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Abstract

We consider a robust linear regression model y = X" + 1, where an adversary
oblivious to the design X € R™“ may choose 1 to corrupt all but an a fraction of
the observations y in an arbitrary way. Prior to our work, even for Gaussian X, no
estimator for f* was known to be consistent in this model except for quadratic sample
size n > (d/a)? or for logarithmic inlier fraction & > 1/log n. We show that consistent
estimation is possible with nearly linear sample size and inverse-polynomial inlier
fraction. Concretely, we show that the Huber loss estimator is consistent for every
sample size n = w(d/a?) and achieves an error rate of O(d/a?n)"/? (both bounds are
optimal up to constant factors). Our results extend to designs far beyond the Gaussian
case and only require the column span of X to not contain approximately sparse
vectors (similar to the kind of assumption commonly made about the kernel space for
compressed sensing). We provide two technically similar proofs. One proof is phrased in
terms of strong convexity, extending work of [TJSO14], and particularly short. The other
proof highlights a connection between the Huber loss estimator and high-dimensional
median computations. In the special case of Gaussian designs, this connection leads us
to a strikingly simple algorithm based on computing coordinate-wise medians that
achieves nearly optimal guarantees in linear time, and that can exploit sparsity of 5*.
The model studied here also captures heavy-tailed noise distributions that may not
even have a first moment.

*This project has received funding from the European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation programme (grant agreement No 815464).
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1 Introduction

Linear regression is a fundamental task in statistics: given observations
(x1,y1), .-, (Xn, yn) € R7+1 following a linear model y; = (x;, *) + n;, where p* € R? is
the unknown parameter of interest and 7, ..., 1, is noise, the goal is to recover p* as
accurately as possible.

In the most basic setting, the noise values are drawn independently from a Gaussian
distribution with mean 0 and variance 2. Here, the classical least-squares estimator f3
achieves an optimal error bound || X(8* - B)I1> < 02 - d/n with high probability, where the
design X is has rows x1, ..., x,,. Unfortuantely, this guarantee is fragile and the estimator
may experience arbitrarily large error in the presence of a small number of benign outlier
noise values.

In many modern applications, including economics [RLO5], image recognition
[WYGT08], and sensor networks [HHBRNOS], there is a desire to cope with such out-
liers stemming from extreme events, gross errors, skewed and corrupted measurements. It
is therefore paramount to design estimators robust to noise distributions that may have
substantial probability mass on outlier values.

In this paper, we aim to identify the weakest possible assumptions on the noise
distribution such that for a wide range of measurement matrices X, we can efficiently
recover the parameter vector f* with vanishing error.

The design of learning algorithms capable of succeeding on data sets contaminated
by adversarial noise has been a central topic in robust statistics (e.g. see [DKK"19, CSV17]
and their follow-ups for some recent developments). In the context of regression with
adaptive adversarial outliers (i.e. depending on the instance) several results are known
[CTO5, CRTO05, KKM18, KKK19, LLC19, LSLC18, KP18, DT19, RY20]. However, it turns out
that for adaptive adversaries, vanishing error bounds are only possible if the fraction of
outliers is vanishing.

In order to make vanishing error possible in the presence of large fractions of outliers,
we consider weaker adversary models that are oblivious to the design X. Different
assumptions can be used to model oblivious adversarial corruptions. [SZF19] assume the

1+06
| ] < oo for some 0 < 6 < 1, and show

noise distribution satisfies IE [1],- | xi] =0and E [|11i
that if X has constant condition number, then (a modification of) the Huber loss estimator
[Hub64] is consistent for! 1 > O((|| X||., - d)1*9)/2%) (an estimator is consistent if the error
tends to zero as the number of observation grows, %llX (ﬁA - B> — 0).

Without constraint on moments, a useful model is that of assuming the noise vector
n € R" to be an arbitrary fixed vector with a - n coordinates bounded by 1 in absolute value.
This modelalso captures random vectors n = C + w, where C € R" is an-sparse and w is a

random vector with i.i.d. entries with bounded variance independent of the measurement

"We hide absolute constant multiplicative factors using the standard notations <, O(:). Similarly, we hide
multiplicative factors at most logarithmic in n using the notation O.



matrix X, and conveniently allows us to think of the a fraction of samples with small noise
as the set of uncorrupted samples. In these settings, the problem has been mostly studied
in the context of Gaussian design x1, ..., x, ~ N(0, X). [BJKK17a] provided an estimator
achieving error O(d/(a?- n)) for any a larger than some fixed constant. This result was then
extended in [SBR]19], where the authors proposed a near-linear time algorithm computing
a O(d/(a? - n))-close estimate for any? a 2 1/loglogn. That is, allowing the number of
uncorrupted samples to be o(rn). Considering even smaller fractions of inliers, [T]SO14]
showed that with high probability the Huber loss estimator is consistent for n > O(d?/a?),
thus requiring sample size quadratic in the ambient dimension.

Prior to this work, little was known for more general settings when the design matrix X
is non-Gaussian. From an asymptotic viewpoint, i.e., when d and « are fixed and n — o0, a
similar model was studied 30 years ago in a seminal work by Pollard [Pol91], albeit under
stronger assumptions on the noise vector. Under mild constraints on X, it was shown that
the least absolute deviation (LAD) estimator is consistent.

So, the outlined state-of-the-art provides an incomplete picture of the statistical and
computational complexity of the problem. The question of what conditions we need to
enforce on the measurement matrix X and the noise vector n in order to efficiently and
consistently recover * remains largely unanswered. In high-dimensional settings, no
estimator has been shown to be consistent when the fraction of uncontaminated samples
a is smaller than 1/log n and the number of samples 1 is smaller than d? / a?, even in the
simple settings of spherical Gaussian design. Furthermore, even less is known on how we
can regress consistently when the design matrix is non-Gaussian.

In this work, we provide a more comprehensive picture of the problem. Concretely, we
analyze the Huber loss estimator in non-asymptotic, high dimensional setting where the
fraction of inliers may depend (even polynomially) on the number of samples and ambient
dimension. Under mild assumptions on the design matrix and the noise vector, we show
that such algorithm achieves optimal error guarantees and sample complexity.

Furthermore, a by-product of our analysis is an strikingly simple linear-time estimator
based on computing coordinate-wise medians, that achieves nearly optimal guarantees for
standard Gaussian design, even in the regime where the parameter vector * is k-sparse
(i.e. p* has at most k nonzero entries).

1.1 Results about Huber-loss estimator

We provide here guarantees on the error convergence of the Huber-loss estimator, defined
as a minimizer of the Huber loss f : R? — Ry,

fB) =1 OUXp-y)l,
i=1

2More precisely, their condition is @ > — for consistent estimation and a 2

R Togn to get the error
bound O( af—n) .

1
loglog n



where @: R — Ry is the Huber penalty,?

o[ %

def | 3t? if |t < 2,

2|t| =2 otherwise.
Gaussian design. The following theorem states our the Huber-loss estimator in the
case of Gaussian designs. Previous quantitative guarantees for consistent robust linear
regression focus on this setting [T]SO14, BJKK17a, SBRJ19].

Theorem 1.1 (Guarantees for Huber-loss estimator with Gaussian design). Let n € R"
be a deterministic vector. Let X be a random* n-by-d matrix with iid standard Gaussian entries
Xij ~N(0,1).

Suppose n > C - d/a?, where a is the fraction of entries in 1 of magnitude at most 1, and C > 0
is large enough absolute constant.

Then, with probability at least 1 — 27 over X, for every * € R%, given X and y = Xp* + 1,
the Huber-loss estimator 3 satisfies

g =B < of-5).

aZn

The above result improves over previous quantitative analyses of the Huber-loss
estimator that require quadratic sample size n > d?/a? to be consistent [TJSO14]. Other
estimators developed for this model [BJKK17b, SBRJ19] achieve a sample-size bound
nearly-linear in d at the cost of an exponential dependence on 1/«a. These results require
for consistent estimation a logarithmic bound on the inlier fraction @ > 1/log d to achieve
sample-size bound nearly-linear in d . In constrast our sample-size bound is nearly-linear
in d even for any sub-polynomial inlier fraction a = 1/d°V. In fact, our sample-size bound
and estimation-error bound is statistically optimal up to constant factors.®

The proof of the above theorem also applies to approximate minimizers of the Huber
loss and it shows that such approximations can be computed in polynomial time.

We remark that related to (one of) our analyses of the Huber-loss estimator, we develop
a fast algorithm based on (one-dimensional) median computations that achieves estimation
guarantees comparable to the ones above but in linear time O(nd). A drawback of this fast
algorithm is that its guarantees depend (mildly) on the norm of *.

Several results [CT05, CRT05, KP18, DKS19, DT19] considered settings where the noise
vector is adaptively chosen by an adversary. In this setting, it is possible to obtain a unique

*Here, we choose 2 as transition point between quadratic and linear penalty. Other transition points can
also be used. For example, for a bit more general model where an entries of 1 are bounded by some ¢ > 0,
one can work with transition point 2¢.

4As a convention, we use boldface to denote random variables.

5 In the case 1 ~ N(0, 02 - 1d), it’s well known that the optimal Bayesian estimator achieves expected error
02 -d/n.For ¢ > 1, the vector n has a ©(1/0) fraction of entries of magnitude at most 1 with high probability.



estimate only if the fraction of outliers is smaller than 1/2. In contrast, Theorem 1.1 implies
consistency even when the fraction of corruptions tends to 1 but applies to settings where
the noise vector 17 is fixed before sampling X and thus it is oblivious to the data.

Deterministic design. The previous theorem makes the strong assumption that the
design is Gaussian. However, it turns out that our proof extends to a much broader class of
designs with the property that their columns spans are well-spread (in the sense that they
don’t contain vectors whose ¢>-mass is concentrated on a small number of coordinates,
see [GLWO08]). In order to formulate this more general results it is convenient to move
the randomness from the design to the noise vector and consider deterministic designs
X € R™4 with probabilistic n-dimensional noise vector 1,

y=Xp +1. (1.1)

Here, we assume that n has independent, symmetrically distributed entries satisfying
P{|ni:| <1} > aforalli € [n].

This model turns out to generalize the one considered in the previous theorem. Indeed,
given data following the previous model with Gaussian design and deterministic noise,
we can generate data following the above model randomly subsampling the given data
and multiplying with random signs (see Appendix A for more details).

Theorem 1.2 (Guarantees for Huber-loss estimator with general design). Let X € R™ bea
deterministic matrix and let n be an n-dimensional random vector with independent, symmetrically
distributed (about zero) entries and a = min;ep,,) P{|n;| < 1}.

Suppose that for every vector v in the column span of X and every subset S C [n] with
S| < C-d/a?,

losll < 0.9-|lofl, (1.2)

where vg denotes the restriction of v to the coordinates in S, and C > 0 is large enough absolute
constant.

Then, with probability at least 1 — 2% over n, for every p* € R, given X and y = Xp* + 1, the
Huber-loss estimator 3 satisfies

A d
Hixe - B < of ).

In particular, Theorem 1.2 implies that under condition Eq. (1.2) and mild noise
assumptions, the Huber loss estimator is consistent for n > w(d/a?).

We say a vector subspace of R" is well-spread, if all vectors from this subspace satisfy
Eq. (1.2). As we only assume the column span of X to be well-spread, the result applies
to a substantially broader class of design matrices X than Gaussian, naturally including
those studied in [T]SO14, BJKK17a, SBRJ19]. Well-spread subspaces are closely related to

6



{1-vs-{ distortion®, and have some resemblance with restricted isometry properties (RIP).
Indeed both RIP and distortion assumptions have been successfully used in compressed
sensing [CT05, CRT05, KT07, Don06] but, to the best of our knowledge, they were never
observed to play a fundamental role in the context of robust linear regression. This is a key
difference between our analysis and that of previous works. Understanding how crucial
this well-spread property is and how to leverage it allows us to simultaneously obtain
nearly optimal error guarantees, while also relaxing the design matrix assumptions. It is
important to remark that a weaker version of property Eq. (1.2) is necessary as otherwise it
may be information theoretically impossible to solve the problem (see Lemma A.5).

We derive both Theorem 1.1 and Theorem 1.2 using the same proof techniques explained
in Section 2.

Remark (Small failure probability). For both Theorem 1.1 and Theorem 1.2 our proof also

gives that for any 0 € (0, 1), the Huber loss estimator achieves error O(%S/é)) with

probability at least 1 — 6 as long as n > %(21/6), and, in Theorem 1.2, the well-spread

d+log(l/6))
a? :

property is satisfied for all sets S C [n] of size |S| < O(

1.2 Results about fast algorithms

The Huber loss estimator has been extensively applied to robust regression problems
[TSW18, TJSO14, EvdG*18]. However, one possible drawback of such algorithm (as well
as other standard approaches such as Li-minimization [Pol91, KP18, NT13]) is the non-
linear running time. In real-world applications with large, high dimensional datasets, an
algorithm running in linear time O(nd) may make the difference between feasible and
unfeasible.

In the special case of Gaussian design, previous results [SBR]19] already obtained
estimators computable in linear time. However these algorithms require a logarithmic
bound on the fraction of inliers a > 1/log n. We present here a strikingly simple algorithm
that achieves similar guarantees as the ones shown in Theorem 1.1 and runs in linear time:
for each coordinate j € [d] compute the median ﬁ j of y1/Xqj,..., yn/Xyj subtract the
resulting estimation X8 and repeat, logarithmically many times, with fresh samples.

Theorem 1.3 (Guarantees for fast estimator with Gaussian design). Let n € R" and p* € R?
be deterministic vectors. Let X be a random n-by-d matrix with iid standard Gaussian entries
Xij ~N(O,1).

Let a be the fraction of entries in 1 of magnitude at most 1, and let A > 10 + ||f*||. Suppose that

n > C-iz-lnA~(lnd+lnlnA),
a

where C is a large enough absolute constant.

¢Our analysis also applies to design matrices whose column span has bounded distortion.
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Then, there exists an algorithm that given A, X and y = Xp* + n as input, in time” O(nd)
finds a vector f € R? such that

. Al d
B -B| < O(@-logd),
with probability at least 1 — d~1°.

The algorithm in Theorem 1.3 requires knowledge of an upper bound A on the norm of
the parameter vector. The sample complexity of the estimator has logarithmic dependency
on this upper bound. This phenomenon is a consequence of the iterative nature of the
algorithm and also appears in other results [SBR]19].

Theorem 1.3 also works for non-spherical settings Gaussian design matrix and provides
nearly optimal error convergence with nearly optimal sample complexity, albeit with
running time O(nd?). The algorithm doesn’t require prior knowledge of the covariance
matrix L. In these settings, even though time complexity is not linear in d, it is linear in 7,
and if n is considerably larger than d, the algorithm may be very efficient.

Sparse linear regression. For spherical Gaussian design, the median-based algorithm
introduced above can naturally be extended to the sparse settings, yielding the following
theorem.

Theorem 1.4 (Guarantees of fast estimator for sparse regression with Gaussian design).
Let n € R" and B* € R? be deterministic vectors, and assume that B* has at most k < d nonzero
entries. Let X be a random n-by-d matrix with iid standard Gaussian entries X;; ~ N(0, 1).

Let a be the fraction of entries in 1 of magnitude at most 1, and let A > 10 + ||*||. Suppose that

n > C~£2-1nA-(lnd+lnlnA),
a

where C is a large enough absolute constant.

Then, there exists an algorithm that given k, A, X and y = X" + n as input, in time O(nd)
finds a vector f € R* such that

. Al k
B~ Bl <O(@'10gd)z

with probability at least 1 — d~10.

"By time we mean number of arithmetic operations and comparisons of entries of y and X. We do not
take bit complexity into account.



2 Techniques

In this section we discuss the model from Theorem 1.2 (with deterministic X and random
7). The model from Theorem 1.1 (with Gaussian X and deterministic 1) can be studied in a
very similar way.

Recall our linear regression model,

y=Xp +1, (2.1)

where we observe (a realization of) the random vector y, the matrix X € R™ is a known
design, the vector g € R" is the unknown parameter of interest, and the noise vector 7 has
independent, symmetrically distributed® coordinates with® a = min;e[,; P{|n:| < 1}.

To simplify notation in our proofs, we assume %XTX = Id. (For general X, we can
ensure this property by orthogonalizing and scaling the columns of X.)

We consider the Huber loss estimator f3, defined as a minimizer of the Huber loss f,

n
F(B):=1 > Ol(XB -y,
i=1
where @: R — R is the Huber penalty,'°

o] - {%tz if |t <2,

2|t| =2 otherwise.

2.1 Statistical guarantees from strong convexity

In order to prove statistical guarantees for this estimator, we follow a well-known approach
that applies to a wide range of estimators based on convex optimization (see [NRWY09]
for a more general exposition), which also earlier analyses of the Huber loss estimator
[T]SO14] employ. This approach has two ingredients: (1) an upper bound on the norm of
the gradient of the loss function f at the desired parameter * and (2) a lower bound on
the strong-convexity curvature parameter of f within a ball centered at p*. Taken together,
these ingredients allow us to construct a global lower bound for f that implies that all
(approximate) minimizers of f are close to p*. (See Theorem 3.1 for the formal statement.)

An important feature of this approach is that it only requires strong convexity to hold
locally around g*. (Due to its linear parts, the Huber loss function doesn’t satisfy strong
convexity globally.) It turns out that the radius of strong convexity we can prove is the main
factor determining the strength of the statistical guarantee we obtain. Indeed, the reason

8The distributions of the coordinates are not known to the algorithm designer and can be non-identical.

°The value of a need not be known to the algorithm designer and only affects the error guarantees of the
algorithms.

0Here, in order to streamline the presentation, we choose {+2} as the transition points between quadratic
and linear penalty. Changing these points to {+26} is achieved by scaling t > §?®(t/5).

9



why previous analyses!! of the Huber loss estimator [T]SO14] require quadratic sample
size n > (d/a)? to ensure consistency is that they can establish strong convexity only within
inverse-polynomial radius Q(1/Vd) even for Gaussian X ~ N(0,1)"*. In contrast, our
analysis gives consistency for any super-linear sample size n = w(d/a?) for Gaussian X
because we can establish strong convexity within constant radius.

Compared to the strong-convexity bound, which we disucss next, the gradient bound
is straightforward to prove. The gradient of the Huber loss at * for response vector
y = Xp* + 1 takes the following form,

VEE)=1> @[n]-x; with @[t]=sign(t) min{]¢| 2},
i=1

where x1, ..., x, € RY form the rows of X. Since 71, ..., 11, are independent and symmet-
rically distributed, the random variables ®’[;] are zero-mean, independent and bounded
by 2 in absolute value. Now, for a unit vector u € R?, using Hoeffding’s inequality, we get
with probability at least 1 — e,
. 1
(VFE) ) < —-O(VE- IXull).

Finally, using a union bound over 1/2-net in unit sphere in R", we get

£ < o(Varn)

with high probability.

Proving local strong convexity for Huber loss. For response vector y = X" + 1 and
arbitrary u € RY, the Hessian2 of the Huber loss at 8* + u has the following form,

HFB +u)=1 > @"[(Xu); —ni] - xix with @[t] = []¢] < 2].
i=1

Here, [-] is the Iverson bracket (0/1 indicator). To prove local strong convexity within
radius R, we are to lower bound (u, H f(B* + u)u) uniformly over all vectors u € R? with
[Jull < R.

We do not attempt to exploit any cancellations between Xu and 1 and work with the
following lower bound M (u) for the Hessian,

Hf(B" +u) = M(u) := %Z[[I(xi,uﬂ <11 - [nil <10 - x5%" (2.2)
i=1

"We remark that the results in [TJSO14] are phrased asymptotically, i.e., fixed d and n — co. Therefore, a
radius bound independent of 7 is enough for them. However, their proof is quantiative and yields a radius
bound of 1/Vd a we will discuss.

2The second derivative of the Huber penalty doesn't exit at the transition points {+2} between its
quadratic and linear parts. Nevertheless, the second derivative exists as an Li-function in the sense that

Q'[b] - D'[a] = fubl[Itl < 2] dt for all 4, b € R. This property is enough for our purposes.

10



Here, > denotes the Lowner order.
It’s instructive to first consider u = 0. Here, the above lower bound for the Hessian
satisfies,

E[M(0)] = Z P{n <1} 2" = ald.
i=1

Using standard (matrix) concentration inequalities, we can also argue that this random
matrix is close to its expectation with high-probability if n > O(d/a) under some mild
assumption on X (e.g., that the row norms are balanced so that ||x1]|, ..., [|x,] < O(Vd)).

The main remaining challenge is dealing with the quantification over u. Earlier analyses
[TJSO14] observe that the Hessian lower bound M(-) is constant over balls of small enough
radius. Concretely, for all u € RY with ||u|| < 1/max;||x;||, we have

M(u) = M(0),

because |(x;, u)| < ||x;||-||u#|| < 1by Cauchy-Schwarz. Thus, strong convexity with curvature
parameter o within radius 1/max;||x;|| follows from the aforementioned concentration
argument for M(0). However, since max;||x;|| > Vd, this argument cannot give a better
radius bound than 1/Vd, which leads to a quadratic sample-size bound n 2 d?/a? as
mentioned before.

For balls of larger radius, the lower bound M(-) can vary significantly. For illustration,
let us consider the case 7 = 0 and let us denote the Hessian lower bound by M(-) for this
case. (The deterministic choice of 7 = 0 would satisfy all of our assumptions about 1.) As
we will see, a uniform lower bound on (u, M(u)u) over a ball of radius R > 0 implies that
the column span of X is well-spread in the sense that every vector v in this subspace has a
constant fraction of its £, mass on entries with squared magnitude at most a 1/R? factor
times the average squared entry of v. (Since we aim for R > 0 to be a small constant, the
number 1/R? is a large constant.) Concretely,

min g5 (i, M(u)u) = min Z[[<xz,u>2 1 i, u)?

= min Z[[ R?-v? < Ljo|)?] - v?

A
vecol.span(X) ||v||

=! KR . (2.3)

(The last step uses our assumption X' X = Id.)

It turns out that the above quantity kg in Eq. (2.3) indeed captures up to constant factors
the radius and curvature parameter of strong convexity of the Huber loss function around
p* for n = 0. In this sense, the well-spreadness of the column span of X is required for the
current approach of analyzing the Huber-loss estimator based on strong convexity. The
quantity kg in Eq. (2.3) is closely related to previously studied notions of well-spreadness

11



for subspaces [GLW08, GLR10] in the context of compressed sensing and error-correction
over the reals.

Finally, we use a covering argument to show that a well-spread subspace remains
well-spread even when restricted to a random fraction of the coordinates (namely the
coordinates satisfying |n;| < 1). This fact turns out to imply the desired lower bound on
the local strong convexity parameter. Concretely, if the column space of X is well-spread in
the sense of Eq. (2.3) with parameter kg for some R > @KR(ﬁ)l/ 2, we show that the Huber
loss function is locally Q(a - kr)-strong convex at * within radius (Q(R). (See Theorem 3.4.)
Recall that we are interested in the regime n > d/a? (otherwise, consistent estimation
is impossible). In this case, with high probability Gaussian X satisfies kg > 0.1 even for
constant R.

Final error bound. The aforementioned general framework for analyzing estimators via
strong convexity (see Theorem 3.1) allows us to bound the error || ﬁ — B*|| by the norm
of the gradient |V f(f*)|| divided by the strong-convexity parameter, assuming that this
upper bound is smaller than the strong-convexity radius.

Consequently, for the case that our design X satisfies kg > 0.1 (corresponding to the
setting of Theorem 1.2), the previously discussed gradient bound and strong-convexity
bound together imply that, with high probability over 5, the error bound satisfies

1/2
. d (4
-5l < o2 -o(-4)

S’ ~——
gradient bound strong-convexity bound

assuming R > +/d/a?n. (This lower bound on R is required by Theorem 3.1 and is stronger

than the lower bound on R required by Theorem 3.4.)

O

(07

2.2 Huber-loss estimator and high-dimensional medians

We discuss here some connections between high-dimensional median computations and
efficient estimators such as Huber loss or the LAD estimator. This connection leads to a
better understanding of why these estimators are not susceptible to heavy-tailed noise.
Through this analysis we also obtain guarantees similar to the ones shown in Theorem 1.2.

Recall our linear regression model y = Xp* + 1 as in Eq. (2.1). The noise vector 1 has
independent, symmetrically distributed coordinates with a = min;¢[,) ]P{|111~| < 1}. We
further assume the noise entries to satisfy

vtel[0,1], P(ni<t)>Qa-t).

This can be assumed without loss of generality as, for example, we may simply add a
Gaussian vector w ~ N(0,1d,) (independent of y) to y (after this operation parameter «
changes only by a constant factor).

12



The one dimensional case: median algorithm. To understand how to design an efficient
algorithm robust to (1 - W ) -n corruptions, itis instructive to look into the simple settings
of one dimensional Gaussian design X ~ N(0, Id,). Given samples (y1, X1), ..., (yn, X»)
for any i € [n] such that |X;| > 1/2, consider
yi/Xi =B +ni/Xi.

By obliviousness the random variables n; = 7;/X; are symmetric about 0 and for any
0 <t <1, still satisfy P(—t < ) < t) > Q(a - t). Surprisingly, this simple observation
is enough to obtain an optimal robust algorithm. Standard tail bounds show that with
probability 1 — exp{-Q(a? - ¢2 - n)} the median Bof y1/X1,...,yn/X, falls in the interval
[-¢+ B, +¢ + p*] forany ¢ € [0, 1]. Hence, setting ¢ > 1/Va? - n we immediately get that
with probability at least 0.999, ||* — ,5’”2 < e2<0(1/(a? - n)).

The high-dimensional case: from the median to the Huberloss. Inthe one dimensional
case, studying the median of the samples y1/Xj, . .. y, /X, turns out to be enough to obtain
optimal guarantees. The next logical step is to try to construct a similar argument in high
dimensional settings. However, the main problem here is that high dimensional analogs of
the median are usually computationally inefficient (e.g. Tukey median [Tuk?75]) and so this
doesn’t seem to be a good strategy to design efficient algorithms. Still in our case one such
function provides fundamental insight.

We start by considering the sign pattern of Xp*, we do not fix any property

of X yet. Indeed, note that the median satisfies >;c[, sign(yi /Xi — ﬁ) ~ 0 and so
2ic[n] sign(yi — ,[Ai’Xl) sign(X;) ~ 0. So a natural generalization to high dimensions is
the following candidate estimator
B = argming g né?;d(&(sign(y — XB), sign(Xu))|. (2.4)
u

Such an estimator may be inefficient to compute, but nonetheless it is instructive to reason
about it. We may assume X, p* are fixed, so that the randomness of the observations
Y1,...,Yyn only depends on 1. Since for each i € [n], the distribution of 7; has median
zero and as there are at most n°@ sign patterns in {sign(X u) | u e ]Rd}, standard e-net
arguments show that with high probability

(sign(y - Xﬁ),sign(Xu»‘ < O(W) , (2.5)

M
and hence
{lré% %‘(sign(n + X(ﬁ* - ﬁ)),sign(Xu))) < O(W) .

Consider g(z) = %(sign(n + Xz), sign(Xz)) < O(d/n) for z € RY. Now the central observa-
tion is that for any z € R?,

-1 ; . . . Qi .
]l;,g(z) = = Z ]I;?ﬂgn(ql + (X, z)) - sign({Xi, z))

i€[n]
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>1 Z P(0 > sign({X;, z)) - i > —|{Xj, z)|)
i€[n]
% Z Q(a) - min{1, |{X;, z)|}.
i€[n]

By triangle inequality E g(z) < |g(z)| + |g(z) — E g(z)| and using a similar argument as in
Eq. (2.5), with high probability, for any z € RY,

9(z) - Eg(z)] < O(V/n).

Denote with z := * — f € R?. Consider g(z), thinking of z € R? as a fixed vector. This
allows us to easily study [E; g(z). On the other hand, since our bounds are based on ¢-net
argument, we don’t have to worry about the dependency of z on 7.

So without any constraint on the measurement X we derived the following inequality:

L3 min{1, [(X;, )|} < O(Vd/(aZ ).

i€[n]

Now, our well-spread condition Eq. (1.2) will allow us to relate % 2ien) min{1, (X, z)|}
with % Ziern]{Xi, z)? and thus obtain a bound of the form

‘”X(ﬁ ﬁ)H O(d/(a*n)) . (2.6)

So far we glossed over the fact that Eq. (2.4) may be hard to compute, however it is easy
to see that we can replace such estimator with some well-known efficient estimators and
keep a similar proof structure. For instance, one could expect the LAD estimator

p = minlly - xp, (27)
to obtain comparable guarantees. For fixed 4 and a and n tending to infinity this is indeed
the case, as we know by [P0l91] that such estimator recovers ﬁ The Huber loss function
also turns out to be a good proxy for Eq. (2.4). Let g(u) := Z (qD’ (ni +(Xi, u)), Xu)

ZE Vl
where @), : R — Ry is the Huber penalty function and z = g* — 3. Exploiting only first
order optimality conditions on 8 one can show

Eg(z) < lg(z) - Eg(z)| < O(Va/n),

using a similar argument as the one mentioned for Eq. (2.5). Following a similar proof
structure as the one sketched above, we can obtain a bound similar to Eq. (2.6). Note that
this approach crucially exploits the fact that the noise 7 has median zero but does not rely
on symmetry and so can successfully obtain a good estimate of X" under weaker noise
assumptions.

14



2.3 Fast algorithms for Gaussian design

The one dimensional median approach introduced above can be directly extended to
high dimensional settings. This essentially amounts to repeating the procedure for each
coordinate, thus resulting in an extremely simple and efficient algorithm. More concretely:

Algorithm 1 Multivariate linear regression iteration via median
Input: (v, X) where y € R", X € R™,
forall j € [d] do
foralli € [n] do
- Y
Compute z;; = X5

end for

Let f; be the median of {Zif}ie[n]'
end for
Returnﬁ = (,@1, ... ,ﬁd)T.

If Xi,...,X, ~ N(0,Id;), the analysis of the one dimensional case shows that with
high probability, for each j € [d], the algorithm returns ﬁj satisfying (,3; - B )<

O(Hl(')(—ﬁz”2 -log d). Summing up all the coordinate-wise errors, Algorithm 1 returns a

(|12
O(% -logd )-close estimation. This is better than a trivial estimate, but for large

| p*|| it is far from the O(d - log d/(a? - n)) error guarantees we aim for. However, using
bootstrapping we can indeed improve the accuracy of the estimate. It suffices to iterate
log| f’|| many times.

Algorithm 2 Multivariate linear regression via median

Input: (y, X, A) where X € R™, y € R" and A is an upper bound to | B
Randomly partition the samples y1, ..., v, in t := ©(log A) sets S1, ..., Sy, such that all

S1,...,8:_1 have sizes @(@) and S has size [n/2].
foralli € [t] do
Run Algorithm 1 on input

ysi _XSi Z ﬁA(j) ’XSi ’
j<i-1

and let ) be the resulting estimator.
end for

Return f§ := (31, - ,ﬁd)T.
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As mentioned in Section 1.2, Algorithm 2 requires knowledge of an upper bound A on
the norm of . The algorithm only obtains meaningful guarantees for

d
n o logA(log d + loglog A)

and as such works with nearly optimal (up to poly-logarithmic terms) sample complexity
whenever ||*|| is polynomial in d/a?.

In these settings, since each iteration i requires O(|S;| - d) steps, Algorithm 2 runs in
linear time O(1 - d) and outputs a vector f§ satisfying

-logd),

1B -5

2

<O ( a’-n
with high probability.
Remark (On learning the norm of *). As was noticed in [SBR]19], one can obtain a rough
estimate of the norm of 1 by projecting y onto the orthogonal complement of the columns

span of X[, /2. Since the ordinary least square estimator obtains an estimate with error
A=0(Wd ||17|| /n) with high probability, if ||n|| is polynomial in the number of samples, we
obtain a vector ff1s such that || B -p Ls” < A = n°D. The median algorithm can then be

applied on (y = Xpup\n/21 (B — f,’Ls) + 1, Xin\[n/2]/ A). Note that since X[, /2] and X[, \[n/2]
are independent, * — fii s is independent of Xu\[n/2]-

3 Huber-loss estimation guarantees from strong convexity

In this section, we prove statistical guarantees for the Huber loss estimator by establishing
strong convexity bounds for the underlying objective function.

The following theorem allows us to show that the global minimizer of the Huber loss is
close to the underlying parameter *. To be able to apply the theorem, it remains to prove
(1) a bound on the gradient of the Huber loss at f* and (2) a lower bound on the curvature
of the Huber loss within a sufficiently large radius around S*.

Theorem 3.1 (Error bound from strong convexity, adapted from [NRWY09, TJSO14]). Let
f: R — R be convex differentiable function and let B* € R?. Suppose f is locally x-strongly
convex at B* within radius R > 0:

Vu e R Jlull SR (B +1) > F(B)+(VF(BY),u)+ Sllull®. (3.1)
IFIVFB < 3 - R, then every vector B € R? such that f(B) < f(B) satisfies

1B =Bl <2-[IVFBIII/x. (3.2)

Furthermore, if If ||V £ (B")|| < 0.49 - Rx, then every vector f € R? such that f(B) < f(B*) + ¢,
where ¢ = 0.01 - ||V £(B)||?/x, satisfies

1B =Bl <2.01-IVF(B)II/xc. (3.3)

16



Proof. Let f € RY be any vector that satisfies f(8) < f(B*) + €. Write f = f* + t - u such that
lu|]| < R and t = max{1, || — B*||/R}. Since B’ = B* + u lies on the line segment joining B*
and f, the convexity of f implies that f(8") < max{f(B), f(f*)} < f(B*) + . By local strong
convexity and Cauchy-Schwarz,

ez f(B) = f(B) = =IIVFBIN - llull + g Al

If e =0, weget||u|| <2-||VF(B*)|l/x < R.By our choice of ¢, this bound on ||u|| implies
t =1 and we get the desired bound.
If e =0.01-|[|VF(B)II*/x and ||V F(B*)|| < 0.49 - Rx, by the quadratic formula,

<201-049-R<R.

VB + VIVFBII? +2ke _ 201V
K

ull <
lull < -

Again, by our choice of t, this bound on ||u|| implies ¢ = 1. We can conclude || — B*|| =
||lull <2.01||Vf(B*)||/x as desired. O

We remark that the notion of local strong convexity Eq. (3.1) differs from the usual
notion of strong convexity in that one evaluation point for the function is fixed to be *.
(For the usual notion of strong convexity both evaluation points for the function may vary
within some convex region.) However, it is possible to adapt our proof of local strong
convexity to establish also (regular) strong convexity inside a ball centered at *.

A more general form of the above theorem suitable for the analysis of regularized
M-estimators appears in [NRWY09] (see also [Wail9]). Earlier analyses of the Huber-loss
estimator also use this theorem implicitly [TJSO14]. (See the the discussion in Section 2.1.)

The following theorem gives an upper bound on the gradient of the Huber loss at §* for
probabilistic error vectors 7.

Theorem 3.2 (Gradient bound for Huber loss). Let X € R™ with X"X = Id and p* € R,
Let 1 be an n-dimensional random vector with independent symmetrically-distributed entries.
Then for any 6 € (0, 1), with probability at least 1 — 6/2, the Huber loss function f(B) =

+ 2 O(XB = y)il for y = XB* + 1) satisfies

IVFBII < 8\/@.

Proof. Let z be the n-dimensional random vector with entries z; = ®'(1;), where @'(¢) =
sign(t) - min{2, |t|}. Then, Vf(B*) = % i_1zi - x;. Since n; is symmetric, Ez; = 0. By
the Hoeffding bound, every unit vector u € R? satisfies with probability at least 1 —

2exp(—2(d +In(2/6))).

n-[(VEB), u)| = [{z, Xu)| < 4y/d +In(2/6) - || Xull = 4y/(d + In(2/5))n .
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Hence, by union bound over a 1/2-covering of the d-dimensional unit ball of size at most
57, we have with probability at least 1 — 2 exp(-21n(2/8)) > 1 - 6/2,

max [(V£(7), u)| < 44/(d +In(2/6))/n + max (VF(E), u)|

[lul|<1 lu]l<1/2
= 4V(d +1n(2/8))/n + 3 max|(Vf ("), )|

Since u = me(ﬁ*) satisfies (Vf(B*), u) = |[Vf(B)||, we get the desired bound. O

Proof of local strong convexity. The following lemma represents the second-order
behavior of the Huber penalty as an integral. To prove local strong convexity for the
Huber-loss function, we will lower bound this integral summed over all sample points.

Lemma 3.3 (Second-order behavior of Huber penalty). Forall h,n € R,

2

1
, h
O+ )= D) =) k=12 [ A=Yy dt> T ol -ty - G

Proof. A direct consequence of Taylor’s theorem and the integral form of the remainder of
the Tayler approximation. Concretely, consider the function g: R — Rwith g(t) = ®(n+t-h).
The first derivative of g at 0 is ¢’(0) = ®’(n) - h. The function g”(t) = h? - 1jp4n|<2 is the

second derivative of g as an L function (so that fab g”(t)dt = g’(b) — g’(a) for all a, b € R).
Then, the lemma follows from the following integral form of the remainder of the first-order
Taylor expansion of g at 0,

1
4(1) - 9(0) - 4'(0) = /0 (1-1)-g"(t)dt.

Finally, we lower bound the above right-hand side by > 1 1j5<1 - 1jnj<1 using fol(l —t)dt =}
and the fact g”(t) > h?- 1jp1<1 - <y for all ¢ € [0, 1]. O

Theorem 3.4 (Strong convexity of Huber loss). Let X € R™ with X"X = Id and p* € R?. Let
1 be an n-dimensional random vector with independent entries such that o = min; P{|n;| < 1}.
Let k > 0 and 6 € (0, 1). Suppose that every vector v in the column span of X satisfies

n
D2 < LolP] - 02 > « - lloll?, (35)
i=1

with

<r<
Kxan

\/50- (d - 1n(12) +In(2/5))

Then, with probability at least 1 — 0/2, the Huber loss function f(f) = % 21 PUXB - )il
for y = XB* + n is locally 0.5k a-strongly convex at B* within radius r /2 (in the sense of Eq. (3.1)).
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Proof. By Lemma 3.3, for every u € R,

B +u)= F(B) = (VFB), ) = ) (et ) = 110) = D) = & (=) - (xi, )
i=1
n
> 9 Z<xi,u>2 Ly uyl<t Lpig<t - (3.6)
i=1
It remains show that with high probability over the realization of 7, the right-hand side
Eq. (3.6) is bounded from below uniformly over all u € R? in a ball.
To this end, we will show, using a covering argument, that with probability at least
1 — 6/2 over 1, for every unit vector u € RY, the vector v = Xu satisfies the following
inequality,

%Z[[v? <4/ - 0% [l < 11 > ax/2. (3.7)
i=1

(Since %XTX = Id and ||u|| = 1, the vector v has average squared entry 1.)

Let N, be an ¢-covering of the unit sphere in RY of size |N,| < (3/¢)? for a parameter
¢ to be determined later. Let u € R? be an arbitrary unit vector and let v = Xu. Choose
u’ € N, such that ||u — u’|| < € and let v = Xu’. We establish the following lower bound
on the left-hand side of Eq. (3.7) in terms of a similar expression for v,

1Y M@)* <1/721- @2 - Tl <11 (38)
i=1
<+ 13 [0 <4/rT- [P <1/r21 - ()2 - il < 17 (39)
i=1
<2+ + 1Y [0F <4/r7T- [P <1/r1 - 02 - [l <11 (3.10)
i=1

The first step Eq. (3.9) uses that each term in the first sum that doesn’t appear in the
second sum corresponds to a coordinate 7 with |v!| < 1/r and |v;| > 2/r, which means
that (v; — 02)2 > 1/r2. Since each term has value at most 1/7?, the sum of those terms is
bounded by ||v — v’||? < &2n. For the second step Eq. (3.10), let (w;)2 be the terms of the
second sum and wf the terms of the third sum. Then, the difference of the two sums is
equal to (w —w’, w + w’) < ||w —w'|| - ||w + w’||. We have ||w — w’|| < ||[v —?’|| < evn and
lw +w| < ol +[[v'[| = 2vn,

It remains to lower bound the expression Eq. (3.8) overall u” € N,.Letz; = a;—[[|n:| < 1],
where a; = P{|n;| < 1} > a. The random variables z1, ..., z, are independent, centered,
and satisfy |z;| < 1. Let ¢; = [(v})> < 1/r*] - (v)*. By Bernstein inequality, for all t > 1,

n
P Zci-zi>t- Zaicz.z+t2/r2 <e P4
i=1 ie[n]
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Since ¢ < ¢;i/r?, we have Yic(, ic? < & Y aici. Denote b = 1 3., aici. Note that
b > ax.
Choosing ¢ = 0.03ax, t = 2\/d In(3/¢) 4+ In(2/6), by the union bound over N, it follows

that with probability at least 1 — 6/2, for every u’ € N, the vector v’ = Xu' satisfies,

S , £2h 2
LY@ <1 @) Ll <11 > b= - =
i=1

>b-V01-Vb-Vax—0.08- ax
>

0.6ax.

As discussed before, this event implies that for all unit vectors u € RY, the vector v = Xu
satisfies

n
%Z[[vf <4/ - 02 [ni] < 11 > 0.6ax —2¢ — €2 > 0.5axk.
i=1

O

Putting things together. In this paragraph, we proof Theorem 1.2 by combining previous
results in this section.
We start with the definition of well-spread property:

Definition 3.5. Let V C R" be a vector space. V is called (m, p)-spread, if for every v € V
and every subset S C [n] with |S| > n —m,

lvsll > plloll-

Theorem 3.6. Let X € R™ be a deterministic matrix and let n be an n-dimensional random
vector with independent, symmetrically distributed entries and o = min;e[,) P{|n;| < 1}.
Let p € (0,1) and 6 € (0, 1) and suppose that column span of X is (m, p)-spread for

10*- (4 - In(10/p) + In(2/6))
= ot a2

Then, with probability at least 1 — & over 1, for every p* € RY, given X and y = XB* + 1, the
Huber-loss estimator 3 satisfies
1 . m2 d+1n(2/9)
LIx - B)||” < 2000- aton
Proof. Note that if column span of X is (m, p)-spread, then Eq. (3.5) holds for all v from
column span of X with r? = m/n and x = p?. Indeed, the set {i € [n] | v? > %Hv”z} has

10*(d In(10/p)+In(2/5))
p4a2

7

size at most 21 = m, 80 Yiepu\s 07 > p2llvl|* = x|lv]|%. Hence for m =
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the conditions of Theorem 3.4 are satisfied and f is locally 0.5p%a-strongly convex in the
ball of radius 0.54/m /n with probability at least 1 — 6/2.
By Theorem 3.2, with probability at least 1 — /2,

IVFBII < 8\/@_

Hence with probability at least 1 — 0, ||[VF(*)|| < 0.49 - }I - p2ar/m/n. Therefore, by
Theorem 3.1, with probability at least 1 — 9,

*\ 12
AVFE _ 00 4 1nC2/0)

. AR
X - pl” <217 ot a2 oo

O

Proof of Theorem 1.2. Theorem 1.2 follows from Theorem 3.6 with p = V1 —0.81 = v0.19
and 6 = 27¢. Note that in this case m < 107 - d/a?. O

3.1 Huber-loss estimator for Gaussian design and deterministic noise

In this section we provide a proof of Theorem 1.1. We will use the same strategy as in the
previous section: show that the gradient at * is bounded by O(\/d / n), then show that

Huber loss is locally strongly convex at f* in a ball of radius €3(1), and then use Theorem 3.1
to obtain the desired bound.

Gradient bound.

Theorem 3.7 (Gradient bound, Gaussian design). Let X ~ N(O, 1)™d gnd p* € R?. Let
n € R" be a deterministic vector.
Then for every 6 € (0, 1), with probability at least 1 — 6/2, the Huber loss function f(B) =

+ XL OUXB — )il for y = XB* + 1) satisfies

IVFE)I| < 34 L 2InE@/0)
n

Proof. The distribution of Vf(B*) is N (O, # > (q)’(ni))z . Idd). Hence by Fact D.10, with
i€[n]

probability at least 1 - 6/2,

8d + 12In(2/6)
. .

IV < %(d +21n(2/6) + 2+/d ln(2/6)) <
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Strong convexity.

Theorem 3.8 (Strong convexity, Gaussian design). Let X ~ N(0,1)"? and g* € RY. Let
n € R" be a deterministic vector with an entries of magnitude at most 1. Suppose that for some

5€(0,1),
<O d +21n(4/6)

2
Then with probability at least 1 — 5/2, the Huber loss function f(8) = 2 3!, ®[(XB - y)i]
for y = XB* + n is locally 0.5a-strongly convex at B* within radius 1/6 (in the sense of Eq. (3.1)).

n > 200 -

Proof. By Lemma 3.3, for every u € R,
fB+u) = f(B)—(VF(B),u) =5 Z D((xi, u) — 1i) = P(=ni) — D' (=13) - (xi, 1)
i=1

n
> %ZWWZ “Lyewyi<1 Lipgl<t -
i=1
Consider the set C = {1 el | 1 Inil < 1}. Since |C| = an and 1 is deterministic, X¢ ~
N(O 1)0m><d
By Fact D.12, for k = an /200, with probability at least 1 — 6/4, for any set K C C of size
k and every u € RY,

2
> i, u)? < llull?- («/E +Vk + +[2k 14%) +2 ln(4/6))

ek

2
< Jlull?- (\/an/ZOO + y0.0Tan In(200¢) + 0.1 - \/acn)
<0.18||ul|* - an

Now if K is the set of top k entries of Xu for u € R? such that ||u|| < 1/6, then we get that
the average squared coordinate in K is at most 1. Hence

Z<x1,u> A et Ui > Y (e, u)? > Xcul? - 0.18 - |ulPan
ieC\K

Since X is a Gaussian matrix, for all u € RY, with probability at least 1 — 6/4,

IXcu|? > ||u||2(\/an —Vd - \[210g(4/6) ) ]l (\/an _o. 1\/0:11) > 0.81|u|Pan.
Hence with probability at least 1 — 6/2, for all u € R? such that ||u|| < 1/6,
fB+u)— f(B) = (VF(B), u) > 0.25aull*,

and f is locally strongly convex with parameter 0.5« at $* in the ball of radius 1/6. m|
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Putting everything together. The following theorem implies Theorem 1.1.

Theorem 3.9. Let n € R" be a deterministic vector. Let X be a random®® n-by-d matrix with iid
standard Gaussian entries X;; ~ N(0, 1).

Suppose that for some 6 € (0, 1),

d+2In(2/6
n>10%- #
a

where « is the fraction of entries in 1 of magnitude at most 1.

Then, with probability at least 1— 6, for every p* € RY, given X and y = X *+n, the Huber-loss
estimator [3 satisfies

d +21In(2/0)

- B|* < 1000 =
an

Proof. Using bounds from Theorem 3.7 and Theorem 3.8, we can apply Theorem 3.1. Indeed,
with probability at least 1 - 0,

i /—d TG, IV

VEE)I1?
g VLB oo 4+21n2/8)
0.2502 a’n

Hence

4 Robust regression in linear time

In this section we prove Theorem 1.3 and Theorem 1.4. We consider the linear model
y = Xp* + 1 where X € R™ has i.i.d entries X;; ~ N(0, 1) and the noise vector 1 satisfies
the following assumption.

Assumpt1on 41. n € R" is a fixed vector such that for some a = a(n,d) € (0,1),
|{z €| | 11 1Inil < 1}| an. We denote 7 := {z el | I Inil < }

We start showing how to obtain a linear time algorithm for Gaussian design in one
dimension. Then generalize it to high dimensional settings. We add the following (linear
time) preprocessing step

Vi € [n], y. =0 yi+wi,
X/ =0 X, w; ~ N(0,1), o; ~ U{-1,1}, (PRE)

wherew;, ..., wy, 01, ..., 04, X are mutually independent. For simplicity, when the context
is clear we denote 0;7; + w; by n; and y’, X’ with y, X. Note that this preprocessing step
takes time linear in nd. Assumption 4.1 implies that after this preprocessing step, 1 satisfies
the following assumption:

13As a convention, we use boldface to denote random variables.
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Assumption 4.2. Foralli € 7 and forany ¢t € [0, 1],

4.1 Warm up: one-dimensional settings

For the one-dimensional settings, the only property of the design 7 x 1 matrix X ~ N(0, Id,)
we are going to use is anti-concentration.

Fact4.3. Let X ~ N(0,1dy,). Then for any c € [0, 1] and i € [n],
P(X;i| > ¢) > Q(1).

As shown below, our estimator simply computes a median of the samples.

Algorithm 3 Univariate Linear Regression via Median

Input: (v, X), where y, X € R".

0. Preprocess y,X as in Eq. (PRE) and let (y’,X’) be the resulting pair.

1. Let M = {i € [n] | IX!| > 1/2}.For i € M, compute z; = %

2. Return the median f of {z;};c .

Remark 4.4 (Running time). Preprocessing takes linear time. Finding M requires linear
time, similarly we can compute all z; in O(n). The median can then be found in linear
time using quickselect [Hoa61] with pivot chosen running the median of medians algorithm
[BEP*73]. Thus the overall running time is O(n).

The guarantees of the algorithm are proved in the following theorem.
Theorem 4.5. Let y = XB* + 1 for arbitrary p* € R, X ~ N(0,1)™ and n € R" satisfying

Assumption 4.1 with parameter a. Let 3 be the estimator computed by Algorithm 3 given (X, y) as
input. Then for any positive T < a® - n,

A2 T

BB <

with probability at least 1 — 2 exp{—C)(7)}.

a’-n

To prove Theorem 4.5 we will use the following bound on the median, which we prove
in Appendix D.

Lemma 4.6. Let S C [n] be a set of size yn and let z1, ..., z, € R be mutually independent
random variables satisfying
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1. Foralli € [n],P(z; > 0) =P(z; <0).

2. Forsome e >0, foralli € S,P(z; € [0, ¢]) = P(z; € [-¢,0]) > g.
Then with probability at least 1 — 2exp{—-Q(q?y?n)} the median £ satisfies
1Z] < €.

Proof of Theorem 4.5. Due to the preprocessing step the resulting noise 1 satisfies As-
sumption 4.2. Let M C [n] be the set of entries such that |X]| > % Since 7 and
M are independent, by Chernoff bound, |7 N M| > Q(an) with probability at least
1 - 2exp[-Q(an)] > 1 - 2exp[-CQ(7)]. Now observe that for all ¢ € (0,1) and for all
i €T N M,by Assumption 4.2,

deea)=pl | < . : €
P(|z;i - B <é)_P(Z <é)>]P(|ni|<e/2)>%.
By Lemma 4.6, we get the desired bound for © = ¢2a?n. O

4.2 High-dimensional settings

The median approach can also be applied in higher dimensions. In these settings we need
to assume that an upper bound A on ||| is known.

Remark 4.7. As shown in [SBR]19], under the model of Theorem 1.1 the classical least square
estimator obtain an estimate 8 with error % . ||r]|| Thus under the additional assumption
that the noise magnitude is polynomial in 7 it is easy to obtain a good enough estimate of
the parameter vector.

We first prove in Section 4.2.1 how to obtain an estimate of the form | BB ||2 < ;”2.
Then in Section 4.2.2 we obtain Theorem 1.3, using bootstrapping. In Section 4.2.3 we
generalize the results to sparse parameter vector §*, proving Theorem 1.4. Finally we extend
the result of Section 4.2.2 to non-spherical Gaussians in Section 4.2.4.

4.2.1 High-dimensional Estimation via median algorithm

B —p ||2 < w, we use the algorithm below:

To get an estimate of the form |
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Algorithm 4 Multivariate Linear Regression Iteration via Median

Input: (v, X) where y € R", X € R™,

0. Preprocess y,X as in Eq. (PRE) and let (y’,X’) be the resulting pair.

1. Forall j € [d] run Algorithm 3 on input (y, X ]’), where X ]’ is a j-th column of X’ (without

additional preprocessing). Let f3 j be the resulting estimate.

2. Returnﬁ = (ﬁl, - ,ﬁd)T.

Remark 4.8 (Running time). Preprocessing takes linear time. Then the algorithm simply
executes Algorithm 3 d times, so it runs in O(nd) time.

The performance of the algorithm is captured by the following theorem.

Theorem 4.9. Let y = Xp* + 1 for arbitrary p* € R?, X ~ N(0,1)™ and n € R" satisfying
Assumption 4.1 with parameter a. Let 3 be the estimator computed by Algorithm 4 given (y, X) as

input. Then for any positive T < a*n,
A2 d-T 2
- < 1+ )
p-F a?-n (
with probability at least 1 — 2 exp[Ind — Q(7)].
Proof. We first show that the algorithm obtains a good estimate for each coordinate. Then
it suffices to sum the coordinate-wise errors. For j € [d], let M; C [n] be the set of entries
such that |X;;| > % Observe that since M doesn’t depend on 77, by Chernoff bound,

T N M; > Q(an) with probability at least 1 — 2 exp[-Q(an)] > 1 —2exp[-Q(7)]. Now for
all i € [n] let

g

1 ! p*
zjj := X oini +w; + ZXilﬁl .
ij 1%]

Note that P(z;; > 0) = P(z; < 0). Now let § € R? be the vector such that for j € [d] \ {i},
Bj= ﬁ; and B; = 0. By properties of Gaussian distribution, for all i € [n],

wi+ ) X)B; ~ N(O,1+BI").

I#j
Hence for eachi € T N M, forall 0 < £ < /1 + ||BlI%

t

N

P(|zij| < t) > Q
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By Lemma 4.6, median Z; of z;; satisfies

£ < o (14 IAF) < 5 (14 1e)

with probability at least 1 — 2 exp[-Q(7)]. Since 8 i=Zj+ ﬁ;, applying union bound over

all coordinates j € [d], we get the desired bound. O

4.2.2 Nearly optimal estimation via bootstrapping

Here we show how through multiple executions of Algorithm 4 we can indeed obtain error

) As already discussed, assume that we know some upper bound on

||5 I, whlch we denote by A. Consider the following procedure:

Algorithm 5 Multivariate Linear Regression via Median

Input: (y, X, A) where X € R"™4, yeR", and A > 3.

1. Randomly partition the samples y1, ..., y, int := [InA] sets Sy, ..., S}, such that all
S1,...,8:-1 have sizes G)( ) and S has size [n/2].

log A
2. Denote ﬁA(O) =0 € RY. For i € [t], run Algorithm 4 on input (ysi — Xsiﬁ(i_l), XSZ-)/ and
let B be the resulting estimator.

3. Returnﬁ = ﬁ(’)
ze[t

Remark 4.10 (Running time). Splitting the samples into t sets requires time O(n). For
each set S;, the algorithm simply executes Algorithm 4, so all in all the algorithm takes

O(©(r25)d - log A) = O(nd) time.

The theorem below proves correctness of the algorithm.
Theorem 4.11. Let y = XB* + 1 for p* € R%, X ~ N(0,1)? and n € R" satisfying Assumption
4.1 with parameter a. Suppose that A > 3(1+ ||B*|l), and that for some positive ¢ < 1/2,

nz=cC- d}XLZA -(In(d/e) + InIn A) for sufficiently large absolute constant C > 0. Let f3 be the
estimator computed by Algorithm 5 given (y, X, A) as input. Then, with probability at least 1 — ¢,

st <of 2249

a?-n
Proof. Sincen > C - dLLZA -(Ind + InIn A), by Theorem 4.9, for each i € [t — 1],

. 2 . i-1 A(')Z
v g < 5—2j21ﬁ1‘|
P _Z;ﬁ S 10 ’

]:
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with probability at least 1 — 2exp[Ind —10In(d/¢) — 10InIn A]. By union bound over
i € [t — 1], with probability at least 1 — 2¢19,
2

B - Zﬁ < 100.

Hence by Theorem 4.9, with probability at least 1 — 4¢10,

2
Lo d-log(d/e)
B - '3(1) SO(—)

a-n

By Fact D.8, with probability at least 1 — ¢1,

lx(e =)= (-8 (L)) <3

4.2.3 Nearly optimal sparse estimation

A slight modification of Algorithm 4 can be use in the sparse settings.

Algorithm 6 Multivariate Sparse Linear Regression Iteration via Median

Input: (y, X), where X € R™ 4, y € R™.
1. Run Algorithm 4, let 8’ be the resulting estimator.

2. Denote by ay the value of the k-th largest (by absolute value) coordinate of B’. For each
j €[d], let ,@j = ﬁ; if |ﬁ}| > ay, and ﬁj = 0 otherwise.

3. Returnﬁ = (ﬁl, ... ,ﬁd)T.

Remark 4.12 (Running time). Running time of Algorithm 4 is O(nd). Similar to median, aj
can be computed in time O(d) (for example, using procedure from [BFP*73]).

The next theorem is the sparse analog of Theorem 4.9.
Theorem 4.13. Let y = XB* + 1) for k-sparse f* € R?, X ~ N(0,1)™% and n € R" satisfying
Assumption 4.1 with parameter a. Let 3 be the estimator computed by Algorithm 6 given (y, X) as
input. Then for any positive T < a?
o {1+ 1)
az-n

n,
with probability at least 1 — 2 exp[Ind — Q(7)].

g
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Proof. The reasoning of Theorem 4.9 shows that for each coordinate [j], the median Z;

satisfies
T 2
zZi|l < (1+ * )
121 \/az-n p

with probability at least 1 — 2 exp[—Q(7)]. By union bound over j € [d], with probability at
least 1 — 2exp[Ind — Q(7)], for any j € [d],
)

4 * T
|ﬁj—ﬁj|<\/a2.n(1+

If ﬁ; < ay, then there should be some i € supp{f*} such that |B’| > |,B;| Hence for such j,

Vs ()

Note that since random variables X;; are independent and absolutely continuous with
positive density, §’ # f, for m # j with probability 1. Hence H] € [d] ‘ i1 > akH =k. It
follows that

ﬁ*

B < 1B, - B + 1B < B, ~ Bl + 1B, ~ Bl < O p

d
p —ﬁllz < Z 1[|ﬁ}|<ak] ' (ﬁ;)z * ;1[|5}|>ak] ' (ﬁ; _ﬁ})z

jesupp{p*}
d
«[|2 T
P ))+;1[|ﬁ;|>ak] O(az-n(1+

g

< Z O(a;n(1+

jesupp{p*}
2))

k-t
O( (1 +
aZ-n
Again through bootstrapping we can obtain a nearly optimal estimate. However, for the
tirst few iterations we need a different subroutine. Instead of taking the top-k entries, we
will zeros all entries smaller some specific value.

)

N

g

O

Algorithm 7 Multivariate Sparse Linear Regression Iteration via Median

Input: (v, X, A), where X € R4, yeR", A>0.
1. Run Algorithm 4, let B’ be the resulting estimator.

2. Foreach j € [d], let ﬁj = ﬁ;. if |ﬁ;.| > WA, and ﬁj = 0 otherwise.

3. Returnﬁ = (ﬁl,...,ﬁd)T.
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Remark 4.14 (Running time). The running time of this algorithm is the same as the running
time of Algorithm 4, i.e. O(nd).

The following theorem proves correctness of Algorithm 7.
Theorem 4.15. Let y = Xp* + 1) for k-sparse p* € R?, X ~ N(0,1)™% and n € R" satisfying
Assumption 4.1 with parameter o. Suppose that ||f*|| < A. Let f be the estimator computed by
Algorithm 7 given (y, X, A) as input. Then, with probability at least 1 —2 exp [ln d— Q( QA2 )],

k(1+A2)
supp{f} < supp{p*} and

. AL A
I8 - Bl < 15-

Proof. Fix a coordinate j € [d]. The reasoning of Theorem 4.9 shows that the median £;
satisfies

A2 T <112 T )
Zf<a2-n(1+|ﬁ )gaz-n(1+A)

with probability at least 1 — exp[—€(7)] — exp[—Q(an)]. If B = 0 then with probability at

least 1 - 2exp[—Q(l‘:(21'f_'AA22))] we have |2]~| < ﬁ, SO ﬁ’j = 0. Conversely if B # 0 then with

k(1+A2)
repeating the argument for all i € [d], we get that by union bound, with probability at least

1—2exp[lnd—Q(“2'”'A2)], ﬁ*—ﬁ|2<k.4.A_2< A2 O

k(1+A2) 10000-k ~~ 100°
Now, combining Algorithm 6 and Algorithm 7 we can introduce the full algorithm.

probability 1 — 2 exp [—Q( QA )] the error is at most 2 - ﬁ. Combining the two and

Algorithm 8 Multivariate Sparse Linear Regression via Median

Input: (v, X, A) where X € R"™ 4, y€R" and A > 3.

1. Randomly partition the samples y1, ..., y, int := [InA] sets 81, ..., S, such that all
S1,...,8:-1 have sizes @(@) and 8S; has size | n/2].

2. Denote ﬁA(O) =0eR?and Ag = A.Fori € [t — 1], run Algorithm 7 on input
(ysi - XSiﬁ(i_l)/XS,-/Ai—l) :
Let ﬁ(i) be the resulting estimator and A; = A;_1/2.
3. Run Algorithm 6 on input (yS ,— Xs, 7V, Xs t), and let ") be the resulting estimator.

4. Returnﬁ =) ﬁ(i).
i€[t]
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Remark 4.16 (Running time). Splitting the samples into f sets requires time O(n). For each
set S;, the algorithm simply executes either Algorithm 7 or Algorithm 6, so all in all the

algorithm takes O(®(logA)d log A + O(nd)) O(nd) time.

Finally, Theorem 1.3 follows from the result below.

Theorem 4.17. Let y = Xp* + 1) for k-sparse p* € R?, X ~ N(0,1)"*% and n € R" satisfying
Assumption 4.1 with parameter a. Suppose that A > 3(1 + ||B*|l), and that for some positive
e<1/2,n>C- klnA - (In(d /&) + Inln A) for sufficiently large absolute constant C > 0. Let 3 be
the estimator computed by Algorithm 8 given (y, X, A) as input. Then, with probability at least
1-¢,

|2 < O(k log(d/e))

aZz-n

(s -5)

Proof. Since n > C-knA h‘A (Ind + InIn A), by Theorem 4.15 and union bound over i € [t —1],
with probability at least 1-2exp[lnd +Int —10In(d/e) —10Inln A}, for each i € [t - 1],

i ' A
B-> B < —.
=1

Hence
t_
B - BV <100
j
with probability 1 — 2610 Therefore, by Theorem 4.13,

2
L k -log(d/¢)
_ (j) x-logld/e)

[

I
—_

with probability 1 — 4¢1°
Since ") is k-sparse and with probability 1 —2¢1°, Supp{Z;j ﬁ(f)} C supp{p*}, vector
B* — B is 2k-sparse. By Lemma D.9, with probability at least 1 — ¢1°,

(e =B = () (- ) <2

4.2.4 Estimation for non-spherical Gaussians

We further extend the results to non-spherical Gaussian design. In this section we assume
n > d. We use the algorithm below. We will assume to have in input an estimate of the
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covariance matrix of the rows of X: x1, ..., x, ~ N(0, Z). For example, if number of samples
is large enough, sample covariance matrix is a good estimator of X.. For more details, see
Section 4.2.5.

Algorithm 9 Multivariate Linear Regression Iteration via Median for Non-Spherical Design

Input: (y, X, i), where X € R, y € R", Sisa positive definite symmetric matrix.
1. Compute X = X271/2,
2. Run Algorithm 4 on input (y, X) and let B’ be the resulting estimator.

3. Returnﬁ = ﬁ_l/zﬁ’.

Remark 4.18 (Running time). Since n > d, computing X requires O(nT(d)/d), where T(d)
is a time required for multiplication of two d X d matrices. Algorithm 4 runs in time O(nd),
so the running time is O(nT(d)/d).

The performance of the algorithm is captured by the following theorem.

Theorem4.19. Let y = X"+, such that rows of X areiid x; ~ N(0, L), n satisfies Assumption 4.1
with parameter o, and ¥. € R™? is a symmetric matrix independent of X such that || Z1/2L£"1/2 —

1 2
Idy|| < o for some & > 0. Suppose that for some N > n +d, 6 < VER and a“n > 100In N.

Let f3 be the estimator computed by Algorithm 9 given (y, X, ) as input. Then, with probability at
least 1 — O(N™2),

(- <o S+

a’-n

21/2‘3*

7+ 02 ||21/25*||2) .

Proof. We first show that the algorithm obtains a good estimate for each coordinate. Then
it suffices to add together the coordinate-wise errors. By assumptions on ¥,

X=x512=GxY25 Y2 - G + GE,

where G ~ N(0,1)"? and E is a matrix such that ||E|| < 6 for some 6 < m. Since E
is independent of X and each column of E has norm at most 6, forall i € [n] and j € [d],
1Xi; — Gij| < 406VIn N with probability 1— O (N~'°). For simplicity, we still write y, X after
the preprocessing step. Fix j € [d], let M; C [n] be the set of entries such that |Xi]-| >1/2.
With probability 1 — O(N_w), {i € [n] | |Gij| > 1} is a subset of M. Hence by Chernoff
bound, |7~ N M| > Q(an) with probability at least 1 — O(N1%). Now for all i € M let

qij = XL i+ foiz(il/zﬁ*)l

1 I1#j
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- XL ni + ZGiz(imﬁ ) Z Z GlmEml(Zl/Z ) Z G”Eﬂ(zl/zﬁ )l

ij I#j I#] m#j I1#j

Note that for any i € M, with probability 1 — O(N~1°), sign(X;j) = sign(Gi;j). Hence

1
zij = 2| o+ wi+ ) Ga(EVB) + 3D G (2126

1 I#j I#j m#j

is symmetric about zero.
Now let B € RY be the vector such that for I € [d] \ {j}, Bi = (£1/?p"), and B; = 0. Note
that ||B]] < ||Z1/28*||. By properties of Gaussian distribution,

w; + ZGil(il/zﬁ ) Py GZmEml(Zl/zﬁ ) ~ N(0, %),
1%

I#j m#j

where 1+||]|? < 02 < 1+(1 + &%) ||B|I>. Hence foreach i € TNM, forall0 < t < /1 +||B]I?,

lP(|Zi]'| < t) > () ! — |
1+BII?
By Lemma 4.6, median Z; of {Zij}ie M, satisfies
R log N a1/2 xl|2
£ < oL+ 19)) < o[ L1+ )

with probability at least 1 — O(N~1).
For any i € M, the event

z;ZE (21/2 ) <o(5-||ﬁ1/2ﬁ*ll)

l] I1#j

occurs with probability 1— O (N~'9). Moreover, since ||E|| < 8, with probability 1-O (N1?),
foralliy,...,ig € M,

2
Z( ijj ZEJZ( )l < 0(52 . ||£1/Zﬁ*||2).

1]] I#j

Therefore, with probability 1 — O(N~?), medians §; of {qij}

d 2 d-logn 12
qu<o( (1+]18128

aZz-n

ieM, satisfiy

) + 02 ||i”25*||2) .
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Since y:/Xy; = (£126), + g4,

(ﬁ} _ (21/25*)].)2 . O(d -logn (1 ‘|

aZz-n

A,

21/2‘3*

M-

1
—_

7+ o2 ||21/2ﬁ*||2) .
]
O

Next we show how to do bootstrapping for this general case. In this case we will assume
to know an upper bound A of || X*|.

Algorithm 10 Multivariate Linear Regression via Median for Non-Spherical Design

Input: (y, X, £, A), where X € R, y € R",A > 3,and L € R is a positive definite
symmetric matrix.

1. Randomly partition the samples y1,...,y, in t := t; + t, sets S1,...,8:, where
t1 = [InAland ¢t = [Inn],such thatall Sy, ..., S, havesizes @(@) and St+1,... St

. n
have sizes ®(logn)‘

2. Denote ﬁ(o) =0eR?and Ag = A. Fori € [t], run Algorithm 9 on input
(]/si - Xs,B7Y, Xs,, ﬁ) ,

and let ) be the resulting estimator.

3. Return §:= 3 B,
i€[t]

Remark 4.20 (Running time). Running time is O(nT(d)/d), where T(d) is a time required
for multiplication of two d X d matrices.

The theorem below extend Theorem 1.3 to non-spherical Gaussians.
Theorem 4.21. Let y = XB* + 1 for p* € R, X € R™ with iid rows x; ~ N(0, L), 1 satisfying
Assumption 4.1 with parameter a. Let . € R be a positive definite symmetric matrix independent
of X.

Denote by 0min, Omax and « the smallest singular value, the largest singular value, and the condi-
tion number of ¥.. Suppose that A > 3(1 + || Xg*||), n > C- (’%%” ‘In(A-n)+(d +1Inn)x?In n)
for some large enough absolute constant C, and | - || < —Zmin

A CVinn"
Let B be the estimator computed by Algorithm 10 given (y, X, 2, A) as input. Then

Hr ) o[22

az-n

with probability 1 — o(1) as n — oo.
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’ 1/2-1/2 _ Omin
Proof. Let’s show that || Z"/“X Idy|| < 100\/_ Since ||£ - T < RN
N 1
Y - 1dy|| <
o2 -t < ——
So X7 1¥ = Idy + E, where ||E|| < z \/_ Hence for large enough C,
$128-1/2 _ 14 || = “(Idd B2 IddH <—
|| || L

Sincen > C- 482 .(Ind +InA)and and 6 <
foreachi € [t],

\/_ , applying Theorem 4.19 with N = 2n,

2 2
l. .
£12g— Y 212800 < 1i0 14|82 = S s12p00| |,
j=1 j=1

with probability at least 1 — O (n™). By union bound over i € [t1], with probability at least

1-0(n™),
2

21/2 Z 21/2'3(]) < 100.

Hence by Theorem 4.19, by union bound over i € [t]\ [t1], with probability at least
1-0(n™),

M)

t 2
o] <ol tome 4 ofoonts)
=1 a?-(n/logn) n as-n

By Fact D.8, with probability at least 1 — O(n™%), for large enough C,

1 .
XX -3 <
n

Omin Omin Urmn < Omin (i“)
S 100vinn | C¥in S5

where omm(i) is the smallest singular value of ¥.. Hence

(=) = (- B () (- ) < 12 - )

1
X'X-%
n

4.2.5 Estimating covariance matrix

Algorithm 10 requires ¥ € R™? which is a symmetric matrix independent of X such
that ||£ - Z|| < f/% The same argument as in the proof of Theorem 4.21 shows that
if n > C-(d+Inn)x*Inn for some large enough absolute constant C > 0, then with
probability at least 1 — O( ‘4) the sample covariance matrix Lofx,.. ., X| /2 Satisfies
the desired property. So we can use Algonthm 5 with design matrix x|, /241, ..., %, and
covariance estimator . Computation of % takes time O(nd?).
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5 Bounding the Huber-loss estimator via first-order condi-
tions

In this section we study the guarantees of the Huber loss estimator via first order optimality
condition. Our analysis exploits the connection with high-dimensional median estimation
as described in Section 2.2 and yields guarantees comparable to Theorem 1.2 (up to
logarithmic factors) for slightly more general noise assumptions.

We consider the linear regression model

y=Xp +1 (5.1)

where X € R™ is a deterministic matrix, §* € R? is a deterministic vector and € R" is a
random vector satisfying the assumption below.

Assumption 5.1 (Noise assumption). Let R C [n] be a set chosen uniformly at random
among all sets of size'* an. Then 11 € R" is a random vector such that for all i € [n], n;
satisfies:

1. m,...,n, are mutually conditionally independent given R.
2. Foralli € [n], P(n; <O0|R) =P(n; > 0| R),

3. Forall i € R, there exists a conditional density p; of 1; given R such that p;(t) > 0.1
forallt € [-1,1].

We remark that Assumption 5.1 is more general than the assumptions of Theorem 1.2
(see Appendix A).
We will also require the design matrix X to be well-spread. We restate here the definition.

Definition 5.2. Let V C R" be a vector space. V is called (m, p)-spread, if for every v € V
and every subset S C [n] with |S| > n —m,

losll = pllo]l -
Also recall the definition of Huber loss function.

Definition 5.3 (Huber Loss Function). Let y = Xg* + 1 for 8* € R?, 1 € R", X € R™". For
h>0and g € R?, define

fB) =" O ((xi, ) = yi) = > Oy ((xi, p— B7) = 1),
i=1 i=1
where

142 -
O, (F) = st if [t| <h
h .
|t| = 5 otherwise.

“For simplicity we assume that an is integer.
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We are now ready to state the main result of the section. We remark that for simplicity
we do not optimize constants in the statement below.

Theorem 5.4. Let a = a(n,d) € (0,1) and let y = XB* + n for B* € R*, X € R™ and n € R"
satisfying Assumption 5.1. Let

107 -dInn
- aten
and suppose the column span of X is (6 - n,1/2)-spread. Then, for h = 1/n, the Huber loss estimator

A

p = argmin f,(B) satisfies
BeR

o

7

1 A

1 X( _ *) 2 ¢

CIX(B-F)IIF <0
with probability at least 1 — 10n=4/2.

Remark 5.5. If for all i € [n] the conditional distribution of 1; given R is symmetric about 0
(this assumption is satisfied for the noise from considered in Theorem 1.2), the theorem is
also true for Huber parameter 1 = 1.

To prove Theorem 5.4 we need the Lemmata below. We start showing a consequence of
the (0 - n,1/2)-spread property of X.

Lemma 5.6. Let X € R"™9, o and 6 be as in Theorem 5.4, and let R be as in Assumption 5.1.
With probability 1 — 2n=9/2, for any u € RY,
1
DM Gxi ] > s Von - [ Xul.
ieR

Proof. Let C1,...,C, be iid. Bernoulli random variables such that P(g; =1) = 1 -
P(¢; = 0) = &. By Lemma D.7, it is enough to show that with probability 1 — n~%, for any
ueRq,

n
1
Z Gil{xi, u)| > Sa Von - || Xul|.
i=1

Note that the inequality is scale invariant, hence it is enough to prove it for all u € R? such
that || Xu|| = 1. Consider arbitrary u € R such that || Xu|| = 1. Applying Lemma E.5 with
A=0,m=[6n],y1=0,y2=1/2and v = Xu, we get

C 3
PCANES AT
i=1

Hence

n
3
lgzljciuxi,uﬂ > jo-Von.
1=
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Let [-] is the Iverson bracket (0/1 indicator). Applying Lemma D.6 with g(x,y) = [y =
11 |x,v=Xuandw = =(C1,...,C,), we get that with probability 1 — n~ for all u
such that || Xu|| =1,

n

Z(ci|<xi,u>| - 1gcz-|<xi,u>|)

i=1

1
<20Vdlnn < ga‘\/én ,

which yields the desired bound. O
Next we show that with high probability || X (ﬁ - ﬁ*) | < n.

Lemma 5.7. Let y € R", X € R"™ gs in Theorem 5.4, and let h < 1. With probability 1 —4n=/2,
for any B such that || X(B — )|l = n,

fu(B) = fu(f) +1.

Proof. Note that
fu(B) = Z(Dh(ﬂi) < Z|11i| :
-1 i-1

Consider some f such that || X(f — *)|| = n. Denote u = p — p*. Since there exists a
conditional density p;(t) > 0.1 (for t € [-1,1]), there exist a,b € [0, 1] such that for all
ie€R,

P(-a<n <0|R)=P0<ni<b|R)>0.1.

LetS = {ie [n]|—a <1 < b}.Weget

fn(B) = Z‘Dh(<xi,u> —-1i) > Z|<xi/u> —ni| - hn
i=1 i=1
> D Kl + D [xiu) = —2n.

i€eSNR ie[n)\S

Denote ¢; = [-a < n; < b]l. By Lemma 5.6,

D Cie i, )l

ieR

1
E R >Ea-V6n-||Xu||.

with probability 1 —2n74/2,
By Lemma D.6 with g(x, y) = [y = 1] - |x], v = Xgu, R = n and w = {g, we get that
with probability 1 — n~ for all u such that || Xgu|| < n,

1 1
Z [(xi, )] > T5a Von - |Xul| - 20 - |Xgul| - VdInn -1 > 5@ Von - || Xul| - 1.

ieSNR
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Note that
3 K uy=mil = Y |l - sign(ni)ix,w| = Y il = Y. sign(mi)(xi, u).
ie[n]\S ie[n|\S ie[n)\S ie[n)\S
Applying Lemma D.6 with g(x, y) = [-a < y < bl sign(y) - |x|, v = Xu, w =1n,R =n,
we get that with probability 1 — n~?, for all u € R? such that || Xu|| = n,

n

Z sign(n;){xi, u)| = Z([[—a < i < bl sign(ni){xi, u) — E[[-a < n; < bl sign(n;){x;, u) | R])
ien\S i=1

<20nVdInn||[Xu|| +1.

Therefore, with probability 1 — 4n~%/2, for any f € R? such that || X(8 - g*)|| = ,

1 n n
£1(B) > Ea-\/<§n-||Xu||+Z|111-|—Z|m|—2n—zom/d Innl|Xull-2 > > |nil+1 > fiu(F)+1.
i=1

i=1 ieS
Note that since f is convex, with probability 1 —4n~9/2, for any § such that || X(8 - 8*)|| > n,
fu(B) = fu(B) + 1. O
Now observe that f},(f) is differentiable and

n

V)= ) on((xi ) = yi) - xi = ) dul(xi, p=B7) =) - i,
i=1

i=1
where ¢y (t) = @} (t) = sign(t) - min{|t|/h, 1}, t € R. We will need the following lemma.

Lemma 5.8. Let z be a random variable such that P(z < 0) = P(z > 0). Then for any t such that
|T| > 2h,
- E¢un(t - z) > |7] - P(0 < sign(t) - z < |7]/2) .
z

Proof. Note that
T- ]]zigbh(f —-z)=|1| ~]lecz)h(|T| —sign(1) - z) .
We get
]leth(|T| —sign(t)z) = P(sign(1)z < |t| - h) +]le,[[sign(T)z > |t| = h] - ¢n (|| - sign(r)z)

(0 < sign(7)z < || — h) + P(sign(1)z < 0) — P(sign(t)z > 0)

>
> P(0 < sign(1)z < |7]/2) .
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Using point 3 of Assumption 5.1, we get for all i € [n] and for all T > 2h,
E[on(t-ni) |R] > iom -min{|7]|,1}.
Note that for & = 1, if z is symmetric, we can also show it for 7 < 2h < 2. Indeed,
[t/ E ¢ (|| - sign(c)z) = || ENllz] < klgn (|| - sign()z) + |<| El|z| > Kl (17| - sign()z)

> || Ellz] < hllon (7| - sign(7)z)
= [t Ellz] < < hl(¢n(IT] = 2) = pu(-2)),

since for symmetric z, E.[|z| > h]]th(|T| —sign(1)z) > 0. Assuming the existence of
density p of z such that p(t) > 0.1 for all t € [-1, 1], we get

1
Efz] < hl(pn(It] = 2) = Ppu(-2)) >0.1 /_1 (on(I7] = 2) = Ppn(2))dz
1 .
>Emm{|fl,1}.

We are now ready to prove Theorem 5.4.

Proof of Theorem 5.4. Consider u = § — p*. By Lemma 5.7, with probability 1 — 3n~%/2,
| Xul| < n.If || Xu|| < 100, we get the desired bound. So further we assume that 100 <
[ Xull < n

Since Vf,(8) = 0,

n
> on(Criu) = 1) - (i u) = 0
i=1
For each i € [n], consider the function F; defined as follows:

Fi(a) = (xi,a>lE[¢h(<xz',ﬂ> ~1i) | R]

for any a € RY. Applying Lemma 5.8 with z = n;, 7 = (x;,a) and h = 1/n, and using point
3 of Assumption 5.1, we get for any a € RY,

D Fila) > —Z[[|<xz-,a>| < 2h1|(xi, )| + Z[[|<xi,a>| > 2h]Fi(a) (5.2)
i=1 i=

—2+—Z|<xz,a>| min{|(x;,a)|, 1} . (5.3)

ieR

Note that this is the only place in the proof where we use i < 1/n. By the observation
described after Lemma 5.8, if for all i € [n], conditional distribution of 7, given R is
symmetric about 0, the proof also works for = 1.
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For x, y € R, consider g(x,y) = x - ¢ (x — y). Forany Ax € R,

lg(x + Ax, y) — g(x,y)| = |(x+Ax)-th(x+Ax—y) —x-th(x—y)| < Ax+%Ax.

By Lemma D.6 with v = Xa, w = i, R = n, and K = (1 + n2), with probability 1 — 4n~9/2,
for all a € R? such that || Xa|| < n,

n

Z((xi, a) - o ((xi,a) = 1;) = Fi(a))| < 25VdInn - || Xa|| +1/n. (5.4)

i=1

Let(q, ..., Gy beii.d. Bernoullirandom variables such that P(¢; = 1) = 1-IP(¢; = 0) = a.
By Lemma D.7 and Lemma D.6 with g(x, y) = [y = 1]l|x| - min{|x|, 1}, v = Xa, w; = C;,
R = 1 and K = 2, with probability 1 — 3n79/2, for all a € R? such that || Xa|| < n,

D Kxi, @)l -min{|(x;, a)], 1} > @ > [(xi, @) -min{|(x;, a)], 1}-20Vd Inn || Xa]|<1/n.. (5.5)
i=1

ieR

Plugging a = u into inequalities 5.3, 5.4 and 5.5, we get

1000
D, @+ ) Kwwl < —=Vdinn - | Xu]

[{xiu)|<1 [(xi,u)|>1

with probability 1 — 7n~4/2.
If
()2 < 5 1Xull?,
(i u)|<1
we get

i, )] < 2DV - | Xl

i, u)|>1

Applying Lemma E.5 with m = L%J,yl =1/V3, A = {i €[n]: [{xi,u)| <1}, y2 =1/2
and v = Xu, we get a contradiction.

Hence
> (i > S Xul?
[{xi,u)|<1
and we get
I1X(8 - )1l < 22Vamn,
with probability at least 1 — 10n79/2, which yields the desired bound. O
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A Error convergence and model assumptions

In this section we discuss the error convergence of our main theorems Theorem 1.1,
Theorem 1.2 as well as motivate our model assumptions.

A.1 Lower bounds for consistent oblivious linear regression

We show here that no estimator can obtain expected squared error o (d /(a? - n)) for any
a € (0,1) and that no estimator can have expected error converging to zero for a < +/d/n.
The first claim is captured by the following statement.

Fact A.1. Let X € R™ be a matrix with linearly independent columns. Let n ~ N(0, 0% - 1d,,)
with o > 0 so that a = min; P{|n;| <1} = O(1/0).
Then there exists a distribution over f* independent of n such that for every estimator
B : R" — RY, with probability at least (1),
> Q( a ) .
a%-n

In particular, for every estimator fp : R" — R there exists a vector * such that for y = Xp*+1,
with probability at least ()(1),
>0
aZ-n

Fact A.1 is well-known and we omit the proof here (see for example [RH15]). The
catch is that the vector n ~ N(0, 02 - Id) satisfies the noise constraints of Theorem 1.2 for
a = 0(1/0). Hence, for a < +/d/n we obtain the second claim as an immediate corollary.

Cxpocg +m) - Xp

Liva .
~[[xp(y) - xp

Corollary A.2. Let n,d € Rand a < \/g. Let X € R™ be a matrix with linearly independent

columns and let n ~ N(0,1/a? - 1d,,). Then, for every estimator 5 : R" — R? there exists a vector
B* such that for y = XB* + n, with probability at least (3(1),

2> 0(1).

liyva .
Lxgiy) - xp

In other words, in this regime no estimator obtains error converging to zero.

A.2 On the design assumptions

Recall our linear model with Gaussian design:

y=Xp +1 (A1)
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for f* € R%, X € R™ with i.i.d entries Xij ~N(0,1) and n € R" a deterministic vector
with a - n entries bounded by 1 in absolute value. We have mentioned in Section 1.1 how to
extend these Gaussian design settings to deterministic design settings. We formally show
here how to apply Theorem 1.2 to reason about the Gaussian design model Eq. (A.1). For
this it suffices to to turn an instance of model Eq. (A.1) into an instance of the model:

y =X'p"+1 (A2)

where * € R?, X’ is a n-by-d matrix (Q(n), Q(1))-spread and the noise vector n has
independent, symmetrically distributed entries with a = min;¢[,; ]P{l’li| < 1}. This can be
done resampling through the following procedure.

Algorithm 11 Resampling
Input: (v, X) where y € R", X € R"™,
Sample n indices y1, ..., ¥, independently from the uniform distribution over [n].

Sample 7 i.i.d Rademacher random variables o7, .. ., 0.
Return pair (y’, X’) where y’ is an n-dimensional random vector and X’ is an n-by-d

random matrix:

/ _ .
Y; = 0i" Yy,
Xl{,— = Gl * Xyi/_ .

Note that X’ and 1 are independent. The next result shows that for n > d logd with
high probability over X’ Algorithm 11 outputs an instance of Eq. (A.2) as desired.

Theorem A.3. Let n > dInd. Let X’ € R"™4 be a matrix obtained from a Gaussian matrix
X € R™ by choosing (independently of X) n rows of X with replacement. Then column span of
X" is (Q(n), Q(1))-spread with probability 1 — o(1) as n — oo.

Proof. Let c(i) be the row chosen at i-th step. Let’s show that with high probability for all
subsets M C [n] of size m, c‘l(M)| < O(mIn(n/m)). By Chernoff bound (Fact D.2), for
any j € [n]Jandany A > 1,

P

Zl[c(i) =il> 2A) <A™, (A.3)
i=1

Denote a,, = en/m. Let Aj(2A;) be the event {Z?zl Leiy=j] 2 2A]~}. If Y50, Aj =2mlInay,
then
m -1
P ﬂAf (2Aj) = P[An(2An)] - P A]' (ZA]') An(RAR)
j=1 i

3

Il
—_
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m—1

< ]P[Am(ZAm)] P Aj (2Aj)

j=1

m
< exp| — Z Aj
=1
— a;qu
By union bound, with probability at least 1 — a;,”, for all subsets M C [n] of size m,
|c_1(M)| < 4mln(en/m). Let z be the vector with entries z; = },;_;[c(i) = jI. With
probability atleast 1 —1/n <1 -7 _; a;", forany M C [n],

m

en
Dzl < 4|M|1n(m).

jeEM

Note that by Fact D.12, with probability at least 1 — 1/#n, for any vector unit v from
column span of X and any set M C [n],

en
lomll?> < 2d + 20| M| ln(—) .
IMi
Now let v’ be arbitrary unit vector from column span of X’. Let S be the set of its top
m = c® - n entries for some small enough constant c. Then for some vector v from column
span of X, with probability 1 — o(1),

DU < D Izl 02 = (zqs), 02 g) < ¢t (dln(en) + 6n) - |07,
ieS j€c(S)

where the last inequality follows from Lemma E.7.

Now let’s bound ||v||?. Let u be a fixed unit vector, then Xu ~ N(0,Id,). By Chernoff
bound, with probability at least 1 — exp(—c#n), number of entries of Xu bounded by c is at
most 2cn. Note that with high probability 0.9vn||u|| < | Xu|| < 1.1vn||u]

Let u’ € R be a unit vector such that number of entries of X1’ bounded by c is at most
2cn and let u € R? be a unit vector such that || Xu’ — Xu||? < 1.12 - n||u’ — u||®> < ¢*n/5.
Then Xu cannot have more than 3cn entries bounded by c/2. Hence by union bound over
c/3-net in the unit ball in R?, with probability at least 1 — exp(—cn/2), v has at most 3cn
entries of magnitude smaller than c¢/2. Hence v’ has at most 12cn ln(3‘4c) < 0.971 entries
of magnitude smaller than ﬁ”v”, and ||v’||* > %Hv”z. Choosing ¢ = 0.01, we get that

column span of X’ is (1072 - n, 1/2)-spread with high probability. O

Remark A.4. It is perhaps more evident how the model considered in Theorem 5.4 subsumes
the one of Theorem 1.1. Given (y, X) as in Eq. (A.1) it suffices to multiply the instance by
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an independent random matrix U corresponding to flip of signs and permutation of the
entries, then add an independent Gaussian vector w ~ N(0, Id,). The model then becomes

Uy =UXp +Un+w,
which can be rewritten as
y=Xp+Un+w.

Here X’ € R"™* has i.i.d entries X;j ~ N(0,1), U = SP where P € R™" is a permutation
matrix chosen u.a.r. among all permutation matrices, S € R"*" is a diagonal random
matrix with i.i.d. Rademacher variables on the diagonal and U7 € R" is a symmetrically
distributed vector independent of X’ such that ]P{|111'| < 1} > a /2. Moreover the entries of
U1 are conditionally independent given P. At this point, we can relax our Gaussian design
assumption and consider

y=Xp'+w+Un, (A4)

which corresponds to the model considered in Theorem 5.4.

A.21 Relaxing well-spread assumptions

It is natural to ask if under weaker assumptions on X we may design an efficient algorithm
that correctly recovers *. While it is likely that the assumptions in Theorem 1.2 are not
tight, some requirements are needed if one hopes to design an estimator with bounded
error. Indeed, suppose there exists a vector f* € R? and a set S C [n] of cardinality o(1/a) such
that ||X5ﬁ* = ||X,B* > 0. Consider an instance of linear regression y = Xp* + n with n as
in Theorem 1.2. Then with probability 1 — 0(1) any non-zero row containing information
about * will be corrupted by (possibly unbounded) noise. More concretely:

Lemma A.5. Let 0 > 0 be arbitrarily chosen. For large enough absolute constant C > 0, let
X € R" be an & -sparse deterministic vector and let 1 be an n-dimensional random vector with
i.i.d coordinates sampled as

ni =0 with probability
n; ~ N(O, a?)  otherwise.

Then for every estimator 5 : R" — R there exists B* € R such that for y = Xp* +n, with probability

at least €)(1),
2
2> Q(U—) .
n

X (B(y) - )

Proof. Let C C [n] be the set of zero entries of X and Cits complement. Notice that with
probability 1 — (1) over 7 the set S = {i € [n] ‘ i€Candn; = O} is empty. Conditioning
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on this event &, for any estimator 5 : R” — R and 71¢ define the function Iy : RIS R
such that g,.(yz) = B(y). Taking distribution over 8* from Fact A.1 (independent of 1), we

get with probability (1)
2 2
> Q(G—) .
n

Hence for any f3 there exists * with desired property. |

2—

1
n

X (B - )N = 2| (gnewe) - )

Notice that the noise vector 7 satisfies the premises of Theorem 1.2. Furthermore, since
o > 0 can be arbitrarily large, no estimator can obtain bounded error.

A.3 On the noise assumptions

On the scaling of noise. Recall our main regression model,
y=Xp"+n1 (A.5)

where we observe (a realization of) the random vector y, the matrix X € R™ is a known
design, the vector f* € R" is the unknown parameter of interest, and the noise vector 1 has
independent, symmetrically distributed coordinates with & = min;¢[, P{|n;| < 1}.

A slight generalization of Eq. (A.5) can be obtained if we allow 7 to have independent,
symmetrically distributed coordinates with & = min;e(,,) P{|;| < o}. This parameter o is
closely related to the subgaussian parameter ¢ from [SBR]19]. If we assume as in [SBR]19]
that some (good enough) estimator of this parameter is given, we could then simply divide
each y; by this estimator and obtain bounds comparable to those of Theorem 1.2. For
unknown ¢ < 1 better error bounds can be obtained if we decrease Huber loss parameter
h (for example, it was shown in the Huber loss minimization analysis of [T]SO14]). It is
not difficult to see that our analysis (applied to small enough /) also shows similar effect.
However, as was also mentioned in [SBR]19], it is not known whether in general o can be
estimated using only y and X. So for simplicity we assume that o = 1.

A.3.1 Tightness of noise assumptions

We provide here a brief discussion concerning our assumptions on the noise vector n. We
argue that, without further assumptions on X, the assumptions on the noise in Theorem 5.4
are tight (notice that such model is more general than the one considered in Theorem 1.2).
Fact A.6 and Fact A.7 provide simple arguments that we cannot relax median zero and
independence noise assumptions.

Fact A.6 (Tightness of Zero Median Assumption). Let a € (0, 1) be such that an is integer,
and let 0 < & < 1/100. There exist B, f’ € R* and X € R™ satisfying

* the column span of X is (n/2,1/2)-spread,
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“ IX(B- B = £IXI > £+ Vi,
and there exist distributions D and D’ over vectors in R" such that ifz ~ D orz ~ D’, then:
1. z1,...,2z, are mutually inependent,
2. Forallie[n],P(z; 20)>P(z; <0) > (1-¢)-P(z; >0),
3. Foralli € [n], there exists a density p; of z; such that p;(t) > 0.1 forall t € [-1,1],
and for 1 ~ D and 1’ ~ D’, random variables X + n and X’ + n’ have the same distribution.

Proof. It suffices to consider the one dimensional case. Let X € R" be a vector with all
entries equal to 1, let f = 1and ' = 1 - 55. Then n ~ N(0,1d,) and " = N(u,Id,) with
u=I(f,..., )" € R" satisfy the assumptions, and random variables Xg + 1 and Xp’ + 1/
have the same distribution. m|

Fact A.7 (Tightness of Independence Assumption). Let a € (0, 1) be such that an is integer.
There exist B, f’ € RY and X € R™ satisfying

* the column span of X is (n/2,1/2)-spread,

< 1X(6 =Bl = Xl > Vn,
and there exists a distribution D over vectors in R" such that n ~ D satisfies:

1. Foralli € [n],IP(n;: <0) > P(n; >0),

2. Forall i € [n], there exists a density p; of zi such that p;(t) > 0.1 forall t € [-1,1],
and for some 1’ ~ D, with probability 1/2, Xp+n = Xp' + 1.

Proof. Again it suffices to consider the one dimensional case. Let X € R" be a vector with
all entriesequalto 1, =0, 8’ = 1. Leto ~ U{-1,1} and let v € R" be a vector independent
of ¢ such that for all i € [n], the entries of v are iid v; = U[0,1]. Thenn = 0 - v and
1’ = —o(1 — v) satisfy the assumptions, and if6 =1, Xp+n=Xp' + 1. O

Note that the assumptions in both facts do not contain R as opposed to the assumptions
of Theorem 5.4. One can take R to be a random subset of [1] of size an independent of n
and n’.
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B Computing the Huber-loss estimator in polynomial time

In this section we show that in the settings of Theorem 1.2, we can compute the Huber-loss
estimator efficiently. For a vector v € QN we denote by b[v] its bit complexity. For r > 0 we
denote by B(0, r) the Euclidean ball of radius r centered at 0. We consider the Huber loss
function as in Definition 5.3 and for simplicity we will assume X" X = nld,.

Theorem B.1. Let X € Q"% be a matrix such that X' X = nld, and y € Q" be a vector. Let
B :=b[y] + b[X]

Let f be a Huber loss function f(B) = Xi_y ®((XB — y),). Then there exists an algorithm that
given X, y and positive ¢ € Q, computes a vector f € R such that

fB < inf f(B)+ ¢,
BeR
in time
BOM . In(1/¢).

As animmediate corollary, the theorem implies that for design matrix X with orthogonal
columns we can compute an ¢-close approximation of the Huber loss estimator in time
polynomial in the input size.

To prove Theorem B.1 we will rely on the following standard result concerning the
Ellipsoid algorithm.

Theorem B.2 (See [Vis18]). There is an algorithm that, given

1. a first-order oracle for a convex function g : RY — R,
2. a separation oracle for a convex set K C RY,
3. numbers r > 0 and R > 0 such that B(0,r) € K c B(0,R),
4. bounds €, u such that Vv € K, £ < g(v) < u
5 ¢>0,
outputs a point x € K such that
gx) <g(®)+e,

where % is any minimizer of g over K. The running time of the algorithm is

O (d2+TK+Tg)-d2-log(R u—f)),

e
where Ty, Ty are the running times for the separation oracle for K and the first-order oracle for g
respectively.
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We only need to apply Theorem B.2 to the settings of Theorem B.1. Let 5 be a (global)
minimizer of f. Our first step is to show that ||§|| is bounded by exp(O(B)).

Lemma B.3. Consider the settings of Theorem B.1. Then ||ﬁ|| < 2%, Moreover, for any B €
B(0,21%)

0< f(B) <2,

Proof. Let M = 2B. By definition f(0) < 2|ly|h + [ly|I> < M*. On the other hand for any
v € R? with ||v|| > M® we have

f(v) = Zq)(yi — (X, v))
i€[n]

> 3 (X, o) - [y - Iyl

i€[n]
M°® — M*
M*.

VoWV

It follows that || ]| < M. For the second inequality note that for any v € R? with ||v| < M
f(v) = ZCD(%' — (Xi, v))
i€[n]

<23 o(xi, o) + |ly]* + 2]y,

i€[n]

< M2,
|

Next we state a simple fact about the Huber loss function and separation oracles,
which proof we omit. Recall the formula for the gradient of the Huber loss function.

n
V() = %Zlcp’[m] - x; with @’[t] = sign(t) - min{|¢|, h}.
i=
Fact B.4. Consider the settings of Theorem B.1. Let R = 2'%8, Then
1. there exists an algorithm that given v € Q?, computes V f (v) and f(v) in time BOW .50W[1],
2. there exists an algorithm that given v € Q7 outputs

e YESifv € B(0,R)

* otherwise outputs a hyperplane {x e R* | (a,x) = b} with a,b € Q? separating v
from B(0, R),

in time BOW . pOW[y].
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We are now ready to prove Theorem B.1.

Proof of Theorem B.1. Let M = 28. By Lemma B.3 it suffices to set K = 8(0, M'?), R = M!°
and r = R/2. Then for any v € K, 0 < f(v) < M'2. By Fact B4 Tr+ Tk < BOW. Thus,
puttings things together and plugging Theorem B.2 it follows that there exists an algorithm
computing g with f(B) < f(f) + e in time

B°W . In(1/¢)

for positive ¢ € Q. O

C Consistent estimators in high-dimensional settings

In this section we discuss the generalization of the notion of consistency to the case when
the dimension 4 (and the fraction of inliers &) can depend on .

Definition C.1 (Estimator). Let {d(n)} ), be a sequence of positive integers. We call a
function f : U5, R xIR™ 4 — | J*_ R " an estimator, if forall n € N, ﬁ(]R” x R>d(n)) ¢
R¥(") and the restriction of § to R" x R 4" is a Borel function.

For example, Huber loss defined at y € R" and X € R™¥(" as

n

Bly, X) = argmin ) ®((Xp - y),)
PERIM i

is an estimator (see Lemma C.4 for formal statement and the proof).

Definition C.2 (Consistent estimator). Let {d(n)},’_, be a sequence of positive integers
and let f : U, R" x R™4M — | J'_ R be an estimator. Let {X, } ., be a sequence of
(possibly random) matrices and let {n,,}_; be a sequence of (possibly random) vectors
such that Vn € N, X, has dimensions n X d(n) and 1, has dimension n.

We say that estimator f is consistent for {X,, by and {n,}7 , if there exists a sequence
of positive numbers {¢,}] _; such that lim;, . ¢, = 0 and forall n € N,

sup ]P(%”Xnﬁ(xnﬁ* + Ny /Xn) _Xnﬁ*llz > gn) < €p
‘B*G]Rd(”)

Theorem 1.1 implies that if sequences d(n) and a(n) satisfy d(n)/a?*(n) < o(n) and
d(n) — oo, then Huber loss estimator is consistent for a sequence {X,}~ , of standard
Gaussian matrices X,, ~ N(0,1)"*¥(") and every sequence of vectors {nn};, such that each
nn € R" is independent of X, and has at least a(n) - n entries of magnitude at most 1.

Similarly, Theorem 1.2 implies that if sequences d(n) and a(n) satisfy d(n)/a*(n) < o(n)
and d(n) — oo, then Huber loss estimator is consistent for each sequence {X,}, ; of
matrices X, € R whose column span is (a)(d(n)/az(n)), Q(l))—spread and every

54



sequence of n-dimensional random vectors {1, }_; such that each 7, is independent of
X, and has mutually independent, symmetrically distributed entries whose magnitude
does not exceed 1 with probability at least a(n).

Note that the algorithm from Theorem 1.3 requires some bound on ||*||. So formally
we cannot say that the estimator that is computed by this algorithm is consistent. However,
if in Definition C.2 we replace supremum over R?(") by supremum over some ball in R?(")
centered at zero (say, of radius 71%%), then we can say that this estimator is consistent. More
precisely, it is consistent (according to modified definition with sup over ball of radius
n1%) for sequence {X, }oo, of standard Gaussian matrices X, ~ N(0, 1)) and every

o0 1 such that each 1, € R" is independent of X, and has at least
a(n) - n entries of magnitude at most 1, if n > d(n) logz(d(n))/ocz(n) and d(n) — oo.

sequence of vectors {1, }

To show that Huber loss minimizer is an estimator, we need the following fact:

Fact C.3. [Jen69] For d,N € N, let ® C R? be compact and let M C RN be a Borel set. Let
f: M x® — Rbea function such that for each 6 € ©, f(x, 0) is a Borel function of x and for
each x € M, f(x, 0) is a continuous function of 6. Then there exists a Borel function 6 : M — ©
such that for all x € M,

f(x,0(x)) = minf(x, 0).
0e®
The following lemma shows that Huber loss minimizer is an estimator.

Lemma C.4. Let {d(n)},’_, be a sequence of positive integers. There exists an estimator B such
that for each n € N and for all y € R" and X € R4,

n

S0((Xp(wX) - 0)) = min > 0((X6 - v),).

,BE]R"’(”) =
Proof. For i € N denote
M= {(y,X) e R" X RO | |ly]| <2, omin(X) > 277},

where omin(X) is the smallest positive singular value of X. Note that for all (y, X) € M,
there exists a minimizer of Huber loss function at (i, X) in the ball { g eRs (1) | Il < 2% nlo}.
By Fact C.3, there exists a Borel measurable Huber loss minimizer f,(y, X) on M.
Denote MY = {(y, X) € R x R™4 | X = 0} and let £ (y, X) = 0 for all (y, X) € MJ.
Note that |2, M}, = R* x R4, For (y, X) € R" x R™>4("), define f,(y, X) = fi,(y, X),
where i is a minimal index such that (y, X) € M. Then for each Borel set 8 € R¥ "),

(Ba) " (B) = O(ﬁn)‘%za) N (MM = O(ﬁ;)”(@) N (MM
i=0 i=0

Hence f3,, is a Borel function. Now for each n € N and for all y € R" and X € R™4(") define
an estimator $(y, X) = f.(y, X). O
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D Concentration of measure

This section contains some technical results needed for the proofs of Theorem 1.2 and
Theorem 1.3. We start by proving a concentration bound for the empirical median.

Fact D.1 ([Ver18]). Let 0 < ¢ < 1. Let B = {v € R" | ||v|| < 1}. Then B has an &-net of size
(2££)". That is, there exists a set N C B of size at most (2££)" such that for any vector u € B
there exists some v € N, such that ||v — ul| < e.

Fact D.2 (Chernoff’s inequality, [Ver18]). Let Cq,..., Gy be independent Bernoulli random
variables such that P(¢; = 1) = P(g; = 0) = p. Then for every A > 0,

n A pn
P P> 1+A) | < |————| -
;c > pn(l + >)<((1+A)1+A)
and for every A € (0,1),
n oA pn
P i < 1-A)|<|——————] -
3¢ < p >) < ((l_A)l_A)

i=1

Fact D.3 (Hoeffding’s inequality, [Wail9]). Let z1, ..., z, be mutually independent random
variables such that for each i € [n], z; is supported on [—c;, c;] for some c; > 0. Then forall t > 0,

n t2
(zi—Ez)| > t) < 2exp(——) :
; 2% ¢

Fact D.4 (Bernstein’s inequality [Wail9]). Let z1, ..., z, be mutually independent random
variables such that for each i € [n], z; is supported on [-B, B] for some B > 0. Then for all t > 0,

P

n

t2
zi—Ez;)>t| <expl|- .
Z( l 2 ) p( 22?=1]Ez?+%)

i=1

P

Lemma D.5 (Restate of Lemma 4.6). Let S C [n] be a set of size yn and let z1,...,z, € Rbe
mutually independent random variables satisfying

1. Foralli € [n], P(z; 2 0) =P(z; <0).
2. Forsome e >0, foralli € S,P(z; € [0, ¢]) =P(z; € [-¢,0]) > g.
Then with probability at least 1 — 2 exp{—-Q(q%y>n)} the median 2 satisfies

1Z| < €.
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Proof. Let Z = {z1,...,zx}. Consider the following set:
A={zeZ||z| <e}.

Denote Z" = ZNR5p, A* = ANRsy, Z~ = ZNR¢p, A~ = ANRg. Applying Chernoff
bound for 1, v2, 3 € (0,1),

2
+ 1_ _7/1 n
]P(|Z | < (2 7/1)11) < exp{ 10 },

yi'q-ISl}

10

2
1 | A
IP(|?(+| < (E —7/3) | Al ' Iﬂl) < exp{—y3 1(') |}.

Similar bounds hold for Z~, A".

Now, the median is in A if | Z | + |ﬂ+| >n/2and |Z+| + |A7| > n/2. Itis enough to
prove one of the two inequalities, the proof for the other is analogous. A union bound then
concludes the proof.

2,
So for y, = y3 = 1, with probability at least 1 — exp{—%} —2exp{-Q(q-1S])},

P(AI < (1=y2)q-18]) < exp{—

_ 1 q-|S]
> [= - .
| Z |+|ﬂ | (2 yl)n+ 10

it follows that | Z~| + |A*| > n/2 for

q-|S]
10n

V1S
O

Lemma D.6. Let V be an m-dimensional vector subspace of R". Let B C {v € V | ||v|]| < R} for
some R > 1.

Let g : R? — R be a function such that for all y € Rand |x| < R, |g(x, y)| < C|x| for some
C > land forany |[Ax| < 1, |g(x + Ax, y) — g(x, y)| < K|Ax| for some K > 1.

Let w € R" be a random vector such that w, ..., w, are mutually independent. For any
N > n, with probability at least 1 — N7, forall v € 8B,

< 10C\/m In(RKN) - ||o|| + 1/N .

n

Z (g(vi, wi) ~Eg(v;, wi))

i=1

Proof. Consider some v € R". Since |g;(v;, w;)| < C|v;|, by Hoeffding’s inequality,

n

Z(g(vi, wi) ~Eg(v;, wi))

i=1

< 7CJ|v||
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with probability 1 — 2exp(-12/2).
Let N > n and ¢ = 5. Denote by N, some ¢-net in 8B such that |N;| < (6§)m By
union bound, for any v € N,

n

2(9(01, w;) ~Eg(v;, wi))

i=1

< 10C\/m In(RKN) - ||o]|

with probability at least 1 — N~
Consider arbitrary Av € V such that ||Av|| < €. For any v € N; and w € R”,

n

Z (9(vi + Avi, wi) — g(vi, wy))

; 2N
i=1

$ n
1
< Z|g(vi + Av;, wi) - g(vi,wi)| < K E |Av;| € = .
= i=1

Hence

n n

E » (9(vi + Avi, wi) — g(vi, wy))| < E| Y (9(vi + Avi, wi) — g(vi, wy))| < N
i=1 i=1
and
(!](Ui/ w;) — ]59(01'/ wi)) - Z(g(vi + Avj, w;) - E g(Av;, wi)) <1/N.
i-1 i=1

Therefore, with probability 1 — N™™, for any v € B,

< 10C\/m In(RKN) - ||o|| + 1/N .

n

Z (9(01', wi) ~Eg(v;, wi))

i=1

O

Lemma D.7. Let {1,...,C, be iid. Bernoulli random variables such that P({; =1) = 1 —
P(C; = 0) = m/n for some integer m < n. Denote 81 = {i € [n] | C; =1}. Let S» C [n] bea
random set chosen uniformly from all subsets of [n] of size exactly m.

Let P be an arbitrary property of subsets of [n]. If S1 satisfies P with probability at least 1 — ¢
(for some 0 < € < 1), then 8, satisfies P with probability at least 1 — 2+/ne.

Proof. If m = 0 or m = n, then §1 = 8, with probability 1. So it is enough to consider the
case 0 < m < n. By Stirling’s approximation, for any integer k > 1,

Kk Kk Kk
27tk <k'<s V2k ——— < 1.1-V27mk - — -
e

ok " ok—1/(12k)
Hence
m _ n—m 1
P(|81|:m):(”)(ﬂ) (” m) > i > .
m) V) A 112 2mtn —m)  2vn
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Therefore,
P(S,¢P)=P(S1¢P||S1]|=m)<

O

Fact D.8 (Covariance estimation of Gaussian vectors, [Wail9]). Lef x1, ..., x, € R? be iid
x; ~ N(0, X) for some positive definite ©. € R?. Then, with probability at least 1 — 5,

. o( [d +1ong(1/5) N +1ong(1/5)) iz,

Lemma D.9. Let x1,...,x, € R be iid x; ~ N(0,X) for some positive definite X € RY. Let
k € [d]. Then, with probability at least 1 — ¢, for any k-sparse unit vector v € RY,

1 n
Z)T(; Z xixiT -

i=1

n

l xixiT -
v 2

i=1

v< O

n n

\/klogd +log(1/¢) N klogd +log(1/e)) Iz

Proof. If d =1,1 - d~% = 0 and the statement is true, so assume d > 1. Consider some set
S C [d] of size at most k. By Fact D.8, with probability at least 1 — 6, for any k-sparse unit

vector v with support S,
k +1og(1/6) k+1log(1/0)
Y S ).

1 n

UT(— Z xixiT -X
S

Since there are at most exp(2k In d) subsets of [d] of size at most k, the lemma follows from

union bound with 6 = ¢ exp(=3kInd). O

v< O

Fact D.10 (Chi-squared tail bounds, [LMO00]). Let X ~ x2, (that is, a squared norm of standard
m-dimensional Gaussian vector). Then for all x > 0

]P(X -m > 2x + 2\/mx) <e™
]P(m -X> 2\/xm) <e™™

Fact D.11 (Singular values of Gaussian matrix, [Wai19]). Let W ~ N(0,1)"%, and assume
n > d. Then for each t > 0

]P(amaX(W) > i+ Vi + «/Z) < exp(=1/2)

and

]P(omm(W) <Vn - Vd - \/?) < exp(—t/2),

where omax(W) and omin(W) are the largest and the smallest singular values of W.
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Fact D.12 (k-sparse norm of a Gaussian matrix). Let W ~ N(0, 1)"*? be a Gaussian matrix.
Let 1 < k < n. Then for every 6 > 0 with probability at least 1 — 9,

max max o' Wu < Vd + Vk + {/2k ln(%) +42In(1/0).

ueR?  k-sparse veR”
llull=1 loll=1

Proof. Let v be some k-sparse unit vector that maximizes the value, and let S(v) be the set
of nonzero coordinates of v. Consider some fixed (independend of W) unit k-sparse vector
x € R" and the set S(x) of nonzero coordinates of x. If we remove from W all the rows
with indices not from S(x), we get an k X d Gaussian matrix Ws,). By Fact D.11, norm of
this matrix is bounded by Vd + Vk + Vt with probability at least exp(—t/2). Number of all
subsets S C [n] of size k is (}) < (%)k By union bound, the probability that the norm of
Ws(v) is greater than \/E + \/% + \/? is at most

(Z) -exp(—t/2) < exp(kIn(en/k) —t/2).

Taking t = 2k In(en/k) + 21og(1/6), we get the desired bound. O

E Spreadness notions of subspaces

Lemma E.1. Let v € R" be a vector with %||v||2 = 1. Suppose
n

13 M2 <1/61 02 > .
i=1

Then, %llvsll2 > « /2 for every subset S C [n] with |S| > (1 — 6x/2)n.

The above lemma is tight in the sense that there are vectors v that satisfy the premise
but have ||vs|| = 0 for a subset S C [n] of size |S| = (1 — 0k)n.

Proof. Let T C [n] consist of the 6«x/2 - n entries of v. Let w; = [[012 < 1/6] - U?. Then,
Lwr|?> <1/8 - 6x/2 < x/2. Thus, 1|vs]|> > L||w|? - L]lwr|? > «/2. O

Lemma E.2. Let v € R" be a vector with %llvll2 = 1. Suppose %”05”2 > K for every subset
S C [n]with|S| > (1 —0)n. Then

n
%Zl[vf <1/6] 07 > «.
p

Proof. The number of entries satisfying v? < 1/6 is at least (1 — 6)n. O

60



Lemma E.3. Let V C R" be a vector subspace. Assume that for some p,R € (0,1), forallv € V,
n
o2 < ZlolP] - 02 > PPllolP.
i=1

Then V is (%Rzn, %)-spread.

Proof. Let m = pTZRZn. For vector v € V with [[v||* = m, the set M = {i € [n] | 07 > 1}
has size at most m, so its complement is a disjoint union of three sets: the set S of n — m
smallest entries of v, the set M’ C [n] \ S of entries of magnitude < p/2, and the set of
entries M” C [n] \ (S UM’) of magnitude between p/2 and 1. Note that since |[M’| < m,
Yiem v < 3p7m = 1p*|o]]%

Now consider w = %0. The set N of entries of w of magnitude at most one is a subset of

S U M’. By our assumption, 3,2, wl2 > p?||w||®. Hence
1

Swrs Y wie Y o 2l

ieS wl?<1 ieM’

Since this inequality is scale invariant, V is (m, /3/4 - p)-spread. O

Fact EA4. [GLR10] Let n € N and let V be a vector subspace of R". Define A(V) = sup vn/||v|h.
%

ve
lloll=1

Then

1. If Vis (m, p)-spread, then A(V) < # njm.

; 1
2. Vis (ZAF—V)Z, m)—spread.
The lemma below relates ||-||; and ||-|| of vectors satisfying specific sparsity constraints.
Lemma E.5. Let m € [n], A C [n], y1 > 0and y > 0. Let v € R" be a vector such that
D v < rillolP.
ieA
and for any set M C [n] of size m,
D, o<l
ieM
Then ,
1-y1-7
> ol > —2—2vm o]
V2

ie[n]\A
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Proof. Let M be the set of m largest coordinates of v (by absolute value). Since the inequality

1— 2_,,2
Zien\slvil = yylz Y2 \/mi ||v|| is scale invariant, assume without loss of generality that for

alli e M, |v;| > 1and foralli € [n] \ M, |v;| < 1. Then

2 2 2 2 2 2 2 2
ll2< > o2+ > o2+ > < (Bdlelr+ ) ok

ieM i€eA ie[n]\(AUM) ie[n]\(AUM)
hence
1-12-ylelP< > or< > Jul< ) ol
ie[n]\(AUM) ie[n]\(AUM) ie[n]\A
Note that
1 252 1 N2 5,2
(1=*=yDllvl* > (#) D> (# .
V2 ieM V2
Therefore,
LRt
V=Y
> loil] > 2L mljolf?.
ie[n]\A V2
O
Lemma E.6. Suppose that vector v € R" satisfies the following property: for any S C [n],
en
| <|S|-Inl—=]- E.1
D il <18 “(|3|) (ED)

ieS
Then
o]l < Vén.

Proof. Note that the set of vectors which satisfy Eq. (E.1) is compact. Hence there exists a
vector v in this set with maximal ||v||. Without loss of generality we can assume that the
entries of v are nonnegative and sorted in descending order. Then for any m € [n],

m

Zvi < mln(%) .

i=1

Assume that for some m the corresponding inequality is strict. Let’s increase the last term
v by small enough ¢ > 0. If there are no nonzero v, for m’ > m, all inequalities are still
satisfied and ||v|| becomes larger, which contradicts our choice of v. So there exists the
smallest m” > m such that v, > 0, and after decreasing v, by ¢ < v, all inequalities are
still satisfied. ||v|| increases after this operation:

(O + ) + (0 — €)% = 02+ 0%1, +2e(V — Opr) + €2 > V2 + 0%1, :
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Therefore, there are no strict inequalities. Hence v1 = In(en) and for all m > 1,

U = mln(%) - (m - 1)ln(

mfl) — mIn(1 -1/m)+1n(mef1) < 1n(m€f1).

Since for any decreasing function f : [1,n] — R, Z?:z f(j) < fln f(x)dx,

n-1 n
en en
lo]1? < In*(en) + 1n2(—,) <21n2(en)+/ In2(==\)dx.
> ()

Note that
/lnz(%)dx =2x +2x ln(ﬁ) + xlnz(ﬂ) .
X X X
Hence
" en 2 2
/ an(Y)dx =5n —In“(en) —2In(en) —2 < 5n — In“(en),
1
and we get the desired bound. |

Lemma E.7. Suppose that vectors v € R" and w € R" satisfy the following properties: for some
t1 >0and ty > 0, forany S C [n],

il < t1+1S] - In[ 2] (E.2)
ieS |S|

and
Dlwil < 2 +18] - In en. (E.3)
ieS |S|

Then

[{(v, w)| < t1ty + (f1 + t2) In(en) + 61 .

Proof. Note that the set of pairs of vectors which satisty these properties is compact. Hence
there exist vectors v, w that satisfy these properties such that |[(v, w)| is maximal. Without
loss of generality we can assume that the entries of v and w are nonnegative and sorted
in descending order. Moreover, if some entry v; of v is zero, we can increase |[(v, w)| by
assigning some small positive value to it without violating conditions on v (if w; = 0, we
can also assign some positive value to it without violating conditions on w). Hence we can
assume that all entries of v and w are strictly positive.

Now assume that for some m the corresponding inequality for v with the set [m] is
strict. Let’s increase v,, by small enough ¢ > 0 and decrease v,,41 by ¢. This operation does
not decrease |[{(v, w)|:

(O + &)Wy + (V-1 — E)Wm—1 = VWi + V1 Wiyp—1 + (W — Wip—1) = 0 (E4)

Moreover, if w,, = w;-1, the inequality for w with a set [m] is strict, so by adding ¢ to
wy, and subtracting ¢ from w,,—1; we can make w,, and w1 different without violating

63



constraints on w and without decreasing (v, w)|. Hence without loss of generality we can
assume that all v; are different from each other and all w; are different from each other.
Now, by Eq. (E.4), there are no strict inequalities (otherwise there would be a contradiction).

Hence v1 = t1 + In(en), wq = tp + In(en) and for all m > 1,

en en en en
V= Wy = mln(z) —(m—l)ln(m_l) = mln(l—l/m)+1n(m_1) < ln(m _1)-

Since v — t;e7 satisfies conditions of Lemma E.6,

(v, w)| < viwy + ||v - t1€1||2 - lnz(en) < tify + (f1 + ) In(en) + 61 .
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