Supplementary Material of * Crowdsourcing via Annotator Co-occurrence Imputation and
Provable Symmetric Nonnegative Matrix Factorization”

A. Notation

Notation Definition
z scalar in R
T vector in R”, i.e., ¢ = [x1,...,2,]"
X matrix in R™*™ with X (i, j) = x; ;
[X]i,; or X(3,7) (i, j)th entry of X
X >0 X(i,5) =0V (4,)

K(X) condition number of X
Omax(X) maximum singular value of X
Omin (X)) minimum singular value of X

1 X ]2 2-norm of X (same as oyax (X))

1 X ||# Frobenius norm of X

R(X) range space of X
cone(X) conic hull of X: {y | y = X0, V6 > 0}

llz]l2 {y-norm of x

lz]l1 ¢1-norm of x
Diag(x) diagonal matrix with x1, ..., z, in the diagonal

T pseudo-inverse

T transpose

IC] the cardinality of the set C

(T] {1,...,T} for an integer T'

I identity matrix with proper size

1 all-one vector with proper size

0 all-zero vector or matrix with proper size
e; unit vector with the ith element being 1
R’ nonnegative orthant of R™

B. More Details of The Robust Co-occurrence Imputation Algorithm
B.1. Iteratively Reweighted Algorithm for Robust Co-occurrence Imputation

In order to design an algorithm for solving Problem (9), we approximate (9) using a smooth version of the objective function.
Specifically, we propose to use

1
inimi Ry, — U U2 )2 17
Umfgir’l{vrg%%en Z (” \J J HF +¢ (17a)
(m,j)eN
subject to [|[Up||lr < D, [U,|lr < D, ¥m, (17b)

where £ > 0 is a small number.

We update U, by fixing {w, ; } (m,j)es2 and U;’s where j # m. Then, we can update {wy, ; } (m,j)e . by fixing U,, and
U;, for all (m, j) € £2. In each iteration ¢, the sub-problem to solve U,,, can be written as

minimize ST wl Ry — Un(UO)T |2 (18a)
JESm
subject to || U |lr < D, (18b)

where S,,, = {7 | ﬁm, j or ﬁjym is observed}. The problem in (18) is a second-order cone-constrained quadratic program,
and can be solved using any off-the-shelf convex optimization algorithm. We propose to use the projected gradient descent



(PGD) algorithm due to its simplicity. Specifically, in iteration r of the PGD conducted during the tth outer iteration, U, is
updated via

U+ Projp, (UL - BGIL),
where 3 > 0 is the step size, Projp () : REXK — REXK denotes the orthogonal projection onto the set D = {X €
REXE || X|lg < D}, and G is the gradient of the objective function (18a) w.r.t to U,,. Specifically, we have

r t - t t = t
G = 3wl (U U - R U
JESm

The step size is selected as the inverse of the Lipschitz constant of the gradient. In addition, the projection is simply
re-scaling; i.e., for any Z € REXK,
Z, ZeD

PFOJD(Z) = { z
iz Z¢D

Note that we let
Ugfl+1) — Ugrt{r:)v Ugrtl+1,0) — U’I(’:LJFl)?

where 7} is the number of iterations where the PGD stops for updating U,(,f). After U,, for all m are updated using PGD,
we update wy, ;, for all (m, j) € §2, by the following:

NS

m,j m

w(t—i-‘l) . (HIAsz _ U(t)(Ulgt))T“% Jrg) , V(m,j) € 2.

B.2. Complexity and Convergence

The per-iteration complexity of the algorithm is often not large, due to its first-order optimization nature. The complexity-
dominating step are the computation of the step size and constructing the gradient, which both cost O(M K3) flops. This is
acceptable since K is normally small.

Iteratively reweighted algorithms’ stationary-point convergence properties have been well understood. By a connection
between the algorithm and the block successive upper bound minimization (BSUM) (Razaviyayn et al., 2013), it is readily
seen that the solution sequence converges to a stationary point of (17). Although global optimality of the algorithm may be
much harder to establish, such a procedure often works well in practice—which presents a valuable heuristic for tackling the
stability-guaranteed co-occurrence imputation criterion in Theorem 2, i.e., Problem (9).

C. More Details of Experiments

Parameters. The stopping criterion for all the iterative algorithms in the experiments is set such that the algorithms are
terminated when the relative change of their respective cost functions is less than 1076,  For the proposed SymNMF
algorithm, we set o)y = 1075, and we use two oy scheduling rules in our simulations and real data experiments,
respectively. Specifically, for simulations that demonstrate the convergence properties of the proposed algorithm, we use
Qg = ' where 0 < v < 1. For the rest of the simulations and real data experiments, we let oy = (o) for simplicity.
We run all the experiments in Matlab 2018b on Windows 10 on an Intel I7 CPU running at 3.40 GHZ.

C.1. Synthetic Data Simulations
C.1.1. IDENTIFIABILITY

In this section, we analyze the D&S model identifiability of the proposed framework using synthetic data experiments.

First, we consider the noiseless case where we directly generate R,, ; = AmDA; for (m,j) € £2 and observe if the
confusion matrices and the prior can be identified by the algorithms up to a common column permutation. We fix M = 25
annotators and the number of classes K = 3. An annotator is chosen randomly from M annotators and is made as a “class
specialist” of all the classes 1, ..., K. This is achieved by setting its confusion matrix A,,, to be close to an identity matrix.
Specifically, for the chosen “class specialist”, we set || A, (k,:) — €] ||l2 < &.Vk, with e = 0.10. In this way, the H matrix



Table 6. Average MSE of the proposed methods for M = 25, K = 3 with different block missing proportions (noiseless case).

Algorithms | Miss=70% [ Miss=50% | Miss=30%
RobSymNMF | 4.10 x 1075 [ 1.70 x 1073 | 3.44 x 10~ 7
DesSymNMF | 2.84 x 10~ | 459 x 10~% | 3.05 x 10~ %

Table 7. Average MSE and the runtime of the proposed methods and baselines for M = 25, K = 3, p = 0.3 for different values of NV

Algorithms | N=1000 [ N =5000 | N =10000 | Time (s)
RobSymNMF 0.0099 0.0019 0.0012 0.342
DesSymNMF 0.0127 0.0038 0.0029 0.072
MultiSPA 0.2248 0.1645 0.1575 0.0148
CNMF 0.0314 0.0036 0.0009 22475
TensorADMM 0.0218 0.0041 0.0011 27263
Spectral-DsS | 0.0465 0.0259 0.0050 17.492
MV-EM 0.0495 0.0866 0.1051 0.055

as defined in (6) approximately satisfy the SSC (see Definition 1). The columns of the confusion matrices for the rest of the
annotators and the prior probability vector A € RX are generated using Dirichlet distribution with parameter p = 1 € R,
We generate different missing proportions by observing each pairwise blocks with a probability smaller than one. Using
these observed pairwise blocks, the proposed algorithms are run and the mean squared error (MSE) of the confusion matrices
and the prior vector are estimated. The MSE is computed as follows:

MSE = min

il 19)

M

1 ~ ~

———— ([ TTTX = X|3 AT - A, |}
where IT is a permutation matrix and XW m = [M] and X are the outputs by the algorithms.

Table 6 presents the MSE of the proposed methods for different proportions of the missing co-occurrences, averaged over
20 different trials. Both the proposed methods output low MSE values in all the cases. One can see that the MSE of
the RobSymNMF decreases when more blocks are observed, which is consistent with Theorem 2. Since we consider the
noiseless case by observing R, ; = AmDA;»'— for all (m, j) € §2, the algorithm DesSymNMF is able to impute all the
missing pairwise co-occurrences accurately via (7)-(8). Therefore, the MSE of the De s SymNMF is more or less unaffected
with changing co-occurrence missing proportions.

Table 7 presents the average MSE and the runtime of the methods under test using various numbers of data items. We
fix M = 25, K = 3 and vary the number of data items /N. The generating process for the confusion matrices and the
prior vector is the same as that used in Table 6. Once the confusion matrices A,,, m = [M] are generated, the labels from
each annotator m for a data item with true label ¢ € [K] is randomly chosen from [K] using the probability distribution
A, (:,¢). An annotator label for each data item is retained with probability p < 1 which is fixed at 0.3. Using such
labels, the co-occurrences are estimated via (3). In all the cases in Table 7, there are 4% of the pairwise co-occurrences
missing. One can see that the proposed methods, especially RobSymNMF, outperform the other methods in most of the
cases and also enjoy promising runtime performance. The DesSymNMF imputes all the missing blocks, even though there
are no designated annotators and still provides good performance. This is because most co-occurrences are available and
the conditions for using (7)-(8) are almost always satisfied. Particularly, the MSEs of the proposed methods are at least
40% lower than the best-performing baseline, when the number of data items are small (see N = 1000). This shows the
advantages of the pairwise co-occurrence based methods in the sample-starved regime. As N increases, the MSEs of all the
methods become better and closer.

C.1.2. CONVERGENCE

In this section, we compare the convergence behaviors of the proposed SymNMEF algorithm [cf. Eq. (13)] and the SymNMF
algorithm proposed in (Huang et al., 2014). The proposed algorithm uses a shifted ReL.U function for the H update with
a(y) > 0. The algorithm in (Huang et al., 2014) has nonnegative thresholding, i.e., a ReLU function with a ;) = 0 for all £.

In our proof of Theorem 3, we assume that c(;) is chosen such that a key condition is always satisfied; see Egs. (49) and (50).
In practice, these conditions may not be checkable. A heuristic way of selecting {cv(;) } is to use a diminishing sequence
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Figure 2. Convergence of the SymNMF algorithm with a;) = 't (proposed) and oy = 0 for different levels of sparsity of H €
R1000%3 (noiseless case). Dashed line represents each trial and the bold line denotes the median of the 20 independent trials.
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Figure 3. Convergence of the SymNMF algorithm with c;) = ™! (proposed) and oy = 0 for different levels of sparsity of H €
R1000%3 and SNR=30dB. Dashed line represents each trial and the bold line denotes the median of the 20 independent trials.

{a()}. In simulations, we found that using such sequences {c )} can often accelerate convergence.

We consider a nonnegative matrix H € R7*% and control its sparsity (i.e., the number of zero entries in H) using a

parameter ¢ such that 1 — ¢ = Pr([H],, = 0). The nonzero entries are randomly sampled from a uniform distribution
between 0 and 1. Using the matrix H, the symmetric nonnegative matrix X & Rix 7 is formed by X = HH " and its
rank-K square root decomposition is performed, i.e., X = UU ". The matrix U € R7*¥ resulted from the rank-K square
root decomposition is input to the algorithms. Both the algorithms are initialized by Q) = I.

Fig. 2 shows | HII — H ;|3 /K, where IT is a permutation matrix, against the iteration index ¢. One can see that for
different sparsity levels, the proposed SymNMF algorithm converges faster. It can also be observed that as the sparsity level
increases (i.e., ¢ decreases), both SymNMF algorithms converge quickly to low MSE levels.

Fig. 3 shows the convergence behaviour of the algorithms when zero-mean i.i.d. Gaussian noise with variance 2 is added
2 2

to the matrix X. The signal-to-noise ratio (SNR) in dB is defined as SNR = 101log; (W) The rank-K square root

decomposition is performed on the resulted noisy matrix X, ,1.e., X =UU and the matrix U is input to the algorithms.

In this case as well, one can observe faster convergence for the proposed SymNMF for different sparsity levels.

C.2. Details of The UCI Data Experiments

MATLAB Classifiers for UCI Data Experiments. For UCI data (https://archive.ics.uci.edu/ml/
datasets.php) experiments, we choose 10 different classifiers from the MATLAB statistics and machine learning
toolbox (https://www.mathworks.com/products/statistics.html); see Table 8.


https://archive.ics.uci.edu/ml/datasets.php
https://archive.ics.uci.edu/ml/datasets.php
https://www.mathworks.com/products/statistics.html

Table 8. Ten Classifiers used As Machine Annotators.
Coarse k-nearest neighbor classifier
Medium k-nearest neighbor classifier
Fine k-nearest neighbor classifier
Cosine k-nearest neighbor classifier
Coarse decision tree classifier
Medium decision tree classifier
Fine decision tree classifier
Linear support vector machine (SVM) classifier
Quadratic support vector machine (SVM) classifier
Coarse Gaussian support vector machine (SVM) classifier

Table 9. Classification error (%) and runtime (sec.) on the LabelMe dataset (N = 1000, M = 59, K = 8). The “SymNMF” family are
the proposed methods.

Algorithms | Error (%) | Time (s)
RobSymNMF 32.10 1.25
RobSymNMF-EM 22.10 1.29
DesSymNMF 29.10 0.11
DesSymNMF-EM 22.20 0.20
CrowdLayer 20.90 15.80
DL-MV 23.10 14.31

Simulation Setup of Table 3. For the experiment in Table 3, we employ the following strategy in order to generate
different proportions of the missing blocks:

1. Consider N items to be labeled by the annotators (machine classifiers). We split the test data into three disjoint parts
having sizes of 0.1, 0.3N and 0.6V, respectively.

2. Each disjoint part of the test data is co-labeled by only P annotators, which are chosen randomly from M available
annotators and P < M. We also make sure that every annotator labels at least one part out of the three test data parts.

By varying P for the three test data parts, we are able to control the proportions of missing co-occurrences. For each column
of the table, we adjust P and generate the cases such that the corresponding missing proportion (Miss) is achieved.

In addition, since we have chosen different sizes for the three sets, different annotator pairs co-label varying number of data
items. This makes the estimation accuracy for the pairwise statistics 2, ;’s unbalanced—and we use this setting to test the
robustness of our co-occurrence imputation algorithm.

C.3. Additional Real-Data Experiment

In this section, we present an additional real-data experiment. Specifically, we compare the proposed algorithms with
a number of deep learning (DL)-based crowdsourcing methods, namely, CrowdLayer and DL-MV from the work in
(Rodrigues & Pereira, 2018).

Note that the DL-based methods are implemented under fairly different settings relative to classic D&S learning methods.
For example, both DL baselines train a deep neural networks using data items (e.g., images) as (part of the) input, whereas
the classic D&S methods do not need to know or see the data items.

The dataset used in this experiment is the LabelMe data that is posted by the authors of (Rodrigues & Pereira, 2018). We use
1,000 data items that belong to 8 classes and are labeled by 59 annotators. The methods CrowdLayer and DL-MV are
trained with 50 epochs. Table 9 presents the results of the algorithms under test. In the table, the results of CrowdLayer
and our method are averaged from 100 trials (to observe performance under random initialization and stochastic algorithms).
We observed that CrowdLayer’s and our method’s average error rates are close, but CrowdLayer has an almost 10 times
larger standard deviation (RobSymNMF-EM 22.1% + 0.5% v.s. CrowdLayer 20.9% =+ 4.7%). The proposed method is
also around 12 times faster (1.3 sec. vs 15.8 sec.).



£ ‘ " [EESymNMF (Proposed)]
20" ]
* | | |

15 20 25 30 35
,, 40 ‘
©
=, 7
#* 0 | I V_H_L —_

15 20 25 30 35

error (%)

Figure 4. Histograms of error rates from 100 trials. The CrowdLayer method could work very well to attain low error rate in some
trials, but multiple failed trials with error rate> 30% are also observed.

Fig. 4 presents the histogram of the error rates for our method and CrowdLayer. From Fig. 4, one can see that there
are trials where CrowdLayer offers impressively low error rate, but there are also multiple trials where CrowdLayer
gives high error rates (~ 30% — 37%). The large variance is perhaps because DL methods’ computational problem is more
challenging, since DL algorithms such as SGD/Adam may not always converge well. However, the proposed method with
convergence guarantees offers stable results.

D. Proof of Theorem 1

Theorem 1 Assume that I/im,n is estimated by (7)-(8) using the sample-estimated Rm’r, Rn’g and R&T [using (3)
with at least S items]. Also assume that k(A,,) < v and rank(A,,) = rank(D) = K for all m € [M]. Let

0= ( mi)nnamin(Rm,j). Suppose that S = Q (%) for & > 0. Then, for any (m,n) ¢ 2, with probability
m,j)€E
of at least 1 — 9, we have:

K?y%/log(1/0)
02V'S ’

where R, ,, = AmDAIL is the missing ground-truth.

The missing pairwise co-occurrence It,, ,, is imputed by (7)-(8) using available co-occurrences R,, ., R, ; and Ry ,.. In
practice, we do not observe the true pairwise co-occurrences R,, ., R, ¢ and Ry ,. Therefore, we first form the matrix C
by using the corresponding sample estimated co-occurrences as below:

To characterize ||6’ — C||r, we use Lemma 13 from (Zhang et al., 2016) which gives the result that, with probability at least
1-4,

~ 1 log(1/6
1Ry — Ryl < - V108(1/0) V\/g(” e 20)

where S > 0 is the number of samples that the annotators m and j have co-labeled. Then we have
IC = Clt = 1Rur = Runr |7 + | Rer — Rl < 267
= |C ~C|r < V20. @1
Let us denote the thin SVD operation on C as follows:
C =001 neV, . (22)

We consider the below lemma to characterize this SVD operation:



Lemma 1l (Yu et al, 2014) Let C € R™*™ and C € R™*" have singular values o1 > 09 > -+ > amm(m n) and

01 > 02 > ...0min(m,n) respectively. Fix 1 <t < s < rank(C) and assume that min(c?_, — 07,02 — 02,,) > 0,
where o3 := oo and Orank(C)+1 = 0. Let q := s —t+ 1andlet U = [ut,uH_l, .. .,us] € R™ and U =
[ﬁt, Ups1,--- ,'ﬁs] € R™>4 have orthonormal columns satisfying C " u; = ojv; and (AZ'Tﬁj =0,v;forj=1tt+1,...,s
and let V. = [vt7vt+1, e vs} € R and V = [ﬁt,ﬁHl, . ,175] € R™ 4 have orthonormal columns satisfying
Cv; =oju; and CAZ"TJ] =0ou; forj =t t+1,...,s. Then there exists an orthogonal matrix O € R such that

23/2(201 + ||C — C||2) min(¢"/?|C — C,||C — C||r)

2 2 2 2
mln(at—l — 04,05 — Us+1)

|U-UO|r <

and the same upper bound holds for |V — VO|p.
For now, let us assume

rank(C) = K, [|C ~ Cll2 < [|C]l2 = 0max(C)- (23)
By applying Lemma 1 in (22), we get

23/2/K30max(C)||C — C||2

HUm Un, OHF C)

2
Umin(
where O € RE*K i orthogonal.

By substituting the bound (21) in the above, we get that with probability of at least 1 — 6,

~ 12 max C
n%—wwn_va(gﬁ 24)

ry 12 max C
1T, — U,0||p < — = ma )@ "()) (25)

The missing co-occurrence R,, ,, is imputed by using ﬁm, ﬁg and ﬁn ¢ via the following operation:

The first term ﬁm is characterized by (24). To characterize the term U [1, we use the following lemma:

Lemma 2 Consider any matrices Y , Z,E € REXK suchthat Z =Y + E and Y is invertible. Suppose that rank(Z) =
rank(Y') and that | E||a < omin(Y)/2. Then, we have

- - 2| El
1Z7 =Y < 5.
12nin(Y)
The proof of the lemma can be found in Section G.
Applying Lemma 2 by letting Y := U,O and Z := ﬁ@, we get
. 2 .
U '~ (U,0) s € 5—+|U: — (U,0)||s. 26
07! = ©,0)7 2 < 555 10e = W0l 26)

We proceed to characterize oy,in (Uy) in the above relation by utilizing the following result:

Lemma 3 Suppose that k(A,,) < 7, for all m. Then, we have

1

Omin U 2
(Ue) ViR

5 Urnax(Ué) S Y

and the above bounds are applicable for U,,, as well.



The proof of the lemma can be found in Section H.
Applying Lemma (3) in (26), we get
IU;" = (U, 0) 2 <4K7?|Us, — (U, 0]
- 48KV KN 01max(C) ¢

min

27)

where we applied (25) in the last inequality.

Using the above derived upper bounds, we proceed to bound the following term:
| B = B llo = [UnU; ' Ry = UnUy ' Ry,

where we can see that U, U[lR; . =U,0U gO)*le’ , for the orthogonal matrix O. To simplify the notations, let us

define Z, := U,,0, Z, := (U,0)"" and Z3 := Rz’z. We also define Z, := U,,, Zo := ﬁ[l and Z3 := }AIIE Using
these notations, we have the following set of relations:

“212223 - 21Z2Z3H2 7,227 — Z,Z2Zs — 7, Z> Z5 + 212223"2
= (21 — Z1> ZyZ3 + 21 (2223 — Z2Z3> H2

< (21 _ Zl> Z223H T HZ (2223 _ zgzg) H
2 2

= (2 - 2) ZQZSH2 + 2122 - 22)25 + 2,25 (2 - Z) H2

IN

)

|Zallol Zoll2 || 21— 21|+ 12111211252 | 22 — 22| + 1 Z1ll2) 2l | 2 — 25,

where we have used triangle inequality to obtain the first inequality and used the fact that || XY||2 < || X ||2||Y||2 in the last
inequality. Applying this result, we get

U0 Ry = UnOU0) ™' Ry 2 < [(UeO) ™ l5l| R 21| T — Ui O3
+ 1Tl | R el 21T = (U0) 13
+ ||Um||2||Ug_1HQ”Rn,E - Rn,é 2- (28)

In (28), we need to apply the below characterizations to derive the final bound:

1. Upper bound for ||U,, ||

1Tnllz = O = UnO + UpOllz < |Up = UnOlls + |Un Ol
S O'rnax(Um) + O'max(Um) = QO'maX(Um) S 27

where we have used triangle inequality for the first inequality, used the assumption that || U,,— U,.O|2 < 0min(Un) /2
for the second inequality and invoked Lemma 3 for the last inequality.

2. Upper bound for ||(U,0)7!||,
1(TeO) |2 = 1/0min(Ur) < V2K,
where we have applied Lemma 3 for the last inequality.

3. Upper bound for || ﬁ[l Il
10, 2 = 1/0min(Ur) < 2/0min(Us) < 2V2K~,

where we have used the assumption that Hﬁ ¢ — UyOl|2 < omin(Uy)/2 for the first inequality and invoked Lemma 3
for the last inequality.



4. Upper bound for | R,, ¢|2
[Rncll2 < | Rl <1,

where we used the fact that the entries of the matrix R,, ¢ are nonnegative and sum to one and therefore || R,, ¢||Z < 1.

Applying these upper bounds to (28), we attain the following:

|Rom.n — Runllz < V2EA||Uy, — UpOll2 + 29U — (UO) V|2 + 4V2K~Y? || Re — Roe2
lp < V2K U — Un Ol + 2VEY|U; " = (U0) 7|2 + 4V2KY? | Rt — R

- ||I%m,n - Rm,n F,

where we used the matrix norm equivalence || X |2 < || X ||r < VK| X

2, for a matrix X of rank K, in the last inequality.
By substituting the bounds (20), (24) and (27) in the above, we get

IQMK’YUmaX(C)(ﬁ 96K2730max(c)
Jmin(c’)2 02 (C)

min

where we have C' = [R,), ., R/ .| and can immediately see that ||C||% < 2, which implies that o1ax(C) < [|C||p < V2

m,rs

and ¢ = Irvlos(1/o) Vi;g(l/é). Combining this, we get that with probability at least 1 — §, for a certain constant C; > 0,

| B — Ryl < SV 108(1/0) (29)
TR g2 (VS

Finally, we will summarize the conditions to be satisfied to obtain (29). From (23), we can see that the below condition
needs to be satisfied:

IC = Cll2 < [|Cll2 = omax(C) = V26 < Tnax(C)

2(1 + /log(1/6))* (30)

Thax(C)

max

= S<

From Lemma 2, the condition to be satisfied is:
10, — UO||2 < omin(Up)/2. (31)

By applying (25) and Lemma 3 in the left and right hand sides of (31), respectively, the condition to be satisfied can be
re-written as:

12VEomax(C)p _ 1 . 12V2VEK0umax (C) (1 + /l0g(1/8)) _ 1

Umin(C)2 - A% QK’}/ O'min(C)Q\/g - Vv 2K’}/,
Co K242 log(1/9)
>
== 5S> rmn(C)? , (32)

for a certain constant Co > 0. Combining (30) and (32), we get the final condition on S as stated in the theorem.

E. Proof of Theorem 2

Theorem 2 Assume that the I?Cm,j s are estimated using (3) with Sy, ; = |Sy, ;| for all (m,j) € §2. Also assume

that each -i%m,j is observed with the same probability. Let {U},, U;}(m,j)e o be any optimal solution of (9). Define
L=M(M —1)/2. Then we have

MKzlog(M)+(1 1> Z M,

1 T
il E * ([7\T — e < 4=

m<j (m,j)e

with probability of at least 1 — 3exp(—M ), where C > 0.



Let R}, ; = U;‘;LU;T, where {U},, U }(m j)c 2 be any optimal solution of (9) and Ny, ; = IA%myj — R, ; forevery m, j.
Note that we treat IN,,, ; = 0 for (m, j) ¢ 2, since the co-occurrences are unobserved. We define the following quantity
that will be useful in our proof:

1 - . 1 _ .
T(n) = ﬁ Z ||Rm’J - ij”F - Z Z ||Rm,J - Rm,gHF ) (33)
| | (m,j)eN m<j

where L = M (M — 1)/2. Then we have

1 * 1 * )
7 D IR — Rulle = 7 D R, ;= R+ Nl

m<yj m<j
@ 1 R 1
<7 > AR — Bonjllr + 7 D Nl
m<j m<j
® 1 _ . 1
< 2] > By — Ry lle +7(£2) + I >INl
(m,j)en m<j
(0 1 ~ 1
=T D IRy — Rl +7(2) + I D Nl
(m,j)en2 m<j
1 1
= > INwlle +7(2) + 7 D INm e, (34)
(m,j)en m<j

where (a) is due to triangle inequality, (b) is due to the definition of 7(42) and triangle inequality, and (c) is due to the fact
that Rfm j is the optimal solution of (9).

Next, we will characterize 7({2). For this, let us define the set
Sk ={X =UV'T ¢ RMEXME  1ank(X) < K, ||U|lr < B, |V|lr < B},

where the constant B = /M D and D is the constant from Problem (9).

If |[U||p < Band |V||p < B, then | X||r < |U||¢||V|r = B2 Therefore, we can rewrite the definition of the set Sy as
below:

Sk = {X € RMEXME . 1ank(X) < K, || X||r < B%}). (35)

We will invoke the following lemma to characterize the covering number of the set S .

Lemma 4 (Wang & Xu, 2012) Let S, = {X € R™*"2 : rank(X) < 7, || X||p < C}. Then there exists an e-net S, for
the Frobenius norm obeying

Sy(e)] < (9C )b,

By denoting the e-net of Si defined in (35) as S i (¢) and applying Lemma 4, we get that
y g pplyimng g
\S K(e)\ < (932/6)(21“f UK. (36)

Let X € Sk (€) and we can define the following:

" 1 N __
L(X)= 92 [Rmj — XmjllF (37a)
(m,j)en2
~ 1 R N
LX) =7 > 1R = X sllp, (37b)

m<j



where X, ; € REXK s the (m, j)th block of X € RMExMK

To proceed, consider the below lemma:

Lemma 5 (Serfling, 1974) Let X = [ X1, ..., X, be a set of samples taken without replacement from a set {x1,...,xN}
with mean u where n < N. Denote a := max; x; and b := max; b;. Then, we have

Lo 2nt?
Pr<nZXiu zt) < 2exp ((1—”151)(17—@2)'

i=1
Notice that {Hﬁmj - fmj lp }m<; forms a set of L elements with L£(X) as its mean and £(X) as the mean estimated
from |£2| samples, drawn without replacement. Also, we have

max || R j — X jllp < max || Ry jllp + | X jllp < 2,
m,) m,j

min || Ry = Xom,jlw = 0.
m,J

Therefore, by applying Lemma 6, we have

Applying union bound over every X € S (e), we get

2|92|t?

Pr ( sup \E(X“) - 5(5(“)‘ > t> < 2[Sk ()] exp

)?Eg}((e)

By letting |S i (€)| exp ((QIM) = exp(—M), we get that

1-12=1)y

2L|02|t?

log Sk ()| - = Ter77 = M
— M +log [Sx(e)] = m
— = \/(M + log |SK2(Z)|!()2(|L — 12| +1)4
Therefore, we get that with probability at least 1 — 2 exp(—M), we have
sup \E(X“) —c(f)’ < \/(Mﬂog [Sk(D(L — 2]+ 14
XeSk(e) 2L|02|

By applying (36), we have

. ‘2(35)—5(35)‘ . \/(M+(2MK+l)K;o§|(?2|BQ/e))(L—|Q+1)4 e .

XeSk(e)




With the above result, we proceed to relate Sy and Sg(¢). Let X € Sk and for every X, there exists X e Sk (e)
satisfying | X — X ||p < e. This implies that

= 1 ~ 1 ~ —~
IL(X) — L(X)| = 57 Z HRm,j - Xm,jHF L Z ||Rm,j - Xm,j”F

m<j m<j

1 ~ ~ —
=15 2 (1B = Xonslle = [ Ronj = Xl

m<j

IA

1 —~
=3 (1% = Xonslle )| < e

m<j

where we have used the relation that || X, ; — jfm,jHF < | X = X||r < e. Similarly, we have

N . 1 . 1 N _
IL(X) - L(X)| = 2 > By — Xonlle — a2 > Ry — Xl
(m,j)eN (m,j)eN
1 R N ~
=g > (HRm,j — Xmjle = [[Rim,; — Xm,j||F>
(m,j)es2
1 —
< a2 > (HXm,j - Xm,j||F) <e
(m,j)ef2

From the above results, we further have
sup |£(X) — L‘(X)‘ < sup (IE(X) - E(Y)‘ + ]z(f) - /.Z(X)‘ + ]Z(f) - z(f)‘)

XeSk XeSk
<e+e+ sup ‘E(Xv) - ﬁ(f)‘
XeSk(e)
<2+,

where we have applied (38) in the last inequality.

Setting e = 1/L, we get the below with probability at least 1 — 2 exp(—M):

~ 1 (M + (2MK + 1)K log(9LB?))(L — |£2| + 1)4
s /.Z(X)—L‘(X)’ §2L+\/ 2L

1 \/(M +3MK21og(9LB2))(L — |£2] + 1)4

<2—
=t 2L 02|

2 2
Co L [2(M+3MK?10g(9L5?))
|£2] 92|

<2
42|

1 \/Q(M + 3M K2 log(9M2B2))
42|

where we have used the relation that L = M (M — 1)/2 in the last inequality. Note that B is defined such that || X ||r < B?,
where X' € Sg. In our case, we have R,,, j > 0, > Ry j(p,q) = 1 and therefore we get | R ;l|3 < 1forallm,j. It
implies that all the elements X of the feasible set Sk can be set to have || X || < M?. Therefore, we can set B2 = M.



Using the definition of 7(£2) given by (33), £(X) and £(X) given by (37) and setting B2 = M, we can then see that,
there exists a constant C' > 0 such that

MK?log(M
() < ¢ | ME los(M) (39)
92|
Substituting (39) in (34), we get that with probability at least 1 — 2 exp(—M),
1 . 1 1 MEK?log(M)
7 2 1R = Ruslle <m0 D INwslle+ 7 D 1Nyl + Oy | = 5=— (40)
m<j (m,j)e2 m<j
Using Lemma 13 from (Zhang et al., 2016), we get that with probability at least 1 — 6,
1+ +/log(1/6) . )
[Nyl < 2V gy e 2, @)

/Sm.j

where S, ; is the (nonzero) number of samples that the annotators m and j have co-labeled. Also, without loss of any
generality, we can let R,,, ; = R,, ;, for all (m, j) ¢ £2. Therefore, we have

[Num.jlle =0, (m,j) ¢ 2. (42)

By substituting § = exp(—M), combining (40)-(42) with union bound, we have the below with probability at least
1 —3exp(—M),

2
<|[12|+1 3 1+vVM o [ ME?log(M) “3)

— i e < -
L Z ||Rm,j RmJ”F — L Sm,j + |Q| ’

m<j (m,j)en2

where L = M (M —1)/2.

F. Proof of Theorem 3

We restate the assumptions and the convergence theorem here:

Assumption 1 The nonnegative factor H € RY'™*¥ satisfies: (i) rank(H) = K and |H||r = o; (ii) % <
F

¢, V4, VO € REXE (iji) the locations of the nonzero elements of H are uniformly distributed over [M K| x [K], and
the set A = {(j, k) : [H]; > 0} has the following cardinality bound

_ ME~g .
[Al=0 ((1+MKC)04>’ “4

and (iv) 0 < 9 < minlSkSK{Bz — ﬂ,%_i_l}, where [y, is the kth singular value of H and By 1 = 0.

Theorem 3 Under Assumption 1, consider U=H Q"+ N, where Q € RE*K jg orthogonal, and apply (13). Denote
v =Nl h@ = [|[Hyp — HII||} and gy = [|Q+) — QIT||%, where IT is any permutation matrix. Suppose that
v < omin{(1 — p)/Nq(0), 1} for p := O(Kno"/32) € (0,1), where n = (14l/mx?)(1 + MK(), and that

20q) +2v < (jr%igA[H]j,k. (45)

Then, there exists a;) = o > 0 such that with probability of at least 1 — ¢ the following holds:

a@y < pa—1) + O (Ko*v?/2) (46a)
hey < 2m0°qu—1) + 27, (46b)



where § = 2exp (—2l4l/k>(1-1211)).

Let X be the estimated X in (6). Consider the rank- K square root decomposition of X € RMExMK,

~ AT

X=UU .
It can be shown that U = U + N = H Q" + N with bounded noise IV, if X is a reasonable estimate for X (cf. Lemma 1).
Using U € RMEXK the proposed SymNMEF algorithm has the following updates:

H 1) < RelU,, (ﬁQ(t)) (47a)
Wi Ssn Vi  svd (Hy0) (47b)
Q1) « Viern Wiy, (47¢)

where o ;) > 0.

In the proof, we omit the permutation notation I7 for notation simplicity, since all the column-permuted version of H and

Q are considered equally good—i.e., the column permutation ambiguity in NMF problems is intrinsic; see (Fu et al., 2019;
Huang et al., 2014).

Suppose that Q" Q) = I + Eq,,. Note that

HEQ(t) lr=11Q — Q(t)”F
per the orthogonality of Q and Q).

Also define
By = Hy— H.

F.1. The H-update

From the update in (47a), the below set of relations can be obtained:

1B, e = |ReLUe,,, (0Qu) —H||

= [|ReLUay,, ((HQT +N)Qqu) - H;

= [IRelVa,, (H(Q' Q) + NQu) — H,

= HReLU%) (H( I+Eq,)+NQu ) — HHF

= HReLUam (H +HEq,, + NQ t)) - HHF (48)

Recall that A := {(j, k) : [H];x > 0}. Assume that the following conditions are satisfied for cv(; (at the end of the proof,
using Lemma 8, we will establish the feasibility of c(;) satisfying the below conditions),

aw < [H+HEq, + NQulin V(j.k) € A, (49)
aw = [HEqQ, + NQuljkr Vi k. (50)
Then, we have
[N
- Z HRELUO‘(U (HJFHEQM +NQu)ljx— [H]; k’ + Z ReLUam (H + HEq, + NQw)ljk — [Hb‘,k|2
(Gk)eA k)¢ A
= > |[RelUa,, (H+HEq, + NQu)jx— [Hjx|"+ Y. |[RelUn, (HEq, +NQ)lix|
kea k)¢ A
= Y |[HEq, + NQulix|, (51)

(4,k)eA



where we used [H|; ,, = 0,V(j, k) ¢ A to get the second equality and applied the conditions in (49) and (50) to obtain the
last equality.

Note that the below holds:
2
[HEq,, + NQuwljk|" = [[HEq,)ir> + INQu)jxl* + 2(HEq, |;xIN Q)
[HEq,,lixl* + [[NQuljkl* + [HEq, |* + [[NQu)jl?
2([HEq,, ;x> +2[INQl;jxl*, (52)

where we have applied the Young’s inequality in the first inequality.

IN

Combining (51) and (52), we get that

IBa, ) F <2 > [HEq,, x| +2 > INQjn|”- (53)
(7,k)eA (5,k)eA

Next, we consider the following lemma to bound the first term in (53).

Lemma 6 (Serfling, 1974) Let X = [ X1, ..., X, be a set of samples taken without replacement from a set {x1,...,xN}
with mean u where n < N. Denote a := min; x; and b := max; x;. Then, we have

1 < 2ns?
= ol > < - .
Pr<n;Xz U s>2exp< (1—"N1)(b—a)2>

Applying Lemma 6, and by the assumption that nonzero elements of H are located over [M K| x [K] uniformly at random,
we get

Pr( i 3 IHEq |l — | HEq, [} > s | < 2exp (— Al ) 7
4] iza " TE v (1- 500 - a2
where J = MK . Using the assumption that % < (, Vi, VO € REXK we get
b= max [HEq,jxl* < max |H(j, ) Eqy, I3 < CIHEqQ, & (54a)
a= r?’ikn [HEq,];kl* > 0. (54b)

Using the bounds (54) and by letting s = (||H Eq, |3/ K, we get that

1 , 1 , 1 ) 2|A|
Pr W Z |[HEQ<t>]j,k| - J—KHHEQMHF 2 ?C”HEQ@)”F < 2exp <K2(1_A_1) :
i,k€A TK
It implies that with probability at least 1 — 2 exp —% , we get
K2(1-5)
S [HEq sl < Bl + 50| HEq,, 12 < Bl + 50| HI21Eqy, 12 (55)
Qylikl = JK QullF = IK FIIFQw IIF-
(7,k)eAld
Letting n = %(1 + J¢) and applying (55) in (53), we get that
2
B, B < 20| HIEEqullf +2 > [INQkl
(7,k)eAd
< 29[| H|# | Eq, I + 21N Q%
= 29| H|} || Eq, IIf +2v°, (56)

where we have used || V||r = v and the orthogonality of Q) in the last equality.



F.2. The Q-update

We will now consider the update in (47b):

H(Tt-i-l)U = (H + EH(t+l))T(U + N)
_ T T T T
=H U—i—EH(tH)U—i—H N+EH<t+1)N'

‘We bound the below:

\H],, O~ H'U|} = B}y, U+ H'N+E; | N|2
< 3|Ef,,, U2 +3|HN|Z +3|EL,,, NI
<3| H[E N Err ) IF + 3I1H[EV” + 307 B, I
=3(|H| +v*)|| Br ., |7 + 31 H | F0?
<3(IH[F +v*) (20l H|E | Eqy, I[F +2v%) + 3| H [[7v*
= 6n([H[F +v*) [ H[E Eq, IF + 6(| H|F + v*)v* + 3| H|[z?
< 129|H|[g ]| Eq,, IIF + 15/ H[|Fv*, (57)
where we have used the Young’s inequality for the first inequality, used the fact that |U||r = | H]||¢ for the second

inequality, applied the result in (56) for the third inequality and used the assumption that | N ||r = v < | H || for the last
inequality.

Let us proceed to characterize the SVD operation in (47b). Denote the full SVD of H " U using the following notation:
W=V =sd (H'U).
We invoke the below lemma:

Lemma 7 (Fan et al., 2018; Mirsky, 1960; Wedin, 1972) Let C € R™*"™ and C € R™" have singular values o1 >

02 > -+ > Omin(m,n) ARd T1 > 02 > ... Omin(m,n), Tespectively. Let v < min{m,n}. Denote wy,...,w, € R™ and
W1, ..., W, € R™ as the orthonormal columns satisfying CTw; = o;v; and CTw; = 0,0; fori = 1,...,r and let
v1,...,0, € R"and vy, ...,v, € R™ are orthonormal columns satisfying Cv; = o;w; and Cv; = o;w; fori = 1,...,7.

Denote vo = min{o; — 041 :9=1,...,7} where 0,41 = 0. Then, lfHé — C||2 < 70/2, we have

- 5 2v2|C - Cl»
_w, Y <
fg?‘SXT{”wz will2 V [[U; — vill2} < o ) (58)
where the operation a V b = max{a, b}.
A short proof of how the bound in (58) is obtained from the classic result in (Wedin, 1972) is given in Section L.
By letting C := H'U, C := H(Ttﬂ)ﬁ and applying Lemma 7, we have
2V2K||H],,,,U - H'U||r
[Wig1) — Wlr < po : (59)
2V2K|H],,,,U - H'U||
Vies1) =Vl < ; (60)
7o
where we have used the fact that for any matrix ® = [0, ..., 0k], the equality ||O|r = Zfil [10; |3 holds. We have

also applied matrix norm equivalence ||® |2 < ||®||r. Note that since the singular values of H "U are the same as that of
HT H, we re-define v, as

. 2 2
= min —
Yo 1§k§K{”8k Brt1ts

where ) s are the singular values of H.



By squaring the term in the right hand side of (59), we get

T r7 T 2
W1y — W < SEIH U~ H Ul

2
70
8K (120||H |3 | Eq,, If + 15| H|7v?)
< . : ©61)
Y0
where we applied (57) to obtain the last inequality. We can similarly get that
8K (120||H x| Eq,, I# + 15 H|#*)
[Viern) — VIIE < 2 . (62)

%
Consider Eq , ,, = Q++1) — Q. Then,
||EQ<t+1) ||% = ||Q(t+1) - QH% = ||Wt+1)WE;+1) - VWT”%

= H‘/(tJrl)(W(Tt-H) W)+ (Viyry - VIWIZ
<2Wiyny — W +2[Vis) — VIiz,

where the last inequality is by the Young’s inequality and the fact that |@®||% < ||©]|3]|®||% for two matrices © and ®;
we have also used that ||W ||z = ||V(;41[|2 = 1. The above leads to

CK (n|H|&|Eq, & + | HI[Ev?)

||EQ(t+1) H%‘ S 2 (63)
70
for a certain constant C' > 1. Let us denote p := %‘QH”% Then we have
1Baqun I < olEqu s + L5 o9
t F = t IIF .
ey “ 0l H[%
We can see that if the below condition is satisfied, then p < 1:
Y g
=2 (14J0) < 20—,
1= g = G
Uhls
= A< —— . (65)
C(1+JOIH|

Therefore, under the conditions of «(; in (49) and (50) and the condition on |A] in (65), we get the bound for
IEq. ,|I§ and |[Efm,,.,, || given by (64) and (56), respectively, with p < 1 and with probability greater than

1—2exp (—K2 214 .

Regarding the feasibility of ;) satisfying the conditions (49) and (50), we have the following lemma:
Lemma 8 Assume that the following conditions are satisfied:

v< (1=p)VillH|elEqy,lle, (J_I}Cl)igA[H]j,k > 2||H[p[[ Eq,lr + 2v-

Then there exists oy = o > 0, for all t, specified as below such that the bounds given by (64) and (56) hold true:

[H|rllE@qllr +v < a< (j)rg)igA[H]j,k — [ Hllr[[Eq,llr —v-

The proof can be found in Sec. J.



G. Proof of Lemma 2
Consider the below:
(Y +E) " =Y o= |(Y+E) "I (Y +E)Y [

(Y +E)"'EY 7'

112
. 66
o Unlin(Y)Umin(Y + E) ( )
Next, we consider the following relations for any vector € R¥ satisfying ||z|| = 1:

(Y + E)z|2 = |[Yz + Ex|>
> [[Yz[2 — [[Exl2,
= min [(Y + E)z||2 > min [|[Y|s — max ||[Ex||2,
- Umin(Y + E) Z Jmin(Y) - HE‘%

where the first inequality is by applying the triangle inequality. Using the assumption that || E|2 < omin(Y)/2, we get
Omin (Y + E) > 0min(Y')/2. Applying this relation in (66), we get the bound in the lemma.

H. Proof of Lemma 3
Recall the below relation:
C=IR),, R, =[A},,A]|"DA,. (67)
The SVD of C results the below:
C= [Ul, UZT]TEm,Kﬂ'VrT (68)

From (67) and (68), we get that there exists a nonsingular matrix ® € R¥ XX such that
U,.U/]" =[A,.A/]"®, (69)

where the matrix [U,],U,"]T is semi-orthogonal. Therefore, we get

Tu(®©) = — A}n S Ta(®) = — Ai’ T (10)
Since A,,, is full row-rank, we have
Omin(Um) = nin |AnOz||;
> 0 0nin(A)|©2 ]2 = Guin(A) min Oz
= i (A )1y (©) = —Zinl A (7D

Tmax([Ay,: AZ]T) .
where we have applied (70) to obtain the last equality.

We proceed to bound 0. ([A.] . AT1T). Under the assumption x(A,,) < ~, for all m, there exists a positive scalar wyax
p m> Ay p Y p
and wp,;n, such that for all m,
w
Jmax(147n) S Wmax Umin(Am) 2 Wmin» v = =

Wmin

Then we have,
Tax([Ams AL D) = AL, AT < (ITA,, AT (R
= A& + [|Acllf < K[| Anll5 + K[ A3 < 2K,

max?



where we have utilized the norm equivalence for the first and second inequalities. Hence, we have
O—maX([A;:—m AZ]T) S v 2meax~
Applying the above results in (71), we get

Wmin 1

> = .
T V2Kwmax  V2Ky

Similarly, we can easily show the above lower bound for o, (Uy).

Omin (Um )

Next, we consider upper bounding oy, (U,y,) and opax (Uy). From (69) and (70), we have

Umax(Am)
Umin([A;lr—m AZ]T)

Umax(Um) < Umax(g)amax(Am) =

Umax(Am) < Wmax =~

<
Omin (Am) Wmin

b

where we have applied o, ([A,, AZ]T) > omin(A) for second inequality. Similarly, we can easily show the above
upper bound for oyax (Up).

I. Proof of Lemma 7

The perturbation theorem in (Wedin, 1972) gives the below bound if ||C — C||5 < J0/2,

r 9 ~

E (Sil’l2 0('137,'11)7) +Sin2 9(’1/;7;7’02')) S M,
‘ Yo

=1

(72)

where 6(w;, w;) is the canonical angle between the left singular vectors w; and w;. We can easily see that

max{sin 0(w;, w;),sin 0(v;, v;)} < \/Sin2 0(w;, w;) + sin” 0(v;, v;) < z:(sin2 0(w;, w;) + sin” 0(v;,v;)). (73)
i=1

Also, consider the below:
@i — w3 =2 2w w
< 2(1 — cos O(w;, w;))
< 2(1 — cos® O(w;, w;))
= 2sin? O(w;, w;)
— [[@; — wllz < V2sin6(w;, ;).

The above inequality combined with (72) and (73) gives the bound in Lemma 7.

J. Proof of Lemma §

The conditions on ;) given by (49) and (50) can be re-written as:

HE N e < < in [H);
I(?%( [ Qu T Qlik < ap) < (jfi})lélA[ 1;

)

in [HE N g 74
+ (j,I?)lgA[ Q) + Q(t)]Jvk (74)

We can bound the term min(; e a[H Eq,,) + NQ1)l;,, as below:

in [HE N > — HE N ikl > = HE N kel 75
(jgl)lélA[ Q, T NQuwljr > (g{Ikl)anA |[ Qun T+ Q(t)]J}k’ > I(I;IE}C}){H Qu + Q(t)]]’k‘ (75)



Using (75), we can re-write the conditions on ;) in (74) as below:

HE N < Hl; . — HE N il 76
r(?%c})( H Qu t+ Q(f)]] k‘ O‘(t) G I?)IQA[ ]]-,k r(rjlg‘c})( H Q1) + Q(t)byk| (76)

To proceed, we bound the term max; ) |[HEq,,, + NQ)];,k| as below:

182%3){ ’ HEQ(t) + NQ(t)]jJC‘ < ||HEQ(t) + NQ(t)HF < ||H||FHEQ(t) HF +v, 77

where we used || [N ||r = v and the orthogonality of Q) to obtain the last inequality. Applying (77) in (76), we can further
re-write the conditions as:

1H el Bqu e +v < aw < min [Hl;x — [[Hll|Eqq, llr - v (78)

Next, we proceed to bound || Eq,, ||r using || Eq,,, ||r. To accomplish this, we can recursively apply the results in (64) to
obtain the below relation for any ¢ > 1:

t
1%
1Equ It = Q) — QlIE < p'llEqu, I + oz >
Nl H||E

2 t+1

t 2 V(I—P )

= | B lI? + —rprg s
Qo H[Z(1 -

. 79
p) )

With the above result, we consider the following:

1Eq, I — [ Eqqllk < (P 1Eqq, IIF + ”HHQ Zp ) — | Eqq, 1%

t
- ((pt - 1)||EQ(0) ”% + |H| Z > (30)

where we applied (79) to get the first inequality. If the R.H.S of (80) is smaller than zero, then we have ||Eq,, 2 <
| EqQ,, lI%- The condition to make the R.H.S of (80) smaller than zero can be written as below:

t
1%
(0" — D[ Eqy, 12 + p1 <0
QullF WH%E:

t
v
= HIZ qu <(1- pt)HEQ(U) H%‘
WHIE 2
v? 1
= o < (1-p)[[Eq, I}
nlH[E1-p o
— v < (1 =p)VnlHle|EQlr, (81)
where the third inequality is obtained using the facts that 23:1 p? <32y pl < ﬁ and1 —pt >1—psince p < 1. It
implies that if the conditions on v given by (81) is satisfied,

1EqllE < [EqqullF, Vt. (82)
Applying (82) in (78), the condition on ;) can be further re-written as:

1H el Bqqllr +v < ap < min [Hljx — [Hlp|Eqqllr - v- (83)

From (83), it is clear that we can find ;) = o for every iteration ¢ as long as

in [H],x > 2||H|r||E 2v.
(j,r/rfl)lgA[ ik | H ||e |l Q<0)HF+ v
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