Finding the Stochastic Shortest Path with Low Regret:
The Adversarial Cost and Unknown Transition Case

Liyu Chen' Haipeng Luo '

Abstract

We make significant progress toward the stochas-
tic shortest path problem with adversarial costs
and unknown transition. Specifically, we de-
velop algorithms that achieve O(v/SZADT, K)
regret for the full-information setting and
O(V/S3A2DT, K) regret for the bandit feedback
setting, where D is the diameter, T} is the ex-
pected hitting time of the optimal policy, S is the
number of states, A is the number of actions, and
K is the number of episodes. Our work strictly im-
proves (Rosenberg and Mansour, 2020) in the full
information setting, extends (Chen et al., 2020)
from known transition to unknown transition, and
is also the first to consider the most challenging
combination: bandit feedback with adversarial
costs and unknown transition. To remedy the
gap between our upper bounds and the current
best lower bounds constructed via a stochastically
oblivious adversary, we also propose algorithms
with near-optimal regret for this special case.

1. Introduction

We study the stochastic shortest path (SSP) problem, where
a learner aims to find the goal state with minimum total
cost. The environment dynamics are modeled as a Markov
Decision Process (MDP) with S states, A actions, and a
fixed and unknown transition function. The learning pro-
ceeds in K episodes, where in each episode, starting from a
fixed initial state, the learner sequentially selects an action,
incurs a cost, and transits to the next state sampled from
the transition function. The episode ends when the learner
reaches a fixed goal state. We focus on regret minimization
in SSP and measure the performance of the learner by the
difference between her total cost over the K episodes and
that of the best fixed policy in hindsight.

The special case of SSP where an episode is guaranteed to
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end within a fixed number of steps is extensively studied
in recent years (often known as episodic finite-horizon re-
inforcement learning or loop-free SSP). The general (and
also the more practical) case, on the other hand, has only
been recently studied: Tarbouriech et al. (2020a) and Co-
hen et al. (2020) develop algorithms with sub-linear regret
for the case with fixed or i.i.d. costs. Adversarial costs is
later studied by Rosenberg and Mansour (2020) in the full-
information setting (where the cost is revealed at the end
of each episode). The minimax regret for adversarial costs
and known transition is then fully characterized in a recent
work by Chen et al. (2020), in both the full-information
setting and the bandit feedback setting (where only the cost
of visited state-action pairs is revealed).

In this work, we further extend our understanding of general
SSP with adversarial costs and unknown transition, for both
the full-information setting and the bandit setting. More
specifically, our results are (see also Table 1):

e (Section 4) In the full-information setting, we develop
an algorithm that achieves O(v/SZADT,K) regret
with high probability, where D is the diameter of
the MDP and T, is the expected time for the opti-
mal policy to reach the goal state. This improves
over the best existing bound O(—-v/S2AD2K) or

O(/S?AT2K3/* + D?/K) from (Rosenberg and
Mansour, 2020), where cin € [0, 1] is a global lower
bound of the cost for any state-action pair (it can be
shown that T, < D/cpin).

e (Section 5) In the bandit setting, we develop another
algorithm that achieves O(/S3A2DT, K ) regret with
high probability, which, as far as we know, is the first
result for this most challenging setting (bandit feed-
back, adversarial costs, and unknown transition).

e (Section 6) By combining previous results, it can be
shown that the lower bound for the full-information
and the bandit setting are Q(v/DT, K +D+/SAK ) and
Q(VSADT, K + Dv/SAK) respectively, establishing
a gap from our upper bounds. Noting that these lower
bounds are constructed with a stochastically oblivious
adversary, we propose another algorithm for this spe-
cial case with near-optimal regret bounds that are only
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Table 1. Summary of our results. Here, D, S, A are the diameter, number of states, and number of actions of the MDP, T, is the expected
hitting time of the optimal policy, and K is the number of episodes. All algorithms can be implemented efficiently. Our results strictly
improve that of (Rosenberg and Mansour, 2020) in the full information setting, and are the first to consider the bandit setting with
unknown transition. Lower bounds here are a direct combination of lower bounds for stochastic costs and known transition (Chen et al.,
2020) and the lower bound for fixed costs and unknown transition (Cohen et al., 2020).

Adversarial costs

Stochastic costs (Theorem 3)

Lower bounds

O(VS?ADT, K) (Theorem 1)

Full information

O(V/DT.K + DSVAK)

Q(vDT.K + DVSAK)

Bandit feedback | O(v/S3A2DT, K) (Theorem 2)

O(VSADT, K + DSVAK)

Q(VSADT,K + DVSAK)

\/S factor larger than the lower bounds, a gap that is
still open even for loop-free SSP (Rosenberg and Man-
sour, 2019; Jin et al., 2020). Note that this setting is
slightly different from and harder than existing i.i.d.
cost settings; see discussions in “Related work™ below.

Technical contributions Our algorithms are largely
based on those from the recent work of (Chen et al., 2020)
for the known transition setting. However, learning with
unknown transition and carefully controlling the transition
estimation error requires several new ideas. First, we ex-
tend the loop-free reduction of (Chen et al., 2020) to the
unknown transition setting (Section 3). Then, combining a
Bellman type law of total variance (Azar et al., 2017) and
a linear form of the variance of actual costs, we show that,
importantly, the bias introduced by transition estimation is
well controlled via the so-called skewed occupancy measure
proposed by Chen et al. (2020). This leads to our algo-
rithm for the full information setting. For the bandit setting,
apart from the techniques above and those from (Chen et al.,
2020), we further propose and utilize two optimistic cost
estimators inspired by the idea of upper occupancy bounds
from Jin et al. (2020) for loop-free SSP.

Finally, for the weaker stochastically oblivious adversaries,
we further augment the loop-free reduction to allow the
learner to switch to a fast policy at any time step if necessary,
which is crucial to ensure the near-optimal regret for our
simple optimism-based algorithm.

Related work The SSP problem was studied earlier
mostly from the control aspect where the goal is to find the
optimal policy efficiently with all parameters known (Bert-
sekas and Tsitsiklis, 1991; Bertsekas and Yu, 2013). Regret
minimization in SSP was first studied in (Tarbouriech et al.,
2020a; Cohen et al., 2020), with fixed and known costs and
unknown transition. Although their results can be general-
ized to i.i.d. costs as discussed in (Tarbouriech et al., 2020a,
Appendix 1.1), this is in fact different from our stochas-
tic cost setting. Indeed, in their setting, the cost of each
state-action pair is drawn (independently of other pairs and
other episodes) every time it is visited, and is revealed to the
learner immediately. On the other hand, in our stochastic

setting, the costs of all state-action pairs in each episode are
jointly drawn from a fixed distribution (independently of
other episodes; but costs of different pairs could be corre-
lated) and fixed throughout the episode, and any information
about the costs is only revealed after the episode ends. As
argued in (Chen et al., 2020, Section 3.1), our setting is
information-theoretically harder as an extra dependence on
T, is unavoidable here, and thus our bounds for stochastic
costs are incomparable to these two works. To distinguish
these two different settings, we sometime refer to ours as a
setting with a stochastically oblivious adversary.

(Rosenberg and Mansour, 2020) is the first work that studies
SSP with adversarial costs with either known or unknown
transition, but only in the full-information setting. Later,
(Chen et al., 2020) develops efficient and minimax optimal
algorithms for both the full-information setting and the ban-
dit feedback setting, but only with known transition. As
mentioned, our results significantly improve and extend
these two works. One of the key technical contributions
of (Chen et al., 2020) is the loop-free reduction, which, as
discussed by the authors, is readily applied to the unknown
transition case, but leads to suboptimal bounds with unnec-
essary dependence on other parameters if applied directly.
Our algorithms are built on top of an extension of this loop-
free reduction, and we overcome the technical difficulty
they run into via a more careful analysis showing that the
transition estimation error can in fact be well controlled
using their idea of skewed occupancy measure.

As mentioned, the special case of loop-free SSP has been
extensively studied in recent years, for both fixed or i.i.d.
costs (see e.g., (Azar et al., 2017; Jin et al., 2018; Zanette
and Brunskill, 2019; Shani et al., 2020a)) and adversarial
costs (see e.g., (Neu et al., 2012; Zimin and Neu, 2013;
Rosenberg and Mansour, 2019; Jin et al., 2020; Shani et al.,
2020b; Cai et al., 2020)). In particular, the idea of upper
occupancy bound from (Jin et al., 2020), used to construct
an optimistic cost estimator with a confidence set of the
transition, is also one key technique we adopt in the bandit
setting.
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2. Preliminaries

We largely follow the notations of (Chen et al., 2020). An
SSP instance consists of an MDP M = (S, sg, g, A, P) and
a sequence of K cost functions {c }X_,. Here, S is a finite
state space, so € S is the initial state, g ¢ S is the goal
state, A = {A;}scs is a finite action space where A is
the available action set at state s. Let I' = {(s,a) : s €
S,a € A} be the set of all valid state-action pairs. The
transition function P : " x (S U {g}) — [0, 1] is such that
P(s'|s, a) specifies the probability of transiting to the next
state s” after taking action a € A, at state s, and we have
Y sesulgr P(s'ls,a) = 1 for each (s,a) € T'. Finally,
¢ : I' — [0, 1] is the cost function that specifies the cost
for each state-action pair during episode k. We denote by
S =|S|and A = (3, s |-As|)/S the total number of states
and the average number of available actions respectively.

The learner interacts with the MDP through K episodes,
not knowing the transition function P nor the cost functions
{cx }E_ | ahead of time. In each episode k = 1, ..., K, the
adversary first decides the cost function ¢, which, for the
majority of this work, can depend on the learner’s algorithm
and the randomness before episode £ in an arbitrary way
(known as an adaptive adversary). Only in Section 6, we
switch to a weaker stochastically oblivious adversary who
draws ¢y independently from a fixed but unknown distribu-
tion. In any case, without knowing cy, the learner decides
which action to take in each step of the episode, starting
from the initial state sg and ending at the goal state g. More
precisely, in each step ¢ of episode k, the learner observes
its current state s (with s;. = so). If si, # g, the learner

selects an action af, € A and transits to the next state sitt

sampled from P(-|si, at); otherwise, the episode ends, and
we let I, be the number of steps in this episode such that
Iyl _

EE

After each episode k ends, the learner receives some feed-
back on the cost function c. In the full-information setting,
the learner observes the entire ¢j, while in the more chal-
lenging bandit feedback setting, the learner only observes
the costs of the visited state-action pairs, that is, ¢ (s},, a},)
fori=1,...,I.

Important concepts We introduce several necessary con-
cepts before discussing the goal of the learner. A stationary
policy is a mapping 7 such that 7(a|s) specifies the proba-
bility of taking action a € A, in state s. It is deterministic if
for all s, w(a|s) = 1 holds for some action a (in which case
we write 7(s) = a). A policy is proper if executing it in the
MDP starting from any state ensures that the goal state is
reached within a finite number of steps with probability 1
(and improper otherwise). We denote by I per the set of
all deterministic and proper policies, and make the basic as-
sumption Ilproper 7 () following (Rosenberg and Mansour,

2020; Chen et al., 2020).

We denote by T (s) the expected hitting time it takes for a
stationary policy 7 to reach g starting from state s. The fast
policy 7/ is a deterministic policy that achieves the mini-
mum expected hitting time starting from any state (among
all stationary policies). The diameter of the MDP is defined
as D = maxXses mingern,,, .. I7(5) = maxses 7’ (s),
which is the “largest shortest distance” between any state
and the goal state.

Given a transition function P, a cost function ¢, and
a proper policy m, we define the cost-to-go func-
tion JP™¢ S — [0,00) such that JP7™e(s) =
E Zle c(st, a?)
over the randomness of the action a’ drawn from 7(-|s?),
the state s*1 drawn from P(-|s?,a’), and the number of

steps I before reaching g. Similarly, we also define the
state-action value function QF>™¢ : T' — [0, 00) such that
QPme(s,0) = E| XL, els',al) t=al.
We use J"™ and QL™ to denote the cost-to-go and state-
action function with respect to the cost cx. When there is no
confusion, we also ignore the dependency on the transition
function (especially when P is the true transition function
of the MDP) and write J7™¢ as J™¢, J,f”r as JT, QPme
as Q™°¢, and Qkp’” as Q7.

T8 =5|, W X ion i
P, st here the expectation is

P, sl =s,a

Learning objective The learner’s goal is to minimize her
regret, defined as the difference between her total cost and
the total expected cost of the best deterministic proper policy
in hindsight:

K

K I
Ri = ZZCK(S;WGZ) - Z‘]l:* (80)’
k=1 i—

i=1 k=1

where 7 € argmin cpy Zle J7 (s0) is the optimal
stationary and proper policy, which is referred to as optimal
policy in the rest of the paper. By the Markov property, 7*
is in fact also the optimal policy startirig from any other
state, that is, 7* € argmin ¢y >, Ji(s) for any
s € §. Asin (Chen et al., 2020), the following two quan-
tities related to 7* play an important role: its expected
hitting time starting from the initial state 7, = T (sq)
and its largest expected hitting time starting from any state
Tax = maxgT™ (s). Chen et al. (2020) show that
Trnax < HD where cpin = ming ming, 4 cx(s, a) is the
minimum possible cost. For ease of presentation, we assume
D < T, to simplify our bounds.

Knowledge on key parameters Our algorithms require
the knowledge of T, and 7},,,x, similarly to most algorithms
of (Chen et al., 2020). This requirement is seemingly restric-
tive, especially when against an adaptive adversary, in which
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case T, and T},,x depend on the behavior of both the algo-
rithm itself and the adversary. However, we argue that our
results are still meaningful: First, for an oblivious adversary,
T, and T}, .« are fixed unknown quantity independent of the
learner’s behavior. Many works in online learning indeed
start with assuming knowledge on such quantities to get a
better understanding of the problem (and to tune these hyper-
parameters empirically), before one can eventually develop
a fully parameter-free algorithm. Thus, as the first step, we
believe that our work is still valuable. Second, in the lower
bound construction (Chen et al., 2020), T is also known
to the learner, meaning that knowing 7, does not make the
problem any easier information-theoretically. Finally, to
emphasize the difficulty of removing this requirement, we
note that this is still open even with known transition when
considering high-probability bounds. Chen et al. (2020)
were able to resolve this for expected regret bounds, but
extending their techniques to high-probability bounds is re-
lated to deriving a high-probability bound for the so-called
multi-scale expert problem, which is also still open (Chen
etal., 2021, Appendix A).

On the other hand, we also emphasize that our main im-
provement compared to (Rosenberg and Mansour, 2020) is
not due to the knowledge of these parameters. Indeed, under
the same setup where these parameters are unknown, we
can still run our algorithms by replacing T, with its upper
bound D/cpin and Tyax with some lower order term o(K),
and this still leads to better results compared to (Rosenberg
and Mansour, 2020). Details are deferred to Appendix F.

Finally, for simplicity, we also assume that D is known,
but our results can be extended even if D is unknown; see
Appendix E.

Occupancy measure Occupancy measure plays a key
role in solving SSP with adversarial costs, in both the
loop-free case (Neu et al., 2012; Zimin and Neu, 2013;
Rosenberg and Mansour, 2019; Jin et al., 2020) and the
general case (Rosenberg and Mansour, 2020; Chen et al.,
2020). A proper stationary policy 7 and a transition function
P induce an occupancy measure gp , € Rl;é (SU9D) such
that gp,(s,a,s’) is the expected number of visits to
state-action-afterstate triplet (s,a,s’) when executing 7
in an MDP with transition P, that is: ¢p(s,a,s’) =
E {Zle {s' = s,a' = a,s"Tt = s'}| P,m, st = so] .

When P is clear from the context (which is usually the case
if it is the true transition), we omit the P dependence and
only write g,. We also let ¢.(s,a) = > q¢x(s,a,s") be
the expected number of visits to state-action pair (s, a) and
qr(8) = X aca, 4= (5, a) be the expected number of visits
to state s when executing 7. Note that, given a function
q: T x (SU{g}) — [0,00), if it corresponds to an occu-
pancy measure, then the corresponding policy 7, can be

obtained via m,(a|s) x ¢(s, a), and the corresponding tran-
sition function can be obtained via P, (s'|s, a) x ¢(s, a, s').
Also note that 77 (so) = 3_ 5 o) 4 (5,0) = 345 ar(S).

Occupancy measures allow one to turn the problem
into a form of online linear optimization where On-
line Mirror Descent is a standard tool. Indeed, we
have JIZT(SO) = Z(s,a)el"qﬂ'(s’a)ck(sva) = <qﬂvck>’
and if the learner executes a stationary proper pol-
icy 7 in episode k, then the expected regret can be

written as E[Rx] = E [Zkf; T (s0) — JT (s0)| =

E Zszl (Gr, — qw*,ckﬁ, exactly in the form of online
linear optimization.

Other notations We let N(s,a) denote the (random)
number of visits of the learner to (s,a) during episode
k, so that the regret can be re-written as Rx =
Z,[le (N — Gn+,ck). Denote by Ij(s,a) the indicator
of whether c(s,a) is revealed to the learner in episode
k, so that in the full information setting Ip(s,a) =
1 always holds, and in the bandit feedback setting
Ix(s,a) is also the indicator of whether (s,a) is ever
visited by the learner. Throughout the paper, we use
the notation (f,g) as a shorthand for } __¢ f(s)g(s),

Yoy F(5,0)9(5,0), S0y 3 (o oy f (5,0, h)g(s, a, h), or

2 (s.0) s Zle f(s,a,8' h)g(s,a,s,h) when f and g
are functions in RS, R, RUXH] o RI*(SU{g)*[H] (for
some H) respectively. Denote ® as the Hadamard product
of tensors, so that (u ® v); = u; - v; (e.g. the feedback
on cost for both settings is thus c;, ® I). Let Fj denote
the o-algebra of events up to the beginning of episode k,
and Ej, be a shorthand of E[-|F;]. To be specific, ¢; and
the learner’s policy in episode k is already determined at
the beginning of episode k, and the randomness in E[-| F]
is w.r.t the learner’s actual trajectory in episode k. For a
convex function v, the Bregman divergence between v and
visdefined as: Dy (u,v) = ¥(u) —(v) — (Vp(v), u — v).
For an integer n, [n] denotes the set {1,...,n}.

3. Loop-free Reduction with Unknown
Transition

When the transition is known, (Chen et al., 2020) show that
it is possible to approximate a general SSP by a loop-free
SSP in a way such that any policy in the loop-free instance
can be transformed to a policy in the original instance with
only O(1) additional overhead in the final regret. More
importantly, this loop-free reduction provides simpler forms
for some variance-related quantities, which is the key in
achieving high probability bounds and dealing with bandit
feedback. As the first step, we extend this loop-free reduc-
tion to the unknown transition setting, and show that the
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additional regret is also very small.

Loop-free instance The construction of the converted
loop-free SSP instance is essentially the same as that in
(Chen et al., 2020): for the first H; steps, we duplicate each
state by attaching it with a time step h, then we connect
all states to some virtual fast state that lasts for another Ho
steps. We show the definition below for completeness (with
slight modifications for our purposes), and then discuss what
the necessary changes are to complete the reduction using
this loop-free SSP when the transition is unknown.

Definition 1. (Chen et al., 2020, Definition 5) For an SSP
instance M = (S, sg, g, A, P) with cost functions c1.x, we
define, for horizon parameters H1, Hy € N, another loop-
free SSP instance M = (gSN', 50,9, A, ]5) with cost function
¢1.x as follows:

o S = Xx[H]where X = SU{s;}, s is an artificially
added “fast” state, and H = Hy + Ho.

e 5y = (80, 1), and the goal state g remains the same.

e A= AU {ay}, where ay is an artificially added action.
The available action set at (s, h) is As for all s # sy
and h € [H), and the only available action at (s, h)
forh € [H]is ay.

e Transition from (s, h) to (s', h') is only possible when
h' = h + 1: for the first Hy layers, the transition fol-
lows the original MDP in the sense that P((s',h +
1)|(s,h),a) = P(s'|s,a) and P(g|(s,h),a) =
P(gls,a) forall h < Hy and (s,a) € T'; from layer
H, to layer H, all states transit to the fast state:
P((sp,h+1)|(s,h),a) = 1 forall HH < h < H
and (s,a) €T 2 TU {(sf,az)}; finally, the last layer
transits to the goal state always: P(g|(s, H),a) = 1
Sfor all (s,a) € T. For notational convenience, we
also write P((s',h+1)|(s, h), a) as P(s'|s, a, h), and
?(g|(s, h),a) as P(g|s,a,h).

e Cost function is such that ¢ ((s, h), a) = ci(s,a) and
c,((sg,h),ap) = 1 forall (s,a) € T and h € [H].
For notational convenience, we also write ¢i,((s, h),a)
as ck(s,a,h).

For notations related to the loop-free version, we often
use a tilde symbol to distinguish them from the origi-
nal counterparts (such as M and g), and for a function
f((s,h),a) or f((s,h),a,(s',h + 1)) that takes a state-
action pair or a state-action-afterstate triplet in M as in-
put, we often simplify it as f(s,a,h) (such as ¢j) or
f(s,a,s’,h) (such as ¢ and P). For such a function, we
will also use the notation 4 o f e RIX(H] (or ho fe

RI*Xx[H) guch that (h o f)(s,a,h) = h - f(s,a,h) (or

Algorithm 1 RUN(7, B)

Input: a policy 7 for M and a Bernstein-SSP instance .
Initialize: s' = soand h = 1.
while s” # g and h < H, do
Draw action a” ~ 7(-|(s", h)). If a" = a, break.?
| Play a”, observe s"*!, increment h < h + 1.
if s" # g then
Invoke B with a new episode starting with state s",
follow its decision until reaching g, and always feed it

| cost 1 for all state-action pairs.

Return: trajectory {s!,a',s?,a2,...,a""1 s"}.

(i_iof)(s,aw, s',h) = h- f(s,a,s’,h)). Similarly, for a func-
tion f € RY, we use the same notation ho f € RVXIH] guch
that (ho f)(s,a,h) = h - f(s,a). Finally, for a occupancy

measure ¢ € [0, 1]7*¥*H] of M, we write (s, a,h) =
Yyexd(s,a s’ h) and g(s,a) = 350 (s, a, h).

The reduction Now, we are ready to describe the reduc-
tion, that is, how one can convert an algorithm for M to an
algorNithm for M. Specifically, given policies 71, ..., Tk
for M, we define a sequence of non-stationary policies
o(71),...,0(7k) for M as follows. For each episode k,
during the first h < H; steps, we follow 7(+|(s, h)) when at
state s. After the first H; steps (if not reaching g yet), Chen
et al. (2020) simply execute the fast policy 77, available
since the transition is known, to reach the goal state as soon
as possible. In our case with unknown transition, we pro-
pose to approximate the fast policy’s behavior by running
the Bernstein-base algorithm of (Cohen et al., 2020) de-
signed for the fixed cost setting and pretending that all costs
are 1. More precisely, we initialize a copy of their algorithm
(that we call Bernstein-SSP) for M (not M ) ahead of time,
and whenever the learner does not reach the goal within H;
steps in some episode, we invoke Bernstein-SSP as if this is
a new episode for this algorithm, follow its decisions until
reaching g, and always feed it a cost of 1 for all state-action
pairs.! We describe this converted policy in the procedure
RUN (Algorithm 1).

The rationale of using Bernstein-SSP in this way is simply
because when the costs are all 1, the fast policy is exactly
the optimal policy, and since Bernstein-SSP guarantees low
regret against the optimal policy in the fixed cost setting, it
behaves similarly to the fast policy in the long run in our
reduction.

!"This means that Bernstein-SSP is dealing with different initial
states for different episodes, which is not exactly the same setting
as the original work of (Cohen et al., 2020) but makes no real
difference in their regret guarantee as pointed out in (Tarbouriech
et al., 2020b, Appendix C).

2This if statement is only necessary for Section 6.
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This allows us to mostly preserve the properties of the re-
duction of (Chen et al., 2020). To state these properties, we
need the following notations. When executing o (7) in M
for episode k, we adopt the notation Ny, and let N (s, a, h)
be 1if (s,a) is visited at time step h < Hj, or 0 otherwise;
and Nk(Sf, af,h)be 1if Hy < h < H and the goal state g
is not reached within H; steps, or 0 otherwise. Clearly, N A
for M is the analogue of Ny, for M, and N, (s,a, h) follows
the same distribution as the number of visits to state-action
pair ((s, h), a) when executing 7 in M. In addition, define
a deterministic policy 7* for M that mimics the behavior
of 7* in the sense that 7* (s, h) = 7*(s) for s € S and
h < H; (for larger h, s has to be s; and the only available
action is ay). With these notations, the next lemma shows
that the reduction introduces little regret overhead when the
horizon parameters H, and H, are set appropriately.

Lemma 1. Suppose Hy > 8Ty In K, Hy = [2D], K >
D, and 7y, ..., Tk are policies for M. Then with probabil-
ity at least 1 — 0, the regret of executing o(71),...,0(TKk)
in M satisfies:

K
Ric <3 (Ni = gzeyer) + O <D3/252A (In %)2) .
k=1

Reduction alone is not enough While all of our algo-
rithms make use of this reduction, it is worth emphasizing
that the reduction alone is not enough. Put differently, apply-
ing existing loop-free algorithms to M directly only leads
to sub-optimal bounds with dependence on H = (’)( Tnax)-
This is true already in the known transition case (Chen et al.,
2020), and is even more so in our unknown transition case
where one needs to estimate the transition. On the other
hand, what the reduction accomplishes is to make sure that
some important variance-related quantities take a simple
form that is linear in both the occupancy measure and the
cost function. For example, we will make use of the follow-
ing important lemma, which is essentially taken from (Chen
et al., 2020) but includes an extra intermediate result (the
first inequality) important for Section 6. In Section 4, we
will see another important property of the reduction.

Lemma 2. Consider executing a policy o(7) in episode
k. Then Er[(Nk, cx)?] < 2(gz,cr © QF) < 2(gz, Jf) =
2<q%a ho Ck>'

4. Adversarial Costs with Full Information

In the full-information setting, the algorithm of (Chen
et al., 2020) maintains a sequence of occupancy measures
q,---,qKx for M , obtained via Online Mirror Descent
(OMD) over a sophisticated skewed occupancy measure

space. In their analysis, the regret for M from Lemma 1
is decomposed as Z§:1<Nk — G, C) = ZkK:1<Nk -

i, Ck) + ZkK:1<Qk’ — @z+, k), where the first term is the
sum of a martingale difference sequence whose variance
can be bounded using Lemma 2, and the second term is
controlled by the standard OMD analysis. Importantly, due
to the skewed occupancy measure, the bound for the sec-
ond term contains a negative bias in terms of —{qy, ho Ck),s
which can then cancel the variance from the first term in
light of Lemma 2.

When the transition is unknown, we follow the ideas of the
SSP-O-REPS algorithm (Rosenberg and Mansour, 2020)
and maintain a confidence set of plausible transition func-
tions, which contains the true transition P with high prob-
ability. This step is conducted via the procedure TransEst
(Algorithm 4), which takes a trajectory returned by RUN
(along with other statistics) and outputs an updated confi-
dence set based on standard concentration inequalities. We
defer the details to Section B.1.

With a confidence set P at hgnd, we define the set of plau-
sible occupancy measures A(T, P) as follows, which is
parameterized by P and a size parameter 1" (recall the short-
hand q(s,a,h) =3, q(s,a,s’, h)):

H
{qé[OlFXXX Z Z (s,a,h) <T;
Z (s,a,h) Z

CLEA’(SJI) )

(s',a',s,h — 1), Vh > 1;

Z q(s,a,1) =I{s = s0}, Vs € X; P, € 77}. (D

aE./Z(S)l)

When P = { P}, this is equivalent to the set used by (Chen
et al., 2020), where the first inequality constraint makes sure
that the induced policy reaches the goal within 7" steps in
expectation, the equality constraints make sure that ¢ is a
valid occupancy measure, and the last constraint P, = P
makes sure that the induced transition is consistent with the
true one. We naturally generalize the set to the unknown
transition case by enforcing the induced transition F; to be
within a given confidence set.

Then, in each episode k, with P}, being the current confi-
dence set, we define the skew occupancy measure space for
some parameter \ as

Qk={¢=q+>\ﬁoq:q€E(T,7’k)}~ (2)

which is again a direct generalization of (Chen et al., 2020)
from {P} to Py. Our algorithm then maintains a sequence
of skewed occupancy measures ¢1, ..., ¢ based on the
standard OMD framework:

¢k+1 = argmin <¢7 Ck> + DU)(¢7 (rbk)
PEQk 11
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Algorithm 2 SSP-O-REPS with Loop-free Reduction and
Skewed Occupancy Measure

Input: Upper bound on expected hitting time 7', horizon
parameter Hq, confidence level §

Parameters: 7 = min{%, ,/%} A =4/ 54 Hy =
|—2D—|?H = Hl +H2
Define: regularizer

H
Z Z Z o(s,a,s',h)Ing(s,a,s’ h)

h=1(s5,a)eT s’€XU{g}

1
o

Initialize: N1 (s,a) = M;(s,a,s’) =0forall (s,a,s’) €
I' x (SU{g}), a Bernstein-SSP instance B, P; is the set
of all possible transition functions, ¢1 = argmin,cq, ¥(¢)
(where 2y, is defined in Eq. (2)).
fork=1,...,Kdo
Extract ¢ from ¢ = g + M o gr and let T, = 75, .
Execute policy 7x: 7 = RUN(7g, B), receive c.
Update Py1 = TransEst(N, M, 6, Hy, Ha, 7).
Update ¢y41 = argmingeq, ,, (¢:ck) + Dy (o, dr).

where 1) is the negative entropy regularizer. In each episode,
extracting g from ¢ = @ + \h o @, we obtain a policy
g, for M , and then execute it via the RUN procedure (Al-
gorithm 1). The complete pseudocode of our algorithm is
presented in Algorithm 2, which can be efficiently imple-
mented (see related discussion in (Rosenberg and Mansour,
2020)).

Analysis Let g, be the occupancy measure with respect to
the policy 7%, and the true transition . We can then decom-
pose the regret from Lemma 1 as ZkK:1<N k — Qrv, Cl) =
ey Nk = Gy ) + Yopey (@ — G k) + e (@ —
qk, ck ), where the last term measures the difference between
qr. and @, due to the transition estimation error and is the
only extra term compared to the known transition case dis-
cussed at the beginning of this section. One of our key
technical contributions is to prove that, thanks to the struc-
ture of the loop-free instance M. , this term is in fact also
bounded by the variance term seen earlier in Lemma 2:

K K
Z Qk — Qrscr) = O SQAZEk[<Nk,Ck>2]
k=1 k=1
3)
See Lemma 9 for the complete statement, whose proof
makes use of a Bellman type law of total variance for
Bernstein-based confidence sets (Lemma 4).

With this result and Lemma 2, one can see that just like
the first term 2211 (Nk — qx, k), the extra transition error
term can also be handled by the negative bias introduced by

the skewed occupancy measure space as discussed earlier.
This leads to our final regret guarantee of Algorithm 2.

Theorem 1. If T > T, + 1, Hy > 8TaxIn K, and K >
16S2AH?, then with probability at least 1 — 60, Algorithm 2
ensures Ry = O(VS2ADTK + H3S?A).

We emphasize that our way to handle the transition esti-
mation error 2211 (qr — Qr, cr) is novel. Specifically, all
previous works directly upper bound this error using the
definition of confidence interval, which in our case intro-
duces an undesirable 7},,,x dependency. Instead, we derive
a specific upper bound (Eq. (3)) of the transition estimation
error that can be cancelled out by the negative term intro-
duced by the skewed occupancy measure. This technique
is especially useful in obtaining data-dependent bound in
the unknown transition case, since it replaces the error by a
term related to the optimal policy, which is hard to achieve
if we directly upper bound the error.

Besides this new way to handle the transition estimation er-
ror, another source of improvement compared to the analysis
of (Rosenberg and Mansour, 2020) is to make use of the fact
Zf:l (Gr+,cr) < DK in the OMD analysis. Again, we
emphasize that even without the knowledge of T or Tiyax,
our analysis leads to better bounds compared to theirs; see
Appendix F.

Since Chen et al. (2020) show a lower bound of (/DT K)
for stochastic costs and known transition, and Cohen et al.
(2020) show a lower bound of Q(DvSAK) for fixed
costs and unknown transition, we know that in our setting,
Q(v/DT, K + DvVSAK) is a lower bound, which shows a
gap of /ST, /D from our upper bound. Closing the V'S
gap is still open even for the loop-free case (Rosenberg and
Mansour, 2019; Jin et al., 2020). On the other hand, closing

e \/T,/D gap also seems rather challenging for adver-
sarial costs, but is indeed possible for stochastic costs as
we show in Section 6 (note that the lower bound is indeed
constructed with stochastic costs).

5. Adversarial Costs with Bandit Feedback

We now consider the bandit feedback setting which, even
when the transition is known, is quite challenging already
and requires several new techniques as shown by Chen et al.
(2020). Our algorithm is built on top of their Log-barrier
Policy Search algorithm with the transition estimation com-
ponent integrated in a similar way as in Section 4. We defer
most details to Appendix C but only highlight two important
new ingredients below.

A standard technique to deal with adversarial costs and
bandit feedback in online learning is to feed the OMD algo-
rithm with importance-weighted cost estimators (since c, is
now only partially observed). Specifically, the Log-barrier
Policy Search algorithm of Chen et al. (2020) feeds OMD
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with cost ¢, — ’ygk (for some parameter ), where ¢ (s, a) =

N s,a n h-qk(s,a,h)Ck(s,a
e ex(s, @) and by (s, ) = St R o)

importance-weighted estimators. Here, g (s, a) is defined

as Zthl qr(s,a, h) and Ny is defined above Lemma 1 with
mean g (s, a), so that ¢, is an unbiased estimator of c;. The

are two

reason of having by, on the other hand, is relatively techni-
cal, but it eventually serves as a way of reducing variance
by introducing a negative bias. The immediate challenge to
generalize these estimators to the unknown transition setting
is that gy, the occupancy measure with respect to the policy
7, for episode k and the true transition P, is now unknown.

To address this issue for ¢, we follow the idea of (Jin
et al., 2020) and construct the following optimistic biased
N (s,a
u:j((s:a))
maxpscp, 4p , (s, a), called the upper occupancy bound,
is the largest possible expected number of visits to (s, a)
of policy 7r;, under a plausible transition from the confi-
dence set Py. Clearly, qi(s,a) < ug(s,a) holds (with high
probability), making ¢ (s, a) an optimistic underestimator
which is important in reducing variance as shown in Jin et al.
(2020). Note that uj can be efficiently computed since it
boils down to solving a linear program.?

estimator: ¢y(s,a) = ck(s,a) where ug(s,a) =

On the other hand, Ek does not appear before in the loop-free
setting of Jin et al. (2020) and requires some more careful
thinking. Other than replacing g, in the denominator with
ug, we also need to deal with ¢ (s, a, h) in the numerator.
It turns out that the right generalization is to let

~ maXpcp, DM 4p 5, (5, a,h)ck(s, a)
bk(57a’): uk(s (1)

3

sothat ), h - qx(s,a, h)cx(s,a) < uk(s, )by (s, a) holds
(with high probability), which in turn makes sure that the
bias introduced by Bk is large enough to cancel some impor-
tant variance term, as shown in Lemma 16. Similarly, Bk
can also be computed efficiently (c.f. Footnote 3).

Our final algorithm is summarized in Algorithm 5 of Ap-
pendix C. Noting that the bias introduced by the upper
occupancy bounds is eventually also related to the transition
estimation error that has been analyzed in Lemma 9, we are
able to prove the following regret guarantee.

Theorem 2. If T > T, + 1,H; > 8Tn.xInK, and
K is large enough (K 2> S®A2H?), then with prob-
ability at least 1 — 300, Algorithm 5 ensures Rix =

6] (\/er H353A2).

Compared to the full-information setting, here we pay an
extra v/ S A factor in the regret bound, a price that does not

3To see this, note that uy (s, a) is equivalent to max, ¢(s, a)

where the maximization is over the set {g € A(oco, P) : mqg =
Tk }, which consists of polynomially many linear constraints.

exist in the loop-free setting (Rosenberg and Mansour, 2019;
Jin et al., 2020). This comes from a technical lemma on
bounding Z,ﬁil (ug — qx, cx) in terms of Zszl (qis hock)
so that it can be canceled by the skew occupancy measure;
see Lemma 11. Removing this extra factor is an impor-
tant future direction. On the other hand, by combing the
lower bounds of (Chen et al., 2020) and (Cohen et al., 2020)
again, we have that Q(v/SADT, K + Dv/SAK) is the best
existing lower bound for this setting.

6. Stochastically Oblivious Adversary

Given the gap between our upper and lower bounds, in this
section, we consider a weaker stochastically oblivious ad-
versary and develop a simple algorithm with regret bounds
only v/S times larger than the aforementioned lower bounds.
Specifically, in this setting the adversary generates ahead of
the time the cost functions cy, . . ., cx asi.i.d. samples from
a fixed and unknown distribution with mean ¢ : I" — [0, 1].
The regret measure is also changed to the more standard
pseudo-regret Rx = Zle (Nk, ck) — (gn+,c) where
7% € argmin, J™¢(so).* We remind the readers that the
lower bound is indeed for the pseudo-regret and is con-
structed via this weaker adversary, and also that this is
slightly different from the setting studied in (Tarbouriech
et al., 2020a; Cohen et al., 2020) as mentioned in Section 1.

Our algorithm is based on the well-known optimism in face
of uncertainty principle, which finds the best policy among
all plausible MDPs subject to some additional constraints.
First, we compute an optimistic cost function ¢ defined via
¢k (s, a) being’

max {Ek.(s, a) — 24/ Ai(s,a)ck(s,a) — TAj(s,a), 0} ,
- 4)
Zim GEOLi(0) 4 e empirical cost

where ¢(s,a) = Ni (s,a)

mean, N¢ (s, a) = max {Zf;ll Ii(s,a), 1} is the number
of times the cost at (s, a) was revealed (covering both the

full-information and the bandit settings), and Af,(s,a) =

In(2SAK/5)
N¢ (s,a)

with respect to this optimistic cost, with the same constraint

A(T,Py) as in previous sections:

. Then, we find the best occupancy measure

qr = argmin (g, Cy), )
q€A(T,Pr)

and finally execute the induced policy 7}, = 7g, as before.

“We can get a bound for the standard regret with an extra cost of
order @(\/DT*K ). Therefore, the standard regret and the pseudo
regret are of the same order. We use the latter only for simplicity
and convention.

SThis is not to be confused with the estimator used in Section 5
with the same notation overloaded.
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Algorithm 3 A near-optimal algorithm for stochastically
oblivious adversary
Input: Upper bound on expected hitting time 7', horizon
parameter H; and confidence level §
Parameters: Hy, = [2D], H = H, + Ho.
Initialization: Ni(s,a) = M;(s,a,s’) = 0 for all
(s,a,8") € T x (SU{g}), a Bernstein-SSP instance 5,
‘P, is the set of all possible transition functions.
fork=1,...,Kdo

Compute the optimistic cost ¢, (Eq. (4)).

Compute g, = argminqu(Typk) (q, Ck)-

Execute 7, = 7g,: 7 = RUN(7, B), receive c¢i, © .

Update Py1 = TransEst(N, M, 6, Hy, Ha, 7).

There is, however, one caveat in the approach above.
Our analysis relies on one crucial property of 7:
JP’“%’“E’“(S, h) < D, that is, its state value with respect
to the optimistic transition/cost is always no more than the
diameter D. This holds automatically if we did not impose
the hitting time constraint in Eq. (5), due to the existence
of the fast policy 7/ whose state value is never worse than
D. With the hitting time constraint, however, this might not
hold anymore. To address this, we slightly modify the loop-
free instance M and give every state (s,h) (for h < Hy)a
shortcut to directly transit to (s¢, H1 + 1) by taking action
ay, which is equivalent to allowing the learner to switch
to Bernstein-SSP (whose role is similar to the fast policy)
at any state and any time (c.f Footnote 2). This ensures
JPeTk:%k (5, h) < D as desired; see Lemma 18. This modi-
fication can be implemented by a small change to the defini-
tion of A, and we defer the details to Appendix D. With this
in mind, our final algorithm is presented in Algorithm 3.

Analysis The key reason that we can improve our regret
bounds in this stochastic setting is as follows. First, since the
estimated cost converges to the true cost fast enough, the pre-
vious dominating term Zszl (qr — Qk, c;) can now be re-

placed by Zle (qx — Qk, Cr.)- Then, similar to Eq. (3), the
latter is in the order of \/52A Zszl Er[(Ng, @)2], which

is further bounded by \/SQA Zi.(:l (g, Ck © Q*:%) ac-
cording to the first inequality of Lemma 2. Finally, we make
use of the aforementioned property .J /%% (s, h) < D
to show that (gx, ¢ ® Q™) is roughly D?, leading to
a final bound of O(v/S2AD2K) and improving over the
1) (V/S?ADT,K) bound in Theorem 1. We summarize our
results in the following theorem.

Theorem 3. If T > T, + 1,H; > 8TnaxInK, and
K > H?, then Algorithm 3 ensures with probability at
least 1 — 306, Rx = O(VDTK + DSV AK + H3S%A?)
in the full information setting and Ry = @(\/ DTSAK +
DSV AK + H3S3A?) in the bandit feedback setting.

Comparing with the lower bounds, one sees that our bounds
are only /S factor larger, a gap that also appears in other
settings such as (Cohen et al., 2020). Unfortunately, we
are not able to obtain the same improvement in the general
adversarial setting, and we in fact conjecture that the lower
bound there can be improved to at least 2 (\/S ADT, K ) s
which, if true, would require a lower bound construction
that is actually adversarial, instead of being stochastic as in
most existing lower bound proofs.
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A. Loop-free reduction

In this section, we give full proofs of lemmas related to the proposed loop-free reduction.

A.1. Proof of Lemma 1

Proof. Denote by N/ (s,a) the number of visits to (s,a) during episode k before switching to Bernstein-SSP, by
N/!(s,a) the number of visits to (s,a) after switching to Bernstein-SSP, and by Ny the number of episodes where
Bernstein-SSP is invoked. We have: Ny (s,a) = Nj.(s,a) + Nj/(s,a) and 22{21 <N’k,ck> = ZkK:l (N}, cr) + HaNy.
Recall that the regret of running Bernstein-SSP (Cohen et al., 2020) for K’ episodes under uniform cost is of
@ (DS VAK'In % + VD354 A2 In? %) with probability at least 1 — §. Conditioned on the event above,
we have:

K K
> (N}, ex) — HoNy < (Z (NY, cx) — DNf> — DN; (Hy > 2D)
k=1 k=1

DS\/AN;In K%SA + VD384 A2 In? KD(fA) — DNy

=0 D*252A1n?

/‘\/‘\

KDSA
6 )

where in the last inequality we solve for the maximum of a quadratic function with variable V. Therefore,

K K

K K
- . 1
(Ni,cx) = > (Npsox) + HaNp+ > (N{ep) = HaNp <) <Nk,0k> +0 (D3/QS2Aln2 (5) :
k=1 k=1 k=1 k=1

On the other hand, by Lemma 3, the probability that the goal state is not reached within H; steps when executing 7* is at

Hy
most 2~ Mnax < 4. Hence, the expected cost of 77* in M and the expected cost of 7* in M is very similar:
e - 2H, - ~ (1
I o) < I () + 5 = I (s0) 40 ().
Putting everything together, and by K > D, we get:

K

K
Ry = Z (Ng, cr) — J;;*(SU) < Z <]\~/',C G+, Ck> +0 <D3/252A1n2 (15) .

k=1 k=1

A.2. Proof of Lemma 2
Proof. With the inequality (ZZ 1a;)2 <2, a; (3}

2

a;r ), we proceed as

ir=i @

Ex Z Nk(svaa h)ck(s,a, h)

(s, a)ef h
§2E;€22Nksahcksah Z ZNksah)ck(sah)
L h=1(s,a)eT h'=h (s' a’)eT
[ = H
= 2E; Z Z Ni(s,a,h)c(s,a, h)E Z Z Ni(s' a' B Yer(s',a' 1) | 30 = (s, h),af = a
=1 (s,a)€T h'=h (s',a")el
- )
= 2E,; Z Z Ni(s,a, h)cx(s,a,h)Qr(s,a,h) | =2 <Q%,Ck ©) QZ>
=1 (s,a)eT
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< 2Ky Z Z Ni(s,a,h)QF (s, a,h) —22 Z ¢z (s,a,h)QF (s,a, h)

h=1 (s a)eT h= 1(5 a)el
H
Z >Z (als )kaah—2z > aw(s M) (s,h) = 2{gx, IF) -
h=1 U{Sf} h=1seSU{ss}

This proves the first two inequalities. Denote by ¢z (s ») the occupancy measure of policy 7 with initial state (s, ), so that
Z Z Q%,(s,h)<8/»a/ah/)ck(slaa/ah/)'
(s’,a’)ef‘ h'>h
Then, we continue with the following equalities:

Z Z +(s,h)JT (s, h)

h=1seSU{ss}

= Z Q%(S,h) Z Z q%,(s,h) (s/,a/,h')ck(s/,a/,h/)

h=1seSU{ss} (s',a’)el W' 2h

Z Z Z gz (s, h) gz (s, (s, 0’ 1) ) (s',a’ ')
Z
a’)er

T

H
h=1 (g,a/)eT W' >h \s€SU{sy}
H
h=1

H
Z gz (s',a’ W )ey(s',d/ 1) Z Z gz(s' a0 )ep(s',a' )

H
- Z h' - qz(s',a' e (s',a' b)) = <q;,EOCk>,

where in the third line we use the equality Zsesu{sf} ¢ (5, h)qz (s,n)(s",a',h') = qz(s",a’, 1) by definition (since both
sides are the probability of visiting (s’,a’, h’)). This proves the last equality and completes the proof. O

Lemma 3. (Rosenberg and Mansour, 2020, Lemma E.1) Let 7 be a policy with expected hitting time at most T starting
from any state. Then, the probability that m takes more than m steps to reach the goal state is at most 2e~ i~ .

B. Omitted details for Section 4

In this section, we provide all omitted algorithms and proofs for Section 4. We first introduce a lemma of a Bellman type
law of total variance (Azar et al., 2017), which is the key in obtaining a regret bound without 7},,,x dependency in the
dominating term. Then in Section B.1, we provide details on transition estimation and prove the main lemma (Lemma 9)
that gives a data dependent upper bound on the transition estimation error. Finally we prove Theorem 1 in Section B.2.

In the rest of this section, we use the shorthand Vary, for Var[-| Fj].

Lemma 4. Consider executing policy T, induced by occupancy measure gy, in M in episode k with an arbitrary cost
function ¢y, : T' — [0, 00), and define Vy.(s, a,h) = Varg: . p(.|s.q,n) [JF*(S", b+ 1)]. Then, (qi, Vi) < Varg Kﬁk, Ck>]

Proof. First, we have
" 2
Vary, [<Nk, ck>} =E; (Z ck(sh,ah, h) — J,’:"' (51, 1))
h=1

2
<ch ,a" h) J,f’“(sz,Q)+ck(51,a1,1)+J§’“(52,2)J]f"'(sl,l)>
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Notethatck(sl,al,l)+J§’“(52,2) J”’“( 1) € o(st, at, s?) and Ey, Zh o ck(sh,al h) — J”(s 2)‘5 al 32}:
0. Thus,

2
<ch ,a" h) J,?’“(SQ,Q)+ck(51,a1,1)+J,§’“(5272)—J:"'(3171)>

H 2 )
(Z cr(s",a h) — J,’:k (82,2)> +Eyg {(ck(sl,al, 1)+ J,f’“(sz,Q) - J,j”“(sl, 1)) } .
h=2

Moreover, ¢ (s',a', 1) + 32, P(s/|s', a, 1)J7*(s',2) — Jr*(s',1) € o(s',a') and

] -

J(s%,2) — ZP(S/|81,G1, 1)J7 (s, 2)] st

Thus,

E. [(Ck(sl,al, 1)+ J:k(SQ’Q) - J;jk(sl’ 1)>2]

B 2 2
— &, <ck(sl,a1,1)+ZP(5'|51,a1,1)J,§k(s’,2)J,jk(sl,n) + Ey <J,§k(s2,2)ZP(5'|51,a1,1)J,§k(s',2)>

s’ s’

2
zEk (J]fk(52a2)ZP(81|515a151)‘]]§k(3l72)> :Ek[vk(517a171)}'

Plugging these back, we obtain:

v ()] = |

o
ZEk < ck(sh7ah7h) Jk;%k(5272)> +Ek[Vk(51,al,1)]~
h=2

Doing this repeatedly, we get:

Vary, K]Vk,ckﬂ > E

ka (L h ‘| Z qk(s,a,h)Vk(s,a,h) = <Qk;Vk>;

(s,a),h

finishing the proof. O

B.1. Omitted Details for Transition Estimation

In this subsection, we introduce a sub-procedure TransEst (Algorithm 4) used in all algorithms proposed in this paper for
transition estimation. It takes the learner’s trajectory as input and outputs a confidence set Py (and additionally the counter
N, for the bandit setting) at the end of episode k. We first introduce some notations. Denote by A p the set of valid transitions
P for M based on its layer structure. Also define the entries of unknown transition in M as U = T x (SU{g}) x [Hy —1],
such that ﬁ(s’\s, a,h) = P(s'|s,a),V(s,a),s',h e U.

We implement the confidence sets of transition function by maintaining a separate (empirical) Bernstein confidence bound
for each state, action, and next state in M around its empirical estimate:

(5,0, 8') = 4/ Pi(s']3,) Ay (s,0) + 28A4(s,a),
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Algorithm 4 TransEst(N, M, §, Hy, Hs, 7)

Input: counters N, M, confidence parameter d, horizon parameters H1, Hy, trajectory 7 = {s',a',s?,a2,...,a" "1 s"}.
Initialization: N (s,a) = 0, Nj_1(s,a) = Ny (s, a), and My (s,a) = My(s, a) for any (s,a) € T,
fort=1,...,h—1do

L Update counters: Njyi(st,a’) < Np(st,a’) + 1, Mgyi(st,al, s'1) < My(st,al, s + 1, N(s',a?) «

N(st,at) + 1.

Compute confidence set Py defined in Eq. (6).
if s" # g then

L N(sf,af) — Hs.

Return: Pj; (and additionally N, for the bandit setting).

M (s,a,8")
Nz (s,a)
max{1,Ng(s,a)}, Ni(s,a) is the number of visits to (s,a) before episode k, Mj/(s,a.s’) is the number of visits to

lnl\(lﬂi)) We then define the confidence set in episode k as follows:

for any (s,a) € I',s' € SU {g}, where Py(s'|s,a) = is the empirical transition estimation, N/ (s,a) =

(s,a), s’ before episode k, and Ag(s,a) =
P = {13 € Ap : |B(s']s,a,h) — Py(s'|s,a)| < en(s,a,8),¥(s,a), ', h € U}. ©)

Next, we introduce several lemmas useful for bounding the bias of transition estimation.
Lemma 5. (Lemma 4.2 in (Cohen et al., 2020)) With probability at least 1 — §, P € Py, for all k.

Lemma 6. Assume P € Px. Then, under the event of Lemma 5 we have

|P(s'|s,a,h) — P(s'|s,a,h)| <I{(s,a),s',h € U} (8\/P(s’|s, a,h)Ag(s,a) + 136 Ax(s, a)) L ex(s,a,8).

Proof. First note that P(s'|s,a, h) = P(s'|s,a, h) when (s,a),s',h ¢ U. When (s,a), s, h € U, the result follows from
P(s'|s,a,h) = P(s'|s, a), definition of €(s, a, s") and (Cohen et al., 2020, Lemma B.13). O

Lemma 7. For any occupancy measure q and q induced by the same policy 7 but different transition functions P and P
respectively, we have:

q(s,a,h) —q(s,a,h) Z Z s',a',m)(P(s"|s' ' ;m) — P(s"|s',a',m)) s i1y (5, a, ),

(s',a’),s"" m=1

where (s 1) IS the occupancy measure with respect to w, P, and initial state (s, m + 1). As a result, under the event of
Lemma 5,

@—a.c)l=| Y als,a.h)(P(s'|s,a,h) — P(s'|s,a,h)J""(s',h +1)
(s,a),s’,h
<(g-4ql,c)<H Z q(s,a,h)er(s,a,s).
(s,a),s’ ,heU

Proof. We prove the first statement by induction on /. Denote by q(, ) the occupancy measure of 7, with initial state (s, h).
When h = 1, the statement is true by ¢(s, a, h) = q(s, a, h) = w(als, 1)I{s = so}. For the induction step with A > 1:
q(s,a,h) —q(s,a,h) = w(als, h)(q(s, h) — q(s, h))
= 7(als, h) Z (13(3|3’, a',h—1)q(s',a’ ;h—1) — P(s|s’,a’,h — 1)q(s',a’, h — 1))

(s",a")

(Q(Sa h) = E(s’,a’) P(S|S/, a/a h — 1)(](5/, (L/, h — 1))
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=n(als,h) Y P(s|s',a’,h—1) (G(s',a’,h — 1) — q(s',a’,h — 1))

(s',a")
X1
m(als, h) Z q(s’,a’,h—1) (ﬁ(s\sﬂaﬂh —1)— P(s|s’,a’',h — 1))
(s”,a")
X2
For x1, by the induction step, we have:
a(s/aa/ah_ 1) _q(s/aa/ah_ 1) = Z Z P P)( NI‘SH)a/lvm)qA(s’”,m-l—l)(s/aa/ah_ 1)

(s',a’"),s'" m=1

ThUS by Z(s a’) Q(s’” m+1)(8 a’ h’_l) ( |5 a h_l) (a|57h) :a(s”’,m+1)(saa7h):

xi=mlals,h) Y P(s|s',a’,h—1) Y Z )(P — P)(s"|s",a",m)qism myi1)(s'sa'sh—1
(s/ a ) (6” LL”) 6”/ m=1
h—

_ Z Z (1’5( ///| " a//7m) _ ( /”‘SH / )) qA(S///7m+1)(s,a7h).

(s",a'"),s"" m=1

For x2, note that 7(a|s”, h)I{s"” = s} = q(s p)(s,a, h). Thus,

7(als, h) (]3(3\3', a' h—1)— P(s|s',a’,h — 1))
—Z ]I{S”—S}( (s"]s',a’,h — 1) — (s"|s’,a’,h—1))

s

= ZQ(S”,h)(S»CM h) (ﬁ(s”|s’, a',h—1)— P(s"|s',a’,h — 1)) .

s

and,
xa= Y. a(s’a',h—1)(P—P)(s"|s',a’,h = 1)q(en)(s, a, h).
(s,a),s""

Plugging these back and changing variables (s, a”), s in x; to (s, a’), s”, we get:

@(&%h) - Q(Svavh) =Xx1+ X2

h—1
Z Z q(s’,a’,m) (ﬁ(s”\s',a',m) — P(S”|5l,alam)> q(s"mr1) (8,0, h).

(s’,a’),s” m=1

This completes the proof of the first statement. For the second statement,

(§—q,c Z Z Z s',a/,m)(P(s"|s' a’'ym) — P(s"|s',a', 1)) q(s 1) (5, a, h)e(s, a, )

(sa) h (s',a’),s"” m=1

= Z Z (s',a',m)(P(s"|s',a',m) — P(s"|s',a',m)) Z A(sm+1) (s, a, h)e(s, a, h)
m=1 (s’,a’),s"” (s,a),h>m
H —~
= Z Z q(s' a',m)(P(s"|s',a’,m) — P(s"|s',a’,m))J ™ (s" ,m + 1)

m=1 (s’,a’),s”
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H
= Z Z a(s,a,h)(P(s'|s,a, h) — P(s'|s,a, b)) J"™(s', h + 1). (change of variables)
h=1 (s,a),s’

Similarly, (|g—¢l,¢) < Zh 1 2 (s.a),s 4(8,a, ) ( 'Is,a,h) — P(s'|s,a, h) JP: 7(s',h + 1). Applying the fact
Jﬁ’”(s’7 h+1) < H and Lemma 6 completes the proof. O

Lemma 8. With probability at least 1 — 6 we have: 3 ) ZkK 1 lgﬁ((‘qqaa) O (SAH).

Proof. We first prove that for each (s, a), szl g%((ii)) = O(In(HK) + H). Indeed, we have

+
k=1 k=1""k+1 k=1
K = K
Ni(s,a) 1 1
< +H
kZ:l Niia(s,0) ; (Nﬁ(s,a) Ng+1(s,a)>
K o~
Nk(57a)
< +H
; N/ (s,a)
=O(In(HK) + H). (Ni(s,a) = Niy1(s,a) — Ni(s,a))

Therefore, applying the fact Ej, [N x(s,a)] = qi(s,a) and Lemma 24, we have with probability at least 1 — §:
K qr(s,a) ni(s,a) ni(s,a) 2K
k k k( A
Ey Hin =2 ) = O (SAH),
S | R | 2 S X R o (nn ) otsam

competing the proof. O

Lemma 9. Consider interacting with the environment for K episodes, where in episode k the executed policy is T, and the
cost function denoted by ¢y, : T' — [0, 1] is arbitrary. Also let Py, be any transition function within the confidence set P,
defined in Eq. (6), and define qi, = qpz, and G, = qp, #,- Then with probability at least 1 — 46, we have

f] gk = Qs c)| < 32| S?AIn? (HI§5A> (ZVark [<Nk7ck>} +0 (H?’\/E)) + O (H3S%A)

k=1 k=1

<32, | 52412 (HKSA> (i <Qk, o ck> +0 (HB@)) + 0 (H?S?A)

1)
k=1

K . ) In? (HLES4) ~
<16 <>\’S2A (Z (ap.Froci)+0 (HWE)) + Aﬁ) +O (H3SA).

k=1

where X' > 0 is arbitrary.

Proof. Define (s, a,h) = 3., P(s'|s,a,h)J;*(s', h + 1). Then by Lemma 7:

K K
> Uk = G cx)| = Z Z (s,a,h)(P(s'|s,a, h) — Py(s'|s,a, h))JT ™ (s h + 1)
b= k=1 |(s,0),8
K ~ ~
< Z ar(s,a,h)(P(s'|s,a,h) — Py(s'|s,a,h)) 7 (s’ h + 1)| + O (H?S? A) (Lemma 10)

k=1|(s,a),s’,h
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I
]~

qr(s,a,h)(P(s'|s,a,h) — Py(s'|s,a,h)) (Jk%k (s',h+ 1) — (s, a, h)) + O (H5%4)
(s,a),s’,h

S
Il
—

Oy P(s'|s,a,h) — Pi(s'|s,a,h) = 0 and i (s, a, h) is independent of s”)

K
< Z Z qr(s,a, h)€ei(s,a, s")

k=1 (s,a),s’,heU

J;:k(s/’h—‘r 1) — px(s,a, h)‘ +0 (H3SQA)

P(s'|s,a,h) — Py(s'|s,a,h) < €(s,a,s’) by Lemma 6)

K 2
<8 Z qk(s,a7h)\/P(s’|s,a7h)Ak(s,a) (J:’“ (s',h+1)— pk(s,mh))

k=1 (s,a),s’,heU

K
+0O | HS Z m + H3S5%4 (definition of €} from Lemma 6)
k=1(s,a) = k7
K _ _ 2
< SZ]Ek Z Ni(s,a, h)\/P(S’|s,a, h)Ag(s,a) (J,f’“(s’,h—&—l) — (s, a, h)) +@(H352A)
k=1 (s,a),s" ,helU
(Lemma 8)
K
=8> EpX) + O (H?S?A).
k=1

~ ~ 2
Xy = Z(s,a),s’,hGU Nk(87 a, h) \/P(S/lsa a, h)Ak(Sa Cl) (le'k (8/7 h + 1) - Mk(sa a, h)) )

Note that 0 < X}, = @(Z(s,a).s’ heU Ni(s,a,h)H) = O(H2S). Hence, by Lemma 24, with probability at least 1 — :

ZIEka < 22 Z Ni(s, a, h)\/P(s’|s,a, h)Ak(s,a) (J,?%s’,h—‘—l)—uk(s,a, h))2—|—@(HQS)

k=1 (s,a),s’,h€U

< 22 Z Ni(s,a h)\/P(s’|s7a,h)Ak+1(s7a) (Jz”“(s’,h +1) - ,uk;(s,a,h))2

1(s,a),s’,heU

+2H22 Z (\/Ak(s,a)f\/Ak+1(s,a)) +(§(HQS)

1(s,a),s’,heU

K K
< Z\J Z Z Nk(s,a,h)P(s’\s,a,h) (J,f’“(s’,h +1) - uk(s,a,h)>2\J Z Z Nk(s,a,h)AkH(s,a)

1(s,a),s’,heU k=1 (s,a),s’,h€U

+ O (H?S*A) . (Cauchy-Schwarz inequality)

Note that

Z Z Ni(s,a,h)Aps1(s,a) = In (HKSA) Z Z M

S
k=1 (s,a),s' ,he€U ,a),s",hel k(s

HEKSA Nyt1(s,a) — N{ (s, a) 5, o HKSA
= < .
_ Sk ( )ZZ ) s (25

~ 2
Moreover, define Vi (s,a, h) = P(s'|s,a, h) (J,f’“ (s'"yh+1) — uk(s, a, h)) , with probability at least 1 — 4,

K
D Nk(s,a,h)P(s/\s,a,h)(J,fk(s’,h+1)—uk(s,a,h))2

k=1 (s,a),s’,heU
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K K
=> Y Ni(s,a,h)Vi(s, a, h) gZZNksath(sah)

k=1 (s,a),s’,heU k=1 (s,a),h

K K
= Z qr(s,a,h)V(s,a, h) +Z Z (Ni(s,a,h) — qi(s,a, h))Vi(s, a, h)

k=1(s,a),h =1(s,a),h
K ~
< QZVaI‘ [<Nk,ck>} + 0 (HB\/?) ,
k=1
where in the last inequality we apply Lemma 4 and Lemma 20 with
> INk(s.a,h) — qi(s,a,h)[Vi(s,a,h) < > Ni(s,a,h)H? + Y qi(s,a,h)H? < 2H?.
(s,a),h (s,a),h (s,a),h

Therefore, combining everything we arrive at

K
> ak — e cn)
k=1

<oy seant (M50 (v ()] 0 (VE) ) w0 500

k=1

- ~ 2
When the value of ¢, is at most 1, we have by Lemma 2 and Var [<Nk, ck>} < Eg RNk, ck.> } :

K
> ar = uscn)

k=1

<32,| S2AIn? (HIESA> <§: <qk,ﬁock>+@(mﬁ)> + 0 (H3524)

k=1

K 2

N
k=1

where the last step is by AM-GM inequality.

Lemma 10. Under the event of Lemma 5,

K
Z 3 ai(s.a,h)(P(s']s,a.h) — Po(s']s,a, h)) (JP’“’W’“(S h+1) — JP™ (s ',h+1)) = O (H3S2A).

1((s,a),s’,h

P}“O()f: Define qu(sl,h_)'_l) = qP,%k,(S/,h‘i‘l)' Then,

11

> als,aW)(P(sls,a.h) = Pe(s'ls a, ) (07 (s it 1) = IPTH (8 h o+ 1))
(s,a),s’,h

K
< Z Z ar(s,a,h)en(s,a,5") |[{ap, 74 (s ht1) = AP7x (5" h41)s C )|
k=1 (s,a),s’",h€U

(Lemma 6 and J,f,’%’“ (s',h 4+ 1) = (qp' 70, (s' ,h+1)> Ck )

K
< Z Z qr(s,a, h)e;(s,a, s) Z Qe (s'.h+1) (5, a, W Ve (3,0, 8 ) H (Lemma 7)

k=1 (s,a),s’,h€U (3,3),3 ,h/ €U

K — ==
~ P(s'|s,a, h) -~ . | P(E5,a, k)
=0 | H s &y h s’ () h et
E E qk(s a ) Nz(&a) dx,( 7h+1)(8 a ) Nz(&a)
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_5 Hi 3 g (s,a, W) P(3'|3,@, W) gy (s ns1) (3,3, 1) wk(s,a?h)P(st,a, Rk, (s ns1) (3, @, 0)
k=1 (s,a),s',hEU N;;(S,a) Nz(fg? a)
(3,a),5 0 €U

_ @ H Z qk(saaah)P(§/|§7 aa h/)qk,(s’,h+1) (gv aa h/) Z q/@(svavh’)P(s,‘svavh)qk,(s/,h-‘rl) (gvav hl)

k,(s,a),s’ ,h€U N;(s’a) k,(s,a),s’ ,h€U N:(g’ a)

(3,a),5 0 €U (3,a),5 ,h' €U

(Cauchy-Schwarz inequality)
A qk(s,a) qx (3, a) A 3 a2
=0O|H |HS — 2 | HS — = | =0 (H>S*A). (Lemma 8)
k%) NZ(s,a) k_’(g’a) NZ’(S7 ) ( )

where in the first square root of the last line we simply sum over s', h, (5, @), 3", h’, and in the second square root of the last
line we apply Z(S_’a) o Q(s,a,h)P(s'|s,a,h)qi (s hy1) (5, G, h') = qi(5,a, h') for any 5,a, h < I/ O

B.2. Proof of Theorem 1

Proof. First apply Lemma 1: with probability at least 1 — &, we have

Mx

(N~ g, 1) + 0 (D282 A0 1)?)

k=1
Define P, = P, , and g, = qp7,. We decompose the regret in M into three terms:
K K K K
Z<Nk*‘ﬁ*ack>:Z<Nk*Qkack>+Z<Qk*akack Jrz = g7+, Cr) (7
k=1 k=1 k=1 k=1

For the first term, by Lemma 21 with % < % (because K > 1652 AH?) and Lemma 2, we have with probability at least
1—¢:

K K
A 41n(1/4)
Z< k—Qk,Ck> §Z<Qk7hock> -
k=1 k=1
For the second term, by Lemma 9, with probability 1 — 49, we have for any A’ > 0:

K K . B 1n2(HKSA> B
— i ) g ho k) + =) .
S (a ) <16 (XS24 (S (g hioey) + O (HVE) = O (H3S2A)

k=1 k=1

For the third term, by standard OMD analysis (see for example Eq. (12) of (Rosenberg and Mansour, 2020)):
K
D (b — dwercr) < Dy(be, 61) + Z — Dhr1s Ck) 5 ®)
k=1 —

where ¢;._ | = Argmin prxs «(a) (¢, ck) + Dy (o, ¢r). It can be shown that ¢}, (s, a,s’, h) = ¢x(s,a, s, h)e=nex(s:a)
with the choice of the entropy regularizer. Applying the inequality 1 — e™% < x, we get:

K
Z<¢k_¢;€+1’ck nz Z or(s,a,s, hcksa <2nZqusacksa —2172 ks Ck)
k=1

k=1 (s,a),s’,h k=1 (s,a)
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where in the last inequality we apply ¢x(s,a, s, h) = (1 + Ah)Gx(s,a,s', h) < 2qk(s,a,s’, h). To bound Dy (¢z~, ¢1),
note that (Vi)(¢1), o7+ — ¢1) > 0 by ¢1 = argmin,cq, ¥(4). Thus,

Dy (¢7+,¢1) < w( +) = ¥(en)
- Z (s,a,s h)ln@r*(sash—f Z ¢1(s,a,8",h)Indq(s,a, s, h)
77
(s,a),s’,h
1 2T o1(s,a,8',h) . é1(s,a,8',h)
< =
< v, Z (s,a,s’,h)In(2T) — p Z 5T In 5T
,a),s’h (s,a),s’,h
< 2Tln( T) 2Tln(52AH) < 2T In(2S%2AHT)
o U N U '

Substituting these back to Eq. (8) and rearranging terms, we get:

2 K K -
Z e < 1_1277 <2Tln(25 AHT) +2nz<q%*,ck>+2)\<q%* qk,hock>>

k=1 n k=1 k=1

AT In(2S2AHT K -
gM+4nDK+2ADTK—AZ<ak,hock>, 9)

k=1
where we apply ﬁ < 2, Zszl (gz+,cr) < DK and Zszl <q%*,l_i o Ck> = Zszl <%*’JI§*> < DTK in the last
inequality. Substituting everything back to Eq. (7) and set \' = \ / m, we get:

K

i<Nk qﬂ*,ck> <0 <1 + % + T> + (16)\'52/1— ;) ;<qk,ﬁock>

k=1

+A Z <Qk — G, ho Clc> +4nDK + 2ADTK + O (A'52AH3\/E + H3S2A)
k=1
-0 (\/SZADTK +VDTEK + \WS*AH?K + H352A) o) (\/SQADTK n H352A) :

A=4,/324 and

where in the last line we apply n < TR

DK’

K . ) 24 K B
)\Z<qk —qu,hock> =0 (o524 (Z <qk,hock> +H3\/f?>

k= k=1

—

~0 <\/S; 524 (H2K + HS\F)) O (H*S?A) .

C. Omitted details for Section 5

In this section, we provide all omitted algorithms and proofs for Section 5. We first prove a bound of the bias induced by our
optimistic cost estimator in the bandit setting. Then we gives the full proof of Theorem 2, which has a similar structure to
(Chen et al., 2020, Theorem 11).

Lemma 11. With probability at least 1 — 46, we have

K K
> (ur =g cr) < 32,| S3A2In? (HKSQAQ) (Z <qk, ho Ck> +0 (SAHWE)) +0 (H?S%4%).

1)
k=1 k=1
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Algorithm 5 Log-barrier Policy Search for SSP with unknown transition
Input: Upper bound on expected hitting time 7', horizon parameter H1, and confidence level &

Parameters: H, = [2D], H = Hy + Hy, C = [logy(TK*)|[logy(T?K%)],8 = emwr,n = /A=, 7 =

280(n K) (2C/In (CSA)+1) M = 407 + 2y + 33/ 42

Define: 1y (6) = 3, o cf 7ty 10 areay> Where 6(s,a) = ¥y csiups,) Soner 0(s,a,8',h)

Define: Q;, = {¢ =q+ Miog:iqe E(T, Pin)s q(s,a) > =z, V(s,a) € f}

Initialize: ¢ = argmingcq, ¥1(4).

Initialize: for all (s,a) € T, 11 (s,a) = 1, p1(s,a) = 2T.

Initialize: N1(s,a) = M (s,a,s’) =0forall (s,a,s’) € I' x (SU{g}). An instance of Bernstein-SSP B.
fork=1,..., K do

Extract g, from ¢, = q + M o G, and let 7, = TG -

Execute policy: 7, = RUN(7g, B), receive ¢i © 1.

Pk+1,]vk = TransEst(N, M, §, Hy, Ha, 7).

Construct cost estimator &, € RL such that ¢ (s, ) = Yels:a)els.a)

, Where ug (s, a) = maxpc.p, 4p 7, (s,a).

uk(s,a)
. ~ T = hul, (s,a,h)Cr(s,a
Construct bias term by € RL such that by.(s, a) = L ’L(k(s’a)) 599 \where u(s,a,h) = Apies 7, (s,a,h) and

Pés’a) = argmaxp.p >, b qpz (5., h).

Update
brs1 = argmin (9,8 — by ) + Dy, (6, 61).
PEQp 11
for (s, a) €T do
if FH(S a7 > pk(s,al then
L Pr+1(s, a) = m’nkJrl(saa) =B -ni(s,a).
else

L pk+1(saa) = pk(sa a)’7]k+1(saa) = nk(sa a)'

Proof. Denote c(s a)(s’, a') = cp(s’,a')I{s’ = s,a’ = a}. Then by Lemma 9 (with § there set to §/|T'[) and a union bound

over all (s, a), we have with probability 1 — 44, for any (s,a) € I":

K
S ORE

k=1

K
<32,[5241n2 (HKSQA2> <Z (g o) +0 (HB@)) + O (H3S%4) .

k=1

K
E ug(s,a) — qr(s,a))ck(s, a)
k=1

Hence,

K

K
Z e = g, o) <32 52A12<HKSA (Z qk,hoc<€“>>+o(H3W)> O (H3S3A?)

=1 (s,a)

<32 |S3421n? (HKS AQ)

,_.

)
£ (Eiere o) e

s,a) \k=1

—~

K
— 32, | 5342 In? (HK:?W) (Z (ar.Brock)+0 (SAHS\F)> O (H*S34?)
1

where in the second line we use Cauchy-Schwarz inequality. O
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Below we present the proof of Theorem 2. It decomposes the regret into several terms, each of which is bounded by a lemma
included after the proof.

Proof of Theorem 2. By Lemma 1, with probability at least 1 — 9,
K ~
Re<Y. <Nk. - q%*,ck-> Lo (D3/252A(1n %)2) .
k=1
We define a slightly perturbed benchmark ¢* = (1 — 7=)gz+ + 7= q0 € A(T, {P}) (note that A(T, {P}) C A(T, Pi.), Yk

under the event of Lemma 5) for some gy € A(T, {P}) with go(s, a) > 5 forall (s,a) € T, so that ¢* = ¢* + Ahog* €
., Vk. Also define b, € RT such that by,(s,a) = =n/(&aMe(sa) "which clearly satisfies Ey[by] = be. We then

ug (s,a)
decompose Zszl <Nk - q~, Ck> as

<j\7k - q*a Ck>

K
(ur, @) = Y _ (", cx) ((Nk, ck) = (ug, k)
k=1

[™]=

M 1=

=~
Il
—

K
(uk = @i, @) + Y (@) — (0", cn)
k=1

K K
(@8 —a)+AY (Rodta) =AY (Roda)
k=1 k=1

(define ERR;| = Zkl.(zl (uk — Qk, Ck))

M=

K
= ERRy + Y (¢x — ¢*, ) +

k=1

ES
Il
—

=

K K
= ERRy + ) (0 — 6%8) + Y (6,8 — o) + O(ADTK) =AY (R o i, k)
k=1

k=1 1

k=
K K
= (¢r— ¢",%) + O (A\DTK) + ERRy + BIaS; + BIAS; — A ) <h o ak,ck>
k=1 k=1

(define B1AS; = Zk:l (¢*, ¢k, — ci) and BIASy = )\Zkl,(zl <ﬁ O Qk,Cr — Ek>)

K K
= REG, + O (A\DTK) + ERR; + BIAS; + BIAS; + yz <q§k — ¢*,3k> — )\Z <l_i o qu,ck>
k=1 k=1

(define REGy = 31, (¢ — ¢*,Ek — V01))

K K
= REG4 + O (ADTK) + ERR; + BIAS; + BIASy + BIAS3 + BIAS, + ’yz (b — ¢, b)) — AZ <E o ak,ck>
k=1 =
(define BIAS3 = 7 oh | (¢, br — by) and BIASy = 4 S0, (6%, by, — by.))
< REGg + O (ADTK) + ERR; + BIAS; + BIAS, + BIAS3 + BIAS,

K K K
293 (G br) =7 D (0% bk) =AY (Rodeor )
k=1 k=1

k=1
< REG, + ) (ADTK) + ERR; + B1AS; + B1AS, + B1aS3 + BIAS,

K K K
+2r-) Z<6k’hock>+272<u§c—qu,hOCk>—WZ o, by
k=1 k=1 =1
(r, br) < (up,by) = <uk,hock>)
= REG, + o (ADTK) + ERR; + ERR3 + BIAS; + BIAS, + BIAS; + BIASy
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K K
+ (27 = A) Z<§k,ﬁock>—72 ¢%, by) -
k=1 k=1

(define ERRy = 2 25:1 <u§€ — G, ho ck>)

The REG4 term can be upper bounded by the OMD analysis (see Lemma 12), the four bias terms BIAS;, BIAS2, BIAS3,
and BIAS, can be bounded using Azuma’s or Freedman’s inequality (see Lemma 13 and Lemma 14), and ERR; 4+ ERR2
can be bounded by Lemma 11 (see Lemma 15). Combining everything, we obtain

~ s - ~
K = 0 ( n > 140771111< k—1< k’h Ck> O(A )

K 3 A2
/ ,hoc 3f S°A
+ 33X <; <qk h k> + @) (SAH )) ( N )

+2C4/In (C:?A) <<¢ npK <¢ Zbk>> +2CHn <C‘§A) (0", pK)
1 K K B
+<77 ><¢ pE) + 1 <¢ Zbk> (2v—=A) Z<qk,hock> ’yz<¢*,bk>+O(H3S3A2)
k=1

=1

_/SA 342 K .
-0 (Sn L ADTK + NSAH*VE + SA + H3S3A2> + (0 +33X + 2y - N Y <ak, ho ck>
k=1

2C/In (€34) 11
+ (,6 ) +20Hln(C§A>+1
1

K
+<2C 1n<(’§‘4) )<¢ Zbk> (40m + 33)\) Z<qk—ak,ﬁock>.
k=1

Finally, taking 7' = ~/ (20 In (€54) + 1) N = /&, and noticing & > 2CH In (95§4) + 1, we have the
coefficients multiplying Z,ﬁil <qk, ho ck> (&%, pK), and <¢*, Ele bk> are all non-positive. Moreover, by Lemma 9,
%(l_i ock)(s,a) < cg(s,a), and sz:l <q;€, ho ck> < H?K:

X K
. i
(407 + 33)) > <Qk*qk,h00k> (40m + 33\’ H§:<qk k> ;ICk>
= k=1

=0 ((4077 +33N H\/S2A H2K + HSf)) =0 (H*S*A?).

Thus, we arrive at Rx = O (\/S3A2DTK i H353A2). 0

Lemma 12. Algorithm 5 ensures with probability at least 1 — §:

REG¢§@(S;;4> 1% fKK+ onz<qk,hock>+o(H2F)

Proof. Denote by n(s, a) the number of times the learning rate for (s, a) increases, such that 7 (s, a) = 738"(>%), and by
k1, ..., kn(s,q) the episodes where 1y (s, a) is increased, such that ng, 11(s,a) = B -y, (s, a). Since p1 (s, a) = 2T and

! < ! <TK*,

pi(s,a)2"=0 7 << g (s,0) < -
’ (27 ukn(s,a)"rl(s’a) qkn(s,a)"’_l(s’a)
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we have n(s,a) < 1+ log, £~ < 7log, K. Therefore, ng (s, a) < ne TR < 5.

Now, notice that Y, u}(s,a, h) < uk(s,a) by definition and v < -+ 4 for large enough K (K > S3A2H?). Thus,

yH Y, ui(s,a, h)cy(s, a)

Ybi(s,a) <

< yHE(s,a) < ¢

This means that the cost ¢, — 73;6 we feed to OMD is always non-negative, and thus by the same argument of (Agarwal

etal., 2017, Lemma 12), we have

REGy = XK: <qbk — ¢, ¢ — 73k>

K
< D’lﬁl ((b*a ¢1) + (Dwk+1 ((b*a ¢k+1) - Dibk ((b*v ¢k+1)) + 577 Z Z ¢i(87 CL)E%(& (l)

k=1
K
k=1 k=1 (s,a)
K-1
k=1
K—-1

K
< Dy (6%,61) + D (Dupesy (0% dkr1) = Dy (0%, dr41)) +200 Y > Gils, a)ei (s, a)

ol
—_

K
S D¢1(¢*a¢1) + (Dwk+1(¢*a¢k+l) _D¢k(¢*7¢k+1)) +20772 Z ng(sﬁcoci(sva)' (Uk,(S,(L) Z

B
Il
_

For the first term, since ¢; minimizes v, and thus (V1)1 (1), ¢* — ¢1) > 0, we have
1 2H

Dy, (9%, 61) < 91(¢%) — ¢h1(¢1) < - In———-~ =

w600 206 -t TR

For the second term, we define x(y) = y — 1 — Iny and proceed similarly to (Agarwal et al., 2017):

D’Lllk+1 (¢*7 ¢7€+1) -

1
K-1

Dwk (¢*> ¢k+1)

> ¥ (

k=1 (s,a)

77k+1(57 a’)

¢kn(s,a)+1 (87 a)

_ 1-5
- 7 nﬁn(s a

(s.a)

_ SA(L+6InK)

—In
¢kn(s a)+1(s a’)

35nIn K

where in the last two lines we use the facts 1 -5 <

In(HTK*) < 6In K.

Ui

K
(6%,68) — Dy (6, 601) + 3 3 (s, )62 (5, @) @ (5. @) — 7B (5, 0))?

k=1 (s,a)

k=1 (s,a)

k=1 (s,a)

¢*(s,a)

Prr1(s,a)

—In

_7liK7ﬁn(57a) <5, pK(Saa) =

¢* (s, a)

¢k'rL(s,a)+1 (57 a‘)

¢kn(s,a)+1(s’ Cl)

SA _ <¢*7PK>
140nIn K’

~

#” (s,a)

Qi (s,

oy 1)

a))

Phpo.ay+1(50) =
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- - 2
Finally, for the third term, since >_, s N7 (s, a)ci(s,a) < (Z(s,a) Ni(s, a)) < H?, we apply Azuma’s inequality
(Lemma 20) and obtain, with probability at least 1 — §:

K
nz Z NZ(s,a)ci(s,a) < UZ]Ek Z Ni(s,a)ci(s,a)| +O (nH%/I?)
k=1 (s,a) k=1 (s,a)
K - 2 .
< ank [<Nk,0k> } +0 (HQVsA)
k=1
ia? < (3, a5)? fora; > 0and n =/ 25%)
K
§2UZ<QkaHOCk>+@(H2V5’A). (Lemma 2)
k=1
Combining everything shows
5 (SA <¢*»PK> X 7z A )
< — DR V .
REG¢O( n ) 14077an+40n};<Qk’hock>+O<H SA)
finishing the proof. O
Lemma 13. For any ' > 0, with probability at least 1 — 6,
A - - A
Bias; < 2C4/In (C? ) <<¢ 7’7f)K> + 1 <¢*,Zbk>> +2CH In <C§> (6", prc) -
k=1
Also, with probability at least 1 — 55, BIASy = 1) (S3A2H2) .
Proof. Define Xy (s,a) = ¢x(s,a) — Eg[ck (s, a)]. Note that X} (s,a) < ukga) < HTK*, and
K , K Ey [Nk (&a)c%(s,a)}
Er | Xi(s,a)| <
2 B [Xiea)] <2, ——ar
K Ej [N{(s,a)ci(s,a)
<pk(s,a)z |: u (S (1,) :|
=1 k\9,
K
< 2pk(s,a) Z bi(s,a). (Lemma 16)
k=1

Therefore, by applying a strengthened Freedman’s inequality (Lemma 23) with b = HT K*, By, = Hpy(s,a), maxy By, =
Hpk(s,a),and V = 2p(s,a) Zle bi (s, a), we have with probability at least 1 — /(S A),

ZA]C<S, a) — Eglck (s, a)]

<C 4J pic (s, a) ibk(s,a) In (CZ?A) +2Hpk(s,a)In <CSA)

k=1

K

CSA\N { pr(s,a) CSA
<2C ln( 5 )( g +77’Zbk(s,a) +2CHpk(s,a)ln | — |,

k=1
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where the last step is by AM-GM inequality. Further using a union bound shows that the above holds for all (s,a) € T with
probability at least 1 — 4. Thus, by Ex[ck (s, a)] < ck(s,a),

K

K
BIAS; = Z (¢*, ¢k — ck) Z (¢, e — Exler])
k=1

k=1

<2C4/In (C?A) (WH <¢ Zbk>> +2CH In <CSA> (6%, pxc) -

<E o Gk, Exck] — Ek>‘ < 2H? and apply Azuma’s inequality (Lemma 20): with

To bound BIASs, simply note that
probability 1 — 54,

=0 | AH,|5342 Y (g o)+ HAVSTAZ | = O ($°A%H?)
k=1

\A=0 (V%) 725:1 <qk,l_iock> =0 (HQK) and Lemma 11)

where in the second line we use:

(ot -mal) -3 3wt (1- 2e0)

k=1 =1(s,a),h
i Ulc(s>a) _Qk(saa)
SHZZ qr(s,a,h)cg(s,a) i (5.0)
k=1 (s,a),h
K
<SHY (up — qrcr). (uk(s,a) = max{qk(s, a), g (s, a)})

>
Il

1

O

Lemma 14. With probability at least 1 — §, we have BIAS3 = &) (HQ(SA)g/Q). Also, for any ' > 0, with probability at
least 1 — 0, we have
1 al N
BIAsy < (n’ + 1) (0", pr) +11' <¢*, Zbk> +0(1).
k=1

Proof. To bound BIASs, simply note that By [b (s, a)] < bx(s, a),
’<¢kygk - Ek@k]>‘ < ‘<¢k,3k>’ + ‘<¢k,Ek3k>‘

<2 Z Zh “uy(s,a, h)ck(s,a)| + 2 Z Z h - uy (s, a, h)Eg[ck(s, a)) (Pr(s,a) < 2qk(s,a) < 2ug(s,a))

(s,a) h (s,a) h

<2H Z Ni(s,a)cx(s,a)| +2H Z Zuﬁc(s,a, h)ck(s,a)| < 4SAH?,
(s,a) (s,a) h
(St (5,0, ) < (5, @), g6 (5, @) < (5, @), 55,0y e, @) < H, and 5 (5,0, 1) < H)
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=0 (, / DTAK> and apply Azuma’s inequality (Lemma 20): with probability at least 1 — ¢,

=

M) >

Bias; =7 (¢n. bk — bi) <7 <¢k,3k - Ek[Bk]> -0 (WSAHQ\F) (HZ(SA)?’/?)
k=1

k

Il
-

To bound BIAS, = wszzl <¢*, by, — Ek[gk}> + Wszzl <¢*, Ek[gk] —3k>, first note that

K h- h
DS (b Bl <3 S 0 =2 3 Y g D )
k=1 k=1 (s,a) k=1 (s,a) ur(s, )
K K
SAHY Y 0% (s,a) <D (0" px) (YH < 1and pic(s, a) > pi(s,a) > 1)
k=1 (s,a) k=1

Then, we note that Ex [by (s, a)] — bi(s, a) < Ex[be(s,a)] < H, and

e [(Ek[bk(s o) B a))2:| < B[ (s.0)] (>, h Z;%((? c;)h)Ck(s a))?]
H?Ey |N2(s,a)c2(s,a)
Rl T | (h < Hand X, (s, a,h) < up(s,)
Ei |N2(s,a)c2(s,a)
<H2pK(5,CL) : kuk(s a; ]
< 2H2,0K(s,a)bk(s,a). (Lemma 16)

Hence, applying a strengthened Freedman’s inequality (Lemma 23) with b = B, = H,V = 2H?pg(s,a) Zszl bi(s,a),
and C’ = [log, H][log,(H?K)], we have with probability at least 1 — §/(SA),

K ~
Z bi(s,a) — br(s,a)
k=1

'SA K 'SA
<4C'H m(cf ) pK(s,a)Zbk(s,a)+20’H1n(05 )
k=1

C'SA\ [ px(s.a) X C'SA
=2C"H,/1 ’ ! 2C'H 1
C n( 5 ) ( p +1n kz:lbk(s,a) +2C'HIn 3 ,

where the last step is by AM-GM inequality. Finally, applying a union bound shows that the above holds for all (s, a) € r
with probability at least 1 — § and thus

K K
BiAs, < ’yz <¢*,bk 73k> < (7;, + 1) (0%, px) +1' <¢*,Zbk> +0(1),

k=1 k=1

where we bound 2¢yC"H y/In (€24 by O (1) since vH < 1 when K is large enough (K > S*A?H?). O
Lemma 15. Forany X' € (0, %], with probability at least 1 — 95 we have

Ko 3453 A2 In? (7’“(;?2"‘2) i
ERR; < 33\ (Z <qk, ho ck> +O (SAHS\/I?)> + v + O (H35342) .
k=1

Also, with probability at least 1 — 85, we have ERRy = O (H353A2),
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Proof. We write ERR; as

K K
ERR1:Z<Uk*Qk,Ck*Ek Ck) Jrz ur — @k, Ex[Ck]) -
k=1 k=1

For the first term, note that (u — G, k) < 32, o Ni(s,a) < H, and

2 2
~ Ny (s, >
Ey (Z)(uk(S, a) — qk(s,a)) u:((::, Z)) cr(s,a) < Eyg Z)Nk s,a)ck (s, a) <2 <qk, ho ck> :
Hence, by Freedman’s inequality (Lemma 21), for any 0 < X' < %, with probability at least 1 — ¢ we have:
K K
~ o~ ~ - 2In(1/8
> (uk = G — Exfen]) = XD <Qk, ho Ck> + #
k=1 k=1
For the second term, with probability at least 1 — 8:
K K
{wr — Qk, Ex[Ck]) Z U — Qi Ck) (uk = qr, ) + (ar — Q> cx)
k=1 k=1 k=1

2 A2 K . _ _ ‘
< 64, | 5342 In2 (HKfA) (Z <qk, i o ck> +0 (SAHWI?)) + O (H3S342).
k=1
(Lemma 11 and Lemma 9)
) 3953 A2 In2 (HK§ A )

7 + 0 (H*S*A?).

< 32\ <§: <q;€, ho ck> +0 (SAHg\/?)

(AM-GM inequality)

Putting everything together, we have:

+0 (H*S*A?).

2 ( HKS?A?
3453 A2 In? (%)
)\/

ERR; < 33\ (i <qk7 ho ck> +0 (SAH?’\/E)

k=1

For ERR>, use the bound for Zszl (ug — Qg, cx) from above, we have with probability at least 1 — 80:

K K
ERRy = 272 <u§C — Qi ho ck> < Q’YHZ (ug — Qk, k)

k=1 k=1
~ K — ~
=0 | vH,|S3A2 (Z <qk, ho ck> +0 (SAH3\/E)> +yH*S3A? (Lemma 11 and Lemma 9)
k=1
=0 <7H\/S3A2 (H?K + SAHS\F)) O (H*S*A?). (y=0 (\ /W) and yH < 1)

O
Lemma 16. For any episode k and (s, a) € T, we have E, [Nk(s, a)?er(s, a)Q] < 2ug (s, a)bi(s,a).

Proof. We use the inequality (ZZ La;)? <2y, az(z,/,l a;):

Eg []Vk(s,a)%k(s a 2] < E <Z Ni(s,a,h) ) ck(s,a)
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H H
< 2Ky (Z Nk(s,a,h)> Z Ni(s,a,h")cx(s, a)
h=1 h>h
[ H H
< 2Ey Z Z Ni(s,a,h')cx(s, a) (Ni(s,a,h) < 1)
|h=1h'>h
H H
:ZZ Sahcksa—Qthksah)ck(sa)
h=1h'>h h=1
H
<2 Z h-uj(s,a, h)cg(s,a) = 2ug(s,a)bi(s,a),
h=1
where the last step is by the definition of by. [

D. Omitted details for Section 6

In this section, we provide all omitted proofs for Section 6. We first introduce modifications to the loop-free SSP which
allows the learner to switch to Bernstein-SSP at any state and any time. We add a new state s’f in M (that is, add s’f into &)

and add ay to A, p) forall (s, h) € (SU {s};}) x [H1], such that ﬁ((s'f,h +1)|(s,h),a5) =1,Vs € SU{s}}, h € [Hi]

and ¢y (s,ap, h) =0,Vs € SU{s;},h € [H]. Also add (s,ay) to T forall s € S. Executing ay in state (s, h) leads the
agent into state (s’, h + 1) and stay at s’; until it reaches (s, H1 + 1). This is equivalent to directly transit to (s, Hy + 1)
when taking action @’y at (s, h), but we pad states (s, h + 1), ..., (s}, H1) to preserve the layer structure (which simplifies
notation). Therefore, executing a at (s, h) with h < H; corresponds to directly switching to Bernstein-SSP at current
state in M (see Algorithm 1 and Footnote 2). Eventually, this modification only amounts to the following slightly different
definition of A(T, P) for the algorithm (so that taking action a; does not count towards actual time steps in M):

H
E(T,P) = {q € [0,1]1:XXX[H] : Z Z q(s,a,h) < T,

h=1(s,0)eT\((SU{s}})x{as})

Z Q(Saa7h) - Z Q(Slaalasah - 1) - H{(S7h) = gO}th > 17

aE.Z(s,h) (s',a")er

Z q(s,a,1) =I{s =50}, Vs € X; P, € ’P}.
aE.Z(S,l)
With this new definition, it is not hard to obtain something similar to Lemma 1 for the pseudo-regret.

Lemma 17. Suppose H; > 8Ty.xIn K, Hy = [2D] and K > D, and 71, ..., 7 are policies for M. Then with
probability at least 1 — 0, the regret of executing o(71), ...,0(T k) in M satisfies,

K
5 N — g A p3/2 g2 12
Rrc < 3 (Neen) = (am.c) + 0 (D520 )°)

where T € argmin_cp; J™C(sg) and ™ (s, h) = 7*(s).

proper

Proof. By similar arguments in the proof of Lemma 1, we have with probability at least 1 — §:

K

ZK: (Ni, cx) < <Nk7ck> +0 (D3/ZS2A( )2) .

k=1 k=1

and (the same cost for all K episodes)

~* ~ * H ~ 1
I ) < T o)+ St = T o0) 40 ().



Finding the Stochastic Shortest Path with Low Regret

Putting everything together, we get:

EK:i{:(Nk,ck)—J”*c i<Nk,ck> qﬂ*,c>+o(p3/2s2 (In )2).

k=1 k=1

With these modifications, the state value w.r.t optimistic transition/cost is of O (D).

Lemma 18. Assume T > T,. For i, obtained from Eq. (5), we have (Qx,¢x) < (qz+,Cx) and J 0™ (s h) < Hy for
all (s, h) with @i (s, h) > 0.

Proof. The first inequality is by the definition of g, = argmin, x (TP (q,¢r) and gz+ € K(T, Pr). The second inequality
can be proven by contradiction: suppose J @ 7% (5. h) > Hj. Define 7' (a’s|s, h) = 1 and 7" = 7, for all other entries.
Note that qp;, ' € A(T, P;, ), since the expected hitting time of 7’ should be no more than that of 7. Moreover, by the
structure of M, we have JFar ™ (s,h) = Hy < JFa ™% (5 h). Since, ' differs from 7, in only one entry, we have
JFam k(50,1) < JPar 7% (55, 1), a contradiction to the definition of . O

We next present a lemma similar to Lemma 6 but for cost estimation.

Lemma 19. With probability at least 1 — 6, for any (s,a) € I',k € [K], 0 < ¢(s,a) — cx(s,a) < 8\/Af(s,a)c(s,a) +
3445 (s, a).

Proof. Applying Lemma 22 with X, = ¢x(s, a) for each (s,a) € T and then by a union bound over all (s,a) € T', we have
with probability at least 1 — ¢, for all k& € [K]:

|ce(s,a) — c(s,a)| < 24/A%(s,a)cx(s,a) + TAj (s, a).

Hence, c(s,a) > ¢ (s, a) by the definition of ¢,. Applying < a\/z +b = = < (a + V/b)? with & = (s, a) to the
inequality above (ignoring the absolute value operator), we obtain

ck(s,a) < c(s,a) + 44/ AS(s,a)c(s,a) + 23A5(s,a) < 3c(s,a) + 25A5(s,a),

where we apply vVab < %2 Va,b > 0 for the last inequality. Therefore, 2./A%(s,a)ck(s, a) + TA(s,a) <
AS(s,a)c(s,a) + 1TAL( s, a), and

c(s,a) —Ci(s,a) = c(s,a) — cx(s,a) + (s, a) — (s, a) < 8/ Af(s,a)c(s,a) + 34A% (s, a).
O

We are now ready to prove Theorem 3. We first introduce some notations used in the proof below. Define P, = Py, , and
x1(s,a) = E[Ix(s, a)] as the probability that (s, a) is ever visited in episode k. Also denote by gy, (s,a,n) (OF Gk (s,a,1)) the

occupancy measure of 73 with transition P (or Py) and initial state-action pair ((s, h), a). Without loss of generality, we
assume cy, is sampled right before the beginning of episode k instead of before learning starts.

Proof of Theorem 3. We condition on the event of Lemma 5 and Lemma 19, which happens with probability at least 1 — 24.
We first decompose the regret in M using the fact (gz«, c) > {(gz+, k) > (qk, Cx) derived from Lemma 19 and Lemma 18:

K K
Z <Nk,ck> —{(gz+,¢) < Z <J\~7k70k> — (k> Cr)

k=1

bl
o

K K
< <Nk,6k> (@, &)+ (qrsc =) + Y (@ — Tk, ) (10)
k=1 k=1

>
Il
—
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The first term in Eq. (10) is a martingale difference sequence where the randomness in episode & is w.r.t the learner’s
trajectory in episode k and sampling of ci. Thus, it suffices to bound its second moment according to Freedman’s inequality.
Note that

éEck [Ek [<Nk,ck> H 2§:E qu,i_iockﬂ - 2<qk,ﬁoc> (Lemma 2)

1

K 1k<: K
:2Z<q;€,l_i (c — ¢k >+22<qk—qk,hock>+2z<@\k,ﬁo’c\k>.

k=1 k=1 k=1
¢1 C2 ¢

We can bound (; as follows with probability at least 1 — 9:

G < HZ Z qr(s,a)(c(s,a) — cx(s,a)) (Ck(s,a) < ¢(s,a) by Lemma 19)
k=1 (s,a)
=0 | H? Z Z xi(s,a) s, ) + ! (gr(s,a) < Hxp(s,a) and Lemma 19)
’ Ni(s,a) = Ni(s,a) T ’
k=1 (s,a) k k
=0 HQZZ]Ik (s,a) c(s,0) + ! + H?SA (Lemma 24)
N¢(s,a)  N¢(s,a)
k=1 (s,a) k
= 0 (H*SAVE) = O (H'$*4% + K), (AM-GM inequality)

where the last inequality is by Zszl Z(Sﬂ) \}% =0 (Z(S a) Ns, (s, a)) =0 (SA\/R). To bound (2, we apply
¢ (s,a )

Lemma 9 with costs {hf’”

}1 to obtain with probability at least 1 — 44:

K

G=0|H,| 524 (Z <qk,ﬁo ck> + H3\/E> L HYS2A (L (h o @) (s, a) < cx(s,a))
k=1

-0 (\/m + H452A) = O (K + H°S2A) | (AM-GM inequality)

Finally, by Lemma 2, Lemma 18 and }_, ., qk(s,a) < T', we have (3 = Zkl,(zl (G, JPw-THB) = O(DTK). Putting
~ 2 .

everything together, we have: Zszl E., []Ek [<Nk, Ck> ” =0 (H552A2 + DTK). Hence, by Freedman’s inequality

with A = W < £, we have with probability at least 1 — 4

ZK: (Nien) = (an©) = O (VDTK + H*SA) .

k=1

For the second term in Eq. (10), by Lemma 19 and the definition of Af:

K K
]; qr,c—ck)y =0 Zqu(s,a) Ncsa ZZ Qkkssczl

k=1 (s,a) k=1 (s,a)

A c(s,a) — cg(s,a) xksa
=0 ;bza)qksa Ncsa ;@Z@qksa\/Ni(sa HZZ (5.0)
Wz F+y < Vr+./y, qk(s,a) S ka(S,a))
K =
=0 ZZQk G50 | Ry mrsia? |

=1(s,a) N (S a)
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where in the last line we use with probability at least 1 — 4:

23w R S e

) k=1( sa)
~ (s, a
=0 HZZ ks a3/4) (gr(s,a) < Hzxg(s,a), Lemma 19, and Nc(é ) _Nc(5a3/4)
k=1 (s,a)
~ H s, a)
=0 HZZ k( (5.0) +HSA (Lemma 24)
k=1 (s,a)
-0 (5AHK1/4) -0 (H252A2 + \/I?) . (AM-GM inequality)

It is left to bound Zszl > (s.0) Qe (5, @)y / EI’Z((S ;‘Z)) , for which we need to discuss the type of the feedback model. In the full
’ K (S,
information setting, we have N¢ (s, a) = max{l, k — 1}. We decompose it into two terms:

Ci(s,a)
3)IENICTTES SpICTURNICTETHS 9p SN R Temnic e

k=1 (s,a) k=1 (s,a) k=1 (s,a)

For the first term, by Cauchy-Schwarz inequality, 3, ) @k (s,a) < T', and (gx, k) < Hz = O (D) (Lemma 18):

3 m}g’;% ~-0 (\/DTK) .

For the second term, we apply Lemma 9 with costs {/c/N{ }1: with probability at least 1 — 44,

X Ci(s,a)
2 2o - B Dy )

K ~
A c(s,a) 3q2
= 24 h- 2 H3WEK | + HPS?A
of |s ZI(Z) % (50| | Re ey T + HS
_ K g2
=0|,l524 (Z it ) + H3S%A (h<Hand ¥, , (s, a) < H)
k=1

—0 <\/HSS2A\/E+ H352A> -0 (\/7( + H352A) O =0 (\/I?) and AM-GM inequality)

Therefore, Y5, > (s,a) k(55 @) ISI“((SSaa)) =0 (\/ DTK + H 3S2A) in the full information setting.

In the bandit feedback setting, denote by x (s, a, h) the probability that the first visit to (s, a) is at time step ~ under
transition P and policy 7x. Then, we have g (s, a) = Zthl 71(8,a, h)qr,(s,a,n) (8, @), and

Zqusa /;Ikcssc; ZZ ;kacssc;) Zxksah)qk(sah)(sa)ck(sa)

k=1 (s,a) k=1 (s,a)

S, a ~ ~
= Z > 131 5.0) Zﬂik 8,0, h) (T, (s,0,n) (8, )0k (8, @) + (G (5,0,0) (5, @) = Gy (5,0,0) (5, @) (s, @)

k=1 (s,a)
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K ~
Z m\/zh 1 k(8,0 )y (s,0,1) (5, @)Ck (5, @)
N (s, a)
Ca
qi(s,a) A
k( ~ N
+ Z Z NC S Cl Z S y @y h) |qk,(s,a,h) (S, a) — 4k, (s,a,h) (57 a)| Ck(sa a) .
k=1 (s,a) h=1
¢s
For (4, first notice that
K K K
SN alsa) =D Gls,0) + )Y arls.a) — Guls.a)
k=1 (s,a) k=1 (s,a) k=1 (s,a)
=O(TK)+H Z qr(s,a,h)€(s,a, s") (>_(s,a) @e(s, @) < T and Lemma 7)
(s,a),s’,heU
—O|TK+HS Z M (by the definition of ¢}, in Lemma 6)
(s.a) /N (s, a)
© 0 (TK + HSVSAHK + H*SA) © O (TK + H*S*4) (an

where in (ii) we apply AM-GM inequality, and in (i) we apply with probability at least 1 — d:

Z Yo s 4 (5, 9) (Z Yo Rl Ni(s0) H) (Lemma 24)
)

k=1 (s,a) Nk(s a) k=1 (s,a) Nk(sa

N s,a) K 1 ~
= ZZ at +HZ — +H (Ni(s,a) < H)
=1 (s.0) /NI 1 (5,0) k= N/ (s,a) N/, (s,a)
(s,a) k+1 k+1
- (Z,/ Fa(s,a) + HSA ) (\/SAHK+HSA). (12)
(s,a)
Moreover, by Lemma 24, with probability at least 1 — 9,
fZ ri(s,a) _ iZ Lisa) ) _ g sa) (13)
N¢(s,a) Nj. (s, a) a '
k=1 (s,a) k k=1 (s,a) k

Therefore,

K K zk(s,a)
0[S T uiap3y Y me)
Nk(57a’)

k=1 (s,a) k=1 (s,a)
(Cauchy-Schwarz inequality, Gy (s.q.n) (8, @)Ck(s,a) < Q™ FrCk (s,a) = O(D), and Zthl xi(s,a,h) = zk(s, a))

(\/TK T H3S3AVD ) - (\/DTSAK n H252A) . (Eq. (11), Eq. (13) and D < H)

For (5, we have

Z Z li-kc SSC; \lzxk 3 a, h |Qk (sah)(s a‘) q}c (s,a,h)(saa”/c\k(sva)

k=1 (s,a)
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K H
s,a ~ ~
< Z Z qk;( ) Z S a, h |qk',(s,a,h) - qk,(s,a,h)|7ck>
k=1 (s,a) Nk (S’ Cl) h=1
K H
< Z Z M HZxk(s,aJL) Z Ui, (s,a,0) (8", 0/ B )€ (s, al, s") (Lemma 7)
k=1 (s,a) Nk(s’ CL) h=1 s',al,s" W €U

K / / !
A a s, a 7h " .
=0 E E 7% 5a H E zk(s,a,h) E Qs hJ)r( ) (by definition of €}, in Lemma 6)
k=1 (s,a) s’ a’,s'"" h' €U Nk (S/, 0/)

< |y K xk I qr(s',a’,h')
< UEX Y Neteal ZZ Y. ==

k=1 (S,a) k=1 (s,a) "0’ s et /N (s/,a)

(Cauchy-Schwarz inequality, qx (s, a) < Hx(s,a), and Ethl Tk (8, a, ) qp (s,0,0) (8", 0", B') < qr(s’,a’, b))

-0 | vESA HS2AZ 3 M -0 <\/H2S3A2 (\/SAHK+HSA)>.
1) /N (s, a')

(Eq. (13) and Eq. (12))
-0 (\/ SAK + H5S6 A4> -0 (\/S/TK + H353 Az) _ (AM-GM inequality and \/z + y < /7 + /9)

Putting everything together, we have the second term in Eq. (10) bounded by:

K K
~\ _ A Ck(s,a) 202 42
(g, c—cx) =0 ZZQk(SaQ) W—Ff—i—HSA
k=1 k=1 (s,a)
O (VDTK + H3S 2A2) , full information setting,

VDTSAK + H353A2) . bandit feedback setting.

For the third term in Eq. (10), by Lemma 9 with costs {¢j }» and Lemma 2, we have with probability at least 1 — 44:

K ) % N , [
Z qk — Qi k) = O SQAZEk {<Nk7’c\k> ] + H3S2AVK + H3S%A
=1 =1

K
=0 [ |S2A) (g, & © Q™) + VK + H*S?A

k=1

(Vr +y < x4+ /y and AM-GM inequality)

Note that:

K - K - K -

Z <Qk,5k ©) Qm"c’“> Z <Qk7 kO (QH % — QP’“’T”“’C'“)> + Z <Qk78k ©] QP"’W'“C’“> .

k=1 k=1 k=1
For the first term, note that by Lemma 7:

Q%’“’C\k (Sa a, h) - QPk'u%kv’C\k‘ (57a7 h) = <qk,(s,a,h) - a\k,(s,a,h)v/c\k> S Z qk,(s,a,h) (S a h ) (S Cl S )H
(s",a’),s" b €U

Therefore,

K

K
Z<qk,/c\k@(Qﬁ,a¢_QP;C,?rk,Ek)> SZ Z qk(s,a,h) Z Qk,(s,a,h)(s a' h) (8 a ,S )H

k=1 k=1 (s,a),h (s',a’),s" b/ €U
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< H? Z Z qr(s’,a' W)€ (s’ a’ ") (Z(S’a) Qr (5,0, h) Qi (5,a,n) (8", 0", 1) = qu(s',a’, h') for b < B')
1(s’,a’),s" ,h' €U

) HZSZ 3 _ald) ) _p (H2S(VSAHK + HSA)) = O (H°S*A + K).
k=1 (s".a’) /N (s/,a)
(Lemma 6, Eq. (12), and AM-GM inequality)

For the second term, with probability at least 1 — 44,

i <Qk,5k ©) QP’“%’“E'“> =0 (D

k=1
0 <D
K

(DQK +D,|S2A <Z <qk., ho ak.> + HWR) + DH3S%A

(qk,Ek)> (QPx ™% (s,a,h) < Hy +1 = O (D) by Lemma 18)

SAR

K
(@) + D (g —sz,ek>>

1 k=1

~
Il

k=1
({Qx, ¢x) < D (Lemma 18) and Lemma 9 with costs {¢j } )

D*K + DVHPS?AK + DH*S*A) = O (D*K + DH'S24).
K <qk, ho ck> < H2K and AM-GM inequality)

Putting everything together, we obtain:

K
(ax — i, ) (\/S2A (H5S3A2 + K + DK + DH3S?A) + VK + H3S%A ) =0 (DS\/AK + H353A2) .
k=1

Substituting everything back to Eq. (10) and applying Lemma 17, we have with probability at least 1 — 4,

_ O (VDTK + DSVAK + H 3S3A2) , full information setting,
=
VDTSAK + DSVAK + H 3S3A2) , bandit feedback setting.
This completes the proof. O

E. Learning without knowing SSP-diameter

In this section, we present a general idea on how to learn without knowing the SSP-diameter D. To give a concrete example,
we apply this idea to Algorithm 2 and obtain an algorithm (Algorithm 6) that achieves the same regret without the knowledge
of D. The same idea can also be applied to other algorithms proposed in this paper (details omitted). The main ideas of our
proposed algorithm are as follows:

1. We partition K episodes into M), phases. In phase m, we learn on a virtual MDP I1(M, S,,,). We call states in S,,, C S
known states, and states in S \ S,,, unknown states which are all treated as goal states. That is, II(M, S,,,) is obtained
by modifying the transition and cost function of M in unknown states so that P(s|s,a) = 1 and ¢(s, a) = 0 for any
s € 8§\ Sp- The correspondence between M and TI(M, S,,,) is as follows: every time we reach a state s € S \ Sy, in
II(M,S,,), we run Bernstein-SSP until the goal state is reached. In phase m, we run Algorithm 2 on ﬁ(M ,Sm) with
Hy = [2maxses D s |, where I:I(M7 Spm) is the loop-free reduction of II(M, S,,) and D, is defined below.

m

2. In (Rosenberg and Mansour, 2020, Appendix 1.3), they show that we can get an estimate lN)s of T’ (s) such that
T’ (s) < = O (D) for any s € S as long as we run Bernstein-SSP starting from state s for some L >

max { Terl?OD j In® 4552 4y/D1n* £BSAY episodes. We thus concretely define known states as follows: define
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Algorithm 6 Learning SSP with unknown diameter

Input: Upper bound on expected hitting time 7', horizon parameter H1, confidence level 4.
Define: 7 = min {éa m} A =4/ B, L = 2400V/AK In® 4K 54,

Initialization: N1 (s,a) = My (s,a,s’) = 0forall (s,a,s’) € I' x (SU{g}).

Initialization: for each state s, a Bernstein-SSP instance B, that uses s as the initial state and treats all costs as 1.
Initialization: Compute D, by executing B, for the first L episodes.

Initialization: S; = {so}, m=1,7=1,D; = 21550.

Initialization: A = A(T, Hy,6;1, A1, N, M, S,,), where A is a variant of Algorithm 2 which also takes , \, N, M and
S, as inputs.

Initialization: N;(s) = LI{s = so},Vs € S.

fork=L+1,...,Kdo

Execute A on II(M, S,,,) for episode k.

if A stops at an unknown state e then
Invoke B, (as a new episode for it) and follow its decision until reaching g.

Nf(e) «— Nf(e) + 1.
if Ny(e) = L then
Compute 56 using previous data (Rosenberg and Mansour, 2020, Appendix 1.3).
Smt1  Sm U {e}.
m < m+ 1.
if D, > D, then
L Djiq 256
j<Jj+ 1L
| A= A(T,Hl,d; n, )\j,N,M,Sm).

Ny (s) as the number of episodes where state s is the first visited unknown state in II(M, S,,,) for any m. A state
s is known if Ny(s) > L. By the definition of II(M, S,,) and known states, if state s is known, then we have run

Bernstein-SSP for at least L episodes starting from s and thus 155. satisfying T’ ad (s) < l~)s can be computed. When
a new known state is found, the algorithm enters into the next phase (that is, increment m). This gonstruction also
implies that S, C Sppy1, M < S, and the diameter of II(M, S,,,) is upper bounded by maxses,, Ds.

3. When running Algorithm 2, we set the learning rate n using lNDSO and the parameter A (for the skewed occupancy
measure) using a doubling trick. Specifically, we replace the diameter D in A by an estimate D; to obtain );, and run
Algorithm 2 with A; in place of A (starting with D = ZﬁSO). We double the estimate every time we realize that D; is
not an upper bound of D: suppose at the end of an episode, state s becomes a known state, and 55 > D, then we set
Djiq = 2D, and increase Jj by 1. Denote by I, the value of j at the end of episode K. Clearly, I, = O (log, D).

4. The last important change is that instead of reinitializing the confidence sets and counters in each phase, we directly
inherit them from the previous phase. Denote by g}* the occupancy measure computed by Algorithm 2 in IT(M, S,,,)

in episode k, and by g;" the occupancy measure of executing 7gm in ﬁ(M , Sm). Following the proof of Lemma 9, it is
straightforward to verify that for any cost functions {c; }2_, in [0, 1], the following holds,

K K
> gy — G er)| < 32, S2AIn(HEK) (Z <q;;n,ﬁ'ock> +0 (Hs\/?)> +O (H?S?4).  (14)

k=1 k=1

We summarize the ideas above in Algorithm 6. Now we proceed to show that Algorithm 6 ensures the same regret guarantee
as Algorithm 2 without knowing D.

Theorem 4. If1~1 >T, +1,Hy > 8T max In K and K > 16S?AH?, then with probability at least 1 — 60, Algorithm 6
ensures Ry = O(VS2ADTK + H3S®A + D*S*AH).
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Proof. When K < max {DS A, m }, by the regret guarantee of Bernstein-SSP (Cohen et al., 2020), we have:
Ry < KHy + KD+ 0 (DSVAK + D}s?A) = O (D*S*AR).

Otherwise, we have L > max { :,?f??SDO ; In® %, 52Av/D1n? %SA} as desired. Denote by N/, N, »* the number of steps

taken in II(M, S,,), (M Sp) in episode k respectively. We have N/ < N, only if the learner reaches an unknown state.
Hence, There are at most at most SL episodes such that N;” < Nj, and N, — N;" is the number of steps of executing
Bernstein-SSP after reaching an unknown state in episode k. Denote by ¢;* the occupancy measure of executing policy 7 in
II(M,S,,) or II(M, S,,) based on the policy 7. We decompose the regret as follows:

K K K
> Nk = gerscr) = D ANE = qeeycr) + Y (Ne = N*c)
k=1 k=1 k=1
K
< STNP =gt er) + O (S(DL+ DSVAL + D¥/2524))
k=1
(by ¢ (s,a) < g« (s,a) and the regret guarantee of Bernstein-SSP)
K
<> (Nt~ g e ) + O (DSL+ D*5%4)

bl
Il
_

(by loop-free reduction (Lemma 1) on II(M, S,,))

Note that using the last inequality above, we can already get a parameter-free algorithm with an extra S dependency by
completely restarting Algorithm 2 in every new phase. To obtain a tighter bound, we need a more careful analysis on the
sum of regret of all phases. Denote by Z,,, the set of episodes in phase m, and by I; the set of episodes using parameter \;.
Note that we can treat j as a function of phase m, and m as a function of episode k. Following the arguments in the proof of
Theorem 1, with probability at least 1 — 64,

Z Z <j\7]?7 qfr*ack>
m=1keZ,,
K _ K
:Z<N’£ﬂ_ng7ck>+z<7n Qkyck: +Z Z _q‘,l:l*yck>
k=1 k=1 m=1keL,,
- m p 5 L . P A A (173 Q2
<A, Y (apoa) +0 (A> +32,| S2AM(HE) (3 (g Frocr) + O (HB\/E) + O (H?S?A)
k=1 I =1

(Freedman’s inequality and Eq. (14))

n Z (O( 0 Y (6%, er) ) 2 > <q;’i,hock>—)\j 3 <a;”,ﬁock>> (by Eq. (9))

k€L k€L, k€L

S@(\/W)+ - 2); Z<qﬂ*,hock>+(9<sj;4>+)\ Z<qk —?j,’gn,hock> + 0 (H?S?A)

j=1 keT;
(M) < S,Zkzl (2, cp) < Zk:I (qﬂ*,ck> < DK, and AM-GM inequality)
IP
Q6 | VEDTK +3 " \/S?AD,TK + H*s*A | = O (VSPADTK + H*S*A).
j=1

In (i), we denote by J;"" (s, h) the expected cost of policy 7 starting from state (s, h) w.r.t cost ¢ and II(M,S,,). Then,
ST (s,h) < SSKLJT (s, h){s € Sm} < R (JF(s) 4 3D;)[{s € S} < 4D, K for all (s, h), and by
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Lemma 2,

> <q%”*,ﬁock> < i<ql~,’i,ﬁock> = i<q;’ﬁ~73ﬁ*> =0 (D;TK).

kGI; k=1 k=1

Moreover, by Eq. (14),

= EOC
Ay <Q?—fl7c",hock>:)\jﬂz <q£"—(??» Hk>

’ 1
kGIj kEIj

K
=0 | NH,|S2A (Z <q,gn, ho ck> + HW?) + N\ HYS?A

k=1
= O (\HVSZAIPK + ) H'S?A) = O (H*S4).
(Chos <qk ,h00k> < H?K, )\ —4,/D A and K > 16S2AH?)

Combining both cases, we have:
Rg =0 (\/SQADTK + H3S?A+ DSL + D2S3A + D4S4AH)
10) (\/SQADTK + H3S$3A + DSVAK + D4S4AH)

-0 (\/SQADTK T H3S3A + D4S4AH) . (D < T)

This completes the proof.

F. Learning without knowing 7', or 7.

In this section, we discuss how to instantiate our proposed algorithms without knowing T, or T, (or both). We apply
our ideas to Algorithm 2 to give concrete examples, and they are applicable to other proposed algorithms similarly. The
modifications described below can be applied separately or jointly depending on the knowledge we have. Moreover, they are
compatible with ideas in Section E for learning without knowing the SSP-diameter D.

Learning without knowing 7, We assume knowledge of ¢ipin = ming 4 1 ci (s,a) and cpin > 0, which is the assumption
J—
made in (Rosenberg and Mansour, 2020). Then by the inequality T, < ﬂ , it suffices to obtain an upper bound of

T’ (50) to obtain an upper bound of 7. To this end, we first run a Bernstein- SSP instance for L = O(v/AK) episodes with
uniform costs equal to 1 and obtain DSO, where both L and Ds0 are defined in Section E. Then, we 51mply run Algorithm 2
with T = Ds0 /Cmin- Following the arguments in Section E, we know that the extra costs of estimating DSO in the regret is
O(DL 4 D3?2S%A + D*S*AH) = O(DVAK + D*S*AH). Thus, we obtain the following result:

Theorem 5. If H, > 8T In K, and K > 1652 AH?, then with probability at least 1 — 66, the algorithm described

above ensures Ry = O(D/ £AK  H352A + DASYAH).

Compared to (Rosenberg and Mansour, 2020), the bound above is , / % better in the dominating term. When c¢yni, = 0,

similarly to (Rosenberg and Mansour, 2020), we can solve a modified MDP with perturbed cost functions ¢ (s,a) =
max{c(s,a), e}, where e = K~ 1/3_ The bias brought by the perturbation is of order O (eT, K), and thus the overall regret
is (’)(K 2/ 3) ignoring other parameters and constant terms. This is asymptomatically better than the O (K 3/ 4) regret in
(Rosenberg and Mansour, 2020) for c,;n = 0. We conclude that Algorithm 2 improves over previous work even without
knowledge of T}.

Learning without knowing T},,., Similarly to (Chen et al., 2020), we run Algorithm 2 with H; = 8(K/S?A)"/SIn K.
Note that when K < TS__S?A, by the regret guarantee of Bernstein-SSP, we have:

max

Ry < KHy + KD +0 (DSVAK + D¥s?4) = O (1]

max

S24).
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Otherwise, H1 > Thax, and by the regret guarantee of Algorithm 2, we have:
Rk =0 (\/SZADTK + H352A> -0 (\/SQADTK> .

Combining these two cases, we have the following result:

Theorem 6. If T > T, + 1, and K > %6S2AH2, then with probability at least 1 — 60, running Algorithm 2 with
H, = 8(K/S?A)'/%In K ensures R = O(VS?2ADTK +T7, S%A).

Applying both modifications to Algorithm 2, we obtain: R = O (D SAK 4 DAGLAKY/S 4 T

Cmin max

SZ‘A) , which is still
asymptomatically better compared to (Rosenberg and Mansour, 2020).

G. Concentration Inequalities

In this section, for a sequence of random variables {X;}5°, adapted to a filtration {F; }32,, we define E;[X,;] = E[X;|F;].

Lemma 20. (Azuma’s inequality) Let X1.,, be a martingale difference sequence and | X;| < B holds fori =1,...,n and

some fixed B > 0. Then, with probability at least 1 — §:
/ 2
< By/2nln —.
< nln <

n
> Xi
i=1
Lemma 21. (A version of Freedman’s inequality from (Beygelzimer et al., 2011)) Let X1.,, be a martingale difference
sequence and X; < B holds fori = 1,...,n and some fixed B > 0. Denote V.= _""_| E;[X?]. Then, for any X € [0,1/B],
with probability at least 1 — §:

SUX <AV 4+ 71“(1/5).
i=1

Lemma 22. (A version of anytime Bernstein’s inequality from (Cohen et al., 2020, Theorem D.3)) Let X1.,, be a sequence
of i.i.d. random variables with expectation . Assume X,, € [0, B] almost surely. Then with probability 1 — §, the following
holds for all n > 1 simultaneously:

n

> (X —n)

=1

/ 2 2
<2 B;mlnTn—i-BlnFn.

Lemma 23. (Strengthened Freedman’s inequality from (Lee et al., 2020, Theorem 2.2)) Let X1.,, be a martingale difference
sequence with respect to a filtration Fy C - -- C F,, such that E[X;|F;] = 0. Suppose B; € [1,b] for a fixed constant b is
Fi-measurable and such that X; < B; holds almost surely. Then with probability at least 1 — 6 we have

i X; < C(/8VIn(C/3) + 2B n (C/6) ),

where V = max {1,>" | E[X2|F]}, B* = max;e |y Bi, and C = [log,(b)][logy (nb?)].

Lemma 24. Let {X;}5°, be a sequence of random variables adapted to the filtration { F;}2,, and 0 < X; < B almost
surely. Then with probability at least 1 — 0, for all n > 1 simultaneously:

n n 2
Y Ex]<2) X, +4Bln7n.

i=1 =1
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