Bootstrapping Fitted Q-Evaluation for Off-Policy Inference

A. Proofs of Main Theorems

A.1. Full Algorithm of General FQE

Algorithm 2 Fitted Q-Evaluation (Le et al., 2019)

input Dateset D = {D;, ..., Dg}, target policy , function class F, initial state distribution &.
I: Initialize QF;,, = 0.
2:. forh=H,H—1,...1do
3:  Compute regression targets for any k € [K],h’ € [H]:

Y =18+ / QT a1 (sh 1, a)m(alsl ,)da.
a

4:  Build training set {(s}., af,), yﬁ)h,}ke[K]We[H].
5:  Solve a supervised learning problem:
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where p(f) is a proper regularizer.
6: end for

output 7™ = [, [ Q7 (s,a)(s)(als)dsda.

We restate the full algorithm of FQE in Algorithm 2. Here we simply assume the initial state distribution &; is known. In
practice, we always have the access to sample from &; and thus we can approximate it by Monte Carlo sampling.
A.2. Equivalence between FQE and model-based plug-in estimator

We show that the FQE in Algorithm 2 with linear function class F is equivalent to a plug-in estimator. This equivalence is
helpful to derive the asymptotic normality of FQE and bootstrapping FQE. Define
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Z O (Sn,an)d an) R=3%" IZT"(ZS (Snyan), Z sn,an)¢(sn,an) + Mg, (A1)

n=1

where ¢™(s) = [ ¢(s,a)m(als)da, sy1 is the terminal state and X is the regularization parameter. Choosing p(f) = AI,
the FQE is equlvalent to,forh=H,... 1, @h(s, a) = ¢(s,a) " ®F with

A~ -1
w}TLr = Z (b Sn;an Tn + / Qh+1 Sn+4+1, A (a|5n+1 dCL)

)

= Zq& (Sn,an) rn+/¢ (Snt1,0a) wh+17r(a|sn+1)da>

n=1

- E ! Zd) Sn;an 7"n+2 1Z¢ Snaan Qb (Sn+1)—r@h+1

n=1

- ﬁ + Mﬂ-wh+1.

This gives us a recursive form of @j. Denoting w7, ; = 0 and 1] = Ey ¢, anr(.|s)[0(5, a)], the FQE estimator can be
written into

0. = [ [ Qus.)gar(alsidads = )07 = (1) 3 ()R (A2)
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On the other hand, from Condition 4.1, there exists some w,., w} € R such that Q7 (-,-) = ¢(-, ) "w] for each h € [H]
and r(-,-) = ¢(-,-) Tw, and there exists M, € R¥? such that ¢(s,a) " M, = E[¢"(s')|s, a]. From Bellman equation
and Condition 4.1,

Qr(s,a) =r(s,a) + IE[/ Qi (s, a)ﬁ(a|5'>da|s,a}
= ¢(57 a)Twr + ¢(57 a)T]E[(bﬂ—(S/)T‘& a]wlT'LrJrl = ¢(57 a)T (wr + Mwwg+1) (A3)
H—h
= (s, a)T Z (Mﬂ)hwr'
h=0

Therefore, the true scalar value function can be written as

H

U = ]Es~§1,a~7r(-\s) [QT(Sa a):| = (V?)T Z (Mﬂ)th’
=0

—

>

which implies Eq. (A.2) is a plug-in estimator.

A.3. Proof of Theorem 4.2: Asymptotic normality of FQE

Recall vf = E™[¢(xp, ap)|z1 ~ &) and denote (]) T = (vF) T (J\/J\,r)hfl. We follow Lemma B.3 in Duan & Wang (2020)
to decompose the error term into following three parts:

\/N('U‘n' - 67r) - El + E2 + E37

where
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To prove the asymptotic normality of v/ N (v, — 0y ), we will first prove the asymptotic normality of F; and then show both
E; and E5 are asymptotically negligible.

Forn=1,2,..., N, we denote
A
™ Ty—1 T ™
enp = — V)Y Sn, Gy ( SnyQn) — (Tha1 +V Sn )
7 )T 0000 (s 00) = (s + Vi ()

Then E; = SV

n—1 €n- Define a filtration {f"}nzl,.w]\f
(Sn, ay ). From the definition of value function, it is easy to see E [en ‘ }"n] = 0 that implies that {en}ne[ N1 is @ martingale
difference sequence. To show the asymptotic normality, we use the following martingale central limit theorem for triangular
arrays.

Theorem A.1 (Martingale CLT, Corollary 2.8 in (McLeish et al., 1974)). Let {X,,n;n = 1,...,k;,} be a martingale

difference array (row-wise) on the probability triple (£, 7, P). Suppose X, satisfy the following two conditions:

with F,, generated by (s1,a1,52),...,(Sn—1,an—1,S,) and

Ko
p 2 D 2
max |X — 0, and E X2 o
1§n§km| mnl ’ o ’
n=

for ky, — 0o. Then 3 X, % N(0,02).
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Recall that the variance o2 is defined as

H
o? = (W) TS RS T T 42 Y () ST BT, (A4)
h=1 hi<hs
and for any hy € [H], hy € [H],
Xz
th,h2 = E[ﬁ Z (ZS(S}L’?aflL/)(z)(S}L/?a}L’)Tsll'Ll,h/E}Lg,h’}7
h=1

where e, 0 = QF (s}:,a5,) — (3 + Vi 1 (s5,41)). To apply Theorem A.1, we let k,,, = N, X, = €, and we need to
verify the following two conditions:

H
max Z(V{{)Tﬁfl <\/1N¢)(sn,an)<QZ(sn,an) — (rn+1 + Vh”+1(sn+1)))> ‘ LN 0, as N — oo, (A.5)

1<n<N
h=1

and

H 2
Z S o (sp, an) (QZ(sn, an) = (rnt1 + Vhﬂ+1(5n+1))>) 262, as N — . (A.6)

> (s

Verify Condition A.5:  Since r € [0, 1], we have r, + V|7, | (s,41) € [0, H — h]. For any n € [N], we have

ﬂ\

H
Z(V;:)Tzil (\/IN (8n,an) (QZ(STM an) — (Tn-i-l + V}Zr_;,_l(sn—&-l)))) |
h=1

IN

ﬂ\

' 1¢ (Snyan) ’Qh (8n,an) — (rn + Vizr+1(5n+1))‘

IN

ﬂ\

e
s

H—h+1) ‘ T2 L5, an).

Note that (v) " £~ ¢(sp, a,) is independent of N. Then for fixed d, H, Condition A.5 is satisfied when N — oc.

Verify Condition A.6: Recall the definition of o2 in Eq. (A.4) and let 0% = 0% + o3 for

H
0’% = Z(UQ)TZ_lQh’hZ_lu
h=1
o3 =2 Y (W) ST, 0, N
hi<hso
Using the following decomposition
N T 9
- T\ Ty —1 T o s
> ( v 0 050> 1) (QF (5, an) = (ras + Vil (sn41)) ))
N A 5
= Z N Z(Vg)Tz_lfb(sm an ) (Sn, an)TZ_lwf (QZ(SW an) = (rn + Vil (5n+1)))
n=1 h=1
A
D52 D ) 5T (0, an) (07,) TET s, an)
n=1 hi<hso

We denote the first term as 7, the second term as /5 and separately bound I; — of and I — a% as follows:
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e We rewrite /; in terms of episodes as

H K H
1 1
IL = E (Vh) 1/2( E E —124(sk,, aﬁ,)qb(s’,i,,aﬁ,)T(eih,)22_1/2>Z_l/Qy}{.

h=1 k=1 h=1

Moreover, denote

H
1
Z) = 2*1/2]E[E 3 (;5(3,11,,a}l,)qﬁ(s}l,,a}l,)—r(e}m,)z]271/2 € Réxd,
h=1
Then we have

H K | H

I —of| = Z ) 8T 1/2< Z i Z STV20(ski, ap ) sk, ag) T (eh)? T2 — Zh)2 Vg
h=1 h'=1
4 1o/ 1
<X lon == (% S 526l oo )T (P57 z)|,
h=1 k=1 h'=1

where the last inequality is from Cauchy—Schwarz inequality. From Lemma B.7, we reach I3 LN o?as K — .

o We rewrite I as
K H
I, =2 Z (VZI)TE_UQ(? Z T Z D 1/2¢(sh,7a2/)¢(sﬁl,aﬁ,)Tailh,Eﬁh,E_l/Q)E 1/2uh ,

and denote

—-1/2 E 1\T.1 1 —1/2 dxd
Zh1h2 =X / ]E|: (b Sh/ Clh/ Sh,,&h,) ghlh'ghzh’ ¥ / eR .

Then we have

K H
1 1 _ _
|IQ — 0'2| =2 E Vhl 1/2 (% E E E > 1/2¢(SZ/,G}]§/)¢(S§/, aI;L/)Tgl;;]h/é‘];L?h/Z 1/2 — Zhlhz)z 1/2 h
h1<ha k=1 h'=1
K H
<2 TZ 1/2 1/2 i 271/2(;5(816 ak: )¢(Sk ak )T k k 271/2 7z
E K H E !> Qh k1 Qhr) Ehih/Ehyht hihz )|,
h/=1

From Lemma B.7, we reach I LN 0% as K — oo.
Putting the above two steps together, we have verified Condition A.6. Then applying Theorem A.1 we obtain that
E1 i) N (0, g 2).
On the other hand, according to Lemmas B.6, B.10 in (Duan & Wang, 2020),

E. 3.5
| 2| <15 V() Eﬂ || EW 1/223 1/2” Ol’fl 2+ 52) M
B > $Ty1/250 - 5In(8dH/5)C1dH?
| 3| <— (Vg)T( W)_lyg : H( )1/2 1/2”2 : \//N) : )

with probability at least 1 — § and k1, ko are some problem-dependent constants that do not depend on N. When N — oo,
both | E|, | E3| converge in probability to 0. By Slutsky’s theorem, we have proven the asymptotic normality of v/ N (v — 0y ).
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A.4. Proof of Theorem 4.5: Efficiency bound

Influence function. Recall that our dataset D consists of K i.i.d. trajectories, each of which has length H. Denote
T .= (81, ai,T1,82,a2,72,...,SH, A, TH, SH+1).

For simplicity, we assume that the reward 7y, is deterministic given (sp, ap,), i.e. 7y, = r(Sp, ap,) for some reward function r.
The distribution of 7 is given by

P(dr) =&1(dsy, dar)P(dsz | s1,a1)7(dag | s2)P(ds3 | s2,az2)

P(dsy | sg—1,ap—1)7(dag | sg)P(dsm41 | Su,am).
Define P, : = P + nAP where AP satisfies
(AP)F CF

under condition 4.1. Denote score functions
0 0
g(T):= o log P,,(dT) and  g(s'|s,a):= o log P, (ds’ | s,a).

Note that
H

g(T) = Zg(sthl | $h,an).

h=1

We consider the pointwise estimation. The objective function )¢, is defined as

Ve, (P Z 7 (Sh, an)

8170/1) ~ 617737]771- .

We calculate the derivative %1/)51 (Py,) and have

9 o[ & h—1
— e, (P) == / r(sp,ap)€1(dsy, da P,(ds; s, a;)m(da; S5
on 3 ( n) an [Z (Sx A ( h h) 1( 1 1)};[1 n( j+1 | J J) ( J+1 | J+1)]

h—1 h—1
—Z/S o Shaah)(zg(SjJrl |Sj’aj))51(d817da1) L1 Podsjsa 55, a5)m(daa | s541)-
X

j=1 j=1

By using Q-functions Q7 ;(s;,a;) == E[Zh —; Tn(Sh,an) | (sj,a;), Py, 7| forj =1,2,..., H, Qy 41 := 0, we find
that

H-1 H H-1
0

871!}51 (Pn) / Z 9(sj+11s5,a5) Z Ty (sn, an)éi(dsi, das) H Py(dsit1|siai)m(daisr | sit1)
n (SXA)H h=j+1 i=1

- j
=/ Z 9(sj1s5,a5)€(ds1, dar) [T Py(dsisr | i, an)m(dasin | sit1)
(SxA)H

=1 i=1

H H—1
) ( Z Ty (Sh,an) H Py (dsit | i, a:)m(daiqq | SiJrl))
h=j+1 i=j+1
1 j
/( o 934119550 541,07:2)60 @1 dan) [T P s (o | 1)
X J

i=1

T

<.
| I

Ms

E[g(sha1 | snan)Vipyi(sne1) | (s1,a1) ~ &1, Py, 7).

=
Il

1
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It follows that

0
87777/}51 (Pﬁ)

H
—Elzg(&m | shyan) Vit (snv)
n=0 h=1

(slval) ~ 51’7)77("| .

Define wp(s,a) : = ¢(s,a) 'S = ¢(s,a) TS E[¢(sp, an) | (s1,a1) ~ &, P, 7| forh =1,2,..., H. Let H For
any f € H with f(s,a) = ¢(s,a) "w;, we have

E[f(sn,an) | (s1,a1) ~ &1, P, 7] =E[¢(sp, an) "wy | (s1,a1) ~ &1, P, 7]
:E[qj)(sh’ah)TE_l]E(s,a)Nﬂ[¢(Sva)¢(3’a)T]wf ’ (s1,01) ~ 51’7)771-]
=E(s,a)~n [E[¢(Sh,ah) | (s1,a1) ~ fl’Pvﬂ]TE_lfb(S’aW(s’a)wa}
:E(S’G)Nﬁ [’LUh(S, a)f(S, a)] ’

where /1 is the distribution of dataset D. Since the mapping (s,a) — E[g(s'|s,a)V/7 (s ] s,a] belongs to H, therefore,
P H
3771/’51 Po)|  =Egsay~n lZWh(S,a)g(S' | 87a)Vhﬂ+1(8')]-
n=0 h=1

Note that E[g(s’ | s,a) | s,a] = 0, therefore,

H

=E(s,a)p [th(s, a)g(s' | s,a) (Vh’rﬂ(s') —E[Viia(s) | s, a])} .

h=1

0
3711/}51 (Pﬂ)

n=0

By definition of u, we have

0
6771/)51 (Pn)

n=0

H
Z lzwh (3395501 | 35, 05) (Vi (s501) = B[Vl (s40) | 5.a])

j=1

(817041) ~ glalpfﬁ- .

We use the property E[g(s’ | s,a) | s,a] = 0 again and derive that

0
e, (P
8771/}5 ( n) -
1 H H B
=7 DB wilsyiaz) (ZQ (st41 | s, 1) )(VhﬂJrl(strl) —E[ViT(sj41) | Sjvaj]) (s1,a1) ~ 51,7’%1
j=1 Lh=1
1 H H B
=7 E|9(7) Zzwh(sh‘lj)(v}zﬂ—o—l(sﬂ-l) —E[ViGa(s41) | Sjvaj}) (s1,a1) ~ 51,73,7?].
h=1j=1

‘We can conclude that

HME

H
Z Sh,ah)<V;Z7+1(8h+1) —E[ViT 1 (sny1) | Sh,ah}),

is an influence function.

Efficiency bound. For notational convenience, we take shorthands

q(s,a,s') th 5,a (Vh+1( ) —E[Viia(s) [ s, a])

h=1



Bootstrapping Fitted Q-Evaluation for Off-Policy Inference

and rewrite

1 H
= ﬁ Z q(sh7ah7 Sthl)'
h=1

Since E [q(s, a,s) | s, a] = 0, we find that

(i q(sn an, 5h+1)>2

h=1

H
1 _
= ZE[QZ(Sh,ah,ShH) ’ 51,7?,7?}.
h=1

E[4%(7)] ;2]]«: &,P, 7

It follows that

. 1 1
E[¢%(T)] HQE(S a)~ [E[qQ(s,a,s’) | s,aﬂ = ﬁﬂi(sya)mﬁ [E[qZ(s,a, s') | s,a]}

1 H 2
H2 E(s a)~ l<¢(83 a)T271 Z (V}Zr+1(3/) - E[Vhw—&-l(sl) ’ 5, a]>V}T;) ] )
h=1

which coincides with the asymptotic variance of OPE estimator defined in (4.2).

A.5. Proof of Theorem 5.1: Distributional consistency of bootstrapping FQE

In order to simplify the derivation, we assume A = 0 and the empirical covariance matrix Zgil (S, an)P(5p,ap) " is
invertible in this section since the effect of A is asymptotically negligible. For a matrix A € R"*" suppose the vec operator
stacks the column of a matrix such that vec(A4) € R™"* 1. We use the equivalence form of FQE in Eq. (A.2) such that

H-1

U = (V?)T Z (Mﬂ)hf{-
h=0

o~

M can be viewed as the solution of the following multivariate linear regression:

(Z5TF(SrLJr1)—r = ¢(sn, an)TMTr + 1,

where 7, = ¢™ (sn41) " — A(sn, an) T M. We first derive the asymptotic distribution of v/ Nvec(M, — M) that follows:

VNvece(M, — M) = Vec(\/ﬁf_l i B(sn,an) ((;S’T(s;l)—r — ¢(sn, an)TMﬂ))
(A7)

Mw

H
= (VS @ 1) 2= 3 vee( = S sk af) (47T = olshoal) ML),
h=1

k:

where ® is kronecker product. Define £ = ¢ (s), )" — ¢(sf, af) " M. From the definition of M, it is easy to see
B0 (s 1) TIshaf) = [ Plslshal) [ m(als)o(s.a) T dads = o of) M.
Again with martingale central limit theorem and independence between each episode, we have as K — oo,
1« 1 ¢ k _kyek) 4
NI ; VeC(ﬁ }; o (s ah)fh) = N(0,A), (A.8)

where A € RY" %" is the covariance matrix defined as: for j, k € [d?]

Aje = IE[vec(%H iwsi,a;’i)&ﬁ)jvec( i olshab)eh) |- (A.9)
h=1

h:l
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Next we start to derive the conditional bootstrap asymptotic distribution. For notation simplicity, denote ¢p; = qﬁ(s’fw a’,?b)
and ypp = (i)”(sﬁﬂ)—r. We rewrite the dataset combined with feature map ¢(-,-) such that Dy = {¢dnk, Ynk, rhk}thl.
Recall that we bootstrap D by episodes such that each episode is sampled with replacement to form the starred data

Di = {51, Uips i L for k € [K]. More specifically,

K K K
Gk = O Widnksvi = > Witk Thi, = Y Wi,

k=1 k=1 k=1
where W* = (W{,...,W}) is the bootstrap weight. For example, W* could be a multinomial random vector with
parameters (K; K~1,..., K1) that forms the standard nonparametric bootstrap. Note that for different i € [H], they have
the same bootstrap weight and given the original samples Dy, . .., Dk, the resampled vectors are independent. Define the

corresponding starred quantity M, R* as

K H
= 5" 1zz¢hkyhk7 R = i*_lzZ’“Zk¢2k7

k=1h=1 k=1h=1

where

We will derive the asymptotic distribution of v/ N (vec(]\/iﬁ - Z\/Zﬂ)) by using the following decomposition:

K H
VNvee(M? — M) = \/Nvec(f)*fl Z Z P (Ynr — d);;kﬁﬂ'))

k=1h=1

K H
Sk — 1 1 x 5
k=1 h:l

We denote

\ﬁkzl\ﬁz%k Ynk — PnkMr), Z \ﬁkz:l\rz%k Ynk — ¢hkM )-

Both Z and Z* are the sum of independent d x d random matrices. We prove the bootstrap consistency using the Mallows
metric as a central tool. The Mallows metric, relative to the Euclidean norm || - ||, for two probability measures y, v in R? is
defined as

Mi(pv) = inf  EV(IU -V,

where U and V are two random vectors that U has law p and V' has law v. For random variables U, V', we sometimes write
A (U, V) as the A;-distance between the laws of U and V. We refer Bickel & Freedman (1981); Freedman et al. (1981) for
more details about the properties of Mallows metric. Suppose the common distribution of original K episodes {D;, ..., Dk
is 1 and their empirical distribution is y . Both y and px are probability in R274+H  From Lemma B.1, we know that
As(pirc, ) = 0ae. as K — oo.

e Step 1. We prove D /N converges in conditional probability to X. From the bootstrap design, % Zthl i bt s
independent of % Zle ®5, @5t forany k # k. According to Lemma B.3, we have

K H
(Z Z¢kh¢khaz Z¢kh¢kh) < ZAl( Z¢kh¢khﬂ qukh(bzh)
k=1 h:l

k=1"" h= k=1
H

= KAl( Z Penin s 7 T Z ¢kh¢kT-h)'
h=1
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Both sides of the above inequality are random variables such that the distance is computed between the conditional
distribution of the starred quantity and the unconditional distribution of the unstarred quantity. Define a mapping
f: R4 5 RXd guch that for any x, ..., 2y € RY,

H
1
flay,...,zg) = E};whx;

From Lemma B.2 with f, we have as K goes to infinity
1 & 1 &
M (2 D Gindins 7 > dendin) = 0.
h=1 h=1

This implies the conditional law of & ™7 | %, #7] is close to the unconditional law of & > rn¢,. By the
law of large numbers:

181 &
Ve Z Vi Z Drndiy = - (A.10)

This further implies the conditional on D, we have o* /N LSy

e Step 2. We prove Z* conditionally converges to a multivariate Gaussian distribution. From Lemma B .4,

H H
As(vec(Z7), vee(2))? < Ay (vec(TIE > S, — S M), W% > Onkyne - ¢hka>>)2~
h=1 h=1

Using Lemma B.5, we have the right side converges to 0, a.e. as K — co. This means the conditional law of vec(Z*)
is close to the unconditional law of vec(Z), and the latter essentially converges to a multivariate Gaussian distribution
with zero mean and covariance matrix A from Eq. (A.8).

By Slutsky’s theorem, we have conditional on D,
VNvec(M* — M,) % N(o, E e l)AE @ Id)>7 (A.11)
where A is defined in Eq. (A.9).

According to the equivalence between FQE and plug-in estimator in Section A.2,

H-1 H-1

o =00 Y (MR T, = ()" > (M) R
h=0 h=0
Define a function g : R**?¢ — R as
H-1
g(M) == ()T Y (M) w,.
h=0

By the high-order matrix derivative (Petersen & Pedersen, 2008), we have

h—1
0 : ,

aiM(V?)T(M)th — Z(M7 )TVIFU);'— (Mh—l—’r )T c RdXd.

r=1
This implies the gradient of g at vec(M,)

H—1h—1

Vg(vee(My)) = vee( (M) Tvpw] (M1 )T
h=0 r=1



Bootstrapping Fitted Q-Evaluation for Off-Policy Inference

Applying multivariate delta theorem (Theorem B.6) for Eq. (A.11), we have conditional on D
VN (9(0E) = 9(M)) 4 N (0,9 glvee(M))(5 7! @ L)A(S ™ @ L) Vg(vee(Mr))),

where A is defined in Eq. (A.9). From Eq. (A.10), we have fJ/N By Using Slutsky’s theorem and Eqgs. (A.7)-(A.8), we
have
\/N(vec(Mw - Mﬂ)) 4N, @ L)AL @ ).

This further implies ]/\/_I'\7T 2 M. By continuous mapping theorem,

\/N(g(ﬂ;) _ g(z\?ﬂ)) LA N(o, VT g(vec(My))(E~ L @ I)AE " ® Id)Vg(vec(Mﬂ))).

Now we simplify the variance term as follows:

V g(vee(M)) (27! @ I)A(S™! @ 1) Vg(vec(My))

H H—h H H H—h
=S TE ] Y (M) R S b5k ah)o(sh.ab) Te] ) ()T
h=1 h'=1 h=1 h=1 h’:l
H H—h | A H—h
= 0TS e Y (M) TE | S €l 6(shs ab)o(sh, ah) 6] ¥ S )T
h=1 h'=1 h=1 h’:l
H—h | A H—h,
12 Y 0T ] Y (M) B[ Y 6T 6(sh ah)olsh o) e] S (M) s 0T
hi<hs h'=1 h=1 h'=1
H 1 H H—h H—h
=Y D TETE[Z Y w] Y (M) T 6lsh a)olsha) Ten S ()" hey [T @) T
h=1 h=1 W=l h=1
| A H—hy H—h,
+2 3 W) TETE[ Y el 3 (M) T ok al)olshian) TE D (M) Thu [T
hi<hs h=1 W=l h'=1
where &} = ¢(st,a,) " M — ¢™ (s} 1) . Recall that we define
6}17,,}1/ = QZ(S}w a}ﬂ) - (T%L' + V}Zr+1(5i+1))
H—hy H—h
Z ( Shvah M d’ﬂ(si-&-l)T) (M)" "ty = Z gilz(Mﬂ)hilwra
= h=1
where the second equation is from Eq. (A.3). This implies
Tg(vee(M)) (27" @ L) A(ST @ La)Vg(vee(My))
H | A
= 2O TEE [ 3 oteha)o(shah) (6] 5704
h=1 h'=1

H

_ 1 _
+2 Z (V,Z)TE 1IE{E Z gi)(s}L/,a}L,)qS(s,ll,,a,ll,)—re}ll’h,s,lm,h/]Z l(y,;!)—r =02

VN (9(0L;) - g(My) ) 5 N (0,0%).

On the other hand,

B N K H K H
DR Z Z Thi®hie = KH Z Z ThiPhi-
k=1 h=1

k=1h=1
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Using Lemma B.3, we have
K

A1K1H**11H <A1H**1H
1(Kszrhk¢hkazH’;rhk¢hk) < 1(H};Thk¢hk7H;Thk¢hk>'

k=1 =1 k=1

>

The right hand side of the display goes to 0 as K — oo. From the law of large number,
H

11 & b 11
e Ir r (b = E|= ¢(817a1)¢(817a1>—r Wy

h=1

Combining with the fact that the conditional laws of $3* concentrates around ¥, this ends the proof. ]

A.6. Proofs of Corollary 5.2 and Corollary 5.4

We prove the consistency of bootstrap confidence interval by using Lemma 23.3 in Van der Vaart (2000). Suppose
VU(t) = P(N(0,02) < t). Combining Theorem 4.2 and Theorem 5.1, we have

PD(W@ —up) < t) SO, Pw*lp(\/ﬁ(a; T < t) SO,

Using the quantile convergence theorem (Lemma 21.1 in Van der Vaart (2000)), it implies ¢F — WU~'(¢) almost surely.
Therefore,

Ppyy- (Uw < Ur — qg/z) = Ppw- (‘/N(@r — ) 2 q§/2>
— Ppw- (N(o, o?) > xy—l(a/z)) —1-46/2.

This finishes the proof of Corollary 5.2.

It is well known that the convergence in distribution implies the convergence in moment under the uniform integra-
bility condition. The proof of the consistency of bootstrap moment estimation is straightforward since the condition
Hm Sup y_, o0 Ewp[(VN (3% — 95))7] < oo for some ¢ > 2 ensures a similar uniform integrability condition. Together
with the distributional consistency in Theorem 5.1, we apply Lemma 2.1 in Kato (2011) then we reach the conclusion. W

B. Supporting Results

We present a series of useful lemmas about Mallows metric.

Lemma B.1 (Lemma 8.4 in Bickel & Freedman (1981)). Let {X;}"_; be independent random variables with common
distribution p. Let u,, be the empirical distribution of X, ..., X,,. Then A;(pn, ) — 0 ae..

Lemma B.2 (Lemma 8.5 in Bickel & Freedman (1981)). Suppose X,,, X are random variables and A;(X,,, X) — 0. Let f
be a continuous function. Then A;(f(X,,), f(X)) — 0.

Lemma B.3 (Lemma 8.6 of Bickel & Freedman (1981)). Let {U;}? ;,{V;}"_; be independent random vectors. Then we

have . B .
M (YUY V) <M (U v).
1=1 =1 =1

Lemma B.4 (Lemma 8.7 of Bickel & Freedman (1981)). Let {U;}? ,,{V;}?, be independent random vectors and
E[U;] = E[V;]. Then we have

n n

Az(?_;Ui,;Vz‘f < gAg(Ui,vi)Q.
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Let pux and u be probabilities on R27 ¢, A data point in R?#¢ can be written as (z1,...,2g,Y1,...,yx) Where z;, € R?
and y;, € R%. Denote

H
1
2(u>:/ﬁth$;u(dl’177de7dy177dyH>7
h=1
H
M(N):Z(ﬂ)il/thy;#(dxh7dIH7dy177dyH)7
h=1

H
5(u7x17'~~7xHay17"‘7yH) = Z(yh —.’IJ;M(/J,))
h=1

Lemma B.5 (Lemma 7 in Eck (2018)). If A4(pr,n) — 0 as K — oo, then we have the pg-law of

vec(Zf:1 e([K, Ty THL YL, - - -, YH)T) ) converges to the p-law of vec(EhH:1 (s X1y THL YL, -+ -, YH)T) ) N
As.

Theorem B.6 (Multivariate delta theorem). Suppose {7} is a sequence of k-dimensional random vectors such that
vn(T, —0) 4N (0,3(0)). Let g : R* — R be once differentiable at § with the gradient matrix Vg(6). Then

Valg(Ty) — 9(6)) % N0,V g(0)=(8)Vg(6)).

We restate Lemma B.5 in Duan & Wang (2020) in the following that is proven using matrix Bernstein inequality.

Lemma B.7. Under the assumption ¢(s,a) " X "1¢(s,a) < Cyd for all (s,a) € X, with probability at least 1 — 4,

/21In(2d/6)C1dH ~ 21n(2d/6)CidH
< . .
< N + 3N (B.1)

2

N
I (fv 2 ¢<sn,an>¢<sn,am>z—”z —1
n=1

C. Supplement for Experiments
C.1. Experiment details

The original CliffWalking environment from OpenAl gym has deterministic state transitions. That is, for any state-action
pair (s, a), there exists a corresponding s’ € S such that P(- | s,a) = d4/(+). We modify the environment in order to make it
stochastic. Specifically, we introduce randomness in state transitions such that given a state-action pair (s, a), the transition
takes place in the same way as in the deterministic environment with probability 1 — € and takes place as if the action were a
random action a’, instead of the intended a, with probability e. This is an episodic tabular MDP and the agent stops when
falling from the cliff or reaching the terminal point. We also reduce the penalty of falling off the cliff from —100 to —50.

The original MountainCar environment from OpenAl gym has deterministic state transitions. We modify the environment in
order to make it stochastic. Specifically, we introduce randomness in state transitions by adding a Gaussian random force,
namely, (0, %) multiplied by the constant-magnitude force from the original environment. We also increase the gravity
parameter from 0.0025 to 0.008, the force parameter from 0.001 to 0.008 and the maximum allowed speed from 0.07 to 0.2.

Empirical coverage probability. The preceding discussion leads to the simulation method for estimating the coverage
probability of a confidence interval. The simulation method has three steps:

1. Simulate many fresh dataset of episode size K following the behavior policy.
2. Compute the confidence interval for each dataset.

3. Compute the proportion of dataset for which the true value of target policy is contained in the confidence interval. That
proportion is an estimate for the empirical coverage probability for the confidence interval.
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Figure 7. Left: Empirical coverage probability of CI; Right: CI width under different behavior policies.
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Figure 8. Error of correlation estimates, as data size increases.

The true value of target policy is computed through Monte Carlo rollouts with sufficient number of samples (10000 in our
experiments).

With linear function approximation, we use the confidence interval proposed in Section 6 in Duan & Wang (2020) as a
baseline since it is only available confidence interval based on FQE. In particular, it shows that with probability at least
1-46,

o™ — o] Sfi(H_ h+ 1)m<m+2\/2dlog (142 og (3]\;21{) T <¥>)

where (07)T = (v7)T(M™)" and M, is defined in Eq. (A.1).

C.2. Additional experiments

In Figure 7, we include the result for soft-max behavior policy in the Cliff Walking environment. In Figure 8, we include the
result for correlation estimation in Cliff Walking environment. The behavior policy is 0.1 e-greedy policy while two target
policies are optimal policy and 0.1 e-greedy policy.

In order to better understand the tradeoff between computational efficiency and accuracy with finite samples, we conduct
some empirical demonstrations based on Cliffwalking. We set s = K7 and the true coverage probability is 0.9. It is
relatively safe to set v > 0.5. Note that v = 1 corresponds to the vanilla bootstrap that has the highest accuracy but heaviest
computation.

We argue that bootstrapping sample transitions (which are dependent) would lead to inconsistent estimations of the error
distribution and thus output wrong confidence interval and variance estimation. We further run one additional test using
the taxi environment and further compute the CI and variance estimations based on different bootstrap distributions in
Cliffwalking (CW) and taxi environments. This is already in an asymptotic regime since both the number of episodes and the
number of bootstrap samples are 10e+6. It is clear that bootstrapping by sample transition gives an incorrect distribution,
thus it is inconsistent.
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Figure 9. Subsampled bootstrap with s = K7

True distribution By episodes By sample transition
CI(CW) (-20.44, -19.74) | (-20.40, -19.74) (-20.52, -19.58)
Variance (CW) 0.45 0.44 0.082
CI (Taxi) (2.49, 3.82) (2.45,3.73) (2.01, 4.09)
Variance (Taxi) 0.16 0.16 0.39
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Figure 10. Taxi environment (Dietterich 2000)



