High-Dimensional Experimental Design and Kernel Bandits

Outline

The appendix is organized as follows. We first provide the proofs for the concentration bound of RIPS (Theorem 1),
the computation of the inverse of the bilinear form (Lemma 1), the guarantees of the PTR procedure (Theorem 2), the
regret bound of the RIPS regret minimization algorithm (Theorem 3), the sample complexity of the RIPS pure exploration
algorithm (Theorem 4). We also establish the regret bound and the sample complexity guarantees of the PTR procedure.
Then, we provide the proofs of the comparison of our variance term f (X', 1/7") with the information gain of (Srinivas et al.,
2009) (Lemma 2) and with the effective dimension of (Alaoui & Mahoney, 2015) (Lemma 3) and prove a corollary of
Theorem 1 of (Degenne et al., 2020). Last, we complete the details of the experiments.

A. Concentration of RIPS, Proof of Theorem 1

Proof. First note that
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which completes the second part of the lemma, so it suffices to show that each |(0,, v) — W ()| is small.

We begin by bounding the variance of v A (X\)~1¢(z;)y, for any t € N which is necessary to use the robust estimator.
Note that
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which means we can drop the second term to bound the variance by
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Recalling that
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We now recall that y; = (p(x¢), 0.) + & + 1., Where & is a mean-zero, independent random variable with variance o2, and
[Nz, | < h. Thus,
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which we bound separately. Firstly,
(04, 0) = E[v " AD (\) " (1) ¢ (21) T0.]] = (6, 0) — v AP (N) LAV
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and secondly,
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Thus, putting it all together we have

" log(2/d
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Union bounding over all v € V completes the proof.

B. Inverses and bilinear forms, Proof of Lemma 1
Proof of Proposition 1. The following manipulations are well-known, but we include them from completeness. Define
© = [o(x1) ..., 0(zr) "]
Holds
(BT +4I) = (P D4+ A)D" .
And thus
(@70 +4)'eT =0T (OO 4 4I)7 L.
Now we use the expansion
(@"®+yI)a=2 ®a+a
to write
a= (8T +~I)"" (&7 a+a)
— (@ 0 +41) 2 Da+ (®TD+I) ' a
— 3T (3T +41)  Daty (@O +~I) a.
Then multiplying on the left side by b" leads to
bla=bT0T (@07 +41) " Da+4b" (BTB+~I) a.
So
-1
b' <Z () p(x)T + *yI) a= %bTa - %quﬂ (@07 + 1) ®a
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= b= k(@) (K D) kD)
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We now simply repeat with the same calculations with

Dy = [\/X(ﬁ({ljl)—r, R \/ZQS(xT)T]T ’
Ky=0,0, = [\/xi\/Yj¢(xi)T¢($j)}l<ij<T ;
and

k,\(x) = (I))\d)(l') eR".

C. Guarantees of the PTR procedure, Proof of Theorem 2

We establish the proof in a finite dimension case where ¢ is the identity map and then extend it to any feature map ¢. In both
cases, we fix X C R and consider A\ € Ay to be the design we wish to round.

C.1. Finite dimension

Lemmad. Let VDV be the eigenvalue decomposition of the matrix y_, . » Agxx ', and denote D = diag(dy, . .., dq).
Forany z € V, as long as T = Q(k/¢), we can find an allocation {Z;}]_, C X such that

- —1 —1
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i=1 TeEX

where we defined k = max{i : d; > ~v}.
Proof. Start by also denoting V' = [v1, ..., v4]. Then
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Now, for any k = max{i : d; > v} we have
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where we denote V, and V_j, as the top k and bottom d — k eigenvectors, respectively. But now we notice that for this first
term, we have max{dim(span({V," Z}zev)) dim(span({V," 2},ex))} < k which now means that thanks to (Allen-Zhu
et al., 2017) we can find an allocation {¥;}]_, C X such that
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as long as 7 = Q(k/e). Putting it altogether we have
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zeX

Oftentimes k can be much smaller than min{d, | X'|}, especially for large ~. For instance, for ¥ = Z = {ae;} U {e; : i €
[d]} with a > ~v = 1, even as d — oo we have that k = 1 since A* will be the majority of its mass on ey.

C.2. Connection to kernels

We now get back to our initial setting. Consider K the kernel matrix of X = {z1,...,2,}. Take ® € R™" such
that K = ®OT (can easily done by diagonalizing /). Consider the rows of ® and name these qﬁ(xz) Then, we have
by definition ¢(x;)"¢(z;) = [K]i; and we have by construction dla)T gb(:cj) = [K];;, which importantly leads to
O(xi) " d(x;) = p(x:) T d(a;).

Fix v € V C X. We have from Lemma 1

(Z Sai)p(ai) " + T’ﬂ) $(v) = 6(v) " ¢(v)/(T7) = d(v) T @T(@DT +TyL,) T R(v) /(7).
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This only involves scalar products of the form ¢(x;) " ¢(z;), such that the property ¢(x;) " ¢(z;) = oz )Tg(zj) allows us
to write the variance as

(Z oz (i) + 7'7]) B(v)

o) T o(v)/(7) — P(v) @ T (B + 7vL,) ~ P(v)/ (1)
=6(v) $(v)/(7) — ¢ @ (DT + 7yL,) 1 D(v)/(T7)
= %(U)T <Z qg(xl)cg(xz)—r + 7'7%) q?(v) .

The same trick allows us to write

(Zw +mf> $(v) = (Zw +mI> 6(v) .

reX TEX

Let VAV be the eigenvalue decomposition of the matrix 3, A2d(z)d(2)T, and denote A = diag(dy, .. ., d,). We

know from lemma 4 that with 7 = Q(d(), v) /) and d(), v) = max{i : d; > v} we can find an allocation {Z;})_,CX
such that

—-1 -1
(Zgb o(x;) + I, ) gb( ) <max{l+e¢ 2}¢> ( Z )\T(b T 4741, ) gg(v) ,
reX

which yields to the following result.
Forany v € V C X, aslong as 7 = (d(A,7y)/€), we can find an allocation {Z; }7_; C X such that

<Z¢ Ti)o +7"Yld> $(v) < max{l + € 2}(v) ( > Ao(x +7"7]d> ¢(v)
TEX

and d()\,y) = max{i : d; > ~}.
And we can take the suppremum over v € V to get to the result of Theorem 2.

D. Main regret argument, Proof of Theorem 3

In this section, we can consider without loss of generality that ¢ is the identity map. Indeed, the features of the actions - thus
denoted x here and ¢(z) in the rest of the paper - appear in this proof only through scalar products.

Define f(V;v) = infyea, max,ecy ||1)H?Zyev ApyyT 4y1)—1 and f(X;57) == maxypcx f(V;7).

Define the event

e=N N {I(fcﬁe—&&l§64+(ﬁ|9*llz+h) mw}

(=1xeXy

Lemma 5. We have P(E) > 1 — 4.

Proof. Forany V C X and x € V define

Evt(V) = {[(@,0:V) = 0.)] < e+ (VAN:l2 + 1)/ F(X37)}
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where 5[(]/) is the estimator that would be constructed by the algorithm at stage ¢ with X, = V. For fixedV C X and ¢ € N
we apply Theorem 1 with 7 = 7 so that with probability at least 1 — ] We have that for any x € V

222
[, 8e0) — 03] < elLacoa-s | V16 +h+co¢<B2 + oty BT
< VI (VA + i+ ee/v/ T Vi)
< eot (VA0 + By T )
Noting that € := (,2; e x, Ex.e(Xe) we have
P(U U eseon) < 3oe (U teson)
(=1zeX, =1 rEX,
-y ¥ r(Yeona-v)
(=1VCX zTEV
=3P ( ) P(X, =V)
{=1VCxX z€V
<D wrlVE(=V)
(=1VCxX
giz DP(X=V) < §
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Lemma 6. For all { € N we have max,cx, px — fto < max{16es, 32(/70x 2 + 1)/ f(X;7)}

Proof. An arm z € X} is discarded (i.e., not in Xyy1) if max,/cx, (:1:’7§> - (m,@) > deg. Let £ := max{l : ¢ >
2(7N10l2 + h)V/ F(X;7)} If 2y = arg max,e x f1p then 2, € Xy Now if 2, € X, for some ¢ < /, then for any 2’ € X,
we have

(@,0) = (24,0) < (2’ — s, 04) + 260 + 2(/710x |2 + h)/ F(X57)
Sum_lf"z*+2h+2€€+2(ﬁ||0*“2+h) f(X;’Y)

2 + 4(yA[0:ll2 + R)\/ F(X5)
deg

IN

which implies z, € Xy,1. Moreover, suppose that £ < ¢ and there exists some = € X, such that y, — 1, > 8¢y, then

~ ~ ~

max (2',0) — (2,0) > (2.,) - (x,0)

v

(e — 2, 0.) = 2¢0 = 2(\/7|0xl2 + )/ F(X57)

> i — pe — 2h = 2e0 — 2(\/1|04 ]2 + h)\/ F(X:7)

> s — i — 260 — 4]0 ]l2 + )/ F(X5 )

> M — Mg _4€€
> 4ey
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which implies maxgecx,, | p« — po < 8€¢ = 16€¢41. Because Xy C Xy we have for ¢ > { that

MAX fly — flp < MAX [y — fUg
TEX, TE€EX7

< 32(vAl10:ll2 + h)y/ (X5 7).
Thus, maxge x, [t — o < max{16es, 32(\/7]|0. |2 + 2)\/ f(X;7)}. O

We now compute the final regret bound. After 7" steps of the algorithm, let 7', denote the number of times arm x is played.
LetI' = (\/7|0«[|2 + h)\/ f(X;7). If L is the final round reached after 7" steps, we have

L

T, <
> (e = pra) max (i — 1) 7e

rzeX =1

L
< ZT[ max{16e, 32(/7 0|2 + h)\/ F(X;7)}

~

< Z T max{16¢,, 32T"}

< Z 32I'ty + Z €0Ty

Lep<2T C:ep>2D0

< ) 3Un+16vT+ Y 16em

Leg <2l lieg>2I'Vr

< Y 32U +16vT+ Y 1667
L:ep<2T Lieg>v

<c|TTH+vT + Z €0+ (co(B* + 02)e; 2 f(Xy; ) log(4€%|X| /8) + c1 log(|X|/6))

lieg>v

<c FT—|—VT—|—-(CO(B2+02)e[2f(Xg, ) log(4¢%|X|/5) + c1 log(|X|/9)) Z €

Lieg>v

<c(PT +vT + v eo(B? + 0°) f(X; ) log(4[logy (1/v) 12X |/8) + c1 log(|X|/6)) .

Choosing v = \/co(B2 + 02) f(X;7) log(]X]/8)/T and plugging T back in yields

S (e = )T < A FX7) (TN + 1) + v/ (B2 + 02) og([ X log(T) /)T ) + 1 log(|X]/6).

reX

Choosing v = 1/T yields

S (e — )T < ¢\ F(251/T) (hTJr 0T+ (e 0. +o2>1og<|X|1og<T>/5>T) + 1 log(|X]/3).

zeX

E. Main robust pure exploration result, Proof of Theorem 4

For any V C Z define f(X,V;7) = minjea, maxyey v —v'||7
Lemma 7. Define

e = 8minfe > 0: 4(yFl6. ]2 + 0) 2+ V/T(X, {2 € 2+ (3(z2) — 6(2),0.) < ki 7)) < e}.

Then max,cz, i« — 1, < 8max{es, €} for all £ > 0 with probability at least 1 — 4.

Peex Aep(@)(2) T+ I) !
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We use Theorem 1 again, with here V C Z C R4

0. )
A |0, p(v)) — \
veV |9(0)[l(s, 4 Ard(@)d(a) T +yD) -1

< VALl + b+ coy/ E A 10g(21V1/6)
which motivates the choice

70 = ey “f (X, Z7)(B® + 0%) log(20%| 2| /6)
Define the event

e:=) N {1662) = 6.0 = )] < co+ (VAllOulle + WVFX Zi7) }
=12z,2"€Z,

Lemma 8. We have P(E) > 1 — 4.

Proof. This proof follows the analogous result for regret almost identically. We include it for completeness. For any V C Z
and z € X define

Exor0(V) = {(6(2) = 8(2'), 8e(V) = 6.)] < €0 + (All0ll2 + W)V F (X, Zi57)}

where @(V) is the estimator that would be constructed by the algorithm at stage ¢ with Z, = V. For fixed V C Z and ¢ € N
we apply Theorem 1 with T = 7, so that with probability at least 1 — ﬁ we have that for any z,2" € V

{B(z) — D). Be(V) — 8.)] < 16() — 6N aiwrany1 (/152 + h+c0\/ (B2 4 02) )82 121E/0)

< VI V37) (VAllOulz + b+ o/ VI V7))

< e+ (VA2 + R)V F(X,V;7)

)

Te

Noting that £ := (,2; E. »0(Zy) we have

z,2' €2,
P (U U {gzc,z’,f(ze ) S Z ( U {Ez z' 0 Zf)})
l=1z,z2'€Zy (=1 z,2' €2y
- Z ( U { zz/Z } Z£ )
(=1VCZ z,2' €V
=> > P ( U {5§,zf,e(V)}) P(Ze=V)
(=1VCZ=Z z,2' €V
<3 5wty )z =v
(=1VCZ
giz 2P(Z,=V) <4
I=1VCZ

O
Lemma 9. Define S1 = Z and Sp1 = {z € Sy : (¢(2:) — (2),04) < 3ev + (/7]|0+]l2 + h)\/ f(X, Se;7)}. Define

max{€ (\f”@ ll2 +h) (24 f(X,Se7) <6[}

For all £ € N we have max,cz, s — pt, < 8max{es, €5}
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Proof. Anarm z € Z; is discarded (i.e., not in Zp11) if max, ¢z, (¢(2') — ¢(2), B) > 2€.

We will show {z, € Z}N{Z, C Sp}n{l <0} = {2, € Zo.1 3N {2041 C Ses1}. Noting that {2z« € Z030{ 2y C S¢}
holds for ¢ = 1, we will assume an inductive hypothesis of this condition for some ¢ < .

First we will show {z. € Z,}N{Z, C S} N{{ <0} = {2. € Zp11}. On{z. € Z} N{Z, C Sy} N{l < [}, we
have for any 2’ € Z, that

(8(=') = (), 00) < (B(=') = $(2.), 0.) + €0 + (VAll0ull2 + B)VF (X, Z437)
< por = iz, + 20+ €0+ (VA2 + )V (X, Z637)

<eo+ (VA2 + R)(2 + V(X Ze57))
< e+ (V02 + )2+ (X, 5659))

< 2¢

which implies z, is not eliminated, that is, z, € Z,41. The second-to-last inequality follows from

F(X, Ze57) = ggx Jmax llo(z) — (Z/)”%zmeX Ao (@) () T +~I)—1
2
< AglAfX max [¢(z) — (Z/)H(Zzex Aed(2)d(2) T +yI)~1
= f(X, Se;7)-

Now we will show {2, € Z¢} N{Z, C S} N{¢ <} = {Z411 C Se41}. Forany z € Z,N S5, | we have

max (¢(z") — ¢(2), §e> > (p(2+) — 9(2), §€>

2'€Z
2 (d(z:) = 9(2),0+) — €0 = (V102 + )V f(X, Z6;7)
> 3ee + (VA0 N2 + W)V F(X,S657) = €0 = (VA0 l2 + )V F(X, Ze37)

> 2¢

which implies z € Zy, 1, and Zy11 C Spy1.
Thus, for £ < ¢ we have

. L < v) — ,0.) +2h
max e — géigj@(z) B(2),0.) +

< max(¢(z.) — ¢(2),0:) + 2h

S 36@—1 +2h+(ﬁ|‘9*||2+h) f(XaSZ—l;’Y)

< 36—t + (VA2 + h)(2+ VF(X, Si-137))

§ 465_1 = 86[.

And because Z,41 C Z, we always have that max,cz, p — 1, < 8 max{es, €7}. Note that

=max{l: (/702 + h)(2+ V F(X,S¢7)) < e}
> max{l: (Vll6xlla +h)(2+ V(X {2 € Z: (9(2) — 6(2). 0s) < deg}i7)) < e}
= max{€: 4(y7[|0:ll2 + h) (2 + (X, {z € Z: (9(2) — 8(2),64) < dec};y)) < deg}
= =2+ max{¢: 4([|0xll2 + )2+ /(X {z € Z: (d(2) — 0(2),0.) < €e};7)) < e}
> —3 —logy(min{e > 0: 4(y/7]|6x]|2 + )2+ V(X {z € Z: (8(22) — 9(2), ) < e}37)) < €})

which defines €. O
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The sample complexity to return an 8(A V €)-good arm is equal to

Moga (8(AVE)™H)] [log, (8(AvE)™H)]
Te = [max {c; log(|2]/5), coe; 2 (X, Z0;7)(B? + 02) log(20%| 2| /5) }]
=1

~
Il

Mog, (8(AVE)™H)]
< c | c1log(|2]/8) logy(8(A V&)™) + co(B* + o) log(2[logy (8(A v &) 7)1 2[2/9) Yo @ I(X 2
{=1
Mog, (8(Ave)™1)]
< o [ er1oa(121/5) logs(B8(A V1) + co(B? + %) log(2Mloga(B(A V) 2IZIZ/8) S (X, Skm)
{=1
AV E)

< ¢ (e log(|21/6) Iog(8(A V &) ) + 16[log,(8(A v &) )] co( B2 + 02) log(2[log,(8(A V &) 1) 12|27 /8)p" (7, 8))

where the last line follows from

~ H(b(z*) - QS(Z)H?ZTEX Aed(z) z)T+'yI)_1
(18 = Il s P (90, — 6(2),0.7]

(
l¢(z) = B(2)II7

(Toex Aad(@)o(@)T+41) "

= inf sup sup

NEAX (<[log, (s(Ave)-1)] zeS,  max{e?, ((¢(z.) — §(2)) T 6.)?}
o ) Mog,(8(Ave)™1)] . llo(24) —gb(z)||? e b)) 1)
~ aedx [logy(8(AVE)1)] yot ces,  max{e ((¢(z) — ¢(2))70.)%}
N 1 Mog,(8(Ave)~1)] - l(2s) — (z)||% Aeb@)6@) D)
~ [logy(8(A Ve~ pot Nedx.es,  max{e, ((¢(z ) ¢(2))10.)%}
. floga(s(Ave) ™) .
Z Moga BBV )] ; 2000, sup 196z) =G5 oo aan
) foga(s(Ave) ™01 .
16[log,(8(A vV €)~1)] ; ? lenAfoiueps, l6(z) = (= )”(Em Aed(@)d(@)T+41) "
) fogs(s(Ave) ™01
CWenEava ] 2 2 WS

F. Proofs for the regret bound and the sample complexity of the alternative baseline

Note importantly that in this section the stochastic noise is sub-gaussian.

F.1. Concentration of the sparse estimator

Lemma 10. Fix a finite set V C H, finite set X, and let ¢ : X — H. Fix any x1, ...,z and assume y; = ($(xy),0x) +
& + n¢ where each & is independent, mean-zero, sub-gaussian with parameter o>, and each 1, satisfies |ny| < h. If 6 is the
regularized least squares estimator with regularization v > 0 then

max [0,0) 0., v)] < (VAl0:]l2 + VT + /202 10g (2] V| /6))

veY ||U||(ZT 1 O(xi)d(wi) THI) 1

with probability at least 1 — §.

Proof. Recall first the definition of regularized least squares estimator 9:

) —15T
0=G'o'y
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where G = er:l é(z;)p(z;) T + 1. Defining € := (¢41,...,&7) and ) := (0y, ..., mr), holds
v (0 -0,)=0v"G'eTY —vT0,
= UTG?(I)T(Q)O* +E4n) -0,
= vTG;léTq)G* —v'h, + UTG;1<I>T§ + vTG;1<I>T77 .
We study each term separately:
TG ) < Inlloll @G ol
< WT|| 2GS 0|2
< Tl

with probability at least 1 — §

2
076 TE] < ol 2070 (5)
and
UTG;1<I>T<I>9* 00, = - (@D 4 4I)7.
is bounded using Cauchy-Schwarz inequality:
[yo(@" @ + 1) 76|

< A0 0T (@TE 441 I@TD +y0)

= 7||9*||\/UT(<I>T<I> +y D)ty (TR D)

<A 00T (@TE £ A (T + OTR)(@TD 4 1)

= 71/2”9* [ ||UH(¢,T¢>+71)*1

=720 llvll g1 -

So
070 001 < V. el + ol 2070 (5 ) + bvAlol
= [lvllg; <ﬁl9*llz +hVT + y[202log <§>> :
Union bounding over all v € V completes the proof. O

F.2. Regret bound

For the same reason as in section D, we can consider without loss of generality that ¢ is the identity map in this section.
Indeed, the features of the actions - thus denoted z here and ¢(z) in the rest of the paper - appear in this proof only through
scalar products.

Theorem 5. With probability at least 1 — 6, the regret of Algorithm 5 satisfies

T
S o = a, < ¢ () + TV (T + ) + Vo g (ATIoa(T /D) T) )

where f(v7’7) = )\ieIgv Slelg ||y||%ZTGX Mgz T+yI)~1 and J(’y) = mnaxy<r, 3(77 >\€) < maxycxy Sup/\EAv J(’% )‘)
Y
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Algorithm 5 PTR for Regret minimization

Input: Finite sets ¥ C R (|X| = n), feature map ¢, confidence level 6 € (0,1), regularization -y, sub-gaussian
parameter o.
Set X) « X, 0+ 1
while |X;| > 1 do
Let Ay € Ay, be a minimizer of f (A, Xy,~y) where

f(vv ’Y) = )\iengv f()‘v V, ’Y) = )\ieng‘v I?eaﬁi ||¢(,U)||%Zyev Ayd(y)o(y) T+~I) 1

Set ¢, = 27 and 74 := [max{202¢, 2 f(Xs;7) log(402|X|/8), d(y, M)}

Use the PTR procedure of section 2.4 to find sparse allocation {Z;}*, C X, from A,.
Take each action € {Z;} 2, with corresponding features & and rewards ¥’
Compute y = (®T® + 77])1®TY

Update active set:

Xoy1 = {:v € Xy, max (d(x') — d(x),8,) < 864}
' €Xy
C—10+1
end while
Play unique element of X; indefinitely.

Recall the definition of f(V;7) = infaca, maxvey [|v[fs
event

v Ay Ty D) and f(X;7v) := maxycx f(V;7). Define the

£i= (1 () {100 - 001 < 260 + 2 (/3010 + 1) T |

(=1z€eX,

Lemma 11. We have P(E) > 1 — 4.

Proof. Forany V C X and « € V define
€ = {W@(w 0] < 260+ 2 (VA0 2 + 1) f(m)}

where @(V) is the estimator that would be constructed by the algorithm at stage £ with Xy = V. Forfixed V C X, € N, 7y
actions are taken. Thus we apply Lemma 10 with 7 = 7, and with regularization factor 7,7, so that with probability at least

1—26%|X|wehaveforanyxev

&7 (0 = 0.)] < ] e

st ey (VIO + b7 + /207 log 4PIXT]3)

< 2|2l (rpA(re) 4y D)2 (\/TMH@*Hz + hy/Ti + /202 10g(462|/"f|/5))

202 log(402| X| /)

Te

=2lzll a4yt | VINOll2 + P+ \/

<2/ (Al + b+ o/ FOVO5))

< 2¢0 + 24/ F(X59) (VA10:l2 + 1)

Noting that £ := (1,2, (¢ x, €2,0(Xe), the rest of the proof with the robust estimator applies here. O

The next lemma is similar to the one for the robust estimator, and the proof will follow the same argument as for the robust
estimator.
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Lemma 12. Forall ¢ € N we have maxgex, fx — [t < max{32es, 32(4,/7[|0]|2 + 6R)\/ f(X;7)}.

Proof. An arm © € X is discarded (i.e., not in Xyy1) if max, ey, (x’,§> - (xﬁ) > 8¢y, Let 0 :

(4/7)104]]2 + 6R)\/ f(X;7)}. If 2, = argmaxgex f1, then z, € X1, Now if z, € Ay for some ¢ <
z' € X, we have

max{l : ¢ >
¢, then for any

o~ o~ —

(@',0) = (24, 0) < (2" — 24, 0.) +der + 4012 + 1)/ F(X57)

S Mo — M, + 2h +4€Z + 4(ﬁ||9*“2 + h) f(XfY)

< der + (47|02 + 6R)\/ f(X;7)
< 8er

which implies z,, € X, 1. Moreover, suppose that ¢ < £ and there exists some = € X, such that yi, — y1, > 16¢,, then

max (2, 0) — (z,0) > (x,,0) — (z,0)

x' Xy
> (52— ,0.) — des — A6 o + W)/ FE)
> te — e — 2 — deg — A6 2 + W) FX)

> fi — o — der — (471|042 + 6R)\/ F(X57)
> s — Hg — 862
> 8eyp

which implies max,ex,,, fix — fto < 166, = 32€41. Because Xy C X, we have for £ > / that

MAX fly — flg < IMAX [y — Uy
reXy TEXp4

< 32¢544

< 32(4A |04 |2 + 6h) 1/ F(X;7).

Thus, maxgex, fix — fte < max{32es, 32(4,/7/|0x]2 + 6h)\/ f(X;7)}. O

We now compute the final regret bound. After T steps of the algorithm, let T, denote the number of times arm x is played.
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Let T' = (4,/7||0« |2 + 6h)/ f(X;). If L is the final round reached after 7" steps, we have

L

> (e = pa) T <) max (s — pia)7e
TEX = =

L
< ZTZ max{32e, 32(4/7 |02 + 6h)\/ F(X;7)}
=1

L
< Z T, max{32¢,, 32T'}

=1
< ) 32U +32 ) em

Liep<T Liep>T

< > B 43T+ Y 327

Liepg<T leg>T'Vr

< ) U 43wl + Y 32w

Lieg<T Lieg>v

<c|TT+uT+ Y e (202e;2f(2q; ) log(4€%|X|/8) + d(v, )\g))

Lieg>v

< | DT 40T + (202 F(X; ) log(4llogo(1/9)1211/0) + (7)) S &

Lieg>v

<c (FT + T + v~ (20 f(X;7) log(4[logy (1/v)]%|X|/6)) + 323(7)) .

Where we denote d() = max<z, d(, A¢). Choosing v = \/(202f(2(; 7)log(|X|/8)) /T and plugging I" back in yields

S (e — ) Te < <3(v) + 3\ F(X7) (T2 + h) + /(07 log([XT10g(T) /5)) T)) .

reX

Choosing v = 1/T yields

5 (e = o) < (d0) 1 /1) (k1 TP+ oD TR (AT oR /T )

zeX

F.3. Sample complexity bound

For any V C Z define f(X,V;v) = minyea, max, »rcy lo(2) — Qb(ZI)H%ETeX Ao d(z)p(z) T H~yI)—1

Theorem 6. With z, € arg magc(z, 0.), fix any € > € where
FAS

e = 8minfe > 0: 4(yAll0. 2 + W) + VIX, (z € Z: (9(z2) — 9(2),0.) < 7)) < €.

Then with probability at least 1 — 0, once the algorithm has taken at least T samples where
7 < ¢ () 1oga(8(A V&)™) + Nlogy(8(A v &) 1) ]0? log(2logy(8(A v &)~ )22 /8)p" (7,0))
we have that iz > max, c z —e where Z is any arm in the set Z; under consideration after T pulls and

*( 6)* inf su H(b(z*)_d)(z)”i(w)(,\)ﬂ
P\, _)\GAXzegmax{627(9*,¢(2*)_¢(z)>2>}

(10)

and d(7y) = MaX;<[iog, (8(ave)-1)] AV, Ae) < maxycx supyea,, d(7;A).
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Algorithm 6 PTR for Pure exploration

Input: Finite sets X C R?, Z C RY, feature map ¢, confidence level 6 € (0, 1), regularization -, sub-gaussian parameter
o, norm of model parameter B, bound on the misspecification noise h.
Let 21+ Z, 0+ 1
while |Z,| > 1 do
Let A\; € Ay be a minimizer of f(\, Z;,~) where

fViv) = /\ieIgX fAV,y) = glAf Jnax, p(v) — (U/)H%Zme)c Ayd(2)d(z) T+ )1
Set ¢, = 27 and 74 := [max{202¢, 2 f(Z;7) log(4¢%| Z|/4), d(v, Ae)}]

Use the PTR procedure of section 2.4 to find sparse allocation {z;}/£, C X, from ;.

Take each action € {Z;} 2, with corresponding features ® and rewards ¥’

Compute O = (&T® + 7py])~1dTY

Zop1— Z\{z€ 2 max (=) — $(2),07) > er}
z 74
L+ (+1
end while
Output: Z,

We first prove the following intermediate result.
Theorem 7. Recall that we defined

£ = Sminfe > 0: 4(,/F)0. 2 + B2+ T (2 € 2 (822 = (), 0 Z eFi7) < e}.
Then max,cz, s — i, < 16 max{es, €} for all £ > 0 with probability at least 1 — 4.

Define the event

=N N {Ko() = 6(), 8 = 0.)] < 2e0 + 2 (VA2 + B) V/F(X Zi57) §
l=1z,2'€Zy
1

Lemma 13. We have P(E) > 1 — 4.

Proof. Forany V C Z and x € define
EeraV) = {1(6(2) = 6(), BeV) = 0.)] < 266 + 2 (VA0 ]12 + ) VX, Vi7) }

where 5;3(]/) is the estimator that would be constructed by the algorithm at stage ¢ with Z, = V. For fixed V C Z,/ € N
and z € V, 7, actions are taken. Thus we apply Lemma 10 with 7 = 7, and with regularization factor 7,7, so that with
probability at least 1 — M%‘Z‘ we have for any z,2’ € V

(6(2) — ¢(") T (0 — 0.))|
< 206(2) = 6l e @ 4menr) (\/TTVIIH*IIQ+h\/ﬁ+\/2o2log(4ez\2\/5))
< 2/|6(2) = (2"l (rp AN 4oy 1)1 (mue*nz + h/T + /202 1og<462|2|/5>)

202 log(4¢2| 2| /)

Te

=2[6(2) = ()l ay+rn—1 | VINOll2 + 2+ \/

< 2/ Viy) (VA2 + b+ e/ VIR, Vi)
= 2¢¢+ 2/ f(X,V;7) (VAl0sl2 + 1)
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Noting that £ := (1,2, ), /¢ z, £=.2/.¢(Ze), the rest of the proof with the robust estimator applies here. O

Lemma 14. For all { € N we have max,cz, px — i, < 16 max{ey, €;}.

Proof. Anarm z € Z; is discarded (i.e., not in Z11) if max,/cz,{d(z") — (), B) > 4ey.
Define S1 = Z and Spy1 = {2 € Se: (¢(2+) — 0(2),0.) < 6ep +2(/F|0«|2 + h)/ f(X, Se;y)}. Define

max{€ (f”e ||2+h 24/ f(X,S67) <6[}

We will show {z, € Zg}ﬂ{Z@ C Sg}ﬂ{é < Z} - {Z* S Zg+1}ﬂ{Zg+1 C Sg.;,_l}. l\loting that {Z* S Zg}ﬂ{Zg C Sg}
holds for ¢ = 1, we will assume an inductive hypothesis of this condition for some ¢ < /.

First we will show {2z, € Z,} N {2, C S} N{l <0} = {2, € Zp41}. On{z, € Z,}N{Z C S} N {l < 1}, we
have for any 2’ € Z, that

~

(B(2') = d(24),0) < (D(2") — (24), 0x) + 260 + 2(/VN0s[l2 + )V (X, 203 7)
< pzr = pz, + 204 260+ 2(7[[04][2 + AV F(X, Z65)
<26+ 2(VA10xl2 + h)(2 + V f(X, Ze57))
< 2e0 + 2(A10kll2 + h) (2 + V/ F(X, Se7))

< 4ey
which implies z, is not eliminated, that is, z, € Z¢11. The second-to-last inequality follows from

f(X, Zg7) = lgfzglgé o(2) — (Z/)H%Zzex)\wqb(a:)qb(x)'r+'y[)*1

< mf max, llp(2) — (Z/)”?Emex Apd(@)b(x) T +~I)~1

ZZ

Now we will show {2, € Z¢} N{Z, C S} N{¢ <0} = {Z411 C Se41}. Forany z € Z,N S5, | we have

~ ~

max (¢(z') — ¢(2),0) > (¢(z.) — ¢(2),0)

2'€Zy
> (P(2) — 9(2),0.) — 2e0 — 2(V[10cll2 + R)V/ f(X, Z057)
> 6eg + 2(v/ 10«2 + R)V f(X, Se; ) — 260 — 2(/A0«|l2 + R)V f(X, Z57)

> 4ey

which implies z € Zp41, and Zp41 C Spq1.
Thus, for £ < ¢ we have

* ZS *) T s Uk 2
max iy — o < max(@(z,) — ¢(2), 6.) + 2h

< max(P(zx) — ¢(2),0,) + 2h

2€Sy
< Gep 1+ 2+ 276 12 + W)V I, S 137)

< 6er—1 + 202 + B2+ VF(X, Si_1:7))

S 86471 = 166@.
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And because Z,41 C Z, we always have that max,cz, px — 1, < 16 max{es, €7}. Note that

=max{l: (/702 + h)(2+ Vf(X,S6;7)) < e}
7max{€i (VAO:ll2 +0)(2 + VF(X, {2 € Z: ($(2) — 6(2), ) < dec};7)) < e}
max{€: 4(yAll0.]l2 + W) (2 + V(X {z € Z: (d(20) — d(2),0.) < dee}in)) < dee}
= —2+ max{¢: 4|02 + )2+ V(X {2 € Z: (d(2) — 0(2), 04) < €e0}i7)) < e}
> =3 —logy(min{e > 0: 4(\A10]l2 + h)(2 + V(X {z € Z: (9(2:) — d(2),0:) < e};7)) < €})

which defines €.

Denoting g(’y) = MaX/<[log,(8(Ave)~1)] glv(’y, A¢), the sample complexity to return an é-good arm is equal to

[loga (8(Ave) ™)1
Te
£=1
[loga (8(AVe) )] N
< Yo g PMNF(X, Z57)0% log(2C% 22 /6) + d(v, M)
=1

- Moga (8(Ave) ™)1

<c|dm)log8(AVET!) + 0 log(2Mlogy (B(AVE PIZI/8) Y (X, Zi7)
=1

N Mloga (8(Ave) ™)1

<c|d)logy8(AV ") + 0 log(2logy(B(AVE) PIZP/6) Y ¢ Pf(X,S67)

{=1

< ¢ () logy(8(A v ) ™1) + loga(8(A v &)Y ]0? log(2logy (8(A v &)1 2[/8)p" (7, €))
where the last line follows from

l¢(z) — ()17 -

p* (’y ) — inf sup (ngx >‘m¢($)¢(z)T+’YI)
T xeBxzez max{@ (@(a) — (2),0.)%)}

_ 2
- sup sup ||¢(Z*) ¢(Z)||(ZL€X A$¢(I)¢(I)T+'YI)71
A€Ax £<[log,(8(AVE)~1)] z€S5, maX{E27 ((¢(Z*) - ¢(Z))T9*)2}
log, (8(Ave) ™ L) — 2 _
o 1 [log, (8(AvE)™1)] . llo(24) QS(Z)H(EIEX A 6(@)8(a) 1)
T aedy [logy(8(AVE)T)] — ses,  max{e ((¢(z) — ¢(2)) T0.)?}
o, &)t - 2
§ | oG OB sy
~ [logy(8(AVE))] — MeAx zes,  max{e’, ((4(z ) ¢(2))760.)%}
1 [log, (8(Ave)~H)]
> 20 o 2 B
~ 4Jlog,(8(A vV E) )] ; 2 AmAfx ngp/ Iotz.) ¢(Z)H(Zmex>\z¢(r)¢(r)7+71) !
1 [log, (8(Ave) )]
- > 2% inf sup [¢(z) — (2|7

16[log, (8(A v e)~1)] =1 AEAx » €S, (Coex Aed(@)d(@)T+41) 7"

1 [oga (8(AvE)™H)]

B 16[log, (8(A V E)~1)] ; 2% (X, S6;7) -
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G. Related work results

Lemma 15. If \* € argmaxyca,, f(A) where f()) = log (det (3, cx Ae@(x)d(2) T +~I)), then

sup 16(2) e ary-1 = D AalS(@) I ey

rzeX
= Trace (AN*)(A(N*) +~I)71)
= Trace (K (Kx- +~I)7")

Proof. We first state that

D Allo@) ey = D Ardla) TAT(N) ()

zeEX TEX
S ) TATN)” ¢<:c>>

e
(

> A:as(xm(x)wu*)—l)

reX
= Trace (A()\*)(A(/\*) + 'YI)il)

= Trace

= Trace

This implies

Sgg\w( Wi eyt = Y Asllé(@) 5 ey-1 = Trace (AN ) (ANT) + 1))
v reX

Further, one can compute that

(VSO = Trace (AP ) ) = 6 Py aey o
And last, \* satisfies the first order conditions on f: for any A € Ay

0> (Vaf(A"), A =A%)
=3 Aalld@) A aey 1 — D Asll@) 13 ae) s

zeX zeEX
= > Aallo(@)[3 (re)-r — Trace (AQN)(AN) +41)71)
zeX

Choosing A to be a Dirac at arg max,c v ||¢(x) ||1247(>\*)_1, we get to

max ()% (aey-1 < Trace (AN )(AN*) +~1)71) .

Hence the result of the lemma.

Lemma 16. We can lower bound ~yr the notion of information gain from (Srinivas et al., 2009) as

2
f ’ L+ X log(y) -
VT 2 3 Vcax /\lenAv ilelg [z >||(Ewev Mo (@) b()T 4/ TI) + | X log ()

Proof. Recall the definition of (Srinivas et al., 2009) notion of information gain:

vr = sup log(det (TKy +~I))
AeA X
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where K is defined in Section 2.3. Note that the case where we have an infinite dimensional RKHS and ¢ is any feature
map reduces to the finite one with ¢ being the identity map by computing ®y € RI¥I*I¥l such that K = & A‘DI and then
looking at the (finite dimension) columns of ®,. So we can write without loss of generality

yr = sup log (det (T Z Aoz + 7]))

AEAx rEX
Thus

yr = sup log <det <T Z Az | + 7])) > sup sup log (det (T Z Aoz | + 7[))
AeAx VCX AeAy

TeX eV
Fix for now V C X and let \* € Ay, be such that

* T o T
A € arg i?i’f, log <det (T Z Az + 7[)) = arg /\Helz& log (det <Z Agxx + 7/TI>>

eV eV

Inspired from equation 19.9 of (Lattimore & Szepesvari, 2020), we write for some xy € V

det (T Z Nexx! + 7])

eV

=det | T Z Neaa 4+ I + T)\;Oxoxg

zE€V\{=o}
—1/2 —-1/2
=det | T Z Nax' 44T |det | T+ [T Z Nexx! 4+ 4T T/\ZOJUOJ:OT T Z Neax' 44T
zeV\{zo} z€V\{zo} z€V\{zo}

o * T * 2
et [T Y Mae 41 <1+mm||xo|(szev\{m}A;MTW)1>

zeV\{zo}
* T *
>det [T Z Arxx '+l (1+T}\I0”$0|?szevA;mTﬂI)1)
zeV\{zo}

We can now iterate with all the remaining x € V' \ {zo}, to get

det (T S NaaT + 71> > det (v1) J] <1 +TAL, ol )

Ty Aexx T ++T)
eV o€V ( vev e )

equivalent to

log det (T Z Nexx ! + 7[) > logdet (yI) + Z log (1 + Tz )

TY ey Mzx T +~1 -1
zEV zeV (TEvev )

We know that if x > 0 holds log(1 + =) > 2z/(2 4 x). Note that ||x||?z Aovala! 4y TT) < 1 always holds:
ey A/ T'T ¥

2

Il (Surev Apra/a’ T4y /TT) ™"

2 2
— = — 1 = 1 <1.
Hx||( oty A e T4 TTaaT) T T AT J/l+a)=a/(l+a)<

where we used Sherman—Morrison formula and defined a@ = Hac||?Z Myl oy 7)Y Thus holds 0 <
2/ eV\{z} /T T Y
* 2
<
T)\xH:I;”(TE‘L’eV k;,I/IL‘/T-‘r’YI)il = 1' SO

2
* 2 > * 2
e (1Rl i) 2 5o S TRl sgerr e



High-Dimensional Experimental Design and Kernel Bandits

And thus

3 det (T'Y o Asza ™ + 1) w12
5 log ( z > T2

det(~I) = (TS pey AazaT4y1) "
_ * 2
- Z /\x”‘rH(Zrev Meax T+~ /TI)~1
z€V

= SUP ||13||(ZL€V N T4~ /TI)=1 -

Where the last equality comes from lemma 15 with \* € arg maxyea,, log (det (3, cy Az +~/TT)).
So to summarize

7 := sup log (det <T Z Aep(z)d(x) " + 7]))

AE€Lx TEX
> sup sup log | det TZ)\QC¢ Yo(z) T + 4T
VCX AEAY =
det (TY" d(x)p(z) " + 1)
= sup lo zev Ard + log(det(~1
sup g( det(1]) g(det(v1))
2
> — _ log(det(~1
2 S‘CJI;)( 38 SUP ||I||(A Ay~ -1 +1og(det(v]))
>

2
35up /\lengv sup 121 A7)y /1)1 + dlog ()

O

Corollary 1 (Consequence of Theorem 1 of (Degenne et al., 2020)). Let 75 be the expected number of sample needed to
find the best arm with probability at least 1 — 6. For any 6, € £ we have

lim inf 0. [1s]

50 log(l/é) 2170

where

T*7(,) = ma f sup F(\ 2,7, 0,
(6) = jogx Jjuf supFQa'.7.6.)

F()‘J"Iv% 9*) =

max{(z' — z.) " (A(\) + 1)~ LA(N)6,,0}2 il
2

2
2”1,/ _ (HH H(A()\ )+yI)—TAN) -R )

2
Zalliapytan -1

Proof. Recall theorem 1 of (Degenne et al., 2020). For any 6, € £ we have

lim inf 0. [s]

50 log(l/d) 2 T°(0)

where we define the characteristic time through

T*7(6,) := max inf |6 —6, ||(

A€AX 9e5,, X)"Ixx—r)

with S, = {0 € €s.t. 32’ # 2,07 (2’ — z,) > 0} and with here € = {6 € R? : ||¢]|3 < R*}.

We can now start the proof by writing 7*~1(6) as

T*_l(é') = max inf inf 16 — 9*”?2

AEAx ' #x, 0EE,0T (' —2.)>0 wdezzl)
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Then, instead of

inf 0—0.1>
0€£,0T (z/—2.)>0 | *”(Z xdazzT)
weuse y = x’ — x, to write
inf 2110 — 0,114,y -
0ER, 0T y>0,]|02<R2 2 H oy

We introduce the Lagrangian of this convex program
1 Y
L(8,7,v) = 510 = 0150y — V(0T y) + S (16]3 - B .
and solve
L1 ¥
f L(O = inf =0 — 0.3 —v(0y) + = (|0]3 — R?
Jnf L(B,7.v) = inf, 16— 0.1~ v(0T) + S (1013 ~ )

6 — L(0,~,v) is differentiable and convex so we compute the gradient
VoL(0,v,v) = (AN) +~1)0 — A(N)0. — vy
and set it to zero to get
0 = arg min L(0,7,v) = (AQ) + 1) 7 (AN + vy) = 0« + (AX) +9D) " (vy = 76.)

The cross term of both norms has absolute value yv/6, (A(\) + vI) L A()\)y, and they cancel. So we get

~ _ _ 0% _
L(@.7.v) = 3 (AN + 70~ vy Y0y —vy" (A + D) AN +vy)) + S(I(AQ) + 1) T (AN + vy)l5 -
ICAQ) +91) 04l )+ 2HAD) 20 A7 — LB — oy T (AN +71)~ AP

2
_ 7
2
+
=7
2

2 B B V2'Y B
gll(A(A) D)yl = vy AN D) Ty + - IAQ) + D)y
2
B v
(18- an 01402y = B2) =2y (A + D) AN = - [ylEagay )+
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Then for any 6, € £ we have
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Note that this result and its proof can be written in the case where ¢ is any feature map without any changes.
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H. Experiments details

We briefly provide some additional details on the experiments. We used Python 3 and parallelized the simulations on a
2.9 GHz Intel Core i7. We computed the designs in each of the three experiments using mirror descent. We repeated the
G-optimal design experiment 16 times, the kernels experiment 40 times, and the IPS vs. RIPS experiment 16 times. The
G-optimal design experiment and the IPS vs. RIPS experiment used noise 77 ~ N (0, 1) while in the kernels experiment used
noise 7 ~ N (0, 0.05). The confidence bounds in our plots are based on standard errors.



