Estimation and Quantization of EPDs

Supplementary Material for: Estimation and
Quantization of Expected Persistence
Diagrams

A. Proofs of Section 3

We let () denote the integral of some function f : Q@ — R
against the measure .

Lemma 3. Let P be a probability measure on MP such
that Ep[Pers,(u)] < oo. Let (ptn)n>1 be a sequence of
i.i.d. variables of law P and let i, = (g + -+ + pp).
Then,

OT, (g, E(P)) —— 0 almost surely.

n—oo

(A1)

Proof of Lemma 3. By the strong law of large numbers ap-
plied to the function || - —09||”, we have Pers,(f,,) —
Pers,(E(P)) almost surely. Also, for any continuous
function f : Q — R with compact support, we have
7, (f) = E(P)(f) almost surely. This convergence also
holds almost surely for any countable family (f;); of func-
tions. Applying this result to a countable convergence-
determining class for the vague convergence, we obtain that
(T, )n. converges vaguely towards E(P) almost surely. We
conclude thanks to (Divol & Lacombe, 2020, Thm 3.7). [

Before proving Theorem 1, we give a general upper bound
on the distance OT,, between two measures in MP. The
bound is based on a classical multiscale approach to control
a transportation distance between two measures, appearing
for instance in (Singh & Péczos, 2018). Let J € N. For k >
0,let By = {x € A, ||z — 09| € (L2=F+D [27F]}.
The sets { By, } ;>0 form a partition of A;,. We then consider
a sequence of nested partitions {Sy ;}7_, of B, where Sy ;
is made of Ny, ; squares of side length ¢, ; = L2~ (F+1)27J.

See also Figure 7. Let g, be the measure p restricted to
KB,
(B
If 11(By) = 0, we let i, be any fixed measure, for instance

the uniform distribution on Bj,.

By and pg =

be the conditional probability on By.

Lemma 4. Let i, v be two measures in MP, supported on
Apr. Then, for any J > 0, with ¢, = 27P/2(14+1/(2P — 1)),

OTj(p,v) < 2717 3~ 27 (2777 (u(By) A v(By))
k>0

+eplu(B) —v(BIl+ Y 270 |u(s) —u(S)]).
1<5<J
SGTSk,j—l

Proof. Denote by my, the quantity ( By, ) Av(By). Let i, €
II(x, v1) be an optimal plan (in the sense of W,) between
the probability measures py, and v. If u(Bg) < v(Bg),
then 4By, )y transports mass between /i g, and %m By-

We then build an admissible plan between £ Eg’;; Vg, and

Figure 7. Partition of Az, used in the proof of Theorem 1

v, by transporting (1 — ’:Eg:g) v|p, to the diagonal,

with cost bounded by (1 - 5838) v(By)(L27F)P. Acting
in a similar way if v(By) < u(By), we can upper bound
OT}(u,v) by

Z (maWE (s vi) + LP27 | u(By) — v(By)]) -

k>0
(A2)
Lemma 6 in (Singh & Péczos, 2018) shows that
W;?(Mlm Vk:) < 210/2Lp2—(k+1)p (2—Jp
> 2 (S) —w(s)l). A
1<5<J
Sesk,jfl

Furthermore, one can check that for any S C By
m| e (S) — vie(S)| <

() — v(S)| + u”(s )1 plS)

BV (B 1H(BE) ~ V(B

By summing over S € Sy, j_1, we obtain that

me Y |pk(S) — k()]
SESk,j—1
h (A4)

< |u(Br) —v(B)l+ D u(S) = v(S)I.
SESk ;1

Using ijl 27P1 < 27P/(1 — 27P), and putting together
inequalities (A.2), (A.3) and (A.4), one obtains the inequal-
ity of Lemma 4. O

Before proving Theorem 1, we state a useful inequality.
Let p € M?\/LL and let B C {2 be at distance ¢ from the
diagonal 02. Then,

_ [ lz=09]"

I = o2 —q
w(B) = A 789qu,u(x) < Me~A. (A5)
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Proof of Theorem 1. Consider a distribution P € Pj, ;.

Remark first that for any measure y € M']]\/[’ 1,» we have
w(By) < ML™92% one by (A.5). Let y be a random
persistence measure of law P and 7i,, be the empirical EPD
associated to a n-sample of law P. By the Cauchy-Schwartz
inequality, given a Borel set A C (2, we have
E[u(A)?]
pa

Eln,(A) —E(P)(4)] < (A.6)

The Cauchy-Schwartz inequality also yields, as [Sk j—1]| =
2k+14j7 1 ,

. E[u(S)?
> Elin(S) - BP)(S)| < il
SESk,j—1 SESk,j—1
E [ZSGSk,j—l N(S)2:|
< |Sk,j-1l
n
E[u(Bo)? ML-09¥0
< \/n|8k,j—1| < T2 2 Q) 1.

Note also that > g, Elin(S) — E(P)(S)] <
9E(P)(By) < 2ML-92% and that 7i,(Bj) A
E(P)(Br) < ML~92%. By using those three previous
inequalities, Lemma 4 and inequality (A.6), we obtain that
E[OT} (%, E(P))] is smaller than

ciqu
n

)

J 2" 2
. 2
+ ) 27Irgka <2 N
=1 vn

< MLV (277 4

oP/2 \f P4 Z 9—Fkp (Q*Jpqu +
k>0

\F+U)

J ) e—i £ o
where U = 33,5 > 5 2ka-rla=ir (1/\ 22 ). To

bound U, we remark that if & > log,(n), then the mini-
mum in the definition of U is equal to 1. Therefore, letting
by =1ifp > 1landb; = Jif p = 1, we find that U is
smaller than

>

log,(n) Qk(q p+1/2) (1-p)j

Z XJ: 9—kpo—ijp

k=0 j=1 k>log,(n) =1
9k(q+1/2—p)
S Cpr Z ? + cpnfp
k<logy(n) n
< cpgbs(nV/?2 v naP),

Eventually, if p > 1, we may set J = 400 and obtain
a bound of order MLP~9(n=/2 4+ ni=P). If p = 1, we
choose J = (¢ — p)(logn)/(2p) to obtain a rate of order
n~1Y2 4+ ni=Plogn. O

AL

0N}

Figure 8. In the box Uy, the distance p is equal to the Euclidean
distance.

Proof of Theorem 2. As P}, C Pi,, we have
Ru(Pf ar) > Ra(PEy ). Therefore, Theorem 3, whose
proof is found below, directly implies Theorem 2. [

Proof of Theorem 3. We first consider the case ¢ = 0. If
1, v are two measures on {2 of mass smaller than M, then
OT,(u,v) = Wp p(®(1t), ®(v)) (Divol & Lacombe, 2020,
Prop. 3.15), where p is the distance on Q := Q U {9Q}
defined by Vz, y € ,

p(e,y) = min(|lz —yl, d(z, 092) + d(y, 09))

and ®(u) = p+ (2M — |p|)dsq- Remark that p(z,y) =
|z — y| if 2,y € Uy, where Uy, C Ay is any ¢1-ball of
radius L /+/8 at distance L /2 from the diagonal, see Figure
8. As @ is a bijection, the minimax rates for the estimation
of E(P) is therefore equal to

Juf o sup E[WE($(fn), 2(E(P)))).

(fin) PE’PIOIYjV[,T

Let Q be the set of probability measures on U;, whose
densities belong to B, ., with associated norm smaller than

T/M. Then, PM LT contalns in particular the set of all
distributions P for which y ~ P satisfies ®(p) = M0,
and x is sampled according to some law 7 € Q. For such
a distribution P, one has ®(E(P)) = M, so that the
minimax rate is larger than

inf sup E[W) (a,, MT)],
Gn 7€Q

where the infimum is taken on all measurable functions
based on K observations of the form Md,, with x4, ..., z,
a n-sample of law 7 € Q. Hence, we have shown that the
minimax rate for the estimation of E(P) with respect to
OT,, is larger up to a factor M than the minimax rate for
the estimation of 7 € Q given n i.i.d. observations of law .
As the minimax rate for this problem is known to be larger
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than L? /y/n (Weed & Berthet, 2019, Thm. 5), we obtain
the conclusion in the case ¢ = 0.

For the general case ¢ > 0, we remark that if M’ = M L™¢
then Py ; is included in P%°, ... In particular, the min-
imax rate on ngL . 18 larger than the minimax rate on

0, M'LP _ MLP
Ppr 7> Which is larger than ¢ =72 = ¢ f * for some

constant ¢ > 0. O

Remark 3 (Case p = o). If can be shown that for p = oo,
the minimax rate is larger than c,n~% Ya > 0. This is a
consequence of an inequality between the OT o, distance
and the distance between the support of the measures, for
which minimax rates are known (Hardle et al., 1995). This
means that no reasonable estimator exists on PL, M :
some additional conditions should be added, while stan-
dard assumptions in the support estimation literature seem
artificial in our context (as in Remark 1).

B. Delayed proofs from Section 4.1

Proof of Lemma 2. Fix a codebook ¢ = (¢1...¢g). Let
Te tx — ¢jif x € Vi(c) 1 < j < k) and projyn(x)
if x € Vi11(c), where projyq(x) denotes the orthogonal
projection of a point z € 2 on the diagonal 0f2. Let 7 be
the pushforward of i by the map x — (x, T (z)), extended
on Qx Qby 7(U,Q) = 0for U C 9N (intuitively,  pushes
the mass of p on their nearest neighbor in {c; ...cx41}).
One has, for A, B C Q, 7(A4,Q) = u((id, T.) 71 (A,Q)) =
u(A), and 7(Q, B) = u(T; 1 (B)) = 32, (Vi ())1{c; €
B}, that is 7 is an admissible between the measures £ and
> 1(Vj(c))dc;. Hence,

[ — ;[P dp(z).

P : < i
OoT} M,%:M(VJ(C))% < ) mn

Let (mq ...my) be a vector of non-negative weights, let
v = Zle m;d.,, and 7 be an admissible transport plan
between p and v. One has

k:+1
Jog e wrastan) =32 [ e - esPanton
xQ

k+1

>Z/ min ||z — ¢j/||Pdm(, ¢;)
> [ min o~ ey [P du(o)
a v

k
>0T8 | 1,y u(Vj(e))de,

=1

Taking the infimum over 7 gives the conclusion. O

We now turn to the proof of Proposition 4. For technical

reasons, we extend the function R, to ﬁk, by noting that if
¢; € 09, then the Voronoi cell V;(c) is empty by definition,
see (4.1).

Lemmas. Letc € Q" be such that there exists 1 < j < k
with 1(V;(c*)) = 0. Then, Ri(c) > R;.

In particular, if two centroids of a codebook c are equal or
if a centroid c; of ¢ belongs to 052, then the condition of the
above lemma is satisfied, so that the ¢ cannot be optimal.
This proves the second part of Proposition 4.

Proof of Lemma 5. Let ¢ = (c1,...,¢c,) € Q". Assume
without loss of generality that u(V;(c)) = 0. Let ¢ =
(cay...,cr) € ot (that is, c where we removed the first
centroid). Assume first that p(Vj11(c)) > 0, that is there
is some mass transported onto the diagonal. Consider a
compact subset A C Vj.1(c) such that u(A) > 0 and
the diameter diam(A) of A is smaller than the distance
d(A, 99Q) between A and 0. Let ¢ € A and observe that,
forz € A, ||z — || < ||z — 99||. Therefore,

/ Iz — ¢ |Pdu(e

Consider the measure v = ji(cg) + (A)d.. Then

/ e — O0Pdpu(x).

k
SEDS / e - c; Pdu(z)
j=17Vi(e)

w [ e oaran) + [ o= lPduca)
Vi1 (e)\A

<Ry, (C),
thus ¢ cannot be optimal. We can thus assume that
#(Vi41(c)) = 0, in which case we can reproduce the proof
of (Graf & Luschgy, 2007, Thm 4.1), which gives that c
cannot be optimal either in that case, yielding the conclu-
sion. O

Lemma 6. Ry is continuous.

Proof of Lemma 6. For a given x € (), the map ¢ +
min, ||z — ¢;||? is continuous and upper bounded by ||z —
0Q||P. Thus, Ry, is continuous by dominated convergence
as we have finite Pers,. O

Lemma 7. Let 0 < A < Rj_,.
ﬁk, Ry(c) < A} is compact.

Then, the set {c €

Proof of Lemma 7. Fix A < R;j,_;. The set is closed by
continuity of Ry, so that it suffices to show that it is bounded.
Let c be such that R (c) < A. Pick L such that fAL |z —

OQPdu(x) > Nand [, |« — 9Q|Pdu(x) < Ry, — A
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Such a L exists since [, ||z — 9Q|Pdu(x) = Pers,(u) =
R§ > R;_,. Then, all the ¢;s must be in Apr. Indeed,
assume without loss of generality that ¢c; € A$;. Then
Vi(c) C AS, as any point in Ay, is closer to the diagonal
than to c¢;. Therefore,

k+1

b= [ e elrdnta)
j=2"Vi(e)

+/ min r — cillPdu(z
Vl(c)jG{Q...k+1}|| lPdp(z)

<Ri(©)+ [ o092 du(o)
Vl(C)

<Ri(c) + / & — 00|Pdu(z)
Ag

<A+ R, —A=R;_,,

leading to a contradiction. O

Proof of Proposition 4. We show by recursionon 0 < m <
k that R}, < Ry _; and that C,, is a non-empty com-
pact set (with the convention R*; = +oo. The ini-
tialization holds as R} = Pers,(u) < +oo with the
empty codebook being optimal. We now prove the induc-
tion step. Let ¢ = (¢1,...,¢m-1) € Cy—1. Consider
¢ = (c1,c1,¢2,...,¢m—1). Then, u(Vi(c’)) = 0, so that

*—1 = Rm-1(c) = R,,(c') > R}, by Lemma 5. Fur-
thermore, pick A € (R}, R}, _;). Then, R}, is equal to the
infimum of R, on the set {c € ﬁk, R,,(c) < A}, which is
compact according to Lemma 7. As the function Ry, is con-
tinuous, the set of minimizers C,,, is a non-empty compact
set, concluding the induction step. O

Proof of Corollary 1. The quantities being minimized in
the definitions of D,y;, and m,;, are both continuous func-
tions of c*. As the set Cy is compact, the minima are
attained, and cannot be equal to 0 according to Proposi-
tion 4. O

C. Proof of Theorem 5.

In the following, we fix a distribution P supported on
M? ,, and we consider c* be an optimal codebook of
E(P). The different constants encountered in this section
all depend on the parameters p, L, M, k, Din and muin.
In particular, we introduce the quantity

Mmax =  Sup sup :u‘(‘/j(c*))
peM? ,, 1<5<k

2P M

Note that Mmp. < oL

r— Jvy(er) e = 0QPdp(x).

IA

as fvj(c*) du(x)

The proof of Theorem 5 follows the proof of (Chazal et al.,
2021, Thm. 5). As a first step, we show that it is enough
to prove the following lemma, which relates the loss of c(*)
and the loss of c(**1).

Lemma 8. There exists Ry > 0 such that, if ||c§0) -l <
Ry for1 < j <k, then

Co
t+1

1
(t+1)%

Ellc®+D) —c*|? < (1 - >E|0“)c*||2+

for some constants Cy > 1, C1; > 0.

Proof of Theorem 5. From Lemma 8, we show by induc-
tion that u;, = E|c®) — c*||? satisfies u; < o7 for
a = C1/(Cy — 1). This concludes the proof as 1" is of
order n/log(n). The initialization holds by assumption as
long as Ry < «, whereas we have by induction

Upr1 < (1 Co ) a + @

Ctl) 1 (t41)2
o at
<——{t+1-Co+C = ;
< (t+1)2( + o+ Ci/a) G712
which is smaller than o/ (t + 2). O

The proof of Lemma 8 is a close adaptation of (Chazal et al.,
2021, Lemma 21). The proof of the latter contains tedious
computations (that we do not reproduce here) which can
be adapted mutatis mutandis to our setting once the two
following key results are shown. Given a codebook c, we
let p;(c) = E(P)(V;(c)) and similarly, given a n-sample
fi, ...,y of law P, we let p;(c) = 71, (V;(c)). Note that
if ||c — c¢*| is small enough, one has p;(c) < 2mmax. Also,
we let wy(c, 1); = p(Vj(c))vy(c, p); for p € MP and
1 < j < k. Recall that we assume that the EPD E(P)
satisfies the margin condition (Definition 2) with parameters
A and r( around the optimal codebook c*.

Lemma 9 (Lemma 22 in (Chazal et al., 2021)). Let Ry be
small enough respect to roD? ;. /L? and let c be such that

min

|lc = c*|| < Ro. Then, we have

k
> " Ipj(e) = pj(c)] < 2,
j=1
and

3
lwa(c, E(P)) — wa(c*, E(P))| < 7\/§>\DLT||C —c*.

min

As wy(c*, E(P)); = pj(c*)c}, Lemma 9 indicates that the
application ws (-, E(P)) is Lipschitz continuous around an
optimal codebook c*, a key property to show the conver-
gence of the sequence (c(*));.
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Lemma 10 (Lemma 24 in (Chazal et al., 2021)). Let c
be a codebook such that p;(c) < 2mumax (Which is always
possible if ||c — c*|| is small enough). Then, with probability
larger than 1 — 2ke™", we have, forall 1 < j <k,

4 maxtj 2 max
m dpg(0)$+ Minax® C.1)

1p;(c) - n

Moreover, with probability larger than 1 — e™"

—pj(e)l <

, we have

(e, ) e BP)) | < 2y 2 (%)

(C2)

The proof of this lemma follows from standard concentra-
tion inequalities.

Proof of Lemma 10. Equation (C.1) follows from Bern-
stein inequality applied to the real-valued random vari-
able 0 < pj(c) < 2mmax, with variance bounded by

E[u(V;(©))]/n < Mt (©)/1.

For equation (C.2), we introduce the function f; : =
z1{z € Vj(c)}, so that wa(c, u); = p(f;), the integral
of f; against u. We have wa(c, prn); — wa(c, E(P)); =
n 0 (i(f5) — E(P)(f;). Note that [|;(f)] <
V2L - 2mipax. We write

%Z Uz fJ
J E(P)(f5));

\( *E H H1 f] < 2\/>\/>me&)(

Also, note that F(pu1,...,pn) = |wa(c,pn) —
wa(c, E(P))|| satisfies a bounded difference condition of
parameter 4\@meax (Boucheron et al., 2013, Sec. 6.1).
A bounded difference inequality (Boucheron et al., 2013,
Thm. 6.2) yields the result. O

(P)(f3))i

2

IN

Nz f])

IN

The proof of Lemma 9 relies on the following lemma, that
essentially tells that the area of misclassified points when
using a codebook c instead of an optimal one c* can be
controlled linearly in terms of ||c* — c||. Note that this
result is well-known when boundaries between the cells are
hyperplanes (as it is the case in standard quantization), it
remains to treat the case when the boundary is a parabola.
Let d(x, A) be the distance from a point z € Q to A C .

Lemma 11. Let c* be an optimal codebook, and c € A%.
Letx € Ap and 1 < j < k. Assume that x € V;(c*) N
Vit1(c). Then, d(z,0V;(c*)) < 7L*

= 2D2
cally, ifr € Vigpa(c*)NVj(c), one has d(x,0Vi1(c
[le” = ¢l

|lc* —c||. Symmetri-

) <

2D2

l

Figure 9. Illustration of the proof of Lemma 9

Proof of Lemma 11. For convenience, we write in this
proof the coordinates of points in the basis (992, 9Q"), that
x € Q will have coordinates (a, b) where a is the projection
of z on 9N and b = ||z — IQ|. Also, giveny = (a,b) € €,
we let P, be the parabola with focus y and directrix 9€2. To
put it another way, if y = (a, b), then P, is the image of I
by the map

= (t—a)® b

b,-):t —.

f(a7 ) ) 2b 2

One can check that for all ¢t € [-L/2,L/2],ifb = ||y —
99| > Dmin, we have % < DL_ and‘ ‘ < §+
(t—a)” ‘1) 1 < + 2L2 )

Let ¢f = (a*,b*) and ¢; = (a,b). Letz = (t,u) €

V;(c* ) N Vigi(c). Then, u > f(a*,b*,t), whereas
u < f(a,b,t). The distance d(x, 0V;(c*)) is smaller than

’U,—f(a 7b*7t)
u_f(a’*7b*at)Sf(avbat)_f(a*vb*7t)
§|f(a* b* )ff(a,b*,t)|+|f(a,b* t)ff(aabat”

avVa™ af bvb* af
< b*,t)|d t)d
_/a/\a* 8a( )‘ aJr/b/\b* 8b( % )’ g

N 1 2L2 N

<3+L+2L2 lo—e < T - et
N 2 Dmin D?nln ¢ B 2D12mn ¢ e
which proves the claim. O

Proof of Lemma 9. This proof is inspired from (Levrard
et al., 2015, Appendix A.3). Let us prove the first point.

One has, with t =

le =™ <o,

2D2
k k
Z\pj(C)— (C*)|=Z\E(P —EP)(Vj(c")]
<2 Y E(P)(Vi(e) N Vj(c))
J J'#d

< 2E(P)[N(c*)"] < 2\t < 2.
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where we applied Lemma 11 and the margin condition. To
prove the second inequality, remark that ws(c, E(P)); =
Jv, (¢) TdE(P)(2). Therefore,

J

Hu&(ciE(P))—-ua(C*3E(F3)H

< Z [wa(c, E(P)); —wa(c™, E(P))/]|

/V RLGOR /V P
<QZZ/ 2| dE(P) ()

PR Vj(e)NV;s(c*)

<2JIM<7J) |m—aw O

rmn



