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The supplementary document is organized as follows.

1. The supplementary document begins with a discussion of different choices of stochastic differential equation (SDE)
representations for SGD (Section A).

2. We then discuss the tail-index estimation in Section B.

3. In Section C, we provide the proofs of the main results in the main paper; and provide the supporting lemmas in
Section D.

A. A Note on Stochastic Differential Equation Representations for SGD

In recent years, a popular approach for analyzing the behavior of SGD has been viewing it as a discretization of a continuous-
time stochastic process that can be represented via a stochastic differential equation (SDE) (Mandt et al., 2016; Jastrzgbski
etal., 2017; Li et al., 2017; Hu et al., 2019; Zhu et al., 2019; Chaudhari & Soatto, 2018; Simsekli et al., 2019b). While these
SDEs have been useful for understanding different properties of SGD, their differences and functionalities have not been
clearly understood. In this section, in light of our theoretical results, we will discuss in which situation their choice would be
more appropriate. We will restrict ourselves to the case where f(x) is a quadratic function; however, the discussion can be
extended to more general f.

The SDE approximations are often motivated by first rewriting the SGD recursion as follows:
i1 = 2k =V frr (@r) = ap =V f (21) + Uk (21), (A1)

where U (z) :=V fk(x) — V f(x) is called the ‘stochastic gradient noise’. Then, based on certain statistical assumptions on
U}, we can view (A.1) as a discretization of an SDE. For instance, if we assume that the gradient noise follows a Gaussian
distribution, whose covariance does not depend on the iterate xy, i.e., nUy ~ \/nZ) where Z;, ~ N (0, o,nI) for some
constant o, > 0, we can see (A.1) as the Euler-Maruyama discretization of the following SDE with stepsize 1 (Mandt et al.,
2016):

dz; = =V f(ay)dt + /no.dBy, (A2)

where B; denotes the d-dimensional standard Brownian motion. This process is called the Ornstein-Uhlenbeck (OU) process
(see e.g. Dksendal (2013)), whose invariant measure is a Gaussian distribution. We argue that this process can be a good
proxy to (3.5) only when a@ > 2, since otherwise the SGD iterates will exhibit heavy-tails, whose behavior cannot be
captured by a Gaussian distribution. As we illustrated in Section 4, to obtain large «, the stepsize 7 needs to be small and/or
the batch-size b needs to be large. However, it is clear that this approximation will fall short when the system exhibits heavy
tails, i.e., < 2. Therefore, for the large 1/b regime, which appears to be more interesting since it often yields improved
test performance (Jastrzebski et al., 2017), this approximation would be inaccurate for understanding the behavior of SGD.
This problem mainly stems from the fact that the additive isotropic noise assumption results in a deterministic M}, matrix
for all k. Since there is no multiplicative noise term, this representation cannot capture a potential heavy-tailed behavior.

A natural extension of the state-independent Gaussian noise assumption is to incorporate the covariance structure of Uy. In
our linear regression problem, we can easily see that the covariance matrix of the gradient noise has the following form:

2
Su(x) = Cov(Uglz) = %diag(x o), (A3)
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where o denotes element-wise multiplication and o2 is the variance of the data points. Therefore, we can extend the previous
assumption by assuming Z|z ~ N(0,7Xy(z)). It has been observed that this approximation yields a more accurate
representation (Cheng et al., 2020; Ali et al., 2020; Jastrzebski et al., 2017). Using this assumption in (A.1), the SGD
recursion coincides with the Euler-Maruyama discretization of the following SDE:

dxy = =V f(xe)dt + /nZy (z:)dBs
2
— (AT Az, — ATy) dt + \/%diag(zt)dBt, (A4)

||e

where < denotes equality in distribution. The stochasticity in such SDEs is called often called multiplicative. Let us illustrate
this property by discretizing this process and by using the definition of the gradient and the covariance matrix, we observe
that (noting that Ny ~ N(0, 1))

o2
Tkl =Tk — 1N (ATA:I:k — ATy) +4/ bn diag(zk)Ngt+1

— (1 =nAT A+ /o2 /b diag(Nis1) ) e — 1A Ty, (A.5)

where we can clearly see the multiplicative effect of the noise, as indicated by its name. On the other hand, we can observe
that, thanks to the multiplicative structure, this process would be able to capture the potential heavy-tailed structure of SGD.
However, there are two caveats. The first one is that, in the case of linear regression, the process is called a geometric
(or modified) Ornstein-Uhlenbeck process which is an extension of geometric Brownian motion. One can show that the
distribution of the process at any time ¢ will have lognormal tails. Hence it will be accurate only when the tail-index « is
close to the one of the lognormal distribution. The second caveat is that, for a more general cost function f, the covariance
matrix is more complicated and hence the invariant measure of the process cannot be found analytically, hence analyzing
these processes for a general f can be as challenging as directly analyzing the behavior of SGD.

The third way of modeling the gradient noise is based on assuming that it is heavy-tailed. In particular, we can assume that
nUy =~ 0Ly, where [Ly]; ~ SaS(opn®=1/®) foralli = 1,...,d. Under this assumption the SGD recursion coincides
with the Euler discretization of the following Lévy-driven SDE (Simsekli et al., 2019b):

dry = =V fxz)dt + opn @D/ *dLe, (A.6)

where L{ denotes the a-stable Lévy process with independent components (see Section A.1 for technical background
on Lévy processes and in particular a-stable Lévy processes). In the case of linear regression, this processes is called
a fractional OU process (Fink & Kliippelberg, 2011), whose invariant measure is also an a-stable distribution with the
same tail-index . Hence, even though it is based on an isotropic, state-independent noise assumption, in the case of large
7n/b regime, this approach can mimic the heavy-tailed behavior of the system with the exact tail-index «. On the other
hand, Buraczewski et al. (2016) (Theorem 1.7 and 1.16) showed that if Uy, is assumed to heavy tailed with index « (not
necessarily SaS) then the process xj, will inherit the same tails and the ergodic averages will still converge to an SaS
random variable in distribution, hence generalizing the conclusions of the Sa.S assumption to the case where Uy, follows an
arbitrary heavy-tailed distribution.

A.1. Technical background: Lévy processes

Lévy motions (processes) are stochastic processes with independent and stationary increments, which include Brownian
motions as a special case, and in general may have heavy-tailed distributions (see e.g. Bertoin (1996) for a survey).
Symmetric a-stable Lévy motion is a Lévy motion whose time increments are symmetric a-stable distributed. We define
L{, a d-dimensional symmetric a-stable Lévy motion as follows. Each component of L{* is an independent scalar c-stable
Lévy process defined as follows:

(1) L§ = 0 almost surely;
(i1) For any tg < t; < --- < ty, the increments Lf‘n — Lfn_l are independent, n = 1,2, ..., N;
(iii) The difference L — LS and L, have the same distribution: SaS((t — s)'/®) for s < t;

(iv) LY has stochastically continuous sample paths, i.e. for any 6 > 0 and s > 0, P(|L$ — L% > §) = Oast — s.
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When a@ = 2, we obtain a scaled Brownian motion as a special case, i.e. Ly = V2B, so that the difference L{ — Lg follows
a Gaussian distribution A/ (0, 2(¢t — s)).

B. Tail-Index Estimation

In this study, we follow Tzagkarakis et al. (2018); Simsekli et al. (2019b), and make use of the recent estimator proposed by
Mohammadi et al. (2015).

Theorem 12 (Mohammadi et al. (2015) Corollary 2.4). Let {XZ-}iK:1 be a collection of strictly stable random variables in
R with tail-index o € (0,2] and K = K; x K. Define Y; = Zszll Xiti—1)k, fori € [1,Ks]. Then, the estimator

—

1 1 1 & 1 &
s — Nlog|Vill— =51 XZ-) B.1
» 1ogK1(K2;°g” - & LleelXil). B.1)

converges to 1/« almost surely, as Ko — 0.

As this estimator requires a hyperparameter K, at each tail-index estimation, we used several values for K and we used the
median of the estimators obtained with different values of K. We provide the codes in github.com/umutsimsekli/
sgd_ht, where the implementation details can be found. For the neural network experiments, we used the same setup as
provided in the repository of Simsekli et al. (2019b).

C. Proofs of Main Results
C.1. Proof of Theorem 2

Proof of Theorem 2. The proof follows from Theorem 4.4.15 in Buraczewski et al. (2016) which goes back to Theorem 1.1
in Alsmeyer & Mentemeier (2012) and Theorem 6 in Kesten (1973). See also Goldie (1991); Buraczewski et al. (2015). We
recall that we have the stochastic recursion:

T = Mpri_1 + qg, (C.1)

where the sequence (Mjy, qx) are i.i.d. distributed as (M, ¢) and for each k, (My, gi) is independent of zj_1. To apply
Theorem 4.4.15 in Buraczewski et al. (2016), it suffices to have the following conditions being satisfied:

1. M is invertible with probability 1.

2. The matrix M has a continuous Lebesgue density that is positive in a neighborhood of the identity matrix.
3. p<0and h(a) = 1.

4. P(Mz + g = z) < 1 for every x.

5. B[] (log" [[M]| +log™ [[M~])] < .

6. 0 < El|jg||* < 0.

All the conditions are satisfied under our assumptions. In particular, Condition 1 and Condition 5 are proved in Lemma 21,
and Condition 2 and Condition 4 follow from the fact that M and ¢ have continuous distributions. Condition 3 is part of the
assumption of Theorem 2. Finally, Condition 6 is satisfied by the definition of ¢ and by the Assumptions (A1)—-(A2). [

C.2. Proof of Theorem 3

Proof of Theorem 3. To prove (i), according to the proof of Theorem 2, it suffices to show that if p < 0, then there exists a
unique positive « such that 2(c) = 1. Note that if p < 0, then by Lemma 17, we have h(0) = 1, h'(0) = p < 0 and h(s) is
convex in s, and moreover by Lemma 18, we have lim infs_, . h(s) > 1. Therefore, there exists some a € (0, c0) such that
h(«) = 1. Finally, (ii) follows from Lemma 16. O
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C.3. Proof of Theorem 4
Proof of Theorem 4. We will split the proof of Theorem 4 into two parts:
(I) We will show that the tail-index « is strictly decreasing in stepsize 7 and variance o2 provided that o > 1.
(IT) We will show that the tail-index « is strictly increasing in batch-size b provided that o > 1.
(IIT) We will show that the tail-index « is strictly decreasing in dimension d.
First, let us prove (I). Let a := 1702 > 0 be given. Consider the tail-index « as a function of a, i.e.
a(a) := min{s : h(a, s) = 1},
where h(a, s) = h(s) with emphasis on dependence on a.

By assumption, a(a) > 1. The function h(a, s) is convex function of a (see Lemma 22 for s > 1 and a strictly convex
function of s for s > 0). Furthermore, it satisfies h(a,0) = 1 for every a > 0 and h(0, s) = 1 for every s > 0. We consider
the curve

C :={(a,s) € (0,00) x [1,00] : h(a,s) =1}.
This is the set of the choice of a, which leads to a tail-index s where s > 1. Since A is smooth in both a and s, we can
represent s as a smooth function of a, i.e. on the curve

h(a,s(a)) =0,

where s(a) is a smooth function of a. We will show that s’(a) < 0; i.e. if we increase a; the tail-index s(a) will drop. Pick
any (as, s.) € C, it will satisfy h(a., s.) = 1. We have the following facts:

(¢) The function h(a, s) = 1 for either a = 0 or s = 0. This is illustrated in Figure 4 with a blue marker.

(#) h(as,s) < 1for s < s.. This follows from the convexity of h(a.,s) function and the fact that h(a.,0) = 1,
h(ax, s«) = 1. From here, we see that the function h(a., s) is increasing at s = s, and we have its derivative

oh
a k9 Ok > 0
s (ax, Sx)
(#91) The function h(a, s.) is convex as a function of a by Lemma 22, it satisfies h(0, s.) = h(ax, s«) = 1. Therefore,
by convexity h(a,s.) < 1fora € (0, s.); otherwise the function h(a, s.) would be a constant function. We have
therefore necessarily.

oh
%(a*7 8«) > 0.

By convexity of the function h(a, s.), we have also h(a, s,) > h(a., s.) + 22 (as, s.)(a — a.) > hla.,s.) = L.
Therefore, h(a, s.) > 1 for a > a,. Then, it also follows that h(a,s) > 1 for a > a. and s > s, (otherwise if
h(a,s) < 1, we get a contradiction because h(0,s) = 1, h(as,s) > 1 and h(a, s) < 1 is impossible due to convexity).
This is illustrated in Figure 4 where we mark this region as a rectangular box where i > 1.

(iv) By similar arguments we can show that the function h(a, s) < 1if (s,a) € (0,a4) X [1, s.). Indeed, if h(a, s) > 1 for
some (s,a) € [1,s.) X (0, a.), this contradicts the fact that ~(0, s) = 1 and h(a., s) < 1 proven in part (i¢). This is
illustrated in Figure 4 where inside the rectangular box on the left-hand side, we have h < 1.

Geometrically, we see from Figure 4 that the curve s(a) as a function of a, is sandwiched between two rectangular boxes
and has necessarily s’(a) < 0. This can also be directly obtained rigorously from the implicit function theorem; if we
differentiate the implicit equation h(a, s(a)) = 0 with respect to a, we obtain

oh oh ,
%(a*,s*) + g(a*,s*)s (ax) =0.
From parts (i) — (i4¢), we have %(a*, s4) and %(a*7 sx) > 0. Therefore, we have
oh
s (a.) = *M <0, (C.2)

(ax, 54)

Q|

S
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Figure 4. The curve h(a, s) = 1 in the (a, s) plane

which completes the proof for s, > 1.

Next, let us prove (IT). With slight abuse of notation, we define the function h(b, s) = h(s) to emphasize the dependence on

b. We have
b
(-35e)-

where we used Lemma 16. When s > 1, the function  — ||z||* is convex, and by Jensen’s inequality, we get for any b > 2
and b € N,

S

h(b,s) =E (C.3)

S

b
1
hb,s) =E||= 3" I—b_LlZajaf er
i=1 Ji
-
<k |2 " T
ST R DI K
| =1 j#i
1 ]
15w || (1 et e | =610
i=1 i ]

where we used the fact that a; are i.i.d. Indeed, from the condition for equality to hold in Jensen’s inequality, and the fact
that a; are i.i.d. random, the inequality above is a strict inequality. Hence when d € N for any s > 1, h(b, s) is strictly

decreasing in b. By following the same argument as in the proof of (I), we conclude that the tail-index « is strictly increasing
in batch-size b.

Finally, let us prove (IIT). Let us show the tail-index « is strictly decreasing in dimension d. Since a; are i.i.d. and
a; ~ N(0,0%1;), by Lemma 19,

, (C.4)

2a a? ., a? o/2

where X, Y are independent chi-square random variables with degree of freedom b and d — 1 respectively. Notice that h(s)
is strictly increasing in d since the only dependence of h(s) on d is via Y, which is a chi-square distribution with degree of
freedom (d — 1). By writing Y = Z? + - + Z3_,, where Z; ~ N(0, 1) i.i.d., it follows that h(s) is strictly increasing in
d. Hence, by similar argument as in (I), we conclude that « is strictly decreasing in dimension d. O

Remark 13. When d = 1 and a; are i.i.d. N(0,02), we can provide an alternative proof that the tail-index o is strictly
increasing in batch-size b. It suffices to show that for any s > 1, h(s) is strictly decreasing in the batch-size b. By Lemma 19
when d =1,

2

b b

2 2
h(b,s)zE[(l— N9 x4 1 -

4 2 4 s/2
T x*4+L7 XY) ] , (C.5)
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where h(b, s) is as in (C.3) and X, Y are independent chi-square random variables with degree of freedom b and d — 1
respectively. When d = 1, we have Y = 0, and

2 s/2 2 s
h(b,s) = E l( 219 X+77b0 X2> ] EH1"ZX‘ } (C.6)

b

Since X is a chi-square random variable with degree of freedom b, we have

s
2

b
P

where Z; are i.i.d. N(0, 1) random variables. When s > 1, the function x — |x|° is convex, and by Jensen’s inequality, we
getforanyb > 2andb € N

h(b,s) =E (C.7)

_1 b no? )
hbs)=E |33 (1= 7
|| =1 ji
_1 b no? ’ 1< no? )
<E |- 1—-— Z; = - Efl-—— Zj =h(b-1

where we used the fact that Z; are i.i.d. Indeed, from the condition for equality to hold in Jensen’s inequality, and the fact
that Z; are i.i.d. N(0,1) distributed, the inequality above is a strict inequality. Hence when d = 1 for any s > 1, h(b, s) is
strictly decreasing in b.

C.4. Proof of Proposition 5

Proof of Proposition 5. We first prove (i). When 1 = n¢pit = %, that is no?(d + b+ 1) = 2b, we can compute that
1 Mo? & 254 2L L

1% S 5 10gE 1 — nb Z 21?1 —+ 77 Z Z(zﬂzjl —+ -4 Zidzjd)zilzjl = 0, (Cg)
i=1 i=1j=

where z;; are ii.d. N(0,1) random variables. Note that since 1 — 2"‘7 Zl 1 2h+ ’7 Zl 1 ZJ 1(Zazin + -+
zzdz]d)zll zj1 is random, the inequality above is a strict inequality from Jensen’s 1nequa11ty Thus, when n = 1¢pi¢, 1.€.

0%(d+b+1) = 2b, p < 0. By continuity, there exists some § > 0 such that for any 2b < no?(d +b+1) < 2b+ 4, i.e.
Nerit <N < Nmaz> Where Nmar = Nerit + m, we have p < 0. Moreover, when naQ(d—i— b+1) > 2b,i.e. 0 > Nerit
we have

2no ot 204
h(2) =K <1 - UT - Ll 77 ;; Zi1Zj1 + 0+ Zided)Zilel) =1- 2770' + — 1 (d +b+ 1) 1,
which implies that there exists some 0 < o < 2 such that A(a) = 1.
Finally, let us prove (ii) and (iii). When no?(d + b+ 1) < 2b,i.e. n < Nerit, We have h(2) < 1, which implies that o > 2.
In particular, when no?(d + b + 1) = 2b, i.e. 7 = 7cpit, the tail-index o = 2. O
C.5. Proof of Theorem 6 and Corollary 7

Proof of Theorem 6. We recall that
Tk = Mgxg—1 + g, (C.9)

which implies that
k|l < [Mygzp-1ll + [lgxll- (C.10)
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(i) If the tail-index e < 1, then for any 0 < p < «, we have h(p) = E||Mye;||P < 1 and moreover by Lemma 23,

e ll? < IMpzk—1]l” + llgx|”- (C.11)

Due to spherical symmetry of the isotropic Gaussian distribution, the distribution of ”]Wﬁf” does not depend on the choice

of x € R¥\{0}. Therefore, % and ||z_1 || are independent, and % has the same distribution as || Mge1 ||,

where e is the first basis vector. It follows that

Ellzy||? < El| Myer[|’E||lzx-1[” + Ellgx|”, (C.12)

so that
Ellzk||? < h(p)E|zk—1]" +E| a1, (C.13)

where h(p) € (0,1). By iterating over k, we get

_ k
Bl < (o) Blleol” + Bl n

(i1) If the tail-index v > 1, then for any 1 < p < «a, by Lemma 23, for any € > 0, we have

1+ —(1+¢)

lekll” < (14 )| My |” + ; llarll”, (C.15)
((1 +e)TT — 1)
which (similar as in (i)) implies that
14+e)T —(1+e¢
Elleel? < (1+ QBN Myer By + G Y C X gy, c.16)
((1 + )T — 1)
so that N
1+4¢€)rT 1+e
Ellzil? < (1 + Oh@E|ze | + ST =L gy .17
(a+a7—1)"
We choose € > 0 so that (1 + €)h(p) < 1. By iterating over k, we get
1= ((1+eh(p) 1+e)7T —(1+e
Elleel? < ((1+ h(p) Eljzof? + - GH PP AL ITTZ UL Dy o 19
— (1 +e)h(p) ((1+5)F71>
The proof is complete. O

Remark 14. In general, there is no closed-form expression for E||q ||P in Theorem 6. We provide an upper bound as follows.
When p > 1, by Jensen’s inequality, we can compute that

Z aly’L

and when p < 1, by Lemma 23, we can compute that

Zazyz <Zazyqll> ] <% ZIEHalyZHp_anEHyl\p llay||”] . (C.20)

=1

p
Ellg:||” = n"E

b
D
< LS Bl = wEllul? lloal], C.19)
=1

Ellq:]l” = <

Proof of Corollary 7. It follows from Theorem 6 by letting k¥ — oo and applying Fatou’s lemma. O
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C.6. Proof of Theorem 8, Corollary 9, Proposition 10 and Corollary 11

Proof of Theorem 8. For any vy, ¥y € P,(R?), there exists a couple z¢ ~ v and &y ~ 7 independent of (My, g )en and
WE(v, 70) = El|zo — Zo||P. We define x;, and Z}, starting from z and Z¢ respectively, via the iterates

= Mrpxi—1 + gk, (C.21)
Tp = MpZTr—1 + qx, (C22)

and let v and 7y denote the probability laws of x and Zj respectively. For any p < «, since E|M||* = 1 and
E||gx||* < oo, we have vy, 7 € P,(R?) for any k. Moreover, we have

Ty — Tk = Mp(xp—1 — Tp—1), (C.23)

| Mz ||
[E]

of z € R4\{0}. Therefore, W and ||xg_1 — Zx—1]| are independent, and W has the same

distribution as || Myey ||, where ey is the first basis vector. It follows from (C.23) that

Due to spherical symmetry of the isotropic Gaussian distribution, the distribution of does not depend on the choice

Ellze — 2k |” < E[[|My(2p-1 — Zx—1)[IP] = E[[| Mrer[|P) E [lzr—1 — Zx—1[|”] = R(P)E [lzr—1 — Zp-1"],
which by iterating implies that
WE (i, o) < Ella — @x]|P < (A(p))"Ellzo — Zol|” = (A(p))" W5 (0, ). (C24)

By letting 7y = v, the probability law of the stationary distribution ., we conclude that

Wy (U, Voo) < ((h(p))l/q)k W, (10, Voo ). (C.25)

Finally, notice that 1 < p < «, and therefore h(p) < 1. The proof is complete. O

Proof of Corollary 9. When no? < #bbﬂ, by Proposition 5, the tail-index « > 2, by taking p = 2, and using h(2) =
1 —2no? + @(d + b+ 1) < 1 (see Proposition 5), it follows from Theorem 8§ that

2

k/2
Wa (v, Voo) < <1 — 2ng? <1 - %(CH b+ 1))) Wa (v, Vso).- (C.26)

O

Remark 15. Consider the case a; are i.i.d. N'(0,021,). In Theorem 6, Corollary 7 and Theorem 8, the key quantity is
h(p) € (0,1), where p < «.. We recall that

9 2 2 p/2
h(p) =E l<1 ~ x4 xry aXY) : (C27)

b b2 b2

where a = no?, X, Y are independent chi-square random variables with degree of freedom b and d — 1 respectively. The
Sfirst-order approximation of h(p) is given by

p 2a a® 9 a® P a® a®
hip) ~1+=zE|——X+ X"+ XY | =142 |-2 —(b+2)+ —(d-1 1 C.28
0 ~14be R fx e o 2t Cornr Cao| <1 s
provided that a = no? < d+2bb+1 which occurs if and only if o > 2. In other words, when no? < %bbﬂ, a > 2 and

2
770'(“0”1)) <1 (C.29)

— 2 —_—
h(p) ~ 1 —pno <1 5
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On the other hand, when no? > p < a < 2, and the second-order approximation of h(p) is given by

2b
d+b+1’

2
PR 20y @ yo @ G- Dp i 20y @y @
h(p) 1+2E{ bX+b2X +b2XY + > E bX+b2X +b2XY
alb+d+1) 2—p 2a a _, a? 2
=1 — 1| -—E || —— X+ X"+ XY
+qa( 2 ) 8 [( b TRt T ’
and for small a = no? and large d,
2a a® a? 2 4a? at 4a3
Ef(-X4+ X2+ XY ) | ~—(b+2)+ = (b+2)d* — —(b+2)d C.30
and therefore with a = no?,
—a(lb+d+1) (2—p)a(db+2) a , a
h(p) ~1— —_— 14+ — 1+ —=d° — -d 1 C31
(p) pa< 5% +1+ 20 + 2 ; <1, (C.31)

provided that 1 < % < 1—&-%&51’”) (1+%d2—% )

Proof of Proposition 10. First, we notice that it follows from Theorem 2 that E||z||* = oo. To see this, notice that
lim; o t¥P(el 2o, > t) = eq(e1), where e; is the first basis vector in R?, and P(||zo || > t) > P(ef'z, > t), and thus

oo o0
El|zo || = / (|| > t)dt = / 1P(|zas]| > £1/9)dt = oo, (€32)
0 0
By following the proof of Theorem 6 by letting ¢ = « in the proof, one can show the following.
(i) If the tail-index v < 1, then we have
Ellzool|* <Efzol* + KE[|q [, (C.33)

which grows linearly in k.

(ii) If the tail-index v > 1, then for any € > 0, we have

(1+e)f —1(14e)aT—(1+¢)

Eflzgl|* < (1+€)*Ellzo]|* + ; & Ellq]|* = O(k), (C.34)
((1 te)T — 1)
which grows exponentially in & for any fixed € > 0. By letting e — 0, we have
o k a k (Oé — 1)a—1 «
Ellzk]|* = (14 €)"Ellzo[|* + (1 + O(¢)) (1 +¢)F — 1) TEH%H .

Therefore, it holds for any sufficiently small ¢ > 0 that,

Eflayl|* < =2 (Ellzo[l* + (o = 1)*'Ella1[|*) -
We can optimize (“; ) over the choice of € > 0, and by choosing € = -, which goes to zero as k goes to co, we have
(1:7:)}“ = (14 %)% (%=2)> = O(k*), and hence
Ellzi[|* = O(k®), (C.35)
which grows polynomially in k. The proof is complete. O

Proof of Corollary 11. The result is obtained by a direct application of Theorem 1.15 in Mirek (2011) to the recursions (3.5)
where it can be checked in a straightforward manner that the conditions for this theorem hold. O
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D. Supporting Lemmas

In this section, we present a few supporting lemmas that are used in the proofs of the main results of the paper as well as the
additional results in the Supplementary Document.

First, we recall that the iterates are given by xy = Myxr_1 + qr, where (My, qi) are i.i.d. and My is distributed as
I — ] H, where H = Zi’:l a;al and g is distributed as z Zle a;y;, where a; ~ N(0,0%1;) and y; are i.i.d. satisfying
the Assumptions (A1)—(A3).

We can compute p and h(s) as follows where p and h(s) are defined by (3.7) and (3.6).
Lemma 16. Under Assumptions (A1)—(A3), p can be characterized as:

p =3[ (1 1)

I D.1)
and h(s) can be characterized as:

h(s) = E [H(I— %H) e ] (D.2)

provided that p < 0. Furthermore, we have

p=TElog H (1 _ %H) e } (D.3)

=5 (1 21)e

where jp and h(s) are defined in (3.10).
Proof. 1t is known that the Lyapunov exponent defined in (3.7) admits the alternative representation
1 -
pi= lim —log ], (D.4)

where Z, := IIxzo with 11, := My My_1 ... M; and zg := x( (see Equation (2) in Newman (1986)). We will compute the

limit on the right-hand side of (D.4). First, we observe that due to spherical symmetry of the isotropic Gaussian distribution,

the distribution of HJIY;ITH does not depend on the choice of z € R?\{0} and is i.i.d. over k with the same distribution as

||Meq|| where we chose & = ep. This observation would directly imply the equality (D.3). In addition,

k - k
11 120l _ 1§, 1Ml
21 — —1 = - =7
A OngkH k OngOH kz:: |xi71H kz:: |xz 1||

is an average of i.i.d. random variables and by the law of large numbers we obtain
- i Lot = o] 1~ 2) o
p = i, log aull =B [log [ (7= 51T e

From (D.4), we conclude that this proves (D.1).

It remains to prove (D.2). We consider the function

- BN
h(s) = lim (IE — ) ,
k— o0 |Zol®

where the initial point Zo = x¢ is deterministic. In the rest of the proof, we will show that for p < 0, h(s) = ﬁ(s) where
h(s) is given by (3.6) and h(s) is equal to the right-hand side of (D.2); our proof is inspired by the approach of Newman
(1986). We will first compute h(s) and show that it is equal to the right-hand side of (D.2). Note that we can write

[EZ3N H [ Mi%ia ||°

1Zoll* 1Zi-a]l®
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This is a product of i.i.d. random variables with the same distribution as that of || Me;||® due to the spherical symmetry of
the input a;. Therefore, we can write

2]\ " ¢ v
~ T k T . s o
hs) = lim (Eua:»ons> = (Eiljllleeln) E|Mer] =B [|[(1- 2H) e

where we used the fact that M;e; are i.i.d. over . It remains to show that /(s) = h(s) for p < 0. Note that H“% < || ®

T

} , (D.5)

)

and therefore from the definition of h(s) and h(s), we have immediately
h(s) > h(s) (D.6)

for any s > 0. We will show that i(s) < h(s) when p < 0. We assume p < 0. Then, Theorem 2 is applicable and there
exists a stationary distribution ., with a tail-index o such that k() = 1. We will show that h(c) = 1. First, the tail density
admits the characterization (3.8), and therefore x, € L for s < o, i.e. the s-th moment of x, is finite. Similarly due to
(3.8), Too ¢ L, for s > a. Since h(a) = 1, it follows from (D.6) that we have h(«) < 1. However if h(«) < 1, then by the
continuity of the h function there exists £ such that h(s) < 1 forevery s € (o — e, + &) C (0, 1). From the definition of
h(s) then this would imply that E(||z||*) — 0 for every s € (o — &, + €). On the other hand, by following a similar
argument to the proof technique of Corollary 7, it can be shown that the s-th moment of x, has to be bounded,® which
would be a contradiction with the fact that z, ¢ L, for s > . Therefore, h() > 1. Since h(c) = 1, (D.6) leads to

h(a) = h(a) = 1. (D.7)

We observe that the function h is homogeneous in the sense that if the iterations matrices M; are replaced by cM,; where
¢ > 0is areal scalar, h(s) will be replaced by h.(s) := ¢®h(s). In other words, the function

he(s) i= limy_yo0 (B ||(cMy) (cMy_1) . .. (cMy)||*)/* (D.8)

clearly satisfies h.(s) = ¢*h(s) by definition. A similar homogeneity property holds for A(s): If the iterations matrices M;
are replaced by cM;, then h(s) will be replaced by h.(s) := ¢*h(s). We will show that this homogeneity property combined
with the fact that h(c) = h(a) = 1 will force h(s) = h(s) for any s > 0. For this purpose, given s > 0, we choose
¢ = 1/3/h(s). Then, by considering input matrix c¢M; instead of M; and by following a similar argument which led to the

identity (D. 7) we can show that h(s) = ¢*h(s) = 1. Therefore, h(s) = he(s) = 1. This implies directly h(s) = h(s).

O
Next, we show the following property for the function h.
Lemma 17. We have h(0) = 1, h/(0) = p and h(s) is strictly convex in s.
Proof. By the expression of h(s) from Lemma 16, it is easy to check that h(0) = 1. Moreover, we can compute that
vt = (|- ) ) |- )]
and thus h'(0) = p. Moreover, we can compute that
" n 2 n s
h'(s) =E (log (H (1 _ EH) 61H)> H (1 _ BH) el | >o, (D.10)
which implies that h(s) is strictly convex in s. O

In the next result, we show that lim inf s, h(s) > 1. This property, together with Lemma 17 implies that if p < 0, then there
exists some « € (0, 00) such that h(«) = 1. Indeed, in the proof of Lemma 18, we will show that lim inf;_, o h(s) = co.

Lemma 18. We have liminf, ., h(s) > 1.

$Note that the proof of Corollary 7 establishes first that z«. has a bounded s-th moment provided that h(s) = E | Me;||*] < 1 and
then cites Lemma 16 regarding the equivalence h(s) = h(s).
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Proof. We recall from Lemma 16 that

h(8)=EH(I—%H) el , (D.11)
where e; is the first basis vector in R and H = ZZ 1 a;a T and a; = (a;1,...,aiq) are i.i.d. distributed as N'(0, 021,).
‘We can compute that
2\ /2
B|[(r-38) || - (H( p)el)
b b s/2
=K (elT < — ZZa,ﬂ?) (I — ZZQﬂJ) 61>
i=1 i=1
r 5 b s/2
=F (1 — ?nefZala el + —el Zal TZala el>
=1
[ b 5 b b s/2
2
=K 1-— ?17 Zafl + 27 ZZ(a“aﬂ + -+ aidajd)aﬂajl
i=1 i=1j=1
[ b N s/2
=E <1 — % Z (L?l) % Z Z i2052 + -+ azda]d)aleajl
[ s/2
2E _2 172 > E?=1(ai2aj2+"'+aidajd)ai1(lj122:|
n? b b
= 25/2]P b72 Z Z(aigajg + 4 aidajd)ailajl Z 2 — 00,
i=1j=1
as s — o0. O

Next, we provide alternative formulas for h(s) and p for the Gaussian data which is used for some technical proofs.

Lemma 19. Forany s > 0,

and

1
=_E
2

)

2 2 2 4
no n-o
1 1-—X XY

where X,Y are independent and X is chi-square random variable with degree of freedom b and Y is a chi-square random
variable with degree of freedom (d — 1).
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Proof. We can compute that

_ 2n02 , 7720—4 - s/2
h(s) =E 1-— b Z 21-21 + b2 Z Z(zilzﬂ + -+ Zided)ZﬂZjl
i=1 i=1 j=1
[ 20 & ot a d s/
=K 1-— b Z 21-21 + b2 Z Z <Zi212j2'1 + Zi1%51 Z Zikzjk>
i=1 i=1 j=1 k=2
i 2 2\ 5/2
o2 254 (0 2,4 ¢ b
i=1 i=1 k=2 \i=1
- 02 , 9 o J X 2\ s/2
=E <1 - 777 Z 2121> + (Z Zilzik> )
i=1 =2 \i=1

where z;; are i.i.d. N (0,1) random variables. Note that conditional on z;;, 1 < i <b,

b b

2
g zinzik ~ N | 0, E Zi1 | s
i=1 i=1

are i.i.d. for k = 2, ..., d. Therefore, we have

(D.12)

2 4 2\ 5/2
h(S) =E (1 - T Zzzl> Z (Z Zzlzzk:>
k: j—
- s/2
77 ot
() i Sasa) |,
=1
where x, are i.i.d. N(0, 1) independent of z;1, ¢ = 1,...,b. Hence, we have
B s/2

b

-

h(s)=E

I
(-5

=K

7720

2
) 4
1=

b d
D ) a
s/2
nc
+ XY) ,

1 k=2

where X, Y are independent and X is chi-square random variable with degree of freedom b and Y is a chi-square random

variable with degree of freedom (d —

1).

Similarly, we can compute that

] F T no? & 2 77204 b b d
ot (12755 ) TS Y e Y

L | i=1 i=1 j=1 =
- 9 9

1 o2 2,4 ¢ b

= §]E log (1 - nT zfl> 77 Z Z Zi1%ik
i=1 k=2 \i=1
1| no? 2 n2ot
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where XY are independent and X is chi-square random variable with degree of freedom b and Y is a chi-square random
variable with degree of freedom (d — 1). The proof is complete. O

In the next result, we show that the inverse of M exists with probability 1, and provide an upper bound result, which will be
used to prove Lemma 21.

Lemma 20. Let a; satisfy Assumption (Al). Then, M~ exists with probability 1. Moreover, we have
E[(og" |M71))*] <.
Proof. Note that M is a continuous random matrix, by the assumption on the distribution of a;. Therefore,

P (M~ does not exist) = P(det M = 0) = 0. (D.13)

Note that the singular values of M ~! are of the form |1 — to 1|1 where o is a singular value of H and we have

0 if TH - 2I,
(log™ || M~ ]|)* = , o b (D.14)
([[(x = 3FE)7|)" if 0= FH =<2I.
We consider two cases 0 < %H < Tand ] < gH = 21. We compute the conditional expectations for each case:
2 n 7. n
E|(log" |M71)* [0 = < 1] :El(log ‘(I—bH) ) o= bH<I] (D.15)
n 2 n
<E (25||HH> ) 0=lH =1 (D.16)
<4, (D.17)
where in the first inequality we used the fact that

log(I — X)™' <2X (D.18)

for a symmetric positive semi-definite matrix X satisfying 0 <= X < I (the proof of this fact is analogous to the proof of the
scalar inequality log(1-) < 2z for 0 < = < 1). By a similar computation,

E|(ogt M) |1 < %H < 21} ~E {log

(=) = <o

()" [o- Gy ] 1< <a]
o (G- G 172 <o

<o (|[1- (1) 7]
[

= E| log?

<E

>|I52H<2I}

> |%15 (ZH)_1<I},

where in the last inequality we used the fact that ( )"t < Iforl =< T H < 2I.1f we apply the inequality (D.18) to the
last inequality for the choice of X = (7 H)~!, we obtain

- <ZH)1}_1H i (@) <] <o (zm)”

Combining (D.17) and (D.19), it follows from (D.14) that Elog™ [|[M 1| < 8. O

-1
=K

2
1 —1
<E ‘515 (QH) <J] <4. (D.19)

E |log?
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In the next result, we show that a certain expected value that involves the moments and logarithm of || M ||, and logarithm of
||M~1| is finite, which is used in the proof of Theorem 2.

Lemma 21. Let a; satisfy Assumption (Al). Then,
E [|[M]|* (log™ [|M]| +log™ [M~H))] < 0.

Proof. Note that M = I — 1 H, where H = Zg a;al in distribution. Therefore for any s > 0,

b b s
I—%Zaia? <1+22a¢||2> 1 < o0, (D.20)
i=1 =1

since all the moments of a; are finite by the Assumption (A1). This implies that

S

E[|[M||"] = E <E

E [[IM]* (log™ [|M])] < co.

By Cauchy-Schwarz inequality,
N B N oy 1/2
E M) (log* [a71)] < (B [IMI*]E [og* [m71)*]) " < o0,
where we used Lemma 20. O

In the next result, we show a convexity result, which is used in the proof of Theorem 4 to show that the tail-index « is strictly
decreasing in stepsize 7 and variance o2,

Lemma 22. For any given positive semi-definite symmetric matrix H fixed, the function Fy : [0,00) — R defined as
Fp(a) = (I —aH)e’

is convex for s > 1. It follows that for given b and d with H:= 71) ?:1 aiaiT, the function

S

h(a,s) :=E[Fg(a)] = ]EH(I—aﬁ) el

(D.21)

is a convex function of a for a fixed s > 1.

Proof. We consider the case s > 1 and consider the function
Gu(a) == |[|(I —aH)e],

and show that it is convex for H > 0 and it is strongly convex for H > 0 over the interval [0, 00). Let a1, a2 € [0,00) be
different points, i.e. a3 # ao. It follows from the subadditivity of the norm that

ai + as a1 + ao I ap I a2
= — < - —_— - —_—
an () = (o gmm)al <[ G-l G- 3

which implies that G (a) is a convex function. On the other hand, the function g(x) = z° is convex for s > 1 on the
positive real axis, therefore the composition g(Gr(a)) is also convex for any H fixed. Since the expectation of random
convex functions is also convex, we conclude that h(s) is also convex. O

1 1
= §GH(01) + §GH(CL2) )

The next result is used in the proof of Theorem 6 to bound the moments of the iterates.
Lemma 23. (i) Given 0 < p < 1, for any x,y > 0,

(& +y)? < af +yP. (D.22)

(ii) Given p > 1, for any x,y > 0, and any € > 0,

(14671 —(1+¢)
P

((1 + )P — 1)

(z+y)P <(14+e2xP + yP. (D.23)
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Proof. (i) If y = 0, then (x + y)P < aP + yP trivially holds. If y > 0, it is equivalent to show that

p p
o <o)

(z+1)P <aP +1, for any z > 0. (D.25)

which is equivalent to show that

Let F(z) := (z +1)? — 2P — 1 and F(0) = 0 and F'(z) = p(z + 1)~ — pzP~! < 0 since p < 1, which shows that
F(z) <0 forevery x > 0.

(ii) If y = 0, then the inequality trivially holds. If y > 0, by doing the transform = — z/y and y — 1, it is equivalent to
show that for any = > 0,

(1+€)7T — (1+e)

st (o7 —1)"

(D.26)

To show this, we define
F(z) = (14 2)’ = (14 ¢€)2?, x > 0. (D.27)

Then F'(z) = p(1 + 2)P~! — p(1 + €)zP~! so that F'(z) > 0ifz < (1 +e€)7 T —1)~!, and F'(z) < 0if z >
((1+€)71 —1)~L. Thus,
max F'(z) = F' < L ) - (1—’_6)”_11— (1+162)- (D.28)
220 (1+e71 —1 (a+e7-1)

The proof is complete. O



