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Appendix: Learning Bounds for Open-Set Learning

• Appendix A recalls some important definitions and concepts.

• Appendix B provides the proof for Theorem 1.

• Appendix C provides the proof for Theorem 2.

• Appendix D provides the proof for Theorem 3.

• Appendix E provides the proofs for Theorems 4, 5 and 6.

• Appendix F provides details on datasets and parameter analysis.
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Appendix: Learning Bounds for Open-Set Learning

1. Appendix A: Notations and Concepts
In this section, we introduce the definition of open-set learning and then introduce important concepts used in this paper.

Let X ⊂ Rd be a feature space and Y := {yc}C+1
c=1 be the label space, where the label yc is a one-hot vector whose c-th

coordinate is 1 and the other coordinate is 0.

Definition 1 (Domain, Known and Unknown Classes.). Given random variable X ∈ X and Y ∈ Y , a domain is a joint
distribution PX,Y . The classes from Yk := {yc}Cc=1 is called known class and yC+1 is called unknown classes.

The open set learning problem is defined as follows.

Problem 1 (Open-Set Learning). Given independent and identically distributed (i.i.d.) samples S = {(xi,yi)}ni=1 drawn
from PX,Y |Y ∈Yk . Aim of open-set learning is to train a classifier using S such that f can classify 1) the sample from known
classes into correct known classes; 2) the sample from unknown classes into unknown classes.

Table 1. Main notations and their descriptions.
Notation Description
X , Y = {yi}C+1

i=1 , Yk = {yi}Ci=1 feature space, label space, label space for known classes
X , Y random variables on the feature space X and Y
PX,Y , QX,Y joint distributions
PX , QX marginal distributions
PX,Y |Y ∈Yk , QX,Y |Y ∈Yk conditional distributions when label belongs to known classes
PX|Y=yC+1

, QX|Y=yC+1
conditional distributions when label belongs to unknown classes

RαP , RαQ α-risks corresponding to PX,Y , QX,Y
RP,k, RQ,k partial risks for known classes corresponding to PX,Y , QX,Y
RP,u, RQ,u partial risks for unknown classes corresponding to PX,Y , QX,Y
h hypothesis function from X → RC+1

H hypothesis space, a subset of {h : X → RC+1}
HK RKHS with kernel K
U auxiliary distribution defined over X
Q0,β
U PY |X ideal auxiliary domain defined over X × Y

Q̂τ,βU the approximation of Q0,β
U

w weights
S, T samples drawn from PX,Y and QX , respectively
n,m sizes of samples S and T
d`h,H,Λ disparity discrepancy, combined risk
R̂τ,βS,T ,R̃τ,βS,T auxiliary risk, proxy of auxiliary risk



110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164

Appendix: Learning Bounds for Open-Set Learning

2. Appendix B: Proof of Theorem 1
Proof of Theorem. 1.

|RαP (h)−RαQ(h)| = |(1− α)RP,k(h) + αRP,u(h)− (1− α)RQ,k(h)− αRQ,u(h)|

=
∣∣(1− α)

∫
X×Yk

`(h(x),y)dPX,Y |Y ∈Yk(x,y) + αRP,u(h)− (1− α)

∫
X×Yk

`(h(x),y)dQX,Y |Y ∈Yk(x,y)− αRQ,u(h)
∣∣

=α
∣∣RP,u(h)−RQ,u(h)

∣∣ we have used QX,Y |Y ∈Yk = PX,Y |Y ∈Yk

=α
∣∣ ∫
X
`(h(x),yC+1)dPX|Y=yC+1

(x)−
∫
X
`(h(x),yC+1)dQX|Y=yC+1

(x)
∣∣

≤α
∣∣ ∫
X
`(h(x),h′(x))dPX|Y=yC+1

(x)−
∫
X
`(h(x),h′(x))dQX|Y=yC+1

(x)
∣∣

+α

∫
X
`(h′(x),yC+1)dPX|Y=yC+1

(x) + α

∫
X
`(h′(x),yC+1)dQX|Y=yC+1

(x) the triangle inequality is used

≤αd`h,H(PX|Y=yC+1
, QX|Y=yC+1

) + α

∫
X
`(h′(x),yC+1)dPX|Y=yC+1

(x) + α

∫
X
`(h′(x),yC+1)dQX|Y=yC+1

(x).

Hence,

|RαP (h)−RαQ(h)| = min
h′∈H

|RαP (h)−RαQ(h)| Note that we minimize h′, but not h

≤ min
h′∈H

(
αd`h,H(PX|Y=yC+1

, QX|Y=yC+1
) + α

∫
X
`(h′(x),yC+1)dPX|Y=yC+1

(x) + α

∫
X
`(h′(x),yC+1)dQX|Y=yC+1

(x)
)

≤αd`h,H(PX|Y=yC+1
, QX|Y=yC+1

) + αΛ.
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3. Appendix C: Proof of Theorem 2
Proof of Theorem 2. Step 1. Note that∫

X×Y
`(φ ◦ h̃(x), φ(y))dPY |X(x)dP̃ (x) = 0,

hence, if we set P̃X,Y = P̃PY |X , then∫
X×Y

`(φ ◦ h̃(x), φ(y))dP̃X,Y |Y ∈Yk(x,y) = 0,

∫
X
`(φ ◦ h̃(x), φ(yC+1))dP̃X|Y=yC+1

(x) = 0.

Note that `(y,y′) = 0 iff y = y′, hence, h̃(x) = yC+1, for x ∈ supp P̃X|Y=yC+1
a.e. P̃ and h̃(x) 6= yC+1, for

x ∈ supp P̃X|Y ∈Yk a.e. P̃ .

Step 2. Because PX � QX � P̃ , then,

supp P̃X|Y ∈Yk ⊃ supp QX|Y ∈Yk ⊃ supp PX|Y ∈Yk

and
supp P̃X|Y=yC+1

⊃ supp QX|Y=yC+1
⊃ supp PX|Y=yC+1

.

Step 3. We need to check that minh∈HR
α
P (h) = (1 − α) minh∈HRP,k(h). First, it is clear that minh∈HR

α
P (h) ≥

(1− α) minh∈HRP,k(h). If there exists hP ∈ H such that minh∈HR
α
P (h) > (1− α) minh∈HRP,k(hP ).

Set
h̃P (x) = yC+1, if h̃(x) = yC+1; otherwise, h̃P (x) = hP (x),

hence, using the results of Step 1 and Step 2, we know {x : h̃(x) = yC+1} ⊃ supp PX|Y=yC+1
. Then,

(1− α)

∫
X×Yk

`(hP (x),y)dPX,Y |Y ∈Yk(x,y)

=(1− α)

∫
{supp PX|Y∈Yk}×Yk

`(hP (x),y)dPX,Y |Y ∈Yk(x,y)

=(1− α)

∫
{supp PX|Y∈Yk}×Yk

`(h̃P (x),y)dPX,Y |Y ∈Yk(x,y) have used h̃(x) 6= yC+1, for x ∈ supp P̃X|Y ∈Yk a.e. P̃

=(1− α)

∫
{supp PX|Y∈Yk}×Yk

`(h̃P (x),y)dPX,Y |Y ∈Yk(x,y) + 0

=(1− α)

∫
{supp PX|Y∈Yk}×Yk

`(h̃P (x),y)dPX,Y |Y ∈Yk(x,y) + α

∫
supp PX|Y=yC+1

`(h̃(x),yC+1)dPX|Y=yC+1
(x)

=(1− α)

∫
{supp PX|Y∈Yk}×Yk

`(h̃P (x),y)dPX,Y |Y ∈Yk(x,y) + α

∫
supp PX|Y=yC+1

`(h̃P (x),yC+1)dPX|Y=yC+1
(x)

=RαP (h̃P ) ≥ min
h∈H

RαP (h),

hence, minh∈HR
α
P (h) = (1 − α) minh∈HRP,k(h). Similarly, we can prove that minh∈HR

α
Q(h) = (1 −

α) minh∈HRQ,k(h). Because QX|Y ∈Yk = PX|Y ∈Yk , hence, minh∈HRQ,k(h) = minh∈HRP,k(h). Using the results of
Step 3, we obtain that

min
h∈H

RQ(h) = min
h∈H

RP (h). (1)

Step 4. Given any h∗ ∈ arg minh∈HR
α
P (h), then we construct h̃∗ such that

h̃∗(x) = yC+1, if h̃(x) = yC+1; otherwise, h̃∗(x) = h∗(x).
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Appendix: Learning Bounds for Open-Set Learning

It is clear that h̃∗ ∈ H according to Assumption 1.

Then,

RαP (h∗)

≥(1− α)

∫
X×Yk

`(h∗(x),y)dPX,Y |Y ∈Yk(x,y)

=(1− α)

∫
{supp PX|Y∈Yk}×Yk

`(h∗(x),y)dPX,Y |Y ∈Yk(x,y)

=(1− α)

∫
{supp PX|Y∈Yk}×Yk

`(h̃∗(x),y)dPX,Y |Y ∈Yk(x,y) have used h̃(x) 6= yC+1, for x ∈ supp P̃X|Y ∈Yk a.e. P̃

=(1− α)

∫
{supp PX|Y∈Yk}×Yk

`(h̃∗(x),y)dPX,Y |Y ∈Yk(x,y) + 0

=(1− α)

∫
{supp PX|Y∈Yk}×Yk

`(h̃∗(x),y)dPX,Y |Y ∈Yk(x,y) + α

∫
supp PX|Y=yC+1

`(h̃(x),yC+1)dPX|Y=yC+1
(x)

=(1− α)

∫
{supp PX|Y∈Yk}×Yk

`(h̃∗(x),y)dPX,Y |Y ∈Yk(x,y) + α

∫
supp PX|Y=yC+1

`(h̃∗(x),yC+1)dPX|Y=yC+1
(x)

=RαP (h̃∗).

Hence, for any h∗ ∈ arg minh∈HR
α
P (h),∫

X
`(h∗(x),yC+1)dPX|Y=yC+1

(x) =

∫
supp PX|Y=yC+1

`(h∗(x),yC+1)dPX|Y=yC+1
(x) = 0.

Similarly, we can prove that for any h∗ ∈ arg minh∈HR
α
Q(h),∫

X
`(h∗(x),yC+1)dQX|Y=yC+1

(x) = 0.

Step 5. Given any hQ ∈ arg minh∈HR
α
Q(h), we can find that (using result of Step 3)

RαQ(hQ) = (1− α)RQ,k(hQ) = (1− α)RP,k(hQ),

and ∫
X
`(hQ(x),yC+1)dQX|Y=yC+1

(x) = 0.

Because PX � QX , we know
PX|Y=yC+1

� QX|Y=yC+1
,

which implies that ∫
X
`(hQ(x),yC+1)dPX|Y=yC+1

(x) = 0.

Hence,
RαQ(hQ) = (1− α)RQ,k(hQ) = (1− α)RP,k(hQ) + α ∗ 0 = RαP (hQ).

Using the result (see Eq. (1)) of Step 3,
min
h∈H

RαQ(h) = min
h∈H

RαP (h).

We obtain that
hQ ∈ arg min

h∈H
RαP (h),

this implies
arg min

h∈H
RαQ(h) ⊂ arg min

h∈H
RαP (h).
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4. Appendix D: Proof of Theorem 3
Lemma 1. For any h ∈ H,

RαQ(h) = (1− α)RP,k(h) + max{RQ(h,yC+1)− (1− α)RP,k(h,yC+1), 0},

where α = Q(Y = yC+1),

RQ(h,yC+1) =

∫
X
`(h(x),yC+1)dQX(x),

and

RP,k(h,yC+1) =

∫
X
`(h(x),yC+1)dPX|Y ∈Yk(x),

Proof. Step 1. We claim that RαQ(h) = (1− α)RP,k(h) + αRQ,u(h).

First, it is clear that
RαQ(h) = (1− α)RQ,k(h) + αRQ,u(h). (2)

Because QX,Y |Y ∈Yk = PX,Y |Y ∈Yk , hence,

RQ,k(h) =

∫
X×Yk

`(h(x),y)dQX,Y |Y ∈Yk(x,y)

=

∫
X×Yk

`(h(x),y)dPX,Y |Y ∈Yk(x,y)

=RP,k(h).

(3)

Combining Eq. (2) with Eq. (3), we have that

RαQ(h) = (1− α)RP,k(h) + αRQ,u(h).

Step 2. We claim that αRQ,u(h) = max{RQ(h,yC+1)− (1− α)RP,k(h,yC+1), 0}.

First, it is clear that

RQ(h,yC+1) =(1− α)

∫
X
`(h(x),yC+1)dQX|Y ∈Yk + α

∫
X
`(h(x),yC+1)dQX|Y=yC+1

=(1− α)

∫
X
`(h(x),yC+1)dPX|Y ∈Yk + α

∫
X
`(h(x),yC+1)dQX|Y=yC+1

=(1− α)RP,k(h,yC+1) + α

∫
X
`(h(x),yC+1)dQX|Y=yC+1

=(1− α)RP,k(h,yC+1) + αRQ,u(h).

(4)

Hence,
αRQ,u(h) = RQ(h,yC+1)− (1− α)RP,k(h,yC+1).

Because αRQ,u(h) ≥ 0, we obtain that

αRQ,u(h) = max{RQ(h,yC+1)− (1− α)RP,k(h,yC+1), 0}.

Step 3. Combining the results of Steps 1 and Steps 2, we have that

RαQ(h) = (1− α)RP,k(h) + max{RQ(h,yC+1)− (1− α)RP,k(h,yC+1), 0}.
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Lemma 2. (Kanamori et al., 2009; 2012). Assume the feature space X is compact. Let the RKHSHK be the Hilbert space
with Gaussian kernel. Suppose that the real density p/q ∈ HK and set the regularization parameter λ = λn,m in KuLSIF
such that

lim
n,m→0

λn,m = 0, λ−1n,m = O(min{n,m}1−δ),

where 0 < δ < 1 is any constant, then √∫
X

(ŵ(x)− r(x))2dU(x) = Op(λ
1
2
n,m),

and
‖ŵ‖HK = Op(1),

where ŵ is the solution of KuLSIF.

Proof. The result √∫
X

(ŵ(x)− r(x))2dU(x) = Op(λ
1
2
n,m),

can be found in Theorem 1 of (Kanamori et al., 2009) and Theorem 2 of (Kanamori et al., 2012).

The result
‖ŵ‖HK = Op(1)

can be found in the proving process (pages 27-28) of Theorem 1 of (Kanamori et al., 2009) and the proving process (pages
354-365) of Theorem 2 of (Kanamori et al., 2012).

Then, we introduce the Rademacher Complexity.

Definition 2 (Rademacher Complexity). Let F be a class of real-valued functions defined in a space Z . Given a distribution
P over Z and sample S̃ = {z1, ...,zñ} ∈ Z drawn i.i.d. from P , then the Empirical Rademacher Complexity of F with
respect to the sample S̃ is

<̂S̃(F) := Eσ[sup
f∈F

1

ñ

ñ∑
i=1

σif(zi)], (5)

where σ = (σ1, ..., σñ) are Rademacher variables, with σis independent uniform random variables taking values in −1,+1.

Then the Rademacher complexity
<ñ,P (F) := ES̃∼P ñ<̂S̃(F). (6)

With the Rademacher complexity, we have

Lemma 3. (Theorem 26.5 in (Shalev-Shwartz & Ben-David, 2014).) Given a space Z , a function l : R×Z → R+ and a
hypothesis setH ⊂ {f : Z → R}, let

F := l ◦ H = {l(f(z), z) : f ∈ H},

where l ≤ B. Then for a distribution P on space Z , data S̃ = {z1, ...,zñ} ∼ P i.i.d, we have with a probability of at least
1− δ > 0, for all f ∈ F:

R̂(f)−R(f) ≤ 2<̂S̃(F) + 4B

√
2 log(4/δ)

ñ
, (7)

where R(f) :=
∫
Z l(f(z), z)dQ(z) and R̂(f) := 1

ñ

∑ñ
i=1 l(f(zi), zi).

Using the same technique as in Lemma 3, we have with a probability of at least 1− 2δ > 0, for all f ∈ F :

|R(f)− R̂(f)| ≤ 2<̂S̃(F) + 4B

√
2 log(4/δ)

ñ
. (8)
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Definition 3 (Shattering (Shalev-Shwartz & Ben-David, 2014)). Given a feature space X , we say that a set U ⊂ X is
shattered byH if there exist two functions h0,h1 : U → Y , such that
• For every x ∈ U , h0(x) 6= h1(x).
• For every V ⊂ U , there exists a function h ∈ H such that ∀x ∈ V,h(x) = h0(x) and ∀x ∈ U\V,h(x) = h1(x).

Hence, we can define the Natarajan dimension as follows.

Definition 4 (Natarajan Dimension (Shalev-Shwartz & Ben-David, 2014)). The Natarajan dimension of H, denoted
Ndim(H), is the maximal size of a shattered set U ⊂ X .

It is not difficult to see that in the case that there are exactly two classes, Ndim(H) = VCdim(H). Therefore, the Natarajan
dimension generalizes the VC dimension.

Lemma 4. Assume thatH ⊂ {h : X → Y} has finite Natarajan dimension and the loss function ` has upper bound c, then
for any 0 < δ < 1,

sup
h∈H
|RP,k(h)− R̂S(h)| = cOp(1/n

1−δ
2 ), sup

h∈H
|RP,k(h,yC+1)− R̂S(h,yC+1)| = cOp(1/n

1−δ
2 ),

where
R̂S(h) :=

1

n

∑
(x,y)∈S

`(h(x),y), R̂S(h,yC+1) :=
1

n

∑
(x,y)∈S

`(h(x),yC+1).

Proof. Assume that the Natarajan dimension is d and the upper bound of ` is B.

Let F = {`(h(x),y) : h ∈ H}. Then the Natarajan lemma (Lemma 29.4 of (Shalev-Shwartz & Ben-David, 2014)) tells us
that

|{h(x1), ...,h(xn)|h ∈ H}| ≤ nd(C + 1)2d.

Denote A = {(`(h(x1),h′(x1)), ..., `(h(xn),h′(xn))|h,h′ ∈ H}. This clearly implies that

|A| ≤ |{h(x1), ...,h(xn)|h ∈ H}|2 ≤ (n)2d(C + 1)4d.

Combining above inequality with Lemma 26.8 of (Shalev-Shwartz & Ben-David, 2014) and inequality (8), we obtain with a
probability of at least 1− 2δ > 0,

sup
h∈H
|RP,k(h)− R̂S(h)| ≤ 2<̂S(F) + 4c

√
2 log 4

δ

n
≤2c

√
4d log n+ 8d log(C + 1)

n
+ 4c

√
2 log 4

δ

n
,

hence,
sup
h∈H
|RP,k(h)− R̂S(h)| = cOp(1/n

1−δ
2 ).

Using the same technique, we can also prove that suph∈H |RP,k(h,yC+1)− R̂S(h,yC+1)| = cOp(1/n
1−δ
2 ).

Lemma 5. Assume the feature space X is compact and the loss function has an upper bound c. Let the RKHS HK is
the Hilbert space with Gaussian kernel. Suppose that the real density p/q ∈ HK and set the regularization parameter
λ = λn,m in KuLSIF such that

lim
n,m→0

λn,m = 0, λ−1n,m = O(min{n,m}1−δ),

where 0 < δ < 1 is any constant, then

sup
h∈H
|RQ(h,yC+1)− γR̂τ,βT (h,yC+1)| ≤ γβcU({x : 0 < r(x) ≤ 2τ}) + c

(
max{1, β

τ
}+ β

)
Op(λ

1
2
n,m),

where

RQ(h,yC+1) =

∫
X
`(h(x),yC+1)dQX(x), R̂τ,βT (h,yK+1) :=

1

m

∑
x∈T

Lτ,β(ŵ(x))`(h(x),yK+1),

here QX := Q0,β
U , and ŵ is the solution of KuLSIF.



440
441
442
443
444
445
446
447
448
449
450
451
452
453
454
455
456
457
458
459
460
461
462
463
464
465
466
467
468
469
470
471
472
473
474
475
476
477
478
479
480
481
482
483
484
485
486
487
488
489
490
491
492
493
494

Appendix: Learning Bounds for Open-Set Learning

Proof. Step 1. We claim that

sup
h∈H
|RQ(h,yC+1)− γRτ,βU (h,yC+1)| ≤ γβcU({x : 0 < r(x) ≤ 2τ}),

where
Rτ,βU (h,yC+1) =

∫
X
Lτ,β(r(x))`(h(x),yC+1)dU(x),

here r(x) = p(x)/q(x).

First, we note that ∣∣ ∫
X
L0,β(r(x))`(h(x),yC+1)dU(x)−

∫
X
Lτ,β(r(x))`(h(x),yC+1)dU(x)|

≤
∣∣ ∫
X
L0,β(r(x))`(h(x),yC+1)dU(x)−

∫
X
Lτ,β(r(x))`(h(x),yC+1)dU(x)|

≤c
∫
X

∣∣L0,β(r(x))− Lτ,β(r(x))
∣∣dU(x)

≤c
∫
{x: 0<r(x)≤2τ}

βdU(x) = βcU({x : 0 < r(x) ≤ 2τ}).

(9)

Because QX,Y = Q0,β
U PY |X , then according to the definition of Q0,β

U , we know

RQ(h,yC+1) = γ

∫
X
L0,β(r(x))`(h(x),yC+1)dU(x),

which implies
sup
h∈H
|RQ(h,yC+1)− γRτ,βU (h,yC+1)| ≤ γβcU({x : 0 < r(x) ≤ 2τ}).

Step 2. We claim that

sup
h∈H
|Rτ,βU (h,yC+1)−

∫
X
Lτ,β(ŵ(x))`(h(x),yC+1)dU(x)| ≤ max{c, cβ

τ
}Op(λ

1
2
n,m).

First, the Lipschitz constant for Lτ,β is smaller than max{1, βτ }.

Then,

sup
h∈H
|Rτ,βU (h,yC+1)−

∫
X
Lτ,β(ŵ(x))`(h(x),yC+1)dU(x)|

= sup
h∈H
|
∫
X
Lτ,β(r(x))`(h(x),yC+1)dU(x)−

∫
X
Lτ,β(ŵ(x))`(h(x),yC+1)dU(x)

≤ sup
h∈H

∫
X
|Lτ,β(r(x))− Lτ,β(ŵ(x))|`(h(x),yC+1)dU(x)|

≤ sup
h∈H

√∫
X
|Lτ,β(r(x))− Lτ,β(ŵ(x))|2dU(x)

√∫
X
`2(h(x),yC+1)dU(x) Hölder Inequality

≤c sup
h∈H

√∫
X
|Lτ,β(r(x))− Lτ,β(ŵ(x))|2dU(x)

≤max{c, cβ
τ
} sup
h∈H

√∫
X
|r(x)− ŵ(x)|2dU(x).

Lastly, using Lemma 2,

sup
h∈H
|Rτ,βU (h,yC+1)−

∫
X
Lτ,β(ŵ(x))`(h(x),yC+1)dU(x)| ≤ max{c, cβ

τ
}Op(λ

1
2
n,m).
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Appendix: Learning Bounds for Open-Set Learning

Step 3. We claim that

sup
h∈H

∣∣ 1

m

∑
x∈T

Lτ,β(ŵ(x))`(h(x),yC+1)−
∫
X
Lτ,β(ŵ(x))`(h(x),yC+1)dU(x)

∣∣ ≤ c(max{1, β
τ
}+ β

)
Op(λ

1
2
n,m).

First, we set FB := {Lτ,β(w)`(h,yC+1) : w ∈ HK , ‖w‖K ≤ B,h ∈ H}. We consider

sup
f∈FB

∣∣ 1

m

∑
x∈T

f(x)−
∫
X
f(x)dU(x)

∣∣
Using Lemma 3 and inequality 8, it is easy to check that for 1− 2δ > 0, we have

sup
f∈FB

∣∣ 1

m

∑
x∈T

f(x)−
∫
X
f(x)dU(x)

∣∣ ≤ 2<̂T (FB) + 4(B + β)c

√
2 log(4/δ)

m
, (10)

here we have used |f | ≤ (B + β)c, for any f ∈ FB .

Then, we consider <̂T (FB).

m<̂T (FB)

=Eσ[ sup
‖w‖K≤B,h∈H

m∑
i=1

σiLτ,β(wi)`(hi,yC+1)]

=Eσ[ sup
‖w‖K≤B,h∈H

σ1Lτ,β(w1)`(h1,yC+1) +

m∑
i=2

σiLτ,β(wi)`(hi,yC+1)]

=
1

2
Eσ2,...,σm [ sup

‖w‖K≤B,h∈H
Lτ,β(w1)`(h1,yC+1) +

m∑
i=2

σiLτ,β(wi)`(hi,yC+1)

+ sup
‖w‖K≤B,h∈H

−Lτ,β(w1)`(h1,yC+1) +

m∑
i=2

σiLτ,β(wi)`(hi,yC+1)]

=
1

2
Eσ2,...,σm [ sup

‖w‖K≤B,h∈H
sup

‖w′‖K≤B,h′∈H
Lτ,β(w1)`(h1,yC+1) +

m∑
i=2

σiLτ,β(wi)`(hi,yC+1)

− Lτ,β(w′1)`(h′1,yC+1) +

m∑
i=2

σiLτ,β(w′i)`(h
′
i,yC+1)]

≤1

2
Eσ2,...,σm [ sup

‖w‖K≤B,h∈H
sup

‖w′‖K≤B,h′∈H
|Lτ,β(w1)− Lτ,β(w′1)|`(h′1,yC+1) + Lτ,β(w1)|`(h′1,yC+1)− `(h1,yC+1)|

+

m∑
i=2

σiLτ,β(wi)`(hi,yC+1) +

m∑
i=2

σiLτ,β(w′i)`(h
′
i,yC+1)]

≤1

2
Eσ2,...,σm [ sup

‖w‖K≤B,h∈H
sup

‖w′‖K≤B,h′∈H
Lc|w1 − w′1|+ (B + β)|`(h′1,yC+1)− `(h1,yC+1)|

+

m∑
i=2

σiLτ,β(wi)`(hi,yC+1) +

m∑
i=2

σiLτ,β(w′i)`(h
′
i,yC+1)]

=Eσ[ sup
‖w‖K≤B,h∈H

Lcσ1w1 + (B + β)σ1`(h1,yC+1) +

m∑
i=2

σiLτ,β(wi)`(hi,yC+1)]

Repeat the process m− 1 times for i = 2, ...,m.

≤Eσ[ sup
‖w‖K≤B,h∈H

m∑
i=1

Lcσiwi +

m∑
i=1

(B + β)σi`(hi,yC+1)]

≤mLc<̂T (HK,B) +m(B + β)<̂T (F),



550
551
552
553
554
555
556
557
558
559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574
575
576
577
578
579
580
581
582
583
584
585
586
587
588
589
590
591
592
593
594
595
596
597
598
599
600
601
602
603
604

Appendix: Learning Bounds for Open-Set Learning

where wi = w(x̃i),hi = h(x̃i), L = max{1, βτ },HK,B = {w : w ∈ HK , ‖w‖K ≤ B} and F = {`(h,yC+1) : h ∈ H}.

According to Theorem 5.5 of (Mohri et al., 2012), we obtain that

<̂T (HK,B) ≤ B
√

1

m
.

According to the proving process of Lemma 4, we obtain that

<̂T (F) ≤ c
√

4d logm+ 8d log(C + 1)

m
,

where d is the Natarajan Dimension ofH.

Hence,

<̂T (FB) ≤ BLc
√

1

m
+ (B + β)c

√
4d logm+ 8d log(C + 1)

m
.

This implies that for 1− 2δ > 0, we have

sup
w∈HK ,‖w‖K≤B

sup
h∈H

∣∣ 1

m

∑
x∈T

Lτ,β(w(x))`(h(x),yC+1)−
∫
X
Lτ,β(w(x))`(h(x),yC+1)dU(x)

∣∣
≤2Bmax{1, β

τ
}c
√

1

m
+ 2(B + β)c

√
4d logm+ 8d log(C + 1)

m
+ 4(B + β)c

√
2 log(4/δ)

m
.

(11)

Because ‖ŵ‖K = Op(1), then combining inequality 11, we know that

sup
h∈H

∣∣ 1

m

∑
x∈T

Lτ,β(ŵ(x))`(h(x),yC+1)−
∫
X
Lτ,β(w(x))`(h(x),yC+1)dU(x)

∣∣
≤2Op(1) max{1, β

τ
}cOp(

√
1

m
) + 2(Op(1) + β)cOp(

√
4d logm+ 8d log(C + 1)

m
) + 4(Op(1) + β)cOp(

√
2 log(4/δ)

m
).

This implies that

sup
h∈H

∣∣ 1

m

∑
x∈T

Lτ,β(ŵ(x))`(h(x),yC+1)−
∫
X
Lτ,β(w(x))`(h(x),yC+1)dU(x)

∣∣ = c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m).

Step 4. Using the results of Steps 1, 2 and 3, we have

sup
h∈H
|RQ(h,yC+1)− γR̂τ,βT (h,yC+1)|

≤ sup
h∈H
|RQ(h,yC+1)− γRτ,βU (h,yC+1)|+ sup

h∈H
|γRτ,βU (h,yC+1)− γ

∫
X
Lτ,β(ŵ(x))`(h(x),yC+1)dU(x)|

+ sup
h∈H
|γ
∫
X
Lτ,β(ŵ(x))`(h(x),yC+1)dU(x)− γR̂τ,βT (h,yC+1)|

≤γβcU({x : 0 < r(x) ≤ 2τ}) + γmax{c, cβ
τ
}Op(λ

1
2
n,m) + c

(
max{1, β

τ
}+ β

)
Op(λ

1
2
n,m).

Note that γ < 1, we can write

sup
h∈H
|RQ(h,yC+1)− γR̂τ,βT (h,yC+1)| ≤ γβcU({x : 0 < r(x) ≤ 2τ}) + c

(
max{1, β

τ
}+ β

)
Op(λ

1
2
n,m).
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Proof of Theorem 3. We separate the proof into three steps.

Step 1. We claim that

sup
h∈H
|(1− α)∆τ,β

S,T (h)−max{RQ(h,yC+1)− (1− α)RP,k(h,yC+1), 0}|

≤γβcU({x : 0 < r(x) ≤ 2τ}) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m).

First, it is easy to check that

sup
h∈H
|(1− α)∆τ,β

S,T (h)−max{RQ(h,yC+1)− (1− α)RP,k(h,yC+1), 0}|

≤ sup
h∈H
|(1− α)R̂τ,βT (h,yK+1)− (1− α)R̂S(h,yK+1)−RQ(h,yC+1) + (1− α)RP,k(h,yC+1)|

≤ sup
h∈H
|(1− α)R̂τ,βT (h,yK+1)−RQ(h,yC+1)|+ (1− α) sup

h∈H
|R̂S(h,yK+1)−RP,k(h,yC+1)|

≤γβcU({x : 0 < r(x) ≤ 2τ}) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) Use Lemma 5

+(1− α) sup
h∈H
|R̂S(h,yK+1)−RP,k(h,yC+1)|

≤γβcU({x : 0 < r(x) ≤ 2τ}) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m)

+(1− α)cOp(λ
1
2
n,m) Use Lemma 4.

Hence, we can write

sup
h∈H
|(1− α)∆τ,β

S,T (h)−max{RQ(h,yC+1)− (1− α)RP,k(h,yC+1), 0}|

≤γβcU({x : 0 < r(x) ≤ 2τ}) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m).

Step 2.

sup
h∈H
|(1− α)R̂S(h) + (1− α)∆τ,β

S,T (h)− (1− α)RP,k(h)−max{RQ(h,yC+1)− (1− α)RP,k(h,yC+1), 0}|

≤ sup
h∈H
|(1− α)R̂S(h)− (1− α)RP,k(h)|+ sup

h∈H
|(1− α)∆τ,β

S,T (h)−max{RQ(h,yC+1)− (1− α)RP,k(h,yC+1), 0}|

≤(1− α)cOp(λ
1
2
n,m) Use Lemma 4

+γβcU({x : 0 < r(x) ≤ 2τ}) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) Use the result of Step 1.

Hence, we can write

sup
h∈H
|(1− α)R̂S(h) + (1− α)∆τ,β

S,T (h)− (1− α)RP,k(h)−max{RQ(h,yC+1)− (1− α)RP,k(h,yC+1), 0}|

≤γβcU({x : 0 < r(x) ≤ 2τ}) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m).

Step 3. Note that

RαQ(h) = (1− α)RP,k(h) + max{RQ(h,yC+1)− (1− α)RP,k(h,yC+1), 0} Use Lemma 1.

Hence,

sup
h∈H
|(1− α)R̂S(h) + (1− α)∆τ,β

S,T (h)−RαQ(h)|

≤γβcU({x : 0 < r(x) ≤ 2τ}) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m).
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Appendix: Learning Bounds for Open-Set Learning

5. Appendix E: Proofs of Theorem 4, Theorem 5 and Theorem 6
5.1. Proof for Theorem

Proof of Theorem 4. According to Theorem 1, we know that for any h ∈ H,

|RαP (h)−RαQ(h)| ≤ αd`h,H(PX|Y=yC+1
, QX|Y=yC+1

) + αΛ. (12)

According to Theorem 3, we know that for any h ∈ H,

|(1− α)R̂S(h) + (1− α)∆τ,β
S,T (h)−RαQ(h)|

≤γβcU({x : 0 < r(x) ≤ 2τ}) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m).

(13)

Combining inequalities (12) and (13), we know that for any h ∈ H,

|(1− α)R̂S(h) + (1− α)∆τ,β
S,T (h)−RαP (h)|

≤γβcU({x : 0 < r(x) ≤ 2τ}) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + αd`h,H(PX|Y=yC+1

, QX|Y=yC+1
) + αΛ.

5.2. Proof for Theorem 5

Proof of Theorem 5. Assume that

ĥ ∈ arg min
h∈H

R̂τ,βS,T (h), hQ ∈ arg min
h∈H

RαQ(h).

Step 1. It is easy to check that

RαQ(ĥ)−RαQ(hQ) =RαQ(ĥ)− (1− α)R̂τ,βS,T (ĥ) + (1− α)R̂τ,βS,T (ĥ)−RαQ(hQ)

≤RαQ(ĥ)− (1− α)R̂τ,βS,T (ĥ) + (1− α)R̂τ,βS,T (hQ)−RαQ(hQ)

≤2 sup
h∈H
|(1− α)R̂τ,βS,T (h)−RαQ(h)|,

and

RαQ(ĥ)−RαQ(hQ) =RαQ(ĥ)− (1− α)R̂τ,βS,T (hQ) + (1− α)R̂τ,βS,T (hQ)−RαQ(hQ)

≥RαQ(ĥ)− (1− α)R̂τ,βS,T (ĥ) + (1− α)R̂τ,βS,T (hQ)−RαQ(hQ)

≥− 2 sup
h∈H
|(1− α)R̂τ,βS,T (h)−RαQ(h)|,

which implies that
|RαQ(ĥ)−RαQ(hQ)| ≤ 2 sup

h∈H
|(1− α)R̂τ,βS,T (h)−RαQ(h)|.

Using the result of Theorem 3, we obtain that

|RαQ(ĥ)−RαQ(hQ)| ≤ 2c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + 2γcβU(0 < p/q ≤ 2τ). (14)

Then, using the result of Step 3 in the proof of Theorem 2, we obtain that

|RαQ(ĥ)−RαP (hQ)| ≤ 2c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + 2γcβU(0 < p/q ≤ 2τ). (15)
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Step 2.

R̂τ,βS,T (ĥ) = (1− α)R̂S(ĥ) + (1− α)∆τ,β
S,T (ĥ)

≤ (1− α)R̂S(hQ) + (1− α)∆τ,β
S,T (hQ)

≤ RαQ(hQ) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + γcβU(0 < p/q ≤ 2τ) Using Theorem 3

= (1− α) min
h∈H

RQ,k(h) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + γcβU(0 < p/q ≤ 2τ)

Using the result of Step 3 in proof of Theorem 2 : min
h∈H

RαQ(h) = (1− α) min
h∈H

RQ,k(h)

≤ (1− α)RQ,k(ĥ) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + γcβU(0 < p/q ≤ 2τ).

Hence,

(1− α)∆τ,β
S,T (ĥ)

≤(1− α)RQ,k(ĥ)− (1− α)R̂S(ĥ) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + γcβU(0 < p/q ≤ 2τ)

=(1− α)RP,k(ĥ)− (1− α)R̂S(ĥ) + c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + γcβU(0 < p/q ≤ 2τ)

≤(1− α)cOp(λ
1
2
n,m) + c

(
max{1, β

τ
}+ β

)
Op(λ

1
2
n,m) + γcβU(0 < p/q ≤ 2τ) Using the result of Lemma 4

≤2c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + γcβU(0 < p/q ≤ 2τ).

Then, combining above inequality with the result of Step 1 in the proof of Theorem 3, we obtain that

max{RQ(ĥ,yC+1)− (1− α)RP,k(ĥ,yC+1), 0}

≤3c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + 2γcβU(0 < p/q ≤ 2τ).

Because max{RQ(ĥ,yC+1)− (1− α)RP,k(ĥ,yC+1), 0} = αRQ,u(ĥ), we obtain that

αRQ,u(ĥ) ≤ 3c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + 2γcβU(0 < p/q ≤ 2τ).

Step 3.

|RαP (ĥ)−RαP (hQ)|

≤|RαP (ĥ)−RαQ(ĥ)|+ |RαQ(ĥ)−RαP (hQ)|

=α|RP,u(ĥ)−RαQ,u(ĥ)|+ |RαQ(ĥ)−RαP (hQ)|

≤αRQ,u(ĥ) + |RαQ(ĥ)−RαP (hQ)|

≤5c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + 4γcβU(0 < p/q ≤ 2τ) Using the results of Step 1 and Step 2.

Briefly, we can write (absorbing coefficient 5 into Op)

|RαP (ĥ)−RαP (hQ)| ≤ c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + 4γcβU(0 < p/q ≤ 2τ).

Combining above inequality with Theorem 2, we obtain that

|RαP (ĥ)− min
h∈H

RαP (h)| ≤ c
(

max{1, β
τ
}+ β

)
Op(λ

1
2
n,m) + 4γcβU(0 < p/q ≤ 2τ).
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5.3. Proof for Theorem 6

Lemma 6. Assume the feature space X is compact and the loss function has an upper bound c. Let the RKHS HK is
the Hilbert space with Gaussian kernel. Suppose that the real density p/q ∈ HK and set the regularization parameter
λ = λn,m in KuLSIF such that

lim
n,m→0

λn,m = 0, λ−1n,m = O(min{n,m}1−δ),

where 0 < δ < 1 is any constant, then

sup
h∈H
|RQ,u(h)− γ′R̂τ,βS,T,u(h)| ≤ γ′βcU({x : 0 < r(x) ≤ 2τ}) + c

(
max{1, β

τ
}+ β

)
Op(λ

1
2
n,m),

where γ′ = 1/
(
βU({x : r(x) = 0})

)
, and

RQ,u(h) =

∫
X
`(h(x),yC+1)dQX|Y=yC+1

(x), R̂τ,βS,T,u(h) :=
1

m

∑
x∈T

Lτ,β(ŵ(x))`(h(x),yC+1),

here QX,Y := Q0,β
U PY |X , ŵ is the solution of KuLSIF, and

L−τ,β(x) =


x+ β, x ≤ τ ;

0, 2τ ≤ x;

− τ + β

τ
x+ 2τ + 2β, τ < x < 2τ.

(16)

Proof. Step 1. We claim that

sup
h∈H
|RQ,u(h)− γ′Rτ,βU,u(h)| ≤ γ′βcU({x : 0 < r(x) ≤ 2τ}),

where
Rτ,βU,u(h) =

∫
X
L−τ,β(r(x))`(h(x),yC+1)dU(x),

here r(x) = p(x)/q(x).

First, we note that ∣∣ ∫
X
L−0,β(r(x))`(h(x),yC+1)dU(x)−

∫
X
L−τ,β(r(x))`(h(x),yC+1)dU(x)|

≤
∣∣ ∫
X
L−0,β(r(x))`(h(x),yC+1)dU(x)−

∫
X
L−τ,β(r(x))`(h(x),yC+1)dU(x)|

≤c
∫
X

∣∣L−0,β(r(x))− L−τ,β(r(x))
∣∣dU(x)

≤c
∫
{x: 0<r(x)≤2τ}

(τ + β)dU(x) = (τ + β)cU({x : 0 < r(x) ≤ 2τ}).

(17)

Because QX,Y = Q0,β
U PY |X , then according to the definition of Q0,β

U , we know

RQ,u(h) = γ′
∫
X
L−0,β(r(x))`(h(x),yC+1)dU(x),

which implies
sup
h∈H
|RQ,u(h)− γ′Rτ,βU,u(h)| ≤ γ′(τ + β)cU({x : 0 < r(x) ≤ 2τ}).

Step 2. We claim that

sup
h∈H
|Rτ,βU,u(h)−

∫
X
L−τ,β(ŵ(x))`(h(x),yC+1)dU(x)| ≤ (c+

cβ

τ
)Op(λ

1
2
n,m).
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Appendix: Learning Bounds for Open-Set Learning

First, the Lipschitz constant for L−τ,β is smaller than 1 + β
τ .

Then,

sup
h∈H
|Rτ,βU,u(h)−

∫
X
L−τ,β(ŵ(x))`(h(x),yC+1)dU(x)|

= sup
h∈H
|
∫
X
L−τ,β(r(x))`(h(x),yC+1)dU(x)−

∫
X
L−τ,β(ŵ(x))`(h(x),yC+1)dU(x)|

≤ sup
h∈H

∫
X
|L−τ,β(r(x))− L−τ,β(ŵ(x))|`(h(x),yC+1)dU(x)

≤ sup
h∈H

√∫
X
|L−τ,β(r(x))− L−τ,β(ŵ(x))|2dU(x)

√∫
X
`2(h(x),yC+1)dU(x) Hölder Inequality

≤c sup
h∈H

√∫
X
|L−τ,β(r(x))− L−τ,β(ŵ(x))|2dU(x)

≤(c+
cβ

τ
) sup
h∈H

√∫
X
|r(x)− ŵ(x)|2dU(x).

Lastly, using Lemma 2,

sup
h∈H
|Rτ,βU,u(h)−

∫
X
L−τ,β(ŵ(x))`(h(x),yC+1)dU(x)| ≤ (c+

cβ

τ
)Op(λ

1
2
n,m).

Step 3. We claim that

sup
h∈H

∣∣ 1

m

∑
x∈T

L−τ,β(ŵ(x))`(h(x),yC+1)−
∫
X
L−τ,β(ŵ(x))`(h(x),yC+1)dU(x)

∣∣ ≤ c(1 +
β

τ
+ β

)
Op(λ

1
2
n,m).

First, we set FB := {L−τ,β(w)`(h,yC+1) : w ∈ HK , ‖w‖K ≤ B,h ∈ H}. We consider

sup
f∈FB

∣∣ 1

m

∑
x∈T

f(x)−
∫
X
f(x)dU(x)

∣∣

Using Lemma 3 and inequality 8, it is easy to check that for 1− 2δ > 0, we have

sup
f∈FB

∣∣ 1

m

∑
x∈T

f(x)−
∫
X
f(x)dU(x)

∣∣ ≤ 2<̂T (FB) + 4(τ + β)c

√
2 log(4/δ)

m
, (18)

here we have used |f | ≤ (τ + β)c, for any f ∈ FB .
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Appendix: Learning Bounds for Open-Set Learning

Then, we consider <̂T (FB).

m<̂T (FB)

=Eσ[ sup
‖w‖K≤B,h∈H

m∑
i=1

σiL
−
τ,β(wi)`(hi,yC+1)]

=Eσ[ sup
‖w‖K≤B,h∈H

σ1L
−
τ,β(w1)`(h1,yC+1) +

m∑
i=2

σiL
−
τ,β(wi)`(hi,yC+1)]

=
1

2
Eσ2,...,σm [ sup

‖w‖K≤B,h∈H
L−τ,β(w1)`(h1,yC+1) +

m∑
i=2

σiL
−
τ,β(wi)`(hi,yC+1)

+ sup
‖w‖K≤B,h∈H

−L−τ,β(w1)`(h1,yC+1) +

m∑
i=2

σiL
−
τ,β(wi)`(hi,yC+1)]

=
1

2
Eσ2,...,σm [ sup

‖w‖K≤B,h∈H
sup

‖w′‖K≤B,h′∈H
L−τ,β(w1)`(h1,yC+1) +

m∑
i=2

σiL
−
τ,β(wi)`(hi,yC+1)

− L−τ,β(w′1)`(h′1,yC+1) +

m∑
i=2

σiL
−
τ,β(w′i)`(h

′
i,yC+1)]

≤1

2
Eσ2,...,σm [ sup

‖w‖K≤B,h∈H
sup

‖w′‖K≤B,h′∈H
|L−τ,β(w1)− L−τ,β(w′1)|`(h′1,yC+1) + L−τ,β(w1)|`(h′1,yC+1)− `(h1,yC+1)|

+

m∑
i=2

σiL
−
τ,β(wi)`(hi,yC+1) +

m∑
i=2

σiL
−
τ,β(w′i)`(h

′
i,yC+1)]

≤1

2
Eσ2,...,σm [ sup

‖w‖K≤B,h∈H
sup

‖w′‖K≤B,h′∈H
Lc|w1 − w′1|+ (B + β)|`(h′1,yC+1)− `(h1,yC+1)|

+

m∑
i=2

σiL
−
τ,β(wi)`(hi,yC+1) +

m∑
i=2

σiL
−
τ,β(w′i)`(h

′
i,yC+1)]

=Eσ[ sup
‖w‖K≤B,h∈H

Lcσ1w1 + (B + β)σ1`(h1,yC+1) +

m∑
i=2

σiL
−
τ,β(wi)`(hi,yC+1)]

Repeat the process m− 1 times for i = 2, ...,m.

≤Eσ[ sup
‖w‖K≤B,h∈H

m∑
i=1

Lcσiwi +

m∑
i=1

(B + β)σi`(hi,yC+1)]

≤mLc<̂T (HK,B) +m(B + β)<̂T (F),

where wi = w(x̃i),hi = h(x̃i), L = 1 + β
τ ,HK,B = {w : w ∈ HK , ‖w‖K ≤ B} and F = {`(h,yC+1) : h ∈ H}.

According to Theorem 5.5 of Mohri et al. (2012), we obtain that

<̂T (HK,B) ≤ B
√

1

m
.

According to the proving process of Lemma 4, we obtain that

<̂T (F) ≤ c
√

4d logm+ 8d log(C + 1)

m
,

where d is the Natarajan Dimension ofH.

Hence,

<̂T (FB) ≤ BLc
√

1

m
+ (B + β)c

√
4d logm+ 8d log(C + 1)

m
.
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Appendix: Learning Bounds for Open-Set Learning

This implies that for 1− 2δ > 0, we have

sup
w∈HK ,‖w‖K≤B

sup
h∈H

∣∣ 1

m

∑
x∈T

L−τ,β(w(x))`(h(x),yC+1)−
∫
X
L−τ,β(w(x))`(h(x),yC+1)dU(x)

∣∣
≤2B(1 +

β

τ
)c

√
1

m
+ 2(B + β)c

√
4d logm+ 8d log(C + 1)

m
+ 4(τ + β)c

√
2 log(4/δ)

m
.

(19)

Because ‖ŵ‖K = Op(1), then combining inequality 19, we know that

sup
h∈H

∣∣ 1

m

∑
x∈T

L−τ,β(ŵ(x))`(h(x),yC+1)−
∫
X
L−τ,β(w(x))`(h(x),yC+1)dU(x)

∣∣
≤2Op(1)(1 +

β

τ
)cOp(

√
1

m
) + 2(Op(1) + β)cOp(

√
4d logm+ 8d log(C + 1)

m
) + 4(τ + β)cOp(

√
2 log(4/δ)

m
).

This implies that

sup
h∈H

∣∣ 1

m

∑
x∈T

L−τ,β(ŵ(x))`(h(x),yC+1)−
∫
X
L−τ,β(w(x))`(h(x),yC+1)dU(x)

∣∣ ≤ c(1 +
β

τ
+ τ + β

)
Op(λ

1
2
n,m).

Step 4. Using the results of Steps 1, 2 and 3, we have

sup
h∈H
|RQ,u(h)− γ′R̂τ,βS,T,u(h)|

≤ sup
h∈H
|RQ,u(h)− γ′Rτ,βU,u(h)|+ sup

h∈H
|γ′Rτ,βU,u(h)− γ′

∫
X
L−τ,β(ŵ(x))`(h(x))dU(x)|

+ sup
h∈H
|γ′
∫
X
L−τ,β(ŵ(x))`(h(x),yC+1)dU(x)− γ′R̂τ,βS,T,u(h,yC+1)|

≤γ′βcU({x : 0 < r(x) ≤ 2τ}) + γ′(c+
cβ

τ
)Op(λ

1
2
n,m) + cγ′

(
1 +

β

τ
+ τ + β

)
Op(λ

1
2
n,m).

We can write

sup
h∈H
|RQ,u(h)− γ′R̂τ,βS,T,u(h)| ≤ γ′βcU({x : 0 < r(x) ≤ 2τ}) + cγ′

(
1 +

β

τ
+ τ + β

)
Op(λ

1
2
n,m).
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Appendix: Learning Bounds for Open-Set Learning

Proof of Theorem 6. Assume that

h̃ ∈ arg min
h∈H

R̃τ,βS,T (h), hQ ∈ arg min
h∈H

RαQ(h).

Step 1. It is easy to check that

RαQ(h̃)−RαQ(hQ) =RαQ(h̃)− R̃τ,βS,T (h̃) + R̃τ,βS,T (h̃)−RαQ(hQ)

≤RαQ(h̃)− R̃τ,βS,T (h̃) + R̃τ,βS,T (hQ)−RαQ(hQ)

≤2 sup
h∈H
|R̃τ,βS,T (h)−RαQ(h)|,

and

RαQ(h̃)−RαQ(hQ) =RαQ(h̃)− R̃τ,βS,T (hQ) + R̃τ,βS,T (hQ)−RαQ(hQ)

≥RαQ(h̃)− R̃τ,βS,T (h̃) + R̃τ,βS,T (hQ)−RαQ(hQ)

≥− 2 sup
h∈H
|R̃τ,βS,T (h)−RαQ(h)|,

which implies that
|RαQ(h̃)−RαQ(hQ)| ≤ 2 sup

h∈H
|R̃τ,βS,T (h)−RαQ(h)|.

Using the result of Lemma 6 and Lemma 4, we obtain that

|RαQ(h̃)−RαQ(hQ)| ≤ 2cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m) + 2γ′cαβU(0 < p/q ≤ 2τ). (20)

Then, using the result of Step 3 in the proof of Theorem 2, we obtain that

|RαQ(h̃)−RαP (hQ)| ≤ 2cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m) + 2γ′cαβU(0 < p/q ≤ 2τ). (21)

Step 2.

R̃τ,βS,T (h̃) = (1− α)R̂S(h̃) + αγ′R̂τ,βS,T,u(h̃)

≤ (1− α)R̂S(hQ) + αγ′R̂τ,βS,T,u(hQ)

≤ RαQ(hQ) + cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m) + γ′cαβU(0 < p/q ≤ 2τ) Using Lemma 6 and Lemma 4

= (1− α) min
h∈H

RQ,k(h) + cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m) + γ′cαβU(0 < p/q ≤ 2τ)

Using the result of Step 3 in proof of Theorem 2 : min
h∈H

RαQ(h) = (1− α) min
h∈H

RQ,k(h)

≤ (1− α)RQ,k(h̃) + cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m) + γ′cαβU(0 < p/q ≤ 2τ).

Hence,

αγ′R̂τ,βS,T,u(h̃)

≤(1− α)RQ,k(h̃)− (1− α)R̂S(h̃) + cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m) + γ′cαβU(0 < p/q ≤ 2τ)

=(1− α)RP,k(h̃)− (1− α)R̂S(h̃) + cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m) + γ′cαβU(0 < p/q ≤ 2τ)

≤(1− α)cOp(λ
1
2
n,m) + cγ′

(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m) + γ′cαβU(0 < p/q ≤ 2τ) Using the result of Lemma 4

≤2cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m) + γ′cαβU(0 < p/q ≤ 2τ).
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Appendix: Learning Bounds for Open-Set Learning

Then, combining the above inequality with the result of Lemma 6, we obtain that

αRQ,u(h̃) ≤ 3cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m) + 2γ′cαβU(0 < p/q ≤ 2τ).

Step 3.

|RαP (h̃)−RαP (hQ)|

≤|RαP (h̃)−RαQ(h̃)|+ |RαQ(h̃)−RαP (hQ)|

=α|RP,u(h̃)−RαQ,u(h̃)|+ |RαQ(h̃)−RαP (hQ)|

≤αRQ,u(h̃) + |RαQ(h̃)−RαP (hQ)|

≤5cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m) + 4γ′cαβU(0 < p/q ≤ 2τ) Using the results of Step 1 and Step 2.

Briefly, we can write (absorbing coefficient 5 into Op)

|RαP (h̃)−RαP (hQ)| ≤ cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m) + 4γ′cαβU(0 < p/q ≤ 2τ).

Combining the above inequality with Theorem 2, we obtain that

|RαP (h̃)− min
h∈H

RαP (h)| ≤ cγ′
(
1 + τ +

β

τ
+ β

)
Op(λ

1
2
n,m) + 4γ′cαβU(0 < p/q ≤ 2τ).
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6. Appendix F: Details on Experiments
6.1. Datasets

• MNIST dataset (LeCun & Cortes, 2010). The MNIST1 database of handwritten digits, has a training set of 60, 000
samples, and a testing set of 10, 000 samples. The digits have been size-normalized and centered in a fixed-size image.
Following the set up in Yoshihashi et al. (2019), we use MNIST (LeCun & Cortes, 2010) as the training samples and use
Omniglot (Ager, 2008), MNIST-Noise, and Noise these datasets as unknown classes. Omniglot contains alphabet characters.
Noise is synthesized by sampling each pixel value from a uniform distribution on [0, 1] (i.i.d). MNIST-Noise is synthesized
by adding noise on MNIST testing samples. Each dataset has 10, 000 testing samples.

Figure 1. MNIST.

Figure 2. MNIST-Noise.

Figure 3. Noise.

Figure 4. Omniglot.

Table 2. Introduction of MNIST Dataset in Open-set learning.

Dataset #Sample #Class Known/Unknown Train/Test
MNIST 60,000 10 Known Classes Train
MNIST 10,000 10 Known Classes Test
MNIST-Noise 10,000 10 Unknown Classes Test
Omniglot 10,000 1,623 Unknown Classes Test
Noise 10,000 1 Unknown Classes Test

1http://yann.lecun.com/exdb/mnist/
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Table 3. Introduction of CIFAR-10 Dataset in Open-set learning.

Dataset #Sample #Class Known/Unknown Train/Test
CIFAR-10 50,000 10 Known Classes Train
CIFAR-10 10,000 10 Known Classes Test
ImageNet-crop 10,000 1,000 Unknown Classes Test
ImageNet-resize 10,000 1,000 Unknown Classes Test
LSUN-crop 10,000 10 Unknown Classes Test
LSUN-resize 10,000 10 Unknown Classes Test

• CIFAR-10 dataset. The CIFAR-10 dataset consists of 60, 000 32× 32 colour images in 10 classes, with 6, 000 images per
class. There are 50, 000 training images and 10, 000 testing images. Following the set up in Yoshihashi et al. (2019), we use
the training samples from CIFAR-10 (Krizhevsky & Hinton, 2009) as training samples in open-set learning problem. We
collect unknown samples from datasets ImageNet and LSUN. Similar to Yoshihashi et al. (2019), we resized or cropped
them so that they would have the same sizes with known samples. Hence, we generated four datasets ImageNet-crop,
ImageNet-resize, LSUN-crop and LSUN-resize as unknown classes.

Figure 5. CIFAR-10.

Figure 6. ImageNet-crop.

Figure 7. ImageNet-resize.

Figure 8. LSUN-crop.

Figure 9. LSUN-resize.
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6.2. Network Architecture and Experimental Setup

All details can be found in github.com/Anjin-Liu/Openset_Learning_AOSR.

6.3. Parameter Analysis and Influence of Model Capacity
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Figure 10. Parameter Analysis and Influence of Model Capacity

Experiment results on parameterm are shown in Figure 10 (a). m is the size of generated samples T . We setm = 3n, 5n, 10n
and 15n. By changing m in the range of 3n, 5n, 10n, 15n, AOSR achieves consistent performance. This result can be
explained by our theory. Because when m > n, the increases of m does not influence the error bound in Theorem 6.

Experiment results on the width of the network are shown in Figure 10 (b). We generate 2, 000 training samples and adjust
the width for the second to the last layer from 8 to 256. For different width, we run 100 times and report the mean accuracy
and standard error. As increasing the network’s width from 8 to 256, the accuracy of double-moon increases. When the
width is larger than 64, the performance achieves a stable performance. This means the model capacity has a profound
impact on the performance of OSL. Generally, the larger the model capacity is, the better the model’s performance is. This is
because a larger hypothesis spaceH has a greater possibility to meet the conditions of Assumption 1 (realization assumption
for unknown classes).
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