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Abstract

Biclustering structures exist ubiquitously in data
matrices and the biclustering problem was first
formalized by John Hartigan (1972) to cluster
rows and columns simultaneously. In this paper,
we develop a theory for the estimation of general
biclustering models, where the data is assumed to
follow certain statistical distribution with underly-
ing biclustering structure. Due to the existence of
latent variables, directly computing the maximal
likelihood estimator is prohibitively difficult in
practice and we instead consider the variational
inference (VI) approach to solve the parameter
estimation problem. Although variational infer-
ence method generally has good empirical per-
formance, there are very few theoretical results
around VI. In this paper, we obtain the precise es-
timation bound of variational estimator and show
that it matches the minimax rate in terms of es-
timation error under mild assumptions in biclus-
tering setting. Furthermore, we study the con-
vergence property of the coordinate ascent varia-
tional inference algorithm, where both local and
global convergence results have been provided.
Numerical results validate our new theories.

1. Introduction

In a wide range of data analytic scenarios, we encounter
two-mode matrices with biclustering structures (Hartigan,
1972) and we might be interested in modeling the effects of
both rows and columns on the data matrix. Consider the fol-
lowing specific situations. In educational testing (Templin
and Henson, 2010; Matechou et al., 2016), two modes could
be test takers and question items. We expect that test takers
with same skills will form a group and similar questions
may also form into different groups. In gene expression

Proceedings of the 38" International Conference on Machine
Learning, PMLR 139, 2021. Copyright 2021 by the author(s).

studies (Preli¢ et al., 2006; Gu and Liu, 2008), one can or-
ganize the data matrix such that each row corresponds to a
cancer patients and each column corresponds to transcript.
Then the patients can form groups according to different
cancer subtypes and the genes are also expected to exhibit
clustering effect according to different pathways they belong
to. In online e-commerce service (Dolnicar et al., 2012),
researcher may wish to study user behaviors through their
purchasing and navigation history. Users and items can be
viewed as two modes. Users with similar shopping prefer-
ences can be clustered into a group and items with same
functionality can also be grouped together.

To capture aforementioned group effects, statistical mod-
els are often used for modeling the structure of two-mode
data matrix. Latent variables are introduced to capture un-
derlying block effects (Govaert and Nadif, 2010). How-
ever, in two-mode block mixture models, the maximal like-
lihood estimator (MLE) is prohibitively hard to compute
since computing marginal likelihood requires summation
over exponentially many terms. Quite a few computational
methods are developed to estimate the parameters in bi-
clustering models (e.g., double k-means method (Maur-
izio, 2001), model-based expectation-maximization (EM)
method (Pledger and Arnold, 2014), Gibbs-sampling based
method (Meeds and Roweis, 2007; Gu and Liu, 2008), non-
parametric Bayesian method (Niu et al., 2012)). Unfortu-
nately, these methods have no corresponding theoretical
results. We aim to fill this gap in the literature.

Variational inference (VI) approach (Jordan et al., 1999;
Hoffman et al., 2013) is a powerful tool for parameter esti-
mation in complicated hierarchical latent variable models.
When the analytic form of posterior distribution of latent
variables cannot be computed, VI seeks a good candidate
distribution to approximate the true posterior and reduces
computation complexity. VI method has also become popu-
lar in biclustering models in the recent literature (Guan et al.,
2010; Vu and Aitkin, 2015) . In this paper, we start from a
theoretical perspective and consider an estimation problem
for biclustering models via variational inference and develop
the corresponding theory. Specifically, we show both upper
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and lower estimation bounds for varitaional estimator under
biclustering setting, which bridges the gap in the literature
of VI theory. Moreover, we study the coordinate ascent vari-
ational inference (CAVI) algorithm for parameter estimation
and we establish the local convergence property of CAVI
method. Furthermore, we also provide the global conver-
gence results to discuss the situations under which CAVI
may or may not return a consistent estimator. To the best
of our knowledge, this is the first time that relatively com-
plete theoretical results have been provided on variational
inference estimation under the general biclustering settings.

The rest of paper is organized as follows. In Section 2, we
provide a preliminary of biclustering models and variational
inference methods. In Section 3, we study the theoretical
properties of variational estimator and give detailed esti-
mation bounds. In Section 4, we study the convergence
property of CAVI algorithm. Both local and global conver-
gence results are provided. Multiple numerical results are
provided in Section 5 to support our theoretical findings.
Finally, the concluding remarks are given in Section 6.

Notation. For positive integer m, we use [m] to denote set
{1,...,m} and [m;] X [ms] to denote set {(7,j) : i €
[ma],j € [me]}. For two positive sequences {ay,}, {b,},
an S b, means that a, < Cb,, for some large constant C'
independent of n, and a,, < b,, means that a,, < b, and
by, < ay,. The symbols E and P(-) denote generic expecta-
tion and probability whose distribution may be determined
from the context. Additionally, ||z|| / ||z||1 is used to de-
note ¢5- / £1- norm of vector x and || X || r is used to denote
Frobenius norm of matrix X. We use x[¢] to represent the
i-th entry of vector x and use X ¢, j] to represent the entry
of matrix X on ¢-th row and j-th column. We use V f to
represent the derivative of function f with respect to 6.

2. Preliminary

In this paper, we consider the following general biclustering
model. We assume
1€ [m1

Yij ~ fo(ylzii, 225), 1,7 € [mal,

where z;;’s and 29;’s are unobserved latent member-
ships with

Z1i ~ T and Z224 ~ T2,

71 is a discrete probability distribution over .J; latent classes
and 79 is a discrete probability distribution over .J, latent
classes. In other words, P(z1; = k) = m[k] (k € [J1])
and P(zy; = 1) = ma[l] (I € [Jz]). Density function
fo(y|z1, 22) are parameterized by 6. Furthermore, we as-
sume fp(y[21, 22) can be reduced to fy, . (y), thatis, the
observation only depends on latent class-specific parameter.

Given observations (y;;,7 € [m1],j € [m2]), we can write

the likelihood function as

Z le 214 H7T2 225 {Hf@ yz]‘zl7aZ2J)}

YARY ) 7

where Z, = (2’11,. .. 7zlm1) and Zy = (221, .. .,ngz).

Additionally, if only a subset 2 C [m1] X [mg] can be
observed, then the corresponding likelihood function can be
written as

E H7T1 Zu T2 22]

z1,Z2 1,]

H f0 yz]‘zluzh)}

(4,5)€Q

In particular, when Y;; follows the Gaussian distribution

with mean 6, .,, and variance 1, then

021,20, /2}-

fe(yij\Zu, Z2j) x eXP{*(yij

When Y;; is the binary response, that is,
Bernoulli(6.,,.,,) with 0 < 0.,,.,, < 1, then

Yy o~

fo(yijlziis 205) = 043, (1 = 0,2,,) ¥4

This is also known as the stochastic block model (SBM, Hol-
land et al., 1983; Abbe, 2017; Zhou and Li, 2020).

When Y;; is the ordinal response, that is, Y;; ~
Multinom(6., ., [1], . .., 0.,,2,, [KK]) (K is the number of
categories), then

K

| I 211227

fo(yijlzii, 225) l{y”:k}.

Furthermore, Y;; can be an event process (i.e., y;; =
(tij1,---,tijn) is a sequence of event times in [0,T),
which follows a certain counting process model with in-
tensity function 6, ., (t). Then

n T
folwiglr 23) = {]] O, (ti50)} expi— / 0., o, (1)1},
=1 =0

Especially, when 6;;(t) = 0., ,.,,, it reduces to the homoge-
neous Poisson point process. Therefore,

Jo(yijlz1is 225) = 02, ., exp{=T0x,,2,, }.
Approximation via varitaional inference. By a close look
at the formula of L(6), it is difficult to compute the likeli-
hood directly, which requires summation over exponentially
many terms. An alternative approach is to utilize variational
inference (Jordan et al., 1999; Hoffman et al., 2013) meth-
ods to optimize the evidence lower bound (ELBO) instead
of the log likelihood. In general, the ELBO function is

defined as
0o, 2) -

ELBO = E._,(.) E.ng(z) log q(2),
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where the expectation is taken with respect to latent vari-
ables z and ¢(z) is an approximate distribution function for
posterior of z. Under our setting, z = (z1, z2),

10,z) = Zlogﬂl[zlj]—l—Zlogm[sz]

+ZIng9(yijlzli>Z2j)-

(]

For computational feasibility, we consider a mean-
field family (Blei et al., 2017) for the choice of ¢(z).
More precisely, we take ¢(2) = [[, i(z1:) [, ¢;(22;),
(h(zlz) = multinom(qﬁu) with ¢1i = ((,2511[1], ceey ¢12[J1])
and g¢;(z2;) = multinom(¢e;) with ¢o; =
(p25[1],...,¢25[J:]).  Here multinom(¢) represents
a multinomial distribution with parameter ¢. By calculation,
the ELBO can be obtained,

> puilklda;ll] log folyiilk, 1)

(i,9) kil

35" duilk] log(m [K] /éuilK])
7 k

ELBO =

22> dillog(mall]/6n; 1) ()

Although variational inference is a powerful tool in opti-
mization for complex statistical models, the VI theory has
not been fully explored yet in the literature.

3. Estimation Bound of Variational Estimator

It is known that the ELBO function is a lower bound of the
log-likelihood function, that is,

log L(¢) — ELBO = K L(q(2)[Ipe(2[y))-

Since KL divergence is always non-negative, therefore the
maximizer of ELBO may not be an unbiased estimator of
true parameter. Under the biclustering model, we have

KL(q(2)|lpe(zly))
- KL(H q(z1i) H q(225)|Ipe (21, 22|y))

= Z H(bh‘[?«’li] H¢2j[32j] :

Z1,Z> 7 j

{1Og(H b1ilz1i] H $2j]225]) —logpe(z1,22|y)}

As sample sizes m1 and ms go to infinity, we are able to
show that K'L(q(z)|lpe(z|y) goes to 0 in probability. This
can guarantee that the VI estimator is asymptotically con-
sistent. Before going to the main results, we first introduce
some additional notations and assumptions.

Assumption Al:
[ € [J2] such that

For every k # k' € [Ji], there exists

Ot # Orr1- 2
Forevery | # I’ € [J5], there exists k € [J1] such that
Okt # Orrr- 3)

Assumption Al is an identifiability assumption that the ma-
trix 6 cannot have two same columns or two same rows.
This constraint ensures that the individuals from different

classes should have different structural properties. For ex-

ample, when J; = J; = 2and § = (g“ za) (6o # 6p),
b U

we can easily differentiate objects from difference classes

for the first mode, while we fail to classify the objects for the

second mode. This can lead to mis-classification of zg;’s.

Assumption A2: There exists a bounded and compact set
B such that

O € B, fork € [J1],1 € [J3].

Assumption A2 is a compactness assumption to make
sure the objective function has nice continuity property.
For example, when Y;; is binary and has distribution
Bernoulli(6.,.,), we require 0y, € [£,1 — &] for positive
constant £. This is also a usual assumption in SBM litera-
ture (Celisse et al., 2012).

Assumption A3: There exist positive constants y; and 7o
such that

mlk] € [y1,1 — 7], for k € [J1]

and

7T2[l] € [’}/2,1 —’YQ], forl € [JQ]

The above assumption implies that no class is drained. In
this paper, 71 and 7, are assumed to be free of sample
sizes, mq and mg. Moreover, z1;’s and zo;’s are the re-
alizations of multinomial random variables with parame-
ter m; and 7o respectively. Define empirical latent class
probability 71[k] := MM and 7, [l = Aff;[[l], where
Nik] == |{i € [J1] :

i = kY| and Nofl] = |{j €
[J2] : 295 = }}|. Therefore, by large of large number, we
know that 771 € [’71/2, 1 —71/2] and 7 € [’)/2/2, 1—’)/2/2]
But unfortunately, we do not have access to zq;’s and zy;’s.
They have to be estimated as well.

Assumption A4: It is assumed that fy(y|z1,22) =
fo., ., (y) for 21 € [J1] and 2o € [J2] and is log-concave
twice differentiable function. We define

hii(0) = By o, 108 fo(y) “4)

and assume hy,;(0) is a strictly concave function of 6 over
B forany k € [J1],1 € [Ja].
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Assumption A4 puts the requirement on the density of bi-
clustering model. Smooth function fp(y|z1, 22) is assumed
to depend on 6y, only. Function hy;(6) is the expectation
of log density function with respect to true distribution. In
most case, hg;(6) is naturally a strictly concave function.
For example, when fy(y) is the density of Gaussian distri-
bution with variance 1, we have

1
hi(6) = —5(91@1 - 0)?,

which is obviously strictly concave. When fy(y) is the
density of Bernoulli(¢), then

hii(0) = Orilog 6 + (1 — Op) log(1 — 6),

which is also strictly concave on its domain.
Next, we define the variational estimator 0;’s, 71, 2, ¢1;’S
and ¢9;’s as

max ELBO.

(0,71, T2, G14, Poj) := arg o X
The domain for original parameter is 0y, € B, mi[k] €
[v1,1 — m], m2[l] € [v2,1 — 42]. The domain for vari-
ational parameter is ¢1; € Si and ¢g; € Sy, where
S = {30, ¢k] = 1and 0 < ¢[k] < 1} and Sy =
{Zi]; @[l] =1and 0 < ¢[l] < 1}. In a summary, the total
number of parameters is J; Jo + (J1 — 1)my 4+ (Jo — 1)ma +
Ji+ Jo — 2.

3.1. Theoretical Results

Next, we provide the theoretical estimation bounds for the
variational estimator, including classification consistency,
population consistency and parameter consistency. We use

99,99

superscript ”’x” to denote the true values in the rest of paper.

Classification consistency. We use ¢ to denote the prob-
ability mass function on discrete sets {1,...,.J;} that as-
signs the total probability at k € [J;] and use dy; to denote
the probability mass function on discrete sets {1,...,J2}
that puts the total probability at I € [J3]. Let ¢1; =
multinom(¢y;) and Goj = multinom(@j) be the estimated
approximate posterior distribution for z1; and zy;, respec-
tively. Note that the model is invariant in regard to class
label permutation. Without loss of generality, we always
assume that the estimated class labels can be permuted to
match the true labels when the estimator is consistent. We
then can show that the ¢;; converges to 612;1_ and ¢o; con-
verges to 52257,. The result is stated in Theorem 1.

Theorem 1 Under Assumptions Al - A4, there exist con-
stants co and C' such that

drv(Gui, 012;,) < J1exp{—coma}

and
drv (425, 0125,) < Jaexp{—comu }

hold with probability at least 1 — (m; +
mg) max{Jy, Jo} exp{—C min{m,,ma}} for i € [Ji]
and j € [Ja).

Here, dry is the total variation distance between two dis-
tribution. Theorem 1 tells us that we can classify zy;’s
and zy;’s into correct latent classes with high probabil-
ity. To be more specific, we define estimated label as
21 1= argmaxye(y,] Guilk], Z2; = argmaxie(z,] G2,
and z1 = (7:“11, ey 217m] ), Zo = (2’21, ey 22m2)' We then
have P(2z; = z}, %2 = z3) — 1, which is known as strong
consistency in the SBM literature (Abbe et al., 2015; Mossel
et al., 2014; Gao et al., 2017). Moreover, mis-classification
errors decrease exponentially fast in terms of sample sizes.

Population consistency. By the definition of variational
estimator, we can obtain the relation between 7, 7o and
d14’S, P2;’s, which is

Zie[ml] Q/A)lz[k']

milk] = - for k € [J1]
1
, bo: [l
woll] = ZJE[’;;] o1l for | € [Ja)]
1

by simplifying the optimality conditions. By Theorem 1 and
law of large number, we can obtain the consistency of 7y
and 7.

Theorem 2 Under Assumptions Al - A4, there exist con-
stants co — co and C' such that

C1

N

|71 [k] = 71 k]| < Ji exp{—coma} +

and

Co

/12

hold with probability at least 1 — 2(mp +
ma) max{Jy, Jo} exp{—C min{my,ms}} for k € [Ji]
andl € [J3].

| 7a[l] = my[l]] < J2 exp{—comi} +

Here the estimation errors of m; and w9 come from two
sources, variational approximation and sampling noise (i.e.,
the deviation between empirical distribution of z1;’s / 29;’s
and true prior 7 / m2.). When both my, mo go to infinity,
then the sampling noise will become the dominated term.
Hence the estimation errors of 71 and 75 achieve the optimal

rate, i.e., O(ﬁ) and O(#TZ)

Parameter consistency. Next we move onto the estimation
of 6 which is the key parameter to differentiate between
different classes. The upper bound is given in the follow-
ing theorem.
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Theorem 3 Under Assumptions A1 — A4, there exist con-
stants Cy — C3 such that it holds

Hé —0%||% < Cy(J1J2 + my log Jy + ma log Jo)
J1Jo - mims
+ max{Jy, Jo} exp{—Co min{my,m2}} (5)

with probability at least

1 —exp{—C3(J1J2 + mqlog J1 + malog Js)} —
(m1 + mg) max{Jy, Jo} exp{—C3 min{my, ma}}.

Again, we can see that the upper bound for ﬁ 16— 0]12
consists of two main parts (sampling noises and varia-
tional approximation errors). When both m; and my go
to infinity at the same order, the first term on the right
hand side of (5) will denominate the second term. In fact,
(1 Jgtm 1::5 TJn{jmz log J2) i the optimal error rate for any
estimator in the estimation of biclustering model, see ex-
planations in the next part. Moreover, the part involving
J1Jo reflects the number of parameters in 6, while the part
involving (m; log J1 +mq log J2) comes from the complex-
ity of estimating the latent memberships for both modes. It
is the price we need to pay when we do not know the true
clustering information.

Lower bound of parameter estimation. To show that our
upper bound is tight, we first reformulate our parameter
setting. We define an augmented parameter space,

Bo = {®€R™*™:0,=0.,.,,

215 € [Jl],sz S [JQ],9 c B} (6)

In other words, the parameter O is constructed based on
by letting ©;; = 0.,,.,, through the latent memberships.
Let 2;; = argmaxy, g?)ll[k] and Zy; = argmax; g{>2j [k] be
the estimated latent memberships. We then can construct 6
as (:),J = 9}1122].. Similarly, we can define ©* in the same
way. We then have

1 A 1
——©@ -0 =< ——|16 — 6*|%.
10— O < 0 - 3
Therefore, we only need to work on the lower bound of
o 10 — ©7[[3..

Theorem 4 Under Assumptions A1l — A4, there exist some
constants C, ¢ > 0 such that

inf sup

1 -
P(l@@W%>
6 ereBe mims

C(J1J2 + mqlog Ji + malog Js) -
mimes '

By Theorem 3 and Theorem 4, we know that the variational
estimator could achieve the minimax rate when sample sizes

m; and mg tend to infinity at the same order. Compared
with the error bound of MLE (Gao et al., 2016), we can see
that the bias induced by variational approximation is only
of order exp{—C min{m;y, mo}} which is negligible when
both m; and ms go to infinity.

Partial observation case. Furthermore, we consider the sit-
uation that the data may be only partially observed. That
is, we observe (y;; : (4,7) € Q) instead of (y;; : (4,7) €
[ma] x [ma]), where Q is the subset of [m] x [my2]. In addi-
tion, we assume that each pair (¢, j) is observed completely
at random with fixed observation rate p (0 < p < 1). Thus,
the size of 2 is approximately pmim,,. Under this setting,
we can generalize our theoretical results as follows.

Theorem 5 Under the partial observation setting and As-
sumptions Al — A4, there exist Cy — C§ such that

drv(Gui, 6127,) <
drv (G2j,0125,) <

J1 exp{—C{pm2},
Jo exp{—C{pm },

A

¢
N

/
2

,/m2’

EX
=
|
3
— %
=
IN

Jy exp{—C{pms} +

Jo exp{—C{pm1} +

and

Ch(J1J2 + mq log J1 + malog Ja)
pmima

1 .
- 0 o 9* 2 <
Sl <

+ max{Jy, J2 } exp{—Cjpmin{m, ma}}

hold with probability at least 1 — max{Jy, Jo}(m1 +
ma) exp{—C§p(1—p) min{my, ma}} —exp{—Ct(J1 J2+
m1 log J1 + ms log Jg)}

To ensure the estimation consistency, we need that p should
not be too small. From the bounds in Theorem 5, it is
required that

pmyimeg/ max{J;Ja, my log J1, malog Jo} — 0o
and

max{Jy, Ja}(m1 + mz) exp{—Cgp(1 — p) min{my, ma}}
—0

as mp, mg — o0. After simplification, we know that the
observation rate p should be at least of order

max{logm1,logms}

min{my, mo}
Such requirement for p is nearly optimal since

1 I
b= Q(max{ﬂ &72})

mg’ml
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is required for the consistency of maximum likeilhood esti-
mator (Gao et al., 2016).

Connection to the literature. The theoretical properties of
maximal likelihood estimator under biclustering setting has
been considered by Gao et al., 2016. They proved the min-
imax estimation rate of MLE under Gaussian biclustering
models. The biclustering model is related to stochastic block
model. The latter one assumes the symmetric relationship
between two modes. Celisse et al., 2012 established classifi-
cation and estimation consistency for variational inference
of SBM, while they do not provide precise error bound of
estimators. Biclustering model is also related to graphon
model where both observations and latent variables are as-
sumed to be continuous between [0, 1]. Theory on graphon
estimation includes Airoldi et al., 2013; Olhede and Wolfe,
2014; Choi, 2017; Gao et al., 2015; Klopp et al., 2017 and
the references therein. Graphon models are estimated by
nonparametric methods instead of using VI. The bicluster-
ing model also has connection to the matrix completion
problem. The latter one imposes a low rank constraints on
parameter © as opposed to the latent class structure. The the-
ory for matrix completion problem can be found in Candes
and Recht, 2009; Keshavan et al., 2010; Cai et al., 2010;
Koltchinskii et al., 2011; Liu and Li, 2016; Chi et al., 2019;
Cai and Li, 2020, etc.

When the number of classes are unknown. A nature ques-
tion is what is the performance of variational estimator when
J1 and J, are misspecified. If J; or Js is over-specified,
it is expected that the estimation is still consistent in the
sense that some classes may be split into two (or more)
sub-classes. If J; or Js is under-specified, different classes
may merge together. The VI estimator should converge to a
local stationary point. The precise characterization of such
local optimum is of great interest in the future work.

4. Convergence of Variational Algorithm

Although the variational estimator entails nice theoretical
properties, a natural question is how to compute the such
estimator in practice. In this section, we consider a coor-
dinate ascent variational inference (CAVI) algorithm via
alternatively optimizing the model parameters and varia-
tional parameters and discuss the convergence issues.

The procedure of estimating the biclustering model is sum-
marized as follows. We use t € {0, ..., T} to represent the
iteration index and 7" to represent the total iteration numbers.
We first set the initial model parameter as (%), ﬂo), 7750)
and initialize the variational parameters ¢1;’s and ¢2;’s such
that 32, ¢\ [k] = 1 and 37, 657 [1] = 1 for all i € [my],
j € [ma]. Next we update model parameters 6, w1, T2 and
variational parameters ¢1;’s, ¢2;’s alternatively. That is, we
update (") by maximizing equation (1) with ¢y, @2, fixed

at ng(t D and d)étj_l). When density function fp(y|214, 225)
belongs to some special distributional families, #(*) admits
an explicit form. For example,

S e 055 VKIS lys
Sneadts VIS VI

when fj(y|214, 22;) is the density of Bernoulli, Gaussian

or Poisson distribution. We update ¢§? by maximizing
equation (1) with model parameters fixed at value of t-th

iteration and ¢o; fixed at (;52 ;- Weupdate ¢2 ; in the same

fashion. We then update 7r§ ) and 7r§ ) via using relations (5)

and (5). The detailed mathematical formulas are presented
in Algorithm 1.

t)
ol =

Remark. We want to point out that we are not trying to
propose a new algorithm in the current paper. The CAVI-
type algorithm is a standard computational scheme in VI
optimization problems (Blei et al., 2017). Our goal is to
analyze the behavior of CAVI in general biclustering models.
In below, we establish the local and global convergence
results which may benefit the understanding of landscape of
biclustering models.

4.1. Local Convergence

There exist a literature of convergence analysis for EM al-
gorithm under mixture models. Local convergence property
of EM are studied by Jin et al., 2016; Yan et al., 2017; Zhao
et al., 2020. Global convergence property of EM is con-
sidered in Xu et al., 2016. Landscape of stochastic block
model is described in Mukherjee et al., 2018. Local conver-
gence theory of CAVI for SBM model has also been studied
in Zhang and Zhou, 2020. However, there is no literature
on VI algorithm for biclustering models. We fill this gap
in the literature. We first study the local convergence of
Algorithm 1. In this section, we show that algorithm re-
turns a consistent estimator of model parameter when the
initialization is good enough.

Assumption AS5: We assume that there exist constants D
and D such that ¢§3>’s satisfy

Zi:z;i:k} gcz)) [k]
(0) 7./ =
Zk/gék X:i:z1 =k 713 [k]
forall k € [J;] and qﬁg;-)’s satisfy
5 ey, =1 057 1
St Xy, —1 85 (U]
foralll € [J3].

Dy N

> D, ®)

Here, (7) and (8) guarantee that, for each latent class, initial
distribution should put relatively large mass on that true
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label. In other words, the initialization of variational distri-
bution should be good enough to concentrate locally around
true labels.

Algorithm 1 CAVI for Biclustering Model.
1: Input. Observations: {y;; }
2: Output. Estimated parameter: 6
3: Initialization.
Randomly sample #(®) from parameter space B and

chooseﬂo) Z(J%,n-q )andﬂ(o) <J 7""1%)'

Sample variational parameter (bl ,_ independently so that

zkem“’ (k] =

Sample ¢2 1ndependently so that » (7,1 d)(o)[ =1
4: while not converged do
Increase the time index: ¢t = ¢ 4 1.
For each k € [J1] and [ € [J5], update 6x; by

AN

9(1)—argmaxz¢(f 1) ¢(f 1)[]10gf9(yij|kvl)'

ij
7:  Foreachi € [m4], update ¢; by

> > {elMey

ke[J1],l€[J2] j€[m2]

log fo (yislk, D)} = Y k]

ke[J1]

© = ar
1w = g max

(log ¢[K]

—log "V k]).
8:  Foreach j € [my], update ¢o; by

SN {elel K]

ke[J1],l€[J2] i€[m4]

-IOgFg<t)(yij|]€,l)} - Z ¢[l](log ¢[l]

lE[JQ]

¢ =

arg max

—logm§ V1)),

9:  For k € [Ji], update

m D[k =

1 ol
2 Ak

1 i€[m1]

10:  Forl € [J2], update

O L

Ty [l = e Z ¢
J€[m2]

11: end yvhile

12: Set & = 0(T) where T.. is the time index when the
algorithm converges.

Theorem 6 Under Assumptions Al - A4, we assume (7)
and (8) hold with sufficiently large D1 and Do, then Algo-
rithm I will return a consistent estimator with probability
tending to 1 as my, my — 00.

Note that VI estimator is biased under the finite sample
cases. Here, mj, mo — o0 means that m; and ms go
to infinity at the same rate. In Algorithm 1, the order of
updating model parameter 6 and variational parameters ¢’s
can be exchanged (i.e., we first implement lines 6-7 and
then implement line 5 in each iteration). We can still show
the local convergence if we additionally assume that 8°) is
in the neighborhood of 6*.

Theorem 7 Under Assumptions Al - A4, we assume that
(8) holds with sufficiently large Dy and §(©) € B(6*,6)
for small radius 6, then Algorithm 1 returns a consistent
estimator with probability tending to 1 as my, ms — Q.

4.2. Global Convergence

However, we do not have the knowledge of true model
parameters or true latent memberships so that Condition I1
cannot be guaranteed in practice. Can we obtain the global
convergence of Algorithm 1. In the following, we give the
partial answer to this question.

We first observe that there exist saddle points in optimiz-

ing (1). For example, if we let qbg(;) = (J%’ cee Jl) and

qbgj.) = (Ji2 , J%) Then whatever true parameter is, the
algorithm will always return that

< 1 1 1 1
0 =0, (f)— - =) 7= — ., =
where 6 is a matrix with all entries equal to

argmaxg y ;log fo(yij). Hence, we need to add
random noise into the initialization of variational
parameters to escape from this saddle point.

We consider the following random initialization. Specifi-
cally, we sample

qﬁgg) ~ Dir(a;) and qﬁg) ~ Dir(az) )

for i € [my] and j € [m2] independently. Here Dir(cx)
represents the Dirichlet distribution with parameter o;; oy
is a vector of length J; with all entries being 1 and s is a
vector of length J> with all entries being 1. In other words,
Dir(c1) and Dir( ) are non-informative priors.

Degenerate Case. We first consider a degenerate situation
when Jo = 1. Then the biclustering model reduces to a
latent class model. Under this simplified setting, we aim to
find out the global convergence properties.

We first additionally assume that .J; = 2. Then we are able
to show that the algorithm can always gives a consistent
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estimator as long as the model is identifiable (i.e., model
satisfies Assumption Al, 67, # 65,).

Theorem 8 Under Assumptions A1 — A4 and the setting
that J1 = 2 and Jo = 1, then Algorithm I will return a
consistent estimator with probability tending to 1 as both
m1, mg — 00 when the initialization satisfies (9).

Actually, we have the stronger result that the algorithm only
fails when ¢1;’s lie on certain measure zero set. A precise
statement is stated as follows.

Theorem 9 Under Assumptions A1 — A4 and the setting
that J, = 2 and Jy = 1, then Algorithm 1 will fail to return
a consistent estimator if and only if

0
arg max Z 17 [1)1og fo(yij)
2,7

= argmax Z ¢\ (2] 1og fo(yij)- (10)
,]

We can easily see that naive random initialization will make
(10) held with probability zero. This explains the useful-
ness of random initialization. This result is related to EM
method in estimating mixture Gaussian models. In Xu et al.,
2016, they fully characterize the global convergence of EM
algorithm for two equal-proportion Gaussian distributions.

When J; > 3, the story is different. The algorithm might be
trapped at local optimizers. When J; = 3, we can relabel
the latent classes such that

07, > 05, > 03;.

We define @ as follows,
3
0 := arg mgx{kz:l TrkEnygl:l log fo(v)},

which can be viewed as population mean. We similarly
define

ék?lk?2 = arg maax{ﬂk1Eny9;;11 IOg f9 (y)
+7Tk2Ey~f9;$21 log fo (y)}a

which can be viewed as the population parameter of groups
k1 and ko. We further define

gk = VEy~ g, [log fo(y)], k€ {1,2,3}. (11)

The slope gi quantifies the gap between 6}, and 6. When
0, = 0, then g = 0. In addition, we define several
variance quantities,

v = vy = E[(¢{7[1] - 1/3)2],
viz = E[(6 [1] - 1/3)(6{7[2] — 1/3)),

andlet V = (Ul v12>'
V12 V2

Theorem 10 Under Assumptions Al - A4 and the setting
with Jy =3, Jo =1, 03, < 05, <07, and

Enyggl IOg félz (y) > Ey~f951 ]'Og fo;l (y)v (12)

the probability that Algorithm 1 fails to return a consistent
estimator is at least P(gaZ1 + g3Z2 > 0,71 > 0, Z5 > 0)
with (Z1,Z3) ~ N(0,V), when both my, mg — 0.

Here condition (12) implies that Group 2 is closer to Group
1 rather than Group 3. When @ is close to 63, it is easier
for algorithm to find global optimum. By contrast, when
is close to 03, then Class 3 becomes the dominating group.
The algorithm may be stuck at the local optimum, since
Class 1 and Class 2 are classified into one group and the
dominating Class 3 could be split into two groups. The
algorithm can never jump out of this local optimum due
to the constraint (12). By Theorem 10, we know that the
algorithm may not always converge to the global maximizer
and hence will give inconsistent estimator when J; > 3.

Case J; =2and J, =2

Theorem 11 Under the Gaussian/Bernoulli/Poisson model
satisfying Assumptions Al - A3 with J, = Jo = 2 and
m = m = (%, 1), Algorithm 1 returns a consistent esti-
mator with probability tending to 1 as my, mg — o0 when
initialization satisfies (9), and

(071 — 031)(075 — 035) >0, (077 — 075)(03; — 035) > 0. (13)

Theorem 11 guarantees the global convergence when true
parameters are well separated in the sense of (13). For
example, consider a Bernoulli model with m; = m =

(0.5,0.5) and
o_ (07 03
—\03 0.7)°

the algorithm will be trapped at local optimum. Condition
(13) is only sufficient, it is of interest to obtain the necessary
condition under setting of J; = J> = 2 in future work.

Technical challenges. 1) To establish the consistency re-
sults, different types of concentration inequalities are needed
for variational parameter and model parameters separately.
2) To compute the estimation bound under the setting of gen-
eral response distribution functions, the calculation is more
involved and tedious. 3) To study the global convergence
of CAVI, we need carefully calculating the differences be-
tween class-specific model parameters. The computation is
overwhelming.
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Figure 1. Plots of estimation errors under different settings. Upper
two plots are for Bernoulli models. Bottom two plots are for
Poisson models. The standard error bars are also plotted.

5. Numerical Results

In this section, we collect several numerical experiments to
support our theory, i.e., validating the tightness of estimation
bound and global convergence of CAVI algorithm.

Estimation bound. We consider the Bernoulli bicluster-
ing model (i.e., Y;; ~ Bernoulli(f.,,)) and Poisson bi-
clustering model (i.e., Y;; ~ Poisson(f.,.,)). We set
sample size mq mo = m, where m take values
from {100, 200, 300, 400, 500}. We set number of classes
Ji = Jy = J = 2 or 3. True parameter 6 is randomly
generated and 7, mo are set to be uniform prior. For
each setting, we run 100 replications. Estimation errors
( \/ﬁ |6 — 6*|| ) with corresponding standard errors are
shown in Figure 1. Based on curves, we can see that the es-
timation error decreases as sample sizes increase. When the
number of classes increases, the error will become larger. In
addition, when J is fixed, the estimation error decays at rate
of Lm with variational approximation error vanishing (less
than 1e-9). This matches the results stated in Theorem 3.

Global convergence. We take J; = 3, Jo = 1 and consider
mixture Bernoulli model and mixture Gaussian model. We
fix parameters 611, 621, population prior 7 and but let 03,
vary. We want to study the probability of global convergence
as 031 changes. The detailed settings and corresponding
results under different sample sizes can be found in caption
of Figure 2. Each setting is replicated for 100 times.

It is straightforward to see that group 3 is the dominating
class (i.e., m1[3] has the largest value). From Figure 2, when
fs1 is much smaller than 611, f>1, then it becomes harder to
find the global optimum. There exists a non-zero probability

Binary Response Binary Response

]
S Fo08
= —m2=250 | >
205 —-m2=500 | 2$06 ——m2 =250
§ m2 = 750 g ——m2 = 500
o —+—-m2=1000|| o 0.4 m2 = 750
——m2 = 1000
0 0.2
054 056 058 06 0.62 038 04 042 044 046
theta3 theta3

Gaussian Response

——

Gaussian Response

<09 0.9
> ——m2 = 250 =
208 ~m2-500 || 208 " m2-250
o Q —e—m2 = 500
153 m2 =750 3
£o7 ——m2 = 1000 &0.7 m2 =750
me = ——m2 = 1000
0.6 0.6
-0.8 -0.6 0.4 1.1 -1 -0.9 -0.8 -0.7
theta3 theta3

Figure 2. Probability of global convergence for Bernoulli and Pois-
son models under different settings. The parameter choice is spec-
ified as follows. Upper left: m (0.1,0.2,0.7), 611 = 0.9,
021 = 0.7. Upper right: m = (0.1,0.2,0.7), 611 0.9,
021 = 0.6. Bottom left: w1 = (0.2,0.2,046), 011 = 1,921 = 0.
Bottom right: w1 = (0.3,0.1,0.6), 611 = 1,021 = 0. For all four
cases, m1 = 500 and mo € {250, 500, 750, 1000}.

of failure in recovering the true parameter. As 63 increases,
the recovery probability increases up to 1. This phenomenon
matches our theory.

6. Conclusion

In this paper, we develop a theory of variational inference
estimation in biclustering models. Our result is general in
the sense that we do not assume any specific response func-
tions. The assumptions are mild and they are satisfied by
most probabilistic models, including but not limited to SBM
model, mixture Gaussian model and mxiture Poisson model.
We establish the classification consistency, population con-
sistency and parameter consistency. Both upper and lower
bounds of estimation errors are also obtained. Our theory an-
swers the question why variational inference works well for
biclustering problem. In addition, we consider a coordinate
ascent variational inference (CAVI) algorithm for parameter
estimation. The algorithm is shown to have local conver-
gence property under a reasonable initialization requirement.
On the other hand, with the random initialization, global
convergence results are also established under several im-
portant special settings. This work not only bridges the gap
in the literature around VI theory and but also gives a deeper
understanding of the landscape of biclustering models.
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