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Abstract

Machine learning approached through supervised
learning requires expensive annotation of data.
This motivates weakly supervised learning, where
data are annotated with incomplete yet discrimina-
tive information. In this paper, we focus on partial
labelling, an instance of weak supervision where,
from a given input, we are given a set of potential
targets. We review a disambiguation principle to
recover full supervision from weak supervision,
and propose an empirical disambiguation algo-
rithm. We prove exponential convergence rates
of our algorithm under classical learnability as-
sumptions, and we illustrate the usefulness of our
method on practical examples.

1. Introduction

In many applications of machine learning, such as recom-
mender systems, where an input x characterizing a user
should be matched with a target y representing an ordering
of a large number m of items, accessing fully supervised
data (x, y) is not an option. Instead, one should expect weak
information on the target y, which could be a list of previ-
ously taken (if items are online courses), watched (if items
are plays), efc., items by a user characterized by the feature
vector x. This motivates weakly supervised learning, aiming
at learning a mapping from inputs to targets in such a setting
where tools from supervised learning can not be applied
off-the-shelves.

Recent applications of weakly supervised learning show-
case impressive results in solving complex tasks such as
action retrieval on instructional videos (Miech et al., 2019),
image semantic segmentation (Papandreou et al., 2015),
salient object detection (Wang et al., 2017), 3D pose estima-
tion (Dabral et al., 2018), text-to-speech synthesis (Jia et al.,
2018), to name a few. However, those applications of weakly
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supervised learning are usually based on clever heuristics,
and theoretical foundations of learning from weakly super-
vised data are scarce, especially when compared to statisti-
cal learning literature on supervised learning (Vapnik, 1995;
Boucheron et al., 2005; Steinwart & Christmann, 2008). We
aim to provide a step in this direction.

In this paper, we focus on partial labelling, a popular in-
stance of weak supervision, approached with a structured
prediction point of view (Ciliberto et al., 2020). We detail
this setup in Section 2. Our contributions are organized as
follows.

* In Section 3, we introduce a disambiguation algorithm
to retrieve fully supervised samples from weakly su-
pervised ones, before applying off-the-shelf supervised
learning algorithms to the completed dataset.

* In Section 4, we prove exponential convergence rates
of our algorithm, in term of the fully supervised excess
of risk, given classical learnability assumptions.

* In Section 5, we explain why disambiguation algo-
rithms are intrinsically non-convex, and provide guide-
lines based on well-grounded heuristics to implement
our algorithm.

We end this paper with a review of literature in Section 6,
before showcasing the usefulness of our method on practi-
cal examples in Section 7, and opening on perspectives in
Section 8.

2. Disambiguation of Partial Labelling

In this section, we review the supervised learning setup,
introduce the partial labelling problem along with a principle
to tackle this instance of weak supervision.

Algorithms can be formalized as mapping an input x to a
desired output y, respectively belonging to an input space X
and an output space ). Machine learning consists in au-
tomating the design of the mapping f : X — ), based on
a joint distribution p € Ayxy over input/output pairings
(x,y) and a loss function € : ) X ) — R, measuring the
error cost of outputting f(x) when one should have output
y. The optimal mapping is defined as satisfying

freargminEyy)~, [£(f(X),Y)]. (1
f: XY

In supervised learning, it is assumed that one does not have
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access to the full distribution y, but only to independent
samples (X;,Y;)i<n ~ #®". In practice, accessing such sam-
ples means building a dataset of examples. While input data
(x;) are usually easily accessible, getting output pairings
(yi) generally requires careful annotation, which is both
time-consuming and expensive. For example, in image clas-
sification, (x;) can be collected by scrapping images over
the Internet. Subsequently a “data labeller” might be ask to
recognize a rare feline y; on an image x;. While getting y;
will be hard in this setting, recognizing that it is a feline and
describing elements of color and shape is easy, and already
helps to determine what outputs f(x;) are acceptable. A
second example is given when pooling a known population
(x;) to get estimation of their political orientation (y;), one
might get information from recent election of percentage
of voters across the political landscape, leading to global
constraints that (y;) should verify. A supervision that gives
information on (y;);<, without giving its precise value is
called weak supervision.

Partial labelling, also known as “superset learning”, is an
instance of weak supervision, in which, for an input x, we
do not access the precise label y but only a set s of potential
labels, y € s ¢ V. For example, on a caracal image x, one
might not get the label “caracal” y, but the set s “feline”,
containing all the labels y corresponding to felines. It is
modelled through a distribution v € A yy,y over X' x 2V
generating samples (X, S), which should be compatible with
the fully supervised distribution y € Axxy as formalized
by the following definition.

Definition 1 (Compatibility, Cabannes et al. (2020)). A
fully supervised distribution u € A xxy is compatible with a
weakly supervised distribution v € Axxy, denoted by 1 + v
if there exists an underlying distribution 1 € Ay, yyov,
such that u, and v, are the respective marginal distributions
of mover X XY and X x 2¥, and such that y € s for any
tuple (x,y, s) in the support of m (or equivalently rt|; € A,
with nt|s denoting the conditional distribution of 7 given s).

This definition means that a weakly supervised sample
(X,S) ~ v can be thought as proceeding from a fully su-
pervised sample (X,Y) ~ u after loosing information on ¥
according to the sampling of S ~ 7|x y. The goal of partial
labelling is still to learn f* from Eq. (1), yet without access-
ing a fully supervised distribution ¢ € Axxy but only the
weakly supervised distribution v € A yy5y. As such, this is
an ill-posed problem, since v does not discriminate between
all u compatible with it. Following lex parsimoniae, Ca-
bannes et al. (2020) have suggested to look for ¢ such that
the labels are the most deterministic function of the inputs,
which they measure with a loss-based “variance”, leading
to the disambiguation

*€argmin inf E u [E(F(X), )], 2
p argmin nf B [P0, @

urv

and to the definition of the optimal mapping f* : X — Y

freargminE(xy)-, [C(f(X),Y)]. 3
FiX—Y

This principle is motivated by Theorem 1 of Cabannes
et al. (2020) showing that f* in Eq. (3) is characterized by
f* € argming. y_,y E(x.5)~y [infyes £(f(X), y)|, match-
ing a prior formulation based on infimum loss (Cour et al.,
2011; Luo & Orabona, 2010; Hiillermeier, 2014). In prac-
tice, it means that if (S|X = x) has probability 50% to be
the set “feline” and 50% the set “orange with black stripes”,
(Y|X = x) should be considered as 100% “tiger”, rather
than 20% “cat”, 30% “lion” and 50% “orange car with
black stripes”, which could also explain (S|X = x). In other
terms, Eq. (2) creates consensus between the different infor-
mation provided on a label. Similarly to supervised learning,
partial labelling consists in retrieving f* without accessing
v but only samples (X;, S;);j<, ~ v®".

Remark 2 (Measure of determinism). Eq. (2) is not the only
variational way to push towards distribution where labels
are deterministic function of the inputs. For example, one
could minimize entropy (e.g., Berthelot et al., 2019; Lienen
& Hiillermeier, 2021). However, a loss-based principle is
appreciable since the loss usually encodes structures of the
output space (Ciliberto et al., 2020), which will allow sam-
ple and computational complexity of consequent algorithms
to scale with an intrinsic dimension of the space rather than
the real one, e.g., m rather than m! when ) = S, and € is a
suitable ranking loss (see Section 5.4 or Nowak-Vila et al.,
2019).

3. Learning Algorithm

In this section, given weakly supervised samples, we present
a disambiguation algorithm to retrieve fully supervised sam-
ples based on an empirical expression of Eq. (2), before
learning a mapping from X to ) based on those fully super-
vised samples, according to Eq. (3).

Given a partially labelled dataset D,, = (x;, 5;);i<n, sampled
accordingly to v®", we retrieve fully supervised samples,
based on the following empirical version of Eq. (2), with
Cu=TTiznsi C V"

n

Vi)i<n € argmin  inf ai(x)l(zi,y), 4
(Fi)i<n (y;;g,-s,,EC,, (e Z j( DE(z; y]) “4)

i,j=1
where (@;(x));<, is a set of weights measuring how much
one should base its prediction for x on the observations
made at x;. This formulation is motivated by the Bayes
approximate rule proposed by Stone (1977), which can be
seen as the approximation of u by n™* 37 j=1 @ (xi)0x; ®Fy;
in Eq. (2). In essence, z; (which corresponds to f(x;)) is
likely to be y;, although Eq. (4) allows for flexibility to avoid
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rigid interpolation. As such Eq. (4) should be understood
as constraining y; € s; to be similar to y; € s; if x; and x;
are close, with the measure of similarity defined by a;(x;).

Once fully supervised samples (x;, y;) have been recollected,
one can learn f, : X — ), approximating f*, with classi-
cal supervised learning techniques. In this work, we will
consider the structured prediction estimator introduced by
Ciliberto et al. (2016), defined as

fu(x) € argmin Z a;(x)(z, ;). (®)]
zey

i=1

Weighting scheme «. For the weighting scheme «, sev-
eral choices are appealing. Laplacian diffusion is one of
them as it incorporates a prior on low density separation to
boost learning (Zhu et al., 2003; Zhou et al., 2003; Bengio
et al., 2006; Hein et al., 2007). Kernel ridge regression is an-
other due to its theoretical guarantees (Ciliberto et al., 2020).
In the theoretical analysis, we will use nearest neighbors.
Assuming X is endowed with a distance d, and assuming,
for readability sake, that ties to define nearest neighbors do
not happen, it is defined as

EUoif Y Ly, <k
) — j=1 +d(x.x;) <d (x.x;)
@i(x) : 0 otherwise,

where k is a parameter fixing the number of neighbors. Our
analysis, leading to Theorem 4, also holds for other local
averaging methods such as partitioning or Nadaraya-Watson
estimators.

4. Consistency Result

In this section, we assume Y finite, and prove the conver-
gence of f, towards f* as n, the number of samples, grows
to infinity. To derive such a consistency result, we introduce
a surrogate problem that we relate to the risk through a cali-
bration inequality. We later assume that weights are given
by nearest neighbors and review classical assumptions, that
we work to derive exponential convergence rates.

In the following, we are interested in bounding the expected
generalization error, defined as

E(fn) =Ep, R(fu) = R(f), (6)

where R(f) = E(x,y)~x [€(f(X),Y)], by a quantity that
goes to zero, when n goes to infinity. This implies conver-
gence in probability (the randomness being inherited from
D) of R(f,) towards inf s,y R(f), which is referred as
consistency of the learning algorithm. We first introduce a
few objects.

Disambiguation ground truth (y;). Introduce n* €
A ywyxov expressing the compatibility of x* and v as in

Definition 1. Given samples (x;, §;);<, forming a dataset
Dy, we enrich this dataset by sampling y; ~ 7* |x,.5;» Which
build an underlying dataset (x;, y;, s;) sampled accordingly
(n*)®". Given D, while a priori, y; are random variables,
sampled accordingly to 77|, 5;, because of the definition of
M* (2), under basic definition assumptions, they are actually
deterministic, defined as y; = arg min, ¢, €(f*(x;),y). As
such, they should be seen as ground truth for ;.

Surrogate estimates. The approximate Bayes rule was
successfully analyzed recently through the prism of plug-in
estimators by Ciliberto et al. (2020). While we will not
cast our algorithm as a plug-in estimator, we will leverage
this surrogate approach, introducing two mappings ¢ and
from ) to an Hilbert space H such that

(z,y) = W(2),e(y)), 7

Such mappings always exist when ) is finite, and have
been used to encode “problem structure” defined by the loss
¢ (Nowak-Vila et al., 2019). Note that many losses (e.g.
Hamming, Spearman, Kendall in ranking) can be written as
correlation losses which corresponds to i = —¢, yet Eq. (7)
allows to model much more losses, especially asymmetric
losses (e.g. discounted cumulative gain). We introduce
three surrogate quantities that will play a major role in the
following analysis, they map &’ to H as

Yz,y €D,

gn(x) = )" ai(0)e(30),

i=1

gn(0) = > a(x)e()). (8)
i=1

g (x)=Eu [eY)| X =x],

It is known that f* and f, are retrieved from g* and g,,
through the decoding, retrieving f : X — YV fromg: X —
H as
fx)= arger;lin W(2),8(x)), ©)
z

which explains the wording of plug-in estimator (Ciliberto
et al., 2020). We now introduce a calibration inequality,
that relates the error between f, and f* with surrogate error
quantities.

Lemma 3 (Calibration inequality). When ) is finite, and
the labels are a deterministic function of the input, i.e.,
when u*|, is a Dirac for all x € supp vy, for any weighting
scheme that sums to one, i.e., Y, ai(x) = 1 forall x €
supp vx,

R(fn) - R(f*) < 4Clﬁ HgZ - g}’l”Ll
+8cycy Py ([lei(X) — g (X)|| > 6), (10)
with cy = sup,ey W (2, ¢y = sup,ey lle(Y)l, and 6 a

parameter that depend on the geometry of € and its decom-
position through .
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This lemma, proven in Appendix A.1, separates a part read-
ing in ||g,, — g»||, due to the disambiguation error between
(¥i) and (y}) together with the stability of the learning algo-
rithm when substituting (;) for (y}), and a partin | gn—g"
due to the consistency of the fully supervised learning algo-
rithm. The expression of the first part relates to Theorem
7 in Ciliberto et al. (2020) while the second part relates to
Theorem 6 in Cabannes et al. (2021).

4.1. Classical learnability assumptions

In the following, we suppose that the weights @ are given
by nearest neighbors, that X’ is a compact metric space
endowed with a distance d, that ) is finite and that ¢ is
proper in the sense that it strictly positive except on the
diagonal of ) x ) diagonal where it is zero. We now review
classical assumptions to prove consistency. First, assume
that vy is regular in the following sense.

Assumption 1 (vy well-behaved). Assume that vx is such
that there exists hy, c,, q > 0 satisfying, with B designing
balls in X,

Vx e suppvy, Vr < hy, vx(B(x,r)) > curf.
Assumption 1 is useful to make sure that neighbors in D,, are
closed with respect to the distance d, it is usually derived by
assuming that X is a subset of RY; that v x has a density p
against the Lebesgue measure A with minimal mass pyi, in
the sense that for any x € supp vy, p(x) > pmin; and that
supp vy has regular boundary in the sense that A(B(x,r) N
suppvy) = cA(B(x,r) for any x € suppvy andr < h
(e.g., Audibert & Tsybakov, 2007).

We now switch to a classical assumption in partial labelling,
allowing for population disambiguation.

Assumption 2 (Non ambiguity, Cour et al. (2011)). Assume
the existence of n € [0, 1), such that for any x € supp vy,
there exists y, € ), such that P, (y, € S| X =x) =1, and

Vz#y, P,(zeS|X=x)<n.
Assumption 2 states that when given the full distribution v,
there is one, and only one, label that is coherent with every
observable sets for a given input. It is a classical assumption
in literature about the learnability of the partial labelling
problem (e.g., Liu & Dietterich, 2014). When ¢ is proper,
this implies that y*|, = ¢, , and f*(x) = yx.

Finally, we assume that g* is regular. As we are considering
local averaging method, we will use Lipschitz-continuity,
which is classical in such a setting.'

Assumption 3 (Regularity of g*). Assume that there exists
cg > 0, such that for any x,x’ € X, we have

llg" (x) — " (x")ll3; < ced(x,x").

Uts generalization through Hélder-continuity would work too.

It should be noted that regularity of g*, Assumption 3, to-
gether with determinism of u*|, inherited from Assump-
tion 2 implies that classes X}, = {x| f*(x) = y} are sepa-
rated in X, in the sense that there exists 5 > 0, such that
for any y,y’ € Y and (x,x") € X, x Xy, d(x,x") > ho,
which is a classical assumption to derive consistency of
semi-supervised learning algorithm (e.g., Rigollet, 2007).
Those implications results from the fact that separation in )
(hard Tsybakov condition) plus Lipschitzness of g* implies
separation of classes in X, as we details in Appendix A.2.

4.2. Exponential convergence rates

We are now ready to state our convergence result. We in-
troduce & = min(hy, he) and p = c,h9, so that for any
x € supp vy, vy (B(x, h)) > p.

Theorem 4 (Exponential convergence rates). When the
weights a are given by nearest neighbors, under Assump-
tions 1, 2 and 3, the excess of risk in Eq. (6) is bounded
by

E(fn) < 8cycy(n+1)exp (—%)

+8cycomexp (—k |log(n)]), (11)

as soon as k < np /4, with m = #). By taking k, = kon,
for ko < p/4, this implies exponential convergence rates

E(fa) = O(nexp(=n)).

Sketch for Theorem 4. In essence, based on Lemma 3, The-
orem 4 can be understood as two folds.

* A fully supervised error between g, and g*. This error
can be controlled in exp(—np) as the non-ambiguity
assumption implies a hard Tsybakov margin condition,
a setting in which the fully supervised estimate g, is
known to converge to the population solution g* with
such rates (Cabannes et al., 2021).

* A weakly disambiguation error, that is exponential too,
since, based on Assumption 2, disambiguating between
z € Y and y, from k sets S sampled accordingly to
v|x can be done in 7¥, and disambiguating between all
z # yy and y, in mp* = mexp(—k |log(n)]).

Appendix A.3 provides details. O

Theorem 4 states that under a non-ambiguity assumption
and a regularity assumption implying no-density separa-
tion, one can expect exponential convergence rates of f,
learned with weakly supervised data to f* the solution of
the fully supervised learning problem, measured with ex-
cess of fully supervised risk. Because of the exponential
convergence, we could derive polynomial convergence rates
for a broader class of problems that are approximated by
problems satisfying assumptions of Theorem 4. The de-
rived rates in nexp(—n) should be compared with rates
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in n™Y2 and n=''*, respectively derived, under the same
assumptions, by Cour et al. (2011); Cabannes et al. (2020).

4.3. Discussion on Assumptions

While we have retaken classical assumptions from litera-
ture, those assumptions are quite strong, which allows us,
by understanding their strength, to derive exponential con-
vergence rates. Assumptions 1 and 3 are classical in the
nearest neighbor literature with full supervision. If we were
using (reproducing) kernel methods to define the weighting
scheme a, those assumptions would be mainly replaced with
“g* belonging to the RKHS”. Assumption 2 is the strongest
assumption in our view, that we will now discuss.

How to check it in practice ?  First, for Assumption 2 to
hold, the labels have to be a deterministic function of the
inputs. In other words, a zero error is achievable. Finally,
Assumption 2 is related to dataset collection. If dealing
with images, weak supervision could take the form of some
information on shape, color, or texture, etc., Assumption 2
supposes that the weak information potentially given on a
specific image x, allows to retrieve the unique label y of the
image (e.g., a “pig” could be recognized from its shape and
its color). This is a reasonable assumption, if, for a given x,
we ask at random a data labeller to provide us information
on shape, color, or texture, etc. However, it will not be
the case, if for some reasons (e.g. the dataset is built from
several weakly annotated datasets), in some regions of the
input space, we only get shape information, and in other
regions, we only get color information. In particular, it is
not verified for semi-supervised learning when the support
of the unlabelled data distribution is not the same as the
support of the labelled input data distribution.

How to relax it and what results to expect? Previous
works used Assumption 2 to derive a calibration inequal-
ity between the infimum loss to the original loss (e.g., see
Proposition 2 by Cabannes et al., 2020). In contrast, we
relate the surrogate and original problem through a refined
calibration inequality (10). This technical progress allows
us to derive exponential convergence rates similarly to the
work of Cabannes et al. (2021). Importantly, in comparison
with previous work, our calibration inequality Lemma 3
can easily be extended without the determinism assumption
provided by Assumption 2. Essentially, in our work, As-
sumption 2 is used to simplify the study of (¥;);<, given by
the disambiguation algorithm (4), and therefore the study of
the disambiguation error in Eq. (10). The study of (¥;);<n
without Assumption 2 would requires other tools than the
one presented in this paper. It could be studied in the realm
of graphical model and message passing algorithm, or with
Wasserstein distance and topological considerations on mea-
sures. With much milder forms of Assumption 2, we expect

the rates to degrade smoothly with respect to a parameter
defining the hardness of the problem, similarly to the works
of Audibert & Tsybakov (2007); Cabannes et al. (2021).

5. Optimizaton Considerations

In this section, we focus on implementations to solve Eq. (4).
We explain why disambiguation objectives, such as Eq. (2)
are intrinsically non-convex and express a heuristic strategy
to solve Eq. (4) besides non-convexity in classical well-
behaved instances of partial labelling. Note that we do not
study implementations to solve Eq. (5) as this study has
already been done by Nowak-Vila et al. (2019). We end
this section by considering a practical example to make
derivations more concrete.

5.1. Non-convexity of disambiguation objectives

For readability, suppose that X is a singleton, justifying to
remove the dependency on the input in the following. Con-
sider v € Ayy a distribution modelling weak supervision.
While the domain {u € Ay | u + v} is convex, a disambigua-
tion objective £ : Ay — R defining u* € argmin,,, £(u),
similarly to Eq. (2), that is minimized for deterministic dis-
tributions, which correspond to u a Dirac, i.e., minimized
on vertices of its definition domain Ay, can not be convex.
In other terms, any disambiguation objective that pushes
toward distributions where targets are deterministic function
of the input, as mentioned in Remark 2, can not be convex.

Indeed, smooth disambiguation objectives such as entropy
and our piecewise linear loss-based principle (2), reading
pointwise £(u) = inf ey Ey.,[€(z,Y)], are concave. Sim-
ilarly, its quadratic variant £'(u) = Eyy..,[£(Y,Y")], is
concave as soon as (£(y,y’))y,y ey is semi-definite negative.
We illustrate those considerations on a concrete example
with graphical illustration in Appendix C. We should see
how this translates on generic implementations to solve the
empirical objective (4).

5.2. Generic implementation for Eq. (4)

Depending on ¢ and on the type of observed set (s;), Eq. (4)
might be easy to solve. In the following, however, we
will introduce optimization considerations to solve it in a
generic structured prediction fashion. To do so, we recall
the decomposition of € (7) and rewrite Eq. (4) as

n
(Pi)i<n € argmin inf a; (x)v (z) Te(y;).
(y)ec, (z)ey" =]

Since, given (y;), the objective is linear in ¢ (z;), the con-
straint ¢/ (z;) € ¥ () can be relaxed with ¢; € Conv ()2

2The minimization pushes towards extreme points of the defi-
nition domain.
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Similarly, with respect to ¢(y;), this objective is the in-
fimum of linear functions, therefore is concave, and the
constraint ¢(y;) € ¢(s;), could be relaxed with & €
Conv ¢(s;). Hence, with Hg = Convy(Y) and I, =
[1;<, Conv ¢(s;), the optimization is cast as

n
£)i<cn € argmin  inf a;i(x)TE. (12)
(fl)lﬁn (§)EF,1 ({,-)6%’6 iJZ:; J( 1)4’1 f]

Because of concavity, (£;) will be an extreme point of I,
that could be decoded into ¥; = ¢~ (&;). However, it should
be noted that if only interested in f;, and not in the disam-
biguation (¥;), this decoding can be avoided, since Eq. (5)
can be rewritten as f,(x) € argmin,cy ¢ (2) " XL @; (x)&;.

5.3. Alternative minimization with good initialization

To solve Eq. (12), we suggest to use an alternative mini-
mization scheme. The output of such an scheme is highly
dependent to the variable initialization. In the following,
we introduce well-behaved problem, where (&;);<;, can be
initialized smartly, leading to an efficient implementation to
solve Eq. (12).

Definition 5 (Well-behaved partial labelling problem). A
partial labelling problem (€, v) is said to be well-behaved
if for any s € supp vyy, there exists a signed measure [
on Y such that the function from Y to R defined as z —
/y €(z,y) dug(y) is minimized for, and only for, z € s.

We provide a real-world example of a well-behaved problem
in Section 5.4 as well as a synthetic example with graph-
ical illustration in Appendix C. On those problems, we
suggest to solve Eq. (12) by considering the initialization
& i(o) = Ey~y,, [¢(Y)], and performing alternative minimiza-
tion of Eq. (12), until attaining £(*) as the limit of the alter-
native minimization scheme (which exists since each step
decreases the value of the objective in Eq. (12) and there is
a finite number of candidates for (&;)). It corresponds to a
disambiguation guess y; = 90—1(5[(00))' Then we suggest to
learn f, from (x;, y;) based on Eq. (5), and existing algo-
rithmic tools for this problem (Nowak-Vila et al., 2019). To
assert the well-groundedness of this heuristic, we refer to
the following proposition, proven in Appendix A.4.

Proposition 6. Under the non-ambiguity hypothesis, As-
sumption 2, the solution of Eq. (3) is characterized by
f*eargming y_y E(x.5)~y [Eyus [€(f(X).Y)]] . More-
over, if the surrogate function g, : X — H defined as
¢5(x) =TI (D&, with & = By, [¢(Y)], converges
towards g°(x) = Eg.,| [és] in LY, f3 defined through the
decoding Eq. (9) converges in risk towards f*.

Given that our algorithm scheme is initialized for §l.(0) =&

i

and gl.(o) = f,(x;) and stopped once having attained §i<°°)

and §i(°°) = fu(x;), fais arguably better than f,’, which
given consistency result exposed in Proposition 6, is already
good enough.

Remark 7 (IQP implementation for Eq. (4)). Other heuris-
tics to solve Eq. (4) are conceivable. For example, consid-
ering z; = y; in this equation, we remark that the result-
ing problem is isomorphic to an integer quadratic program

(IQP). Similarly to integer linear programming, this problem

can be approached with relaxation of the “integer constraint”
to get a real-valued solution, before “thresholding” it to

recover an integer solution. This heuristic can be seen as a

generalization of the Diffrac algorithm (Bach & Harchaoui,

2007; Joulin et al., 2010). we present it in details in Ap-
pendix B.

Remark 8 (Link with EM, (Dempster et al., 1977)). Ar-
guably, our alternative minimization scheme, optimizing
respectively the targets & = ¢(y;) and the function esti-
mates {; = W (fn(x;)) can be seen as the non-parametric
version of the Expectation-Maximization algorithm, popular
for parametric model (Dempster et al., 1977).

5.4. Application: Ranking with partial ordering

Ranking is a problem consisting, for an input x in an in-
put space X, to learn a total ordering y, belonging to
Y = &, modelling preference over m items. It is usually
approach with the Kendall loss €(y, z) = —¢(y) T ¢(z), with
e(y) = (sign(y() = y()))ijem € {~1,1}" (Kendall,
1938). Full supervision corresponds, for a given x, to be
given a total ordering of the m items. This is usually not an
option, but one could expect to be given partial ordering that
y should follow (Cao et al., 2007; Hiillermeier et al., 2008;
Korba et al., 2018). Formally, this equates to the observation
of some, but not all, coordinates ¢(y); of the vector ¢(y)
for some i € I c [[1,m]?.

In this setting, s C ) is a set of total orderings that match
the given partial ordering. It can be represented by a vec-
tor & € H, that satisfies the partial ordering observation,
(&5)1 = ¢(¥);, and that is agnostic on unobserved coordi-
nates, (&5)c; = 0. This vector satisfies that 7 — ¢ (z) & is
minimized for, and only for, z € s. Hence, it constitutes a
good initialization for the alternative minimization scheme
detailed above. We provide details in Appendix A.5, where
we also show that &; can be formally translated in a y; to
match the Definition 5, proving that ranking with partial
labelling is a well-behaved problem.

Many real world problems can be formalized as a ranking
problem with partial ordering observations. For example,
x could be a social network user, and the m items could be
posts of her connection that the network would like to order
on her feed accordingly to her preferences. One might be
told that the user x prefer posts from her close rather than
from her distant connections, which translates formally as
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Figure 1. Interval regression. See Appendix D for the exact reproducible experimental setup (Left) Setup. The goal is to learn f* : X —» R
represented by the dashed line, given samples (x;, s;), where (s;) are intervals represented by the blue segments. (Right) We compare the
Infimum Loss (IL) baseline (13) shown in green, with our Disambiguation Framework (DF), Egs. (4) and (5), shown in orange; with
weights @ given by kernel ridge regression. (DF) retrieves y; before learning a smooth f, based on (x;, y;), while (IL) implicitly retrieves
vi(x) differently for each input, leading to irregularity of the consequent estimator of f*.

the constraint that for any i/ corresponding to a post of a
close connection and j corresponding to a post of a distant
connection, we have ¢(y);; = 1. Nonetheless, designing
non-parametric structured prediction models that scale well
when the intrinsic dimension m of the space ) is very large
(such as the number of post on a social network) remains an
open problem, that this paper does not tackle.

6. Related work

Weakly supervised learning has been approached through
parametric and non-parametric methods. Parametric models
are usually optimized through maximum likelihood (Heit-
jan & Rubin, 1991; Jin & Ghahramani, 2002). Hiillermeier
(2014) show that this approach, as formalized by Denoeux
(2013), equates to disambiguating sets by averaging can-
didates, which was shown inconsistent by Cabannes et al.
(2020) when data are not missing at random. Among non-
parametric models, Xu et al. (2004); Bach & Harchaoui
(2007) developed an algorithm for clustering, that has been
cast for weakly supervised learning problem (Joulin et al.,
2010; Alayrac et al., 2016), leading to a disambiguation
algorithm similar than ours, yet without consistency results.
More recently, half-way between theory and practice, Gong
et al. (2018) derived an algorithm geared towards classifi-
cation, based on a disambiguation objective, incorporating
several heuristics, such as class separation, and Laplacian
diffusion. Those heuristics could be incorporated formally
in our model.

The infimum loss principle has been considered by several
authors, among them Cour et al. (2011); Luo & Orabona
(2010); Hillermeier (2014). It was recently analyzed
through the prism of structured prediction by Cabannes
et al. (2020), leading to a consistent non-parametric algo-
rithm that will constitute the baseline of our experimental
comparison. This principle is interesting as it does not as-
sume knowledge on the corruption process (S|Y) contrarily
to the work of Cid-Sueiro et al. (2014) or van Rooyen &

Williamson (2017).

The non-ambiguity assumption has been introduced by Cour
etal. (2011) and is a classical assumption of learning with
partial labelling (Liu & Dietterich, 2014). Assumptions of
Lipschitzness and minimal mass are classical assumptions
to prove convergence of local averaging method (Audibert
& Tsybakov, 2007; Biau & Devroye, 2015). Those assump-
tions imply class separation in X', which has been leverage
in semi-supervised learning, justifying Laplacian regulariza-
tion (Rigollet, 2007; Zhu et al., 2003).

Note that those assumptions might not hold on raw repre-
sentation of the data, but with appropriate metrics, which
could be learned through unsupervised (Duda et al., 2000)
or self-supervised learning (Doersch & Zisserman, 2017).
Indeed, Wei et al. (2021) provide an analysis akin ours based
on such an assumption. As such, the practitioner might con-
sider weights @ given by similarity metrics derived through
such techniques, before computing the disambiguation (4)
and learning f, from the recollected fully supervised dataset
with deep learning.

7. Experiments

In this section, we review a baseline, and experiments that
showcase the usefulness of our algorithm Egs. (4) and (5).

Baseline. We consider as a baseline the work of Cabannes
et al. (2020), which is a consistent structured prediction
approach to partial labelling through the infimum loss. It is
arguably the state-of-the-art of partial labelling approached
through structured prediction. It follow the same loss-based
variance disambiguation principle, yet in an implicit fashion,
leading to the inference algorithm, f,, : X — ),

fu(x) € argmin inf a;(x)C(z, yi). (13)

z€Y (yi) €Cy i=1
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Figure 2. Testing errors as function of the supervision corruption on real dataset corresponding to classification with partial labels. We
split fully supervised LIBSVM datasets into training and testing dataset. We corrupt training data in order to get partial labels. Corruption
is managed through a parameter, represented by the x-axis, that relates to the ambiguity degree 1 of Assumption 2. For each methods (our
algorithm (DF), the baseline (IL), and the baseline of the baseline (AC, consisting of averaging candidates y; in sets S;)), we consider
weights a given by kernel ridge regression with Gaussian kernel, for which we optimized hyperparameters with cross-validation on the
training set. We then learn an estimate f;, that we evaluate on the testing set, represented by the y-axis, on which we have full supervision.
The figure show the superiority of our method, that achieves error similar to baseline when full supervision (x = 0) or no supervision
(x = 100%) is given, but performs better when only in presence of partial supervision. See Appendix D for reproducibility specifications,
where we also provide Figure 6 showcasing similar empirical results in the case of ranking with partial ordering.

Note that with our proof technique, which overcome the sub-
optimality of calibration inequality (Audibert & Tsybakov,
2007; Cabannes et al., 2021), exponential convergence rates
similar to Theorem 4 could be derived for the baseline. Yet,
as we will see, our algorithm outperforms this state-of-the-
art baseline. This could be explained by the fact that our
algorithm introduce an intrinsically smaller surrogate space
(in essence, Cabannes et al. (2020) introduced surrogate
functions from inputs in X" to powersets represented in R2Y ,
while we look at functions from input in X" to output repre-
sented in RY).

Disambiguation coherence - Interval regression. The
baseline Eq. (13) implicitly requires to disambiguate (y;(x))
differently for every x € X. This is counter intuitive since
(y7) does not depend on x. It means that (y;) could be
equal to some ()750)) on a subset A of X, and to another
()71.(1)) on a disjoint subset X; C X, leading to irregularity
of f, between X and &;. We illustrate this graphically
on Figure 1. This figure showcases an interval regression
problem, which corresponds to the regression setup () = R,
0(y,z) = |y —z]*) of partial labelling, where one does not
observed y € R but an interval s C R containing y. Among
others, this problem appears in physics (Sheppard, 1897)
and economy (Tobin, 1958).

Computation attractiveness - Ranking. Computation-
ally, the baseline requires to solve a disambiguation problem,
recovering (y;(x)) € C, for every x € X" for which we want
to infer f,(x). This is much more costly, than doing the
disambiguation of (y;) € C, once, and solving the super-
vised learning inference problem Eq. (5), for every x € X
for which we want to infer f,(x). To illustrate the com-
putation attractiveness of our algorithm, consider the case

of ranking, defined in Section 5.4. Fully supervised infer-
ence scheme (5) corresponds to solving a NP-hard problem,
equivalent to the minimum feedback arcset problem (Duchi
et al., 2010). While disambiguation approaches with alterna-
tive minimization implied by Eq. (4) and Eq. (13) require to
solve this NP-hard problem for each minimization step. In
other terms, the baseline ask to solve multiple NP-hard prob-
lem every time one wants to infer f,, given by Eq. (13) on an
input x € X'. Meanwhile, our disambiguation approach asks
to solve multiple NP-hard problem upfront to solve Eq. (4),
yet only require to solve one NP-hard problem to infer f,
given by Eq. (5) on an input x € X.

Better empirical results - Classification. Finally, we
compare our algorithm, our baseline (13) and the baseline
considered by Cabannes et al. (2020) on real datasets from
the LIBSVM dataset (Chang & Lin, 2011). Those datasets
(x4, y;) correspond to fully supervised classification prob-
lem. In this setup, Y = [1, m] for m a number of classes,
and €(y,z) = 1y2,. We “corrupt” labels in order to create
a synthetic weak supervision datasets (x;, s;). We consider
skewed corruption, in the sense that (s;) is generated by a
probability such that 3 .y, IPs;(z € Si|y;) depends on the
value of y;. This corruption is parametrized by a parameter
that related with the ambiguity parameter i of Assumption
2. Results on Figure 2 show that, in addition to having a
lower computation cost, our algorithm performs better in
practice than the state-of-the-art baseline.’

Beyond Eq. (2) - Semi-supervised learning. The main
limitation of Eq. (2) is that it is a pointwise principle that
decorrelates inputs, in the sense that the optimization of

3 All the code is available online - https://github.com/
VivienCabannes/partial_labelling.
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Semi-supervision setting

DF reconstruction

IL reconstruction

Figure 3. Semi-supervised learning, “concentric circle” instance with four classes (red, green, blue, yellow). Reproducibility details
provided in Appendix D. (Left) We represent points x; € X C R2, there is many unlabelled points (represented by black dots and
corresponding to S; = )), and one labelled point for each class (represented in color, corresponding to S; = {y;}). (Middle) Reconstruction
fn : X = Y given by our algorithm Eqgs. (4) and (5). Our algorithm succeeds to comprehend the concentric circle structure of the input
distribution and clusters classes accordingly. (Right) Reconstruction f;, : X — ) given by the baseline Eq. (13). The baseline performs

as if only the four supervised data points where given.

u¥y, for x € X, only depends on v|, and not on what
is happening on X'\ {x}. As such, this principle failed to
tackle semi-supervised learning, where v|, is equal to u/,
(in the sense that 7|, , = &yy)) for x € A} and is equal
to 0y for x € X, := X\A;. In such a setting, for x €
X, 1|, can be set to any ¢, for y € V. Interestingly, in
practice, while the baseline suffer the same limitation, for
our algorithm, weighting schemes have a regularization
effect, that contrasts with those considerations. We illustrate
it on Figure 3.

Real real-world applications. There is a real lack of
clean datasets to experiment with partial labelling. Most
theoretical papers consist in synthetic corruption of fully
supervised dataset (e.g., Korba et al., 2018) as we did. Em-
pirical papers are built on highly complex datasets that re-
quire skilled pre-processing and tricks beside theoretically-
grounded principle (e.g., action recognition on Youtube
videos). However, note that the state-of-the-art work of
Miech et al. (2019) is built on heuristics from the Diffrac
algorithm, which we generalized (see Alayrac et al., 2016,
for details). We hope that, by providing theoretical under-
standing of the problem, our paper could help to design
powerful heuristics in practice, even though this is out of
scope of the present paper.

8. Conclusion

In this work, we have introduced a structured prediction al-
gorithm Egs. (4) and (5), to tackle partial labelling. We have
derived exponential convergence rates for the nearest neigh-
bors instance of this algorithm under classical learnability
assumptions. We provided optimization considerations to
implement this algorithm in practice, and have successfully
compared it with the state-of-the-art. Several open problems
offer prospective follow-up of this works.

* Semi-supervised learning and beyond. While we only
proved convergence in situation where y* of Eq. (2) is
uniquely defined, therefore excluding semi-supervised

learning, Figure 3 suggests that our algorithm (4) could
be analyzed in a broader setting than the one consid-
ered in this paper. Among others, the non-ambiguity
assumption could be replaced by a cluster assumption
(Rigollet, 2007) together with a non-ambiguity assump-
tion cluster-wise in Theorem 4.

* Hard-coded weak supervision. Variational principles
Egs. (2) and (3) could be extended beyond partial la-
belling to any type of hard-coded weak supervision,
which is when weak supervision can be cast as a set of
hard constraint that ¢ should satisfy, formally written
as a set of fully supervised distributions compatible
with weak information. Hard-coded weak supervi-
sion includes label proportion (Quadrianto et al., 2009;
Dulac-Arnold et al., 2019), but excludes supervision
of the type “80% of the experts say this nose is broken,
and 20% say it is not”. Providing a unifying framework
for those problems would make an important step in the
theoretical foundation of weakly supervised learning.

* Missing input data. While weak supervision assumes
that only y is partially known, in many applications of
machine learning, x is also only partially known, espe-
cially when the feature vector x is built from various
source of information, leading to missing data. While
we only considered a principle to fill missing output
information, similar principles could be formalized to
fill missing input information. This would be partic-
ularly valuable when data are not missing at random
(Rubin, 1976; Muzellec et al., 2020).
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