Multi-Task Representation Learning

Appendices
A. Omitted Proof in Section 4

A.1. PROOF OF LEMMA 1
2

Proof. By the optimality of B, and W, = [We1,- -+, Wy, M), we know that Zgl Hyt_l’i - X, Z—Btﬁjm <
' 2
2 .

Zi]\il Hyt_u — Xt—zl,iBwi||2' Since yi—1,; = Xttl’iB'wi + M¢—1,;, we have

M ) M

3 HXJ_“. (Btwm —Bw,-) ’ <23 0, X0 (Btwm —Bwi). (28)

, 5 , ,
i=1 i=1

We firstly analyse the non-trivial setting where d > 2k. Note that both ® = BW and @t = ﬁt VVt are low-rank matrix
with rank upper bounded by k&, which indicates that rank ((:)t — @) < 2k. In that case, we can write @t -0 =U;R; =
[Uir 1, Uy o, - -, Upry pr], where Uy € R?*2F is an orthonormal matrix with |U;||r = V/2k, and R; € R?**M
satisfies ||ry ;]2 < Vk. In other words, we can write By, ; — Bw; = U;ry; for certain U; and 7 ;.

def

Define V;_1,;(\) = (UTXt 1 Z) (U;'—Xt,Li)T + AI. We have:

2

L K B’U)l . (29)
i—1 Vie1,:i(N)
M . 2 M R 2
= Z HXll i (Btwt,i - B'wz) ‘ + Z A ’ Buw; (30)
’ 2
i=1 i=1
M
SQZWT—MXJ—LT: (Bt’lf]t,z‘ - sz’) +4MX 31)
i=1
M
:2an1,iX;1,iUtTt,i +4MA (32)
i=1
M
<2 Imins XD iUl o) Ireillvi o) + 42 (33)
i=1
, M
2
<2 Z ||’7tT—1,z‘XtT—1,z‘UtHVt;1M(A) 2 Ireilly, | o +4MA (34)
M ) M )
=2 X 1 HBAi—B i 4M
\ ; Hntfl,z tﬁl’ZUtHVf,:m(/\) lzzl Wy, w P, + A (35)
By, ;|| < 1and || Bw;|| < 1. Eqn 34 is due to Cauchy-Schwarz inequality. Eqn 35 is from

Z HBtwtz Bwl

7 (V) —Z”Uﬂ'“”w RIS Z”r“HUTVt 1Li(VU Z”T“”w RICVR
t 1,

i=1

. Note that for a fixed

Vi)

The main problem is how to bound Hnll}inl,iUtHVfl = HZ iUy @

U, = U, we can regard UTacn_’i € R” as the corresponding “action” chosen in step ¢. With this observation, if Uy is fixed,
we can bound this term following the arguments of the self-normalized bound for vector-valued martingales (Abbasi-Yadkori
etal., 2011).
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Lemma 2. For a fixed U, define V; ;(\) & (UTX,,) (UTXW»)T + M, then any § > 0, with probability at least 1 — 6,
forallt > 0,

Mo 2
> ||UTXt,mt,z-||W1 (36)
i=1

\1/2 —1/2

We defer the proof of Lemma 2 to Appendix A.3. We set A = 1. By Lemma 2, we know that for a fixed U, with probability
atleast 1 — 6y,

M
=1

t—1

anU T

M X _
M4 ) 1/2 1)-1/2
< 2log <1_L—1 etV (A;) det(M) ) < oMk +2log(1/61).  (38)
1
)

The above analysis shows that we can bound ||n,”, . X", ;U; if Uy is fixed as U. Following this idea, we prove

HV;L(A)
the lemma by the construction of e-net over all possible U;. To apply the trick of e-net, we need to slightly modify the
derivation of Eqn 29. For a fixed matrix U € R%*2* we have

Mo 5
ZHBtwt.i—Bwi _ (39)
P i Vic1,i(A)
M
<2y mly X[y Ui + 4MA (40)
i=1
M M
=2> " n/ X0 +2> 0l X (U= U) vy + 4MA (41)
i=1 i=1
M
<221Hnt lthTl'LUHV 1 ()\) HTtlHVt 11()\)—’_2217715 1,4 t lz(Ut U) Tt,i+4M/\ (42)
K3 (]
M
—2Z||m L XUy X1 (U= 0) e (43)
=1 =1
M
+2ZH7715 lthleUHV—l ;) (”rtz”Vt 1,:(N) H"'t,i )) +4MA (44)
=1

M
~ +2> L X, (U= 0) s (45)
=1

<2 ZH’?t 1thT11U”v Lo ZHBtw” Bu . Vie1:(V)

=1

+2Z |T’f 17XfT17U||V 1

t—1,4
i=1

) S AMA (46)

o (Imeall o >

Eqn 40, 42 and 45 follow the same idea of Eqn 32, 33 and 35.
We construct an “ net & in Frobenius norm over the matrix set {U € R™?" : |U||p < k}. It is not hard to see that

€] < (G‘ﬁ) . By the union bound over all possible U € &, we know that with probability 1 — |€|d;, Eqn 38 holds for
any U € &. For each Uy, we choose an U € & with HUf — UHF < ¢, and we have

Z I X0 UG- o) < 2V/20MEk + 210g(1/5) (47)
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Since HUt — UHF < €, we have

M
22 HntT—l,iXtT—l,iUHVtilu(A) (||7°t,z'||‘7t_17i(>\) — 7

i=1

< 2/ Mke(2Mk + 21og(1/6,)).  (48)

‘/t—l,i()\))

For the term 25 n 1:X, 1 (U = U) 7y, the following inequality holds for any step ¢ € [T] with probability
1 — MT6,,

M M
2> 0l X (U= 0) v <23 Imevilly | X0, (U = 0) e, (49)
=1 =1
M
<2 [ mivill, VETe (50)
i=1
<2M+/2log(2/69)kT2e (51

The last inequality follows from the fact that |7, ;| < /21og(2/d2) with probability 1 — d2 for fixed n, 4, and apply a union
bound over n € [t — 1],i € [M]. Plugging Eqn. 47, 48 and 49 back to Eqn. 45, the following inequality holds for any
t € [T) with probability at least 1 — |€|dy — MTs:

Mo 2
Z HBt’ﬁJt,i — Bw;|| _ (52)
P Vic1,i(N)
Mo 2
<2\/Mk + 21og(1/5 | Buib,i — B, 53
<2y/Mk +2log(1/6,) ; tWe, w T (33)
+2M+/210g(2/02)kT?e 4+ 27/ Mke(2Mk + 21log(1/61)) + 4MX (54)
By solving the above inequality, we know that
Mo 2
3 HBtuam ~Buwi|<32(Mk + log(1/51)) + 4M /2 1og(2/ ) KT (55)
i=1 t—1,1
+ 4y/MEe(2Mk + 21og(1/51)) + 8M X (56)
Setting A\ =1, ¢ = le2T2 ,01 = (6\/%)%0, < %, and 0y = %, the following inequality holds with probability 1 — 4:
5 ,
M = 2 def
3 HBtwt,i ~Buwi|, < LE48(Mk 4 Shdlog(kMT)) +32log(4MT) + T610g(1/5) (57)
i1 t—1,4

At last we talk about the trivial setting where k < d < 2k. In this case, we can write (;)t — ® = R, where R, € R4xM
The proof then follows the same framework as the case when d > 2k, except that we don’t need to consider U; and construct

R 2
e-net over all possible U,. It is not hard to show that Zf\il HBtwm — Bw; < 24 (Md + 2log(Tk/4)) in this

Vic1,i(N)
case, which is also less than L since d < 2k. O
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A.2. PROOF OF THEOREM 1

With Lemma 1, we are ready to prove Theorem 1.

Proof. Let V;;(\) = X, X", + M for some A > 0.

T M
Reg(T) = Z Z <61, Ty, — Tt l>
=1 i=1
T M
< ZZ< b — 9i,wt,z’>
t=1 i=1
T M A A
= Z < i — 0ri 4+ 0 — 0;, mt,i>
=1 i=1
T Mo, A A
<) (o0, o+ los=0, )l o
T M e Mo ) T M ,
: ; ; ‘ Ori=OBeilly ™ ; } Ori =iy .on 2D lwnallv, -

M T
2
S2VT(LA+AM) | DD lleilly, o

=1 t=1

(58)

(59)

(60)

(61)

(62)

(63)

where the first inequality is due to Zf\il (05,27 ;) < <0~m, scm> from the optimistic choice of @, ; and @, ;. By Lemma 11

of Abbasi-Yadkori et al. (2011), as long as A > 1 we have

det(Vri(N))

T

2
Sl -+ < 2lon ) < 2o
t=1

Therefore, we can finally bound the regret by choosing A = 1

M T
Reg(T) < 2y/T(L+4M) - \| > > ll2eilly,_, -

i=1 t=1

< 2/T (L +4M) - \/Mdlog (1 + 5)

-0 (M\/leT T d\/k:MT) .

(64)

(65)

(66)

(67)
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A.3. PROOF OF LEMMA 2

The proof of Lemma 2 follows the similar idea of Theorem 1 in Abbasi-Yadkori et al. (2011). We consider the o-algebra
Fy=o0 ({zrdl {moi 1Ly Amepn b iy Anea 12y -+ {mei 2L, ). then {@, ;12 is F,_;-measurable,
and {n, ;}1, is F;-measurable.

Define z; ; = U'z,,and S = 22:1 UTmtymtﬂ;. Let

t M 1
Mi(Q) = exp (Z > |:7]t,i (@i, @e) — 5 <Qia$t,i>2:| . Q=[aq1,- qu] e RZM (63)
n=1i=1

Lemma 3. Ler 7 be a stopping time w.r.t the filtration { F; }32,. Then M¢(Q) is almost surely well-defined and E[M;(Q)] <
1.

Proof. Let Di(Q) = exp (Z£1 [ﬂt,i (i, @ i) — % (q, a?m->2] ) By the sub-Gaussianity of 7, ;, we have

B oxp (| (@es) = g lanen)?] )11 £ | <1 ©9)

Then we have E [D;(Q) | F;—1] < 1. Further,
E[M(Q) | Fi-1] =E[M(Q) - Di—1(Q)Di(Q) | Fi—1] (70)
=D1(Q) D1 (QE[D(Q) | Fy1a] < Mi—1(Q) (711)

This shows that { M (Q)}$2, is a supermartingale and E [M(Q)] < 1.

Following the same argument of Lemma 8 in Abbasi-Yadkori et al. (2011), we show that M (Q) is almost surely well-defined.
By the convergence theorem for nonnegative supermartingales, M, (Q) = lim;_,, M;(Q) is almost surely well-defined.
Therefore, M, (Q) is indeed well-defined independently of whether 7 < oo or not. Let Wi(Q) = Mpyingr 1 (Q) be a
stopped version of (M;((Q))):. By Fatou’s Lemma, E[M,(Q)] = E [liminf; , W;(Q)] < liminf; , E[W;(Q)] < 1.
This shows that E[M,(Q)] < 1. O

The next lemma uses the “method of mixtures” technique to bound Zi\il ISt.: ||%/,l e
t,i

Lemma 4. Let 7 be a stopping time w.r.t the filtration {F;}32,. Then, for § > 0, with probability 1 — 6,

- M V. )12 —1/2
E 112 [[i, (det(Vm) det(\I) )
v HST,Z VTTil(A) S 210g ( 5 . (72)

Proof. For each i € [M], let A; be a R** Gaussian random variable which is independent of all the other ran-
dom variables and whose covariance is A"*I. Define M; = E[M;([A1, -+ ,An]) | Fso]. We still have E[M,] =
EE[M([Ay, -+ An]) [ {AHL]] < 1.

Now we calculate M;. Define M; ;(q;) def exp (Zflzl [Ut.,i (gi, @1i) — % <qi,a’:t7i>2]), then we have M, =

E [Hf‘il M, i (A;) | Fm} = Hf\il E [M; i(A;) | Fx), where the second equality is due to the fact that { M, ;(A;)}, are
relatively independent given F,,. We only need to calculate E [M; ;(A;) | Fi] for each i € [M].

Following the proof of Lemma 9 in Abbasi-Yadkori et al. (2011), we know that

[ det(AD) \'/? 1 )
E [Mt,z(A’L) | FOO] = (det(‘/}ﬂ)) exp 5“51371”‘—/;31()\) . (73)

Then we have

M 1/2 M
- det(AT) 1 p
M; = H ((det(Vt,i)> > exp (2 ; ”St’l”Vt,il()‘)) . (74)
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Since E[M,] < 1, we have

Pr

=Pr

>1

61 (Hgl (det(V;,;)1/2 det()\I)*l/2)>

M
exp (S, 1804071

<E

=E[M,)s < 6.

-t (H?il (det(V7,:)1/2 det()\I)—l/2))

M M  \1/2 —-1/2
2 [T:2, (det(V;;)'/2 det(AT) )
; ||ST71||V7:7‘,1(/\) > 2log < 5

M
exp <é > i1 STJ%’:}Q))

Proof. (Proof of Lemma 2) The only remaining issue is the stopping time construction. Define the bad event

(Hffl (det (Vi)' det(,\1)1/2)> }
5

i=1

M
B.(0) def {w €eQ: Z HSt,iH%/t—.l()\) > 2log

Consider the stopping time 7(w) = min{t > 0: w € B(d)}, we have ;5 Bt(6) = {w : 7(w) < oo}

By lemma 4, we have

Pr || ) Bi(6) | =Pr[r < oo
t>0
=Pr
<Pr
<.

1Y, (det(V; )12 det(\)~1/?)

M
Z ”S‘F,Z”%’/:ll()\) > 2log (
i=1 '

0

[T, (det(Vy,:)'/2 det(NI)~1/?)

M
Z HSTJH%:;()‘) > 2log (
i=1

0

oo
)

(75)

(76)

(77)

(78)

(79)
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A.4. PROOF OF THEOREM 2

Proof. The proof follows the same idea of that for Theorem 1. The only difference is that, in our setting, we have y; ; =
:cziBwi +n,i+ Ay, where 8; = Bw; is the best approximator for task ¢ € [M] such that ‘E yi | ;] — <a:i, Bwi> <,
and [|A, ;|| < ¢. Define Ay ; = [A1;,Agy, -+, Ay ;). Similarly, by the optimality of B,and W, = [Wea,- -, We,m], We

2
M 5 M
know that ;7 Hyt_l’i - X, By ) <ty lye-1i — Xt_LZ-B'wiH . Since yy—1,, = X" ;Bw; + me—1 +

Ay ;, thus we have

N 2
Z HX; i (Buaby; - Buw;) ‘ (80)
M
<2Z’I’]t 1,i t 11( tw“—Bwl) +22At 1,i tTl,i (Bt’l,thJ—Bwi) (81)
i=1
M
<2) 0l Xy (Bub - Buw;) +22 XeriBerillyzy o [Bebe = Buwd| @)
i=1 =1 t—1d
M M
<2 (B .- B ) 23 VT HB by — Bw; 83
;nt 1,2 t 1,4 wt w; ) + ;\/74- tWe, w ‘Z—l,i(A) ( )
M Mo 2
<23 " nl, X0, (BtwtﬁBwi) + 2V MT¢ ZHBtwtrBwi oo (84)
i=1 i=1 t=ld

The third inequality follows from Projection Bound (Lemma 8) in Zanette et al. (2020a). The first term of Eqn 84 shares the
same form of Eqn 28. Following the same proof idea of Lemma 1, we know that with probability 1 — 4,

2

M
> HBtwt,i — Bw; (85)
=1

Vie1,i(N)

0 M+ 4\/1og(AMT/5)  (86)

Vici

< (2\/Mk ¥ Skdlog(KMT/3) + 2\/MT() i HBtu}t,i — Bw;
=1

2

Solving for S"M HB'&) i — Bw;
gfor ) ;- || Beawy, s )

, we know that the true parameter BW is always contained in the confidence

set, 1.e.

<L, (87)

M 2
E HBtwt,i — sz
P Vie1,i(A)

where L' = 2L + 32MT(?.
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Thus we have

T M
Reg(T) = Z Z (y:z — Yt,i)

(88)
t=1 1=1
T M
<2MTC+ DY (O x), —x0i) (89)
t=1 =1
T M ~
< 2MT<+ZZ< t,1 017wt z> (90)
t=1 i=1
T M B R R
—2MTC+ Y3 (Ori = O+ 05— 01,0 O1)
t=1 i=1
T M
<2MT ‘éi—éi ’éi—ai ) 92
<+ ;; ( t, t, ‘7t—1,i()\) + t, thz@‘)) ”wt, ||‘/t—1,i(k) ! ( )
T M ~ R 2 M ) T
< 2MT ’9470« 6,6 .
C+ ; v t,i t,i ‘7?,—1,7:()\) + ; t,i i Vi, o ; — Hmf Z”Vt 1,6 (A1
(93)
M T
<OMT¢ 4+ 2T (L + 40 - \| SN eeill?, | s (94)
=1 t=1
< 2MTC + 2y/T (L' + 4ANM)y/ Mdlog( 1+ (95)
O(MVAkT + dVEMT + MTVd(), (96)

where the second inequality is due to Zf\il <0i, w;‘l> < <0~t,i, :ct,i> from the optimistic choice of ONM and x; ;. The third

inequality is due to Eqn 87. The last inequality is from Eqn 64.

O
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A.5. PROOF OF THEOREM 3

Since our setting is strictly harder than the setting of multi-task linear bandit with infinite arms in Yang et al. (2020), we can
prove the following lemma directly from their Theorem 4 by reduction.

Lemma 5. Under the setting of Theorem 3, the regret of any Algorithm A is lower bounded by () (Mk\/f + dv kMT) .

In order to prove Theorem 3, we only need to show that the following lemma is true.

Lemma 6. Under the setting of Theorem 3, the regret of any Algorithm A is lower bounded by Q) (M TVd¢ ) .

Proof. (Proof of Lemma 6)

To prove Lemma 6, we leverage the lower bound for misspecified linear bandits in the single-task setting. We restate the
following lemma from the previous literature with a slight modification of notations.

Lemma 7. (Proposition 6 in Zanette et al. (2020a)). There exists a feature map ¢ : A — R? that defines a misspecified
linear bandits class M such that every bandit instance in that class has reward response:

Ha = ¢10+Za

for any action a (Here z, € [0, (] is the deviation from linearity and p1, € [0, 1]) and such that the expected regret of any
algorithm on at least a member of the class up to round T is Q(\/ﬁCT).

Suppose M can be exactly divided by k, we construct the following instances to prove lemma 6. We divide M tasks
into k groups. Each group shares the same parameter ¢;. To be more specific, we let wy; = wp = -+ = wy/, = ey,
Wi+l = Wa/k42 = 0 = Wapr/k = €2, ***y Wh_1)M/k+1 = Wk—1)M/k+2 = *** = Wy = €. Under this
construction, the parameters 6; for these tasks are exactly the same in each group, but relatively independent among different
groups. That is to say, the expected regret lower bound is at least the summation of the regret lower bounds in all k£ groups.

Now we consider the regret lower bound for group j € [k]. Since the parameters are shared in the same group, the regret of
running an algorithm for M /k tasks with T steps each is at least the regret of running an algorithm for single-task linear
bandit with M /k - T steps. By Lemma 7, the regret for single-task linear bandit with M T /k steps is at least Q(v/dCMT/k).
Summing over all k groups, we can prove that the regret lower bound is Q(\/&C MT). O

Combining Lemma 5 and Lemma 6, we complete the proof of Theorem 3.
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B. Proof of Theorem 4
B.1. DEFINITIONS AND FIRST STEP ANALYSIS

Before presenting the proof of theorem 4, we will make a first step analysis on the low-rank least-square estimator in
equation 15.

M
For any {Qh-&-l}z | € Qny1, there exists {0 ( ,L+1)} € Oy that

A;L (Q§z+1) (37 a) = 7;; (Q;H-l) (Sva) - ¢(S’ a’)TO‘;L (Q;L-‘rl) (97)

where the approximation error ||A}, (Q},,)||., < T is small for each i € [M]. We also use B}, (Q},,) in place of
o (Qj,,) in the following sections since we can write 6i as B,

In the multi-task low-rank least-square regression (equation 15), we are actually trying to recover B;L However, due to the

noise and representation error (i.e. the inherent Bellman error), we can only obtain an approximate solution 0 = B;Lﬁ)}l
(see the global optimization problem in Definition 1).

(é,g, 024) =By, [w) @} --- W] %)
M t—1 ‘ T ) ) ) ) . 2
= argmin Z Z (qb (shj>ah;) Bnrwj, — R (s}, ap,;) — max Qhs1 (52+1,j)> 99)
M t—1 ) ) ) ) ) . . . . 2
= argmln Z Z ( Sh]aahj Bhw;z - 7;;L (Q;H-l) (s;lj’ azj) o Z;Lj (Q;H'l) (S;Lj’ azj))
(100)

def

where z} ; (Q%-H) (Szhjﬂ a;zj) =R (%y%;‘) + max, @, 1 (Szh-i-l,ﬁ a) =T (QZ-H) (S;Lj7a7ilj)'
Define ®}, € R(=1*4 (o be the collection of linear features up to episode ¢ — 1 in task 4, i.e. the j-th row of ®}, is

o} (szj, a}w-) . Let Y}!, € R'"! be a vector whose j-th dimension is 7}’ (Q}LH) (523'7 a}Lj) + 2}, ( 2+1) (sﬁlj, aﬁlj).
Then the objective in (100) can be written as

M

argmin Y _ || ®},, Brwj, — YhtH2 (101)
| Brwj||,<Di=1

Therefore, we have

Mo 2 X . 2
> || @B (@) = Vi, < X | @k Bri Q1) — Yo (102)
=1 =1

which implies
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S ||@heBiab, (Qhr) — BB (@i (103)
=1
M
<23 (A)" @, (B Q) — By (Qh)) (104)
=1
M T . ~ . . . . .
+23" (k) @l (Buth, (Qhir) — Buti, (Qhia) ) (105)
i=1
where Aj, = [A?ﬂ (Qﬁzﬂ) (32176‘21) Ay ( §z+1) (5227‘122) A%z,tfl (Q§1+1) <S§L,t717a§1,t71)} € R*"!, and
Zhe & 2 Qi) (Shs0ia)  Zhams Qi) (shomns @b )| € R

In the next sections we will show how to bound 104 and 105.
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B.2. FAILURE EVENT

Define the failure event at step h in episode ¢ as

Definition 2 (Failure Event).

M
B 2 1[3{Qhn ), € Qun 3 (k) @l (B (1) — Bush (Qh)) > (106)
=1
M A~ . . . . . 2
Ey ZHBW% (Qhs1) — Bu, (Q?IH)HW (A)+F;ﬂ (107)
=1 ht

where F}! and F? will be specified later.
We have the following lemma to bound the probability of Ej;.

Lemma 8. For the input parameter § > 0, there exists F}} and F? such that

T H
P < U Eht> <
t=1h=1

Proof. According to Lemma A.5 of Du et al. (2020), there exists an e-net £; 1 over Ok (with regards to the Frobenius
norm) such that |£f, | < (63/k /€' )F4. Moreover, there exists an e-net EP. over B¥ that |€) ;| < (1+2/€¢')*. We can
show a corresponding e-net & = &7 | x (8,§+1)M over Oy 1.

(108)

N

Forany (Q} .1 (Bhy1wj 1), -, Q) (Brhyrwpy)) € Q1. there exists By € £, and (w),, -+, wpt ) €
M
(€0.1)" such that

Bk~ Bually < ¢ sy — ]l < v € (01

Therefore,
| Bhs1w),yy — Bhy1wy, ||, < 2€,Vi € [M]
i i D i zi i (A i i i i i i
Define Qj,, , tobe Qj, ; (Bh1Wj,, ), andlet 2}, = {Zhl (Qii1) (shisahy) -+ Zh,t—1 (Qii1) (Sh,tq’ah,tq)} €
R*~1!, then
M T A . . . . .
> (zhe) " @i (Butbh (Qhin) — Bueih (@) (109)
i=1
M . T . ~ . . . . .
=" (zh) " @b (Buih, (Qhia) — By (Qhya) ) (110)
i=1
M . T A . . . . .
+ > (2 — Zh) | @b (But, (@) — Bueih (Qhsr) ) (a1
i=1

= _4 M Sy ; , . . .. .
For fixed {Bh-s-lwﬁﬂ }z'=1 € E;fill, zﬁl’j (Q}LH) (sz’j, aﬁl’j) is zero-mean 1-subgaussian conditioned on F}, ; according
to Assumption 3. Thus, we can use exactly the same argument as in Lemma 1 to show that
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M
>~ (zh) " @4 (Brh (Qhir) — Buti, (@) ) (112)
=1
M A . . . . . 2
< /Mk + 5kdlog(kMT) + 21og(1/8), | 3 HBhw; (Qi.,) — B (Qi. ) HV N (113)
=1 ht
+1/21log(2MT/8") + \/k + 3kdlog(kMT) + log(1/d") (114)

= W, and 52 —

inequality above holds for any h € [H],t € [T]. Take § =

5 + in equation 54. Thus, we have that with probability 1 — §” the

. 1
by setting € = 77z, 01 ST

2|57, by union bound we know the above ineqaulity holds
h+1

with probability 1 — § for any {Bhﬂwﬁlﬂ}i]\il e &M andany h € [H],t € [T).

Since it holds that |Q}, | (Bhy1w) ) (s,a) — Qi 4y (Briw) ) (s,a)| < 2¢ forany (s,a) € S x A,i € [M], we
have

|2 (@hs1) (17> @hg) = 2hj (Qhg) (shy» ahy)| < 8€ (115)
Then we have
]\/I . . . . .
Z (Z;Lt - E;Lt) (I)ht ( (Qh+1) — Bhwj, (QZ+1>) (116)
=1
M . ~ . . . . .
z:: H <I’ht th - Z;Lt) HV&(M* wj, (Q;L-H) — By, (Q;L-H)‘ e (117)
< 86/\72 HBh (Qis1) — Buais, (Q;’M)’ v (118)
ht
M ) . ' ) - . 9
< 8¢VMT, |3 HBhw;L (Qi,,) — Buil, Qi) HV N (119)
ht

i=1

for arbitrary {Qj,,,} and any h € [H],t € [T]. The second inequality follows from the Projection Bound (Lemma 8) in
Zanette et al. (2020a).

Take ¢ = 1/8v MT, we finally finish the proof by setting

F} €\ /9kdlog(kMT) + 5Mklog(MT) + 2log(2/9) (120)
F? £\ /akdlog(kMT) + 5Mklog(MT) + 2log(2/6) (121)
+ /k + 5kdlog(kMT) + 2Mklog(MT) + log(2/6) (122)

O

In the next sections we assume the failure event | J;_, I, Ej, won’t happen.
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B.3. BELLMAN ERROR

Outside the failure event, we can bound the estimation error of the least-square regression 15.

Lemma 9. For any episode t € [T'] and step h € [H], any {Q;LJFI}Zl € Opy1, we have

. X R 2 2
Z HBh (Qi1) — Buil, Qi 1) HV < aung (2\/ TT+2F} + \/2F2 + 4MD2)\) (123)
ht

Proof. Recall that

Moo L 2
> [[#he Bt Qi) - B (@) (124)
M . A . . . . .
<23 (A)) By (B, (Qhr) — B Qi) (125)
]; . ~ . . . . .
+ 22 th q);Lt (Bh“}}z (Q;H-l) — By, (Q2+1)) (126)
For the first term, we have
> (Ah) " @ (Buiv, Q1) — B, Qi) ) (127)
=1
< Z_;H( )| A ﬂmk)ﬂ W), (Qhy1) — B (Q;LH)H% N (128)
]\/I A~ . . . . .
< VITY || Bud, (@he) — Biid (Qhs) |, (129)
=1 ht
Mo T
< VMTZ,| 3 [ Bui, (i) — Buy, (@), (130)
=1 ht

The second inequality follows from the Projection Bound (Lemma 8) in Zanette et al. (2020a), and the last inequality is due
to Cauchy-Schwarz.

Outside the failure event, we have

S

L S 2
> |[B (@) = Buath, @0, a3
) .. . ) 2
< Z H@,LtB;Lwh (Qi1) — @b Byl (Qh.1) H2 +4MD?) (132)
M R ) 2
< (2VMTZ+2F}) || | Brad, (@) = Bui, (@) |, oy 2+ AMD (133)
1=1 ht

which implies
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Z HBhwh (Qi11) — Butirj, (Qh41) H2 e (134)

=1

< (2\/WI + 2F,1) +2F2 + AMD?\ + (QWI + 2F5) \/2F2 + 4MD2) (135)

< (NWI +2F) +/2F? + 4MD2)\>2 (136)
O

Lemma 10 (Bound on Bellman Error). Outside the failure event, for any feasible solution {Q}L (9_2) }; ( Q}L for short, with
a little abuse of notations) of the global optimization procedure in definition 1, for any (s,a) € S x A, any h € [H), t € [T

M M
Z — TiQhir(5,0)] < M +2, |ane - Y [B(s, a)ll5 ) (137)
i=1 =1
Proof.
5 Q4 (0:) T Qs (5,00 = Z [@(5,0)7 6} — @(s,0) 76}, (Qh11) — A} (@) (s5,)] (138)
=1
M B o
< MT + Z ‘d) 5,0)70. — ¢(s,a)T (Q}LH)‘ (139)
cuTY (|e(s:0) 703 (@hsr) — B(5.0) 703 + | 6(5,0) 70}, — $(s5,0)76})
=1
(140)
<MI+ Z (s, a)ll i, (x)-1 (Heh (Qh1) = 0| Vi) + ‘ o), — Z’ M(A)>
(141)
M
<M +2\|an -y |9(s,0) 5 () (142)
1=1

The first equality is due to the definition of A} (Q% ) (s,a). The last inequality is due to lemma 9. O
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B.4. OPTIMISM

We can find the “’best” approximator of optimal value functions in our function class recursively defined as

(O}L*, 0, ... ,0,]‘14*) def argmin sup |(qb(s, a)' 0 — ﬁQ2+1 (0;{"4_1)) (s, a)| (143)
(6,67, ,0M) €0, 0.
with 9};;+1 =0,Vi € [M]
For the accuracy of this best approximator, we have

Lemma 11. Forany h € [H],
sup |Q§L*(5,a) — ¢ (s, a)TO;‘L| <(H-h+1)I
(s,a)ESXAi€[M]
where (Q%* is the optimal value function for task i. This lemma is derived directly from Lemma 6 in Zanette et al. (2020a).
For our solution of the problem in Definition 1 in episode ¢, we have the following lemma:

Lemma 12. { (0;*7 0,%*, ceey 024 *) }2{:1 is a feasible solution of the problem in Definition 1. Moreover, denote the solution
of the problem in Definition 1 in episode t by 8%, for h € [H],i € [M], it holds that

Zvl (s1,) Z (siy) - MHZ (144)

Proof. First we show that {(O}L*, 03, - OM *) } 51 1s a feasible solution. We can construct {5 h} so that O}L =0
and no other constraints are violated. We use an inductive construction, and the base case when 8%, | = 6% | = 0 is
trivial.

Now suppose we have {51} fory = h+1,..., H such that é; = 0;* fory=h+1,...,H and i € [M], we show we

can find {5 h} s0 0} = 0 for i € [M], and no constraints are violated. From the definition of 8;* we can set (with a
little abuse of notatlons)

0; (0i7,) = 0} (145)

According to lemma 9 we have

Mo 2
- (051) — 0}, (0h+1)’ i < apt (146)
Therefore, set £, = 0}, (0,,) — 0}, (0i,,). then
0, =0}, (61.11) + &, (147)
= 03 (6141) + 6, (611) — 6, (63%1) (148)
=0 (149)

Finally, we can verify (6}, ...,00) € ©), from (6%, ,0}'*) € ©y,.
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Since O_{t is the optimal solution, we can finish the proof by showing

> Vi (63,) (s1) = Y _max e (si.a) 65, (150)
i=1 i=1
M
> Z max ¢ (s, a) 07 (since 07" is the feasible solution) (151)
i=1
> b (s (1) 6 (152)
i=1
M
> > Qi (siomi” (s1,)) — MHI  (by Lemma 11) (153)
i=1
M
> > Vit (sy) - MHI (154)
i=1
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B.5. REGRET BOUND
We are ready to present the proof of our regret bound.

From Lemma 8 we know that the failure event U;f:1 U,I;(:1 E}; happens with probability at most §/2, so we assume it does
not happen. Then we can decompose the regret as

X

I
[M]=

Reg(T) (i = Vi) (sh) (155)

~
Il
-
-
Il
-

T M
(Vi* = V{ (614)) (510) + ZZ ( V17Tt) (s1¢) (156)

I
B
M=

t=11i=1 t=1i=1
T M )
<3y (vf (6,) — Vf”) (si,) + MHTT  (by Lemma 12) (157)

o~
Il
N
-
Il
—

Let a},, = m; (st,), and denote Q% (6:,)(V} (8},)) by Q3 (V) for short, we have

M ) M
S (Vi = Vi) (i) = > (@he = @5 (k- ahe) (158)
=1 =1
M . . . M P k3 . .
=3 (@i~ TiQhins) (Shsah) + D (TiQhir = Q5 ) (sh ahe) (159)
=1 =1

M M ,
ML+ 2 | e - Z | (00 ahe) H%/,MM*I + ZES/W’L,(SZMZJ [(V}f“’t B V’Tll) (Sl)}

<
i=1 i=1
(160)
M ‘ . _ M ) Mo
< Z (V}f-ﬂ,t - V;ﬁ) (Shi1e) + MI+2, | ane - Z 16 (he- i) Hf/}jt(,\)fl T Z Cht
i=1 i=1 i=1
(161)
where (},, is a martingale difference with regards to the filtration 7}, ; defined as
i def (4 7T: i ) 7r§
b (T = Vids) (hin) =By ) (B = 00) ) 12

According to assumption 3 we know |C}lt| < 4, so we can apply Azuma-Hoeffding’s inequality that with probability 1 — §/2

forany ¢t € [T] and i € [M]
- 2T
ST¢ <4y/2tln (5> (163)
j=1

By applying inequality 161 recursively, we can bound the regret as
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Reg(T) <Y i (Vlt ) (si,) + MHTT

t=1 i=1

< 2MHTI+ZZQJ Qpt Z H¢ htvaht

t=1 h=1 i=1 i=1 h=1t=1

The last inequality is due to V}; , (s) = max, ¢(s,a) 05, , =0, VHﬂil(s) =0.
The Lemma 11 of Abbasi-Yadkori et al. (2011) gives that for any i € [M] and h € [H]

=0 (d)

T
E | Shtv aht

t=1

Vi, ()1

Moreover, by the definition of a; (see Lemma 9) we know that for any i € [H] and ¢ € [T

apt = O (Mk + kd + MTT?)

Take all of above we can show the final regret bound.

H T
Reg(T) <2MHTI+ZZ2\JOZM ZHQ—" Shis Ot Hv oS 1+ZZZG”

t=1 h=1 1 h=11t=1

H T M
=0 (MHTI+ 0] (\/Mk; + kd + MTP) >N \l > | (sher aby) \ﬁ,}ft(A),l +MHVT

h=1 t=1 i=1
B R H T M
=0 (MHTI+0(\/Mk+kd+MTz2) SVT S @ (i i) 5,0y
h=1 t=1 i=1
— O (MHTI+0 ( (\/Mk ¥ kd+ MTI?) Td) MH\/T>

(
(HM\/M + HdVMKT + HMTVd I)

M H T )
Vz()\ 1+ZZZ<Z¢

|

1+MHf)

(164)

(165)

(166)

(167)

(168)

(169)

(170)

(171)

(172)
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C. Proof of Theorem 5

To prove the lower bound for multi-task RL, our idea is to connect the lower bound for the multi-task learning problem to
the lower bound in the single-task LSVI setting (Zanette et al., 2020a). in the paper of Zanette et al. (2020a), they assumed
the feature dimension d can be varied among different steps, which is denoted as dj, for step h. They proved the lower

bound for linear RL in this setting is 2 (Zthl dp VT + Ethl \/thT) . However, this lower bound is derived by the hard
instance with d; = Zthz dp. If weset d; = do = - - - = dy = d like our setting, we can only obtain the lower bound of

Q (d\/T + ﬂIT) following their proof idea. In fact, the dependence on H in this lower bound can be further improved.

In order to obtain a tighter lower bound, we consider the lower bound for single-task misspecified linear MDP. This setting
can be proved to be strictly simpler than the LSVI setting following the idea of Proposition 3 in Zanette et al. (2020a). The
lower bound for misspecified linear MDP can thus be applied to LSVI setting.
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C.1. LOWER BOUNDS FOR SINGLE-TASK RL
This subsection focus on the lower bound for misspecifed linear MDP setting, in which the transition kernel and the reward
function are assume to be approximately linear.

Assumption 5. (Assumption B in Jin et al. (2020)) For any ( < 1, we say that MDP(S, A, p,r, H) is a (-approximate

linear MDP with a feature map ¢ : S x A — RY, if for any h € [H], there exist d unknown measures 6;, = (021), e ,9,(:1))
over S and an unknown vector vy, € R such that for any (s,a) € S x A, we have

[pn(:ls, @) = (@(s,a), 0n()) lv < ¢ (173)
rn(s,a) = (@(s,a),vn) | < ¢ (174)

For regularity, we assume that Assumption 3 still holds, and we also assume that there exists a constant D such that
|6r(s)]| < Dforalls € S,h € [H],||lvn|| < D forall h € [H]|. D > 4 suffices in our hard instance construction.

For misspecifed linear MDP, we can prove the following lower bound.

Proposition 1. Suppose T' > dzTH, d>10, H > 10and ¢ < ﬁ, there exist a (-approximate linear MDP class such that

the expected regret of any algorithm on at least a member of the MDP class is at least §) (d\/ HT + HTT \/E)

To prove the lower bound, our basic idea is to connect the problem to % linear bandit problems. Similar hard instance
construction has been used in Zhou et al. (2020a;b). In our construction, the state space S consists of H + 2 states,
which is denoted as x1,xs, -+ ,zgy2. The agent starts the episode in state z;. In xj, it can either transits to x4
or x4+ with certain transition probability. If the agent enters x4 o, it will stay in this state in the remaining steps,
i.e. 2,2 is an absorbing state. For each state, there are 2¢=# actions and A = {—1,1}9=%. Suppose the agent takes
action @ € {—1,1}%"* in state sy, the transition probability to state s, 1 and sgio is 1 — (y(a) — 6 — uZa and
§ + Cn(a) + p) a respectively. Here |(;(a)| < ¢ denotes the approximation error of linear representation, § = 1/H and
wn € {—A, A}Y=* with A = /5/T/(4+/2) so that the probability is well-defined. The reward can only be obtained in
Tp42, With 7 (X gr42,4) = 1/H for any h, a. We assume the reward to be deterministic.

We can check that this construction satisfies Assumption 5 with ¢ and 8 defined in the following way:

(0,0[,0[(5,0,B0,T)T §=T1,T2," ", TH
¢(s,a) ={ (0,0,0,0,07) " s =Thi
(a,O, 0, a, OT)—r S =TH+2
T
11 /
0,—,—,0,——*+ =
( aa7 C¥7 ) B) S Th+1
On(s') = 11 i\
070777777 S =TH+2
a a f
0 otherwise

vy, is defined to be (5-,07)7, and o = \/1/(2+ A(d - 4)), B = \/A/(2+ A(d — 4)). Note that ||¢p(s,a)|| < 1,
104(s")|| < D and ||vy|| < D hold for any s, a, s', h when T > d*>H /4.

Since the rewarding state is only x 2, the optimal strategy in state x;, (h < H) is to take an action that maximizes the
probability of entering 2 7 2, i.e., to maximize ;) @ + ¢ (a). That is to say, we can regard the problem of finding the optimal
action in state s;, and step & as finding the optimal arm for a d — 4-dimensional approximately (misspecified) linear bandits
problem. Thanks to the choice of & such that (1 — &) /2 is a constant, there is sufficiently high probability of entering
state xy, for any h < H/2. Therefore, we can show that this problem is harder than solving H /2 misspecified linear bandit
problems. This following lemma characterizes this intuition. The lemma follows the same idea of Lemma C.7 in Zhou et al.
(2020a), though our setting is more difficult since we consider misspecified case.
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Lemma 13. Suppose H > 10, d > 10 and (d — 4)A < 5. We define 1}, (a) = p" a + (i, (a), which can be regarded as
the corresponding reward for the equivalent linear bandzt problem in step h. Fix p € ({—=A, AY="H_ Fix a possibly
history dependent policy m. Letting V* and V'™ be the optimal value function and the value function of policy T respectively,
we have

H/2

Vi (s1) — Vi (s1) > 0.02 Z (gg}rﬁ(a) - Z ﬂh(a|sh)r2(a)> (175)
h=1

acA

Proof. Note that the only rewarding state is 2 g7 1o With 7, (42, a) = % Therefore, the value function of a certain policy
7 can be calculated as:

Z P(Ny ) (176)

h=1

where N}, denotes the event of visiting state x, in step h and then transits to z 42, 1.e. N = {s, = @p, Sht1 = THia}-
Suppose wfi = >4 Th(alsp)ry(a) and w} = maxqe 4 ) (a). By the law of total probability and the Markov property,
we have

P(Ny|7) = (6 4+ wf) H —6—uwf) (177)
Thus we have
H-1 h—1
g H—h T T
Vi (1) = > ?(5+wh)j1;[1(1—6—wh) (178)

Similarly, for the value function of the optimal policy, we have

—1 H_h h—1

— (0 +w) [T —-6-wp) (179)

h=1 j=1

V(1) =

Define S; = Y11 = h(é—&—wh)l—[ l1—6—whand T, = S0 Ho ”(5+wh)]_[ 1(1 =6 — w}). Then we have

=1

Vi (xy) = V™ (Jcl) — 51 Notice that

i
Si = 7 Z(WZ;T +6) + Sip1(1 —wi —4) (180)
H—i
Li=— (Wi +6) + Tiga (1 — wi —0) (181)
Thus we have
H—i N x 77
T, - S; = ( i Ti+1> (Wi = i) + (Tig1 = Si1)(1 = wi = 6) (182)
By induction, we get
H-1 H_h h—1
—S1= Y (W — W) (=5~ ~ ) [JA - - ) (183)
h=1 Jj=1

Since the reward is non-negative and only occurs in 42, we know that Vi*(z1) > V5 (z2) > -+ > V*(xg). Thus we
have Ty, < Ty = Vi (x1) < ZhH:1 P(Np|7*). If Nj, doesn’t happen for any h € [H|, then the agent must enter 2 711. The
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probability of this event has the following form:

H
P (= (UnemNalm*)) =1 = [T P(Nu|7) (184)
h=1
=] a-0-wp) (185)
he[H]
> ] - i+i) (186)
= H 20
he[H]
PP Y
>0.6 (188)

1

The fist inequality is due to § = H and |wj| < 7. The above discussion indicates that 7}, < 0.4, thus % —Thy1 >0.1
for h < H/2. Similarly, H L(1- wl —6) > (1 — 5%)"~1 > 0.2. Combining with Eqn 183, we have
5 H/2
- 51 >002Z( —wp) —OOQZ (meaj‘m"h( ) — Zﬁh(a|sh)r2(a)> (189)
h=1 = acA
Combining with the definition of 77 and S, we can prove the lemma. O

After proving Lemma 13, we are ready to prove Proposition 1.

Proof. (proof of Proposition 1) By Lemma 13, we know that we can decompose the sub-optimality gap of a policy 7 in the
following way:

H/2
Vi (s1) — V" (s1) > 0.02 Z (gleajwz(a) - Z ﬂ'h(a|sh)r2(a)> (190)

h=1 acA

where 7% (a) = p'a + (5 (a), which can be regarded as a reward function for misspecified linear bandit. To prove

Theorem 1, the only remaining problem is to derive the lower bound for misspecified linear bandits. We directly apply the
following two lower bounds for linear bandits.

Lemma 14. (Lemma C.8 in Zhou et al. (2020a)) Fix a positive real 0 < § < 1/3, and positive integers T, d and assume
that T > d?/(26) and consider the linear bandit problem L,, parametrized with a parameter vector p € {—A, A} and
action set A = {—1,1}% so that the reward distribution for taking action a € A is a Bernoulli distribution B(5 + (p*) " a).
Then for any bandit algorithm B, there exists a pi* € {—A, A}? such that the expected pseudo-regret of B over T steps on

bandit L, is lower bounded by ds‘g

Lemma 15. (Proposition 6 in Zanette et al. (2020a)) There exists a feature map ¢ : A — R? that defines a misspecified
linear bandits class M such that every bandit instance in that class has reward response:

,Ufa:d);re‘I’Za

for any action a (Here z, € [0, (] is the deviation from linearity and i, € [0,1]) and such that the expected regret of any
algorithm on at least a member of the class up to round T is Q(+/d(T).

Lemma 14 is used to prove the lower bound for linear mixture MDPs in Zhou et al. (2020a), which states that the lower
bound for linear bandits with approximation error ¢ = 0, while Lemma 15 mainly consider the influence of ¢ to the lower
bound. Combining these two lemmas, the regret lower bound for misspecifid linear bandit is Q(max(dv/T3,vd(T)) =
Q(dv/TS + \/dCT). Since here our problem can reduce from H /2 misspecified linear bandit, we know that the regret lower
bound is Q(Hdv/T6 + H\ACT) = Q(dvVHT + Hd(T) O
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Now we obtain the regret lower bound for misspecified linear MDP. We can prove the corresponding lower bound for the
LSVI setting Zanette et al. (2020a) since LSVI setting is strictly harder than linear MDP setting. The following lemma
states this relation between two settings.

Lemma 16. If an MDP(S, A, p,r, H) is a misspecifed linear MDP with approximation error (, then this MDP satisfies the
low inherent Bellman error assumption with T = 2(.

Proof. If an MDP is an (-approximate linear MDP, then we have

pn(:ls, @) = (@(s,a), On()) lv < ¢ (191)
rn(s,a) = {p(s,a),vn) [ < ¢ (192)

For any 0,1 € R, we have Ty, (Qn11(0n41)) (5,a) = 74 (s,a) +ES/NP,L(“S@)V;LH(H;LH) (s"). Since Vi1 (0pt1) (8') <
1, plugging the approximately linear form of (s, a) and py(+|s, a), we have

ITh (@n+1(0n41)) (s,0) — <¢(8a @), Y On(s")Vir1(Ons1) (s') + Vh> | <2¢ (193)

O

By lemma 16, we can directly apply the hard instance construction and the lower bound for misspecified linear MDP to
LSVI setting.

Proposition 2. There exist function feature maps @1, ..., ¢y that define an MDP class M such that every MDP in that
class satisfies low inherent Bellman error at most T and such that the expected reward on at least a member of the class (for
\A| > 3,d,k, H>10,T = Q(d*H),Z < £)is Q(dvVHT + VdAHIT).
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C.2. LOWER BOUND FOR MULTI-TASK RL

In order to prove Theorem 5, we need to prove and then combine the following two lemmas.
Lemma 17. Under the setting of Theorem 5, the expected regret of any algorithm A is lower bounded by Q(Mkv/ HT).
Lemma 18. Under the setting of Theorem 5, the expected regret of any algorithm A is lower bounded by

0 (d\/W + HMT\/&I).

These two lemmas are proved by reduction from Proposition 2, which is a lower bound we proved for the single-task LSVI
setting.

Proof. (Proof of Lemma 17) The lemma is proved by contradiction. Suppose there is an algorithm A that achieves
sup e E[Reg(T)] < CMkvV/HT for a constant C.. Then there must exists a task 7 € [M], such that the expected regret
for this single task is at most Ck+v/HT. However, by Proposition 2, the expected regret for MDPs with dimension & in
horizon  is at least Q(kv/HT + vkHZT). This leads to a contradiction. O

Proof. (Proof of Lemma 18) The hard instance construction follows the same idea of the proof for our Lemma 6, as well as
the hard instance to prove Lemma 19 in Yang et al. (2020). Without loss of generality, we assume that M can be exactly
divided by k.

We divide M tasks into k groups. Each group shares the same parameter {BZ}hH:l. To be more specific, we let w} = w? =

_ M/k 1 M/k+1 _  M/k+2 _ _2M/k _ 9 (k=V)M/k+1 _  (k=0)M/k+2 Mk
=Wy =€, Wy = Wy = =w, = €hy Wy = Wy, == w, =€

Under this construction, the parameters 6! for these tasks are exactly the same in each group, but relatively independent
among different groups. That is to say, the expected regret lower bound is at least the summation of the regret lower bounds
in all k£ groups.

Now we consider the regret lower bound for group j € [k]. Since the parameters are shared in the same group, the regret
of running an algorithm for M /k tasks with T episodes each is at least the regret of running an algorithm for single-task
linear bandit with M /k - T episodes. By Proposition 2, the regret for single-task linear bandit with MT'/k episodes
is at least Q(d\/MHT/k + v/ dTHMT/k). Summing over all k groups, we can prove that the regret lower bound is

Q(dVEHMT + dIHMT). O



