is initialized as a standard Gaussian distribution by lettingb = 0,c =0, W = 0,0 =1,
so we can get accurate samples from it. We get 20,000 samples from the initial GRBM, and split 16,000 samples for training,
2,000 samples for validation and 2,000 samples for testing. We use the Adam optimizer and the learning rate is 2 x 1074,
We train 20,000 iterations and the batch size is 100. The number of samples from g4 (h|v) is L = 1 and the variational
parameter ¢ is updated for K = 5 times on each minibatch. g4 (h|v) is a Bernoulli distribution parametermized by a fully
connected layer with the sigmoid activation and we use the Gumbel-Softmax trick (Jang et al., 2017) for reparameterization
of gy (h|v) with 0.1 as the temperature. D is the KL divergence to learn g (h|v). f, is a multilayer perceptron (MLP) with
2 hidden layers and each layer has the same width.

F.4. Numerical Validation of Theorems

In the two posteriors pg (h|v) and g4 (h|v), we fix v, @ and only vary ¢ to plot the relationship between the biases and the
divergences. As for v, we randomly select a sample from the Frey face training dataset and fix v as the sample. As for
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6, we randomly initialize it with the uniform noise and don’t change it anymore. As for ¢, we initialize it such that the
variational posterior g4 (h|v) is equal to the true posterior pg(h|v). After initialization, we perturb ¢ with an increasing
Gaussian noise level and record the corresponding biases and divergences.

The dimension of h is 400. As for the GRBM, ¢4 (h|v) is a Bernoulli distribution parametermized by a fully connected
layer with the sigmoid activation. As for the Gaussian model, ¢4 (h|v) is a Gaussian distribution parametermized by a fully
connected layer.

G. Additional Results
G.1. Learning EBLVMs with KSD

The density of the checkerboard dataset is shown in Fig. 2 (a). The densities of GRBMs learned by KSD, VaGES-KSD
and IS-KSD are shown in Fig. 2 (b-h). Our VaGES-KSD is comparable to the KSD baseline and is better than the IS-KSD
baseline. The result is consistent with the test log-likelihood results in Figure 2 in the full paper.

1.0 1.0 1.0 1.0
0.5 0.5 0.5 0.5
0.0f o 0.0 0.0 0.0 N
0.0 0.5 1. 0.0 0.5 1. 0.0 0.5 1. 0.0 0.5 1.
(a) Data density (b) VaGES-KSD (L=2)  (c) VaGES-KSD (L=5)  (d) VaGES-KSD (L=10)
1.0 1.0 1.0 1.0
0.5 0.5 0.5 0.5
0.0 N 0.0h‘ 0.0. 0.0' N
0.0 0.5 1. 0.0 0.5 1. 0.0 0.5 1. 0.0 0.5 1.
(e) KSD (f) IS-KSD (L=2) (2) IS-KSD (L=5) (h) IS-KSD (L=10)

Figure 2. Density plots of GRBMs trained by KSD, VaGES-KSD and IS-KSD. L is the number of samples from gg (h|v).
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G.2. Learning EBLVMs with Score Matching
G.2.1. COMPARISON IN GRBMs

We compare with DSM (Vincent, 2011), BiSM (Bao et al., 2020), CD-based methods (Hinton, 2002; Tieleman, 2008)
and noise contrastive estimation (NCE)-based methods (Gutmann & Hyvérinen, 2010; Rhodes & Gutmann, 2019) on the
checkerboard dataset. In Fig. 3, we plot the test log-likelihood of different methods under the same setting. The result of
VaGES-DSM is similar to CD, DSM and BiDSM and slightly better than PCD and NCE-based methods after convergence.
The convergence speed of VaGES-DSM is faster than BiDSM. Besides, we show the densities of GRBMs learned by these
methods in Fig. 4. The performance of VaGES-DSM is similar to CD, DSM and BiDSM and better than PCD, NCE and
VNCE, which agrees with the test log-likelihood results after convergence in Fig. 3.
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Figure 3. Comparison of different methods on checkerboard. The test log-likelihood is averaged over 10 runs.

1.0 1.0

0.5] 0.5

0.0°f 5 0.0 0.0
0.0 0.5 . . N 1. 0.0 0.5 1. 0.0 0.5 1.
(a) Data density (b) CD (c) PCD (d) NCE
1.0 1.0 1.0 1.0
0.5{ 0.5 0.5 0.5
0.0 0.0 0.0 0.0
0.0 0.5 1. 0.0 0.5 1. 0.0 0.5 1. 0.0 0.5 1.
(e) VNCE (f) DSM (g) VaGES-DSM (h) BiDSM

Figure 4. Density plots of GRBM:s trained by different methods on checkerboard.
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G.2.2. LEARNING DEEP EBLVMS

Sample quality. We show samples from EBLVMs learned on MNIST, CIFAR10 and CelebA in Fig. 5. We also evaluate the
Inception Score on CIFAR10 and VaGES gets 7.53, which is better than baselines such as VAE-EBLVM (Han et al., 2020)
(7.17) and EBM (Du & Mordatch, 2019) (6.78).
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Figure 5. Samples from EBLVMs.
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Interpolation in the latent space. We show more interpolation results in Fig. 6.
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Figure 6. Interpolation of annealed Langevin dynamics trajectories in the latent space in EBLVMs.



Variational (Gradient) Estimate of the Score Function in Energy-based Latent Variable Models: Appendix

Sensitivity analysis. We study how hyperparameters influence the performances of VaGES-SM in deep EBLVMs. The
result is shown in Tab. 3. Increasing the number of convolutional layers will improve the performance, while the dimension
of h, the number of h sampled from g4 (h|v) and the noise level in Langevin dynamics don’t affect the result very much.
Setting both the number of times updating ¢ and the number of Langevin dynamics steps to 5 is enough for a stable training.
Besides, we also try using the KL divergence to learn the variational posterior and get a FID of 29.13, which doesn’t affect
the result very much.

Table 3. Sensitivity analysis on different hyperparameters (evaluated by FID | on CIFAR10). Div means the training diverges.

(a) Dimensions of h (b) # convolutional layers (e) # times updating ¢ (K)
# Langevin dynamics steps (C)

20 50 100 12 18 24
FID 26.55 28.09 27.78 FID 36.17 28.09 25.98

(c) # h sampled from gg (h|v) (d) Noise level in Langevin dynamics
2 5 10 107 1073 1072 &
FID 28.09 3121 29.26 FID 28.09 25.83 30.47 Div 29.52 27.88 Div

H. Additional Attempts on Improving Estimates

We can directly apply the control variate technique (Owen, 2013) to VaES. By noticing that

Voag(h|v)

q¢(hlv)

we can subtract V,, log g4 (h|v) from VaES without changing the value of the expectation, and the resulting variational
estimate is

Eqy(hlv) Vo log g¢(h|v) = /q¢(h\ ) dh =V, /q¢(h|v)dh =0, 3)

L
VaES-CV (v; 0, ¢) = Z log 7”) hi & gy (hlv). 4)

(hilv)

h \

When the variational posterior g4 (h|v) is equal to the true posterior pg(h|v), VaES-CV(v; 0, ¢) = V, log ngZﬁg

V. log pg(v) is exactly equal to the score function and has zero bias and variance. Empirically, we study how the control
variate influences the performance over different objectives on the checkerboard dataset in GRBMs. As shown in Fig. 7, the
control variate only marginally improves the performance of VaGES-KSD and makes no difference to VaGES-DSM. As a
result, we don’t make the control variate a default technique in VaES, since it will introduce some extra computation, while
the improvement is marginal.

0.3] ~ VaGES-KSD (L=2 CV)

. ——-VaGES-KSD (L=5 CV)
————— VaGES-KSD (L=10 CV)

0.2] —VaGES-DsM (cv) i

~VaGES-KSD (L=2) ==

——-VaGES-KSD (L=5)

o1l — VaGES-KSD (L=10)

——VaGES-DSM

0.0] :/’.Q/“’
. - 7
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Test log-likelihood T

V4 Vs
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—0.1< el
60000 80000 100000
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Figure 7. How the control variate (CV) influences the performance over different objectives on the checkerboard dataset in GRBMs. The
test log-likelihood is averaged over 10 runs.
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I. An Introduction to BiSM
BiSM (Bao et al., 2020) approximates the score function via variational inference first:

p(v, h; 0) p(v, h;0)
V1o v;0) =Vylog———= — V,log Z(0) =V, log ————=,
8p(v;f) 8 o(h[v:0) 82(6) & o(h[v:0)

and then gets the gradient of a certain objective via solving a complicated bi-level optimization problem:

. " p(v, h;0)
glelg TBi(60,97(0)), JTpi(0,9) = Ey(v,e)Eq(n|vp)F (Vv log m7 €0/,
where © is the hypothesis space of the model, F depends on the certain objective, ¢(v, €) is the joint distribution of the data
and additional noise and ¢*(8) is defined as follows:

*"(0) = argelging(ﬁ @), with G(0, @) = Eq(v,)D (q(h|v; @)||p(h|v; 0)) .

BiSM uses gradient unrolling to solve the problem, where the lower level problem ¢*(8) is approximated by the output of N
steps gradient descent on G (6, @) w.r.t. ¢, which is denoted by ¢* (). Finally, the model is updated with the approximate
gradient Vo 7p; (0, @™ (0)), whose bias converges to zero in a linear rate in terms of N when G is strongly convex. The
gradient unrolling requires an O (V) time and memory.

Gradient unrolling of small steps is of large bias and that of large steps is time and memory consuming. Thus, BiSM
with 0 gradient unrolling suffers from an additional bias besides the variational approximation. Instead, VaGES directly
approximates the gradient of score function and its bias is controllable as presented in Sec. 2.2 in the full paper.
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