Exploiting Shared Representations for Personalized Federated Learning

A. Additional Experimental Results
A.1. Synthetic Data: Further comparison with GD-GD
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Figure 7. Function values for FedRep and GD-GD. The value of m is fixed in each row and n is fixed in each column. Here » = 1 (full
participation) and the average trajectories over 10 trials are plotted along with 95% confidence intervals. Principal angle distances are not
plotted as the results are very similar. We see that the relative improvement of FedRep over GD-GD increases with n, highlighting the
advantage of FedRep in settings with many clients.

Further experimental details. In the synthetic data experiments, the ground-truth matrices W* and B* were generated by
first sampling each element as an i.i.d. standard normal variable, then taking the QR factorization of the resulting matrix,
and scaling it by v/k in the case of W*. The clients each trained on the same m samples throughout the entire training
process. Test samples were generated identically as the training samples but without noise. Both the iterates of FedRep and
GD-GD were initialized with the SVD of the result of 10 rounds of projected gradient descent on the unfactorized matrix
sensing objective as in Algorithm 1 in (Tu et al., 2016). We would like to note that FedRep exhibited the same convergence
trajectories regardless of whether its iterates were initialized with random Gaussian samples or with the projected gradient
descent procedure, whereas GD-GD was highly sensitive to its initialization, often not converging when initialized randomly.

A.2. Real Data: Further experimental details

Datasets. The CIFAR10 and CIFAR100 datasets (Krizhevsky et al., 2009) were generated by randomly splitting the training
data into Sn shards with 50,000/(Sn) images of a single class in each shard, as in (McMahan et al., 2017). The full
Federated-EMNIST (FEMNIST) dataset contains 62 classes of handwritten letters, but in Table 1 we use a subset with
only 10 classes of handwritten letters. In particular, we followed the same dataset generation procedure as in (Li et al.,
2019), but used 150 clients instead of 200. When testing on new clients as in Figure 6, we use samples from 10 classes of
handwritten digits from FEMNIST, i.e., the MNIST dataset. In this phase there are 100 new clients, each with 500 samples
from 5 different classes for fine-tuning. The fine-tuned models are then evaluated on 100 testing samples from these same 5
classes. For Sent140, we randomly sample 183 clients (Twitter users) that each have at least 50 samples (tweets). Each
tweet is either positive sentiment or negative sentiment. Statistics of both the FEMNIST and Sent140 datasets we use are
given in Table 2. For both FEMNIST and Sent140 we use the LEAF framework (Caldas et al., 2018).

Hyperparameters. As in (Liang et al., 2020), all methods use SGD with momentum with parameter equal to 0.5. In Table
1, for CIFAR10, CIFAR100, and FEMNIST the local sample batch size is 10 and for Sent140 it is 4. The participation
rate r is always 0.1, besides in the fine-tuning phases in Figure 6, in which all clients are sampled in each round. For each
dataset learning rates were tuned in {0.001,0.01,0.1}. We observed that the optimal learning rates for FedAvg were also
typically the optimal base learning rates for the other methods, so we used the same base learning rates for all methods for
each dataset, which was 0.01 in all cases, unless stated otherwise. Note that the batch size and learning rate for CIFAR10
used in Table 1 differs from the standard setting of a batch size of 50 and learning rate of 0.1 (McMahan et al., 2017), but
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we observed improved performance for all methods by using (10,0.01) instead. In particular, the simulation in Figure 5,
the standard setting of (50, 0.1) is used, but the accuracies are worse than those reported in Table 1 for both FedAvg and
FedRep. Additionally, in Table 1, for CIFAR10 with (n, S) = (100, 2) and (n, S) = (100, 5), we executed 1 local epoch of
SGD with momentum for the representation for FedRep and 1 local epoch for all other methods. For all other datasets we
executed 5 local epochs for the representation for FedRep and for the local updates for all other methods.

Evaluation. As mentioned in the main body, in Table 1, we initialize all methods randomly and train for 7" = 100
communication rounds for the CIFAR datasets, 7" = 200 for FEMNIST, and 7" = 50 for Sent140. The accuracy shown is
the average local test accuracy over all users over the final ten communication rounds, besides for the fine-tuning results, in
which case we report the average local test accuracies of the locally fine-tuned models over all users, after the global model
has been fully trained. We repeat the entire training and evaluation process five times for each model and dataset and report
the averages in Table 1.

Implementations. Our code is an adaptation of the repository from (Liang et al., 2020), written in Pytorch and available
athttps://github.com/pliang279/LG-FedAvg/. In particular, we used the implementations of FedAvg, Fed-
MTL and LG-FedAvg given in this repository. For consistency we use this same codebase to implement FedRep, FedPer,
SCAFFOLD, FedProx, APFL, Ditto, L2GD, and PerFedAvg. As in the experiments in (Liang et al., 2020), we used a 5-layer
CNN with two convolutional layers for CIFAR10 and CIFAR100 followed by three fully-connected layers. For FEMNIST,
we use an MLP with two hidden layers, and for Sent140 we use a pre-trained 300-dimensional GloVe embedding' and train
RNN with an LSTM module followed by two fully-connected decoding layers.

For FedRep, we treated the head as the weights and biases of the final fully-connected layer in each of the models. For LG-
FedAvg, we treated the first two convolutional layers of the model for CIFAR10 and CIFAR100 as the local representation,
and the fully-connected layers as the global parameters, and the input layer and hidden layers as the global parameters.
For FEMNIST, we set all parameters besides those in the output layer as the local representation parameters. For Sent140,
we set the RNN module to be the local representation and the decoder to be the global parameters. Unlike in the paper
introducing LG-FedAvg (Liang et al., 2020), we did not initialize the models for all methods with the solution of many
rounds of FedAvg (instead, we initialized randomly) and we computed the local test accuracy as the average local test
accuracy over the final ten communication rounds, rather than the average of the maximum local test accuracy for each
client over the entire training procedure.

For L2GD (Hanzely & Richtarik, 2020) we executed multiple epochs of local SGD (discussed above) instead of one step
of GD in the local update in order for reasonable comparison with the other methods. We also set p = 0.9, thus the local
parameters are trained on 10% of the communication rounds. We tuned « in {0.05,0.1,0.25,0.5,0.75} and we tuned A
over {1,0.5}. We used (a, A) = (0.25, 1) in all cases besides the (n, S) = (100, 5) case for CIFAR100, for which we used
a = 0.1. Also, for FEMNIST we improved performance by using a learning rate of 0.001 instead of 0.01. For APFL, we
used a fixed « that we tuned in {0.1,0.25,0.5,0.75}, and chose a = 0.25 for all cases besides the most heterogeneous
CIFAR versions, namely (n,.S) = (100, 2) for CIFAR10 and (n, S) = (100, 25) for CIFAR100. For Ditto we tuned A
among {0.25,0.5,0.75, 1}, and used A\ = 0.75 for all cases besides CIFAR100, for which we used A = 1. For PerFedAvg,
we used an inner learning rate of 10~* and 8 samples as the support set and 2 samples as the target set in each local
meta-gradient update. We used the Hessian-free version. For FedProx we tuned p among {0.05,0.1,0.25,0.5}, and used
= 0.1 for CIFAR and p = 0.25 for FEMNIST and Sent140. For SCAFFOLD we used a global learning rate of 1 in all
cases besides FEMNIST, for which 0.5 was superior.

Table 2. Dataset statistics.

DATASET NUMBER OF USERS (n) AVG SAMPLES/USER  MIN SAMPLES/USER

FEMNIST 150 148 50
SENT140 183 72 50

"Pennington, J., Socher, R., and Manning, C. D. Glove: Global vectors for word representation. In Proceedings of the 2014 conference
on empirical methods in natural language processing (EMNLP), pp. 1532-1543, 2014.


https://github.com/pliang279/LG-FedAvg/
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B. Proof of Main Result

B.1. Preliminaries.

Definition 2. For a random vector x € R? and a fixed matrix A € R4 the vector AT x is called || A ||2-sub-gaussian if

y " ATx is sub-gaussian with sub-gaussian norm || Al|2||y||2 for ally € R%, i.e. Elexp(y " ATx)] < exp (|lyl3]Al13/2).
Definition 3. A rank-k matrix M € R% > is y-row-wise incoherent if max;e(q,] [|m; 2 < (#vd2/var)||M| g, where

m; € R?% is the i-th row of M.

We use hats to denote orthonormal matrices (a matrix is called orthonormal if its set of columns is an orthonormal set). By
Assumption 3, the ground truth representation B* is orthonormal, so from now on we will write it as B*.

For a matrix W € R™** and a random set of indices Z € [n] of cardinality rn, define Wz € R™*F as the

matrix formed by taking the rows of W indexed by Z. Define Gmaxs = maxze(n],|zj=rn amax(\/%W}) and
Gmin,x = MiNZe(n] |7|=rn Omin( 4 W3), i.e. the maximum and minimum singular values of any matrix that can be

obtained by taking rn rows of %W* Note that by Assumption 3, each row of W* has norm vk, so % acts as a

™ ™

normalizing factor such that || \/%Wiﬂ » = Vk. In addition, define x = Tmax,+/ Omin, -

Let i now be an index over [rn], and let i’ be an index over [n]. For random batches of samples {{(x/, /) j=i1}iZy, define

the random linear operator A : R™*¢ — R as A(M) = [(AZ, M)]1<i<rni<j<m € R™™. Here, A} = e;(x))7,
where e; is the i-th standard vector in R"™”, and M € R""*4_ Then, the loss function in (6) is equivalent to

1
min {F(B,W) =
BeRAxk WeRn Xk 2rnm

Eaz [|[Y — AWZB")|3]}, (12)

where Y = A(W}B*T) € R™™ is a concatenated vector of labels. It is now easily seen that the problem of recovering

W.B*' from finitely-many measurements A(W;B*T) is an instance of matrix sensing. Moreover, the updates of FedRep
satisfy the following recursion:

1 A
Wi = argmin ——[|AY(W5B* — WzB')|3 (13)
W eRrnxk 2T
t+1 t n 0 Attt lpt | R N N

B =B - ((A) A(WEH'B! — Wi B )) W (14)

where A is an instance of A, and (A") is the adjoint operator of A’, i.e. (A")TAM) =", ’jmzl(<A§’j, M)A,
Note that for the purposes of analysis, it does not matter how Wf,+ ! is computed for all i/ ¢ T, as these vectors do not affect
the computation of B**!. Moreover, our analysis does not rely on any particular properties of the batches 7', ..., ZT other

than the fact that they have cardinality 77, so without loss of generality we assume Z* = [rn] for all ¢ = 1,...T and drop the
subscripts Zt on W¥,

B.2. Auxilliary Lemmas
We start by showing that we can assume without loss of generality that B! is orthonormalized at the end of every
communication round.

Lemma 1. Let Wt € R™*F gnd Bt € R4*F denote the iterates of Algorithm 2 as outlined in (13) and (14) (with the
subscript It dropped). Now consider the modified algorithm given by the following recursion:

W = argmin | A/ (W(B")T — W.(B) )} (15
St w1 Nt At oot | T ATy | W

B =B - () (WH(BY)T - WL(B))) W (16)
B = B (R (17)

where B T R is the OR factorization of B, Then the column spaces of Bt and Bt are equivalent for all t.
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Proof. The proof follows a similar argument as Lemma 4.4 in (Jain et al., 2013). Assume that the claim holds for iteration ¢.
Then there is some full-rank R € R¥** such that B'Rz = Bt. Then B'R'R 5 = B!, where R'R g is full rank. Since

W = argmin | AYW(B')T = W.(B) )3 = argmin [ A'(WR'Rp) )BT - W (B3 (8)

we have that W' (R'Rp)~ T minimizes | A'(W(B!)T — W, (B*)T)||2 over W since (R'Rp)" is full rank. So
Witl = Wi (R'R )~ " and the column spaces of W!*! and W'+ are equivalent. Next, recall the definition of Bt*+1:

t+1 _pt T At (WL RO T (R T ——
B+ =B mm((A)A(W (BY) W(B)))W (19)

_ Etf{tRB _ % ((At)TAt(Wt+l(ﬁtRB)fT(ﬁtRB)T(Et)T _ W*(B*)T))thdFl(ﬁtRB)iT

rmm

_ o . T R
_ |:Bt’ _ ((At)TAt(Wt+1(Bt)T _W*(B*)T)) Wt+1] [(N )T] (20)

so the column space of Bf*! is equal to the column space of

rmm

_ — . R T
[Bt, 7 <(At)TAt(Wt+1(Bt)T —W*(B*)T)> Wt+1:| )

Finally, note that Bi+! can be written as:

rmm Lk

B = B o (W )T - w7 W [ =

so Bt has column space that is also equal to the column space of

rmm

— ~ — ~ T _—
B () W BT WL T) W

Note that we cannot orthonormalize W*, neither in practice (due to privacy constraints) nor for analysis only.

In light of Lemma 1, we now analyze the modified algorithm in Lemma 1 in which B? is orthonormalized after each iteration.
We will use our standard notation W¢, B? to denote the iterates of this algorithm, with B? being the orthonormalized version
of B. For clarity we restate this modified algorithm with the standard notation here:

t+1 __ . t S\ T P\ T (2
W = argmin L A(WB)T - WL (BT} @)
R ) N R T
Bt+1 — Bt _ T‘gm ((At)TAt(WtJrl(Bt)T _ W*(B*)T)) Wt+1 (23)
Et+1 — Bt+1(Rt+1)71 (24)

We next explicitly compute W**!. Since the rest of the proof analyzes a particular communication round ¢, we drop
superscripts ¢ on the measurement operators A? and matrices Ai ; for ease of notation.

Lemma 2. In the modified algorithm, where B is orthonormalized after each update, the update for W is:
Wil — WB* Bt — F (25)
where F is defined in equation (30) below.

Proof. We adapt the argument from Lemma 4.5 in (Jain et al., 2013) to compute the update for W'*!, and borrow heavily
from their notation.
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Let with (respectively l?)]t,“) be the p-th column of W* (respectively B?). Since W'*! minimizes F(W,B!) =

o ||At(W*(B*) — W(B")T)|3 with respect to W, we have V,, F(W**! B?) = 0 for all p € [k]. Thus, for any
p € [k], we have

0 =V, F(W'T B

t+1 t **\ T t
mmZZ( A, WHIBHT - W (BY) >)A”bp
=1 j=1
1 . m k k
— 'B TAT t+1 B* TAT * A'L _'Bt

This implies

rn m k . m

k
LS (S AuB By AL | Wi = LS (S ARy TAL | w; 26)
q=1

q
=1 j=1 q=1 =1 j=1
To solve for w!*1, we define G, C, and D as rnk-by-rnk block matrices, as follows:

Gii - G Cii -+ Cu Dii -+ D
G=| : -~ |.c=| : - |.D=| : - 7
Gr1 - Gk Cri -+ Ci Dy -+ D

where, for p,q € [k]: Gpg = = >0 >0, AiﬁjBZBf;Azj € R, Cpy = LY S A, bt (b)TA] €

1,5 Pp
R and, Dy, = (bl b})I,,, € R™*"™ Recall that bl is the p-th column of B* and b} is the g-th column of B*.
Further, define

t+1 *
Wi W1
WtJFl — c ank, W = e Rmz,k.
t+1 *
Wk Wi

Then, by (26), we have
witt = G low*
=Dw' -G ' (GD-C)w
where we can invert G conditioned on the event that its minimum singular value is strictly positive, which Lemma 3 shows
holds with high probability. Now consider the p-th block of w'*!, and let ((GD — C) w*),, denote the p-th block of
(GD — C) w*. We have
k

Wit =3 (bl b;)w; — (G™! (GD — C)w"),

q=1
k
= (Z w;(b;;)T> bt — (G (GD - C)w"),
q=1
— <W*(B*)T) b — (G (GD - C)w"), (28)
By constructing W**! such that the p-th column of W**! is wit! for all p € [k], we obtain
Wit =W*B*(B")" - F (29)
where
F =[G YGD - C)W"),..., (G HGD — C)w*);] (30)
and (G~1(GD — C)w*), is the p-th n-dimensional block of the rnk-dimensional vector G~!(GD — C)w*. O
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Next we bound the Frobenius norm of the matrix F', which requires multiple steps. First, we establish some helpful notations.
We drop superscripts indicating the iteration number ¢ for simplicity.
Again let w* be the rnk-dimensional vector formed by stacking the columns of W*, and let Bp (respectively B;) be the

p-th column of B (respectively the g-th column of B,). Recall that F can be obtained by stacking G 1(GD - C)w*
into k columns of length n, i.e. vec(F) = G™1(GD — C)w*. Further, G € R™**"" i5 a block matrix whose blocks
Gpq € R™*™ for p, g € [k] are given by:

™ m

1 N RTAT
Gpo=—D>_ > AijbbyA];
i=1 j=1
1 ™m m

= %ZZei(xg)TBPB;xgej (31)

i=1 j=1

So, each G, is diagonal with diagonal entries
1 &N A oA 1< . N
o= 3o By B (L 3wt o)

Define IT* == - 37" xJ(x2)T for all i € [rn]. Similarly as above, each block C,,, of C is diagonal with entries

(Cpg)is = by b, (33)
Analogously to the matrix completion analysis in (Jain et al., 2013), we define the following matrices, for all ¢ € [rn]:
Gi = [B;Hilaq} —BTII'B, Ci:= [B; H"'B*,q} = BTII'B, (34)
1<p,q<k 1<p,q<k

In words, G is the k x k matrix formed by taking the i-th diagonal entry of each block G, and likewise for C*. Recall
that D also has diagonal blocks, in particular D,,, = (B,, B) 14, thus we also define D* := [(B,, B})]i<pg<k = BTB..

Using this notation we can decouple G~!(GD — C)w* into i subvectors. Namely, let w} € R* be the vector formed by
taking the ((p — 1)rn + 4)-th elements of w* for p = 0, ..., k — 1, and similarly, let f; be the vector formed by taking the
((p — 1)rn + i)-th elements of G*(GD — C)w* forp = 0,...,k — 1. Then

f, = (G")""(G'D' - C"w; (35)

is the i-th row of F. Now we control || F|| 7.

k32, /1
Lemma 3. Let §, = c# for some absolute constant c, then

1
Gy < ——
| ll2 < o,

with probability at least 1 — e~ 111K° log(rn)

Proof. We must lower bound i, (G). For some vector z € R™F let z' € R¥ denote the vector formed by taking the
((p — 1)rn 4+ i)-th elements of z for p = 0, ..., k — 1. Since G is symmetric, we have

UInin(G) = z-HIEHinfl ZTGZ
: o=
m
— mmin (Zz)TGzZz

: =1
z:|z2=1 "—

= min (z')"BTII'Bz’
z:||z]|2=1 Pt
> min oy, (BTIT'B)

i€[rn]
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Note that the matrix BT IT!B can be written as follows:

m T
L 1T ome il 1 ae
B'I'B=) ——B'x/ (BTxg> (36)
S e (4
Let v/ = ﬁBTx{ for all i € [rn] and j € [m], and note that each v7 is i.i.d. ﬁﬁ-sub-gaussian. Thus using the

one-sided version of equation (4.22) (Theorem 4.6.1) in (Vershynin, 2018), we have

LSBT > 1—c (4
Omin(B'II'B) > 1 C<\/;+m> (37)

with probability at least 1 — e~ for m > k and some absolute constant C. Choosing r such that 6, = C (\ / % + \/”m>
yields

Omin(BTII'B) > 1 — 5, (38)

3/2, flog(r .
with probability at least 1 — e~ (% Vm/C=VE? for m > k. Now, letting d;, = m—log(n), we have that (38) holds with

Jm

probability at least

1 — exp (— (12/&””@ - \/%)2> >1—exp (—k(12\/%\/m - 1)2)
> 1 —exp (121%% log(rn)) (39)

Finally, taking a union bound over ¢ € [n] yields omin(G) > 1 — &, with probability at least

—rnexp (— og(rn)) >1—e~ *log(rn) (40)

1 121%31 >1 110k

completing the proof. O
3/2 floa(r

Lemma 4. Let 6, = cki\;%g(n) for some absolute constant c, then

I(GD — C)w*|l2 < 8¢ | W*|> dist(B', B*)
with probability at least 1 — e~ 111k log(rn),

Proof. For ease of notation we drop superscripts ¢t. We define H = GD — C and
. o . ~ A A ToA ~ ~ ~ 1 P N
H =GD'-C'=B'IIBB'B*-B'IIB*=B" (XIXz) (BB" —1,)B*, (41)
m

for all i € [rn]. Then we have

I(GD — C)w.|l3 =) |H'w.|3

i=1

™
<D IHEBIw3
i=1

k X ™ )
< WY JEB @2)

i=1
where the last inequality follows almost surely from Assumption 3 (the 1-row-wise incoherence of W*) and the fact that

krn = ||W*||2 < k||W*||3 by Assumption 3 and the fact that W* has rank k. It remains to bound X """ ||H'|3.
Although ||H'||5 is sub-exponential, as we will show, ||H?||3 is not sub-exponential, so we cannot directly apply standard
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concentration results. Instead, we compute a tail bound for each ||H?||2 individually, then then union bound over i € [rn).

Let U = \1FX (BBT — I;)B*, then the j-th row of U is given by

1 A7 At

and is \%B (]3]?’:T — I;)-sub-gaussian. Likewise, define V := —=X,B, then the j-th row of V is

I
!
==
1

therefore is ﬁﬁ—sub—gaussian. We leverage the sub-gaussianity of the rows of U and V to make a similar concentration

. 37/
V; B x],

argument as in Proposition 4.4.5 in (Vershynin, 2018). First, let S*~! denote the unit sphere in & dimensions, and let \V}, be
a %—th net of cardinality |[\}| < 9%, which exists by Corollary 4.2.13 in (Vershynin, 2018). Next, using equation 4.13 in
(Vershynin, 2018), we obtain
I(B*)T(BB" —1,)X/X;B|, = |[UTV]|, <2 max z T(U'v)y
z,yeNg

m

—2maxz EuJJ

zyE k

=2 max E (z,u;)(v;,y)
2,y EN, k

By definition of sub-gaussianity, (z,u;) and (v;,y) are sub-gaussian with norms ﬁ”]ﬁ’)*T BBT — L], =
ﬁdist(]:’),]:%i) alnd \/%HBHQ = \/%, respectively. Thus for all j € [m], (z,u;)(v;,z) is sub-exponential with
norm ~dist(B,B*) for some absolute constant c. Note that for any j € [m] and any z, E[(z,u;)(v;,y)] =

z' (B*)T(BBT —1I,)B)y = 0. Thus we have a sum of mm mean-zero, independent sub-exponential random variables. We
can now use Bernstein’s inequality to obtain, for any fixed z,y € N},

m 2
Z z,u;)(v;,y) > s | <exp (—c'mmin( — S - )> 43)
dist*(B, B*)’ dist(B, B*)

Now union bound over all z, y € N, to obtain

~ ~ A

1, - PN N .
P <||(B*)T(BBT ~ L)X X.B|: > 25> < 9% exp (—/mmin(s? dis* (B, BY), s/dist(B,B")))  (44)
m

Let sodss = max(e, £2) for some ¢ > 0, then it follows that min(s?/dist?(B, B*), s/dist(B, B*)) = 2. So we have
(||( “TBBT —1,)X/ X;Bl2 > 2dist(B, B*) max(e, e )) < g2ke—c'me’ 45)
Moreover, letting e? = % for some constant ¢, and m > ck? log(rn), we have

1, oatan . L[R2 .
P <||(B*)T(BBT — L)X X;B|, > dist(B, B*) COg(m)) < 92k gc1k? log(rn)
m m

< e—lllk2 log(rn) (46)

for large enough constant ¢;. Thus, noting that |[H’||3 = || L (B*)T (BB — I,)X, X;B||2, we obtain

) Lo k2]
P (”Hzng > CdiStQ( ,B*) og(rn)) < eflllk2 log(rn) 47)

m =
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Thus, using (42), we have

.o k3
P (u(GD S Opwa2 2 | W dist( ,B*)Og(””")
m

* i . o K3 log(rn
<P (HW ||2Z||H I3 > el W*[|3 dist*(B, B*) ——— )

i=1

1 — . - klogrn
=P|— H'||2 > cdist?(B, B*)
(1 S > cane )

RPN !
< rnP (||H1|§ > cdist?(B, B* )Og”‘>
m
< 6—110k2 log(rn)
completing the proof.
O
ck3/? og(rn
Lemma 5. Let 6, = %ﬁrf(), then
IFllr < 5 |2 dist(By, B.) (48)
with probability at least 1 — e~ 110 log(n)
Proof. By the definition of F and the Cauchy-Schwarz inequality, we have |[F|lr = ||G71(GD — C)w*|, <

IG~Y2[|(GD — C)W*||2. Combining the bound on ||G~!|» from Lemma 3 and the bound on ||(GD — C)w* ||_2
from Lemma 4 via a union bound yields the result.

O
We next focus on showing concentration of the operator %AT.A to the identity operator.
Lemma 6. Let 0;, = ck \/\L for some absolute constant c. Then for any t, if §;, < k,
1 1 * t t ! t+1 ! : Dt P *
— Il —A"AQ") — Q \\% < ¢, dist(B*, B*) (49)
rn || \'m
2

. o7 j— — 2
with probability at least 1 — e~ 1104 — =110k log(rn)

Proof. We drop superscripts ¢ for simplicity. We first bound the norms of the rows of Q and W. Let q; € R? be the i-th
row of Q and let w; € R” be the i-th row of W. Recall the computation of W from Lemma 2:

W=W,B/B-F — w,/ =(w))'B/B-f
Thus
las |3 = BB B*w; Ef‘*B*WE‘H%
— 1)B*w; — Bf;|3
Lo)B*W; |3 + 2| Bfi|3
<2H(B Lo)B*[I311w; 13 + 2I|i]]3
B") + 2|3 (50)
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Also recall that vec(F) = G™}(GD — C)W, from Lemma 2. From equation (35), the i-th row of F is given by:

f, = (G HG'D" — Cw}

3

Thus, using the Cauchy-Schwarz inequality and our previous bounds,
I£:13 < (GH) M3 IG'D* = C[I3 [|w7ll3
<IGH7'B IG'D ~ C'|3 & (51)
where (51) follows by Assumption 3. From (47), we have that
P (HGiDi ~C2 > 82 dist2(137]§*)) < o~ 112k log(rn)
where ¢y, is defined in 3. Similarly, from equations (38) and (39), we have that
. 1 3
P ek -2 > < o—121k" log(rn) 2
(6> =) < )
Now plugging this back into (51) and assuming oy, < %, we obtain

PN 52 PN
aill3 < 2k dist*(B, B*) (1 + (1’“5)2) < 4k dist*(B, B*) (53)
— Ok

with probability at least 1 — e~111+*108(rn) | jkewise, to upper bound ||w;||> we have

lwill3 < 2B B w3 + 213
< 2|BTB(3]w; 3+ 2]1£:]13

62 L
< 2k +2—k __dist?(B, B* 4
<2k + § _5k)2dlst (B,B")k (54)
< 4k (55)

where (54) holds with probability at least 1 — e~ 111k? log(rn) conditioning on the same event as in (53), and
(55) holds almost surely as long as 0 < 1/2. For the rest of the proof we condition on the event £ =

nrey {qu||% < 4k dist?(B,B*) N w2 < 4k}, which holds with probability at least 1 — e~ 110k*1°2(rn) by a unjon

bound over i € [rn]. Observe that the matrix 4% A(Q) — Q can be re-written as

Lo 0= 5NN (fon(xd)T ()T
—AAQ)-Q= ;; ((e:tx)7, Q) eslx)T - Q)
— 133 ) eilx) - Q (56)
M=
Multiplying the transpose by -—'W yields
L/1 ., e St e i\ T T

where we have used the fact that (Q) "W = Y"""_| q;(w;) . We will argue similarly as in Proposition 4.4.5 in (Vershynin,
2018) to bound the spectral norm of the d-by-k matrix in the RHS of (57).

First, let S9! and S*~! denote the unit spheres in d and k dimensions, respectively. Construct 1-nets Ny and N}, over
S4=1 and S¥~1, respectively, such that || < 9 and | NV} | < 9% (which is possible by Corollary 4.2.13 in (Vershynin,
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2018)). Then, using equation 4.13 in (Vershynin, 2018), we have

2
™m o m

T qi(wi) T
o 203 () )T~ au(w)T)
i=1 j=1 )
™ m 1
<2 u’ 35 (w; ()T
2B ZZ(nm ) xlw) T = aw) ) | v
max ’é" mg ! x], q;)(u, x] ><W1, v) — ! (u,q;){w;,v) (58)
uENd;VENk rnm *i rnm

By the I;-sub-gaussianity of x?, the inner product (u, x; 7Y is sub-gaussian with norm at most c||u|2 = ¢ for some absolute
constant ¢ for any fixed u € Nd. Similarly, (x, q;) is sub-gaussian with norm at most ||q;||2 < 2¢v/k dist(B, B*) using
(53). Further, since the sub-exponential norm of the product of two sub-gaussian random variables is at most the product of
the sub-gaussian norms of the two random variables (Lemma 2.7. 7 in (Vershynin, 2018)), we have that (x], q;)(u, x]) is
sub-exponential with norm at most 2¢2v/k dist(B, B*). Further, —L_(x I qi)(u,x?) (w;, v) is sub-exponential with norm

at most
2c2Vk L 2¢2Vk L k .
Vk dist(B, B*)(w;, v) < =< vk dist(B, B)||wy]|o < 25 dist(B, B*).
rnm rnm

rmm

Finally, note that E[—L(x g, q;)(u, x{)(wi, v) — —L(u,q;)(w;,v)] = 0. Thus, we have a sum of rnm independent,

mean zero sub-exponential random variables, so we apply Bernstein’s inequality.

P30 (o ad i) - ) ) 2

=1 j=1

2
< exp (—clrnm min ( i SA = ))
k2 dist*(B, B*) kdist(B, B*)

Union bounding over all u € Ny and v € N}, we obtain

2
P | <9tk exp <—clrnmmin< 25 —, SA ~ ))
k2 dist*(B,B*)  kdist(B, B*)

. 2
et m = max (e, €2) for some € > 0, then €2 = min ( 5 - ) Further, let €2 = 12(4+E) hen
as long as €2 < 1, we have

k2 dist?(B,B*)’ kdlsl( B*) cirnm
g (

Finally, weuse P (A | £°) <P (A | £°)+P(E°), where A == {
to complete the proof.

1
™

> 2s

(A~ Q)TW

2

1

rm

(aa@- Q)TW

> eok dist(B, B*)\/d/(rnm) \ 5C> < e 1100d+R) < o—110d,

2

~ A

% (%A*A(Q) _ Q)TWH2 > cok dist(B, B*) d/(rnm)},

O

B.3. Main Result
Now we are ready to show Theorem 1, which follows immediately from the following descent lemma.
Lemma 7. Define Ey = 1 — distQ(BO, B*) and Omaxx = MaAXTe[n],|Z|=rn gmax(ﬁw;) and Gwins =

Minzep],|z|=rn O'min(%W§) i.e. the maximum and minimum singular values of any matrix that can be obtained

by taking rn rows of }W*
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Suppose that m > c(k*k?log(rn)/E2 + k*k?d/(E3rn)) for some absolute constant c. Then for any t and any n <
1/(462,,, ), we have

max, *

dist(B', B*) < (1 - nEo2y,,/2)"? dist(B', B"),

min,*

with probability at least 1 — e~ 100min(k* log(rn).d),

Proof. Recall that Wit € R™** and Bt*+! € R4** are computed as follows:

Wit = argmin JAW*B* —WB!")|2 (59)
WERrnxk 2rnm
R . . T
B+l =gt —_" (.ATA(Wt'HBtT _ W*B*T)> Wit (60)
rnm

Let Qt = WHH1Bt" — W*B*' . We have
Bt+1 _ Bt _ n (ATA(Qt))T Wt+1

rnm
.
Bt L twrtt - L (1ATA(Qt) _ Qt) Wit ©1)
™m rn \'m

Now, multiply both sides by ]:D»f to obtain
T
A T A T A AT T A T 1
BB — BB - LBTQ W - Lt (L@ - Q) w
-
AT oA N 1
BB L W - LB (L) - Q) W (©2)
™m ™m m

where the second equality follows because Ej_T Q' = Bj_T BtwiHl" ]:D»j_T]AB*W*T = Bj_T B!W+1" | Then, writing
the QR decomposition of B{t! as Bt*1 = B+ R**! and multiplying both sides of (62) from the right by (R‘+1)~! yields
T
AT AT - 1
B By = <Bth<Ik — LewrhTw) - g (mA*A@t) - Qt> Wfﬂ) RTH™H(63)

Hence,

dist(B'+1, B*)

HB{Et(I’“ B %(WtH)TWtH)H? H(Rtﬂ)—lH?

™m ™m

.
<BjT]§t(Ik - D owtyTwitty - et <;ATA(Qt) _ Qt> Wt+1> (R

2

IN

N llgeT (Logt t _ ot ' t+1 1y —1
+—-|BL (mAA(Q) Q) w 2||(R )7 (64)
=: A1—|—A2. (65)

where (64) follows by applying the triangle and Cauchy-Schwarz inequalities. We have thus split the upper bound on
dist(B;+1, B.) into two terms, A; and As. The second term, A, is small due to the concentration of %ATA to the identity

operator, and the first term is strictly smaller than dist(Bt, B*) We start by controlling As:

N T
A= B (Ala@) - @) we ey,
IV !
A ot ty Ot t+1 t+1\—1
< <mAA(Q) Q> w 2||<R )7l (66)

< ndy, dist(BY, B*) (R 7L, (67)
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where (66) follows almost surely by Cauchy-Schwarz and the fact that Bj_ is normalized, and (67) follows with probability
at least 1 — e~ 1194 by Lemma 6. Next we control A;:

A1 _ BITB (Ik - —(Wt+1)TWt+l H Rt+1) 1”
< |B1 B |2H1—— (WD TWE R,
_ diSt(B HIk o 7(Wt+1)TWt+1H “(Rt+1)71“2 (68)

The middle factor gives us contraction. To see this, recall that Wit! = W*B* Bt — F where F is defined in Lemma 2.
By Lemma 5, we have that

[Fl2 <

|2 dist(B*, B*) (69)

—110k2 log(rn)

with probability at least 1 — e , which we will use throughout the proof. Conditioning on this event, we have

)\max ((Wt+1)th+1) — Hw*B*TBt _ F”%
< 2|W*B* B| + 2|[F||3

52
< 2|W*||2 + Qﬁnw*n2 dist?(Bf, B*)
<4|W*|3 (70)
where (70) follows under the assumption that &, < 1/2. Thus, as long as 1) < 1/(452,,,..), we have by Weyl’s Inequality:
||Ik (Wt+1)TWt+1||
<1- iAmm«wt“)TWt“) D
rn
=1- L (WB B - F)T(WB* B! - F))
rn
N A 2 N .
<1 o2 (WH(B)TBY) + Lo (FTW* (BB — Lo, (F) (72)
™ ™m ™m
7] * S * > 2 * (Ty* >
<1 - Lo (W92, (B)TBY) + 22 |[F|ly [W*(B*) B, (73)
n ™
n * D\ Tt 27) 5k (12
<1-—— %% B*)'B — %% 74
= r Jnnn( ) mln(( ) ) + rnl— 6!@ H ||2 ( )
Ox
=1- 775-1?1&111 * Inln((B*)TBt) + 27]1 5 a'12nax.>k (75)
B ,

where (72) follows by again applying Weyl’s inequality, under the condition that

20max(FTW*(B*)TBY) < 02, (W*)o2. ((B*)TB"), which we will enforce to be true (otherwise we would not have
contraction). Also, (73) follows by the Cauchy-Schwarz inequality, and we use Lemma 5 to obtain (74). Lastly, (75) follows
by the definitions of Gpin,« and Gmax,«. In order to lower bound UIIIIH((B*)TBt), note that

o2 (B*)TBY) >1—||(B*) B2 =1 — dist*(B*, B*) > 1 — dist*(B°, B*) =: Ej (76)

As a result, defining 0y, := &), + d;. and combining (64), (67), (68), (75), and (76) yields

dist(B*,B*) < [[(R™") |2 (1 = nop, . Eo + 21

£ max * + nék) dISt(Bf B*)
1-— 5k

<R (1= 0ot . Eo + 207 ) dist(B, B*) (77)

5 max *
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where (77) follows from the fact that krn = |[W*||% < E|[W*[3 = 1 < [[W*|3/rn < 672, .. All that remains to
bound is [|(R*™)~![|5. Define S* := L AT A(Q") and observe that

(Rt+1)TRt+1 — (Bt+1)TBt+1

— BtT Bt _ %(BtTStTWt+1 + (Wt+1)TStBt) + ( f)Z (Wt+1)TStStTWt+1
T

2
— 1, — l(BtTStTWH—l £ (WHDTS!BY) n (Wt+1)TStStTWt+1 (78)
™ (rn)?

thus, by Weyl’s Inequality, we have

2
o2 (Res1) > 1— iAlnax(BtT gt Wwitl + (Vvt+1)TStBt) + (77 )\min((‘NHl)TStStTWHI)
rn

min 7“7’1)2

>1— LA (BE'ST WH 4 (WH TS!BY) (79)
n
where (79) follows because (W'+1)TS!S!" W+1 is positive semi-definite. Next, note that

iAmaX(BtT gt Witl n (Wt+1)TStBt)
rn

_ ﬁnﬁm QXTBtT(St)TWH_lX+XT(Wt+1)TStBtX
x:||x]|[e=1 TN

2 .
max —nXT(WtH)TStth
x:||x|[2=1 TN

= max 2—77XT(VV“F1)—r <;ATA(Q75) — Qt> Bix + 21 x| (WHHTQ!B!x (80)

x:||x|[2=1 TN T

‘We first consider the first term. We have

max 2—7])(T(VVH1)T <:nATA(Qt) - Qt> Bix < 20

x:||x|l2=1 TN -

owe)T (Lt - @) | 8], <2 6o
m 2 2

™m

—110d __ 67110k2 log(

where the last inequality follows with probability at least 1 — e ™) from Lemma 6. Next we turn to the

second term in (80). We have

2 N 2 N
max —nxT(W”l)TQtth: max —n<Qt,Wt+1xxTBtT>

x:||x|l2=1 TN x:||x|l2=1 T

2 LT, ta 2 ,
= max Q' W'B* Blxx B'') - ~1(Q!, Fxx B! ) (82)
x:||x|l2=1 TN ™™
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For any x € R¥ : ||x||2 = 1, we have
2 N . .
J<Qt7w*(B*)TBtXXTBtT>
™

2 N . AT oA .
= Dp(B(WHHT - B (W) )W*B* Bixx"B!')

™
= Te((BB B*W* —B'FT - B*W* )W*B* Bixx'B!")
™
M oy . L M R DU
= D(BB DB W WB* Bixx Bt ) - Lu(BIFTWB* Blxx B!')
rm rn

M oy R M DU
= DB, B W WB* Blxx B ) — LuBFTW B Blxx B!
r rm
M U S T, Ta
= D@ W WB* Blxx B! BY) - LuBFTW B Blxx B!")
™ rn
2 ~ ~ ~ ~
= T FTW B Blxx B! BY)
™
2 o
= e FTWB* Blxx")
r™m
2 N
< R [WB Bixx |
™
277 * Sk | > 17
< L IFl W B 2B [lal|xx ||

2n .
< —|[|F[lr W72
™

ok _
S 27’]1 _ 5k o-r2nax,*

(83)
(84)
(85)
(86)
(87)

(88)

where (83) follows since B Bﬂ_ = 0, (84) follows since Bt Bt = I,, (85) and (86) follow by the Cauchy-Schwarz
inequality, (87) follows by the orthonormality of B! and B* and (88) follows by Lemma 5 and the definition of &pax «.

Next, again for any x € R* : ||x||z = 1,

2 . M T . . .
QL Fxx B ) = — (BB B*WH —B'FT - B*W*)Fxx ' B')
™m ™™m

M oy . A 2 o
= (BB —1)B*W* Fxx"B!' ) + Lu(Fxx B BF")
™

™™m

M . 2
= @B W* Fxx B! BY) + ZIxTFTFx
rm

™m

2
= —nxTFTFx
™m

2n 2
< —||F
< 1|3
52
<op—7=r 52
— 77(1 _ 5k)20mdx,*
Thus, we have the following bound on the second term of (80):

max 2£<Qt,wt+1xxT]§tT> < 252, Ok + J <dap—k 52
x:||x[[2=1 TN = max,x \ 1 _ Sk (1 _ (;k)z - (1 _ (;k)z max,*

since) >0, <1 — 6,3 < dg. Therefore, using (79), (80), (81) and (90), we have

6k _ gk _
2 / 2 2
. (R >1-2n0, —4n———=0 >1—4n—-—0
mm( t 1) - n k 77(1 5k)2 max,* — 77(1 6k:)2 max,*

where &, = &, + k. This means that

t4+1\—1 5k 2 12
R <|(1l—-4n-——=—=0
”( ) ”2 = < (1 5k)2 Inax,*)

(89)

(90)

€2y

92)
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2 . . .. 5 . . . .
is strictly positive as long as ﬁ < 1, which we will verify shortly, due to our earlier

max,*

Note that 1 — 417245
assumption that n < 1/(452 ). Therefore, from (77), we have

max,*

L 1 5 L
dist(Bf, B¥) < 152, By + 22— 52 ) dist(B, B*)

= — — 2 Ymax,*
\/1_477(1—($§k)2‘712!lax,* (1=0k)

Next, let 6, < 16E/(25 - 5x2). This implies that §; < 1/5. Then 65, /(1 — 6;)? < 256, /16 < Ey/(5x2) < 1, validating
(92). Further, it is easily seen that

_ o o _
1—nEoa2,, , +n—-—62, . <1—dnp—-_52
n Oamln,* 77(1 — (Sk)20—max’* =~ 77(1 — §k)20'max
< 1- "7E06-12ni1r1,=k/2 (93)

Thus
dist(B!, B*) < (1 — nEyo2,,./2)"? dist(B, B").

= 3/2\/ og(rn .
Finally, recall that §, = & + 51’c = ¢ ( k \/%g( ) + %) for some absolute constant c. Choosing m >

c (k*k3log(rn)/E2 + k*k%d/(E2rn)) for another absolute constant ¢’ satisfies 6, < 16E/(25 - 5x2). Also, we have

conditioned on two events, described in Lemmas 5 and 6, which occur with probability at least 1 —e™ 110d _ o —110k" log(rn) >

1 — e~ 100min(k® log(rn).d) completing the proof.

O
Finally, Theorem 1 follows by recursively applying Lemma 7 and taking a union bound over all ¢ € [T].

B.4. Initialization

As mentioned in the main body, our interpretation of Theorem 1 assumes that the initial distance is bounded above by a
constant less than one, i.e., Iy is bounded below by a constant greater than zero. We can achieve such an initialization
without increasing the overall sample complexity via the Method-of-Moments algorithm, ignoring log factors. To show this,
we adapt a result from (Tripuraneni et al., 2020).

Theorem 2 (Theorem 3, (Tripuraneni et al., 2020)). Suppose that each client i € |[n] sends the server Z, =
L Z;-nzl(y?’J)QX?’J PN and the server computes UDUT « rank-k SVD(L3" | Z;) and sets B® = U. Then, if
m > cpolylog(d, mn)kd/ (o, 1),

dist (B,B") < 0 (ﬂ) (94)
Jmin,*mn

with probability at least 1 — O((mn)~1%0) for some absolute constant ¢, where Oy « = —=W* and O(-) hides log

S

factors.

The above result is a direct adaptation of Theorem 3 in (Tripuraneni et al., 2020) so we omit the proof. This result shows that
m = Q(=~4 ) are required for proper initialization. Since x > 1/ Omin, «» the overall sample complexity is not increased

T -
T min,« "

up to log factors.

B.5. Proof Challenges
We next discuss two analytical challenges involved in proving Theorem 1.

(i) Row-wise sparse measurements. Recall that the measurement matrices A; j have non-zero elements only in the i-th row.
This property is beneficial in the sense that it allows for distributing the sensing computation across the n clients. However,
it also means that the operators {\/%At}t do not satisfy Restricted Isometry Property (RIP), which therefore prevents us
from using standard RIP-based analysis. The RIP is defined as follows:
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Definition 4 (Restricted Isometry Property). An operator B : R"*¢ — R™™ satisfies the k-RIP with parameter &;, € [0,1)
if and only if
(1= a)IMI[E < [BOM)|I3 < (1+ 60) M7 (95)

holds simultaneously for all M € R™*? of rank at most k.

Claim 1. Let A : R™*4 — R™™ sych that A(M) = [(ei(xg)—r, M)|i<i<rn,1<j<m, and let the samples xg be i.i.d.
sub-gaussian random vectors with mean 04 and covariance 14. Then if m < d/2, with probability at least 1 — e~ for
some absolute constant c, \/%A does not satisfy 1-RIP for any constant §; € [0, 1).

Proof. Let M = e;(x1)". Then

1 1 ;
I—=AM)[3 = —> "> (eix) T e (xi)T)?
vm misi=
1 1~
= Ll L5 e xly?
=2
> x4 (96)
Z Xl
Also observe that |[M]|% = ||x1||3. Therefore, we have
1 A 2
o)
[mam], a >P< It >d>
2 - -
M| 2m Ixil; ~ 2m

2 d
~p (|l > 3)
—1-p (Il - < 5)

>1—e 97)

where the last inequality follows for some absolute constant ¢ by the sub- exponential property of ||x}||3 and the fact that

E[||x}]|2] = d. Thus, with probability at least 1 — e =%,

! A H > |M||2, meaning that —A does not satisfy
1-RIP with high probability if m < £. O

Claim 1 shows that we cannot use the RIP to show O(d/(rn)) sample complexity for m - instead, this approach would
require m = Q(d). Fortunately, we do not need concentration of the measurements for all rank-k matrices M, but only
a particular class of rank-k matrices that are row-wise incoherent. Leveraging the row-wise incoherence of the matrices
being measured allows us to show that we only require m = Q(k3log(rn) + k2d/(rn)) samples per user (ignoring
dimension-independent constants).

(ii) Non-symmetric updates. Existing analyses for nonconvex matrix sensing study algorithms with symmetric update
schemes for the factors W and B, either alternating minimization, e.g. (Jain et al., 2013), or alternating gradient descent,
e.g. (Tuet al., 2016). Here we show contraction due to the gradient descent step in principal angle distance, differing from
the standard result for gradient descent using Procrustes distance (Tu et al., 2016; Zheng & Lafferty, 2016; Park et al., 2018).
We combine aspects of both types of analysis in our proof.



