Differentiable Particle Filtering

A. Proof of Proposition 4.1

A particle filter with multinomial resampling is defined by the following joint distribution

(qus(xi 7a ~1) H% ‘rl HHthl d¢ (mt|$t >

t=21i=1

where a_; € {1,..., N} is the ancestral index of particle =} and
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Finally, we have wi o wp (2, 7" 2%, y:), So, w! = 1. We do not emphasize notationally that the weights w; 7" are
0, ¢ and observations dependent.

The ELBO is given by

("B0(0, ¢) =Eq, , log Do (y1.7)] = Eg, ,

N T N
1 i 1 Ai—l 7
log <N E w0,¢(X1»yl)> + E log (N E wo, o (X; 1 aXt’yt)>] :
i=1 t=2 =1

We now compute Vo/E-BO (9 ). We assume from now on that the regularity conditions allowing us to swap the expectation
and differentiation operators are satisfied as in (Maddison et al., 2017; Le et al., 2018; Naesseth et al., 2018). We can split
the gradient using the product rule and apply the log-derivative trick:
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For the first part of the ELBO gradient (17), we have
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and
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This gives
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When we ignore the gradient terms due to resampling corresponding to (20) as proposed in (Naesseth et al., 2018; Le et al.,
2018; Maddison et al., 2017; Hirt & Dellaportas, 2019), we only use an unbiased estimate of the first term (19), i.e.
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Now we assume that the mild assumptions ensuring almost sure convergence of the PF estimates are satisfied (see e.g.
(Del Moral, 2004)). Under these assumptions, the estimator (21) converges almost surely as N — oo towards

T
/Ve log pg(x1,y1)pe(z1|yr)dzr + Z/Ve log po (e, Ye|Ti—1)po(Ti—1:|Y1:0—1)d@r 124 (22)

Under an additional uniform integrability condition on V¢F-BO (8, ¢), we thus have that Ey » [VolELBO (9, $)] converges
towards (22). We recall that the true score is given by Fisher’s identity and satisfies

T
/Ve log po (21, y1)pe(21|y1.7)d21 + Z/Ve log po (e, ye|ze—1)po(Ti—1:¢|y1.7) AT 124
This concludes the proof of Proposition 4.1.

B. Notation and Assumptions
B.1. Filtering Notation

Recall X = R% denote the Borel sets of X’ by B(X') and P(X) the set of Borel probability measures on (X, B(X)). In
an abuse of notation, we shall use the same notation for a probability measure and its density w.r.t. Lebesgue measure;
i.e. v(dz) = v(xz)dz. We also use the standard notation v(¢)) = [ ¢ (x)v(x)dz for any test function . In the interest of
notational clarity, we will remove subscript 6, ¢ where unnecessary in further workings.

We denote {a(¥},> the predictive distributions where () (x;) = p(2¢|y1.4—1) for t > 1 and oV (21) = p(x1) while
{BM};>, denotes the filtering distributions; i.e. 3 (2;) = p(x¢|y1.¢) fort > 1.

Using this notation, we have

aD () = /%/J(It)f(ft|1‘t—1)5(t71)(It—l)dxt—ldxt = AU f(y), (23)

aD(g(yel)v) _ BV (f(9(wel))
a(t)(g(yt|')) B(t_l)(f(g(yt|'))) -

More generally, for a proposal distribution q(z¢|z:—1,y:) # f(xt|zi—1) with parameter ¢ # 6, the following recursion
holds

BU () = (24)

B (g(we
B0 (y) = Mm (25)
we(w—1, ) = w(Te—1, T4, yt) = 9o f{ma|zer) (26)

Q($t|$t717 yt)

To simplify the presentation, we will present the analysis in the scenario where ¢ = 6 and q(x¢|z1—1,9:) = f(a¢|xs—1) so
we will analyze (23) for which wy(x:—1, ) = g(y:|x+). In this case, the particle approximations of 4 is denoted py and
fort > 1, a®) and B are given by the random measures

N

N N
)= Sowlxh, AV W) = wiv(x)), %Z (X7), 27)
i=1 i=1 i=1

where wi o g(y:| X7) with % | wi = 1 and particles are drawn from X ~ f(-|X7_,).

Here BJ(\? denotes the weighted particle approximation of 3(*) while BJ(\?) is the uniformly weighted approximation obtained
after the DET transformation described in Section 3.2.
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B.2. Optimal Transport Notation

Recall from Section 2.1, POT denotes a transport between ot and ) with accompanying map T*). ’Pto TN denotes an

optimal transport between particle approximations ag\t,) and B](\t,) with corresponding transport matrix, POT with i, j entry

p%. To simplify notation, we remove script ¢ when not needed.

Similarly from Section 3.1, POTN denotes the regularized transport between ag\t[) and B](\?) with accompanying matrix
POT with i, j entry p?,; ;- Recall B O = % vazl 0 % is the uniformly weighted particle approximation for 3 () under the

DET, ie. X = Tg\t,)’e(X ) = [yPOTN (dy|a?). Note that X} . will be used where necessary to avoid ambiguity when
comparing to other resampling schemes.

Recall also for p > 0:

WP(a, B) = 736rzlil(ig 5 Ewvy~p [IIU = VI[P (28)

where U (a, 3) is the collection of couplings with marginals « and 3.

B.3. Assumptions

Our results will rely on the following four assumptions.
Assumption B.1. X C R? is a compact subset with diameter

0:= sup |z —yl
z,yeX

Assumption B.2. There exists k € (0, 1) such that for any two probability measures 7, p on X

Wk(ﬂ-.ﬂpf) SHWk(W’p)7 k=1,2.

Assumption B.3. The weight function w(*) : X — [A, A= is 1-Lipschitz for all .

Assumption B.4. There exists a A > 0, such that for all ¢ > 0 the unique optimal transport plan between o*) and 8 is
given by a deterministic, A-Lipschitz map T®).
C. Auxiliary Results and Proof of Proposition 4.2

We start by establishing a couple of key auxiliary results which will be then used subsequently to establish Proposition 4.2.

C.1. Auxiliary Results

As per section 2.1, let S(ay, Bn) denote the collection of coupling matrices between ay = Zfil a;0yi with a; > 0 and
BN = Zf\il bidxi. We also denote entropy by H where H(P) = 3, ; p; jlog(1/p; ;) for P = (p; ;)i,; € S(an, Bn).
Lemma C.1. The entropic radius, Ry, of simplex U(an, Bn) may be bounded above as follows

Ry = max H(P,) - H(Py) <2log(N
B e (P1) — H(P2) < 2log(N)

Proof. Notice that —H (P) is convex, so that H (P) is concave.

1 1 1
ijlog ( — ) = N? Z—-lo( )
;;p,g g(pm> 2 yabialos P

ij d

1 1
2 2 2\ _ 2 2
SN | Ej pij | = N*H(1/N?) = N* - log(N*?) = 2log().
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In addition since p; ; < 1 for all ¢, j, we have that H(P) > 0 and therefore we can bound

Ry = H(P,)— H(P3) < H(P1) <2log(N).
0= e HPY) —HPo) < | max | H(Py) < 2log(N)

O

Lemma C.2. Let X C R? be compact with diameter d > 0. Suppose we are given two probability measures o, 3 on X with
a unique deterministic, \-Lipschitz optimal transport map T while an = Zfil a;0yi with a; > 0 and Sy = vazl bidxi.
We write POTN | resp. POTN, for an optimal coupling between oy and By, resp. the e-regularized optimal transport plan,
between oy and By. Then

[l = T@IPPOTN an | < 22142 112 4 €] b max{a, 1) DY) + WalB, B,

where

&= S(N,E,O[7ﬁ) = W2(aN7a) + W2(ﬁN7ﬁ) + V 2610g(N)

Proof. From Corollary 3.8 from (Li & Nochetto, 2021)

1/2
{ / |IT(x) — yn?PST’N(dx,dy)] < 222\ fEn e Wala, B) + éne] % + MWa(an, @) + Wa(B, B),

where ) is the Lipschitz constant of the optimal transport map T sending « to 3, and
1/2
N = Walan,a) + Wa(Bn, B) + [/ |z = y|PPOTN (da,dy) | — Wa(an, Bn). (29)

From Proposition 4 of (Weed, 2018),

> NIV = XiP - Wi(an, By) < €Rp,
ij=1,..,N

where Ry is the entropic radius as defined in Lemma C.1.

By Lemma C.1 we therefore have that
[z = PPN (. dy) - Wh(a. ) < 2elog().

Since x +— +/x is sub-additive, for r, s > 0 we have that \/r — /s < y/r — s, whence
1/2

[ [ e =P e )|~ Walaw, ) < V2cTogN.

We thus have
éN,e S W2(aNaa)+W2(ﬁN7ﬁ)+ 2610g(N)

In addition, by Assumption B.1 we have that Wa(a, 8) < 01/2 and the result follows. O

C.2. Proof of Proposition 4.2

Proof of Proposition 4.2. By definition, we have [y (di) = [an(dz)dry (1) (dZ) with Ty (z) = [ZPOTN(dz|z)
while, as POTV belongs toU (an, By ), we also have By (di) = [ an (dz)POTN(dZ|x). We then have for any 1-Lipschitz
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function
() = Btw)| =| [ | [ 01) - 0T ()P @) an a0
<[] 1@ - 6(Taela)an(do)PO N (dzlo)
< [[ 1 = ac@lPN e, a2)

<([fe- TN,e(anP?T’N(dz,df))

< ([[ 13- wenEress,an)

where the final inequality follows from the fact that for any random vector V' the mapping v +— E[||V — v||?] is minimized
at v = E[V]. The stated result is then obtained using Lemma C.2. O

1
2

D. Proof of Proposition 4.3

For technical reasons, we analyse here a slightly modified PF algorithm where

N
a%)=%25x57 X7 i e sz(‘xg ) (30)
j=1

instead of the standard version where one has
1N
. ) .
o) = N b Xi~f ("th—l) :
j=1

This slightly modified version of the bootstrap PF was analyzed for example in (Del Moral & Guionnet, 2001). The analysis
does capture the additional error arising from the use of DET instead of resampling. Similar results should hold for the
standard PF algorithm. The main technical reason for analysing this modified algorithm is our reliance on Theorem 2
of (Fournier & Guillin, 2015); analysing the standard PF algorithm requires a version of (Fournier & Guillin, 2015) for
stratified sampling and will be done in future work.

Proposition D.1. Suppose that Assumptions B.1, B.2 and B.3 hold. Suppose also that given B](\tfl), ag\t,) is defined through
(30). Define the functions

F(x) =2+ VoK1 (A,)z

x, d<4
fa(@) =\ gpiimy d=4
z4/? d> 4.

1

1/2 1/2
5(’5376,1\,@(3:) = 2\1/2 {]—"N,Q&d (z) + \/2¢elog N} {01/2 + Fn,e0.a (z) + 1/ 2€elog N]
+ AeFNe 0.4 (@) + max{\, 1} Fn 54 (T). 31
Then for any €, > 0 we have with probability at least 1 — 6, over the sampling step in (30), that
W (B89 < 6sna W2 (BY,50°)] (32)
In particular ifWg(B%_l), BUE=1) = 0and ey = o(1/log(N)) as N — oo we have that

W2 (B](\f')a ﬂ(t)) — Oa
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in probability.
Proof of Proposition D.1. To keep notation concise we write for N > 1
aN = ag\t])7 a?\/’ = B](\f'il)fa BN = 6](\?’ BN = B](\);il)‘

Controlling W; (8y, 3). Let ¢ be 1-Lipschitz. Without loss of generality we may assume that ¢/(0) = 0 since otherwise
we can remove a constant.

L Jan(wy) | alww)

) - (w)| = | 2L _ 2l
_Jox(y) _awi)| | |alws) _ alw)
| an(w) an(w) an(w) a(w)

< A7 o (W) — a(wy)| + A7%a(wy)|an (W) — a(w)].
At this stage notice that

[(wi)'] < Jw'd| + [wi)'| < [[Y]loc + [w]loo-
Notice that

[Y()] = [¢(x) — ¥(0)] < [z — 0] <.
Therefore we have that
[(wy)'| <o+ AT
and thus w) is (0 + A~1)-Lipschitz. It follows that
Bx () = BW)] < A7 an (W) — a(wi)| + A 2a(wi)|an (w) — a(w)]

<A O+ AW (an, o) + AW (an, a)
= Kl(A,a)Wl (aN, Oé).

Therefore we have that
Wi(Bn, B) < K1(A, )W (an, o). (33)

Notice that using the compactness of the state space we easily get also that

Wa(Bn, B) < VoW1 (B, B) < VOKL(A, 0)W:(an,a) < VOK (A, 0)Wa(ay, @), (34)

since clearly Wi (p, o) < Wa(p, o) for any two probability measures p, o
Controlling W, (3 N.e, ). Again supposing ¢ is 1-Lipschitz, and ¢(0) = 0, consider

() = 50| = | [ #(TxlaDan(an) - [vr@)atas

‘/ﬂJTNe Jan(dx) /w ))ay (dr)

‘/¢ D (dz) - /w

For the second term, using the fact that T and ¢ are A- and 1-Lipschitz respectively, we have that ¢ o T is A-Lipschitz and

therefore
‘ / Y(T(x))ay(dz) / (T

< AWl(aNa ) < A]/\}2(041\/'701)7
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where we used Assumption B.2 for that last inequality For the first term recall that using Cauchy-Schwarz and Jensen we get

\ [oEx@panian - [umaat)

< [ 1Ty.la) - Tia)|an(do)
</ ] [ vPxtedn) - T

< / |y—T(l‘)‘OéN(d$),PN,e(x7dy)

ay(dz)

< U ly — T(x)QaN(dx)PN,e(x,dy)} 1/2-

Here we can directly apply Lemma C.2 to obtain

1/2
[ [[1v-T@F axt@rPy.. dyﬂ
1/2
< a\/2g1/2 [01/2 + 5} + max{\, 1} Wa(an,a) + Wa(Bn,8)],

where
&= S(n76,a7ﬁ) = WQ(O{N,CY) +W2(BN7B) + v 2610g(N)

From (34) we have that

Wa(an,a) + Wa(Bn, 8) < Wa(an,a) + \/0K1(A,0)W2(CMN,04).
Next we want to bound W (ay, «). Notice first that
Walan,a) < Wala, aly) + Walaly, ) < Walay, afy) + &0z (B4, 8071

by Assumption B.2.

To control the other term we use (Fournier & Guillin, 2015) to obtain a high probability bound on Wa(ay, oy ). In
particular, using Theorem 2 from (Fournier & Guillin, 2015), with o = oo since we are in a compact domain, that for some
positive constants C, ¢ we have

P [WQQ(OLN, aly) > a:] < Cexp [—cNfg(x)] , (35)
where
T, d<4
fd(x) = m, d = 4 (36)
:Ed/z, d> 4.

In particular, for any 6 > 0, with probability at least 1 — ¢ over the sampling step in Fv we have that

Wa(an, ay) < \/fd1 (W) (37)

cN

Assuming that d > 4 the rate then is of order N~'/¢ as expected.

Therefore with probability at least 1 — & over the sampling step we have that

Wa(an,a) +Wa(Bn, B) < FN,cs.d (Wz (B%_l),ﬁ(t_l)n )

where

Fresa(@)=F (m + \/ I (W)) R =et ARG 69)
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Thus overall we have with probability at least 1 — § over the sample

WQ(BN,&B) < \/0W1(5N,C,B) < B 5.N,d (Wz (35\?_1),5“71)» )

where

1 1/2

1/2
5(’53,6,N,d(95) = 2\1/2 []:N,e,a,d (7) + /2¢log N} {01/2 + FNe5.d(7) ++/2¢log N}
+ AH;N,e,ﬁ,d (17) + max{)\, 1}./.'.]\]75,57(1 (SC) .
In particular notice that if we set ey = 0(1/log N) and zy = o(1) we have
Gey.o.nalzn) = 0.

Therefore, notice that if ey = o(1/log N') and W5 (un, i) — 0, then for any 2 > 0 we have that
P [Wa(Br.c. B) = 2| <PWi(aly,an) = ],

for some z’ that does not depend on NN, where the probability is over the sampling step. The convergence in probability
follows. H
Proposition D.2. Let uy = + Zf\]:l dx: where Xt b w = q(-|ly1) for i € [N] and suppose that for t > 1, O‘EV) is
defined through (30). Under Assumptions B.1, B.2, B.3 and B.4, for any § > 0, with probability at least 1 — 26§ over the
sampling steps, for any bounded 1-Lipschitz ¢, for any t € [1 : T, the approximations of the filtering distributions and
log-likelihood computed by DPF satisfy

)
139 () - @w>sdgmw<¢gﬂC%gﬁ”)> (39)

_1 (log(CT/6
< Ktrerha%hp Z@e 5/T.N.a (\/fdl <(CN/)>> (40)

where C'is a finite constant independent of T', & 5,7 .4, fa are defined in (31), and Lip|f] is the Lipschitz constant of the

‘10 ﬁN (yl:T)
p(y1:T)

function f. 653()5 JT.N,d denotes the t-repeated composition of function & 5 /1. n,q. In particular, if we set ey = o(1/log N)

‘10 PN(ZJl:T) N O,
p(yl:T)
in probability.
Proof of Proposition D.2. Following the proof of Proposition D.1, we define a 5 f and for t € [1 : T}, the events

A=W, (aN,a%)) . \/fd (log (CT/3) )

We know from Theorem 2 in (Fournier & Guillin, 2015) that P(A;) > 1 — /T, where the probability is over the sampling
step. In particular we have that

T
P ﬂ A,
t=1

Notice that on the event N7_; A, iterating the bound (32) we have

N . 5
21—ZP[At]z1—TT:1—5.
t=1

T
U 47

t=1

W2 (/5)](\7')7 B(t)) Qsit()s/T N,d (W2 (:u’Na :u’)) )
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with probability at least 1 — §. Again by Theorem 2 in (Fournier & Guillin, 2015) we have that with probability at least 1 — ¢

it <17 (M),

Therefore with probability at least 1 — 2§ we have
(t) _1 (log(CT/6)
655/TNd<\/fd < cN :

It remains to prove (40). Note that |log(z) — log(y)| < mli;zy‘y} for any z,y > 0 so

|log p(y1:7) — log p(y1.7)| | log p(yely1:t—1) — log p(ye|yn:e—1)|

ﬁyt|ylt 1) — p(Ye|yr:e—1) |
yt|y1t 1) (yt\ylzt—l))

I A

<3
o

\ /\

min
T
Z (elyr:—1) = p(yelyre—1)| (4D

where A is defined in Assumption B.3.

The term in line (41) may be written as follows
P(Yely1:-1) — P(Yelyr:e-1)
// (yelae) f(dae|—1)BY " (dF-1) — //g(yt|ﬂ?t)f(d$t|5ﬁt—1)5(t_l)(df?t—l)

=py () = 8" (h)
for A? < h(z) := [ g(y]z’) f(z'|z)dz’ < A~2. At this point notice also that

h(x) — h(z') = / Fldwlz)g(y: | w) — / F(dwlz')g(ye | w)

- / 5.(d2) [ Fdwl2)gly | w) / 5,0 (d2) / F(dw|2)glye | w)
)

= (62 fllg(e | )] — (62 fllg(ye | -
< Lip [g(ys | )] Wh (0f, 0ar f) < KLip [g(ys | -)] Wi (02, 0ar) = wLip [g(y: | -)] |2 — 2],

by Assumption B.2. It follows therefore that h is Lipschitz and therefore that

Prlyre—1) = p(yelyna—1) = BNV () = B4 (h) < wLip [g(ye | )W (85,8470,

Combining (39) and (41), and using the fact that W; < W,, we thus get
T ~
[1og b(y17) — logp(yrr)| < A~'w Y Lin [g(ye | Wi (4", 8¢)
t=1

< AT nmax Llp Zﬁéé/TNd<\/fdl<bg(cC]€/§)>>a

te[l:T

where the last inequality holds with probability at least 1 — § over the sampling steps.

The convergence in probability follows from the corresponding statement of Proposition D.1.
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E. Additional Experiments and Details
E.1. Linear Gaussian model

We first consider the following 2-dimensional linear Gaussian SSM for which exact inference can be carried out using
Kalman techniques:

Xt‘{Xt—l = JJ} ~ N(d1ag(91 92)%, 0512) s Y;5|{Xt = Z’} ~ N(ZL’,Ol . 12) (42)

We simulate T = 150 observations using § = (61,62) = (0.5,0.5). As a result, we expect in these scenarios that the
filtering distribution pg (+|y1.+) is not too distinct from the smoothing distribution pg(z¢|y1.7) as the latent process is mixing
quickly. From Proposition 4.1, this is thus a favourable scenario for methods ignoring resampling terms in the gradient as
the bias should not be very large. Figure 1, displayed earlier, shows £(6) obtained by Kalman and 2 (0; 1) computed regular
PF and DPF for the same number N = 25 of particles using g (z¢|x¢—1,y:) = fo(x¢|z:—1). The corresponding gradient
vector fields are given in Figure 1, where the gradient is computed using the biased gradient from (Maddison et al., 2017;
Naesseth et al., 2018; Le et al., 2018) for regular PF.

We now compare the performance of the estimators QSMLE (for DPF) and éELBO (for both regular PF and DPF) learned using
gradient with learning rate 10~* on 100 steps, using N = 25 for DPF and N = 500 for regular PF, to OmLE computed
using Kalman derivatives. We simulate M/ = 50 realizations of T = 150 observations using § = (61, 602) = (0.5,0.5). The
ELBO stochastic gradient estimates are computed using biased gradient estimates of £g; go(6) ignoring the contributions of
resampling steps as in (Maddison et al., 2017; Naesseth et al., 2018; Le et al., 2018) (we recall that unbiased estimates suffer
from very high variance) and unbiased gradients of /E-BO(6) using DPF. We average B parallel PFs to reduce the variance

of these gradients of the ELBO and also B PFs (with fixed random seeds) to compute the gradient of gSMLE(Q;ul:B) =

L S°7  £(6; ). The results are given in Table 4. For this example, §5FE | maximizing (E5E° (6) outperforms 5% ) and

fsmLe. However, as B increases, sy gets closer to 5P which is to be expected as sy g(6; uy.3) — FB0(). In

Table 4, the Root Mean Square Error (RMSE) is defined as y/ 7, Z?zl Ziw:l (éf - éf,lLE7i)2.

Table 4. 10®>x RMSE* over 50 datasets - lower is better

B éEPEBO éEngo éSMLE
1.94 1.30 7.94

2.40 1.35 3.28
10 2.80 1.37  2.18

A o=

E.2. Variational Recurrent Neural Network

N = 32 particles were used for training, with a regularization parameter of ¢ = 0.5. The ELBO (scaled by sequence length)
was used as the training objective to maximise for each resampling/ DET procedure. The ELBO evaluated on test data using
N = 500 particles and multinomial resampling. Resampling / DET operations were carried out when effective sample
(ESS) size fell below N/2. Learning rate 0.001 was used with the Adam optimizer.

Recall the state-space model is given by
(Rtv Ot) = RNNO(Rt—la Yl:t—lv EG(Zt—l))7
Zy ~ N(po(Or),00(0y)),

ﬁt = h@(Ee(Zt)7Ot)7
Y;‘Xt NBer(ﬁt).

Network architectures and data preprocessing steps were based loosely on (Maddison et al., 2017). Given the low volume of
data and sparsity of the observations, relatively small neural networks were considered to prevent overfitting, larger neural

“The Root Mean Square Error (RMSE) is defined as /& 327 | S0 (0% — él’\“,[LEl)z
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networks are considered in the more complex robotics experiments. R; is of dimension d,, = 16, Z, is of dimension d, = 8.
Ey is a single layer fully connected network with hidden layer of width 16, output of dimension 16 and RELU activation.

1o and og are both fully connected neural networks with two hidden layers, each of 16 units and RELU activation, the
activation function is not applied to the final output of py but the softplus is applied to the output of oy, which is the diagonal
entries of the covariance matrix of the normal distribution that is used to sample Z;.

hg is a single layer fully connected network with two hidden layers, each of width 16 and RELU activation. The final output
is not put through the RELU and is instead used as the logits for the Bernoulli distribution of observations.

E.3. Robot Localization

Similar to the VRNN example, N = 32 particles were used for training, with a regularization parameter of ¢ = 0.5 and
resampling / DET operations were carried out when ESS size fell below N/2. Learning rate 0.001 was used with the Adam
optimizer.

Network architectures and data preprocessing were based loosely on (Jonschkowski et al., 2018). There are 3 neural
networks being considered:

e Encoder Fy maps RBG 24 x 24 pixel images, hence dimension 3 x 24 x 24, to encoding of size dp = 128. This
network consists of a convolutional network (CNN) of kernel size 3 and a single layer fully connected network of
hidden width 128 and RELU activation.

e Decoder Dy maps encoding back to original image. This consists of a fully connected neural network with three
hidden layers of width 128 and RELU activation function. This is followed by a transposed convolution network with
matching specification to the CNN in the encoder, to return an output with the same dimension as observation images,
3 x 24 x 24.

e Network GGy maps the state S; = (Xt(l)7 Xt(Q), ~t) to encoding of dimension 128. First angle 7; was converted to

sin(7y¢),cos(7¢). Then the augmented state (Xt(l)7 Xt(g), sin(;), cos(;)) was passed to a 3 layer fully connected
network with hidden layers of dimensions 16, 32, 64 and RELU activation function, with final output of dimension 128.



