Supplementary Material:

Dissecting Supervised Constrastive Learning

In this supplementary material, we provide all proofs (from §3 which were omitted in the main part
of the manuscript. Results which are restated from the main manuscript have the same numbering,
while Definitions, Lemmas, etc., which are only present in the supplementary material have their labels
suffixed by an “S”. Additionally, restatements are marked in blue.

In the following, we will frequently utilize standard inequalities (e.g., the Jensen inequality, or the
Cauchy-Schwarz inequality) and analyzing their equality conditions will be key to get the desired
results. In this context, the following notation has proved to be useful: If a symbol appears above an
inequality sign in an equation, it denotes that the corresponding equality conditions will be discussed
later on and referenced with the corresponding symbol. For example,

(P
a>b,

denotes a > b and equality is attained if and only if the condition (P) is satisfied.

S1. Proofs for Section 3.2

In this section, we will prove Theorem 2 of the main manuscript (restated below). Throughout this
section the following objects will appear repeatedly an thus are introduced one-off:

* h, N, K €N
*pz>0

* 2=557
cY={l,..., K} = [K]

Further, we will consider batches B € B of an arbitrary but fixed size b > 3. We additionally assume
V=K <h+1.

Theorem 2. Let pz > 0 and let Z = SZ;. Further, let Z = (z1,...,2Nn) € ZN bean N point
configuration with labels Y = (y1, . ..,yn) € [K|N. If the label configuration Y is balanced, it holds
that

Y)

Lsc(Z;
b K p?
> Z;IM, log (1 — 1+ (b—1)exp <K ﬂ))

where
M=) {BeB: |B|=1}] .
yey
Equality is attained if and only if the following conditions are satisfied. There are (1, ..., x € R"

such that:

(CI) ¥n € [N]: z, = (,
(C2) {Cy}y form a pz-sphere-inscribed regular simplex
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S1.1. Definitions

First we will recall the definition of the supervised contrastive (SC) loss and introduce some necessary
auxiliary definitions. The SC loss is given by

Lsc(Z;Y) =Y tsc(Z:;Y,B) , (S1)
BeB

where (s (Z;Y, B) is the batch-wise loss

1 €xXp (<Z17ZJ>)
Z,Y,B) = — =T ! ' ?
lsc(Z;Y, B) Z | vl =1 Z ‘ 0g S exp (<z“ Zk)) (S2)
i€B jeBy \ i} kEB\{}

|By,|>1

We next introduce the class-specific batch-wise loss

exp ((Zng'))

- Y == X log if [By| > 1
lso(Z;Y,B,y) = ¢ i&B, P jenR iy remy &P (zo20) ! , (S3)
0 else .
This allows us to write
1 iy ~J
eV == Y e Y g | o2 (34)
|By, [>1 SR keB\{i}

YT F (gl )

exp ((z“zk>)

EhiCha 1B \ ey
=Y ls0(Z;Y,By) (S6)
yeY
and so
Lsc(Z;Y) =YY tsc(Z;Y,B,y) . (S7)

yeY BEB

We use the following notation: the multiplicity of an element x in the multiset M is denoted by m; ().
Furthermore, we introduce the label configuration of a batch, i.e.,

T(B)={yi: i€ B} , (S8)

thus mT(B)(y) = ‘By‘

For example, if Y = {a,b}, B = {1,2,2,5,10} and a = y1 = y2, b = y5 = y10, then mp(2) = 2,
Y(B) = {a,a,a,b,b}} and my(p)(a) = 3 = [{1,2,2}}| = |Ba|. We will slightly abuse notation
(Y is a tuple, not a multiset) and write my (y) = myn))(y) = [{n € [N] : ¥ = y}}|. For every
batch B € B and label y € ), we will also write B, := {{i € B : y; # y}} for the complement
of B, := {i € B: y; = y}}, which was already introduced in the Definition 2 of the supervised
contrastive loss.

Definition 4 (Auxiliary functions S, Srep, Sa). Leth, N € N, pz > 0and Z = SZ;. For fixed label
configuration Y € Y, batch B € B and label y € Y with mv(g)(y) > 1, we define

S(-;Y,B,y): Z2¥ - R (S9)

Z'_>Satt(Z;KB7y)+Sr6p(Z;Yvay) ) (Slo)
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where

Sa(Z;Y, B,y) = |B|\B\— Z > (zoz) (S11)

i€By jeBy\{i}

1 L .
Swep(Z;Y, B, y) = [Byl 1By “] ZieBy ZjGByC<ZZ’ZJ> if my(By(y) 70 (S12)
0 if mypy(y) =0
Definition 5 (Auxiliary partition of B). For everyy € ) and everyl € {0, ...,b}, we define
By’l = {B eB: mT(B)(y) = l} . (S13)

S1.2. Proof of Theorem 2

Proof. We first present the main steps of the proof of Theorem 2 and refer to subsequent technical
lemmas when needed.

(Step 1) For each class y € ) and each batch B € B with mv(p)(y) > 1, the class-specific batch-
wise loss {sc(Z;Y, B, y) (see Lemma S1) is bounded from below by

lsc(Z;Y, B,y) > |By|log (|By| — 1+ |B,“|exp (S(Z;Y, B,y))) - (S14)

(Step 2) We regroup the addends of the sum Lgc(Z;Y), i.e

Lsc(Z;Y) = ZZZSCZYBy), (S15)
BeByey

such that each group is defined by addends requiring B € B, ; = {B € B| myp)(y) = l}.
As a result, we can leverage the bound of (Step 1) on each group, i.e.,

Lsc(Z;Y) =Y tsc(Z;Y,B,y) (S16)
BeByey
b
=33 > tsc(Z:Y,B,y) (S17)
1=0 y€Y BEB,

b
>33 ) llog(l— 1+ (b—1)exp(S(Z;Y,B,y))) . (SI8)

=2 yeY BEBy

Here the sum over the value of [ starts at [ = 2, because {sc(Z;Y, B,y) = 0 vanishes for
batches B € {By.0,By1}-

(Step 3) Applying Jensen’s inequality (see Lemma S2), then yields

b
Lsc(Z;Y) =Y IMlog |1 -1+ (b—1)exp Z > S(z;Y,B,y) ,

1=2 ye)’ BeBy,;
(S19)
where M; = Zyey |By.1]-

(Step 4) In Lemma S3, we characterize the equality case of the bound above. It is achieved if and
only if all intra-class and inter-class inner products agree, respectively.

The next steps investigate, for each I € {2,...,b — 1}, the sum

NN 8z By) =D Y SwlZY.By) |+ DY D Sep(Z:Y.B,y)

yEY BEB, yEY BEB, yEY BEB,
(S20)
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(Step 5) The sum of the attraction terms, .Sy, is maximal if and only if all intra-class inner products
are maximal, i.e., they are equal to pz2 (see Lemma S4). This implies

YD SwlZ:Y,By) = -Mps® . (S21)

y€Y BEB,

(Step 6) If || > 2, then the trivial bound on the repulsion term (inner products = —pz2) is not tight
as this could only be achieved if the classes were on opposite poles of the sphere. Thus we
need an additional step: instead of summing the repulsion terms, Syep(Z;Y, B, y), over all
labels and batches, as done in (Step 4), we re-write this summation as a sum over pairs of
indices (n,m) € [N]? of different classes y,, # ym (see Lemma S5). That is,

YD S @Y By => > Y Kum(y) {20, 2m) (S22)

yEY BEBy y€Y ne[N] me[N]
Yn=Y ym#y
where K, 1, (y,1) := ﬁ ZBGBW mp, (n)mp c(m) .

(Step 7) As we assume the label configuration Y to be balanced, we get that

M|y
N2y -1

Ko (y,1) = (523)

which only depends on [ (and not on y), see Lemma S7 and Eq. (S98). Thus, it suffices to

bound n?2
> Z Z Zny2m) > —pz” Y my (y) :—mpZQ, (S24)

y€Y n€[N] me[N yeY
Yn=Y ynséy

where equality is attained if and only if (a) Zne[ N]Zn = 0,and (b) Yp, = Ym = 2n = 2Zm
(see Lemma S8).

(Step 8) Finally, we combine all results from (Steps 1-7) and obtain the asserted lower bound (see
Lemma S11), i.e.,

b 2
Lso(z:) = - bittos (1= 1+ 0= Dexp (5 (Fa gy + M) o2 )

2 NEI-1D]
(825)
b
= ZMlllog <l — 14 (b—1)exp <— M 1,032)) , (S26)
1=2 1=

where equality is attained if and only if all instances z,, with equal label y,, collapse to a
vertex (y, of aregular simplex, inscribed in a hypersphere of radius pz, i.e., conditions (C1)
and (C2) in Theorem 2.

O
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S1.3. Technical lemmas

In the following, we provide proofs for all technical lemmas invoked throughout Steps 1-8 in the proof
of Theorem 2.

Lemma S1. Fixa class y € Y and a batch B € B with mv(g)(y) € {2,...,b}. Forevery Z € zZN
and every Y € YN, the class-specific batch-wise loss lsc(Z;Y, B, y) is bounded from below by

lsc(Z;Y, B,y) > my(p)(y) log (myp) (y) — 1+ (b—myp)(y)) exp (S(Z;Y, B,y))) , (S27)

where equality is attained if and only if all of the following hold:

(Q1) Vi € B thereis a C;(B,y) such that¥j € By \ {i} all inner products (z;, z;) = C;(B,y) are
equal.

(Q2) Vi € B there is a D;(B,y) such that Vj € Byc all inner products (z;,z;) = D;(B,y) are
equal.

Proof. The lemma follows from an application of Jensen’s inequality. In particular, we first need to
bring the class-specific batch-wise loss in a form amenable to Jensen’s inequality. Since my(py(y) > 1,
we have that

1 1y <]
b2V By =~ Y g | 2P AGe) (528)
Byl =1, 2 exp ({21, 24))
i ke B\{{i}
> exp ((zl,zk>)
— 3 log BV} . (S29)
/‘B’yi‘71
i€B, exp ({21, 2;))
J€By \{i}
Z A exp (<Zzazkz>)
=3 tor| o s (530)
i exp yi Ziy ZJ
€B, 1By \{{i}}] JEBAAiY
We will focus on the sum in the numerator: For every i € B,, we write
> exp((za)) = Y exp(znz)+ Y exp((zi, ) - (S31)

keB\{i}}

keBy\{i}}

keB,“

First, assume that my(py(y) # b. As the exponential function is convex, we can leverage Jensen’s

inequality on both sums, resulting in

S exp((z ) o 1By \ fillexp

keB \{i}

Q2)
> exp((zi ) > B, Jexp

keB,©

Herein, equality is attained if and only if

(Ql) Thereis a C;(B,y) such that Vj € B, \ {i}} all inner products (z;, z;)

1
> (zi) ($32)
BB i~y

1
— >z ) ($33)
|By |k€Byc

C;(B,y) are equal.

(Q2) Thereis a D;(B,y) such that Vj € B, \ {¢}} all inner products (z;, z;) = D;(B, y) are equal.
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Thus, using exp(a)/ exp(b) = exp(a — b), we bound the argument of the log in Eq. (S30) by
2ren\qiy P((zi, 21))
1
exp (m ZJEBy\{{i}}<Zi7 Zj>)

(S34)

: c ! oy .

keB,C JjeB\{i}

5(Z;Y,B,y)
Hence, using | B,| = mp(y) and the definition of S(Z;Y, B, y), we obtain the claimed bound
lsc(Z;Y, B) > my(p)(y) log (myp)(y) — 1+ (b—my(p)(y)) exp (S(Z; Y, B,y))) . (S36)

Note that equality is attained, if and only if the above conditions hold for every ¢ € B,,. Also, note that
the respective constants, C;(B,y) and D;(B, y), depend indeed on the batch B and the label y.

The case of mv(p)(y) = b follows from a analogous argument starting from Eq. (S35) under the
observation that, in this case, B, = B and Byc = (). This leads to the inequality

lsc(Z;Y,B) > blog (b—1) , (837)

with equality condition (Q1). Note that the statement of the lemma is phrased such that the results
from this case are automatically included. O

Lemma S2. Letl € {2,...,b}. ForeveryY € Y~ and every Z € ZN, we have that

—Z D> log(l— 1+ (b—1)exp(S(Z;Y,B,y))) (S38)

yEy BGBy 1
>log [ —14 (b—1)exp Z > S(2;Y,B,y) ,
yey BGBUI
where My = 3" v, |By,1| and equality is attained if and only if:
(Q3) | = b or there is a constant D(l) such that for every y € Y and for every B € B, ; the values of
S(Z;Y,B,y) = D(l) agree.

Proof. Leta,3>0and f:R = R,z log(a + Bexp(x)). The function f is smooth with second
derivative "' (z) = % > 0 and therefore it is convex. Thus, by Jensen’ inequality, for every
finite sequence (254 )(yey,Bes, ) it holds that

1
Zyey\Byl|Z > fa:B,y 2 f mz > apy| (S39)

y€Y BeEBy y€Y BeEBy

Settinga=1—1,8=b—1land xp, = S(Z;Y, B,y), we obtain the bound from the statement of
the lemma. Furthermore, equality is attained if and only if:

(Q3) There is a constant D(I) such that for every y € ) and for every B € B, ; the values of
S(Z;Y,B,y) = D(l) agree.

O
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Next, we combine Lemma S1 with Lemma S2, which implies a bound with more tangible equality
conditions.

Lemma S3. ForeveryY € Y~ and every Z € ZV the supervised contrastive loss Lsc is bounded
from below by

b
Lsc(Z;Y) > Z Mlog [1—1+ (b—1)exp Z Z S(Z:Y,B,y) . (S40)
=2 yGyBGByl

where M is defined as in Lemma S2 and equality is attained if and only if:
(Al) There exists a constant o, such that Vn,m € [N], yn, = ym, implies (zn, 2m) =

a .
(A2) There exists a constant 3, such that Vn,m € [N, yp, # Ym implies (zn, z2m) = .

Proof. First, observe that {sc(Z;Y,B,y) = 0if B € {By,, 8,1} Leveraging Lemma S1 and
Lemma S2, we get

Lsc(Z;Y) =YY tsc(Z;Y,B,y) (S41)
BeByeY

b
=> > > tse(2;Y.By) (S42)

1=2 yeY BEB,,

Lem Sl

ZZleog (I—1+(b—1)exp(S(Z;Y,B,y))) (S43)
=2 yeY By,

LemSZ
ZlMllog I—1+4(b—1)exp Z > S(2;Y,B.y) . (S44)
1=2 yeyBEByl

Here equality is attained if and only if all of the following conditions hold:

QD Vie{2,...,b},Yy € Y,VB € B, and Vi € B there is a C;(B, y) such that Vj € B, \ {i}
all inner products (z;, z;) = C;(B, y) are equal.

(Q2) Vi € {2,...,b},Vy € Y,VB € By and Vi € B there is a D;(B, y) such that Vj € Byc all
inner products (z;, z;) = D;(B,y) are equal.

(Q3) Yl €{2,...,b— 1}, there is a constant D(l) such that for every y € ) and for every B € B,
the values of S(Z;Y, B,y) = D(l) agree.

It remains to show that (Q1) & (Q2) & (Q3) is equivalent to:

(A1) There exists a constant «, such that Vn, m € [N], y,, = y», implies (z,,, zm) = @ .
(A2) There exists a constant 3, such that Vn,m € [N], y,, # Y, implies (z,,, zm) = 0 .

Recall the definition of the auxiliary function S, i.e

S(Z;Y, B,y) = Sau(Z;Y, B,y) + Swp(Z; Y, B,y) , where (S45)
Sa(Z:Y. B.y) = ~prapy | ‘B 9 Z > (i z) (S46)
Y 1€By jeB, \{i}

Sep(Z:Y, Byy) = ———= > Y (z0,25) (S47)
‘B HB |1EBy]EBC

We start with the direction (Al) & (A2) = (Q1) & (Q2) & (Q3).

Q1) Fixle{2,...,b},yeY,Be B, andi € B. Letj € By \ {{i},ie., y; =y = y;. Therefore
condition (A1) implies (z;, z;) = «, i.e., condition (Q1) is fulfilled with C;(B,y) = a.
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(Q2) Fixl e {2,...,b},yeY,B¢€ Byl and: € B. Let j € Byc,ie Yi Y= Therefore
condition (A2) implies (z;, z;) = (3, i.e. condition (Q2) is fulfilled with D; (B, y)

(Q3) Fixl € {2,...,b—1}. Lety € Y and B € B,,;. By condition (Al), Su(Z; y) =
—a and by condltlon (A2), Siep(Z;Y,B,y) = B, 50 S(Z;Y,B,y) = Swep(Z; B, y) +

Sat(Z;Y, B,y) = 8 — « and condition (Q3) is fulfilled with D(I) = 8 — a.
Next, we show (Q1) & (Q2) & (Q3) = (Al) & (A2).

Lety,y’ € Yand n,m,n’,m’ € [N] withy,, = y,, = y and y,,y = y,,v = y'. For brevity, we write
multisets such that the multiplicity of each element is denoted as a superscript, i.e., {n’}} denotes the
multiset {n, ..., n}} which contains n exactly b times. Recall, that we assume the b > 3.

(A1) We need to show that (z,,, z;,) = (zn/, 2m ). There are two cases: y =y’ and y # /.
First, assume y # y/'.
Choose | = 2 and pick the batch By = {n,m, (n’)*~2}} € B, ». Then

1 1
S(Z;Y7 Blay) = Satt(Z;KBlay)+5rep(Z§KBlay) = _<Zn7Zm>+§<znazn’>+§<zmvzn’> .
Condition (Q2) implies that (z,2,) = {(zm,2n ), and so the above simplifies to
S(Z;Y,B1,y) = —{zn,2m) + (Zn,2n/). An analogous argument for the batch By, =

fn',m!',n*=2} € B, 2 implies that S(Z;Y, Ba,y') = —{(2u/, 2m/) + {2n, 2n’). Finally, by
condition (Q3), we have that S(Z;Y, B1,y) = S(Z;Y, Ba,y') and thus (z,,, zm) = (2n/, Zm/)-

Now, assume y = y/'.

Let p € [N] such that y,, # y. Again, choose [ = 2 and pick batches By = {n, m,p" "2} €
By 2 and By = {n’,m/,p*=2}} € B, 2. By the same argument as in the preceding case of y #
y', we have that S(Z;Y, B1,y) = —(2n, Zm) + (2n, 2p) and S(Z;Y, Ba,y) = —(2n/, Zm’) +
(zn/, zp). Therefore, condition (Q3) implies that

—(2n, Zm) + <Znazp> = —(2n/, Zm) + <Zn’7zp> .

Now, pick the batch Bz = {2y, zm, p®~2}}. From condition (Q2) it follows that (z,,p) =
(2m,p) and thus (2,7, 2z ) = (2n, 2m)-

(A2) We need to show that (z,,, z,/) = (i, 2 ) if y #£ .
Choose | = 2 and pick the batches By = {n?, (n/)*=2}} € B, 2 and By = {m?2, (m')*~2}} €
B, 2. We can already assume that condition (A1) holds, so for every batch B € {B, >}, we
have that S, (Z;Y, B,y) = —«a and thus

S(Z;Y,B,y) = —a+ Sep(Z; Y, B,y) = —a + Z > (ziz) . (S48)
1€ByJeBUC

Therefore, S(Z;Y, B1,y) = (2n, 2n/) — aand S(Z;Y, Ba,y) = (2m, 2m’) — . By condition
(Q3), we have that S(Z;Y, By,y) = S(Z;Y, Ba,y) and 50 (2, 2n/) = (Zm, Zm/)-

O
In the following, we address the two parts of the sum in the exponent in Eq. (S40), i.e.,
N3 SzY By =D Y SwlZY. By |+ (D] Y Sep(2:Y.By)
y€Y BEBy y€Y BEB, y€Y BEB,
Lem. S4 Lem. S9
(S49)

While the first summand is handled easily via Lemma S4, handling the second summand needs further
considerations, encapsulated in Lemmas S5, S6, S7, S8 and finally combined into Lemma S9.
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Lemma S4 (Sum of attraction terms). Letl € {2,...,b}andlet Z=S,,. ForeveryY € YV and
every Z € ZN it holds that

Yo > SalZY.By) = — | D IByal | pz” (S50)

y€Y BEB, yEY
where equality is attained if and only if:

(Q4) For everyn,m € [N|, yn, = Y, implies zp, = 2y, -

Proof. Recall the definition of S, (Z;Y, B, y) from Eq. (S11):

i€ By jeBy\{{i }}

Using the Cauchy-Schwarz inequality and the assumption that Z is a hypersphere of radius pz,
Sat(Z;Y, B, y) is bounded from below by

) (@4) B 5
Sw(Z;Y,By) > |B||B BB, 2 2 [l =—pz® . s52)

i€By jeB, \{i}
which already implies the bound in the statement of the lemma.

For fixed I € {2,...,b}, equality is attained if and only if there is equality in the Cauchy-Schwarz
inequality. This means, that for every y € ), for every B € B, ; and for every 7, j € B, there exists
A > 0, such that z; = Az;. Since the z; and z; are on a hypersphere, this is equivalent to z; = z;.
Furthermore, for each pair of indices n, m € [N] with equal class y,, = y., = y, there exists a batch
B € B, containing both indices. Hence the equality condition is equivalent to

(Q4) For every n,m € [N}, yn, = Y, implies z,, = zp,.
O

Next, we consider the repulsion component. Recall the definition of S, (Z;Y, B, y) from Eq. (S12).
We want to bound

S > SwplZ;Y,By) =) Z IIB BB >N (aiz) (S53)
y

y€Y BEBy y€Y BEB, i€By jeB,©

Similarly to the case of the sum of the attraction terms in Lemma S4, we could bound each inner
product by (z;, z;) > —pz2. However, the obtained inequality will not be tight and thus useless for
identifying the minimizer of the sum. This is due to the fact that, in this case, equality would be
attained if and only if all points z,, z,, € Z of different class y,, # y., were on opposite poles of the
sphere. Yet, this is impossible for || > 2, i.e., if there are more than two classes.

Therefore, the argumentation is a bit more complex and we split it in a sequence of lemmas.

Lemma S5. Letl € {2,...,b— 1} andlety € Y. ForeveryY € YN and every Z € ZN the
following identity holds:

> Swp(Z;Y,B,y) Z D Knm(,) (zns 2m) (S54)
BEBy’l ne me N]
’/"_U YmF#Y

where for eachn, m € [N] withy,, = y and y,,, # y the combinatorial factor K,, ,,,(y,1) is defined by

Ky m(y,1) = 16—10) B; lmBy (n) mByC(m) : (S55)
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Proof. The lemma follows from appropriately partitioning the sum:

> Swp(Z;Y,Biy)= > 5 I\B C| Sz ) (S56)
Yy

BGB%L BGByI ’LGB?JJGB C
- Z Z 52 2 2 (e (857)
n€[N] me[N BEByZZEByjeB

znjm

=> > <zn,zm>ﬁ P DI > (S58)
n€[N] me[N]

BeBy,1 i.EBy jEByC
Yn=Y y,Ay i=n j=m
= Z Z zn,zm l) Z mp, (n) mpe(m) (559)
ne[N BeB,,
yﬂ—y um7ﬁy
= > Z (2n: 2m) Knom (y,1) - (S60)
n€[N] me[N]
Yn=Yy ym#y

O

In order to address the quantities K, ,, (y, 1), we will need the combinatorial identities of the subsequent
Lemma S6.

Lemma S6. Letn,m € N.

1. The number of m-multisets over [n] is

()=
()=
(-0 Go)
Siloo) - (G5) -5 ()

Proof. The first three identities are well known and imply the last one.

4. Letm > 1, then

Ad (1): Follows from the stars and bars representation of multisets. Therein, every m-mutliset over
[n] is uniquely determined by the position of m bars in an n + m — 1 tuple of stars and bars.
Hence, the cardinality of the set of such multisets is the number of m-element subsets of
an n + m — l-element set, which is given by the binomial coefficient in Eq. (S61). More
precisely, the multiplicity of a number &k € [n] in the multiset is encoded by the number of
stars between the (k — 1)-th and the k-th bar. For example, for n = 5 and k = 4 the multiset
1,3,4, 4 is represented by (x|| * |  *|).

Ad (2): Denote by Pyy1(n,m) the set of all m-multisets over [n]. Then

m

Pupn+1,m) = | {M € Pyyy(n+1,m)| my(n+1) =k} . (S65)
k=0
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Thinking of a m-multiset over [n + 1] containing the element (n + 1) exactly k-times as a
m — k multiset over [n], we get from Eq. (S61)

1
(<”+ >> =Py (n+1,m)| (S66)

m

=> M € Py (n+ 1,m)|mp(n+ 1) =k} (S67)

S () -2 s

Ad (3): Follows directly from the previous argument. In particular,

(S ) ) () () oo

Ad (4): The second equality is obvious, once both sides are expanded to the level of factorials.
For the the first equality, we prove by induction the equivalent formula

ki_o(m_k) ) -G) (570)

First, consider the case m = 1. Then both

o () =0 (7)) e (251) = () -

(S71)
Secondly, assume that Eq. (S70) holds for m. We show that it then also holds for m + 1, i.e.

::ij(erl—k) ((”;1) - ((";1) . (S72)

The proof is a simple application of the previously derived summation identities:

g(m+l—k) ((nk1>>:§(m_k) <<nk1>)+§<<nk1>) 573

(S70) (S62)

- (:11) * (:1) (574)
=02

=
[}
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Lemma S7. Letl € {1,...,b—1}, Y € YN andy € ). For every n,m € [N], the combinatorial
Sactor Ky, 1 (y,1) has value

Kpm(y,1) = : (S76)

Proof. We have

I b—l
1 1
BeBy,; p=1qg=1 BeBy,;
mg, (n)=p
B, (m)=q
(877)
-1
1
= 1 .
l(b_l)Zqu > (S78)

p=1 g¢=1 BeBy,
mg, (n)=p
mp c(m)=q
Therefore, it is crucial to calculate the cardinality [{B € By : mp, (n) = p, mp c(m) = q}|.
We can think of each batch B € B satisfying the condition
B e {B € By, mp,(n) =p, mp c(m)=q}
as a disjoint union of multisets B = C,, U C,, U C, U Cyc, where

» C, is a p-multiset over the singleton {n},

* C)y, is a g-multiset over the singleton {m},

» Cyisa (I — p)-set over the multiset {i € [N]\ {n}| y; = y} of cardinality my (y) — 1 and

* Cpisa(b—1— g)-set over the multiset {j € [N]\ {n}|y; # y} of cardinality N — my (y) — 1.

We write C,,,Cpn, Cy and Cyc for the respective sets of multisets. These sets are of cardinalities (see

Eq. (S61))
_ ((myl(g)p— 1)) |
B B )

{B € By, :mp,(n) =p, mp,c(m) =g} = |Cal [Cin| [Cy| [Cye|

i @,@ (myl(g)p_ 1>> ((N P (_y)q_ 1)) : (S79)

=1

(B € By} = ((m3<y)>) ((N_bf“;(y))) . (S80)

Therefore, the sum from Eq. (S78) simplifies to

=
3
I
R
=N~
—
Il
=
o
s
|

and so

By a similar argument,

1 l
Knm(y,1) = > p> a{B € By, mp,(n) =p, mp,c(m)=q}| (S81)

=57 > ((myz@p_ 1)) > ((N_bg(—y)q_ 1)) | (552

q=1
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Leveraging Eq. (S64), we get the claimed result

Bt = e (1) o (50 e

o |By,l|
S @O —mr(3) (554

Lemma S8. Let Z =S, . Forevery Z € ZN and every Y € YN, we have that

Do Gwzm) 2 —p2” Y my (), (S85)

y€Y ne[N] me[N] yey
Yn=Y ynFy
where equality is attained if and only if the following conditions hold:
(05) ZTLE[N] 2, =0
(Q6) For everyn,m € [N], yn, = Y, implies zp, = 2y, -

Proof. We first rewrite the sum as

Do D mam) =23 > D (zizm) (586)

Yy€Y ne[N] me[N] y€Y 4y’ €Y n€[N] me[N]
Yn=Y ynFy y#y YnTY =y
== Z Z Z Z vazm Z Z Z <vazm> (887)
y€Y y'€Y ne[N] me[N y€Y n€[N]) me([N]
Yn= "/ym y Yn=Y Ym=Y
=3 > ) =Y. > D (znrzm) (S88)
n€[N] me[N] y€Y ne[N] me[N]
Yn=Y Ym=Y
= (Y Z )= > > Y (Znzm) (S89)
n€[N] ne(N yey ZS[:]\Q 7;5[:]\3[,]

where, for the last step, we used the linearity of the inner product. Using that the norm is positive-
definite and applying the Cauchy-Schwarz inequality, yields the following lower bound:

DI BRCHENE DU D DI DD DRI, (S90)

yeyne[N]mE[N] n€[N] yeyne[N]me[N]
Yn=Y vy, =Y Ym=Y
(@5)
20-2. > Z (20 2m) (891)
yEY ne[N]m
Yn="Y ym y
(Q )
> =0 laall Z 20ml (S92)
y€Y ne[N]
Yn=Y ym y
==Y (my(y) Wpz)’ = —pz 2> my(y (593)
yey yeY

Equality is attained if and only if the following conditions hold:

(Q5) Zn zn =10

(Q6) We have equality in all applications of the Cauchy-Schwarz inequality, i.e., for every y € ) and
every n,m € [N] with y,, = y,, = y there exists A(y, n,m) > 0 such that z, = A(y, n, m)zp,.
Since Z is a sphere A(y, n, m) = 1 and so the above is equivalent to y,, = Y, implies z,, = 2.
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O

Lemma S9 (Sum of repulsion terms). Letl € {2,...,b— 1} and let Z = S}, For every Z € ZN
and every balanced Y € YN we have that

Yy
> > Sp(Z:Y.By) > Byz||y|| llpz , (S94)
yGyBEByl

where equality is attained if and only if the conditions (Q5) & (Q6) from Lemma S8 are fulfilled.

Proof. Recall from Lemma S5 that

§ Srep(Z;Y, B,y) = § § Kom (Y, 1) {Zn, 2m) » (S95)
BeB,, n€[N] me[N]
In=Y ym#y

and from Lemma S7 that

|Byl|

Knm(y,l) = : . (596)
©0 = W - @)
Therefore,
. Lem S5 |B
> Swp(Z;Y. By DD Dl Ny ) - 69D
y€Y BEBy, y€Y ne[N mEN]

Yn=Y ym#y

Since Y is balanced, i.e. my (y) = N/|y| for every y € ), the term

[By.1] 1Byl [YI?
7 = N S98
my (y)(N —my(y)) N2 |[Y[-1 (S98)

does not depend on the labels y as (1) |8, ;| is independent from y due to symmetry and (2) so is
my (y). For brevity, we will still write |B, ;| in the following, but keep in mind that it is constant
w.r.t. y. Furthermore, by Lemma S8

2
Z Z Z Zruzm Z —pz ZmY =—|NT|P22 5 (899)

y€Y ne[N] me[N] yey
Yn=Y ym#y

where equality is attained if and only if the conditions (Q5) & (Q6) are fulfilled. Therefore, we obtain
the claimed bound

>3 Swp(2;Y.By) = %; 3'}?” > Z Z Zn, Zm) (S100)

y€Y BEB, . y€Y ne[N
/U/”' y ynb;éy

1By PP N2 L2
STN e

y
= IBJ,1|| |1p22 : (S102)

(S101)

O
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As we have lower-bounded the attraction and repulsion components in Lemmas S4 and S9, respectively,
the following lemma, bounding the exponent in Eq. (S40) of Lemma S3, is an immediate consequence.

Lemma S10. Letl € {2,....b— 1} andlet Z = S,,. For every Z € ZN and every balanced
Y € YV, we have that

—Z Z (Z,Y,B,y M pzz, (S103)
yEyBEByl ‘y|

where equality is attained if and only if the following conditions hold:

(A3) Foreveryn,m € [N], Y = Y, implies zp, = zm, -
(A4) Xein) 20 =0 .

Proof. Since Y is balanced, |By’l| does not depend on y, and so

My =" Byl = |VIIBy.l - (S104)

yeY

Leveraging the bounds on the sums of the attraction terms Sy (Z; Y, B, y) and of the repulsion terms
Srep(Z;Y, B, y) from Lemma S4 and Lemma S9, respectively, we get

SN szv By =Y Y Sw@YBy) |+ Y Y Se(Z:Y.B.y)

yeY BeBy yeY BeBy, yeY BeBy

(S105)
—[VI|Bylpz? = Byl ——— |y| z° (S106)

V|~

1
—[VIBy.ilpz? <1 + |y|_1> (S107)

Yy

= |y||5y,l|P22|y||_1 (S108)

This is the bound as stated in the lemma. Herein, equality is attained if and only if equality is attained
in Lemma S4 and Lemma S9. Since conditions (Q4) and (Q6) are the same as condition (A3) and,
additionally, since condition (Q5) is the same as condition (A4), the lemma follows. O

Lemma S11. Combining Lemma S3 and Lemma S10 implies that the supervised contrasive loss
Lsc(Z;Y) is bounded from below by

b
Lsc(Z;Y) > ZlMl log (Z —1+(b—1)exp (— VI p32)> , (S109)
1=2 V=1
where equality is attained if and only if there are (1, . .., (y| € R” such that the following conditions
hold:
(CI) Vn € [N]: z, =y,
(C2) {Cy}tycy form a pz-sphere-inscribed regular simplex
Proof. We have that
ESC(Z;Y) ZlMl log [l —1+ (b—1)exp Z > 8(%;Y,B,y)
yey BeB
my () (y)=l

(S110)

ZlMllog( —1+(b—l)exp<—|yy|1p22>) . (S111)

Lem S10
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Equality holds if and only if the equality conditions of Lemma S3 and Lemma S10 are fulfilled, i.e. if
and only if:

(A1) There exists a constant «, such that ¥n,m € [N], y, = Y, implies (z,, 2pm) = o .
(A2) There exists a constant 3, such that Vn,m € [N], y,, # y,, implies (z,, zm) = 0 .
(A3) Forevery n,m € [N], y, = Y, implies z, = z,,, .

(Ad) X peqn) 2n =0

Note that Lemma S10 does not hold for | = b, so the exponent in Eq. (S110) might differ in this
case. However, this is irrelevant as, in this case, the factor (b — 1) in front of the exponential function
vanishes.

To finish the proof, we need to show under the assumption Z = S,_, that these conditions are
equivalent to that there are (1, . . ., y| such that

(C1) Yn € [N]: z, = (,, and

(C2) {¢y}yecy form a pz-sphere-inscribed regular simplex, i.e.,
(S > ey Gy =0,
(S2) [I¢yll = pz fory €,
(S3) 3d € R:d = ((y,Gy) fory,y’ € Y withy # y/.

Obviously, (A3) <= (C1), (S2) holds by assumption, (A4) <= (S1) and (A2) = (S3).

Thus it remains only to show that (C1) & (C2) = (Al). Letn,m € [N] such that y = y,, = ym.
By condition (C1), z,, = 2, = ¢, so by condition (S2), (zy,, zm) = ||Cy||2 = pz2, which does not
depend on n and m. 0
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S2. Proofs for Section 3.1

In this section, we will prove Theorem 1 of the main manuscript and its corollaries. First, we recall the
main definitions of the paper and introduce an auxiliary function.

Throughout this section the following objects will appear repeatedly an thus are introduced one-off:

e h,N,K €N
« Z=R"
e Yy={1,...,K} = K]

We additionally assume |Y| = K < h + 1.

Definition 1 (Cross-entropy loss). Let Z C R" and let Z be an N point configuration, 7 =
(z1,...,2n) € ZN, with labels Y = (y1,...,yn) € [K|N; let w, be the y-th row of the linear
classifiers weight matrix W € REX"_ The cross-entropy loss Lcg(-,W; Y) : ZN — Ris defined as

N
1 .
Zrs > tes(Z,W:Y.n) @)

n=1

with Lcg (-, W;Y,n) : ZN — R given by

exp({zn, wy,))
K

D exp({zn, wr))

=1

lon(Z,W;Y,n) = —log 3)

Definition 3 (p-Sphere-inscribed regular simplex). Ler h, K € N with K < h + 1. We say that
Ciy. .., Cx € RP form the vertices of a regular simplex inscribed in the hypersphere of radius p > 0,
if and only if the following conditions hold:

(S]) Eie[K] Cl =0

(52) |Gl = p fori € [K]

(S3) IdeR:d= (¢, () for1 <i<j<K

Definition S1 (Auxiliary function S). Let Z = R", then we define

S(-,-;Y): 2N x 2K 4R

D= L
where W = 357 >_, ¢y Wy

Lemma S12. Let h, K, N € N, Z = R". Further, let

It holds that
Lew(Z,W3Y) 2 log (14 (K = D exp (S(Z,W: Y)))

where S is as in Definition S1. Equality is attained if and only if the following conditions hold:
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(P1) Vn € [N] 3M,, such that Yy € Y \ {yn} all inner products (z,,w,) = M, are equal.
(P2) 3M € R such that Yn € [N] it holds that ) yey ((2n, Wy) — (Zn, Wy, ) =M .

Y#Yn

Proof. Using the identities log(t) = —log(1/t) and exp(a)/exp(b) = exp(a — b), rewrite the
cross-entropy loss in the equivalent form

1
Lep(Z,W;Y) = N Z log | 1+ Z exp ((zn, wy) — (Zn,wy, ) | - (5112)
n€e[N] y;y
Y7Yn

In order to bound Lcg from below, we apply Jensen’s inequality twice; first for the convex function
t — exp(t) and then for the convex function ¢ — log(1 + exp(t)):

(P1) 1 1
Lop(ZW:Y) 2 5 D log | 1+ (K —1Dexp [ 2= > ({n,wy) — (20, wy,))
ne(N]| yey
Y#Yn
(S113)
(P2)
>

tog | 1+ (K = Dewp | v 3 3 (emwn) = (o)

n€[N] yey
Y7 Yn

(S114)

By the linearity of the inner product and as the addend for y = y,, equals zero, the exponent in
Eq. (S114) is simply S(Z, W;Y"), which proves the bound.

The equality condition is obtained from the combination of the equality cases in both applications of
Jensen’s inequality. These are:

(P1) Vn € [N] 3M,, such that Yy € Y \ {y, } all inner products (z,, w,) = M, are equal.
(P2) 3M € Rsuch that Vn € [N] it holds that > yey ((2n, wy) — (2n,wy, ) = M.

Y#Yn

Lemma S13. Leth, K, N €N, pz > 0and Z = {z € R" : ||z|| < pz}. Further, let
Z=(z)h_1 €2V,
w (wy)ff:1 € (Rh)K ’
Y (yn)nNzl eV .

If the class configuration Y is balanced, i.e., forally € Y, N, = |{z €[N]:y; = y}| = N/Kk, then

K
Wlie

ZW:,Y)>—
S( 7W7 )— pZK—l

where ||-|| . denotes the Frobenius norm. We get equality if and only if the following conditions hold:
(P3) ¥n € [N] there 3N, < 0 such that z, = A, (W0 — wy,)
(P4) Vn : ||zp|| = p=

(P5) Wy € Y the terms ||| + ||wy||2 — 2(w, wy) are equal
(P6) @& =0
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Proof. We will bound the function S' from Lemma S12, using the norm constraint on each z,, € Z. In
particular,

NK-1
ne[N]
(P3)
> _NKif Z [2nl |0 — wy,
n€[N]
(P4)
D LK S o,
nE[N]
K _
- LR D SF
yey n€[N]
Yn=Y
1 K _
— K Y - wl N,
yey
1 K N
= NE 17K Z |w — w,|| (by assumption N, = &)
yey
1 2 2 -
= ————pz 3 Il + I 2w, w,)
yey
(P5) K 1 12 2 -
S MK 5 (112 + oy — 20,1,
yey
K 1 2 2 _
e [ (Kl + 3 w1 — 20, 3 w,)
yey yey
=Pz Z wy||*
yey
(P6)
> —pz Z w1
ye)i
VK
—_ W
pZK 1 Wlr

where

(P3) follows from the Cauchy-Schwarz inequality with equality if and only if Vn € [N] there
3\, < 0such that z,, = A, (W — wy, ),

(P4) follows from the assumption on the space Z, with equality if and only if Vn, ||z,|| = pz is
maximal,

(P5) follows from Jensen’s inequality for the convex function ¢ —+ —+/¢ with equality if and only if
Vy € Y the terms ||w||* + ||wy||2 — 2(w, w,) are equal,

(P6) follows from the positivity of the norm, with equality if and only if w = 0, i.e. W is centered at
the origin.

O
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Theorem 1. Let pz > 0, Z = {z € R" : ||2|| < pz}. Further, let Z = (z1,...,2n) € ZV be
an N point configuration with labels Y = (y1,...,yn) € [K|N and let W € RE*" be the weight

matrix of the linear classifier from Definition 1. If the label configuration Y is balanced,

ﬁ(jE(Z, W Y) >

[,
log <1 + (K —1)exp (—pg If] |U||F>>

holds, with equality if and only if there are (1, . .., (x € R" such that:

(Cl) Vn € [:\/Y} PR = Cl/u,
(C2) {Cy}y form a pz-sphere-inscribed regular simplex

(C3) 3pw >0:VyeY:w, = %Cy

Proof. To prove the bound, we consecutively leverage Lemma S12 and Lemma S13.

Lem. S12

Lop(Z,W,Y) > log<1+(K—1)exp(S(Z,W; Y)))

Lem. S13 \/E
S 1og (1 + (K — 1) exp (sz > 1||W||F>>

The application of Lemma S12 and S13 above also yields the sufficient and necessary conditions for
equality, which are (P1), (P2), (P3), (P4), (P5) and (P6). It remains to prove that those conditions are
equivalent to (C1), (C2), (C3). That is, we need to show that

(P1) Vn € [N] 3M,, such that Yy € Y \ {y, } all inner products (z,, w,) = M, are equal,

(P2) 3M € R such that Vn € [N] it holds that ) ycy (2n, wy) — (2n, Wy, ) = M.
Y#Yn

(P3) Vn € [N] there 3\,, < 0 such that z,, = A, (W0 — wy,, ),
(P4) Vn : ||zn] = pz,

(P5) Vy € Y the terms ||@||* + |Jw,||* — 2(w, w,) are equal,
(P6) @ = 0

are equivalent to that the existence of (1, ..., (jy| € R" such that

(C1) Vn € [N]: 2z, = (y,
(C2) {{y}yey form a pz-sphere-inscribed regular simplex, i.e., it holds that

(S1) Zyey Cy =0,

(S2) |I¢yll = pz fory €,

(S3) IdeR:d= (¢, ¢y)forl<y<y <K .
(C3) EIpW>O:Vy€3/:wy:%(y .
The arguments for the equivalencies are given below:

First, we show (P1) - (P6) = (C1) - (C3):
Ad (C1): We need to show that Vn € [N] : z, = (,,.

Let n € [N]. Conditions (P3) and (P6) yield z, = —\,w,, where A, < 0. If w, = 0, this
immediately implies (C'1) with ¢,,, = 0. If w,, # 0, we have |A\| = ||z,|| / |lwy, ||, and thus by (P4)
[0l ) (P4) _pz
Zn=—| - Wy, = Wy, - (S115)
< lwy, 1) [

Consequently, condition (C'1) is fulfilled with ¢, = pz 2.

1wy,
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Ad (C3): We need to show that 3pyy > 0 such that Vy € ) we have w, = 22.¢,

Pz

Since Y is balanced, for every label y € ) we have that N, = N/K > 0 and so there exists n € [N]
with y,, = y. Thus Eq. (S115) implies for every y € YV that ¢, = pz Hzﬁ Hence, condition (C3) is
fulfilled with pyy = |Jw, || if all such norms |jw, || agree. Indeed, by condition (P5), there is C' € R
such that foreach y € Y

(P5) (P6)

1@ 1* + wy|* = 2(@,10,) =" 0+ [|lwy |* =20 = uw, |

Ad (C2): We need to show that {(, },cy fulfill the requirements (S1), (S2) and (S3) of the regular
simplex from Definition 3.

From condition (C1) and condition (C3), we already know that

Pz oy =, foryed (S116)
P w

which we will use in the following.

Ad (S1): We need to show that Zyey ¢y =0

This follows directly from Eq. (S116) and condition (P6), because

IITRCRCS pcr st

yey pPw yey

Ad (S2): We need to show for every y € ) that ||(,]| = pz.
This follows directly from Eq. (S116) and the already proven condition (C3), because

Eq. (S116) ”piz. I (C3) pz.

¢yl Spw =pz - (S118)

yn

Ad (S3): We need to show that for every y,y" € Y with y # v/ there 3d € R : d = ({y, {r) -

Lety,y € Y withy # ¢'. Since Y is balanced, we have that N,, = N/x > 0. Hence, there exists
n € [N] with y’ = y,, and so

Eq. (S116)

PW e Cd = (G 2200 2 (¢ wy) 'L ()
Z Pz

Y ar, (S119)

Similarly,

2 (52)

Ei (SHG)
y =T 2 owpz - (S120)

14%% W
Cym 7Cyn> pz HCyn

We leverage condition (P1) and condition (P2) to get that there exists M € R such that

M2 ST ((zwg) = (z,wy,) (S121)
gey
JF#Yn
(5120) ( 3 <meg>> — (K — L)pwpz (S122)
gey
J£Yn
(K~ 1)(M, — pwpz) (5123)
(529) (K _ 1)(%<Cy’:<y> _ prZ) . (8124)

Thus ((,, ¢y) = d is constant, and d can be calculated by rearranging the equation above.
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Next, we show (C1) - (C3) = (P1) - (P6):
We assume that there exist (1, . . ., (x € R" such that conditions (C1) - (C3) are fulfilled.

Ad (P1): We need to show that Vn € [N] 3M,, such that Vy € Y\ {y, } all inner products (z,,, w,) =
M, are equal.

Letn € [N]andy € Y\ {yn}. then

Cl (C3 S3
( <<Jnva> :) <Cyna M<y> (:) Md , (S125)

Zn, W
<n y> Pz Pz

so condition (P1) is fulfilled with M,, = Z—Vz"d.
Ad (P2): We need to show that 3M such that Vn € [N] it holds that ) yey ((zn, wy) — (Zn, Wy, ) =

M. Letn € [N]. From Eq. (S§125), we already now that fory € '\ {y} it holds that (z,,, wy) = ’;Z d.
Similarly,
(e (C3) W (52)
(s ) S () S (G 520 = oz (5126)
Therefore,
S emw) = o) = (8 ~ 1) (22 pwpz (s127)
yEV\{yn} rz
and condition (P2) is fulfilled with M = (K — 1) (’;—gd — owp Z).
Ad (P4): We need to show that Vn : ||z, || = pz.
This follows immediately from condition (C1) and condition (S2):
(52)
lzall ‘S 1, (S128)
Ad (P6): We need to show that w = 0.
This follows immediately from condition (C3) and condition (S1):
(C3) 1 w (51)
KZ = Zg =0 . (S129)
yey uey
Ad (P5): We need to show that Vy € ) the terms ||w]||> + ||wy||2 — 2(w, wy).
This follows from conditions (C3) and (S2), such as the already proven condition (P6).
Lety € Y then
2 2 _ (B6) (03) (52)
]| + [y |I* = 2(@,w,) =" 0+ w,||* - H CynHQ = Py (S130)
which, indeed, does not depend on y.
Ad (P3): We need to show that Vn € [N] there 3\, < 0 such that z,, = A, (0 — wy,, ).
Let n € [N] and consider
(c1) G (C3) ijyn (S131)
pw
Thus, from the already proven condition (P6), it follows that
W — Wy, iy Wy, = _Mzn (S132)
Pz
and condition (P3) is fulfilled with \,, = — 2= < 0. O

h

w



Dissecting Supervised Constrastive Learning

Corollary 1. Let Z,Y, W be defined as in Theorem 1. Upon requiring that Vy € [K] : [Jw,| < ry,
it holds that

K ,
Lcr(Z,W;Y) > log <l + (K —1)exp (W’Zﬁ&))

with equality if and only if (C1) and (C2) from Theorem 1 are satisfied and condition (C3) changes to

(C3r) Vye Y :w, = ’p—ggu .

Proof. By leveraging Theorem 1, we get

Thm. 1 K
Lcp(Z,W3Y) = log (1 + (K —1)exp <_pZI;/>1HW|F>> (S133)

VK
=log [ 1+ (K —1)exp | —pzr— /%‘}Hwyn‘z (S134)
Yy

VE 2
2.

—pz r2, (S135)

>log [ 1+ (K —1)exp
yeY

= log <1 + (K —1)exp (—pg K[i 17‘w>> , (S136)

where equality is attained if and only if the bound from Theorem 1 is tight, i.e., conditions (C1), (C2),
(C3) are fulfilled and, additionally,

rw = [lwy|| fory € Y . (S137)
It remains to show that if conditions (C1) (C2) are fulfilled, then the following equivalency holds:
(’I“W = ||lwy| fory € Y A (C3)) <~ (C3r) . (S138)

“=="": We need to show that Vy € Y : wy = 22¢,.

So, let y € ). By condition (C3), there is pyy > 0 such that

w, =2, (S139)
Pz
Thus (C3r) holds if pyy = 7. Indeed,
(S137) (S139) pw (C2) pw
=" lwyl| =" =Gl =" —=pz=pw - (S140)
z pz

“«=": Follows immediately as we can choose pyy = 7y, > 0.
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Lemma S14. Let )\, pz > 0, K,h € Nand W € (R")EX. The function

K

f(x) =log (1+(K 1) exp <pZK 1:5)) + AKz? (S141)

is minimized by xo = ryw(pz,A) > 0, i.e., the unique solution to

Pz

0=K (22— 22— | . (S142)

eET 4K~ 1

Proof. The first derivative of f is given by
flz)=K <2)\x - KZ'OZ> . (S143)
ex-T +K -1

Note that f is strictly increasing. Thus f is strictly convex and has a unique minimum at the point z
where f’(z9) = 0. As f' is continuous on (0, c0) with

f(0)=-pz<0 (S144)
and
lim f'(x) =00 , (S145)
T—r00
the intermediate value theorem implies 0 < xo = Ty (pz, \) < oo. O

Corollary 2. Let Z,Y,W be defined as in Theorem 1. For the Lo-regularized objective
Lcr(Z,W;Y) + M|W||% with X > 0, it holds that

Leu(Z,W5Y) + A|W|[5

[,
> log (1 + (K —1)exp <—/)ZK : ; 7’W(/’27)‘))>

+ )\[(7’1/\;(/)2, )\)2 ,

where myw (pz, ) > 0 denotes the unique solution, in x, of

0=K |2\ — 7d ,/)Z -
exp(F£25) + K — 1

K—-1

Equality is attained in the bound if and only if (C1) and (C2) from Theorem 1 are satisfied and (C3)
changes to

(C3wd) Yy € Y :w, = MCU .

Pz

Proof. By leveraging Theorem 1 and Lemma S14 (with z = ||W| ./VK), we get

Ler(Z,W;Y) +M[W|%

Thm. 1

VE
= log <1+<K—1>exp (—sz_lnwnF + AW

= log (1 + (K —1)exp <—PZKK 1x>) + A\K2? (by setting = = |W|| . /VK)

Lem. S14

> log <1 + (K —1)exp (pg

ooz ) ) ) ARz, 02 |
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where equality is attained if and only if the bound from Theorem 1 is tight, i.e., conditions (C1), (C2),
(C3) are fulfilled and, additionally,

W lr/VE =rw(pz, A) . (S146)
It remains to show that if (C1) and (C2) are fulfilled, it holds that
(IWr/VEK = rw(pz,\) A (C3)) <= (C3wd) . (S147)

“—: We need to show for every y € ) that w,, = T""(j%)‘)cy.

So let y € Y. By condition (C3), there exists pyy > 0 such that w, = pw/pz(,. Thus, condi-
tion (C3wd) is fulfilled if pyy = rw(pz, A). Indeed,

su46) [|[W e \/17 (C3) PW
rw(pz, A) *2 = [ 2 w2 =0 122G )2 (S148)
\/R Kye)/ yey pz
(C2 1
g\/ﬁ:pw _ (S149)
yey

Condition (C3) Is fulfilled as we can choose

“« .
<"

Lem. S14
pw =1w(pz,\) > 0. (S150)

Finally, 1y (pz,A) = [W || /VK, as

(C3wd) rw(pz, )
Wile = [ lwy > =" | D122 )1
yey yey rz
@ [ rwlpz,N)? = VErw(pz, A) -
yey
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S3. Additional Experiments

The experiments in §5.2 suggest that representations learned by minimizing the SC loss might arrange
closer to the (theoretically optimal) simplex configuration, compared to representations learned by
minimizing the CE loss. To corroborate that this disparity is due to differing optimization dynamics of
the loss functions, i.e., differing trajectories in the parameter space, and not an artifact of terminating the
loss minimization to early, we repeat® these experiments when optimizing over 500k SGD iterations
instead of 100k. After every 10k iterations, we freeze the model, compute the class means of
representation of the training data and evaluate two geometric properties on all of the training data: (1)
the cosine similarity across class means and (2) the cosine similarity to class means, 7 as illustrated
in Figs. S1, S2.

Cosine similarity across class means
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(a) CIFAR10 (without augmentation)
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Figure S1: Distribution of geometric properties of representations, g (), tracked during training. Representa-
tions are obtained from a ResNet-18 model trained (b) with and (a) without data augmentation on CIFAR10, with
CE and SC, respectively. Blue and green lines indicate the evolution of the medians over the iterations; Red lines
indicate the sought-for value at a regular simplex configuration.

The results reveal that (1) optimizing for 500k iterations improves convergence to the optimal state, yet
at a very low speed, and (2) minimizing SC still yields representations closer to the simplex, compared
to CE. The latter not only holds at the terminal stage of training, but at (almost) every evaluation step.
Interestingly, on both datasets, the distributions of the computed properties obtained from the model
trained via CE have notably more spread than the ones obtained from the model trained with SC.

%.e., the same setup and hyperparameters as in §5.2, except for the number of training iterations
"We omit the cosine similarity across weights, as, for SC, this requires to train an additional linear classifier each time.
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Finally, we compare the geometric properties after training for 500k iteration with the ones from
training over 100k iterations, i.e., Fig. 7 in §5.2. In case of SC, the distributions are roughly the same,
whereas for CE, the distributions after 500k iterations are notably closer to the theoretical optimum
than the ones after 100k iterations, particularly on the more complex CIFAR100 dataset. Once more,
this highlights the faster convergence to the simplex arrangement via minimizing SC.

Cosine similarity across class means
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(a) CIFAR100 (without augmentation)
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Figure S2: Distribution of geometric properties of representations, wg(zr ), tracked during training. Representa-
tions are obtained from a ResNet-18 model trained (b) with and (a) without data augmentation on CIFAR10, with
CE and SC, respectively. Blue and green lines indicate the evolution of the medians over the iterations; Red lines
indicate the sought-for value at a regular simplex configuration.



