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A. Supplementary Material
A.1. Additional numerical results

In this section, we provide detailed information about our experiments.

We first note that for small scale experiments, i.e., FigureE] and Tablem we use CVX (Grant & Boyd,[2014) and CVXPY
(Diamond & Boyd, 2016 |Agrawal et al.,2018)) with the SDPT3 solver (Tiitiinci et al.,[2001) to solve convex optimization
problems in (IZ). Moreover, the training is performed on the CPU of a laptop with i7 processor and 16GB of RAM. For
UCI experiments, we use the 80% — 20% splitting ratio for the training and test sets. Moreover, the learning rate of SGD
is tuned via a grid-search on the training split. Specifically, we try different values and choose the best performing learning
rate on the validation datasets, which turns out to be 0.3.

For larger scale experiment in Figure [5| we use a GPU with 50GB of memory. In order to train the constrained convex
program in (IZ)), we now introduce an unconstrained version of the convex program as follows

. 1
min -
w,w/ €R2dm1P1 Py 2

~ 2
[ = w) =y + B Wl + W ll2) + p (ge (W) + ge(w)) (1s)

where p > 0 is a trade-off parameter and

my
gc(W) = ]_T Z <(—(2D1ij - In)XW;l)+ + (2D1ij - I”)sz_yl)+> + ]_T Z —(2D2l — In) Z DlinWf;l
il i,l,% Jj=1 +
Since the problem in (I3) is in an unconstrained form, we can directly optimize its parameters using conventional local
search algorithms such as SGD and Adam. Hence, we are able to use PyTorch to optimize the non-convex objective in (@)
and the convex objective in (I5)) on the conventional benchmark datasets such as CIFAR-10 and Fashion-MNIST datasets
with their original training and test splits. For the learning rates of SGD and Adam optimizer (applied to the non-convex
formulations), we again follow the same grid-search technique and select 1 and 0.01 as the learning rates, respectively.
For SGD, we also use momentum with a parameter of 0.9. Moreover, for the convex programs in both cases, we select
the number of hyperplane arrangements for the first and second layer such that P; P, = K and set the learning rate and
the trade-off parameter as 1076 and p = 0.01, respectively. Then, we run the algorithms on the non-convex and convex
formulations for 200, 100 epochs using SGD in Figure[5a] Similarly, we run the algorithms on the non-convex and convex
formulations for 150, 150 epochs using Adam in Figure [5b] We also note that for all of these experiments, we use an
approximated form of the convex program detailed in Remark [3] Therefore, we conjecture that one can even further
improve the performance by either sampling more hyperplane arrangements or developing a technique to characterize the
set of hyperplane arrangements that generalize well.
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Figure 6: Accuracy of a three-layer architecture trained using the non-convex formulation (4) and the proposed convex
program (12), where we use (a) CIFAR-10 with (n, d, m1, K, 3, batch size) = (5x10%, 3072, 100, 40,1073, 10%) and (b)
Fashion-MNIST with (n,d, m, K, 3, batch size) = (6x10%,784,100,40,1073,10%). We note that the convex model is
trained using (a) Adam and (b) SGD.

To complement the experiments in Figure[5] we also conduct a new experiment, where we use Adam and SGD for CIFAR-
10 and Fashion-MNIST, respectively. For this case, we use the same setup above except that the learning rates are chosen as
(5x10~7,5x10~%) and (1075, 3) for CIFAR-10 and Fashion-MNIST respectively, where the former learning rates belong
to the convex problems. We also run the algorithms on the non-convex and convex formulations for 66, 26 epochs using
Adam in Figure [6a] and 150, 150 epochs using SGD in Figure [6b] We plot the accuracy values in Figure [6] where the
training on the convex formulation achieves faster convergence and higher (or at least the same) accuracies compared to
the training on the original non-convex formulation.

A.2. Proof of Lemmalll

We first note that similar proofs are also presented in (Neyshabur et al.,|2014;[Savarese et al.,[2019} [Ergen & Pilanci, [2019;
2020agbicid)).

For any 6 € ©, we can rescale the parameters as W(L-1)k = OkW(L-1)k and Wr, = wrk /oy, for any i > 0. Then, the
network output becomes

Jor(X) = (XWy), .. ~W(L—1)k)+ﬂ)Lk = ((XWyp), .. -W(L—l)k)+ka,

which proves fg x(X) = f5 .(X), ¥k € [K]. In addition to this, we have the following basic inequality

DN =

K K
> Wi+ Iwe-nel3) =D (lwekl Iwi-1kll2),
k=1 p

|wrkl
Iw—1yrll2

not change the right-hand side of the inequality, we can set ||w,_1);|l2 = 1,Vk € [K]. Therefore, the right-hand side
becomes |wp,||1-

1
where the equality is achieved with the scaling choice oy, = ( )2 is used. Since the scaling operation does

Now, let us consider a modified version of the problem, where the unit norm equality constraint is relaxed as || Wz, _1)x||2 <
1. Let us also assume that for a certain index &, we obtain |[w(_1)x||2 < 1 with wry # 0 as an optimal solution. This
shows that the unit norm inequality constraint is not active for w(z,_1)y, and hence removing the constraint for wz,_1)y,
will not change the optimal solution. However, when we remove the constraint, ||wz_1)[l2 — oo reduces the objective
value since it yields wy; = 0. Therefore, we have a contradiction, which proves that all the constraints that correspond to a
nonzero w_rj must be active for an optimal solution. This also shows that replacing ||wz,_1)|l2 = 1 with ||w,_1)ill2 < 1
does not change the solution to the problem.
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A.3. Constraint on the layer weights (Remark 2)

Here, we prove that changing the unit norm constraint on the first L — 2 layer weights does not change the structure of the
regularization induced by the primal problem (2).

We first note that due to the AM-GM inequality, for each sub-network k, we have

L L
2/L
SIWullE > LT IWuly
=1 =1

where the equality is achieved when all the layer weight have the same Frobenius norm, i.e., |[Wik||r = ... = ||[Wir| F-
Therefore, for a given set of arbitrary weight matrices, one can scale them such that their Frobenius norms are equal to
each other and reduce the objective function in (@ Based on this observation, for the rest of the derivations, we assume
[Wikllr = ... = W _2)llr = s without loss of generality.

Now, let us consider the following primal problem instead of

K K L
* . /8 2
P* =min L (; fa,k(X),y> + 521;1 W%, (16)

1

where © := {0 : |Wyl|lr < s,VI € [L —2],Vk € [K]}. For this problem, we can follow all the derivations in the
proof of Theorem [1| (see Appendix below) by changing 17t = 1 as 17t = s2 in ([7). Then, we will have an
additional s factor in the last step of (I8). This change will yield 3/s instead § in (I8). Therefore, if we define a new
variable as 8’ = (3/s, following the remaining steps in the proof below will yield the same convex program in with
the regularization parameter 3’. Hence, the impact of the norm constraint in the primal problem (I6) can be reverted by
simply setting a new regularization parameter 3’ = 3/s.

A 4. Proof of Theorem[I]
We start with rewriting as follows

ma
max max max max vIDy, g ;D Xw (17)
Ije{F1}ic[p] t;20 ”WlleQ/wéjStj j=1

[Pl 17t 3Ty <)
WQZO

mi
S.t. (2D1ij — In)Xw’M >0, V] € [ml], (2D2[ — In) ZIjDMjXW/U > 0.

j=1
Then, the Lagrange function of is as follows

my my mi
L(Wll, ap, ag) = VTD2l ZIJ'DUJ‘XWIU + ag(ZDQl — In) ZIleinW/lj + Z a’{j (2D1ij — In)Xw/lj
J=1 j=1 j=1
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where oy > 0, oy > 0, Vj € [my]. Thus, we have

ma ma ma
max Imax max min v Dy, g Ileinw’Ij + ag(QDgl -1, E IleinWIU + E a{j(QDlij — In)lelj
i€[P]  t;20 le1j”§/wl2j§tj o220
lE[Pe] 17t<1 Ty oy @n2
Ije{il} Wéig

Jj=1 Jj=1 Jj=1

my
: T ! T ! T /
= max min max max g (Z;v' DDy Xwi; 4+ Iy (2Dy — 1) D1y Xwi; 4 af (2D — L) Xw )
i€[P1] 0220 t;>0 leljug/w;jgtj
le[P] 1;201T¢<1 g0 o
T,e{£1} Y
7 w5 >0

j=1

mi
= max min max max ZHIjXTD21D1ijV+IjXT(2D21*In)DlijO‘?JFXT(QDlij*In)alez Wit
i€[P] @220 ;20 17w, <1 <=
le[P] 1;201T¢<1 ! S0 J=1
Tye{£1} -
1

2

_ ; - T T T 2
= max min omax |} [ZX"DaDiyv + X7 (2D2 — L)Diyjaz + X7 (2D — L)as |,

1€[P] 1Te<1 \I=1
Z;e{£1}
= ré][a,PX] II11>I%J HIijTDQZDUij + IijT(2D2[ - In)Dujmag + XT(QD(Sljm) - In)aljm H2 s (18)
% >
le[P;] 011.7‘2m >0
Iy, €{£1}

where j,, denotes the index with the maximum norm. Note that we change the order of max-min for the first equality in

(T8) since the problem in (T7) is convex and there exists a strictly feasible point, therefore strong duality holds, given fixed
diagonal matrices {D;; };":11, Dy; and a fixed set of signs {Z; };”:11

We first enumerate all hyperplane arrangements and signs and index them in an arbitrary order, which are denoted as D
and Doy, where i € [P1],1 € [P2], Py = |S1], and P, = |S3|. Then we have

@ <= max min max HIJ‘XTDQlDMjV +IjXT(2D2l - In)Dh—jag + XT(2D1ij — In)ale <8,
i€[P1] @220 j€[m] 2
le[Py] ©1;20
Zye{£1}

Vi€ [P1],Vj € [mi],Vl € [P],V + Jay, afi; >0

S.t. ‘

I;lXTDQZDUjV +I§lXT(2D21 — In)DujOtQiil + XT(2D17;j - In)aile2 < B,

where we introduce the notation Ifjt.l = +1 to enumerate all possible sign patterns. Therefore, the dual problem in (6) can
also be written as

1 1
max  —o[lv =yl + 5llyl3 (19)
a2iil7aliijl20
o B 20
st ’If;lXTDlemv + I, X" (2D — L,)D1jyak, + X7 (2Dy; — In)oq;le2 < B, Vi€ [P],V] € [mi],V € [Py], V£

H—Ij;.l'XTDQlev + 5, X" (2Dy — 1,)Dyijaiy, + X7 (2Dy;; — L), H2 < B, Vi€ [P],V] € [mi], V€ [P],V£.

We note that the above problem is convex and strictly feasible for v = ai; = ai = al, = ai; = 0. Therefore,
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Slater’s conditions and consequently strong duality holds (Boyd & Vandenberghe] [2004), and (I9) can be written as

) 1 1
irmn max *§||V*Y||§+§HYH% (20)
Vi1 20 am,alimzo

+/
0‘21170‘1”1>0

Py m1 P
+ZZZZM( |z
+,— =1 j5=11=1
Py m1 P
33NN 0E (8- |25, X" DaD v + I5, X7 (2Dy; — L,)Dyjja5;, + X7 (2D — L),
ijl z]l 219145 15l 21 n 1ij o4 lij n ligl
- i=1 j=11=1

X DyDyjv + T, X" (2Dy; — 1,)Dyjanil® + X7 (2D, — L)k, H2)

il
).
2

where we change the order of max-min since strong duality holds. Next, we introduce variables r?; I r?;; € RV €
[P1],Vj € [m1],Vl € [P2],V+ and represent the dual problem (20) as

35l

min max min flﬂvfyH%Jr Iyl 21
'Y”l Vz]zfoail,alwl>0 zi]z izeB? 2
ailz alz]z>0
P m1 P2
+ Z SN 3 ok (B4 h, (TEX DDy + T X7 (2D — 1,)Dyjjagy + X7 (2D — L)ad,,))
+,— i=1 j=1 =1
Py my; P

+3 3330 (5 +1i, ( T X Dy Dyijv + I X7 2Dy — L,)Dyjja5;, + X7 (2D — I")ai’ﬂ))
+,— i=1 j=1I=1

Now, we can change the order of max-min due to Sion’s minimax theorem (Sion, |1958) and then compute the maximums
: + 4+ + !
with respect to v, a5, 031> Qo Oy

mi; P> Py Py m1 P
+ 4 + + +
fyinilir}>0r mlneB ZZZZD2ZD11J ( l’y’b‘]lrljl Iijlryijlrijl) Yy +BZZZZ (7ljl +,7Ul>
ijl Vijr =Y Yijiotiji =22 +,— j=11=1 i=1 +,—i=1j=11=1
(22)
2]:)2l L, Z llelijxrij‘l >0, (2D1ij - In)Xriﬂ >0,Vie [Pl]avj € [TTM],VZ € [PQ],V:E
ma
2Dy — 1, Z TE Dy XrE) >0, (2D — 1,)Xr, > 0, Vi € [P],V) € [ma], VI € [Py],¥ &
Next, we apply a change of variables as W =7 il Vi lrfjl and wl Jl Iilfyj;lrf]l, which yields
my, Py P; Pr m; P
ZZZZDqu (wii —whi) —y +6ZZZZ (Il + Iw5ilz) (3)
w1]l 771 +,—j=11=1 i=1 +,—i=1 j=1I=1

S.t. (2D21 — In) ZDlijxwiijl >0, (2D1ij — In)XW;;l >0, (QDMJ‘ — I")XW'L_jl <0, Vi € [Pl],VJ S [ml},Vl S [PQ],\VH:
j=1
ma
(QDQZ — In) ZDUJ-XW?;’Z > 0, (2D1ij — In)XW:;l > 07 (2D1ij — In)XW;]l < 0, Vi € [Pl],v_] S [ml],Vl S [P2]7v:|:
j=1

which is a finite dimensional convex problem with 4dm, P P, variables and 4n(m; + 1)P; P, constraints.
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A.5. Proof of Proposition 1]

We can construct an optimal solution to the primal problem in (@) from the optimal solution to the convex program in (12),
i.e., denoted as {W;‘;l ,wiijl }iojii,+» as follows

*
wr

i1l imql .
: if1<k<PP
NS me Iz [\/mu Iz ¢w?m1llz] e
—W.; _w;mll .
. d if PPy +1<k<2P,P
— \/Z’”l nwm I {wwm I el prT s e

1k — 4/ +/*
ALl Simyl } if2P1Po+1<k<3PP

7%
V= nwl,l Iz {Jl wi) Il wl Wil

—wi Wit :| if3P 1P+ 1< k<A4P P

N kul I2 {ww,u e Il

T .
VIwiile- ¢||wmll 2] if1<k< PP

HW;u

PP+ 1<k<L2P P

2. zm1l||2

Iy .. \/|| - 'H if2P, Py + 1<k < 3PP,
7 1my
T

[wig Nz = \JlIwinlla| 3PP+ 1<k <4P1 Py
Sy w 1]1”2 ifl1<k< PP
S llwi
S whlle if2PPy+ 1<k <3PPy

zgl
S lwi e 3PP, +1<k<4PP,

[
-
[
{

o PP+ 1<k<2P P,

where
’fp——jJH,k—(Z—nPl) if1<k< PP
) ’“%ﬁﬂ +1,k:—1—P1P2—(l—1)P1) fPPy+1<k<2PP,
,1) = .
EA2BE | 1k —2P Py — (I - 1) Py if2P P, +1< k<3P P,
BSR4 1k —-3P P, — (- 1)Py if3P P, +1<k<A4P P,

Therefore, we obtain an optimal solution to @) as {W?,, wi,, wi, } o4

entries of W7, € R¥*m1 and w3, € R™1, respectively. The optimality of these parameters can be verified as follows.

, where wi, . and wj, ; are the columns and

We first note that this set of parameters yields the same output with the convex program in (12), i.e.,

4P P> my1 Py P
* * * e 4=
D (XWi), wh) wie =) > > > Dabi;X (Wz‘jl - Wz‘jl) :
k=1 = =11=1i=1

We also remark that these parameters are feasible for the original problem (@), i.e., |[W?, ||% = 1, Vk € [4P,P,], and
achieve the same regularization cost with (I12))

4P1P2 Pr m; P>

Z (sl +wie) =83°D 53 (Iwi

+,—i=1j=11=1

e
a5l || )

Since {W3,, Wi, wh } 224" has the same output, therefore the same prediction error, and regularization cost with the
optimal parameters of the convex program in (12)), this set of parameters also achieves the optimal objective value P*, i.e.,

2 4P1 P,

* *2
Z (w3 + w3 )

4P P

Z ((wakﬁ ng)Jr Wz =Y
k=1

1
Pr=-
2
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A.6. Proof for the dual problem in (3)

The proof follows from classical Fenchel duality (Boyd & Vandenberghe, [2004)). We first restate the primal problem after
applying the rescaling in Lemmal[T]

K
P = i L(y tLy= XW _ . 24
el (¥, y) + Bllwrl1 sty kZ::l (XWig)y oo Wir—1yk) , wrk (24)
Now, we first form the Lagrangian as
K
L(v,y,wr)=L(y,y) — VT5’ +v7 Z ((lek)+ . ~W(L—1)1<)Jr wrk + Bllwrl
k=1
and then formulate the dual function as
g(v) = min L(v,y,wr)
y,wL
K
= ;nin L(y,y)— VTS’ +v7 Z ((lek)+ . W(Lq)k)Jr wry + Bllwill
SWL T—1

— _L*(v) st ‘vT (XWi), . ..w(L_l)k)+\ < 8, Vk € [K],
where £* is the Fenchel conjugate function defined as (Boyd & Vandenberghe, [2004)
LX(v) = max z'v — L(z,y).
Therefore, the dual of @ with respect to w, and ¥ can be written as

* . _ : _* T
P = ;génp mgxg(v) = Gnggi max L5(v) s.t. ‘V (XWig), - ..W(L,l)k)+‘ < B, Vk € [K].

We now change the order of min-max to obtain the following lower bound

P* > D* = max min —L£*(v) s.t. ‘vT (XW), .. .w(L,l)k)+‘ < 8, Vk € |K]

v 0€0,

= max —L"(v) s.t. max
v 0€O,

VT ((XW1)+ e 'W(Lfl))-‘r‘ < ﬁ

A.7. Extension to vector outputs

Here, we present the extensions of our approach to vector outputs, i.e., Y € R"*¢ The original training problem in this
case is as follows

K K L
. . p
Py = Ig%lélﬁ <kglfa,k(x)aY> t5 g—u—%q W%

Using the same scaling in Lemma[T]and following the steps in the scalar output case yields the following dual problem

* . * T
D} = mgx puin —£*(V)s.t Hv (XW), .. .W(L,l),c)+H2 < B, Vk € K],

where where £* is the Fenchel conjugate function defined as (Boyd & Vandenberghe, [2004)
L*(V) := max trace (Z"V) — L(Z,Y).

The rest of the derivations directly follows the steps in Section @] and (Sahiner et al . [2021).



